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Abstract In this paper we establish a high order finite volume method for the fourth order singular

perturbation problems. In conjunction with the optimal meshes, the numerical solutions resulting

from the method have optimal convergence order. Numerical experiments are presented to verify our

theoretical estimates.
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1 Introduction

Numerical methods for solving singular perturbation problems have received considerable at-
tention (see, for example, [1–11]). Difficulties in developing efficient algorithms for solving these
problems are due to the effect of the boundary layers. Various numerical methods for them are
presented and extensively discussed in [12]. These include finite difference and finite element
methods and the use of special meshes. Recently Liu and Xu[11] proposed an optimal Galerkin
method for solving the singularly perturbed high-order elliptic two-point boundary value prob-
lems of reaction-diffusion type using Hermite splines with knots adapted to the boundary layer
behavior of the solution. They gave a simple sufficient condition on the mesh sizes and con-
structed an optimal mesh to obtain the optimal order of uniform convergence of the numerical
solutions based on the Hermite splines built on the mesh.

We introduce in this paper an optimal finite volume method using Hermite elements with the
optimal mesh for solving the singularly perturbed two-point boundary value problems, in which
we combine ideas of mesh designs from [4, 5, 9, 11, 13, 14] and those of high order finite volume
methods from [15]. A simple computing scheme is presented in this paper. The optimal order
of uniform convergence is obtained under a much weaker condition than coercivity assumption,
which is imposed in [11] for the analysis of Galerkin methods on the same mesh. Numerical
experiments show that the finite volume method has the same accuracy as Galerkin methods.
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This paper is organized into six sections. In Section 2, we outline a setting of reaction-
diffusion type problems and describe the finite volume method for solving such problems. We
review in Section 3 the optimal mesh which ensures the optimal order of uniform convergence
of the projections. In Section 4, we prove several useful properties of the bilinear forms which
are introduced for the definition of the finite volume scheme. In Section 5, these properties will
be quoted for the analysis of the convergence order of the method. Finally, in Section 6, we
present numerical experiments to demonstrate the performance of the numerical scheme and
confirm the theoretical estimates.

2 Finite volume method based on Hermite cubic elements

In this section we describe the high-order finite volume method based on Hermite cubic elements
for solving fourth-order singular perturbation problems.

Denote I := (0, 1) and N := {1, 2, . . .}. Let L2(I) be the linear space of real-value square
integrable functions on I with the associated inner product (·, ·) and norm ‖ · ‖, L∞(I) be the
linear space of real-value essentially bounded measurable functions on I with the norm ‖ · ‖∞,
Hm(I) and Wm,∞(I), m = 1, 2 be the Sobolev spaces on I with the inner product (·, ·)m, norm
‖ ·‖m and norm ‖ ·‖m,∞, respectively. The semi-norms of Hm(I) are denoted by | · |m, m = 1, 2.
Moreover, let C∞

0 (I) be the linear space of infinitely differentiable functions on I with compact
support, and H2

0 (I) be the closure of C∞
0 (I) in the norm ‖ · ‖2 (cf. [16]).

Assume that p ∈ W 1,∞(I), p(x) � pmin > 0 for all x ∈ I, q, r ∈ L∞(I), f ∈ L2(I), and
ε ∈ (0, 1] is a perturbation parameter. We introduce differential operator Lε by

(Lεu)(x) := ε2u(4)(x) − (p(x)u′(x))′ + q(x)u′(x) + r(x)u(x),

and consider the boundary value problem of the fourth-order differential equation
⎧
⎨

⎩

(Lεu)(x) = f(x), x ∈ (0, 1),

u(j)(0) = u(j)(1) = 0, j = 0, 1.
(2.1)

By defining the bilinear forms a(u, v) := (u′′, v′′), b(u, v) := (−(pu′)′ + qu′ + ru, v) and
Aε(u, v) := ε2a(u, v) + b(u, v), the variational problem corresponding to problem (2.1) is iden-
tified as: Find u ∈ U := H2

0 (I), such that for all v ∈ U ,

Aε(u, v) = (f, v). (2.2)

We now consider numerically solving the variational problem (2.2) by the finite volume
method. Let TN be a mesh of I with the nodes 0 = x0 < x1 < · · · < xN = 1, where N ∈ N.
For any i ∈ ZN := {1, 2, . . . , N}, the length of the element Ii := [xi−1, xi] is denoted by
hi := xi − xi−1.

In order to discretize (2.2), we choose the trial space UN as the Hermite cubic element space
with respect to TN , which consists of the functions uN with the properties

(i) uN ∈ C1(I), u(j)
N (0) = u

(j)
N (1) = 0, j = 0, 1;

(ii) uN is a cubic polynomial on each Ii, i ∈ ZN .
It is easily seen that dim UN = 2(N − 1). Introduce the basis {ϕi,0, ϕi,1 : i ∈ ZN−1} of UN

by
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ϕi,0(x) :=

⎧
⎪⎪⎨

⎪⎪⎩

(1 − h−1
i |x− xi|)2(2h−1

i |x− xi| + 1), x ∈ [xi−1, xi],

(1 − h−1
i+1|x− xi|)2(2h−1

i+1|x− xi| + 1), x ∈ (xi, xi+1],

0, x /∈ [xi−1, xi+1],
and

ϕi,1(x) :=

⎧
⎪⎪⎨

⎪⎪⎩

(x− xi)(h−1
i |x− xi| − 1)2, x ∈ [xi−1, xi],

(x− xi)(h−1
i+1|x− xi| − 1)2, x ∈ (xi, xi+1],

0, x /∈ [xi−1, xi+1].

With the Hermite interpolatory basis functions defined above, any uN ∈ UN can be written
uniquely as

uN =
∑

i∈ZN−1

(uiϕi,0 + u′iϕi,1), (2.3)

where ui = uN(xi) and u′i = u′N (xi).
The test space VN ⊂ L2(I) is associated with the dual mesh T ∗

N of TN with the nodes
0 = x0 < x1/2 < x3/2 < · · · < xN−1/2 < xN = 1, where xj−1/2 = (xj−1 + xj)/2, j ∈ ZN . We
define VN as the piecewise linear polynomial space with respect to T ∗

N . The basis {ψj,0, ψj,1 :
j ∈ ZN−1} of VN is chosen by defining for j ∈ ZN−1,

ψj,0(x) :=

{
1, x ∈ [xj−1/2, xj+1/2],

0, x /∈ [xj−1/2, xj+1/2],
ψj,1(x) :=

{
x− xj , x ∈ [xj−1/2, xj+1/2],

0, x /∈ [xj−1/2, xj+1/2].

We note that the bilinear form a(u, v) is not defined for v ∈ VN . In order to establish the
finite volume methods for solving (2.1), we require another bilinear form to lead to a weak
formulation of (2.1). To this end, we introduce the bilinear form ã(·, ·) : (UN ∪H4(I))× VN by
setting for u ∈ UN ∪H4(I)

ã(u, ψj,0) = u′′′j+1/2 − u′′′j−1/2,

ã(u, ψj,1) = u′′j−1/2 − u′′j+1/2 +
hj

2
u′′′j−1/2 +

hj+1

2
u′′′j+1/2.

The evaluation of the bilinear form for any v ∈ VN is done by combining linearly the above
expressions. It is easily observed that for u ∈ H4(I) and v ∈ VN , ã(u, v) = (u(4), v). Note that
the bilinear form b(·, ·) can be identified as defined on (UN ∪ H4(I)) × VN , thus Ãε(u, v) :=
ε2ã(u, v) + b(u, v) is a bilinear form on (UN ∪H4(I)) × VN . Then the Hermite cubic element
finite volume method is: Find uN ∈ UN such that for all v ∈ VN

Ãε(uN , v) = (f, v). (2.4)

3 Optimal meshes on I

It is well known that the accuracy of the solution uN of (2.4) is constrained by the approximation
accuracy of the trial space UN . Thus a good trial space is the first step of good numerical
schemes. For singular perturbation problems, small ε will produce boundary layers near the end
points, which brings difficulties to the construction of meshes to guarantee good approximation
to the true solutions of the problems. Specifically, according to [17], the solution u of (2.1) can
be written as

u = E + F +G, (3.1)
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where the functions E,F,G are sufficiently differentiable such that for all x ∈ I and j ∈
{0, 1, 2, . . .},

|G(j)(x)| � c, |E(j)(x)| � cε1−je−αx/ε, |F (j)(x)| � cε1−je−α(1−x)/ε (3.2)

for some constants c > 0 and α > 0. In the whole paper we use c to denote a generic positive
constant. Many authors have tried to overcome the difficulties induced by this type of boundary
layers. Bakhvalov[18] introduced special grids based on mesh generating functions. The Shishkin
mesh is one of the simplest piecewise equidistant meshes and was discussed by many authors
(cf. [2, 4–7]). A recent development in designing meshes for singular perturbation problems
was made in [11]. The authors introduced the so-called optimal mesh to ensure the uniform
convergence in optimal order of the projection errors of u on UN . For the numerical solution
of (2.1) by cubic element Galerkin methods, the optimal mesh is constructed by defining a
generating function h0(x) := ε

N e
αx
4ε , and then for i ∈ ZÑ , letting the length hi satisfy

hi � min{h0(xi−1), h0(1 − xi), 1/N}, (3.3)

where the number of elements Ñ = O(N). The interested readers can find the concrete con-
struction to satisfy the above conditions in [11].

For any N ∈ N, we choose TN as the optimal mesh described above and denote by T ∗
N the

dual mesh of TN . For u ∈ U , we let ΠNu and Π∗
Nu be the Hermite interpolants of u on UN

and VN respectively, i.e.,

ΠNu :=
∑

i∈ZN−1

[u(xi)ϕi,0 + u′(xi)ϕi,1], and Π∗
Nu :=

∑

i∈ZN−1

[u(xi)ψi,0 + u′(xi)ψi,1].

Let |v|k,∞,Ii denote the maximum norm of v(k) on Ii. Then for j = 0, 1, 2, 3,

|E − ΠNE|j,∞,Ii � h4−j
i |E|4,∞,Ii � cε−3e

αxi−1
ε

(
ε

N
e

αxi−1
4ε

)4−j

� cε1−jN−4+j .

Similar inequalities also hold for F and G. Hence we obtain the following estimates:

Lemma 3.1. Let u be the solution of (2.1). Then there exists a positive constant c independent

of ε and N such that

‖(u− ΠNu)(j)‖ � cε1−jN−4+j , j = 0, 1, 2, 3, (3.4)

and
‖u− ΠNu‖ε � cN−2, (3.5)

where the energy norm ‖ · ‖ε is defined by ‖u‖ε := (ε2|u|22 + ‖u‖2
1)

1/2.

4 Properties of bilinear forms

In this section we prove several properties of the bilinear forms we define in the previous section,
which help establish convergence analysis in the next section.

It follows from the basis spanning formula (2.3) that

ã(uN , ψj,0) = −12h−3
j uj−1 − 6h−2

j u′j−1 + 12(h−3
j + h−3

j+1)uj

− 6(h−2
j − h−2

j+1)u
′
j − 12h−3

j+1uj+1 + 6h−2
j+1u

′
j+1, (4.1)
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and

ã(uN , ψj,1) = 6h−2
j uj−1 + 2h−1

j u′j−1 − 6(h−2
j − h−2

j+1)uj

+ 4(h−1
j + h−1

j+1)u
′
j − 6h−2

j+1uj+1 + 2h−1
j+1u

′
j+1. (4.2)

In a similar manner, we have

(−(pu′N)′, ψj,0) =
3pj− 1

2

2hj
(uj − uj−1) −

3pj+ 1
2

2hj
(uj+1 − uj) −

pj− 1
2

4
u′j−1

+
pj+ 1

2
− pj− 1

2

4
u′j +

pj+ 1
2

4
u′j+1, (4.3)

and

(−(pu′N)′, ψj,1) = −3pj− 1
2

4
(uj − uj−1) −

3pj+ 1
2

4
(uj+1 − uj) +

pj− 1
2
hj

8
u′j−1

+
pj− 1

2
hj + pj+ 1

2
hj+1

8
u′j +

pj+ 1
2
hj+1

8
u′j+1 +

∫ x
j+ 1

2

x
j− 1

2

pu′Ndx. (4.4)

Lemma 4.1. For sufficiently large N , there exists a positive constant α independent of UN ,

such that

ã(uN ,Π∗
NuN ) � α|uN |22, (−(pu′N)′,Π∗

NuN) � α|uN |21, uN ∈ UN .

Proof. It follows from (2.3), (4.1) and (4.2) that

ã(uN ,Π∗
NuN) =

∑

j∈ZN

hj

[

3
(
u′j−1 + u′j − 2h−1

j (uj − uj−1)
hj

)2

+
(
u′j − u′j−1

hj

)2]

� |uN |22,UN
,

where the discrete semi-norm

|uN |2,UN :=
{

∑

j∈ZN

hj

[(
u′j−1 + u′j − 2h−1

j (uj − uj−1)
hj

)2

+
(
u′j − u′j−1

hj

)2]}1/2

.

It is shown in [15] that there are positive constants c1 and c2 which are independent of the
subspaces UN such that c1|uN |2,UN � |uN |2 � c2|uN |2,UN , for all uN ∈ UN . Hence we conclude
the first inequality of the lemma. The second estimate can be established in a similar way with
the help of (4.3) and (4.4).

Lemma 4.2. For u ∈ W 4,∞(I) which has the decomposition (3.1) with the property (3.2),
there exists a positive constant c independent of N such that for any w ∈ UN ,

|ã(u− ΠNu,Π∗
Nw)| � cε−1N−2|w|2.

Proof. We denote eN := u − ΠNu, then utilize the definition of the interpolant Π∗
Nw and

(4.1), (4.2) to obtain

ã(eN ,Π∗
Nw) =

∑

j∈ZN

[
1
2
hje

′′′
j−1/2(w

′
j−1 + w′

j − 2h−1
j (wj − wj−1)) + e′′j−1/2(w

′
j − w′

j−1)
]

.

Applying Cauchy’s inequality to the above expression, we have

|ã(eN ,Π∗
Nw)| � c

[
∑

j∈ZN

hj((e′′′j−1/2)
2h2

j + (e′′j−1/2)
2)

]1/2

· |w|2,UN .
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It follows that |e′′′j−1/2| � |eN |3,∞,Ij � chj|u|4,∞,Ij . The property (3.2) of the decomposition of
u gives

|u|4,∞,Ij � c[1 + ε−3(e−αxj−1/ε + e−α(1−xj)/ε)].

Utilizing the property (3.3) of hj , we conclude (e′′′j−1/2)
2h2

j � cε−2N−4. Similarly, (e′′j−1/2)
2 �

cε−2N−4. Therefore,
[

∑

j∈ZN

hj((e′′′j−1/2)
2h2

j + (e′′j−1/2)
2)

]1/2

� cε−1N−2

and the lemma is concluded.

Lemma 4.3. For any v ∈ U and u ∈ UN , there holds a(u, v) = ã(u,Π∗
Nv).

Proof. We obtain from the definition of the bilinear forms that

a(u, v)=
∑

j∈ZN

∫

Ij

u′′(x)v′′(x)dx

=
∑

j∈ZN

[u′′(xj−)v′(xj) − u′′(xj−1+)v′(xj−1) − u′′′(xj−1/2)(v(xj) − v(xj−1))],

ã(u,Π∗
Nv) =

∑

j∈ZN−1

{[u′′′(xj+1/2) − u′′′(xj−1/2)]v(xj) − [u′′(xj+1/2) − u′′(xj−1/2)]v′(xj)

+
1
2
[hj+1u

′′′(xj+1/2) + hju
′′′(xj−1/2)]v′(xj)}.

Resorting the terms in the summation leads to

ã(u,Π∗
Nv) =

∑

j∈ZN

[

u′′(xj−1/2)(v′(xj) − v′(xj−1)) +
hj

2
u′′′(xj−1/2)(v′(xj) + v′(xj−1))

−u′′′(xj−1/2)(v(xj) − v(xj−1))
]

.

Since u is piecewise cubic on each interval Ij , there hold

u′′(xj−) = u′′(xj−1/2) +
hj

2
u′′′(xj−1/2), u′′(xj−1+) = u′′(xj−1/2) − hj

2
u′′′(xj−1/2).

We conclude the lemma by making use of the above equalities and comparing the expressions
of a(u, v) and ã(u,Π∗

Nv).

5 Convergence analysis

For any uN ∈ UN , define

‖uN‖L,UN := sup
wN∈UN ,‖wN‖ε=1

|Ãε(uN ,Π∗
NwN )|. (5.1)

Lemma 5.1. Suppose that the corresponding homogeneous equation

Aε(u, v) = 0, v ∈ U, (5.2)

has only trivial solution. Then there exists a positive constant α independent of ε and UN , such
that for sufficiently large N ,

‖uN‖L,UN � α‖uN‖ε, (5.3)
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for any uN ∈ UN .
Proof. For any given constant λ > 0, define

bλ(u, v) := λ(u, v) and Ãε,λ(u, v) := Ãε(u, v) + bλ(u, v).

It follows from Lemma 4.1 that there exists a positive constant β1 such that

Ãε,λ(uN ,Π∗
NuN) �β1(ε2|uN |22 + |uN |21) − ‖q‖∞|uN |1 · ‖Π∗

NuN‖
+(λ− ‖r‖∞)‖uN‖2 − (λ+ ‖r‖∞)‖uN‖ · ‖Π∗

NuN − uN‖.

Note that
‖Π∗

NuN‖ � ‖uN‖ and ‖Π∗
NuN − uN‖ � β2N

−1‖uN‖1

for some β2 > 0. We have

‖q‖∞|uN |1 · ‖Π∗
NuN‖ + (λ + ‖r‖∞)‖uN‖ · ‖Π∗

NuN − uN‖
� (‖q‖∞ + β2N

−1(λ+ ‖r‖∞))‖uN‖1 · ‖uN‖.

Picking proper value of λ and sufficiently large N , then applying

‖uN‖1 · ‖uN‖ � δ

2
‖uN‖2

1 +
1
2δ

‖uN‖2

with appropriate constant δ > 0, we obtain

Ãε,λ(uN ,Π∗
NuN ) � β‖uN‖2

ε, (5.4)

where the positive constant β is independent of ε and UN .
Now we assume that no positive constant α is available for (5.3), then we can find a sequence

{ũN : ũN ∈ UN} satisfying ‖ũN‖ε = 1 and ‖ũN‖L,UN → 0, N → ∞. Since U is weakly
sequentially compact, we assume without loss of generality that {ũN} weakly converges to
some ũ ∈ U . Given any w ∈ Ũ := H3(I) ∩ U , we have Π∗

N (w − ΠNw) = 0, thus

|Ãε(ũN ,Π∗
Nw)| = |Ãε(ũN ,Π∗

NΠNw)| � c‖ũN‖L,UN‖ΠNw‖ε.

Meanwhile, there holds

‖ΠNw‖ε � ‖w‖ε + ‖ΠNw − w‖ε � c‖w‖3

for some constant c > 0 and sufficiently large N . Therefore, |Ãε(ũN ,Π∗
Nw)| � ‖ũN‖L,UN‖w‖3

→ 0 when N → ∞. On the other hand,

b(ũN ,Π∗
Nw − w) � cN−2‖ũN‖2‖w‖2 → 0, N → ∞.

Moreover, it follows from Lemma 4.3 that

Ãε(ũN ,Π∗
Nw) −Aε(ũN , w) = b(ũN ,Π∗

Nw − w).

Hence Aε(ũN , w) → 0, N → ∞. Since Aε(·, w) is a bounded linear functional for any fixed
w ∈ Ũ , we have Aε(ũN , w) → Aε(ũ, w), N → ∞. Therefore, Aε(ũ, w) = 0, w ∈ Ũ . But Ũ is
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dense in U , thus Aε(ũ, w) = 0, w ∈ U . It follows from the assumption on the homogeneous
equation that ũ = 0, hence {ũN} weakly converges to 0. By noticing U compactly imbeds into
L2(I), we conclude that {ũN} converges to 0 in L2(I). Hence bλ(ũN ,Π∗

N ũN) � λ‖ũN‖2 →
0, N → ∞. It follows from the definition (5.1) of the norm ‖ · ‖L,UN and ‖ũN‖ε = 1 that
|Ãε(ũN ,Π∗

N ũN)| � ‖ũN‖L,UN . Consequently,

|Ãε,λ(ũN ,Π∗
N ũN)| � |Ãε(ũN ,Π∗

N ũN )|+|bλ(ũN ,Π∗
N ũN )| � ‖ũN‖L,UN +λ‖ũN‖2 → 0, N → ∞,

which contradicts with (5.4).

Theorem 5.2. Suppose that the homogeneous equation (5.2) has only trivial solution. Let u

and uN be the solutions of (2.1) and (2.4), respectively. Then there are a positive integer N0

and a positive constant c, such that for any N � N0, ‖u− uN‖ε � cN−2.

Proof. It follows from (2.1) and (2.4) that Ãε(u−uN ,Π∗
NwN ) = 0, wN ∈ UN . Then it follows

from Lemma 5.1 that for N � N0

‖ΠNu− uN‖ε � c sup
wN∈UN ,‖wN‖ε=1

|Ãε(ΠNu− uN ,Π∗
NwN )|

= c sup
wN∈UN ,‖wN‖ε=1

|Ãε(u− ΠNu,Π∗
NwN )|.

We let eN := u− ΠNu and decompose Ãε(eN ,Π∗
NwN ) into three parts:

Ãε(eN ,Π∗
NwN ) = ε2ã(eN ,Π∗

NwN ) + b(eN , wN ) + b(eN ,Π∗
NwN − wN ).

For the first part, we have from Lemma 4.2 that |ã(eN ,Π∗
NwN )| � cε−1N−2|wN |2. For the

second part, since eN , wN ∈ H1(I), there holds

|b(eN , wN )| � c‖eN‖1‖wN‖1 � cN−3‖wN‖1,

where the second inequality results from Lemma 3.1. For the third part,

|b(eN ,Π∗
NwN − wN )|=

∑

j∈ZN

∫

Ij

[−(pe′N)′ + qe′N + reN ](x)(Π∗
NwN − wN )(x)dx

� c
∑

j∈ZN

( ∫

Ij

[e′′N (x)]2dx
)1/2( ∫

Ij

(Π∗
NwN − wN )2(x)dx

)1/2

.

Similar to the proof of Lemma 4.2, we have |e′′N (x)| � ch2
j |u|4,∞,Ij for any x ∈ Ij , hence

( ∫

Ij

[e′′N (x)]2dx
)1/2

� ch
1/2
j h2

j |u|4,∞,Ij .

Moreover,
( ∫

Ij

(Π∗
NwN − wN )2(x)dx

)1/2

� chj|wN |1,Ij ,

where |wN |1,Ij := (
∫

Ij
[w′

N (x)]2dx)1/2. It follows from (3.3) that h3
j |u|4,∞,Ij � cN−3. Therefore,

|b(eN ,Π∗
NwN − wN )|� cN−3

∑

j∈ZN

h
1/2
j |wN |1,Ij = cN−3

∑

j∈ZN

( ∫

Ij

1 · dx
)1/2

|wN |1,Ij

� cN−3

(
∑

j∈ZN

∫

Ij

1 · dx
)1/2( ∑

j∈ZN

|wN |21,Ij

)1/2

= cN−3|wN |1.
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Summing up the three parts concludes

|Ãε(u − ΠNu,Π∗
NwN )| � cN−2(ε|wN |2 +N−1‖wN‖1) � cN−2‖wN‖ε.

Hence the proof is complete.
We remark the assumption that the homogeneous equation has only trivial solution is very

weak. In [11], the authors assumed the coercivity of the bilinear form, which is a strong condition
and results to our assumption. In finite dimensional case, the coercivity corresponds to positive
definiteness, while our assumption corresponds to nonsingularity of the coefficient matrix. In
fact, the effectiveness of Galerkin methods, such as developed in [11], can be concluded with
this much weaker condition.

6 Numerical experiments

We solve in this section with our proposed numerical scheme the reaction–diffusion problem
⎧
⎪⎨

⎪⎩

ε2u(4) + ((1 + x(1 − x)u′)′ = f(x), x ∈ (0, 1),

u(0) = u′(0) = u(1) = u′(1) = 0.

The right hand function f is chosen so that the exact solution of the problem

u(x) = ε

(
e−x/ε + e−(1−x)/ε

1 + e−1/ε
− 1

)

+
1 − e−1/ε

1 + e−1/ε
x(1 − x) + x2(1 − x)2.

We observe from the expression of u that there are boundary layers near 0 and 1. This equation
has been used as an example in [11], which brings us convenience to compare the numerical
results between our method and the corresponding Galerkin scheme. In order to create the
same mesh as that in [11], we use the generating function h0(x) = 4ε

N e
x
4ε .

We compare the numerical results of our method and Galerkin method in Table 1.

Table 1 Comparison of finite volume method and Galerkin Method

Finite Volume Galerkin Method
ε N ‖u − uN‖ε Order ‖u − uN‖ε Order

63 1.21e–004 1.13e–004

127 2.97e–005 2.00 2.72e–005 2.03

3.905e–3 255 7.18e–006 2.04 6.78e–006 1.99

511 1.77e–006 2.02 1.68e–006 2.01

1026 4.36e–007 2.01 4.17e–007 2.00

63 2.57e–005 1.79e–005

127 4.75e–006 2.40 3.97e–006 2.14

60104e–5 255 1.06e–006 2.15 9.58e–007 2.04

513 2.49e–007 2.07 2.34e–007 2.02

1023 6.14e–008 2.02 5.86e–008 2.01

64 1.86e–005 8.65e–006

126 2.43e–006 3.00 1.33e–006 2.76

3.816e–6 254 3.39e–007 2.80 2.61e–007 2.32

510 6.34e–008 2.41 6.07e–008 2.09

1023 1.42e–008 2.14 1.48e–008 2.02
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We choose three small values for the perturbation parameter ε and calculate the errors of the
numerical solutions uN with different values of N . Meanwhile, the numerical errors of Galerkin
method are listed for comparison. We note that the data of Galerkin method are collected from
[11]. It is observed that the two methods have nearly the same accuracy. The “Order” columns
present the convergence order calculated from the numerical errors, the values of which are
created by the formula

log
(‖u− uN1‖ε

‖u− uN2‖ε

)

/ log
(
N2

N1

)

,

where N1 and N2 are the two successive numbers of grid points in the table. It is seen that the
values in the columns are even a little better than the theoretical value 2, which is claimed by
Theorem 5.2.
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