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Abstract: To tackle the computational and statistical challenges of constrained training at large scale, we propose
a stochastic Augmented Lagrangian Method (ALM) method that performs on a mini-batch of randomly selected points
to minimize the empirical risk defined as a smooth possibly nonconvex function subject to both nonlinear equality and
inequality constraints. The convergence properties (in expectation) of the proposed algorithm and its complexity are then
thoroughly demonstrated under very general assumptions and compared against inexact state-of-the-art ALM methods.

1 Introduction

Minimization problems involving both equality and inequality constraints have received significant attention in statistical/
neural learning community due to the need to incorporate various constraints during the training process. These
constraints range from hardware-specifics (e.g., energy/power consumption, memory space/access time) to learning tasks
themselves (e.g., fairness and robustness). With current training models, these requirements are often enforced using
penalties, i.e., by augmenting the empirical risk minimization (ERM) objective with constraint violation costs. This
augmentation leads in turn to weight decay in the update steps of the minibatch stochastic gradient (SG) algorithm. It
is relatively straightforward to find penalty terms leading to optimal solutions when the objective of the ERM problem
and the constraints are convex (implying that equality constraint functions must be affine and inequality constraint
functions convex). However, the training of neural networks leads to nonconvex objective functions subject to nonlinear
constraints. Enforcing their behavior to tackle fairness, robustness, and safety requires thus to solve instead nonlinearly
constrained nonconvex problems. Consequently, the update step of the minibatch SG algorithm is not limited anymore
to a weight decay.

The generic problem in nonlinear optimization is to minimize a smooth (possibly nonconvex) function h: R¥ — R
subject to nonlinear equality constraints and nonlinear inequality constraints. More formally,

minimize h(xz) subject to ci(x) = b1, c2(x) < b2, z € C, (1)

where ¢; and cs are smooth vector functions from R¥ to R™, (b1,b2) € R™ x R™ and C' is a closed convex subset of
R¥. In this context, the augmented Lagrangian-based methods (ALM) can be considered as a major breakthrough in
constrained optimization, providing the basis for fundamental algorithms that have been extensively studied for various
classes of problems. Introduced by Powell and Hestenes in 1969 [29] [19], ALM is one of the most common approaches
for solving linear and nonlinear constrained problems. However, for non-convex objectives, handling both equality and
inequality constraints that are nonlinear remains challenging.

In this respect, the main objective is to extend the ALM [13] [23] for the nonlinear setting described by the above
model. For this purpose, we propose a stochastic ALM (sALM) with backtracking line search that performs on a
mini-batch of randomly selected points for solving such nonlinearly constrained nonconvex problems. The considered
class of problems includes both nonlinear equality and inequality constraints; thus, the minimization of the (possibly)
nonconvex objective function h can be subject to nonlinear equality and inequality constraints without imposing convexity
of its functions. Moreover, our method relies on line search that performs on a subset of randomly selected points only;
hence, the sALM algorithm does not require the evaluation of all gradients (of objective function and constraints) at
each iteration. This property enables, as long as the selected mini-batch verifies a well-defined minimum size criterion,
the solving of larger scale nonconvex problems without compromising on convergence properties and computational
complexity compared to its deterministic variant. The main motivation for the design of a Lagrangian-based algorithm
that relies on the mini-batch SG can be stated as follows. The SG method was first introduced in [34]. This method,
as well as its extension, the stochastic proximal gradient, have been widely adopted nowadays as optimization method
in machine learning (statistical learning, deep learning, etc.), linear inverse problem, and game theory; see [1] [7] [8] [24]
[18] for examples. A main property of the SG is that it uses only one sample point per iteration compared to the full
gradient whose computational cost becomes prohibitive when the number of points of points is large. Nevertheless, the
stochastic gradient does not guarantee convergence of the iterations without either ensuring the sequence of stepsizes
decreases (leading to a decreasing stepsize method) or involving a variance reduction technique. Relaxation consists of
using a mini-batch approach, where only a subset of samples is used per iteration. This idea leads to the mini-batch
SG; see [8] for a detailed development. The major advantage of the mini-batch SG is the reduction of variance when the
mini-batch size increases [8] [22] [12].
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2 Algorithm

Notations. Denote by FO(RK ) the class of all proper lower semicontinuous convex functions from R¥ to |—00, +00].

The proximity operator of f € T'o(R¥) is prox;: R* — R¥: z — argmin f(y) + 3|lz — y||>. The conjugate function of
yERK

f is denoted by f*. When f is the indicator function of some closed convex S C R¥ which is denoted by ts: =
Oifx € S, 400 if x € S, the proximity operator of f reduces to the projection operator denoted by Ps. The distance
from z € R¥ to S is ds(x) = ||z — Psz|. Note that the conjugate function of vs is the support function of S and is
denoted by os. The normal cone operator of some closed convex set C' is Nc. When S is a closed convex cone, the polar
cone S© of S is defined as S© = {u | sup (S | u) <0}. Let g: R® x R™ — ]—00, +00] be a differentiable function. We
denote by V1g the gradient of g with respect to the first variable when the second variable is fixed. The notation Vag
is defined similarly. Let ¢: R — R™ be a differentiable (smooth) mapping, the Jacobian of ¢ at u € R¥ is designated
by Je(u) and its conjugate by J.(u)T. Let v > 0, the class of all smooth mappings c: R — R™ with v-Lipschitzian
Jacobian is denoted by CL(R®,R™). The development of this paper relies on the following definitions.

Definition 1 Let M be a strictly positive integer. Let (wq)i1<q<m be a sequence in [0,1]" with 251\4:1 wg = 1. The
weighted inner product on the Hilbert space V', maps each pairs of vectors (y,v) € V. X V to the scalar (- || -) defined for
Y= (Ya)r<g<mr and v = (vg)1<q<nr as

M
Gl s (@) = Y we (ve | wa) (2)
q=1
with vector norm ||| - ||| : v — /(v || v), (3)
Definition 2 [9] Let f € To(R¥), g € To(R™), ¢ € CL(RE,R™), and b € R™. A wvector d € R¥ defines a descent
direction of ¢ — f(u) + g(c(u) — b) at u, if the difference Aop(u;d) verifies the strict inequality

Aop(usd) = f(u+d) +g(c(u) = b+ Je(u)d) —p(u) <0, (4)

where J.(u) denotes the Jacobian of the function ¢ at u. A method for which, at each iteration k, the descent direction
di, at current point uk, verifies the strict inequality Aop(ur; dir) < 0 is referred to as a descent method.

The following lemma generalizes the definition of descent direction di to nonconvex functions denoted . This result
is obtained by defining the function @), as the composition of a convex and a nonconvex function set as the argument of
the former (convex) function.

Lemma 1 Assume ¢: R¥ — R™ x ]—00,+00] : u + ¢(u) =(c(u), co(u)) together with c: R — R™: u +— c(u) and
co = h. Define the function Vy: R x R — R: (u,&) — i (u) + Idr(€), where Idg : R 3 € +— £. If the function
Y R™ — |—00, +00] is convez; then Uy is convex. The composition (VU o) verifies the identity

(Pr 02)(u) = Yr o c(u) + Idr oco(u) = i (u), (5)
where @ : u > h(u) + Yy o c(u). Moreover, by defining, for every u € dom(y) and d € R¥,
Apr(u; d) = Yr(c(u) + Je(u)d) + (Vh(u) | d) — dr(c(u)), (6)
the following identity is verified
Ao(Vy 0¢)(u;d) = Apg(u; d). (7)

Using Lemma 1 (proof, see [27, Lemma 4]), at each iteration k, the descent direction computer at uy verifies the strict
inequality Ap(ug;di) < 0; hence, it can be referred to as defining a descent method.

Definition 3 Let g € To(R™), let b € R™ and CL(R®,R™) 3 c: u — c(u) —b. For every p € ]0,+oo[, and (u,)) €
R¥ x R™, the smooth approzimation of g(c(-) — b) is defined by

1
g (wA) = sup (((e(w) =b119) =g () = 5-lly = AlIP), (8)
yER™ P
where p is referred to as the smoothing parameter and g* denotes the Fenchel conjugate of the function g that is defined

by g*: u— supyepm ((u | ) — g(x)).
Note: the function g, provides a smooth approximation of g, which is known as the smoothing technique.

Problem: Let M and K be strictly positive integers, let (mq)gil be a finite sequence of strictly positive integers with
Zgil mg =m < co. Let (wq)1<q<am be a sequence in [0, 1] with Zfl\il wq = 1. Forevery q € {1,..., M}, let hy: RE —
] — 00, +00] and ¢q: R — R™7 be smooth functions with Lipschitz continuous gradients. Let b = (bg)1<q<nr € BIL,R™,

and S be a closed convex cone of R™¢. Let C be a closed convex subset of R¥. The problem is to

minimize h(u) = Z wghq(u) 9)

subject to (Vg € {1,...,M}) cq(u) — bg € Sq,u € C. (10)



The main features of the proposed algorithm are the following. Firstly, it is structured as a single-loop algorithm; more
precisely, it does not require calling a first-order method (such as the proximal gradient) to compute inner iterations.
Secondly, since performing on a mini-batch whose size is < M, the proposed algorithm does not require the evaluation
of all gradients (of the objective function and constraints) at each iteration. Thirdly, it uses the backtracking line search
technique to find both primal and dual stepsizes. The design principles of the proposed single-loop of Algorithm 2
for solving Problem 9 are i) by smoothing the nonlinear constraints cq(u) — by € Sq, formulate a generalization of the
augmented Lagrangian function £,(u, A) that is the sum of smoothed functions with respect to the primal variable u
and the dual variable J; ii) then, given a point u and the multiplier A, apply the projected mini-batch stochastic gradient
to update the primal variable as u™ = Po(u — tdy), where t; is the primal stepsize and dj is the mini-batch stochastic
gradient; provided the size of the mini-batch satisfies a well-defined minimum size criteria; and iii) backtracking to find
the primal t; and the dual stepsizes s; and then update the dual variable A as AT = A\ + sxV2L,(ut, ). Thus, this
algorithm does not involve any subsolver or auxiliary solver to compute the values of primal or dual variables; hence,
it is referred to as a single-loop algorithm. In Section 3, we characterize the convergence properties of the sequences
(uk, Ak )ken generated by the proposed algorithm. For this purpose, we assume the following:

Assumption 1 Let C be a closed convex subset of RE and Lie be a positive constant. The Jacobian J. of the constraints
c verifies
Ho = sup [Je(u)T|| < +o00 and (V(u,@) € C' x C) ||Je(u) = Je(@)[| < pellu — all, (11)
ue

Assumption 2 We further assume that the variance of dx,i, in (18) denoted by Var(dk,:,) is bounded. More precisely,
the probability Prob(i, = ¢) that the random variable i, takes the value ¢ verifies the property Prob(i, = ¢) = wg with
0 < wy < 1. Let di 4, be defined by Step 2 of Algorithm 2. Assume that for all k£ € N,

Var(dr,i,) = Ei, [||di,i, — VLp, (i, \)||*|Ex] < 0k < +00, (12)

where & is the Y —algebra generated by wo,u1,...,us. Consequently the (sample) variance of the estimator of the
descent direction dj, € R¥ is also bounded. More precisely,

mg
Var(dy,) < miQ > Var(dk,,), (13)
k p=1

where m; denotes the size of the sample. Given Ay € S© and &, = (%p)1<p<my,, define

m

1 Pk 2 —1 1 2
Poe() = - pg (hip(') + 5 ds,, (ci, () = biy +pi Aeiy) — ﬂ”)\k,ip” ) (14)

In the remainder of this paper, ¢, refers to the Lipschitz constant of V fi, ¢,. The Lipschitz constant of V.L,, (-, Ax) is
denoted by ¢;. Recall also that the set S = Hf;[:l Sq.

By ti = LS(fap.e05 Uk, Ak, di; 0, v,€) we denote the line search procedure. Let (6,v) € ]0,1[* and & > 0.

Lemma 2 [27, Lemma 7] The line search Algorithm 1 terminates after a finite number of steps, i.e., there exists t > 0
such that

_ 1
P (1) < Fagoe (u) + vt fag e, (uns —di) + O(W) (15)
Moreover, by defining 1,5 == 4(1 + €)o [4#% + uiti“dkﬂﬂ tk,
123 2 2 €
v — (1 tale,)* = (L i) =201+ 2)) — 610 > . (16)

Algorithm 1 : Step Size Selection t, = LS(fx, ¢, Uk, Ak, di; 0, v, €)

Require: Current iterate uy, descent direction dy, objective function fx, ., Afa,,e, (un; —di), projection operator Pc,
Parameters 0 € 10,1[, v €]0,1[, e > 0, B, > 0, £, > 0, e, >0
> Step 1: Backtracking line search

L for (j=0;j>-1; j++) do
2: tg «— 07
3: Ug+1 < Po(ug — tody)
4: if
_ 1

Preee (@ra1) < fag g (ur) + vta A fa, g (ur; —di) + O (W) (17)
5: then break
6: end if
7: end for

> Step 2: Final step size
8  tp <+ min{l/ly,1/le, , (V0K —e)/(124+4(1 4 ¢))}
9: tr min{t97 tk}
10: return tg




Algorithm 2 : Stochastic ALM algorithm

> Initialization
1. Setug € C, u_y # ug, Ao € S°
Set s_1 > 1, p_1€]0,00,1>»>e>0,0€]0,1[,v€]0,1[, n € N
Compute pg from (11)

> Main Loop
4: for k+ 0:n do

> Step 1: Select pi € ]0, 00] such that
Bri= 1= B e(w)|? > €

Vorllle(ue) = b = Ps(c(ur) — b+ pi " Ae) || < ming<i<p fJlug — wimy |
Pr < Pr—1 +ESK—1

> Step 2
5: Select mini-batch size m; € N
6: Generate my, random variables & = (ip)1<p<m, With Prob(i, = ¢) = w,
7 Compute vg ;, and dy ;,
Vkiy = Miyi, + pr(ci, (ur) — bi, — Ps, (ci,(ug) = by, + Pr Akiy))
dkvip = Vhip (uk) + JCip (uk)TUk,ip (18)
8: Compute dk = é szzl dk,i,,
> Step 3
9: Find ¢, = LS(fAk,gk7uk7/\k,dk,9,V, €)
10: Update Ukl = Pc(uk — tkdk)
> Step 4
-1
11: Compute s = min {pk, il/ﬁk(l +e)7! [4u% + u%ti”dk\ﬂ }
12: Update A1 = Mg + sk (c(uk_H) —b— Pg (c(ukH) —b+ p,;l)\k)>
13: end for

3 Convergence Properties

Before presenting our main convergence results, we summarize the general strategy followed. The main principle is to
derive the descent property of the Lagrange function values (L, (u, )\k))keN with respect to (t||dk||*)ken. To reach
this goal, we consider the following steps:

(i) We first need to show that Step 1 and 3 are well defined. They are presented in [27, Lemma 10] and [27, Lemma
7). In particular, we obtain the descent property of the stochastic function fe, . asin (17).

(ii) We further estimate Afx, ¢, (ur; —di) < —B||dk||* as proved in [27, Lemma 9]. Combining this result to (17), we
obtain the descent of f¢, x, with respect to di as

1
Fang (wir1) < Lo g (wn, Argy) — toBev[|d]|* + O(W) (19)

(iii) Based on E¢, [Ly, e, (Uk, Ak, )] = Lo, (Uk, Ak), we use the results obtained in [27, Lemma 8] where we show that
the Lagrange function satisfies a sufficient decrease condition and [27, Lemma 11] to derive the descent property
of (Lo (uk, Ak)), p from (19) as in (20)
Ee, |Copps (wrsn, Anen) + 201+ )R |
< ‘Cﬂk (ukv )‘k) + 2(1 + E)ti—lndk—lHZ

1 1
~ B [10 (80— 5tr(1F tuley)* — tu(14 1000)? =200+ )tk — 1) ] + O i)

€ 1
< Loy (uiy M) +2(1 + €)ti || de—a||* = 5 Ee [t dill”] + O(W) (20)

(iv) From (20), it is easy to find the convergence property of the proposed method as in Theorem 3.



Theorem 3 Let ((uk, Ak))ren be the primal-dual sequence generated by Algorithm 2. Suppose that Assumptions 1 & 2
are satisfied and (ﬁpk (uk, Ak))ken is bounded below. Further assume that, the size my of the mini-batch selected at each

iteration k, verifies
me > O (oitimas(k+ 1)) (21)

together with (1 + tiﬂgk) < thmar < 400 a.5., and (1 +t2ly) < thmaz < +00 a.5., where thmax is independent of &.
Then, the following hold.
Uk+1 — Uk 12 .
—||*1& ] is summmoable.
NS I°1€k | Jken

(i) The sequence (Eg, [sklllc(urs1) — b — Ps(c(urs1 — b+ py ' Xe)|l|*|€k] Jwen is summable.

(i) The sequence (Eg, [H

(iii) Define ufyq = Po(ux — teVLp, (uk, Ax)). Then, the sequence (E[|\M||2|€k] Jken is summmable.
k

Vie

(iv) Choosing sk such that sup,cy sk < s < +00 where 0oo is independent of &x. Then, the sequence (Eg, [skll|c(ufyq)—
b— Ps(c(ufi1) — b+ p "Meo)|[I?[Ek] ren is summable.

Proof. see [27, Theorem 3]0

Next, we demonstrate the (local) convergence of the sequence (uw, Ax)ren to a stationary point of the augmented
Lagrangian function £,. For this purpose, in addition to the lower boundedness of £,, (ux, Ax) for all k € N, the following
conditions are assumed to be verified. Let (ug)ren C Z C C.

C1 Constraints ¢ verifies the MFCQ conditions on Z, i.e., 3¢ € |0, +o00[ such that Vv € Y = ¢(Z) — b of R™, the
following inequality is verified Vu € Z : {||v]| < ||Je(u)Tv]|.

C2 The sequence (pg)ren is bounded from above.
C3 The primal sequence (ur)ren generated by Algorithm 2 is bounded.

The demonstration proceeds as follows: first, show (cf. [27, Proposition 1]) that the limit points of the subsequences
produced by Algorithm 2 verify the first-order KKT conditions. The latter can be stated as follows: If No(u') defines
the normal cone of C at a local minimum u' (that satisfies the condition C1); then, 3\ € R™, where m = Z(IIMZI mg, such
that i) —(Vh(uT) + 300 Aide, (uf)) € Nc(ul), i) c(u) —b € S, iii) A € S° ( polar cone of S), iv) (A | c(u') —b) = 0.
The next step requires proving that the set of limits points is non-empty (cf. [27, Proposition 2]). Knowing this property,
the last step consists of proving that, under the above conditions, the sequences produced by the algorithm converge to
such limit point (cf. [27, Corollary 5]).

4 Iteration Complexity

In this section, we characterize the iteration complexity of the proposed sALM algorithm in terms of the difference
ALk(+, \r) and the feasibility. Iteration complexity refers to the number of iterations required to obtain an approximate
e-KKT point of the Problem 9 by means of the SALM algorithm proposed in Section 2.

Theorem 4 Suppose that C = H x G. Let Hei, and Whi, be the Lipschitz constant of Jcip and Vhi,. Set

1 & 1 &
Hesw = 50- ;M% and g, = o ;ump (22)

Assume that the conditions stated in Theorem 3 are satisfied. Then, ti and uik verify the following

20(1 — 20(1 — . il — U
ty > Q= g min (1= v)f, [EHELZR2 = 01/ (k + 1)), (23)
Be be,er, Pl =+ Mgy, 0<i<k Be; He,g; pi + Png, ti

where the constant of O is a random variable which is independent of k, and

By, = _ ma (dsi,, (cip (ur — tdi) = bi, + pi Ai,) + s, (i () = Jey, (un) (tdi) — bi, + PEI/\W))-

= X
© 0<t<1,1<p<m,

Suppose that there exists a positive constant 8 such that Be, tx < B and 20(1 —v)Be, — tepin,e, > €1 Then, pi is bounded
below by pmin = €1/(Bpe) with pg := B¢, [pe,e,]. Moreover,

le(ur) = b — Ps(c(us) — b+ pi M) [l < O/ VE). (24)

Proof. see [27, Theorem 4]0



5 Comparison and Related Work

Recently, several ALM-based methods have been proposed to deal with the minimization of nonconvex objective functions
subject to nonconvex equality constraints [30] and even fewer with inequality constraints [32]. In [32], the proposed
method, referred to as Rate-Improved (RI)-iALM, aims to minimize over z € R™ the composite function f(x) + g(z)
subject to equality constraints c¢(xz) = 0 and inequality constraints d(x) < 0, where ¢, d are vector functions from R" — R
As part of the objective, the function f is assumed continuously differentiable but possibly nonconvex, g closed convex
but possibly nonsmooth. In addition to uniform regularity conditions (to ensure near feasibility of a near-stationary point
to the augmented Lagrangian function), their proposed method assumes weak convexity of both the function f and each
component of the vector function ¢; these assumptions significantly restrict the applicability of the method. Constraints
are then handled by introducing slack variables s > 0, leading to the reformulation of the inequality constraints as
d(z) + s = 0. Using the boundedness of the multipliers {yi}, authors then show that their algorithm enables to reach
an e—KKT point (Z; 5) with a corresponding multiplier (7, Z). It turns out that Z is an O(e)—KKT point of the original
problem in terms of primal feasibility, dual feasibility, and the complementarity condition.

None of the methods proposed in these two references meet the properties of a single-loop algorithm. The former
reference [30] applies the accelerated proximal gradient method as proposed by [15] to find an approximate primal
solution to the ALM subproblems. The latter [32] uses an inexact proximal point (iPP) method to approximately solve
each ALM subproblem. The iPP procedure itself relies on the accelerated proximal gradient (APG) algorithm to solve
each iPP subproblem. This combination yields a triple loop algorithm: each iteration k of the main ALM routine calls
the iPP procedure to compute a xy41 iterate that is itself the output obtained after running ¢ iterations of the APG
algorithm. This triple loop structure contrasts with the single-loop characterizing the proposed sALM algorithm. In [32],
authors report that this change of subroutine for the solving of nonconvex subproblems enables to obtain order-reduced
complexity by geometrically increasing the penalty parameter in ALM compared to [30] as well as more stable and
efficient numerical results under the same assumptions. The complexity result of iPP has the best dependence on the
smoothness and weak convexity constant (per iteration); however, for most problems, their explicit formula remains
unknown and the corresponding parameters tuned. Table 1 compares the proposed stochastic ALM algorithm with
inexact ALM (IALM) [30] and Rate-Improved ALM (RI-ALM) [32]. The complexity in the number of iterations (last
column) is demonstrated in Section 4.

Table 1: Comparison of ALM methods for nonconvex nonlineary constrained problems

Method Type Objective | Constraints Type Regularity Complexity
Condition
iALM [21] Inexact Convex Convex Inequality O™
iALM [30] Inexact Nonconvex Nonconvex Equality [30, Equation 18] O(e™)
Convex Equality [32, Assumption 3] -
RI-ALM [32] Inexact Nonconvex O(e™?)
Nonconvex Inequality’

Inexact Convex Equalit lol¢! N

This paper Nonconvex E Y Assumption 1 (~/ )
(Line Search) Nonconvex Inequality ~O0(™?)
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