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ABSTRACT

While long, explicit chains-of-thought (CoT) have proven effective on complex
reasoning tasks, they are costly to generate during inference. Recent latent rea-
soning methods have focused on leveraging continuous representations, yet have
primarily explored the pre-training regime and are not performant at scale, lag-
ging behind verbalized CoT. We propose Abstract Chain-of-Thought, a discrete
latent reasoning post-training mechanism in which the language model produces
a short sequence of tokens from a reserved codebook in lieu of a natural language
CoT, prior to generating a response. To make previously unseen “abstract” tokens
useful, we introduce a policy iteration-style warm-up loop that alternates between
(i.) bottlenecking from a verbal CoT via masking and performing supervised fine-
tuning, and (ii.) self-distillation by training the model to generate abstract tokens
from the prompt alone via constrained decoding from the codebook. After warm-
up, we optimize the generation of abstract sequences with warm-started reinforce-
ment learning under constrained decoding. For the Qwen3-8B and Granite-3.3-8B
language models, Abstract-CoT achieves up to 12× fewer reasoning tokens while
achieving comparable performance across mathematical reasoning, instruction-
following, and multi-hop reasoning in natural language. We also find emergent
non-uniform usage over the codebook, resembling power law dynamics seen in
pre-training. Our findings highlight the potential for post-training recipes that
facilitate latent reasoning for inference efficiency while inducing new representa-
tional dynamics through the introduction of a new “reasoning language”.

1 INTRODUCTION

Large language models (LLMs) increasingly rely on long, explicit chains-of-thought (CoTs) to solve
complex, multi-step reasoning problems. Despite its effectiveness, verbalized CoT (Wei et al., 2022;
Kojima et al., 2022) is an expensive mechanism, increasing latency and cost at inference while
bloating the length of traces during reinforcement learning (RL). These drawbacks have motivated
approaches to compress or internalize natural language CoT with more efficient intermediate rep-
resentations (Cheng & Durme, 2024; Deng et al., 2024). Simultaneously, approaches focusing on
pause or filler tokens (Goyal et al., 2024; Pfau et al., 2024) suggest that their addition facilitates
deliberate internalized thinking through its activations. Recent works such as Coconut (Hao et al.,
2025) have also sought to enable reasoning mechanisms through continuous concept spaces, sug-
gesting that principled methods for internalized recurrence can balance efficiency and expressivity.

In this work, we study a simple question: can we replace long verbalized rationales with a short
sequence of discrete abstract tokens that function as a latent scratchpad, while retaining the benefits
of CoT in response generation? In a similar vein, is it possible to enable latent reasoning on an ex-
isting instruction-tuned model? We propose Abstract Chain-of-Thought (Abstract-CoT): instead
of generating natural-language reasoning, we induce the model to emit a bounded-length sequence
of tokens from a reserved abstract codebook of distinguishable filler tokens. Abstract-CoT is de-
signed to be token-efficient and non-verbal, producing short intermediate traces while offering an
alternative to rationales generated in natural language.

However, adding previously unseen tokens creates a cold-start problem, as their embeddings are ran-
domly initialized and meaningless initially. While these tokens appear semantically uninformative,
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our recipe aims to learn to produce a sequence of these tokens, inducing new pathways between a
prompt and response. We address this with a policy iteration warm-up loop that can be viewed as
discrete latent variable modeling under an explicit information bottleneck via masking. Each iter-
ation alternates between bottlenecked supervised fine-tuning (SFT) and self-distillation to remove
dependence on the verbal CoT at training time. Subsequently, we apply reinforcement learning with
a generative reward model to induce exploration over abstract token sequences and refine the abstract
generation policy. Our findings demonstrate substantial gains in token efficiency while matching or
outperforming verbal chain-of-thought. We summarize our contributions below:

1. Abstract Chain-of-Thought: We propose Abstract-CoT, a mechanism for reasoning
through a codebook of reserved tokens introduced entirely in LLM post-training.

2. Warm-up via Policy Iteration: We warm up the embeddings of the reserved tokens by
alternating bottlenecked SFT and self-distillation, yielding an on-policy abstract generator.

3. Warm-started RL for abstract policies: We optimize generation of abstract traces using
GRPO, with constrained decoding to the abstract codebook.

4. Token Efficiency: Abstract-CoT achieves large reductions in reasoning tokens (up to 12×)
while matching performance on MATH-500, AlpacaEval, and HotpotQA. We also observe
power-law dynamics over the codebook, suggesting learning of meaningful concepts.

2 RELATED WORK

The works closest to ours can be categorized into four bins: (1) approaches that introduce filler
tokens to enhance expressivity and computational width during reasoning through its internal acti-
vations, (2) techniques that learn to compress or replace segments of the verbal CoT, (3) methods
for reasoning purely in continuous latent concept spaces (and similar ”soft” thinking / tokens ap-
proaches), and (4) RL to introduce inference-time budget control. We focus on the methods most
closely related to the motivation behind our work and our approach; we do not claim our literature
search to be exhaustive across the complete space of latent and efficient reasoning topics. We refer
the reader to related surveys such as (Chen et al., 2025; Zhu et al., 2025).

2.1 FILLER TOKENS

Works on filler tokens augment the token sequence with special tokens that do not primarily serve as
human-readable natural language text (i.e. are semantically uninformative), but instead expand the
model’s effective computation in the forward pass. Goyal et al. (2024) introduce <pause> tokens,
showing that explicitly allocating intermediate tokens to allow for ”thinking time” can improve
reasoning. Mu et al. (2023) propose gist tokens which serve as a learned bottleneck, summarizing
longer contexts into a small set of activations that can be cached and reused, introducing contextual
”slots” that can hold task-relevant information. Other works suggest that such tokens can be used
to expand expressivity limits (Pfau et al., 2024; Merrill & Sabharwal, 2025; London & Kanade,
2025), and used to cache preceding context for long-context retrieval (Shah et al., 2025). Works
such as Jang et al. (2025) increase inference-time compute via token-space interventions, exploring
the settings in which allocating additional intermediate representations can boost capabilities.

While our abstract tokens are introduced specifically as a latent reasoning trace (rather than as
prompt compression), they share a similar essence that a small number of lightweight extra posi-
tions can be trained to store or carry additional (non-linguistic) information. This also relates our
work to parameter-efficient methods that seek to optimize continuous prompt embeddings to steer
generation (Lester et al., 2021; Li & Liang, 2021).

2.2 COT COMPRESSION, DISTILLATION, AND DISCRETE CODEBOOKS

Compression, distillation, and partially removing the textual rationale (often through staged cur-
ricula) are some of the key mechanisms used to target the verbosity and cost of verbalized CoT.
Early works such as Hsieh et al. (2023) demonstrated that explicit step-by-step rationales can be
distilled to smaller models. Recent methods include seeking to directly shorten verbalized CoT via
multi-round refinement (Yan et al., 2025) and learning to skip intermediate reasoning tokens in a
controllable fashion while retaining generation quality (Xia et al., 2025).
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Approaches that compress parts of the rationale into a learned discrete or quantized representation
are closest to the motivation behind our discrete codebook. Su et al. (2025) combines latent tokens
(learned via vector quantization) with remaining text tokens, inducing an efficiency-interpretability
trade-off. Complementary works perform step-wise compression of CoT into latent tokens (Zhang
et al., 2025a) as well as gradually internalizing explicit steps into implicit computation (Deng et al.,
2024) in a curriculum fashion. By contrast, our abstract tokens are not a quantized reconstruction
of a teacher rationale, but rather, an introduced reserved discrete codebook, with the model trained
to use it as a compact reasoning language under constrained decoding. This allows the model to
potentially explore other reasoning pathways aside from the teacher CoT.

2.3 CONTINUOUS AND HYBRID LATENT REASONING

Beyond discrete codebooks, several recent methods replace parts of the textual rationale with con-
tinuous latent thought states. Coconut (Hao et al., 2025) replaces some CoT tokens with continuous
latent vectors derived from hidden states and trains the language model with a curriculum that grad-
ually increases the latent segment and replaces verbalized CoT segments. CODI (Shen et al., 2025)
similarly compresses CoT into a continuous space, using self-distillation to align latent trajectories
with those induced by explicit rationales. System-1.5 reasoning (Wang et al., 2025) introduces dy-
namic shortcuts, traversing between language and latent spaces while aiming to reduce unnecessary
verbal reasoning and retain controllability.

Related “soft” thinking approaches propagate non-discrete intermediate representations by feed-
ing mixtures or distributions over embeddings as subsequent inputs (Xu et al., 2025; Zhang et al.,
2025b). Recent works such as Butt et al. (2025) study training and optimization stability when
such soft tokens are treated as decision variables through RL. Hybrid methods such as HybridCoT
(Anonymous, 2026) explicitly interleave latent and text tokens to balance efficiency with partial in-
terpretability. In our work, we operate fully in the discrete token space, retaining compatibility with
standard decoding tools, but still aim to obtain the efficiency associated with latent reasoning.

2.4 RL FOR BUDGET CONTROL

A complementary direction focuses on controlling inference-time cost by explicitly optimizing the
reasoning budget, which is often operationalized as the length of intermediate reasoning traces. Re-
cent work applies RL to learn when to expend additional reasoning steps as opposed to answering
early; for example, by learning adaptive chain-of-thought triggering policies under compute con-
straints (Lou et al., 2025), or by pruning or shortening intermediate reasoning via training-time
objectives that directly reward efficiency (Hou et al., 2026). Other recent approaches optimize a
length-accuracy trade-off with RL objectives, either by allocating token budgets dynamically (Klein-
man et al., 2025) or by explicitly optimizing for consistency with user-specified length constraints
(Aggarwal & Welleck, 2025).

While our RL stage is most closely aligned with this line of work, it differs in the action space:
instead of optimizing over free-form textual CoT length, we optimize over sequences constrained
to a reserved discrete codebook. This enables strong control over the intermediate sequence while
aiming to avoid the brittleness of length control in open-ended natural language.

3 LATENT REASONING WITH ABSTRACT CHAIN-OF-THOUGHT

3.1 PROBLEM SETUP AND NOTATION

Let x, c, and y denote a prompt, gold verbal chain-of-thought (CoT), and the target answer, respec-
tively. We assume training dataD = {(xi, ci, yi)}Ni=1, where ci is only available during the warm-up
phase. Let πθ be a causal decoder-only LLM with parameters θ and base vocabulary V .

Abstract Codebook. We extend the tokenizer with a set of M previously unseen (reserved) tokens
in the abstract codebook:

Vabs = {<TOKEN A>,<TOKEN B>, . . . ,<TOKEN Z>,<TOKEN AA>, . . . },
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along with two delimiters <beginabstract> and <endabstract>, marking the abstract rea-
soning segment1. Thus, an abstract chain-of-thought is a token sequence z = (z1, . . . , zm) ∈ Vm

abs,
formatted as:

z̃ = <beginabstract> z1 z2 . . . zm <endabstract>

We denote the maximum length of the abstract sequence by m ≤ mmax; at inference-time, the model
receives x and must generate z̃ and y without access to c. Let Z denote the positions of the full
abstract sequence z̃ (including <beginabstract> and <endabstract>), and let Zabs ⊆ Z
denote the positions of the m codebook tokens z1, . . . , zm ∈ Vabs.

We view the abstract trace z as a discrete latent variable, mediating reasoning. Ideally, we would
like to maximize the marginal likelihood:

log πθ(y | x) = log
∑

z∈V∗
abs

πθ(z | x)πθ(y | x, z) (1)

for a sequence of length ≤ mmax, but the sum over discrete traces is intractable. Therefore, Abstract
Chain-of-Thought uses a bootstrapping procedure that alternates (i) proposing a trace z (via a teacher
policy, or constrained to the current model), and (ii) updating the model given the proposed trace,
followed by distillation to learn to propose traces from x alone.

3.2 WARM-UP VIA POLICY ITERATION

The abstract tokens start with randomly initialized embeddings, so the model initially cannot exploit
the bottleneck in the absence of a prior that enforces specific concept mappings. Therefore, we
perform an abstract embedding warm-up with a policy iteration loop over iterations t = 1, . . . , T ;
each iteration produces a dataset of abstract trajectories z̃(t) and updates θ via SFT.

Constrained Decoding. We use πabs
θ to denote the policy restricted to an allowed token set

A = Vabs ∪ {<endabstract>} which can be generated. At each step i, with context h =

x ∪ {<beginabstract>} ∪ z̃<i, πabs
θ (a | h) = πθ(a|h)1[a∈A]∑

u∈A
πθ(u|h) . We enforce a hard cap mmax of

codebook tokens that may be generated; if m = mmax, we force the end delimiter to be generated,
then allow the response to be generated without constrained decoding.

(1) Bottlenecked SFT with Abstract Tokens. Given (x, c, y), we construct z̃(t) using a policy ϕt.
In the first iteration, we use random initialization, sampling a random number of abstract tokens per
CoT step (rand(1, |s|

2 ) for |s| tokens in step s) and choosing the specific tokens uniformly from Vabs.
We include ablations with other initialization schemes (besides uniformly at random) in Appendix
A.1. In subsequent iterations (t ≥ 2), abstract sequences are generated on-policy: z̃(t) ∼ πabs

θ (· |
x, c) under constrained decoding.

We form a single concatenated training sequence s = [x ; c ; z̃ ; y] and define a block-structured
attention mask that enforces an information bottleneck. Let indices be partitioned into prompt (X ),
verbal CoT (C), abstract sequence (Z) and answer (Y). The abstract tokens attend to the prompt
and the verbal CoT; that is:

Ai,j = 1 ∀ i ∈ Z, j ∈ X ∪ C ∪ Z≤i

Crucially, the answer attends only to the prompt and the abstract tokens, not to the verbal CoT:

Ai,j =

{
1 i ∈ Y, j ∈ X ∪ Z ∪ Y≤i

0 i ∈ Y, j ∈ C

All other entries follow standard causal masking, ensuring any dependence of y on c must pass
through the limited number of abstract-token positionsZ . We then optimize a masked SFT objective

1We use alphabetical names <TOKEN A>, . . . ,<TOKEN Z>; for M > 26, we continue with two letter
identifiers (AA-ZZ), which may be similarly extended for larger codebooks.
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Algorithm 1 : Policy Iteration Warm-Up for Abstract-CoT

Require: Training data D = {(x, c, y)}, abstract codebook Vabs, iterations T
1: Initialize θ(0) from base instruction-tuned model; add new token embeddings for Vabs
2: for t = 1 to T do
3: Generate abstract traces z̃(t) ← ϕt(x, c; θ

(t−1)) (random if t=1, else constrained decoding)
4: Update θ(t) ← argmin

θ
E(x,c,y)∼D

[
LSFT(θ;x, c, z̃

(t), y)
]

5: Distill: generate z̃ ∼ πabs
θ(t)(· | x); update θ(t) ← argmin

θ
E
[
LDistill(θ;x, z̃, y)

]
6: end for
7: return θ(T )

that trains on the abstract sequence2 and the answer while hiding the verbal CoT with bottleneck
attention mask A.:

LSFT(θ; x, c, z̃, y) = −
∑

j∈(Zabs∪Y)

log πθ(sj | s<j ; A) , (2)

(2) Self-Distillation Without Verbal CoT. The bottlenecked SFT stage exploits c to shape the
hidden states at abstract-token positions, but our target policy ultimately should produce abstract
tokens from the prompt alone; this motivated the loss computation on z̃(t). We create a distillation
dataset by generating z̃ ∼ πabs

θ (· | x) via constrained decoding (with m ≤ mmax) and pairing it with
the gold answer y: D(t)

distill = {(xi, z̃i, yi)}Ni=1 We train with standard causal SFT on [x; z̃; y], where
sj spans the abstract and response tokens:

LDistill(θ;x, z̃, y) = −
∑

j ∈(Z ∪Y)

log πθ(sj | x, z̃, y<j) (3)

3.3 REINFORCEMENT LEARNING FROM WARM-START

After the warm-up phase, we optimize the abstract-token policy with RL; we refer to this as warm-
started RL. In practice, this is implemented in a similar manner as the warm-up self-distillation
phase: (1) generate z̃ under a guided-choice constraint, and (2) append <endabstract> and
decode y unconstrained. Our default GRPO (Shao et al., 2024) updates include log-probabilities
for both the abstract trace and the answer tokens, improving response quality after RL in addition
to shaping the intermediate abstract sequence3. We use a generative reward model – specifically,
gpt-oss-20b (OpenAI, 2025) – to score outputs in our experiments, for our recipe to generalize
to non-verifiable, natural language settings.

For each prompt x, we sample a group of K trajectories {(z̃k, yk)}Kk=1 by first drawing z̃k ∼ πabs
θ (· |

x), then yk ∼ πθ(· | x, z̃k), and computing rewards R̂k = R̂(x, z̃k, yk). We define advantages:

Ak =
R̂k −mean(R̂1:K)

std(R̂1:K) + ϵ

We update θ via applying GRPO to an action space over (z̃, y):

J (θ) = Ex

[
1

K

K∑
k=1

Ak

( ∑
t∈Zabs

log πabs
θ (zk,t | x, zk,<t) +

∑
t∈Y

log πθ(yk,t | x, z̃k, yk,<t)
)

− βKL
(
πabs
θ (z̃ | x)πθ(y | x, z̃)

∥∥∥ πabs
θref

(z̃ | x)πθref (y | x, z̃)
)]

. (4)

where πθref is the reference policy (the warm-started model). KL regularization is applied over both
the abstract and the response distributions.

2Optionally, z̃(t) can be treated as fixed in this stage (without backpropagating on the abstract tokens),
which would update the embeddings solely through gradients flowing from the answer loss.

3Alternatively, updates can be isolated to just the abstract tokens along with a fixed decoding rule.
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3.4 ABSTRACT CHAIN-OF-THOUGHT AS A DISCRETE LATENT BOTTLENECK

Our masking design ensures that the answer cannot directly attend to the verbal CoT. Instead, the
answer attends to the abstract sequence, which attends to the verbal chain-of-thought as guidance.
Let HZabs denote the hidden states at the abstract-token positions Zabs produced from the prefix
[x; c; z̃] following masking of the verbal CoT. The only dependence of answer generation on the
verbal CoT is through HZabs , which induces conditional Markov structure:

C → HZabs → Y (conditioned on X and Z)

By the data processing inequality, any dependence between the verbal CoT and the answer must be
bounded by the information that can be transmitted through the abstract segment, yielding:

I(C;Y | X,Z) ≤ I(C;HZabs | X,Z) (5)

Since HZabs scales linearly with the number of abstract tokens m, increasing mmax increases the
channel capacity from c to y during warm-up, while the self-distillation and RL phases of the
Abstract-CoT pipeline tune the model’s inference-time thinking budget.

4 RESULTS

4.1 EXPERIMENTAL SETUP

Datasets. We train using subsampled data (600k samples) from the Dolci-Think-SFT dataset (AI2,
2025b) for the policy iteration warm-up loop and from Dolci-Think-RL (AI2, 2025a) for reinforce-
ment learning; these were used in the development of the Olmo 3 Think models (Olmo et al., 2025).
The former contains prompts paired with gold verbal CoT and gold answers, while we only use
prompts and gold responses from the latter. We report results on MATH-500 (Hendrycks et al.,
2021), AlpacaEval-LC-2.0 (Dubois et al., 2024), and HotpotQA (500 samples; Yang et al. (2018)),
spanning math (verifiable), general instruction-following, and multi-hop question-answering (non-
verifiable) settings.

Models. We consider two instruction-tuned models, Qwen3-8B (Yang et al., 2025) and Granite-
3.3-8B-Instruct (Granite Team, 2024). We evaluate models without their ”thinking mode” with
standard CoT prompting, and report both performance and intermediate token (reasoning/rationale)
length. The ”thinking mode” is disabled to ensure controlled comparison. For Abstract-CoT, we ex-
tend each tokenizer with the abstract codebook, train new embeddings during warm-up, and decode
constrained abstract traces up to mmax tokens. We use T = 3 policy iteration warm-up rounds, with
ablation results included (T ∈ {1, 2, 3}) in Appendix A.2.

Baselines and Methods. We include the following baselines:

• Baseline (no thinking): Direct answer generation from the prompt.

• Pause Tokens (Goyal et al., 2024): Insert mmax <pause> tokens before generation.

• SFT w/o CoT: Supervised fine-tuning on (x, y) pairs.

• SFT w/ CoT: Supervised fine-tuning on (x, c, y) trajectories.

• SFT + RL: SFT with CoT followed by RL on the answer (no abstract codebook).

The variants of our method analyzed are: RL-only (cold-start), Warm-up (warm-up only), and
Warm-up + RL (warm-started GRPO). We use an abstract codebook of M = 32 tokens, and
constrain abstract generation to at most mmax = 128. Each phase of warm-up (bottlenecked SFT,
self-distillation) consists of 3 epochs of training, and RL is performed for 1M episodes. All training
(SFT and RL) are performed on 8×NVIDIA H100 GPUs.
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Table 1: Main results on MATH-500 (accuracy), AlpacaEval (win-rate), and HotpotQA (F1). We
include the average number of generated tokens per prompt during evaluation, between reasoning
tokens for each method and response tokens. This includes verbal-CoT tokens (baselines), abstract
codebook tokens in Vabs for Abstract-CoT, and pause-token count for the Pause Tokens baseline.
The top results per model for each column are bolded, with the second best results underlined.

Method MATH-500 AlpacaEval HotpotQA
Accuracy Tokens Win-rate Tokens F1 Tokens

Qwen3-8B

Baseline 82.4 1205 52.4 322 51.1 527
Pause Tokens 78.6 142 46.7 212 49.0 173
SFT (no CoT) 85.8 394 54.9 298 51.3 331
SFT (CoT) 89.8 1522 57.0 460 54.8 679
SFT+RL 92.6 1671 58.4 496 58.1 735

Abstract-CoT (RL-only) 82.2 118 50.2 229 48.7 149
Abstract-CoT (Warm-up) 87.4 173 55.6 251 53.3 174
Abstract-CoT (Warm-up + RL) 90.6 144 60.3 225 57.9 171

Granite-3.3-8B

Baseline 67.2 1093 49.6 381 41.6 554
Pause Tokens 64.6 158 40.5 241 41.3 179
SFT (no CoT) 70.8 526 48.4 362 42.2 343
SFT (CoT) 76.2 1762 52.5 469 45.8 598
SFT+RL 78.4 1813 54.1 447 46.9 769

Abstract-CoT (RL-only) 64.8 132 50.3 278 38.9 134
Abstract-CoT (Warm-up) 71.6 189 52.8 246 40.8 199
Abstract-CoT (Warm-up + RL) 79.0 151 57.4 237 45.1 178

4.2 ABSTRACT-COT ENABLES EFFICIENT REASONING

Our findings show that Abstract-CoT nears or exceeds the performance of post-training with verbal-
ized CoT (SFT + RL) for both models and all benchmarks, as illustrated in Table 1. We find that both
models achieve meaningful gains on AlpacaEval (+1.9 pts for Qwen3, +3.3 pts for Granite-3.3). We
measure token efficiency as the ratio of verbal CoT tokens to abstract tokens, averaged over eval-
uation prompts. For cverbal (the model-generated verbal rationale from a verbal CoT baseline) and
m, we denote the compression ratio = E[|cverbal|]

E[m] . We achieve substantial gains in token efficiency:
11.6-12.0× (MATH-500), 1.9-2.2× (AlpacaEval), and 4.3× (HotpotQA). In Figure 1, we plot the
token usage and performance on MATH-500 and AlpacaEval, which highlights the efficacy of our
method in token-efficient reasoning.

Notably, performing cold-start RL or warm-up alone is insufficient. While cold-start often under-
performs the base instruction-tuned model, warm-up manages to outperform the SFT without CoT
baseline, yet lags behind SFT with verbal CoT (except for Granite-3.3 on AlpacaEval). However, in
tandem, these methods succeed, suggesting that the warm-up phase is indeed effective as a warm-
start to bootstrap RL. We also observe that pause token fine-tuning, despite reducing the number of
generated tokens to similar levels as Abstract-CoT, performs worse than the baseline in all settings,
corroborating findings in prior works (Goyal et al., 2024; Hao et al., 2025) that pause fine-tuning
without pause pre-training as an initialization proves ineffective.

4.3 DISTRIBUTION OF ABSTRACT TOKEN USAGE

We analyze the distribution of abstract token frequencies during RL training (in Figure 2), and
observe an interesting phenomenon: RL shapes the distribution of tokens by virtue of their usage in
abstract token sequences, resulting in a power law-like distribution over the tokens (as seen in Figure
3). While we initialize the token distribution for the warm-up as uniformly random, subsequent
generation and training with on-policy sequences augments this distribution, resulting in an initial
shape where a small number of tokens (4) are clearly invoked more than the rest, with some tokens
being barely used. Then, we clearly see one token (specifically, <TOKEN C>) begin to be used

7



Published at Latent & Implicit Thinking Workshop @ ICLR 2026

Figure 1: Plot of average generated (reasoning/rationale + response) tokens (log-scale) vs. bench-
mark scores (MATH-500 accuracy and AlpacaEval-LC-2.0 win-rate). We compare verbal CoT (SFT
+ RL) and Abstract-CoT (A-CoT for brevity) with policy iteration warm-up and warm-started RL
(denoted by WU + RL). Compared to the baseline (initial model), Abstract-CoT drastically reduces
the number of generated tokens while achieving similar or better performance on both benchmarks.

much more than the rest, suggesting that it is commonly used across diverse settings. On the other
hand, some tokens with low frequency after warm-up began to appear in abstract sequences more
often, such as the <TOKEN R> token, suggesting the efficacy of the embedding learning stage in
promoting token usage across the codebook and the value of using a diverse corpus in warm-up.

This behavior presents promise for future analysis on concept-level understanding, to study the
mechanisms of concept learning with abstract tokens and how those concept representations evolve
as a result of exploration during RL. While we do not perform compression of verbalized chain-
of-thought, it is possible that similar concepts are learned and stored in the abstract tokens in a
many-to-one fashion – a hypothesis that merits further study. New phenomena may also be unveiled
as the size of the codebook M is scaled, dependent on the duration of RL training, the number of
rollouts per prompt (we use 8 rollouts by default) and the diversity of the prompts.

Figure 2: Evolution of the abstract token distribution over 1M episodes (≈ 3900 steps) of warm-
started RL. We observe a clear divergence of the top token from the rest as the distribution of token
usage in abstract sequences is shaped; simultaneously, some tokens that were sparsely used in the
warm-up phase saw meaningful re-usage in RL, resulting in a gradual increase in frequency.
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Figure 3: Distribution of final-step token frequencies from Figure 2, which demonstrates a power
law characterization akin to Zipf’s law, induced purely through post-training. This provides an
indication that a ”reasoning language” is being learned through token re-use across diverse contexts.

5 DISCUSSION

Abstract-CoT crucially lies between two extremes: fully verbal CoT (which is human-interpretable
but expensive during inference) and fully implicit reasoning (efficient but challenging to control).
The discrete abstract codebook offers a middle ground, yielding short, bounded traces while ex-
posing a structured intermediate segment (between prompt and response) that can be analyzed. We
attribute much of our work’s success to the warm-up phase: notably, the cold-start RL results with
constrained decoding to the abstract codebook suggest that a more substantial burn-in (in terms of
data volume and training strategy) is required to learn a prompt-response mapping through the ab-
stract sequence. At the same time, the role of scale is evidenced by the RL results on top of multiple
iterations of the policy iteration warm-up (600k SFT prompts + 102k RL prompts, 1M episodes).

Because Abstract-CoT exposes a short, explicit intermediate segment of filler tokens, it offers a
practical path for inference scaling in strategies or regimes where only the final response is required.
While Abstract-CoT obfuscates human-readability of the intermediate process, the abstract tokens
provide an intermediate interface for chain-of-thought monitorability analysis (Korbak et al., 2025)
and auditability for analysis of semantic concepts, beyond aggregate statistics.

As small budgets may be insufficient for long-horizon reasoning, budget-adaptive mechanisms with
Abstract-CoT (with difficulty-aware abstract sequence lengths) offers exciting potential for more
challenging regimes. While our findings on other initialization methods (Appendix A.1) proved in-
effective compared to uniformity over the vocabulary, it is possible that a hierarchical structure over
the codebook could enable re-usable subroutines for particular tasks, offering another mechanism to
shape a (possibly larger) abstract vocabulary.

6 CONCLUSION

We introduce Abstract Chain-of-Thought, a discrete latent reasoning mechanism that post-trains
language models to generate a short sequence of new ”abstract tokens”. A policy iteration warm-
up loop learns abstract-token embeddings and sequence generation, while warm-started RL further
improves performance through exploration. We find that Abstract Chain-of-Thought can produce
substantially shorter sequences (12×) while achieving similar performance as post-training with
verbalized CoT – these results also generalize across model families. Our findings suggest that
filler tokens can be effectively introduced and used in post-training alone, offering a meaningful
vocabulary-augmentation strategy to introduce a ”reasoning language” without requiring continued
pre-training to be performed,. Our method presents a new outlet for both inducing and analyzing
latent reasoning behavior in LLMs, with fertile ground for future research in this direction.
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A ABLATIONS

A.1 WARM-UP INITIALIZATION SCHEMES

For the first iteration of the warm-up stage, given the embeddings for the abstract codebook are
randomly initialized, we consider a teacher policy (schedule) for the abstract tokens as a prior for
the first bottleneck SFT phase. This selects which symbol from the codebook is selected for each
token, once the number m ≤ mmax of abstract tokens to generate has been decided (by random
number generation corresponding to each step in the verbal CoT, as described in Section 3.2). We
ablate three candidate schedules: (1) uniform at random selection; (2) a ”heavy-tailed” distribution
similar to Zipf’s law, with a prior that the highest frequency tokens appear 2× more frequently
than the next two tokens, and so on; and (3) a cyclic, alphabetical schedule that uses the tokens in
alphabetical order (if m > M , we restart from <TOKEN A>). All experiments are performed on
Granite-3.3-8B-Instruct with a subset of the NuminaMath-CoT (Li et al., 2024) dataset, using 10k
samples per stage, and M = 5 abstract tokens with mmax = 256.

Table 2: Ablation of initialization schemes on MATH-500. “Bottlenecked SFT” denotes one warm-
up SFT pass using a fixed initialization policy; “Policy Iteration (1 iter.)” denotes one full warm-up
cycle (bottlenecked SFT + self-distillation). Each stage is trained for 3 epochs.

Method MATH-500

Uniform Random
Bottlenecked SFT 22.4
Policy Iteration (1 iter.) 58.8

Heavy-Tailed
Bottlenecked SFT 21.2
Policy Iteration (1 iter.) 58.6

Alphabetical (cyclic)
Bottlenecked SFT 20.8
Policy Iteration (1 iter.) 56.6

We find that the methods perform comparably in both setups, with cyclic performing the worse by∼
1.6-2.2 pts after both stages. The poor performance of bottlenecked SFT (the first phase within our
policy iteration loop) alone – due to forcing the model to generate responses while only attending
to the abstract sequence – led us to introduce the self-distillation phase, where we induce the model
to generate its own sequences of abstract tokens via constrained decoding. This was also a key
motivator behind computing loss on the abstract sequence z̃ in addition to the response y during
the bottlenecked SFT phase, to facilitate a baseline for self-distillation to improve on. We find that
on-policy generated sequences do appear to be useful in meaningfully increasing performance by
2.2 − 2.6×. Nonetheless, with a small volume of domain-specific data (and small M ), this still
lags well-behind the baseline for the Granite LLM, leading us to study increasing the number of
iterations T for the Policy Iteration loop.

A.2 SCALING WARM-UP ITERATIONS

We include the complete results across 3 iterations of the warm-up, followed by RL, in Table 3.
For most experiments, each iteration of warm-up gains over the previous ones, both in isolation and
when used as a warm-start for RL. Given our findings with domain-specific data (NuminaMath) that
the warm-up phase lags (≈ 8− 10 pts.) behind the baseline, these experiments use the substantially
larger and more diverse Dolci-Think-{SFT, RL} corpora, as described in Section 4.1, and increases
the number of iterations given the finding that on-policy-generated sequences boost performance
(shown in Appendix A.1). This motivates the choice to abandon the token selection policy ϕ used for
initialization after the first iteration, instead using on-policy generated sequences in the bottlenecked
SFT phase from the second iteration onward. Our findings suggest that high-quality, diverse (multi-
task) data with increased scale helps to facilitate both embedding learning and effective abstract
sequence generation.
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Table 3: We vary the policy iteration warm-up rounds (T ∈ {1, 2, 3}), denoted by PI-{T}.

Method MATH-500 AlpacaEval HotpotQA

Qwen3-8B

Abstract-CoT (PI-1) 86.2 47.9 50.8
Abstract-CoT (PI-2) 87.0 52.2 52.1
Abstract-CoT (PI-3) 87.4 55.6 53.3

Abstract-CoT (PI-1+RL) 88.4 52.8 49.4
Abstract-CoT (PI-2+RL) 90.0 58.9 55.1
Abstract-CoT (PI-3+RL) 90.6 60.3 57.9

Granite-3.3-8B

Abstract-CoT (PI-1) 66.2 42.8 34.2
Abstract-CoT (PI-2) 69.8 49.0 36.7
Abstract-CoT (PI-3) 71.6 52.8 40.8

Abstract-CoT (PI-1+RL) 74.4 48.2 38.6
Abstract-CoT (PI-2+RL) 78.8 55.0 43.4
Abstract-CoT (PI-3+RL) 79.0 57.4 45.1

B GENERATIVE REWARD MODEL PROMPT

The following prompt is used with gpt-oss-20b as a generative reward model in GRPO training
with the ”medium” thinking mode.

You are an expert evaluator assessing the quality of AI
assistant responses. Your task is to score a response on a
scale from 0 to 10.

## Scoring Criteria

Evaluate the response across these dimensions:

**Helpfulness (Does it address the user’s needs?)**
- Directly answers the question or completes the task
- Provides appropriate level of detail
- Anticipates follow-up needs

**Accuracy (Is the information correct?)**
- Factually correct information
- No hallucinations or fabrications
- Appropriate caveats when uncertain

**Clarity (Is it easy to understand?)**
- Well-organized and structured
- Clear language appropriate to context
- Proper formatting when needed

**Relevance (Does it stay on topic?)**
- Addresses the actual query
- Avoids unnecessary tangents
- Appropriate scope and focus
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**Safety & Harmlessness**
- No harmful, offensive, or inappropriate content
- Respectful and unbiased
- Considers ethical implications

## Scoring Scale

**10 - Exceptional**: Perfect or near-perfect response that
excels across all criteria
**9 - Excellent**: Outstanding response with only trivial
imperfections
**8 - Very Good**: Strong response that fully addresses the
query with minor areas for improvement
**7 - Good**: Solid response that meets expectations but has
some room for improvement
**6 - Above Average**: Decent response with noticeable
limitations
**5 - Average**: Adequate response that addresses the query
but has clear gaps
**4 - Below Average**: Partially helpful but with significant
issues in one or more criteria
**3 - Poor**: Minimally useful with major problems across
multiple criteria
**2 - Very Poor**: Severe deficiencies, barely addresses the
query
**1 - Extremely Poor**: Almost completely fails to address the
query
**0 - Unacceptable**: Completely fails to address the query,
contains harmful content, or is entirely inappropriate

Your Task

Provide your evaluation as a JSON object with the following
structure:

‘‘‘json

"score": <number between 0-10>,
"reasoning": "<2-4 sentences explaining your score,
highlighting key strengths and weaknesses>"

‘‘‘
---

Conversation Context
{CONVERSATION HISTORY}

Assistant Response to Evaluate
{RESPONSE TO SCORE}
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C EXAMPLES OF ABSTRACT CHAIN-OF-THOUGHT BEHAVIOR

Table 4: Example of mathematical problem solving with Abstract-CoT.

Prompt How many five-digit integers are divisible by 5 and have their digits sum to 20?
Abstract-CoT: <beginabstract> <TOKEN O> <TOKEN M> <TOKEN C> <TOKEN AC>

<TOKEN A> <TOKEN Q> <TOKEN AD> <TOKEN C> <TOKEN R> <TOKEN S>
<TOKEN C> <TOKEN M> <TOKEN U> <TOKEN O> <TOKEN V> <TOKEN D>
<TOKEN G> <TOKEN C> <TOKEN Q> <TOKEN A> <TOKEN AD> <TOKEN C>
<TOKEN AD> <TOKEN M> <TOKEN M> <TOKEN C> <TOKEN R> <TOKEN R>
<TOKEN C> <TOKEN X> <TOKEN R> <TOKEN C> <TOKEN L> <TOKEN AD>
<TOKEN C> <TOKEN P> <TOKEN C> <TOKEN R> <TOKEN Z> <TOKEN M>
<TOKEN M> <TOKEN C> <TOKEN F> <TOKEN R> <TOKEN R> <TOKEN AD>
<TOKEN C> <TOKEN E> <TOKEN C> <TOKEN M> <TOKEN R> <TOKEN M>
<TOKEN C> <TOKEN Y> <TOKEN C> <TOKEN R> <TOKEN C> <TOKEN C>
<TOKEN B> <TOKEN N> <TOKEN AD> <TOKEN AD> <TOKEN C> <TOKEN AA>
<TOKEN U> <TOKEN S> <TOKEN R> <TOKEN C> <TOKEN Z> <TOKEN AD>
<TOKEN C> <TOKEN M> <TOKEN R> <TOKEN Q> <TOKEN C> <TOKEN C>
<TOKEN R> <TOKEN AD> <TOKEN M> <TOKEN D> <TOKEN M> <TOKEN R>
<TOKEN O> <TOKEN R> <TOKEN A> <TOKEN C> <endabstract>

Answer Answer: There are 1116 five-digit integers divisible by 5 whose digits sum to 20.

Table 5: An example of instruction-following with Abstract-CoT.

Prompt I’m starting high school and I procrastinate a lot. Can you give me a simple plan to
stop procrastinating that I can actually follow, even on busy weeks?

Abstract-CoT: <beginabstract> <TOKEN T> <TOKEN C> <TOKEN L> <TOKEN F>
<TOKEN C> <TOKEN AD> <TOKEN T> <TOKEN C> <TOKEN M> <TOKEN R>
<TOKEN Q> <TOKEN V> <TOKEN L> <TOKEN C> <TOKEN F> <TOKEN AE>
<TOKEN F> <TOKEN T> <TOKEN AD> <TOKEN M> <TOKEN R> <TOKEN C>
<TOKEN L> <TOKEN T> <TOKEN C> <TOKEN F> <TOKEN L> . . .

. . . <TOKEN L> <TOKEN C> <TOKEN F> <TOKEN AE> <TOKEN C> <TOKEN T>
<TOKEN AA> <TOKEN M> <TOKEN R> <TOKEN C> <TOKEN L> <endabstract>

Answer Starting high school can be exciting, but procrastination can feel overwhelming.
Here’s a simple, flexible plan to help you manage your time and stay on track:

1. Start Small: The 2-Minute Rule: if a task takes less than 2 minutes, do it
immediately (e.g., answer an email, organize your desk). This prevents
small tasks from piling up.

2. Prioritize with the ”Most Important Task First” (MIT): Every day,
identify one task that’s the most important (e.g., finishing a big project,
studying for a test). Do this task first (even if it’s short).

3. Break Tasks into Smaller Steps: If a task feels too big, split it into tiny
steps (e.g., ”Write a 2-page essay” → ”Outline 1 paragraph today”).
Check off each step as you go.

4. Use the ”15-Minute Rule”: If you’re stuck, promise yourself: ””I’ll work
on this for 15 minutes. If I still don’t want to, I’ll stop.” This tricks your
brain into starting, and often you’ll keep going!”

5. Schedule Daily ”Focus Time”: Block 30-60 minutes each day for focused
work (e.g., homework, studying). If you’re busy, shorten the time or do it
in chunks.

You’ve got this! Start with one or two strategies, and adjust as you go. Over time,
you’ll build habits that make high school manageable and even enjoyable!
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