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Abstract In this paper we establish a high order finite volume method for the fourth order singular
perturbation problems. In conjunction with the optimal meshes, the numerical solutions resulting
from the method have optimal convergence order. Numerical experiments are presented to verify our
theoretical estimates.
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1 Introduction

Numerical methods for solving singular perturbation problems have received considerable at-
tention (see, for example, [1-11]). Difficulties in developing efficient algorithms for solving these
problems are due to the effect of the boundary layers. Various numerical methods for them are
presented and extensively discussed in [12]. These include finite difference and finite element
methods and the use of special meshes. Recently Liu and Xul"!) proposed an optimal Galerkin
method for solving the singularly perturbed high-order elliptic two-point boundary value prob-
lems of reaction-diffusion type using Hermite splines with knots adapted to the boundary layer
behavior of the solution. They gave a simple sufficient condition on the mesh sizes and con-
structed an optimal mesh to obtain the optimal order of uniform convergence of the numerical
solutions based on the Hermite splines built on the mesh.

We introduce in this paper an optimal finite volume method using Hermite elements with the
optimal mesh for solving the singularly perturbed two-point boundary value problems, in which
we combine ideas of mesh designs from [4, 5, 9, 11, 13, 14] and those of high order finite volume
methods from [15]. A simple computing scheme is presented in this paper. The optimal order
of uniform convergence is obtained under a much weaker condition than coercivity assumption,
which is imposed in [11] for the analysis of Galerkin methods on the same mesh. Numerical
experiments show that the finite volume method has the same accuracy as Galerkin methods.
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This paper is organized into six sections. In Section 2, we outline a setting of reaction-
diffusion type problems and describe the finite volume method for solving such problems. We
review in Section 3 the optimal mesh which ensures the optimal order of uniform convergence
of the projections. In Section 4, we prove several useful properties of the bilinear forms which
are introduced for the definition of the finite volume scheme. In Section 5, these properties will
be quoted for the analysis of the convergence order of the method. Finally, in Section 6, we
present numerical experiments to demonstrate the performance of the numerical scheme and

confirm the theoretical estimates.

2 Finite volume method based on Hermite cubic elements
In this section we describe the high-order finite volume method based on Hermite cubic elements
for solving fourth-order singular perturbation problems.

Denote I := (0,1) and N := {1,2,...}. Let L?(I) be the linear space of real-value square
integrable functions on I with the associated inner product (-,-) and norm || - ||, L>(I) be the
linear space of real-value essentially bounded measurable functions on [ with the norm || - || oo,
H™(I) and W™>(I), m = 1,2 be the Sobolev spaces on I with the inner product (-, ),,, norm
I |l and norm || - ||m, 0, respectively. The semi-norms of H™(I) are denoted by |- |, m =1,2.
Moreover, let C§°(I) be the linear space of infinitely differentiable functions on I with compact
support, and HZ(I) be the closure of C§°(I) in the norm || - ||2 (cf. [16]).

Assume that p € WE°(I),p(x) = pmin > 0 for all z € I, q,r € L>=(I), f € L*(I), and

¢ € (0,1] is a perturbation parameter. We introduce differential operator L. by
(Lew)(w) := e*u (@) — (p(a)u'(2)) + q(z)u’ (x) + r(z)u(z),

and consider the boundary value problem of the fourth-order differential equation

(Leu)(x) = f(=), z € (0,1),

, , (2.1)
w9 (0) =u@ (1) =0, j=0,1.

By defining the bilinear forms a(u,v):= (u”,v”), b(u,v):= (—(pu’) + qu’ + ru,v) and
Ac(u,v):= €2a(u,v) + b(u, v), the variational problem corresponding to problem (2.1) is iden-
tified as: Find u € U := HZ(I), such that for all v € U,

Ac(u,v) = (f,v). (2.2)

We now consider numerically solving the variational problem (2.2) by the finite volume
method. Let T be a mesh of I with the nodes 0 = 29 < 1 < --- < &y = 1, where N € N.
For any i € Zy := {1,2,...,N}, the length of the element I, := [x;_1,x;] is denoted by
h; == x; — Ti_1.

In order to discretize (2.2), we choose the trial space Uy as the Hermite cubic element space
with respect to Ty, which consists of the functions uy with the properties

(i) uy € CHI),u?(0) = ulP (1) = 0,5 = 0,1;

(ii) un is a cubic polynomial on each I;, i € Zy.

It is easily seen that dim Uy = 2(N — 1). Introduce the basis {@; 0, i1 : 1 € Zy_1} of Un
by
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(1—h e —x)2@h e — 2| +1), € [z, 2],
iolr) =9 (1— h;_:1|a: - a:i|)2(2h;_11|a: —zi|+1), =€ (x,Ti81],
0, T & [wio1, Tiga],
and
(x —x)(h e — 2| — 1), o € [z, 2],
pin() =4 (z—2;)(hi |z — 2| — 1), z € (24, 2i41],
0, € [i1,Tit].
With the Hermite interpolatory basis functions defined above, any uy € Uy can be written
uniquely as
uN = Z (uipi0 + uii), (2.3)
i€ZN 1
where u; = un(z;) and u} = vy (2;).
The test space Viy C L?(I) is associated with the dual mesh T% of Ty with the nodes
0=z <@yj2 <3)2 < - <ay_1/2 <y =1, where x;_1/5 = (zj_1 +2;)/2, j € Zn. We
define Viy as the piecewise linear polynomial space with respect to T5. The basis {1} 0,%;1 :

Jj € Zn_1} of Vi is chosen by defining for j € Zn_1,

i 0(x) = { L, z€lrj_12,7541)2], bia (@) = { T —xj, T E[Ti1/2,Tjy1/2),
0, =& [zj_1/2,7j41/2]; 0, ¢ [Ti_1/2,T541/2]

We note that the bilinear form a(u,v) is not defined for v € V. In order to establish the
finite volume methods for solving (2.1), we require another bilinear form to lead to a weak
formulation of (2.1). To this end, we introduce the bilinear form a(-,-) : (Uy U H*(I)) x Vy by
setting for u € Uy U H(I)

a(u, ¥j0) = “;‘/;1/2 - “;/L1/2’

a(u, i) = Uy = Uy + 2] wiy gyt hgl ATy

The evaluation of the bilinear form for any v € Vj is done by combining linearly the above
expressions. It is easily observed that for u € H*(I) and v € Vy, a(u,v) = (u?,v). Note that
the bilinear form b(-,-) can be identified as defined on (Uy U H*(I)) x Vi, thus A.(u,v) :=
e2a(u,v) + b(u,v) is a bilinear form on (Uy U H*(I)) x V. Then the Hermite cubic element

finite volume method is: Find uy € Uy such that for all v € Vi
AE(UN7U) = (f7 U). (24)
3 Optimal meshes on [

It is well known that the accuracy of the solution uy of (2.4) is constrained by the approximation
accuracy of the trial space Uy. Thus a good trial space is the first step of good numerical
schemes. For singular perturbation problems, small € will produce boundary layers near the end
points, which brings difficulties to the construction of meshes to guarantee good approximation
to the true solutions of the problems. Specifically, according to [17], the solution u of (2.1) can
be written as

u=E+F+G, (3.1)
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where the functions F, F,G are sufficiently differentiable such that for all x € [ and j €
{0,1,2,...},

GO @) < e, |[BD(@)| < st demar/s, [FO(@)| st demelone (3

for some constants ¢ > 0 and a > 0. In the whole paper we use ¢ to denote a generic positive
constant. Many authors have tried to overcome the difficulties induced by this type of boundary
layers. Bakhvalov!'® introduced special grids based on mesh generating functions. The Shishkin
mesh is one of the simplest piecewise equidistant meshes and was discussed by many authors
(cf. [2, 4-7]). A recent development in designing meshes for singular perturbation problems
was made in [11]. The authors introduced the so-called optimal mesh to ensure the uniform
convergence in optimal order of the projection errors of u on Uy. For the numerical solution
of (2.1) by cubic element Galerkin methods, the optimal mesh is constructed by defining a
generating function h0(x) := i,eci':, and then for ¢ € Zg, letting the length h; satisfy

hi < min{ho(xi_l),ho(l —Jii),l/N}, (33)

where the number of elements N = O(N). The interested readers can find the concrete con-
struction to satisfy the above conditions in [11].

For any N € N, we choose Ty as the optimal mesh described above and denote by Ty, the
dual mesh of Ty. For u € U, we let IIyu and II},u be the Hermite interpolants of u on Uy
and Vy respectively, i.e.,

Myu:= Z [u(zi)pio + ' (zi)pia], and Ijyu:= Z [u(i)hi 0 + u' ()i ]

1€ZN_1 i€ZN_1

Let 0]k, 00,1, denote the maximum norm of v¥) on I;. Then for j = 0,1,2,3,

4-j
s Ly e & ana T
|E—TNEl|jcor <h; '|Elacor <ce e - (Ne ae g TINTHY,

Similar inequalities also hold for F' and G. Hence we obtain the following estimates:
Lemma 3.1.  Let u be the solution of (2.1). Then there exists a positive constant ¢ independent

of € and N such that

I(w = Txw) V| < es' N7 5=0,1,2,3, (3-4)
and
lu —Myulle < N2 (3.5)
where the energy norm || - ||« is defined by ||ullc := (€2 |ul3 + [Ju]|?)'/2.

4 Properties of bilinear forms

In this section we prove several properties of the bilinear forms we define in the previous section,
which help establish convergence analysis in the next section.

It follows from the basis spanning formula (2.3) that
d(uN,wj,o) = —12h;3uj_1 - 6h;2U9,1 + 12(/1;3 + h;f’l)uj

—6(h; > — hiy )l — 1205 i + 65 ), (4.1)
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and

a(un, ¥j1) = 6h; 2wy + 205 'y — 6(h;? — hi 2y

+4(h; "+ hil ) — 6h g + 205 . (4.2)
In a similar manner, we have
SpJ—l 3p]+l p]—l
(=(puly)s o) = oy % (uj —ujma) = " (e —ug) =7 Py
J J
p —Dj Pjy:
FRCAs L 4 qu;ﬂ, (4.3)
and
3p-_1 3pv+1 p'_lfh
(=(puy)' s j1) = — J4 P (uj —uj-1) — j4 * (ujpr —u) + g iy
pi_thi+p. 1hi Pi1hiiy Titld
£ 8 Ty T 8 " +/ U puyda. (14)

L1
I72
Lemma 4.1.  For sufficiently large N, there exists a positive constant o independent of Uy,

such that
a(un, Myun) = elunl3,  (=(puy) Dyuy) = alunli, un € Un.

Proof. It follows from (2.3), (4.1) and (4.2) that

. u A+l — 20 (g —u)\ 2 uf — i\ 2
ol yay) = 3 37 TSI (T s g,
j J

JELN

where the discrete semi-norm

’U,/- + Ulv o thl(u' _ u'—l) 2 Ulv _ Ulv 2 1/2
- ‘ =1 j j \Uj J J J-1
lunl2,uy == { Z h K h; ) + ( hj ) ]} )

JELN
It is shown in [15] that there are positive constants ¢; and c¢o which are independent of the
subspaces Uy such that ¢ |un|2,uy < |unl2 < c2lun]z,uy, for all uy € Un. Hence we conclude
the first inequality of the lemma. The second estimate can be established in a similar way with
the help of (4.3) and (4.4).
Lemma 4.2. For u € W4(I) which has the decomposition (3.1) with the property (3.2),

there exists a positive constant ¢ independent of N such that for any w € Uy,

a(u — Ty, Tyw)| < ce !N 72|ws.

Proof. We denote ey := u — lyu, then utilize the definition of the interpolant II};w and

(4.1), (4.2) to obtain

e M) = 3 |56l 2 = 205 s = w5 + €l = )|
JELN
Applying Cauchy’s inequality to the above expression, we have

1/2

a(en, Myw)] < [Zh (€12 1 ()] .
JELN



1396 CHEN ZhongYing et al.

It follows that |e/” 1/2| len|3,00,1; < chjlt|s,00,1;- The property (3.2) of the decomposition of
u gives
[l e, < efl + 273 e /E 4 o=/

Utilizing the property (3.3) of h;, we conclude (€ ,)?h? < ce™>N ™" Similarly, (¢]_, ,)? <
ce 2N %, Therefore,

1/2
{ D hil(efy) Ry + (efy0)?)| SesTINTE
JELN
and the lemma is concluded.
Lemma 4.3. For any v € U and u € Uy, there holds a(u,v) = a(u, I v).

Proof. ~ We obtain from the definition of the bilinear forms that

JEZN VI
= Z [u” (2 =)v" () — u"(zj—1 )" (xj-1) —u I(xg 1/2)(v(z;) —v(zj-1))]
JELN
a(u, Iyv) = Z [ 33;+1/2) (Ij71/2)]v(xj) - [U”(J/'j+1/2) - ul/(xj71/2)]v/(xj)
JELN -1

1
+y (hjsru” (zj4172) + hju (251 /2)]0" (25)}

Resorting the terms in the summation leads to
~ * _ "e. Pl N ol (o hj mn,. 1o 1o
a(u, yv) = Y | (@5-172) (v (25) = ' (25-1)) + o W (@jm12) (V' (25) + ' (25-1))
JELN

—u"(@j_12)(v(25) — v(xj-1))|-

Since u is piecewise cubic on each interval I;, there hold

- h'
2J (21 2), u(zj_14) = u (25 10) — 2J u" (z5_1/2).

We conclude the lemma by making use of the above equalities and comparing the expressions

u'(z;—) = Un(l’jﬂ/z) +

of a(u,v) and a(u, ITyv).

5 Convergence analysis

For any uy € Uy, define

= sup |A. (un, I wy)|. (5.1)

wnEUN, |wn|le=1

Lemma 5.1.  Suppose that the corresponding homogeneous equation
Ac(u,v) =0, veU, (5.2)

has only trivial solution. Then there exists a positive constant o independent of € and Uy, such
that for sufficiently large N,
> allun|le, (5.3)
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for any uy € Un.
Proof.  For any given constant A > 0, define

ba(u,v) == Au,v) and Acx(u,v) := A (u,v) + br(u,v).

It follows from Lemma 4.1 that there exists a positive constant (3; such that

Aca(un, Tjun) 2 i un 3 + [un|?) = llallcolun|y - [Ty un|l

A = Irlloo) lunl? = A+ [Irfloo) Jun |l - MR un — un]l-

Note that
IMyun| < lun| and [[Myuy —un|l < BN un|:

for some (35 > 0. We have
lglloclunr - [Ty un |l + (A + [I7flso) lun || - [TTyun — un]
<(lglloo + BN A+ 7o) Jun]ly - lun]l-

Picking proper value of A and sufficiently large N, then applying

) 1
lunlls - lunl < 2||UN||§ + 25HUNH2

with appropriate constant 6 > 0, we obtain

A (un, Myun) = Bllun|?, (5.4)

where the positive constant ( is independent of ¢ and Uy.

Now we assume that no positive constant « is available for (5.3), then we can find a sequence
{un : un € Uy} satistying ||un]e = 1 and |lan|/r,uvy — 0, N — oc. Since U is weakly
sequentially compact, we assume without loss of generality that {iy} weakly converges to
some @ € U. Given any w € U := H*(I) N U, we have IT% (w — Iyw) = 0, thus

A (@, Myw)| = |As (@, HiTlvw)| < elfay]

Loy [Uvwle.
Meanwhile, there holds

Mywlle < flwlle + [Myw —wlle < cljwlls

for some constant ¢ > 0 and sufficiently large N. Therefore, |A. (iix, ITyw)| < |/iy|
— 0 when N — oo. On the other hand,

L7UN||wH3

b(un, Tyw — w) SCN_2|\11N||2||wH2—>O, N — oo.

Moreover, it follows from Lemma 4.3 that

Ac(un, Iyw) — Ac(un, w) = b(ay, Iyw — w).

Hence A.(un,w) — 0, N — oo. Since Ac(-,w) is a bounded linear functional for any fixed
w € U, we have A.(in,w) — A.(@,w), N — co. Therefore, A (@, w) =0, w € U. But U is



1398 CHEN ZhongYing et al.

dense in U, thus A.(@,w) =0, w € U. It follows from the assumption on the homogeneous
equation that @ = 0, hence {ty} weakly converges to 0. By noticing U compactly imbeds into
L3(I), we conclude that {@y} converges to 0 in L(I). Hence by(an, Tyiy) < AMan|* —
0, N — oo. It follows from the definition (5.1) of the norm || - ||z, and ||an|e = 1 that

|Ac (i, Ty N )| < . Consequently,

+A|an|* =0, N — oo,

[ Ae (i, My )| < |Ae (v, Iy i) [0 (v, My iy )| < |2
which contradicts with (5.4).
Theorem 5.2.  Suppose that the homogeneous equation (5.2) has only trivial solution. Let u

and uy be the solutions of (2.1) and (2.4), respectively. Then there are a positive integer Ny

and a positive constant c, such that for any N > Ny, ||u —un|lc < cN~2.
Proof. Tt follows from (2.1) and (2.4) that A, (u—uy, Tywy) =0, wy € Uy. Then it follows
from Lemma 5.1 that for N > Ny

IMyu—unlle< e sup |f1€(HNu—uN,H7VwN)|
wyeUN,|lwn]le=1

e s |A(u - Tyu Ty,
wy€EUN,||lwn|le=1

We let ey := u — IIyu and decompose /L(eN, ITj;wy) into three parts:
fls(eN,vawN) = 52&(61\/,1_[7\,1111\/) +blen,wn) + blen, Mywy — wn).
For the first part, we have from Lemma 4.2 that |a(ey,Ijwn)| < ce7'N7?|wyl2. For the
second part, since ex,wy € H'(I), there holds
[b(en, wn)| < cllenllwnlls < eN7?[lwn]l1,

where the second inequality results from Lemma 3.1. For the third part,

blew, My —wy)|= 3 / (e + ey + ren)(@) [Tivwy — wy) (@)dz

JELN
1/2 1/2
dx) (/ (ITywy — wN)Q(x)dx) .
I.

<3 ([ e

JEZN J J

Similar to the proof of Lemma 4.2, we have [ (z)| < ch3|uls o0 1; for any x € I, hence

1/2
(/ [e;wx)]?da:) < ey Wl
I.

Moreover,
1/2
( [ W —un @)z ) < el
I

where |wy |11, == f] x)]2dx)/2. Tt follows from (3.3) that h3|uls,00,1; < cN 3. Therefore,

1/2
|b(6N,H}‘va —wN)|< cN—3 Z h;/2|U}N|1}1j :CN_3 Z (/ 1dx) |U}N|1}1j

JELN JELN I
1/2

1/2
<CN3< Z /I 1. dx) (Z |wN|in) = cN 7 3|wy|r.

JELN "I JELN
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Summing up the three parts concludes
| Ac(u = Tyu, Mywy)| < eN 72 (elwn |z + N7 wnlh) < eN72flwn ..

Hence the proof is complete.

We remark the assumption that the homogeneous equation has only trivial solution is very
weak. In [11], the authors assumed the coercivity of the bilinear form, which is a strong condition
and results to our assumption. In finite dimensional case, the coercivity corresponds to positive
definiteness, while our assumption corresponds to nonsingularity of the coefficient matrix. In
fact, the effectiveness of Galerkin methods, such as developed in [11], can be concluded with

this much weaker condition.

6 Numerical experiments

We solve in this section with our proposed numerical scheme the reaction—diffusion problem

e2u® 4+ (1 +z(1 —2)u') = f(x), z€(0,1),

The right hand function f is chosen so that the exact solution of the problem

efa:/e + ef(lfw)/e 1) 1— efl/e

_ 201 _ 12
Lo 1/e —|—1+e_1/6x(1 x)+ (1l —x)°.

u(x) :5<

We observe from the expression of u that there are boundary layers near 0 and 1. This equation
has been used as an example in [11], which brings us convenience to compare the numerical
results between our method and the corresponding Galerkin scheme. In order to create the
same mesh as that in [11], we use the generating function h®(z) = e,

We compare the numerical results of our method and Galerkin method in Table 1.

Table 1 Comparison of finite volume method and Galerkin Method

Finite Volume Galerkin Method
c N |lu —unlle Order |lu—un]le Order
63 1.21e-004 1.13e-004
127 2.97e-005 2.00 2.72e-005 2.03
3.905e-3 255 7.18e-006 2.04 6.78e-006 1.99
511 1.77e-006 2.02 1.68e-006 2.01
1026 4.36e-007 2.01 4.17e-007 2.00
63 2.57e-005 1.79e-005
127 4.75e-006 2.40 3.97e-006 2.14
60104e-5 255 1.06e-006 2.15 9.58e-007 2.04
513 2.49e-007 2.07 2.34e-007 2.02
1023 6.14e-008 2.02 5.86e-008 2.01
64 1.86e-005 8.65e-006
126 2.43e-006 3.00 1.33e-006 2.76
3.816e-6 254 3.39e-007 2.80 2.61e-007 2.32
510 6.34e-008 2.41 6.07e-008 2.09

1023 1.42e-008 2.14 1.48e-008 2.02
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We choose three small values for the perturbation parameter € and calculate the errors of the
numerical solutions uy with different values of V. Meanwhile, the numerical errors of Galerkin
method are listed for comparison. We note that the data of Galerkin method are collected from
[11]. It is observed that the two methods have nearly the same accuracy. The “Order” columns

present the convergence order calculated from the numerical errors, the values of which are

||U—UN1|e) (N2)
lo lo ,
g<|u—uN2|5 /g { ,

where N7 and Ny are the two successive numbers of grid points in the table. It is seen that the

created by the formula

values in the columns are even a little better than the theoretical value 2, which is claimed by
Theorem 5.2.
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