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Abstract

Recent work by Jacot et al. (2018) has shown that training a neural network of any
kind with gradient descent is strongly related to kernel gradient descent in function
space with respect to the Neural Tangent Kernel (NTK). Empirical results in (Lee
et al., 2019) demonstrated high performance of a linearized version of training
using the so-called NTK regime. In this paper, we show that the large depth limit
of this regime is unexpectedly trivial, and we fully characterize the convergence
rate to this trivial regime.

1 Introduction

The Neural Tangent Kernel (Jacot et al., 2018), a.k.a the NTK, has been the main focus of a growing
number of works aiming to understand the inductive bias of Deep Neural Networks (DNNs). To cite
a few, Bietti and Mairal (2019); Karakida et al. (2018); Yang (2019); Arora et al. (2019); Bietti and
Bach (2021). In the so-called NTK regime (infinite width), the whole training procedure is reduced
to a linear model given by the first order Taylor expansion of the output function near its initialization
value. It was shown in Lee et al. (2019), that such simple models could surprisingly achieve high
performance. However, most experiments with NTK regime were conducted on shallow networks
and have not sufficiently covered DNNs.

NTK regime (Infinite width) for DNNs. The infinite width limit of the NTK for different architec-
tures was studied by Yang (2019), who introduced a tensor framework that allows the derivation of
recursive formulas for the NTK.

Information propagation. In parallel, information propagation in infinite width DNNs has been
studied in several works (Hayou et al., 2019; Lee et al., 2018; Schoenholz et al., 2017; Yang and
Schoenholz, 2017a; Poole et al., 2016) where the authors identify a set of hyper-parameters known as
the Edge of Chaos (EOC) and activation functions ensuring a deep propagation of the information
carried by the input. This ensures that the network output does not ‘forget’ the input information as
the depth grows. In this paper, we show that this has a direct impact on the NTK.

Contributions. There have been few attempts to understand the large depth limit of the NTK regime
Xiao et al. (2020); Huang et al. (2020); Bietti and Bach (2021); however, none of these works have
characterized the limiting NTK and more importantly the exact convergence rate of the NTK to this
limiting kernel. The closest work is Huang et al. (2020) where the authors considered a scaled version
of ResNet with ReLU and proved an upper bound on the convergence rate of order O(%). In
this paper, we improve this result in many ways: we prove that the convergence to the limiting NTK
happens with a rate of © (log (L) L") for different architectures and activation functions. Note that
for NTK regime, the lower bound is more important as it ensures a sub-exponential convergence rate
of the NTK to its trivial limiting kernel(e.g. constant). We also show that the large depth behaviour of
the NTK is initialization-sensitive; in particular, we prove that for FFNNs, we obtain an exponential

*Correspondence to: soufiane.hayou@yahoo.fr

[ (Still) Can’t Believe It’s Not Better Workshop at NeurIPS 2021.



convergence rate if the initialization is not on the EOC (this is a generalization of Xiao et al. (2020)),
which is not the case with ResNet.

2 Neural Networks and Neural Tangent Kernel

2.1 Setup and notations

Consider a neural network model consisting of L layers of widths (n;)1<i<r,, no = d is the input
dimension, and let 8 = (6 )1< 1< 1, be the flattened vector of weights and bias indexed by the layer’s
index, and p be the dimension of 6. The output f of the neural network is given by some mapping
s : R" — RO of the last layer y”(z); o being the dimension of the output (e.g. number of classes
for a classification problem). For any input x € R?, we thus have f(x,0) = s(y*(z)) € R°. We
denote by 6, the value of § at training time (step) ¢ and fi(z) = f(z,6;). Let D = (x4, 2)1<i<n
be the dataset, and let X = (z;)1<i<n, £ = (2;)1<;<n be the sequences of inputs and outputs
respectively. We assume that there is no collinearity in the input dataset X, i.e. for all z, 2’ € X" and
a € R, 2’ # ax. We also assume that ¥ C E where £ C R? is a compact set.

The NTK is defined as the o x o dimensional kernel satisfying for all 2, 2’ € R?

K (x,2') = Vo f(x,0,)Vaf(z',0:)" ng, (2,0:) Vg f(2',0)T € RO,

=1

The NTK regime (Infinite width). For a fully connected feedforward neural network, Jacot et al.
(2018) proved that K(ft converges pointwise to a kernel K (depends only on L) for all ¢ < T when
min{ni,na,...,n} — oo, where T is a constant. In this limit, for the quadratic loss, f; is given by a
simple linear model

Fol@) = fole) + v(x, X)(I — e ¥ 0 (2 = fo(x)), (1)

where K = KT'(X,X) and v(z, X) = KX (x, X)(KT) ™. Hereafter, we refer to fo. by the "NTK regime".
For the cross-entropy loss, Lee et al. (2019) introduced some approximations to obtain the NTK regime. These
approximations are implemented in Novak et al. (2020).

Scale invariance. [ is scale invariant in the sense that it does not change if we scale the kernel by some
depth dependent scalar since for any az, > 0,

e, X) = K" (2, X)(K") " = (K" (2, X) /ar) (K" far) ™" @

Thus, studying the NTK regime with kernel K™ is equivalent to studying the NTK regime with any scaled kernel
K'/az. In Theorems 1 and 2, we study scaled kernels to mitigate an exploding kernel effect in the limit of
large depth, as the NTK regime solution remains unchanged.

Generalization in the NTK regime. As observed in Du et al. (2019), the convergence rate (w.r.t time) of

ft to foo (infinite training time) is given by the smallest eigenvalue of K™ If K1, becomes singular in the large
depth limit, then the performance of NTK regime decreases and might even be trivial. Notice also that we can

write fi(z) — fo(z) = S0, a; K (2, ) for some a1, ...,an € R, i.e. the ‘residual’ f; — fo belongs to the
Reproducing Kernel Hilbert space of the K~

3 Asymptotic Neural Tangent Kernel regime

In this section, we characterize the behaviour of K as L goes to co. We prove that K~ converges to a kernel
K*°° (which is trivial) with an initialization-and-architecture-dependent convergence rate.

3.1 Deep NTK of a FeedForward Neural Network (FFNN)

Consider an FENN of depth L, widths (n;)1<;<z, weights w' and bias b'. For some input zz € R¢, the forward
propagation using the NTK parameterization (similar to Jacot et al. (2018)) is given by

ni—1

T Zw”acj + obby, yl x)) + O'bbz, 1 >2. 3)

yl(:c) \/E] .




We initialize the model randomly with w!;, b X (0,1), where N (1, o®) denotes the normal distribution of

mean £ and variance 2. In the limit of infinite width, the neurons (y!(.)):,; converge to Gaussian processes
(Neal, 1995; Lee et al., 2018; Matthews et al., 2018; Hayou et al., 2019; Schoenholz et al., 2017). Hereafter,
we denote by ¢'(x, ') the covariance between ' () and y! (z') (¥} can be replaced by any y! since (y!); are
i.i.d. See appendix 4 for a comprehensive review of the signal propagation theory). We define the correlation

2
c!(z, z"). For the first layer, we have ¢' (z,2") = 0} + %z - 2. For € € (0, 1), we define the set B. by:
FFNN: B, = {(z,2') e R? : ¢! (z,2') < 1 — ¢},
and we assume that there exists € > 0, such that for all x # 2’ € X, (z,2) € Be.

Edge of Chaos (EOC). Given an input z, we denote by ¢ (z) the variance of y'(x). The asymptotic behaviour
of ql (z) was studied in Lee et al. (2018), Schoenholz et al. (2017), and Hayou et al. (2019). Under general
regularity conditions, ¢' (z) converges to a point (04, 0.) > 0 independent of z. The asymptotic behaviour
of the correlation ¢! (x, ') between y'(z) and y'(2’) for any two inputs = and 2’ is driven by the choice of
(0b, 0w ); Schoenholz et al. (2017) showed that if 0% E[¢' (1/q(0, 0w)Z)?] < 1, where Z ~ N(0, 1), then
! (z, ") converges to 1 exponentially quickly; this is called the ordered phase. If o2 E[¢' (v/q(0s, 0w)Z)?] > 1
then ¢! (z, ") converges to ¢ < 1, which is then referred to as the chaotic phase. The authors define the EOC
as the set of parameters (o3, 0, ) that satisfy 02 E[¢’(1/q(0b, 0w)Z)?] = 1. The EOC was studied in (Hayou
et al., 2019) where the authors showed that the correlation converges to 1 with a polynomial rate (see Section 4
in the appendix). The following proposition establishes that any initialization on the Ordered or Chaotic phase,
leads to a trivial limiting NTK as L becomes large.

Proposition 1 (NTK with Ordered/Chaotic Initialization). Let (0p, 0w ) be either in the ordered or in the chaotic
phase. Then, there exist X > 0 such that for all € € (0, 1), there exists v > 0 such that

sup |K%(z,2') — A <e 7F.
(z,2")€Be

The proof of Proposition 1 relies on the asymptotic analysis of the second moment of the gradient. We refer the
reader to Section 6 in the apg)endix for more details.

Proposition 1 show that K~ becomes trivial exponentially quickly w.r.t deph. In this case, the NTK regime
yields trivial performance, i.e. no better than that of a random classifier. Empirically, we find that with depth

In the next theorem, we show that the NTK explodes in the limit of large depth when the network is initialized on
the EOC. Leveraging our remark on the scale invariance property of the NTK (see Eq. (2)), we show that a scaled
version of the kernel converges with a polynomial rate to the degenerate kernel, meaning that the infinite-depth
NTK regime is also trivial in this case, although the convergence is much slower. The notation g(x) = ©(m(z))
means there exist two constants A, B > 0 such that Am(z) < g(z) < Bm(z).

Theorem 1 (NTK on the EOC). Let (0, 0. ) be on the EOC and K* = K /L. We have that
sup | K (2,2) — K> (z,2)| = ©(L 7).
z€E

Moreover, there exists X € (0, 1) such that for all € € (0,1)

sup |I~(L(m,a:') - f(oo(ac,x/)| = O(®log(L)L™"), where,
(z,2")€Be

o K*(z,2') = Zelel Izl g _ (1 — \)1,_,) with A = 1/4, for ¢ = ReLU.
o K(x,2') = q(1 — (1 — X\)1,,r) where ¢ > 0 is a constant and \ = 1/3, for ¢ = Tanh.

We refer the reader to Section 1 in the appendix for the proof details. Theorem 1 shows that the EOC initialization
yields a polynomial convergence rate (w.r.t L) of K* to K. This is important knowing that K™ is trivial
and brings hardly any information on z. Indeed, the convergence rate of K* to K> is ©(log(L)L ™). This
means that as L grows, the kernel K with EOC is still much further from the trivial kernel X compared to the
Ordered/Chaotic initialization. Thus, the EOC alleviates the curse of depth for NTK regime. However, as shown
in table 1, NTK regime fails for very deep networks (L = 300).

3.2 Residual Neural Networks (ResNet)

Another important feature of DNNs, which is known to be highly influential, is their architecture. For residual
networks, the next theorem shows that for any o, > 0, the NTK of a ResNet explodes (exponentially) as L
grows. However, a normalized version K* = K /ay of the NTK of a ResNet will always have a polynomial
convergence rate to a limiting trivial kernel.



Table 1: Test accuracy on CIFAR10 dataset after 100 training epochs for L € {3,30} and 160 epochs for
L = 300. V-ResNet is a ResNet with Fully Connected blocks.

NTK regime SGD Training
EOC Ordered EOC Ordered

L=3

FFNN-ReLU  48.134010 48451014 55.131003 54.1040.12
FFNN-Tanh 48.323:0'15 48.10i0.10 56.133:0,34 54.103:(),23
CNN-ReLU  49.1140.16 42.764332 60.2340.45 59.0540.15
V-ResNet 47'82j:0.73 48~01i0.20 54~40j:0.24 54.283:0.33

L=30

FFNN-ReLLU 48.32:“).10 — 56-10i0.41 -
FFNN-Tanh 48.40j:0,12 - 57~39j:0.08 —_—
CNN-ReLLU 48-42i0.10 — 75-3910.31 -
V-ResNet — — 57.0940.47 58.1340.18
L=300

FFNN-ReLU — — 30.254303 —
FFNN-Tanh  — — 58254043 —
CNN-ReLU  — — 76.254021 —
V-ResNet — — 58.8710.44  959.2540.10

Theorem 2 (NTK for ResNet). Consider a ResNet satisfying

Y(@) =y (@) + Fu'y' T (@), 122 Q)
where F is a dense layer (Eq. (3)) with ReLU acnvatlon Let KE | be the corresponding NTK, and KE =
KL, /ar (Normalized NTK) with ar, = L(1 + “’ YE=L. Then, we have

sup |Kres (2, 2) — K2y (z,2)] = ©(L7).

@

Moreover, there exists a constant A € (0, 1) such that for all € € (0, 1)
sup |K o (z,2) — K7 (2, 2")] = ©(og(L)L ™),

z,x’ €Be
— 2
where K2, (z,2') = ZelzlI=l g (1 — N1, ).

The proof techniques used in Theorem 2 are similar to those used in the proof of theorem 1. Details are provided
in the appendix.

Theorem 2 shows that the NTK of a ReLU ResNet explodes exponentially w.r.t L. However, the normalized
kernel K, = K1 (2,2')/ar converges to a limiting kernel K22, at the exact polynomial rate © (log(L)L ™)
for all 0, > 0. This suggests that ResNet act by default as an FFNN that is initialized on the EOC. However,
KL converges to a trivial kernel, which means that, even with ResNet, the performance of the NTK regime will
decrease as we increase the depth, although it happens with a polynomial rate. Table 1 shows the performance of
the NTK regime versus standard SGD training on CIFAR10. While the NTK regime fails with L = 300 for both
Ordered/EOC initializations, it yields non-trivial performance when initialized on the EOC with L = 30, which
is not the case with an Ordered phase. With ResNet, the performance is similar for both initializations which
confirms the results of theorem 2. However, for all initializations schemes, NTK regime fails for L = 300 while
standard SGD training succeeds.

We now leverage the previous results to obtain the asymptotic behaviour of the spectrum of the kernels studied in
Theorems 1, 2 and Proposition 1, on the unit sphere S*~* = {z € R? : ||z||2 = 1}. On the sphere S*~*, all of
these kernels (namely K~ for FENN on the Ordered/Chaotic phase, KT for FENN/CNN on the EOC, and K%,
for ResNets) are dot-product kernels, i.e. for any of these kernels, denoted by x,, there exists a function gz, such
that k™ (x,2’) = gr(z - ') forall z, 2’ € S~ (we refer the reader to appendix 4 for more details). This type
of kernels is known to be diagonalizable on the sphere S~ and its eigenfunctions are the so-called Spherical
Harmonics of S471. Many concurrent results have observed this fact Geifman et al. (2020); Cao et al. (2020);
Bietti and Bach (2021). In the next proposition, we leverage the results of Section 3 to study the aforementioned
kernels from a spectral perspective.

Proposition 2 (Spectral decomposition on S¥~1). Ler k¥ be either, KT for an FFNN with L layers initialized

on the Ordered phase (Proposition 1), Kt for an FFNN with L layers initialized on the EOC (Theorem 1), or
KL for a ResNet with L Fully Connected layers (Theorem 2). Then, for all L > 1, there exists (,uﬁ)kz such
that for all z,x’ € S¥~!

N(d,k)
=2 Hk Y Yis(@)Yey ().
k>0 j=1
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Figure 1: Normalized eigenvalues of K1, on the 2D sphere for an FENN with different initializations, activations,
and depths. (Red and Green lines are identical in the upper left figure. )

(Yk,j)k>0,je[1:N(d,k)] are spherical harmonics of S471, and N (d, k) is the number of harmonics of order k.

Moreover, we have that 0 < pg° = Llim ug < oo, and for all k > 1, Llim pE =0.
— 00 —00

The proof of Proposition 2 is based on a result from spectral theory analysis. The limiting eigenvalues are
obtained by a simple application of the dominated convergence theorem.

Proposition 2 shows that in the limit of large L, the kernel x” becomes close to the trivial kernel k™ (z, z’) —
16°Yo,0(2)Yo,0(x"), where Yo o is the constant function in the spherical harmonics class. Therefore, in the limit
of infinite depth, the RKHS of the kernel x” is reduced to the space of constant functions, confirming that the
NTK regime is trivial in this limit (recall that foc — fo is in the RKHS of x1,). Fig | illustrates this deterioration
of the spectrum as the depth increases. Notice that with EOC, the deterioration happens with a much slower rate,
which is expected from theorems 1 and 2.

4 Conclusion and Limitations

In this paper, we have shown that the infinite depth limit of the NTK regime is trivial and cannot explain the
performance of DNNs. However, this convergence is initialization dependent. These findings add to a recent line
of research which shows that the infinite width approximation of the NTK does not fully capture the training
dynamics of DNNs (Chizat and Bach, 2018; Ghorbani et al., 2019; Huang and Yau, 2020; Hanin and Nica,
2019).
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Appendix

0 Setup and notations

In the appendix, we prove more general results than those presented in the main text (we have chosen to present
partial results for the sake of simplicity). The reader will find versions of Propositions 1, 2, and Theorems 1, 2,
that include Convolutional Neural Networks.

0.1 Neural Tangent Kernel

Consider a neural network model consisting of L layers (yl)1§l§ L, with ! : R™=1 — R™ ny = d and let
0= (61)15 1<, be the flattened vector of weights and bias indexed by the layer’s index and p be the dimension
of 6. Recall that #' has dimension n; + 1. The output f of the neural network is given by some transformation
s : R — R? of the last layer yL(ac); o being the dimension of the output (e.g. number of classes for a
classification problem). For any input 2z € R?, we thus have f(z,6) = s(y™(z)) € R°. As we train the model,
6 changes with time ¢ and we denote by 6; the value of @ at time ¢ and f:(z) = f(x,0:) = (f;(z,0+),7 < o).
Let D = (z3, z:)1<i<n be the data set and let X = (2;)1<i<n, £ = (zj)1<;j<n be the matrices of input and
output respectively, with dimension d x N and o x N. For any function g : R¥*° — R¥, k& > 1, we denote by
g(X, Z) the matrix (g(zi, 2z:))1<i<n of dimension k x N.

Jacot et al. (2018) studied the behaviour of the output of the neural network as a function of the training time ¢
when the network is trained using a gradient descent algorithm. Lee et al. (2019) built on this result to linearize
the training dynamics. We recall hereafter some of these results.

For a given 0, the empirical loss is given by £(0) = + Zi\;l L(f (i, 8), z:). The full batch GD algorithm is
given by

Or+1 =0t — Ve L(0:), )
where 1 > 0 is the learning rate.
Let T > 0 be the training time and N, = T'/n be the number of steps of the discrete GD (1). The continuous
time system equivalent to (1) with step At = 7 is given by

df, = —VoL(6)dt. )

This differs from the result by Lee et al. (2019) since we use a discretization step of At = 7). It is well known
that this discretization scheme leads to an error of order O(n) (see Appendix). Equation (2) can be re-written as

do, = —%ng()(,Gt)TVz/Z(f(X,Qt),Z)dt.

where Vg f(X, 6;) is a matrix of dimension oN X p and V. £(f (X, 0:), Z) is the flattened vector of dimension
oN constructed from the concatenation of the vectors V /¢ (z', 2;) |2/ =f(z;,0¢)> ¢ < N. As aresult, the output
function f;(z) = f(x, 6:) € R satisfies the following ODE

dfi(z) = —%Vef(f& 0)Vof(X,0.) "V b(f:(X), Z)dt. 3)

The Neural Tangent Kernel (NTK) K7 is defined as the o x o dimensional kernel satisfying: for all z, 2’ € R,
Ki, (z,2') = Vo f(z,0,)Vof(z',0,)" € R

- / T (4)
=> Vo f(®0)Vaf(@',00)".
=1
We also define Kg; (X, X) as the oN x oN matrix defined blockwise by
Ké:t(xl,ml) e Kth(Jcl,xN)
L Két(vaxl) K@Lt(x%mN)
Ko, (X, X) =
Ké;(a?N7CE1) K‘th(xN,xN)
By applying (3) to the vector X', one obtains
1
dfu(X) = — - Ko, (X, X) Vo L(fu(X), Z)dt, ®)

meaning that for all j < N

A(25) = = Kb (3, )V L fu(X), 2.



Infinite width dynamics. In the case of an FFNN, Jacot et al. (2018) proved that, with GD, the kernel K
converges to a kernel X' * which depends only on L (number of layers) for all ¢ < T when n1,7n2, ..., nr, — 0o,

where T is an upper bound on the training time, under the technical assumption fOT [IVA(fe(X, Z))||2dt < o0
a.s. with respect to the initialization weights. The infinite width limit of the training dynamics is given by

4i(X) =~ KX, X)L l(f(X), 2 ©

We note hereafter K© = K*(X, X). As an example, with the quadratic loss £(z’, z) = HIz" = 2|2, (6) is
equivalent to

1 -
dfu(X) = - K" (fi(X) - 2)dt, @)
which is a simple linear model that has a closed-form solution given by
_1 gL _ 1 pL
Fr(X) = N (X)) + (T —e VT z, 8)
For general input z € R?, we have
_ 1 gL
fe(@) = fo(a) +v(, X)(I — " V) (Z — fo(X)). ©
where y(z) = K*(z, X) K" (X, x)™*
0.2 Architectures
Let ¢ be the activation function. We consider the following architectures (FFNN and CNN)
¢ FeedForward Fully-Connected Neural Network (FFNN) Consider an FFNN of depth L, widths

(n1)1<i<r, weights w' and bias b'. For some input z € R?, the forward propagation using the NTK
parameterization is given by

d
Ow z : 1 1
Vd
Jj=1
ni—1

yz( - Z wlj¢ )) + Ubbé, 1>2.

(10)

¢ Convolutional Neural Network (CNN/ConvNet) Consider a 1D convolutional neural network of
depth L, denoting by [m : n] the set of integers {m, m+1, ..., n} for n < m, the forward propagation
is given by

yz o Z Z wl,],5$J7a+3 + opbi

] 1 Bekery

np—1

yza Z Z wz,],ﬂ(;b y];1+3(x))+0bbéa

j=1 B€ker;

1)

where ¢ € [1 : ny] is the channel number, @ € [0 : M — 1] is the neuron location in the channel,
n; is the number of channels in the {*" layer, and M is the number of neurons in each channel,
ker; = [—k : k] is a filter with size 2k + 1 and v; = n;_1(2k + 1). Here, w! € R™Xm-1x(2k+1)
We assume periodic boundary conditions, which results in having yf,a = yﬁ,a M yl a—n and
similarly for | = 0, s ,a+ My = Ti,a = Ti,a—M,. For the sake of simplification, we consider only the
case of 1D CNN, the generalization to a mD CNN for m & N is straightforward.

1 Proof techniques
The techniques used in the proofs range from simple algebraic manipulation to tricky inequalities.

Lemmas 1, 2, 3,4. The proofs of these lemmas are simple and follow the same inductive argument as in the
proof of the original NTK result in Jacot et al. (2018). Note that these results can also be obtained by simple
application of the Master Theorem in Yang (2020) using the framework of Tensor Programs.



Proposition 1, Theorems 1, 2. The proof of these results follow two steps; Firstly, estimating the asymp-
totic behaviour of the NTK in the limit of large depth; secondly, controling these behaviour using upper/lower
bounds. We analyse the asymptotic behaviour of the NTK of FFNN using existing results on signal propagation
in deep FFNN. However, for CNNs, the dynamics are a bit trickier since they involve convolution operators; We
use some results from the theory of Circulant Matrices for this purpose.

It is relatively easy to control the dynamics of the NTK in the Ordered/Chaotic phase, however, the dynamics
become a bit complicated on the Edge of Chaos and technical lemmas which we call Appendix Lemmas are
introduced for this purpose.

Proposition 2. The spectral decomposition of zonal kernels on the sphere is a classical result in spectral
theory which was recently applied to Neural Tangent Kernel Geifman et al. (2020); Cao et al. (2020); 2. In
order to prove the convergence of the eigenvalues, we use Dominated Convergence Theorem, leveraging the
asymptotic results in Proposition 1 and Theorems 1, 2.

2 The infinite width limit

2.1 Forward propagation

FeedForward Neural Network. For some input 2 € R?, the propagation of this input through the network
is given by

d
ui (z *Twz ”a:]—i—obb

np—1

oW (@) +opbi, 1>2

yi(x)

Where ¢ : R — R is the activation function. When we take the limit n;_; — oo recursively over [, this implies,
using Central Limit Theorem, that 1! (z) is a Gaussian variable for any input . This gives an error of order
O(1/,/mi—1) (standard Monte Carlo error). More generally, an approximation of the random process y(.) by
a Gaussian process was first proposed by Neal (1995) in the single layer case and has been extended to the
multiple layer case by Lee et al. (2018) and Matthews et al. (2018). The limiting Gaussian process kernels follow
a recursive formula given by, for any inputs z, 2’ € R¢

Elyi (z)y; (z")]

=0} + ouBlo(y; ' (2)d(y; ' (2"))]
=0 + UEU\I’¢(H171(.T7CC), ,‘»6171(55730')7 nlil(m', z')),

K (z,2')

where W is a function that only depends on ¢. This provides a simple recursive formula for the computation of
the kernel x'; see, e.g., Lee et al. (2018) for more details.

Convolutional Neural Networks. The infinite width approximation with 1D CNN yields a recursion for
the kernel. However, the infinite width here means infinite number of channels, with a Monte Carlo error of
O(1/,/ni—1). The kernel in this case depends on the choice of the neurons in the channel and is given by

1 l 1 -1
Ra,a! (.’L', l'l) = E[yi,a(m)yi,a/ (CL'/)] 2[{7 + 1 yl a+£ ))¢(yl,a’+[3 ("L‘/))}
BEker
so that
2
i 2 Ow Z -1 -1 -1
Koo (,2") = 0f + 2k +1 Fo(Karpars(® ) Katp (@), Kopgas(@,z)).

BEker

The convolutional kernel K}fxya/ has the ‘self-averaging’ property; i.e. it is an average over the kernels corre-
sponding to different combination of neurons in the previous layer. However, it is easy to simplify the analysis
in this case by studying the average kernel per channel defined by /! = ﬁ Zma/ /ilayal. Indeed, by summing
terms in the previous equation and using the fact that we use circular padding, we obtain

1 1 - _ _
K (l‘, $/) = JE + Ui}ﬁ Z F¢(I€a,clz’(xv {L’), Hf:z,ol/(xvm,)7 ﬁla,cl/(xl?xl))'
a,a’

This expression is similar in nature to that of FFNN. We will use this observation in the proofs.
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Note that our analysis only requires the approximation that, in the infinite width limit, for any two inputs z, z’,
the variables y! () and y!(2’) are Gaussian with covariance «'(x,z") for FENN, and y/ , (=) and yzl-,a, (z') are
Gaussian with covariance Kla’a/ (z, ") for CNN. We do not need the much stronger approximation that the
process y.(x) (yﬁya (z) for CNN) is a Gaussian process.

Residual Neural Networks. The infinite width limit approximation for ResNet yields similar results with
an additional residual terms. It is straighforward to see that, in the case of a ResNet with FENN-type layers, we
have that

Kz, 2") = kN2, 7)) + of + 05 Fy(k 7 (z, 2), 6, o), 6 (2, 7)),

whereas for ResNet with CNN-type layers, we have that

Koot (2,2)) = ki o (@,2') + of
2
o -1 -1 -1
+ 2%k j_ 1 Z F‘P(H’a+ﬁ,a’+6(:€7 IL’), Ka+6,o/+6(x,xl)7 ‘%a+5,a’+6(xl7 :CI))
BEker

2.2 Gradient Independence

In the mean-field literature of DNNs, an omnipresent approximation in prior literature is that of the gradient
independence which is similar in nature to the practice of feedback alignment (Lillicrap et al., 2016). This
approximation states that, for wide neural networks, the weights used for forward propagation are independent
from those used for back-propagation. When used for the computation of Neural Tangent Kernel, this approxi-
mation was proven to give the exact computation for standard architectures such as FFNN, CNN and ResNets
Yang (2020) (Theorem D.1).

This result has been extensively used in the literature as an approximation before being proved to yields exact
computation for the NTK, and theoretical results derived under this approximation were verified empirically; see
references below.

Gradient Covariance back-propagation. Analytical formulas for gradient covariance back-propagation
were derived using this result, in (Hayou et al., 2019; Schoenholz et al., 2017; Yang and Schoenholz, 2017b; Lee
et al., 2018; Poole et al., 2016; Xiao et al., 2018; Yang, 2019). Empirical results showed an excellent match for
FFNN in Schoenholz et al. (2017), for Resnets in Yang (2019) and for CNN in Xiao et al. (2018).

Neural Tangent Kernel. The Gradient Independence approximation was implicitly used in Jacot et al.
(2018) to derive the infinite width Neural Tangent Kernel (See Jacot et al. (2018), Appendix A.1). Authors have
found that this infinite width NTK computed with the Gradient Independence approximation yields excellent
match with empirical (exact) NTK.

‘We use this result in our proofs and we refer to it simply by the Gradient Independence.

3 Discussion on Assumption 1

Assumption 1. We assume that for all z,x' € X, q, ,/(x, ") is independent of ., /.

Assumption 1 implies that, there exists some function e : (x,z') — e(z, z") such that for all o, o', z, =’
/ /
Z Z Tj,a+BLja/+8 = 6(1‘,1’ )
Jj Be&kerg

This system has N2M? equations and N x 2no x M variables. Therefore, in the case no >> 1, the set
of solutions S is large. By using Assumption 1, we restrict our analysis to this case. Hereafter, for all CNN
analysis, for some function G and set E, taking the supremum sup , .. cp G(z, z') should be interpreted as

SUP(, oryemnx2 G(@,2').

Another justification to assumption 1 can be attributed a self-averaging property of the dynamics of the correlation
inside a CNN. We refer the reader to the proof of Appendix lemma 3 for more details.

4 Warmup: Results from the Mean-Field theory of DNNs

4.1 Notation

For FENN layers, let ¢'(x) := ¢'(z,z) be the variance of v} (z) (the choice of the index 1 is not important
since, in the infinite width limit, the random variables (y.(z))ic[1.n,) are iid). Let ¢' (z, 2”), resp. ¢} (z,2”) be

11



the covariance, resp. the correlation between g} () and 3 (z'). For Gradient back-propagation, let ¢ (z, ') be

the Gradient covariance defined by ' (z,z') = E [aa;: (z) g yﬁ (z )] where £ is some loss function. Similarly,
1
let ¢ () be the Gradient variance at point 2. We also define ' (z,2') = 02 E[¢/ (v} ()¢’ (v (z'))].

For CNN layers, we use similar notation across channels. Let ¢ () be the variance of yl,ay(x) (the
choice of the index 1 is not important here either since, in the limit of infinite number of channels, the
random variables (y! ,(2))icp.n,] are iid). Let qla’a,(ac, ') the covariance between y! ,(z) and yll’a,(m/),
and clayal(m,x') the corresponding correlation. We also define the pseudo-covariance Qfl,a,(x,x’) =
o3 + oRElo(yr a (2)¢(yy i (2))] and g o (2, 2") = oLE[D(y1 o (2))b(yy o (2)))-

The Gradient covariance is defined by ¢, ./ (z,z') = E ajf (x) GyBLL (=")|.
1, 1,a’

4.1.1 Covariance propagation

Covariance propagation for FFNN. In Section 2.1, we derived the covariance kernel propagation in an
FENN. For two inputs z, 2’ € R?, we have

q'(z,7') = op + oLEle(yi ' (2))e(yi ' ()] (12)

this can be written as
d'(2,2) = o + LE [¢ (V@) 2 ) ¢ (VA @) 2+ VI (@2 |, 21,2 % N (0, 1)

with ¢/ =1 = Yz, o).
With ReLU, and since ReLU is positively homogeneous (i.e. ¢(Az) = Ap(x) for A > 0), we have that

2
Ow B
¢/(,2) = 0f + VI @V
where f is the ReLU correlation function given by Hayou et al. (2019)
fle) = l(carcsincJr 1—¢2)+ %c.
T

Covariance propagation for CNN. The only difference with FENN is that the independence is across
channels and not neurons. Simple calculus yields

dhor (22') = Blyho @)yt (@)] = 0 + 5705 D7 Bloh Ly @)ooy ()

BEker
Observe that
l
qa,a’(x7x/) 2]€ F1 Z Qa+ﬁ o’ +,3(x € ) (13)
Binker
With ReLU, we have
l /
q&’a/(I,ZL’ ) = Qk + 1 Z \/qa+5 \/QC! +ﬁ a+5 a’+ﬁ( ))

Covariance propagation for ResNet with ReLU. 1In the case of ResNet, only an added residual term
shows up in the recursive formula. For a ResNet with FENN layers, the recursion reads

\/ )V (@) f( ) (14)

d'(@.a) = ¢ (@,
with CNN layers, we have instead

Qoo (@,0') = g o (2,2)) + 0f + 7= +1 qu Wtk s @) Cs aris@ ) (15)

4.1.2 Gradient Covariance back-propagation
Gradient back-propagation for FFNN. The gradient back-propagation is given by
Nija
oL e oL I+1
@:¢(y) Z aylHW .
where L is some loss function. Using the Gradient Independence 2.2, we have as in Schoenholz et al. (2017)
- - N
ql(w) =" (@)Xl (@))-

where x(¢'(2)) = 02 E[¢(1/q (z) Z)?
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Gradient Covariance back-propagation for CNN. We have that

oL oL -1
awl = Z Ayl (Yjatp)
4,7, a 7,

Moreover,

ZZ WL ).

ayla Jj= 1,(‘3€ker J,a—pB

Using the Gradient Independence 2.2, and taking the average over the number of channels we have that

2 olE |¢' L(x)2)? 2
E[(% ]_ [¢(\/q())]ZE[ oc ]

oy! 2k +1

BEker 8y1 a—p

We can get similar recursion to that of the FFNN case by summing over « and using the periodic boundary
condition, this yields
B oLc ? oL 2

= X(ga(z)) Y E

@

4.1.3 Edge of Chaos (EOC)

Let = € R? be an input. The convergence of ¢ (z) as [ increases has been studied by Schoenholz et al. (2017)
and Hayou et al. (2019). In particular, under weak regularity conditions, it is proven that ¢’ (z) converges to
a point q(op, 04) > 0 independent of = as | — co. The asymptotic behaviour of the correlations ¢’ (z, z')
between y' () and 4! (z) for any two inputs z and =’ is also driven by (o, 07y ): the dynamics of ¢! is controlled
by a function f ie. ¢t = f (cl) called the correlation function. The authors define the EOC as the set of
parameters (o, 0, ) such that c2E[¢'(v/q(0b, 0w)Z)?] = 1 where Z ~ AN(0,1). Similarly the Ordered,
resp. Chaotic, phase is defined by 02 E[¢’(\/q(cb, 0w)Z)?] < 1, resp. 02 E[¢'(\/q(0b,0w)Z)?] > 1. On the
Ordered phase, the gradient will vanish as it backpropagates through the network, and the correlation ¢! (z, ')
converges exponentially to 1. Hence the output function becomes constant (hence the name *Ordered phase’).
On the Chaotic phase, the gradient explodes and the correlation converges exponentially to some limiting value
¢ < 1 which results in the output function being discontinuous everywhere (hence the *Chaotic’ phase name).
On the EOC, the second moment of the gradient remains constant throughout the backpropagation and the
correlation converges to 1 at a sub-exponential rate, which allows deeper information propagation. Hereafter, f
will always refer to the correlation function.

We initialize the model with w!;, b} "~ ¢ N(0, 1), where N(u1, %) denotes the normal distribution of mean
and variance o2. In the remainder of this appendix, we assume that the following conditions are satisfied

« The input data is a subset of a compact set E of R%, and no two inputs are co-linear.

 All calculations are done in the limit of infinitely wide networks.

4.2 Some results from the information propagation theory

Results for FFNN with Tanh activation.

Fact 1. For any choice of oy, 0., € R, there exist ¢, A > 0 such that for all | > 1, SUP, cprd |ql (z,z) —q| <
AL (Equation (3) and conclusion right after in Schoenholz et al. (2017)).

Fact 2. On the Ordered phase, there exists v > 0 such that sup,, ,:cpa |c'(z,2") — 1| < e\, (Equation (8)

in Schoenholz et al. (2017))

Fact3. Let (0b,04) € EOC. Using the same notation as in fact 4, we have that sup, ,ep, |1 — d(z,z)| =

O(™Y). (Proposition 3 in Hayou et al. (2019)).

Factd. Let B. = {(z,2') € R? : ¢! (z,2') < 1 — ¢}. On the chaotic phase, there exist c < 1 such that for

all ¢ € (0,1), there exists y > 0 such that sup,, ,,\ep, |c'(z,2") — c| < e (Equations (8) and (9) in

Schoenholz et al. (2017))

Fact 5 (Correlation function). The correlation function f is defined by f(z) =

op+o2El¢(v/a21)d(v/A(2 21+ 1—a2 Z3))]
q

where q is given in Fact 1 and Zi,Z> are iid standard Gaus-
sian variables.
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Fact 6. f has a derivative of any order j > 1 given by

F92) = o2 B[V (21)9 (221 + V1 — 2225)], Ve [-1,1]
As a result, we have that f9) (1) = 02,¢? *E[¢\9) (Z1)?] > 0 forall j > 1.

The proof of the previous fact is straightforward following the same integration by parts technique as in the
proof of Lemma 1 in Hayou et al. (2019). The result follows by induction.

Fact7. Let (0y,0.,) € EOC. We have that f'(1) = 1 (by definition of EOC). As a result, the Taylor expansion
of f near 1 is given by

fl)=c+a(l—0o’=¢1-0°+0((1-0)").
where a,, ¢ > 0.

Proof. The proof is straightforward using fact 6, and integral-derivative interchanging. O

Results for FFNN with ReLU activation.

Fact 8. The ordered phase for ReLU is given by Ord = {(0y,,04) € (RT)? : 04, < v/2}. Moreover; for any
2

(0, 0w) € Ord, there exist \ such that for all | > 1, sup, cga | (z,2) — q| < e, where ¢ = %’3/2

The proof is straightforward using equation (12).

Fact9. Forany (ob,0w) in the Ordered phase, there exist \ such that for all | > 1, sup ,, ,/yepd |t (2, 2") —
1] <e M

The proof of this claim follows from standard Banach Fixed point theorem in the same fashion as for Tanh in
Schoenholz et al. (2017).

Fact 10. The Chaotic phase for ReLU is given by Ch = {(04, 0) € (RT)? : 0, > v/2}. Moreover, for any
(0b,0w) € Ch, foralll > 1, x € R ¢'(z,z) > (62/2)".

The variance explodes exponentially on the Chaotic phase, which means the output of the Neural Network
can grow arbitrarily in this setting. Hereafter, when no activation function is mentioned, and when we choose
"(0b, 0w) on the Ordered/Chaotic phase", it should be interpreted as "(os, o) on the Ordered phase" for ReLU
and "(op, 04 ) on the Ordered/Chaotic phase” for Tanh.

2
Fact 11. For ReLU FFNN on the EOC, we have that ¢'(z, z) = Zu|z|? forall | > 1.

The proof is straightforward using equation 12 and that (o4, 7. ) = (0, v/2) on the EOC.
Fact 12. The EOC of ReLU is given by the singleton {(os,0) = (0,+/2)}. In this case, the correlation
Sfunction of an FENN with ReLU is given by
flx) = l(ocaurcsinoc +v1—2a2)+ %x
™

(Proof of Proposition 1 in Hayou et al. (2019)).
Fact 13. Let (0b,0w) € EOC. Using the same notation as in fact 4, we have that
sup |1 —d(z,2))] =0017?)
(z,2")€Be
(Follows straightforwardly from Proposition 1 in Hayou et al. (2019)).
Fact 14. We have that
fle)=c+s(1—)*?+b(1-0c)”?*+0((1 —c)"/? (16)

V2
307"

withs:¥andb:

This result was proven in Hayou et al. (2019) (in the proof of Proposition 1) for order 3/2, the only difference is
that here we push the expansion to order 5/2.

Results for CNN with Tanh activation function.

Fact 15. For any choice of op,00, € RT, there exist g, A\ > 0 such that for all 1| > 1,
SUD,, o SUP,cRd |qflya/(m, z) — q| < e (Equation (2.5) in Xiao et al. (2018) and variance convergence
result in Schoenholz et al. (2017)).

The behaviour of the correlation cfl’a, (z,z") was studied in Xiao et al. (2018) only in the case 2’ = x. We give
a comprehensive analysis of the asymptotic behaviour of cla,a/ (x, ") in the next section.

14



General results on the correlation function.
Fact 16. Let f be either the correlation function of Tanh or ReLU. We have that

* f(1) =1 (Lemma 2 in Hayou et al. (2019)).

* On the ordered phase 0 < f'(1) < 1 (By definition).

e On the Chaotic phase f'(1) > 1 (By definition).

* Onthe EOC, f'(1) = 1 (By definition).

e On the Ordered phase and the EOC, 1 is the unique fixed point of f (Hayou et al. (2019)).

e On the Chaotic phase, f has two fixed points, 1 which is unstable, and ¢ < 1 which is a stable fixed
point Schoenholz et al. (2017).

Fact 17. Let € € (0, 1). On the Ordered/Chaotic phase, with either ReLU or Tanh, there exists o € (0,1),7 > 0
such that
sup  |f/(d(z,2)) —a| <e !
(z,x’)EBe

Proof. This result follows from a simple first order expansion inequality. For Tanh on the Ordered phase, we
have that , .
! ’ ! /
sup [f(c(z, ) = (V<G sup [c(z,2)) -1
(z,2')€EBe (z,2")€Be
where i = SUP e (min , e p ) el (0,2),1) [ ()] — |f”(1)|. We conclude for Ordered phase with Tanh using

fact 2. The same argument can be used for Chaotic phase with Tanh using fact 4; in this case, « = f’(c) where
c is the unique stable fixed point of the correlation function f.

-~ ~ 2
On the Ordered phase with ReLU, let f be the correlation function. It is easy to see that f'(c) = 2= f'(c) where
fis givenin fact 12. f'(z) =1 — %(1 —z)Y2 4+ O((1 — x)*/?). Therefore, there exists lo, ¢ > 0 such that
forl > lo,
sup | f'(c!(@,2) = f' ()] < ¢ sup el (w,2) =12
(z,z’)EBe (z,z’)EBe

We conclude using fact 9. O

Asymptotic behaviour of the correlation in FFNN.

Appendix Lemma 1 (Asymptotic behaviour of ¢! for ReLU). Let (0, 0,) € EOC and e € (0, 1). There exist
universal constants k, k', k" > 0 (that do not depend on any parameter) such that

sup | (z,2") —1+ % — K logg(l) ‘ =017
(z,x")EBe l l
and,
sup f’(cl(a:,x/)) -1+ 3_ K,,logQ(l) ‘ = O(liQ).
(z,z’)EBe l l

Proof. Let (z,7') € Be and s = % From the preliminary results, we have that llim SUP, ,repd 1 —
— 00 ?

¢ (x, ") = 0 (fact 13). Using fact 14, we have uniformly over B,

3/2 5/2 7/2
Yoo =y — s = b2+ 0(y?)
where s,b > 0, this yields

“1j2 12, 8, 38° 1p2 b 5 3 O(~3/2
L O T (5 T 165 )1+ 00("7).
Thus, letting b’ = % + %53, as [ goes to infinity
—1/2 —1/2 S
Yi+1 TN ~ o

and by summing and equivalence of positive divergent series

—1/2 S
v, 22
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Moreover, since fyl:_ll/ 2= v vz s+ %%1/ 24 Y+ 0(713/ 2), using the same argument multiple times
and inverting the formula yields

Cl(:C,:E,) —1_ K K IOg(l)

2 3 +0(17%)

where k = %. Note that, by Appendix Lemma 5 (section 2?), the O bound can be chosen in a way that it does
not depend on (z, z'), it depends only on ¢; this concludes the proof for the first part of the result.
Using fact 12, we have that

fl(z)= %arcsin(m) + %

=1- ?(1 — )2+ 0((1 —z)*?).

Thus, it follows that
f’(cl(x,x/)) =1- % + K" 10§;2(l)

for some universal constant '’ uniformly over the set B, which concludes the proof.

+0317?).

We prove a similar result for an FFNN with Tanh activation.

Appendix Lemma 2 (Asymptotic behaviour of ¢’ for Tanh). Let (03, 0,) € EOC and € € (0,1). We have

log(l _
sup a@aﬂ—1+f—nu—n%>%p‘zouﬁ
(x,2’)EB. l l
where Kk = f,,i(l) > 0and (= @ > 0. Moreover, we have that
! / 2 1 —
sup |7/ a)) — 1+ 2 —201 - 20280 _o(-2).
(z,2')EBe l 2

Proof. Let (z,2') € Be and \; := 1 — ¢! (z,2'). Using a Taylor expansion of f near 1 (fact 7), there exist
a, ¢ > 0 such that

A1 = A — @Al + O+ O(A)
Here also, we use the same technique as in the previous lemma. We have that
A=A A —a + O+ 00) T =TT A+ ek + (@8 — ON + O(N))
=N Fat (@ = Ox+00).

By summing (divergent series), we have that )\fl ~ al. Therefore,

/\z_+11 — /\l_1 —a= (on — B)oz_ll_1 + o(l_l)
By summing a second time, we obtain

At =al+ (a— Ba” ) log(l) + o(log(1)),
Using the same technique once again, we obtain

M=ol + (a— Ba” ) log(l) + O(1).

This yields
10252(” +0(7%).

In a similar fashion to the previous proof, we can force the upper bound in O to be independent of = using
Appendix Lemma 5. This way, the bound depends only on e. This concludes the first part of the proof.

M=o " —a (1 -a%p)

For the second part, observe that f'(z) = 14 (z — 1) (1) + O((x — 1)?), hence

P =12 4201 —a20) B0

which concludes the proof. O

+0(17?)
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4.3 Large depth behaviour of the correlation in CNNs

For CNN:ss, the infinite width will always mean the limit of infinite number of channels. Recall that, by definition,
Qoo (2,2") = 07 + oL E[$(y1 o (2)6(y; v (2"))] and g, o (2, 27) = B[y o (€)Y o (7))

Unlike FFNN, neurons in the same channel are correlated since they share the same filters. Let z, 2" be two
inputs and «, o’ two nodes in the same channel i. Using Central Limit Theorem in the limit of large 7; (number
of channels), we have

doo (#,2") = Elyi o (2)yi, o ()] = E[(y) a5 (2) (41 a1 (2)] + 03

Let cfl,a, (z, ") be the corresponding correlation. Since qlaﬂ (z, z) converges exponentially to ¢ which depends
neither on x nor on «, the mean-field correlation as in Schoenholz et al. (2017); Hayou et al. (2019) is given by
! 1 1—
Ca,a’(x7 IL’/) = 2k +1 Z f(ca+15,a’+6(1"7xl))
BEker

2 > —C U2 . .
where f(c) = UwE[¢(ﬁZl)¢(ﬁ(°fl+ V1= 247, 4pd 71, Z are independent standard normal variables.

The dynamics of cla’a/ become similar to those of ¢! in an FFNN under assumption 1. We show this in the proof
of Appendix Lemma 3.
In Xiao et al. (2018), authors studied only the limiting behaviour of correlations Cix,o/ (z,z) (same input x),

however, they do not study cfl,a, (z,x") when = # z’. We do this in the following Lemma, which will prove
also useful for the main results of the paper.

Appendix Lemma 3 (Asymptotic behaviour of the correlation in CNN with Tanh). We consider a CNN with Tanh
activation function. Let (ob,0w) € (R*)? and € € (0,1). Let Be = {(z,2") € R? : sup,, o ¢} o (w,2) <
1 — €}. The following statements hold

1. If (ob, 0w) are on the Ordered phase, then there exists 8 > 0 such that

sup  sup |eh o (2, 2') — 1] = O(e™™)
(z,2’)ERT a,a’

2. If (ov, 0w) are on the Chaotic phase, then for all € > 0 there exists 3 > 0 and ¢ € (0,1) such that

sup  sup el o (2,2) — ¢ = O~
(z,z’)EBe a,a’

3. Under Assumption 1, if (o, 04) € EOC, then we have

log(l) _ -3

sup sup cgya/(ﬂc,x') -1+ r_ k(1 — k%)
(z,2')€Be a,a’ l

3
>0,(= £ él) > 0, and f is the correlation function given in Fact 5.

_ 2
where Kk = S

We prove statements 1 and 2 for general inputs, i.e. without using Assumption 1. The third statement requires
Assumption 1.

Proof. Let (x,z’) € R Without using assumption 1, we have that

l / 1 -1 /
Ca,a’(a::x ) = 2%k +1 Z f(ca+5,a’+ﬁ(x7x ))

BEker
Writing this in matrix form yields
1
Ci=—"—Uf(Ci-

L= g1V
where C; = ((Cfx,aJrﬁ(xax/))ae[O:Nfl])Be[O:Nfl] is a vector in RNQ, U is a convolution matrix and f is
applied element-wise. As an example, for k = 1, U is given by

1 1 0o ... 0 1]

1 1 1 0 0

U= 0o 1 1 1 0
0 0 1 1 0
1 0 0 1 1]
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For general k, U is a Circulant symmetric matrix with eigenvalues A\; > A2 > Az... > Ay2. The largest
eigenvalue of U is given by Ay = 2k + 1 and its equivalent eigenspace is generated by the vector e; =

L(1,1,...,1) € RV’ This yields
(1+2k)'U = ere] +0(e™?)

where 8 = log(i—;).

This provides another justification to Assumption 1; as [ grows, and assuming that C; — e; (which we show
in the remainder of this proof), C; exhibits a self-averaging property since C; = #HU Ci—1. This system
concentrates around the average value of the entries of C; as [ grows. Since the variances converge to a constant

q as [ goes to infinity (fact 15), this approximation implies that the entries of C; become almost equal as [ goes
to infinity, thus making assumption 1 almost satisfied in deep layers. Let us now prove the statements.

1. Let (03, 0w) be in the Ordered phase, (z,2’) € R? and ¢}, = ming o ¢}, ./ (z,2’). Using the
fact that f is non-decreasing, we have that ¢!, . (z,2') > ﬁ > seker CL;I/B’Q,Jrﬁ(x, z')) >t

Taking the minimum again over «, o', we have ¢\, > ¢l;'!, therefore ¢, is non-decreasing and

converges to the unique fixed point of f which is ¢ = 1. This proves that sup,, |ci¥7a, (x,2')—1| —
0. Moreover, the convergence rate is exponential using the fact that (fact 16) 0 < f’(1) < 1. To see
this, observe that

supl—cg,a/(x7:c’><< sup f'(ﬁ))Xsupll—Cfx,a/(w,x’)l
ce

’ 1—1 ’
oo lem 1] e

Knowing that sup cefe=11) F'(¢©) — f'(1) < 1, we conclude. Moreover, the convergence is uniform

in (z, z") since the convergence rate depends only on f'(1).

2. Lete € (0,1). In the chaotic phase, the only difference is the limit ¢ = ¢1 < 1 and the Supremum is
taken over B, to avoid points where ¢'(z,z’) = 1. In the Chaotic phase (fact 16), f has two fixed
points, 1 is an unstable fixed point and ¢1 € (0, 1) which is the unique stable fixed point. We conclude
by following the same argument.

3. Lete € (0,1) and (03, 0w) € EOC. Using the same argument of monotony as in the previous cases
and that f has 1 as unique fixed point, we have that lim; o sup,, ./ sup,, .+ |1 — claya, (z,z")] = 0.
From fact 7, the Taylor expansion of f near 1 is given by

fle)=c+a(l—c =¢(1-e)’ +0((1 - )"
where o = @ and ¢ = %. Using fact 6, we know that f*) (1) = 02,¢* "E[¢™M (,/4Z)?].
Therefore, we have a > 0, and ¢ < 0.
Under assumption 1, it is straightforward that for all o, o/, and [ > 1
Cfx,cx’ ($7 wl) = Cl (33, ZE,)

ie. cﬁw/ are equal for all o, o’. The dynamics of ¢! (z, x') are exactly the dynamics of the correlation
in an FFNN. We conclude using Appendix Lemma 2.

O

It is straightforward that the previous Appendix Lemma extend to ReLU activation, with slightly different
dynamics. In this case, we use Appendix Lemma 1 to conclude for the third statement.

Appendix Lemma 4 (Asymptotic behaviour of the correlation in CNN with ReL.U-like activation functions).
We consider a CNN with ReLU activation. Let (oy,0) € (RY)2. Let (04, 04) € (RY)? and ¢ € (0,1). The
Sfollowing statements hold

1. If (ob, 0w) are on the Ordered phase, then there exists 3 > 0 such that

sup sup leh o (2, 2') — 1] = O(e™™)
(z,2’)ERT a,a’

2. If (ov, o0w) are on the Chaotic phase, then there exists 3 > 0 and c € (07 1) such that

sup sup |cla7a/(x,a:') —c = O(e_ﬂl)
(z,2")EBe a,a’
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3. Under Assumption 1, if (0b,0w) € EOC, then

sup sup|c(z,2) —1 o /log(l) =0(07?)

2 3
(z,2’)EBe a,a’ l l

where k, k' > 0 are universal constants.

Proof. The proof is similar to the case of Tanh in Appendix Lemma 3. The only difference is that we use
Appendix Lemma 1 to conclude for the third statement. O

5 A technical tool for the derivation of uniform bounds

Results in Theorem 1 and 2 and Proposition 1 involve a supremum over the set B¢. To obtain such results, we
need a uniform’ Taylor analysis of the correlation ¢! (z,x") (see the next section) where uniformity is over
(z,2") € Be. It turns out that such result is trivial when the correlation follows a dynamical system that is
controlled by a non-decreasing function. We clarify this in the next lemma.

Appendix Lemma 5 (Uniform Bounds). Let A C R be a compact set and g a non-decreasing function on A.
Define the sequence ¢ by ¢ = g((i—1) and (o € A. Assume that there exist oy, B; that do not depend on (i,
with B = o(au), such that for all (o € A,

G =ar+ O ()
where O¢, means that the O bound depends on (o. Then, we have that

=0(8)

sup |(;
CoEA

i.e. we can choose the bound O to be independent of (.

Proof. Let Co,m = min A and (o, = max A. Let ((n,1) and (Car,1) be the corresponding sequences. Since
g is non-decreasing, we have that for all (o € A, (1 < ¢ < (wm,i- Moreover, by assumption, there exists
My, M2 > 0 such that

|Gt — cu| < Mi|Bi]

and
[Car — au| < Ma|Bi]
therefore,
G — ou| < max(|Gm, — cul, [Carp — cul) < max (M, Ma)|Bi]
which concludes the proof. O

Note that Appendix Lemma 5 can be easily extended to Taylor expansions with ‘o’ instead of ‘O’. We will use
this result in the proofs, by refereeing to Appendix Lemma 5.

6 Proofs of Section 3: Large Depth Behaviour of Neural Tangent Kernel

6.1 Proofs of the results of Section 3.1

In this section, we provide proofs for the results of Section 3.1 in the paper.

Recall that Lemma 1 in the paper is a generalization of Theorem 1 in Jacot et al. (2018) and is reminded here.
The proof is simple and follows similar induction techniques as in Jacot et al. (2018).

Lemma 1 (Generalization of Th. 1 in Jacot et al. (2018)). Consider an FFNN of the form (3). Then, as
n1,MNa, ..., L1 — 00, we have for all z,z' € R, i,i' < np, KX (x,2') = 8, K* (2, 2"), where K* (z, ")
is given by the recursive formula

K*(2,2') = §" (@, )K" (,2') + ¢" (a,2),
where ¢ (@,a') = 03 + SAE[S(y} (@)o(yi ™ (2'))] and ¢ (@, 2') = oL E[S (v~ (@)@ (4} ()]

Proof. The proof for general o, is similar to when o, = 1 (Jacot et al. (2018)) which is a proof by induction.
Forl > 2andi € [1 : n]

o, zyl+1 = Z l+1 ))0s,, Ly]( z).
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Therefore,

(900,91 () (Foy, i (2 f="”2w’“ S (yh ()¢ (e (7)) Doy vl () (Do, ks (2))'

Using the induction hypothesis, namely that as 1o, n1, ..., n—1 — oo, for all j, 7' < n; and all z, 2’

B,y () (Do, yhr (&))" — K (w,2")1,-

we then obtain for all n;, as ng, n1, ...,nj—1 — 0
Uw l z l i 1 w l i l
Zw w5 ()0 (5 (2)) Doy, v () (Do, vy () Z T2 (5 ()¢ (5 (&) K (, 2")

and letting n; go to inﬁnity, the law of large numbers, implies that
Zu Z T (i (@) (v (@)K (2,2") = ¢ (2,2 ) K (2, 2).
Moreover, we have that
w1y ™ (@) @uirrys ™ (@) + (O™ (2)) (B (2))" = %o Z¢ Y5 (@) (y; () + i

= oWE[B(yi(2))d(yi ()] + op = ql“(w, z').

n]—00

which ends the proof.

We now provide the recursive formula satisfied by the NTK of a CNN, namely Lemma 2 of the paper.
Lemma 2 (Infinite width dynamics of the NTK of a CNN). Consider a CNN of the form (??), then we have that
forallz,x’ € R%, i,i <mnyand o, € [0: M — 1]
2
O”LU
K(li,a),(i’,a’)(m7 x’) = iyt (m[m, x/]aya’ + ‘7?)
Forl > 2, as ni,mna,...,n_1 — oo recursively, we have for all i,i' < n;, a,o’ € 0 : M -—1]
Kfi’a)’(i,yaq(x, z') = 5“/Ké7a/(x, x'), where fo .o 15 given by the recursive formula
Kl o =

2]€ 1 Z a+5 a'+p
BeEker;

where ' 1, = q'flya,Kf;;, + Gy o and @b o, Gh o are defined in Lemma 1, with yll_a1 (), 9\~ L (") in place

a,a! T

Ofyl 1( )s ll l(x/)'

Proof. Let z, ' be two inputs. We have that

y’ al J BTja+p T oub;
] 1 B€kery
np—1
l
yz a Z Z W; j Bd) y],orl—ﬁ( )) + Ubbi
Jj=1 BeEker;

therefore

8?]@ a ayz Nl ( ) 8yi1,a(x) 8yil’,o/('r)
K(z a), (i’ a’)(‘r ‘T Z Z Z awr],ﬁ T7j7ﬁ + ab,} 81)}

2
O’w
= 04 m g E Tja+BTja+8 T+ Ub
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Assume the result is true for I — 1, let us prove it for [. Let 61.;—1 be model weights and bias in the layers 1 to

! x
I—1. Let 9oy, ,yta(z) = %‘Tf;l’f:il). We have that

891:1711/1['@( )=

\/mzz ’J’5¢ y] a+3)691z 1y1 a+ﬁ( )

this yields

! l T
6911 1yia($)a91z 1 Yir a( ) =

-1 -1 -1 -1 T
o S bt 8 O 0 e ) 000
3,3 BB’

as ni, n2, ...,ni—2 — oo and using the induction hypothesis, we have

l ! T
09y, 1yia( )8911 1Y a( ) —

-1 /oo 1—1 -1 /
7,” 2kt 1 DD wig s 59 Wats)® Wsarss) K Gats), 1) (@2 7)
Jj BB

-1
note thatKJa+B) (ol +ﬂ)( x') = K(1 at8),(1,a’ +ﬁ)(

channel index j.

') for all j since the variables are iid across the

Now letting n;—1 — 0o, we have that

l ! T
0., 1yia( )8911 1Y a( ) —

5“ ((zk + 1) % qa+5 [e3 +5K(1 a+8),(1,a’+8) ("L‘ Z ))

We conclude using the fact that
2
O-Uf — —
Do, Ys o (%), yir o ()" — S (5 g > B[y s (@) dWarts(@))] + 0f)
B
O

To alleviate notations, we use hereafter the notation K~ for both the NTK of FENN and CNN. For FENN, it
represents the recursive kernel K * given by lemma 1, whereas for CNN, it represents the recursive kernel K’ ia,
for any o, o', which means all results that follow are true for any o, o’
The following proposition establishes that any initialization on the Ordered or Chaotic phase, leads to a trivial
limiting NTK as the number of layers L becomes large.
Proposition 1 (Limiting Neural Tangent Kernel with Ordered/Chaotic Initialization). Let (op, 0w ) be either in
the ordered or in the chaotic phase. Then, there exist X > 0 such that for all € € (0, 1), there exists -y > 0 such
that
sup |K%(z,2') — A <e 7"
(z,z’)EBe

We will use the next lemma in the proof of proposition 1.

Appendix Lemma 6. Let (a;) be a sequence of non-negative real numbers such that V1 > 0,a;41 < aa; +
ke P, where oo € (0,1) and k, 8 > 0. Then there exists -y > 0 such that ¥Vl > 0, a; < e~

Proof. Using the inequality on a;, we can easily see that

-1
a; < aoal + chzje*B(l*j>
=0
1 I _giy2 Y
< apa’ + k§e + kia

where we divided the sum into two parts separated by index [/2 and upper-bounded each part. The existence of
7 is straightforward. O
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Now we prove Proposition 1

Proof. We prove the result for FENN first. Let 2, 2" be two inputs. From lemma 1, we have that
K'(z,a") = K" (2,2')¢ (z,2") + ¢ (z,2)
2
where ¢' (z,2') = of + 7”33 ' and ¢'(z,2") = o2 + Ug,]EfNN(O’ql,—l)[(b(f(iﬂ))qzﬁ(f(iﬂl))} and ¢! (z,z') =

awIEfNN(O d-1¢ (f(x)¢'(f(«"))]. From facts 1, 2, 4,9, 17, in the ordered/chaotic phase, there exist
k,B,m,lo > 0and a € (0, 1) such that for all [ > [y we have

sup |ql(m,x/) -kl < e P

(x,2')€Be
and
sup |ql(x,x/) —a| < e M
(z,2’)€Be
Therefore, there exists M > 0 such that for any [ > lp and x, 2’ € R
K'(z,z') < M.
Letting 7 = Sup(, 1\ ep, |K! (z,2') £,

< ari_1+ Me " e P

We conclude using Appendix Lemma 6.

Under Assumption 1, the proof is similar for CNN, using Appendix Lemmas 3 and 4.
O

Now, we show that the Initialization on the EOC improves the convergence rate of the NTK wrt L. We first
prove two preliminary lemmas that will be useful for the proof of the next proposition. Hereafter, the notation
g(z) = ©(m(x)) means there exist two constants A, B > 0 such that Am(z) < g(z) < Bm(z).

Appendix Lemma 7. Let A, B,A C R+ be three compact sets, and (a;), (bi), (\i) be three sequences of
non-negative real numbers such that for all (ao,bo, Ao) € A x B x A

ay :az_l)\l—i—bl, N=1-— %-Q-O(liliﬁ), b :q(bo)+0(l71),

where o € N* independent of ao, bo, Ao, q(bo) > 0 is a limit that depends on by, and 8 € (0,1).
Assume the ‘O’ and ‘o’ depend only on A, B, A C R. Then, we have

aj q

l 1+«

=0@17").

sup
(ag,bo,X0)EAXBXA

Proof. Let A, B, A C R be three compact sets and (ao, bo, Ao) € A X B x A. It is easy to see that there exists
a constant G > 0 independent of ag, bo, Ao such that |a;| < G X [ + |ao| forall I > 0. Letting r; = l , we
have that for [ > 2

1 1 _
r=ra(l- A= F4+00 )+ Lo
1 1
— (1 - t%+%+oulﬁ)
where O bound depends only on A, B, A. Letting x; = 7, — ¢, there exists M/ > 0 that depends only on
A, B, A, and lp > 0 that depends only on « such that for all I > [
l+a M 1+« M
xl_l(lf I ) ll+ﬁ <z <x-_ 1(17 I )+11Tﬁ

Let us deal with the right hand inequality first. By induction, we have that

1 l l
1+« 1+« 1
REFARS ) ((RRELURSYD Sl ) (IS,

k=lo k=lo j=k+1

By taking the logarithm of the first term in the right hand side and using the fact that E k=lo
we have

& = log()) +0(1),

[Ja-+t%=eu).

k=lo
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where the bound © does not depend on [y. For the second part, observe that

l4a, (—a-1)! K
=)= G—a-1

and
k! 1

(k—a— D)l ks ~Foee

Since o > 1 (o € N*), then the serie with term £~ is divergent and we have that

k8.

l

> Zka i

l
N‘/~ta73dt
1

~ 1 lafl'H»l
a—p+1 ’

Therefore, it follows that

LS _la 1 _(l—a-1) k! 1
ST = s

J

~ Ly,
a
This proves that

M _ _

< —17P 4 o(17P).

e
where the ‘o’ bound depends only on A, B, A. Using the same approach for the left-hand inequality, we prove
that

x> —%l_ﬁ +o(17P).
a

This concludes the proof.

The next lemma is a different version of the previous lemma which will be useful for other applications.
Appendix Lemma 8. Let A, B,A C R+ be three compact sets, and (a;), (by), (\i) be three sequences of
non-negative real numbers such that for all (ao7 bo, M) € AX BXA

ar=a—1 i +bi, b =q(bo) + O,

N=1- % +/€10§2(l) +ou?),

where o € N* | k # 0 both do not depend on ag, by, Ao, q(bo) € R is a limit that depends on bo.
Assume the ‘O’ and ‘0’ depend only on A, B, A C R. Then, we have

ap q

L | = el

sup
(ag,bo,XA0)EAXBXA

Proof. Let A, B, A C R be three compact sets and (ao, bo, Ao) € A X B x A. Similar to the proof of Appendix
Lemma 7, there exists a constant G' > 0 independent of ag, bo, Ao such that |a;| < G x I + |ao| forall [ > 0,
therefore (a; /1) is bounded. Let 7, = . We have

1 log(l _
n:mﬂa-jx1_%+ °§)+oulﬂ»+%+oa%
1 log(l _
=r_(1- —;a)—km_m Ong() +g+0(l “).
Letz; =r — 1+a It is clear that A; = 1 — /1 + O(1~3/2). Therefore, using appendix lemma 7 with § = 1/2,
we have 7, — -~ uniformly over ao, bo, Ao. Thus, assuming x > 0 (for x < 0, the analysis is the same), there
exists K1, K2, M lo > 0 that depend only on A, B, A such that for all [ > Iy
1 log(! M 1 log(! M
1’1_1(1— —’l_a)-’-/il 0‘?2()—1—2<xl<xl 1(1— —;a)+ﬁ20lg2()+17.
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It follows that
! ! l
1 1 log(k M
o<, [Ja- 220+ 3 [T - et

L. k 1 j k2
k=lg k=lp j=k+1

and
l

nza Tl0-10 3 ] a- et

o — - J k2
k=lg k=lg j=k+1

Recall that we have

k=lo
and
Pt J I (k—a-1)!
so that
k! k1 log(k) — M o
F—a—1) : ggcz) ~iroo log (k)R

Therefore, we obtain

l
~ / log(t)t*~'dt
1
~ C11%log(l),
where C;1 > 0 is a constant. Similarly, there exists a constant C'; > 0 such that

l

k! ko log(k) + M o
Z (k—a—1)! 5@2) ~ Cal” log(1).
k=1 ’
Moreover, having that w ~ 17172 yields

x; < C'1 M og(l) + o(1” M log(1))
where C’ and ‘0’ depend only on A, B, A. Using the same analysis, we get
x> C"1 Mog(l) + o(1”  log(1))

where C”’ and ‘0’ depend only on A, B, A, which concludes the proof.
O

Theorem 1 (Neural Tangent Kernel on the Edge of Chaos). Let ¢ be ReLU or Tanh, (0y,0.) € EOC and
K* = K* /L. We have that

sup |[K*(z,z) — K= (z,z)| = O(L™")

zeE

Moreover, there exists a constant A € (0,1) such that for all € € (0,1)

sup !R’L(:v,m') - [2'°°(;c,x')| = O(log(L)L™H).

(z,2’)EB.

where , ,
o if ¢ is ReLU-like, then K> (z, ') = Zel=l 1=l (1 _ (1 — \y1,,0).
o if ¢ is Tanh, then K*°(z,2") = q(1 — (1 — A\)1,,/) where ¢ > 0 is a constant.

Proof. We start by proving the results for an FFNN architecture, the proof machinery remains the same for
CNN under assumption:cnn.
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Case 1: FFNN. Lete € (0,1), E C R? (0,04) € EOC, and z,2’ € R Recall that c'(z,2') =

d'(z,2')

NCITSrIeEah Let vy, := 1 — ¢! (z,2’) and f be the correlation function defined by the recursive equation
q‘ (z,x)q" (z/,x

Tt = f(c') (See appendix 4). By definition, we have that ¢ (z,2) = f'(c'~!(x, z")). Let us first prove the
result for ReLU.

* ¢ =ReLU: From fact 11 in the appendix, we know that, when choosing the hyper-parameters (o, o)
on the EOC for ReLU, the variance ' (x, x) is constant w.r.t [ and is given by ¢'(z, z) = ¢ (z,z) =

2
%”Hx”z Moreover, from fact 16, we have that ¢ (z, ) = 1. Therefore
1 -1 03; 2 U?u 2 [00
K (z,2) = K (2,2) + —~|l2]|” = I—Fl2]|” = 1K™ (2, 2)

which concludes the proof for K ”(z, z). Note that the results is *exact’ for ReLU, which means the
upper bound (’)(L‘l) is valid but not optimal in this case. However, we will see that this bound is
optimal for Tanh.

From Appendix Lemma 1, we have that

Cl(l’,x/) 1 + E _ Kll()g(l) ’ — O(l_g)

sup
(z,2')EBe 2 13
and -
swp |y - 14 2 - 1280] _ o2y,
(z,2')€Be l i

Using Appendix Lemma 8 with a; = K'*'(z,2'),b; = ¢' 7' (2, 2), & = f'(c'(x, 2")), we conclude

that
K (z, 2 102 _
sup | B L) L0y | — @ om0
(z,z’)EBe
Using the compactness of B, we conclude that
K'(z,«' 102 _
sup | BLBT) %% )| = o080
(z,2')EBe

¢ ¢ = Tanh: The proof in the case of Tanh is slightly different from that of ReLU. We use different
technical lemmas to conclude.

From Appendix Lemma 2, we have that

/ 1 _
sup | (z,2)) = 1+ 5 — k(1 - %) Ogs(l) ‘ =007
(z,z')EB. l l
_ _2 _ P
where Kk = ok 0 and ¢ = =~ > 0. Moreover, we have that
2 log(l _
swp |7 - 14§ - 201- 2080 | — 07,
(x,2')€Be l l

We conclude in the same way as in the case of ReLU using Appendix Lemma 8. The only difference
is that, in this case, the limit of the sequence b; = qu (z, m') is the limiting variance q (from facts 3,
1) does not depend on (z, z").

Case 2: CNN. Under Assumption 1, the NTK of a CNN is the same as that of an FFNN. Therefore, the
results on the NTK of FENN are all valid to the NTK of CNN K flya/for any o, o

O
6.2 Proofs of the results of Section 3.2 on ResNets

In this section, we provide proofs for lemmas 3 and 4 together with Theorem ?? and proposition ?? on ResNets.

Lemma 3 in the paper gives the recursive formula for the mean-field NTK of a ResNet with Fully Connected
blocks.
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Lemma 3 (NTK of a ResNet with Fully Connected layers in the infinite width limit). Let x, x’ be two inputs
and K> be the exact NTK for the Residual Network with 1 layer. Then, we have

o For the first layer (without residual connections), we have for all z,z' € R?
1 2, 0 b
/ /
K57 (z,2") = 0 (ab + Fww . a:) ,
where x - «' is the inner product in RY.

e Forl > 2 asni,na,...,nL—1 — 00, we have for all i,i’ € [1 : ny), K;fs’l(x,x’) =6 Kloy(z, '),
where K., (z,x") is given by the recursive formula have for all z,x' € R and | > 2, as
ni, N2, ..., N — 00 recursively, we have

Kreo(z,2') = Kol (2,2)) (' () + 1) + ¢ (2,2).

Proof. The first result is the same as in the FFNN case since we assume there is no residual connections between
the first layer and the input. We prove the second result by induction.

o Letz,z’ € RY We have

Ayi(x) dyi(x) | yi(x) Iyi(x) —ﬁx-m'—i—ag.

Kres(@, Z dwy; Owi, * ot ol T d

* The proof is similar to the FeedForward network NTK. For I > 2 and i € [1 : ng]

agl:lyi_‘—l( ) = 0o, zyz Zwl+l ))0p,, ly]( z).

Therefore, we obtain

By, (@) (D055 (2)) = (3elzyﬁ(x))(3euyﬁ(-’v'))t

Z i w55 (@) (v (1)), 5 () (B0, 50 ()" + 1

where
I= % Zwﬁ;“(¢/(y§(w))aemyi(w)(ael:zyﬁ'(w/))t +¢'(y;(2"))Doy v () (o, i (2))").

Using the induction hypothesis, as ng, n1, ..., ni—1 — o0, we have that

(Bo,., 9" (@) D0y, 97 () U“’Zwl“ i 0 (5 (2))0 (yjr (2)) Do, 5 (2) (o, () + 1

7y

2
> Kleo(a,a) + 223 (w0 (03 @) (0 @) Ko (,2') + 1
J

2
where I' = T w1 (¢/ (4 (2)) + ¢ (v (2'))) Ko (2, 2).
As n; — oo, we have that I’ — 0. Using the law of large numbers, as n; — oo
%o Z 070 W @) (0 (@) K es(@,2) = ¢ (2,2 Ky, 7).

Moreover, we have that

@19 (@) Ouirr g™ (@) + By (@) Oy T (2)) = 7 Z¢ Y5 (@) (y; (") + i

= 0LEB(i(2)é(yi(2)] + of = q”l(% z').

ny— 00
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Now we proof the recursive formula for ResNets with Convolutional layers.

Lemma 4 (NTK of a ResNet with Convolutional layers in the infinite width limit). Let K"**! be the exact
NIK for the ResNet with 1 layer. Then
o For the first layer (without residual connections), we have for all x,z’' € R4

2

K'res 1 , — 61’71/ O
(o (@0) = B (s

e Forl > 2, as ni,na,...,ni—1 — o0 recursively, we have for all i, i€ 1: n a o € 0: M—1]

K(Tf;)l (i o) (@ T N = 6ii/K;f2}l (z,2"), where K™%} is given by the recursive formula for all z, %' € R?,

[z, :r/]a,a/ + Jf)

o,
using the same notations as in lemma 2,

1
res,l __ res,l—1 -1
Ka,a’ - KO«@’ + 2%k +1 Z \IlaJrB,a’vLB‘

where U!, . = d., a/K”S, + Gy

Proof. Let z, 2’ be two inputs. We have that

Z 8yzl,o¢(m) ayil’,oc’ (I) + ayil,a (17) ayil’,a’ (l’)

1 1 1 1
Owise Wi e 0b; 0b;

K%i,a),(i’,a’)(x7 17/) =

j
2
= Our —e ZZ% atBTjar4p T OF
TL()(2I€ + 1) ral: ’ >

Assume the result is true for [ — 1, let us prove it for [. Let 61.;—1 be model weights and bias in the layers 1 to

l oyl (@)
I — 1. Let Oy, ,Yia(x) = 55— - We have that

891:l—1y'li,a( ) 8911 1?—,/ \/mzz zgﬁ¢ y],a+ﬁ)891l 1y7, a+[3( )

this yields

l l T -1 1—1 T
By, _ 1yi o), _ 1Yir, o) = 691;171311',04 (m)891:171yi’,a'(x) +

T

-1 -1 -1 -1
m Z > wi i pwir o5 ® (U5 o 5)0 Wi 5)001a Ut 5 (8) 001y Yo ey p (@) + 1,

73" BB’

where

I= /TL 2]€+ Z ,Jﬂﬂgzﬁ y] a+6)(8911 1yza( )8911 1y1 a+5( )T+8011171yé;iﬁ(l')agl:lilyi;l(m)T),
1— 1

As ni,na,...,ni—2 — oo and using the induction hypothesis, we have
Do lyé (@), Yoo (@) = Bist Ky (,2)+
-1 s l—1 -1 ’
ni—1( Qk 1) D wiswi s ® Wiass)d Whars ) K ats), e s (#:2)-
Jj BB

Note that Kfj ;JFB) Grarip) (T T x') = Kél ;JFB) (La'+8) (@ x') for all j since the variables are iid across the

channel index j. Now letting n;—1 — oo, we have that
891;171y7l5,a(x)801d71y7l2 ol ( )T —
-1 -1
Ouit K o o (2, 2) 4 B ( zk +1) Z f'(e a+5 arp(; ,))K(l,a+ﬁ),(1,a'+ﬂ)(“”x,))»

where f’ ( a+,8 of +[3( z')) = U?UE[(Z)/(y§;1+5)¢/(y;‘;1/+,8)]'
‘We conclude using the fact that

0oy} ()00, (@) = B (575 D ElO( (@) (v L (a'))] + o).
B
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Before moving to the main theorem on ResNets, We first prove a Lemma on the asymptotic behaviour of ¢! for
ResNet.

Appendix Lemma 9 (Asymptotic expansion of ¢' for ResNet). Let € € (0,1) and o, > 0. We have for FFNN

sup
(z,2")EB.

! Ko log (1) -3
) 14 o, OB = 007
where Ko, , nﬁ,w > 0 are two constants that depend on o ,.
Moreover, we have that
31+ %)

f((z,2") -1+ fw — Ko

log(1)
l2

=0@17?).

sup
(z,2’)€Be

where f is the ReLU correlation function given in fact 12 and /fﬁ,'w > 0 is a constant that depends on .

Moreover; this result holds also for CNNs where the supremum should be replaced by sup,, .1\ cp_ SUPq o/ -

Proof. We first prove the result for ResNet with fully connected layers, then we generalize it to convolutional
layers. Let € € (0, 1).

o Letz # 2’ € RY and ¢! := ¢!(x, 2'). It is straightforward that the variance terms follow the recursive
form
¢ (z,2) =4 ' (w,2) + 00,/2¢ " (w,2) = (1 +03,/2)' ¢ (2, 2)
Leveraging this observation, we have that

1 «
+1 I I
c _1+ac +1+af(c)7

2
Tw

where f is the ReL.U correlation function given in fact 12 and av = —2*. Recall that

1 1 1
=— i + =V1-c+ -c
f(c) ¢ arcsin(c) c 3¢

As in the proof of Appendix Lemma 1, let y; = 1 — ¢!, therefore, using Taylor expansion of f near 1
given in fact 14 yields

_ . as 332 _ab  s5p O(7/*
WL =N TN Tran TOom™).
This form is exactly the same as in the proof of Appendix Lemma 1 with s’ = 2% and b’ = 2%
Thus, following the same analysis we conclude.
For the second result, observe that the derivation is the same as in Appendix Lemma 1.
¢ Under Assumption 1, results of FFNN hold for CNN.
O

The next theorem shows that no matter what the choice of o, > 0, the normalized NTK of a ResNet will always
have a subexponential convergence rate to a limiting K o,.

Theorem 2 (NTK for ResNet). Consider a ResNet satisfying
v () =y )+ Fw!y' (@), 1>2, (17)
where F is either a convolutional or dense layer with ReLU activation. Let KL, be the corresponding NTK

_ 2
and Kt = KL, /oy (Normalized NTK) with o, = L(1 + %)L_l. If the layers are convolutional assume
Assumption 1 holds. Then, we have

sup | Kreq (2, ) — Ko (w,x)| = (L")
zeE

Moreover, there exists a constant A € (0,1) such that for all € € (0,1)

sup | Kreo(2,2") — Ko (w,2')| = (L7 ' log(L)),
z,x’ € Be

where K22, (z,x') = M(l — (1= XN)1puar).

Proof. We start by proving the result for a ResNet architecture with fully-connected layers. As in the previous
proofs, the result easily extends to a ResNet with convolutional layers under assumption:cnn.
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Case 1: ResNet with fully-connected layers. Lete € (0,1), E C RY, and z, 2’ € R?%. We first prove
the result for the diagonal terms K~ (x, ), we deal afterwards with off-diagonal terms K., (x, z').

2 2
« Diagonal terms: from fact 12, we have that ¢'(z,2) = % f(1) = . Moreover, it is easy to see
that the variance terms for a ResNet follow the recursive formula ¢'(z, z) = ¢' 7' (z,2) + ¢2,/2 x
¢~ (z, ), hence

2
10w
¢'(z,0) = (1+05/2)' 7 = lal)® (18)

Recall that the recursive formula of NTK of a ResNet with fully-connected layers is given by (Appendix
Lemma 3)

Kres(w,a') = Kpes (2,0)(d (2,27) + 1) + ¢ (,2)
Hence, for the diagonal terms we obtain

2

Kloo0) = iz o) (5 41) + dl o)
. -1
Letting K., = Kl.,/ (1 + UT’Z“) yields
-l -1 oa 2
K’res(w7m) = Kres (ZK7CL‘) + FwHIH

_ o1 2
Therefore, K'.,(z,x) = KT%(IZ) + (1 = 1/1) Z||||?, the conclusion is straightforward since £
is compact and K L (z, ) is continuous which implies that it is uniformly bounded on E.
¢ Off-diagonal terms: the argument is similar to that of Theorem 1 with few key differences. From

Appendix Lemma 9 we have that

Ko , log(l)

! / -3
-1 - - =0(
where ko, , k,,, > 0. Moreover, we have that
31+ %)
sup f’(cl(x,x')) -1+ Bl Ko, 10g2(l) = O(liQ).
(z,x’)EB. l [

2
Let a = %, We also have ¢'*'(z,2") = af’(c (z,2")) where f is the ReLU correlation function
given in fact 12. It follows that for all (z,z') € B

log(1)

14+¢ (z,a) =1 +a) 1 =317 +¢ m o(™?))
for some constant ¢ # 0 that does not depend on x, z’. The bound O does not depend on z, z” either.
+1 ’
Now let a; = % Using the recursive formula of the NTK, we obtain

ar = Naj—1 + b

2
where Ay = 1= 3171 + (50 1+ 0(1%), b = % /[lal[@/]|f (' (@, 2") = g(,2") + O1?)

2
with g(z, z') = Z&/||z|[|z']| and where we used the fact that ¢'(z, ") = 1 + O(I"?) (Appendix
Lemma 1) and the formula for ResNet variance terms given by equation (18). Observe that all bounds
O are independent from the inputs (z, z’). Therefore, using Appendix Lemma 8, we have

sup |K ol (2,2")/L(1+ )" — K7 (z,2")] = ©(L " log(L)),

z,x' €Be
which can also be written as

sup |Kyeo(,2')/(L = 1)(1+a)" ™! = K (z,2")] = ©(L " log(L)),

z,2’' €Be

We conclude by observing that K (x,2') /(L — 1)(1 + )X = Kl (z,2')/L(1 + )" +
O(L™") where O can be chosen to depend only on e.
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Case 2: ResNet with Convolutional layers. Under Assumption 1, the dynamics of the correlation and
NTK are exactly the same for FENN, hence all results on FFNN apply to CNN.

O

6.2.1 Beyond ResNet: Scaled ResNet

The term a, in the residual NTK might cause numerical stability issues for NTK training, and the triviality of
the limiting kernel yields a trivial NTK regime solution (recall that f; — fo belongs to the RKHS of the NTK;
see section 2). It turns out that we can improve the performance of NTK training of ResNets with a simple
scaling of the ResNet blocks.

Theorem 3 (Scaled ResNet). Consider a ResNet satisfying
1
Vi
where F is either a convolutionaé or dense layer ((3) and (??)) with ReLU activation. Then the results of
[i+od/2

v (z) =y @) + —=F@,y (@), 1>2, (19)

Theorem 2 apply with ar, = and the convergence rate ©(log(L) ™).
Theorem 3 shows that scaling the residual blocks by 1/ /1 has two important effects on the NTK: first, it
2

Tw

stabilizes the NTK which only grows as L' T 2" instead of L(1 + %)L_l; second, it drastically slows down
the convergence rate to the limiting (trivial) K 2°,. Both properties are highly desirable for NTK training. The
second property in particular means that with the scaling, we can ‘NTK train’ deeper ResNets compared to
the non-scaled ResNet. A more aggressive scaling was studied in Huang et al. (2020), where authors scale the
blocks with 1/ instead of our scaling 1/+/1, and show that it also stabilizes the NTK of ResNet. This is the
main topic of the next chapter. We particularly show that a suitable scaling ensures that the limiting NTK is
universal, i.e. we can approximate any continuous function on some compact set K with a function from the
Reproducing Kernel Hilbert Space of the limiting NTK. This is a desirable property since the second term in the
solution of the NTK regime lives in the RKHS of the NTK.

Now let us prove the Scaled Resnet result. Before that, we prove the following Lemma

Appendix Lemma 10. Consider a Residual Neural Network with the following forward propagation equations
Fw' o' (z), 1>2 (20)

where F is either a convolutional or dense layer (equations 3 and ??) with ReLU activation. Then there exists
¢,V > 0 such that for all € € (0, 1)

¢ \

[ ’
L=e@a) = 52 T log)p

sup
(z,z')EBe

= o

log()°

where the bound ‘o’ depends only on e.

For CNN, under Assumption 1, the result holds and the supremum is taken also over o, o/, i.e.

B ¢ " A% 1 )
log(1)? ~ log(l)? log(1)?

sup sup |l — cflya/(x,x/)

(2,2")EBe ool

= o

Proof. We first start with the dense layer case. Let € € (0,1) and (z,z’) € Be be two inputs and denote by

di=d (z,z"). Following the same machinery as in the proof of Appendix Lemma 9, we have that

f(dh

1 A1 aq
14+ oy 14+ oy

C

2
where o; = 02—7 Using fact 12, it is straightforward that f* > 0, hence f is non-decreasing. Therefore,

¢ > ¢!~1and ¢ converges to a fixed point c. Let us prove that ¢ = 1. By contradiction, suppose ¢ < 1 so that
f(c) — ¢ > 0 (f has a unique fixed point which is 1). This yields

J— l_
cl—c:clfl—c—i—f(c)l C+O(c i C)—i—O(l*Z)

by summing, this leads to ¢! — ¢ ~ (f(c) — ¢)log(l) which is absurd since f(c) # ¢ ( f has only 1 as a
fixed point). We conclude that ¢ = 1. Using the non-decreasing nature of f, it is easy to conclude that the
convergence is uniform over Bk..
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Now let us find the asymptotic expansion of 1 — ¢!. Recall the Taylor expansion of f near 1 given in fact 14

fle) = e+s(l- )+ b(1—0)?+0((1—-¢)?) @21)
where s = % and b = %. Letting v; = 1 — ¢!, we obtain

=1 — 073 = b6y 2+ 067 3).
which yields
_ _ s 3 b
Y 2 = '71711/2 + §5l + §325l2%17/§ + §5l7l—1 + 0(517137/?)' (22)

therefore, we have that

2
—1/2 SO,
7~ T log()
and1 — ¢ ~ ﬁ where ¢ = 16/s%0,.
we can further expand the asymptotic approximation to have

. ¢ \V4 1
¢ = Tog  iog@® " “llogl)?

where V > 0. the ‘0’ holds uniformly for (z,z’) € Be as in the proof of Appendix Lemma 1.

1— )

This result holds for a ResNet with CNN layers under Assumption 1 since the dynamics are the same in this case.
O

Proof of Theorem 3.

Proof. We use the same techniques as in the non scaled case. Let us prove the result for fully connected layers,
the proof for convolutional layers follows the same analysis. Let € € (0, 1) and z, 2" € Be be two inputs. We

first prove the result for the diagonal term K, (z, z) then K, (x, z').

2 2
We have that ¢'(z,z) = 52 f(1) = S2. Moreover, we have ¢'(z,7) = ¢'~'(z,2) + 07, /2l x
2

¢z, x) = [HLZl(l + 07, /2k)] 2= ||2||*. Recall that

2

Ko@) = Kol (a,2)(1+ 59) + ' (@,2)

Kyeo(@,@)

W,We have that

letting k] =

2
K = ki + 22

using the fact that [T, _, (1 + 02 /2k) = 9(1"5}/2), we conclude for K., (z, x).
* Recall that
Kies (x7 ml) = K’f‘;sl (':C7 x,)(q.l (x’ x/) + 1) + ql (x7 x/)

Let ¢ := ¢!(z, ). From Appendix Lemma 10 we have that
¢V 1

= Toa)? ~ ToglP T liog(1)?
1

(== 6 and V > 0. Using the Taylor expansion of f’ as in Appendix Lemma 1, it follows that

o

1—

)

F( ) = 1= - log() ™ + ¢ log(1) ™ + O(log(1) ™)

w

where ¢/ = \/;7_. We obtain
2
1+¢'(z,2") =1+ "2711“ — 31 M og() " + ¢ log(1) 2 + O log(1) )
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2 1+1 ’
"= Tw i = Kreo @) i
where ¢ = (", Letting a; = . (i+o% /20 we obtain

ar = Naj—1 + b

where \; = 1—17" =317 log(l) ' +O(  log(1)2), by = \/q*(z, 2)\/q* (', 2') f (! (z,2")) =
q(z,2') + O(log(l)™?) with ¢ = /q*(z,z)\/q*(z/,2’) and where we used the fact that

¢ =1+ O(log(1)~?) (Appendix Lemma 10).

Now we proceed in the same way as in the proof of Appendix Lemma 8. Let 2; = 4. — g, then there

exists M1, M2 > 0 such that

z (11— %) — Ml og() T < ay < a1 - %) — Myl log(1) ™

therefore, there exists /o independent of (z, :v') such that for all [ > [y

l 1

v < [T0= =23 T (1= Dk log(h) ™

k=l k=lg j=k+1

and
l I

z >a, [J- %) My [] a- %)k‘llog(k‘)—l

k=l k=lg j=k+1

after simplification, we have that

1 l 1
I a- E)kfllog(k)*l =0 (7

k=lg j=k+1

/l Ok

) = 6ttox) ™)

where we have used the asymptotic approximation of the Logarithmic Intergal function Li(z)

f’f 1 _x
log(t) 7 log(x)

7%
we conclude that ar, = L X Hi:l (14 02 /2k) ~ L** 2" and the convergence rate of the NTK is
now O (log(L)™") which is better than ©(L ). The convergence is uniform over the set B..

In the limit of large L, the matrix NTK of the scaled resnet has the following form

AK s = qU +log(L) "' ©(My)
where U is the matrix of ones, and M7, has all elements but the diagonal equal to 1 and the diagonal
terms are O(L ™ log(L)) — 0. Therefore, M, is inversible for large L which makes K., also

inversible. Moreover, observe that the convergence rate for scaled resnet is log(L) ' which means
that for the same depth L, the NTK remains far more expressive for scaled resnet compared to standard

resnet, this is particularly important for the generalization.

Does Scaled ResNet outperforms ResNet with SGD? We train
standard ResNet with depths 32, 50, and 104 on CIFAR100 with
SGD. We use a decaying learning rate schedule; we start with

Table 2: Test accuracy on CIFAR100 for

0.1 and divide by 10 after n./2 epochs, where n. is the total ResNet.
number of epochs; we scale again, by 10, after n. /4 epochs. We Epoch 10 Epoch 160
use a batch size of 128, and we train the model wit.h 160 epochs. Roenegy | Standard 5418121 72.4950.18
Theorem 3 shows that the NTK of Scaled ResNet is more stable esNet scaled  53.8942.32  74.07+0.22
compared to the NTK of standard ResNet. Although this result is ResNeso | Standard 51094173 73.63+151
limited to NTK training, we investigate the impact of scaling on eshet scaled  55.39+1.52  75.02+0.44
SGD training. Table 2 displays test accuracy for standard ResNet ResNetloq  Standard  47.02323  74.77:0.29
eshe scaled  56.38+2.54  76.14+0.98

and scaled ResNet after 10 and 160 epochs; Scaled ResNet out-
performs ResNet and converges faster. However, it is not clear

whether this is linked to the NTK, or caused by something else. We leave this for future work.
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6.3 Spectral decomposition of the limiting NTK

6.3.1 Review on Spherical Harmonics

We start by giving a brief review of the theory of Spherical Harmonics MacRobert (1967). Let S~ be the unit

sphere in R? defined by S*' = {z € R? : ||z||2 = 1}. For some k > 1, there exists a set (Yi;)1<j<n(a.k)
. ; ; _ 2k+d 2 (k+d—3

of Spherical Harmonics of degree k with N (d, k) = 2:54=2 (*7975)

The set of functions (Y%, j)kZL je[1:N(d,k)) form an orthonormal basis with respect to the uniform measure on

the unit sphere %71,

For some function g, the Hecke-Funk formula is given by

[, sty tw)dvas(w) = Sy @) [ a@PHO0 = ar

—1

where v4_1 is the uniform measure on the unit sphere S%~1, Q is the volume of the unit sphere S~ !, and Pg
is the multi-dimensional Legendre polynomials given explicitly by Rodrigues’ formula

1 k F(é:i) 9, 3=d d k okt 4=3
Pty = (- )22 1 )7 (D - )T
{0 = (= 3) s - (-
(PZ) k>0 form an orthogonal basis of L?([—1,1], (1 — t2) dt)
(P, P d=3 = Op ks

L2([—1,1],(1—¢2) 2 dt)
where d;; is the Kronecker symbol. Moreover, we have
(k+d—-3)!
I k” —11 (1) ® ‘dt) (d—3)(k—d+3)!

Using the Heck-Funk formula, we can easily conclude that any dot product kernel on the unit sphere S~ 1, i.e.
and kernel of the form x(z,z") = g({x, x’)) can be decomposed on the Spherical Harmonics basis. Indeed, for

any x, 2’ € S, the decomposition on the spherical harmonics basis yields
N(d,k)

=X > {/Sd ) ,m'))Yk,j(w)dyd,l(w)] Yie,j ()

k>0 j=1
Using the Hecke-Funk formula yields
N(d,k)

1
=> 2 [Q - / g<t>P£<t><1—t2><d*3>/2dt} Yi (@)Yi, (2')
k>0 j=1 -1
we conclude that
N(d,k)
Z“k Z Yi, i (2) Y, j (@ ')
k>0 j=1
where e = 222 [ g(#) PE(#)(1 - 7)) 2,

We use these result in the proof of the next theorem.

Proposition 2 (Spectral decomposition). Let kT be either, the NTK (K'*) for an FFNN with L layers initialized
on the Ordered phase, The Average NTK (AKT) for an FFNN with L layers initialized on the EOC, or the
Normalized NTK (K. ”)fora ResNet with L layers (Fully Connected). Then, for all L > 1, there exists (,uk)
such that for all z,z’ € S}

N(d,k)
=2 2 Yes(@Yis (@),
£>0
(Yi,j)k>0,5€(1:N(d,k)] are spherical harmonics of S*~*, and N (d, k) is the number of harmonics of order k.

Moreover, we have that 0 < pg° = Llim u§ < oo, and forall k > 1, Llim g =0.
—> 00 —00

Proof. From the recursive formulas of the NTK for FFNN, CNN and ResNet architectures, it is straightforward
that on the unit sphere S~ !, the kernel x” is zonal in the sense that it depends only on the scalar product, more
precisely, for all L > 1, there exists a function ¢g” such that for all z, z’ € S4~*

K" (z,2") = g"((z,2))
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using the previous results on Spherical Harmonics, we have that for all z, 2’ € S¢~*

N(d,k)
W) =Sk S Yis(@)Yay (@)
k>0 j=1
Qi1 1 _
where pf; = “g=2 [1 g™ (1) PE(t)(1 — ¢*) 472t
For k = 0, we have that for all L > 1, uf = Qg;l filg]“(t)(l — t2)@=3/2qt. By a simple
dominated convergence argument, we have that limp oo u§ = g\ ng;l f_11(1 - t2)(d73)/ 2dt > 0,
where ¢, A are given in Theorems 1, 2 and Proposition |1 (where we take ¢ = 1 for the Or-

dered/Chaotic phase initialization in Proposition 1). Using the same argument, we have that for

k> 1 limp oo pf = gAZ82E [T PE)(1— )19 2dt = gA =2 (P, PY) =0.

d—3
L2([—1,1],(1—t2) "2 dt)

O

7 Further experimental results

o Results for L between 30 and 300: In our experiments, we observed degeneracy of the NTK regime when
L ~ 300 (hence our choice of L = 300 in the paper). The Figure included here shows the percentage drop in
performance of the NTK regime for a 100x100 FFNN with ReLU on MNIST for the Ordered phase/EOC Init.

- Ordered
-8 ECC

Pct drop in accuracy
=}
Ed

e E PP PSP PP
Depth

Figure 2: Deterioration of NTK regime
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