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Abstract

We consider the basic problem of learning Single-Index Models with respect to
the square loss under the Gaussian distribution in the presence of adversarial label
noise. Our main contribution is the first computationally efficient algorithm for
this learning task, achieving a constant factor approximation, that succeeds for
the class of all monotone activations with bounded moment of order 2 + (, for
¢ > 0. This class in particular includes all monotone Lipschitz functions and
even discontinuous functions like (possibly biased) halfspaces. Prior work for the
case of unknown activation either does not attain constant factor approximation
or succeeds for a substantially smaller family of activations. The main conceptual
novelty of our approach lies in developing an optimization framework that steps
outside the boundaries of usual gradient methods and instead identifies a useful
vector field to guide the algorithm updates by directly leveraging the problem
structure, properties of Gaussian spaces, and regularity of monotone functions.

1 Introduction

Single-index models (SIMs) [Ich93, HIS01, HMS*04, DJS08, KS09, KKSK11, DH18] represent
a fundamental class of supervised learning models, widely used and studied in machine learning
and statistics. The SIM framework captures scenarios where the output value depends solely on
a one-dimensional projection of the input, i.e., it contains functions of the form f(x) = o(w - x),
where o : R — R is an unknown activation (or link) function, and w € R? is an unknown parameter
vector. While the activation function is generally unknown, it is often assumed to lie in a “well-
behaved” family, e.g., it is monotone and/or Lipschitz. In addition to being well-motivated from
the aspect of applications, such regularity assumptions are also necessary for ensuring statistical
and computational tractability of the underlying learning task. Indeed, without such assumptions,
learning SIMs can be information-theoretically impossible (see, e.g., [ZWDD25]) or computationally
intractable [SZB21]—even for Gaussian data. Classical works [KS09, KKSK11] demonstrated that
SIMs with monotone and Lipschitz activations can be learned efficiently in the realizable case (i.e.,
with clean labels) or zero-mean label noise, under any distribution on the unit ball.

In this paper, we consider the task of learning SIMs in the (more challenging) agnostic model [Hau92,
KSS94], in which the labels may be arbitrarily corrupted and no structural assumptions are made
on the noise. The goal of an agnostic learner for a target class C is to find a predictor that is
competitive with the best function in C. More concretely, let D denote a distribution over labeled
pairs (x,y) € R x R, and let the squared loss of a predictor f : R? — R be given by Lo(f) =
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E (x,,)~p[(f(x) —y)?]. Given access to i.i.d. samples from D, the learner aims to output a hypothesis
with error close to the minimum loss OPT := inf yc¢ £o(f) attainable by any function in the class C.

In our context, the target class C will refer to the class of SIMs with unknown activation and parameter
vector, namely functions of the form f(x) = o(w - x). The only assumptions we make are that the
norm of the parameter (weight) vector is bounded, i.e., |w|2 < W for some W > 0, and that the
activation function belongs to a known family of structured monotone functions. For a pair (w, o)
defining the SIM f(x) = o(w - x), we write L(w; ) = E(x ,)p[(c(W - x) — y)?] to denote the
squared error of f. We now formally define our learning task.

Problem 1.1 (Robustly Learning SIMs). Fix a family F of univariate activations. Let D be a
distribution of (x,y) € R% x R such that its x-marginal Dy is the standard normal. We say that an
algorithm is a C-approximate proper SIM learner, for some C' > 1, if givene > 0, W > 0, and i.i.d.
samples from D, the algorithm outputs an activation & € F and a vector W € R? such that with high
probability it holds Lo(W;5) < C - OPT + ¢, where OPT £ min|w,<w,cer L2(W;0).

The focus of this work is on developing polynomial-time algorithms that achieve a constant factor
approximation to the optimal loss—i.e., C = O(1)—independent of the dimension or any other
problem parameters. Achieving C' = 1 (for the case of Gaussian marginals studied here) is ruled
out by computational hardness results [DKZ20, GGK20, DKPZ21, DKR23]. Moreover, even for a
constant-factor approximation, strong distributional assumptions are required [DKMR22, GGKS23].

Motivated by the pioneering work of [KKSK11], a central open question in the algorithmic theory of
SIMs has been to design an efficient constant-factor approximate SIM learner that succeeds for the
class of monotone and Lipschitz activations. While significant algorithmic progress has been made
on natural special cases of this task [DGK ™20, DKTZ22b, DKTZ22a, ATV23, WZDD23, GGKS23,
ZWDD24, GV24, ZWDD25], the general question has remained open:

Does there exist an efficient constant-factor approximation algorithm
for learning monotone & Lipschitz SIMs under Gaussian inputs?

As our main contribution, we resolve this question in the affirmative.

Theorem 1.2 (Robustly Learning Monotone & Lipschitz SIMs). There exists a universal constant
C > 1 such that the following holds. Let C be the class of all SIMs on R? with a monotone
and L-Lipschitz activation. There is an algorithm that, given ¢ > 0 and W > 0, draws N =
d*poly(1/e, W, L) samples, runs in poly(N) time, and returns a predictor (G, W) such that, with
high probability, Lo(W;5) < COPT +e.

We reiterate that the approximation ratio of our algorithm is a universal constant—independent of the
dimension, the desired accuracy, the Lipschitz constant, and the radius of the space.

It is worth noting that our algorithm does not require the Lipschitz assumption on the unknown
activation. In fact, it applies for the broader class of monotone activations with bounded (2 + ()
moment, for any ¢ > 0 (Corollary 2.4). This in particular implies that the case of Linear Threshold
Functions (LTFs) fits in our class. As pointed out in [ZWDD?25], the bounded moment assumption on
top of monotonicity is essentially information-theoretically necessary (in particular, bounded second
moment alone does not suffice).

Comparison to Prior Work The most directly related prior work is [ZWDD25], which gave an
efficient constant-factor approximate learner for the known activation version of our problem (i.e.,
for a known monotone activation with bounded (2 + ¢) moment). Independently, [GV24] developed
an efficient constant-factor learner for the special case of a general (biased) ReLU. Interestingly, even
for the special case of known activation (e.g., a general LTF or ReLLU), obtaining an efficient constant-
factor approximation for more general structured distributions (beyond the Gaussian) remains open.
The special case of LTFs, where the first such constant factor approximation was obtained in [DKS18],
appears to be a significant bottleneck to go beyond the Gaussian case.

Regarding the SIM version of the problem, prior work either did not achieve a constant-factor approx-
imation or succeeded for a significantly smaller class of activations. Specifically, [GGKS23] gave an
efficient SIM learner for monotone 1-Lipschitz activations, for any distribution with bounded second
moment, with error guarantee O(W+/OPT) + € (under the technical assumption that the labels are
bounded in [0, 1]). In addition to the sub-optimal dependence on OPT, the multiplicative factor inside



the big-O scales with the radius W of the space. Subsequently, [ZWDD24] developed an efficient
constant-factor SIM learner under structured distributions (including the Gaussian), albeit for a much
smaller family of activations. Specifically, for parameters a, b > 0, the activation family considered
in [ZWDD24] contains all functions o : R — R such that |0’(z)| < beverywhere and 0/(2) > a > 0
for z > 0. The final error bound of the algorithm in [ZWDD24] is O (poly(b/a))OPT + €. This
guarantee is vacuous as a — 0, i.e., for the class of monotone b-Lipschitz functions.

1.1 Technical Overview

Before getting to the details of our algorithm and its analysis, we first provide “the big picture” of the
conceptual novelty of our approach. Prior work on agnostic learning of GLMs and SIMs has as one
of its main components a gradient-based algorithm applied to either the square loss [DKTZ22a], its
smoothing [ZWDD?25], or a suitable surrogate [GGKS23, WZDD23, WZDD24, ZWDD24]. Such
approaches are reasonable, considering the long history of gradient-based optimization methods and
their applications in learning. However, the considered problems are not black-box, and if we think
about optimization algorithms as choosing vector fields to guide the algorithm updates, then the
“negative gradient” appearing in gradient-based methods is but one possible choice that could work.

On a conceptual level, our work makes the case for stepping outside the usual boundaries of gradient-
based methods and instead looking to directly design a vector field that can be computed from the
information given to the algorithm and that carries useful information about the location of target
solutions. In the spirit of prior work such as [WZDD23, WZDD24, ZWDD24, ZWDD?25], this useful
information is captured by the alignment of the chosen vector field and a target parameter vector w*.

We point out here that this a rather nontrivial goal: even in the case of GLMs (known activation),
the negative gradient of the square loss (as used in e.g., [DKTZ22a]) or a standard surrogate loss (as
used in e.g., [WZDD23]) can “point in the wrong direction” on some monotone Lipschitz functions
(see the discussion in [ZWDD25]). This issue was addressed in the recent work [ZWDD25] by
demonstrating that the negative (Riemannian) gradient of the squared loss with Gaussian-smoothed
activation, £,(w; o) = (1/(2p)) E(x 4)~p[(y — Tpo(w-x))?], correlates with w* for an appropriate
choice of the smoothing parameter p € (0,1). Here T o, p € (0, 1), is the smoothed activation using
the Ornstein—Uhlenbeck semi-group; see Section 1.2 and Appendix A for details.

Briefly, [ZWDD?25] shows that when w is still far away from the target w*, the Riemannian gradient
~VwLp(W;0) = B y)onl(y — Tpo (W - x))Tpo’ (W - x)x ] = Ex gy onlyTpo! (W - x)x ]!
possesses the ‘gradient alignment’ property, that is (denoting 6 = 6(w, w*)),

~VwL,(w;o) - w* > sin® ng [Teosoo’ (W -x)T 0’ (w - x)] — VOPTsin | T, 0’| L,-
Then, by carefully and adaptively updating the smoothing parameter p so that p = cos@ (for
simplicity, we take p = cosf below), we have —V Leosg(W;0) - w* = sin? ]| Teosgo’||3 —
VOPT sin 0| Teos 0’| 1,,> Which implies that —V y Leos g (W;0) - w* > sin? 0]/ Teos00’||2 when
sin® 2 vVOPT/|| Tcos00’ || 1, in other words, —Vy, Lcos o (W; o) aligns well with the target direction
w* when 6(w, w*) is large. Consequently, [ZWDD25] proved that the algorithm linearly converges
to w* until w is too close to w* (and the alignment condition fails), in which case a COPT + € error
solution is found.

A critical issue arises, however, when trying to adapt the methods from [ZWDD25] to the SIM setting:
the correlation between w* and the Riemannian gradient V L.os g (W; u) becomes uncontrollable,
even if we choose u as the “best-fit” activation given w. To see this, a simple calculation shows that

= VwLeoso(Wiu) - w" = ( ]:;J D[choseU/(w X)XV w
X,y )~
2 5in?0 B [Teospo'(W - X)Teos ot (W - x)] = VOPTsin 0 Teos ot -

Even though it is possible to control the L3 distance between u(z) and o(z) by 6(w, w*) following
similar steps as in [ZWDD?24], it is unclear how to show that T¢osgu’(2) is close to Teos 90’ (2) sO

!x 1™ here denotes the projection of x on the orthogonal complement of w : x> = (I — ww ' )x. Note
that x" is independent of w - x (as x is standard Gaussian), hence Exp, [T,0(w-x)T,0’(w-x)x="] = 0.
’Here, A > B means that there exists a universal positive constant C' so that A > C'B.



that -V L,(w;u) - w* 2 sin? 0| Teos g0’ \\%2 and the arguments of [ZWDD25] can go through.
Intuitively, the smoothing operator T filters out the high-order components of the derivative of
the activation ¢’ in the Hermite basis while keeping only the low-order components. Thus, to ensure
I Teosott” — Teosoo’||L, is small, it necessitates approximating the low degree coefficients of ¢’
(under adversarial noise and without the knowledge of o), imposing formidable technical challenges.
In particular, it is unclear whether prior SIM learning frameworks [KKSK11, ZWDD24, HTY25]—
alternating between the “best-fit” updates for activation u and gradient-style updates for w—can
resolve this issue. Hence, our work represents a departure from this seemingly natural approach.

Alignment with a New Vector Field Our method deviates from prior works in that we no longer
cling to the gradient field of a particular loss function, but rather, we identify a vector field that aligns
with w* without the need to estimate the target function o on the run. Revisiting the correlation
between the gradient of the smoothed L% loss and the target vector w*: —V Leoso(W;0) - w* =
E(x,y)~D[YTcos 00’ (W - x)x % . w*], we observe that the right-hand side of the equation consists
of three parts: the label y, a random variable x% - w* that is independent of w - x, and a function
Teosoo’ (W - x) of w - x that is not available when o is unknown. Critically, we replace the
unknown function T.s 90’ (z) with any function h(z) such that ||h(2)| L, = 1, and we ask: which
function h*(z) maximizes the correlation K (h) = Ex ,)p[yx"h(w - x)] - w*? Let ho(z) =
Teos00'(2)/]| Teos 00’ ||L,- By maximality of h*, we know that the correlation K (h*) is at least
as large as K(ho) = —VwLeoso(W;0) - W*/||Teos0’||L,. indicating the vector field HY, =
E(x,y)~D [yx1Wh*(w - x)] is at least as good as the gradient V Leos 9 (W; o) of the smoothed loss
with respect to the target activation o, after normalization.

In fact, letting v, = (w*)=%/||(w*)1%||2 and w* = cos fw + sin Ov?,, we can write K (h) as:

K(h)= E [yh(w-x)w*-x'%]=sinf E [ E [yv

o -x) |w-xlh(w-x)|.
(x.)~D o LS p ) [ w-x]h(w-x)] . (1)

w
Consider the Ly space of the standard Gaussian random variable w - x equipped with the inner
product {a, b) = Ey.x~ar[a - b]; it is known from duality that (a, b) < ||a||L, ||b|| L, With equality if
a = b almost surely. Hence, the choice h*(w - x) = E[yvy, - x | w - x|/|| E[yvy, - x | w - X]||1,
maximizes Equation (1). Having access to such A* would guarantee that the corresponding update
rule using H}, = E(x ,)p[yx"h*(w - x)] performs at least as well as the gradient descent on the
smoothed loss Losg(W; o)—which is precisely the update of [ZWDD25] used in the case of known
o. Note that by the definition of K (h), we have K (h*) = sin v, - HZ .

There are two obstacles in finding such an 2*: 1) the learner does not have knowledge of w*, and
2) even if the learner knew w*, it would not be possible to estimate h*(z) = E[yvy -x |w-x =
z]/|| Elyv, - x | w - x]||1, on any desired point w - x = z (as the probability of observing a single
point twice is zero). For this reason, we need to consider a different way of finding an update rule.

The Spectral Subroutine For the first obstacle, our critical observation is that instead of estimating
h*, we can approximate the vector HY, directly via spectral methods. Let us define g (z) =

E(x,y)~p[yx"" | w - x = z] and consider the matrix M, = E. x[g} (2)g% () ]. Observe that

* * * * 2 * * *
(VW)TMWVW = xr\ED (x EN,D[:UXLW "V | w- X]) ] = (Vw : Hw)” E[va X | w- X]HLZ
K(h*) K(Teos60")
= E[yvy - . > T TSV T I ByvE - .
Bl xwe e = T Bl x w

where in the last inequality we used the maximality of K (h*). The first equality above also implies
Vi, My, = | E[yvy, - x | w-x]||3; therefore, we have (v, - M3, v3,)Y/? = vi, - Hj,. Since
we know that HY, is at least as aligned with w* as the gradient vector —Vy, Lcos9(W; o) and we
know from [ZWDD25] that K (Tcesg0’) = —VwL,y(W;0) - w* 2 sin? 9||TCOS@U’H2L2 > 0 since
the gradient alignment condition holds, we get that both v, - M, vy, and v, - HY, are far away
from 0. This implies that much of the information on HJ, is contained in v, and, in addition, v,
is contained in the eigenspace of the large eigenvectors of M7, . Furthermore, we show that for any
direction u that is orthogonal to v3,, both u - Mj,u < OPT and Hj, - u < vOPT are small. In
other words, Hj, is almost completely captured by vJ,, and v3, is effectively contained in the space
of the highest eigenvalues. Consequently, HY, is approximated by the top eigenvectors of M, .



Approximation and Regularity of Monotone Functions The second obstacle is to estimate the
function g}, (2) = Ex )~p[yx™™ | w - x = 2] that constructs the matrix M3, . This is not a trivial
task even in the noiseless setting because we are conditioning on a hyperplane that has measure zero
in the space. One would hope that conditioning on small bands suffices for this purpose; namely,
that if w - x € (a,b) with |b — a| = poly(e), then for all z € (a, b) it would be E[yx*v | w - x =
2] ~ BElyxtw | w-x € (a,b)]. Unfortunately, since the labels y are adversarially corrupted, the
adversary could corrupt y for each value of w - x = z —in which case such an approximation would
not yield an accurate estimate. Instead, we proceed as follows: consider restricting h(z) to be a
piecewise-constant function on a fixed set of small bands &; = [a;, a;11),¢ € [I]. We show that the
argument about maximizing K (h) on continuous functions h can be carried out similarly to piecewise

constants. Let h* be the piecewise constant function that maximizes K (h). We further show that
Teosgo’ can be approximated by a fixed value on each band &;. Hence, using a piecewise-constant
approximate function TCOS po’, we have that 0 < K(Tcos90’) = K (Tcosgo’ )< K (%*), and thus
the argument that large eigenvectors of M%, = E. /[ (2)g% (2) '] contain information about H,

can be extended to My, = E.zr[gw (2)gw(2) "], where gy, (2) is the piecewise constant version of
g (z), which can now be efficiently estimated.

Optimization via Random Walk A final obstacle in this approach is that both u and —u are
eigenvectors that correspond to the maximum eigenvalue and we cannot determine whether u or
—u correlates positively with w*. To address this issue, at each iteration, we pick the direction
from {u, —u} at random. Consequently, with probability 1/2, the algorithm will decrease the angle
with w*. Consider the random variable Z; = 6(w(*), w*)—the angle between w; and w*. Let
0* be the largest angle such that if Z; < 6* then Lo(w(");0) < O(OPT) + e. Furthermore, let
6o := O(w(®, w*). Assume without loss of generality that the initialized vector w(°) is not a constant
approximate vector, hence 6y > 6*. Now let 7, = infy{t > 1| Z; < 6*}, i.e., 7y is the first iteration
thathas Z,, < 6*, andlet o = inf,{t > 1| Z; > 6p}. If Pr[r; < 73] > « > 0, then repeating the
process O(1/«) times guarantees that with high probability the event 77 < 7o happens. Note that:
Pr[r; < 7] > Pr[chooses the correct direction for all the T steps until Z; < §*] = 27, We will
show that T’ < log(BL/¢). Thus, we have Pr[r; < 73] > 1/27 = poly(e, 1/B, 1/L). Therefore,
repeating the algorithm 2* = poly(1/e, B, L) times suffices.

1.2 Notation and Preliminaries

Forn € Z,let[n] :== {1,...,n}. We use bold lowercase letters to denote vectors and bold uppercase
letters for matrices. For x € R?, ||x||2 denotes the £o-norm of x. For a matrix M € R?*4, | M|,
denotes the operator norm of M. We use x - y for the dot product of x,y € R and 0(x, y) for the
angle between x,y. We use 1{A} to denote the characteristic function of the set A. For unit vectors
u, v, we use utV to denote the component of u that is orthogonal to v i.e., ultv = (I-— va)u.
S9! denotes the unit sphere in R? and B denotes the unit ball. For (x, ) distributed according to
D, we denote by Dy the marginal distribution of x. We use D ~ to denote the empirical distribution
constructed by N i.i.d. samples from D. We use the standard O(-), ©(-), ©(-) asymptotic notation
and O (+) to omit polylogarithmic factors in the argument. We write E = F for two non-negative
expressions E and F' to denote that there exists some positive universal constant ¢ > 0 such that
E > cF. FE < Fis defined similarly. We write £ ~ F'if E < F and E 2 F. We write £ > F if
there exists a large universal constant C' > 0 such that £ > CF. F < F is similarly defined.

Let (0, I) denote the standard d-dimensional normal distribution. The Lo norm of a function g
with respect to the standard normal is ||g|| 1., = (Ex~[|g(x)|?)'/?], while ||g||1. is the essential
supremum of the absolute value of g. We denote by Lo(N') the vector space of all functions
f : R — R such that || f||z, < co. An important tool for our work is the Ornstein—-Uhlenbeck
semigroup, defined below.

Definition 1.3 (Ornstein—Uhlenbeck Semigroup). Let p € (0, 1). The Ornstein—Uhlenbeck semigroup,
denoted by T ,, is a linear operator that maps a function g € La(N') to the function T ,g defined as:

(Trg9)(x) = Eznnlg(px + /1 = p?2)].



2 Robustly Learning SIMs

We consider distributions D over (x,7) € R? x R with x ~ N(0, 1), and predictors of the form
fw,o(x) = o(w-x), where ||w|| < W and o is monotone. We assume that the target activation o
is e-close to a (B, L)-Regular function, that satisfies the following conditions:

Definition 2.1 ((B, L)-Regular Monotone Activations). Given parameters B, L > 0, we define
the class of (B, L)-Regular activations, denoted by H(B, L), as the class containing all functions
o : R — Rsuch that 1) ||o||L., < Band?2)|0'||, < L. Given € > 0, we define the class of
e-Extended (B, L)-Regular activations, denoted by H¢(B, L), as the class containing all activations
o1 : R —= R for which there exists o5 € H(B, L) such that |0y — 03|, < e

Remark 2.2. Instead of directly enforcing a norm bound ||w|| < W, one can assume that H.(B, L)
that we compete against is chosen so that it contains all the activations o(z) — o(Az) forall A < W.
This lets us focus on the core statistical challenge without separately tracking a norm constraint on w.

Learning with respect to the class of activations H. (B, L) allows us to make the following simplifying
assumption that comes at no loss of generality. We can assume that the labels y are truncated in the
interval [— B, B], and, as a result, we can assume that |y| < B (see Fact A.9). Our main result is that
Algorithm 1 efficiently generates a solution pair that achieves COPT + ¢ error:

Algorithm 1 Main algorithm

Input: Parameters B, L, €, §; Data access (x,y) ~ D, empty set ol

Sint « Tnitialziation[B, €] (Algorithm 2), §%°! + Sini,

Sample N i.i.d. samples {(x(?, y)}Y_| from D and construct Dyy.

for w(®) ¢ S do

for0 € © = {ke/L:k € [L/e|} do

Run SpectralOptimization[d, w(%), D ~| (Algorithm 3) and get S.
Gsol ¢« gsoly G,

(W, ) = Test[S*°!] (Algorithm 5).

Return: (w, u).

WoReRdnh e

Theorem 2.3 (Main Result). Let ¢ > 0 and let B, L > 0. Let D be a distribution over (x,y) € R¢xR
withx ~ N(0,1,). Let (w*,0) € R? x H (B, L) be a pair of vector and monotone activation such
that Lo(w*;0) = OPT. Then Algorithm 1 draws N = d? poly(B, L, 1/¢) samples, it runs in at
most poly (N, d) time, and it returns a vector W and a monotone and Lipschitz activation u : R — R,
such that with probability at least 2/3, it holds that Lo(w;u) < O(OPT) + e

Using the fact that any monotone function o with bounded 2 + ¢ moment E, _xr[|o(2)[?*¢] < B, is
an e-Extended (B, L)-Regular with B, L = poly((B,/¢)'/¢,1/¢) (see Fact A.7), we have:
Corollary 2.4. Lete,( > 0. Let (x,y) ~ D with Dy = N'(0,1). Let w* € R? be a unit vector and
let o be a monotone function with bounded (2 + () moment, i.e., B, /(|0 (2)|?T¢] < By, such that
Lo(w*;0) = OPT. Then, Algorithm I draws N = d?poly((B,/€)*/¢,1/€) samples, runs in at
most poly (N, d) time, and returns a vector W and a monotone and Lipschitz activation . : R — R,
such that with probability at least 2/3, it holds that Lo(w;u) < O(OPT) + e

Note further that monotone L-Lipschitz functions belong to H.(B, L) with B = O(Llog(L/¢)); see
Fact A.7.

The body of the section is organized as follows: in Section 2.1 we prove the correctness of the
initialization subroutine; in Section 2.2 we present the main component of our algorithm, the spectral
subroutine and show that it generates a pair of solution achieving small error; Section 2.3 presents the
proof of the main theorem (Theorem 2.3).

2.1 [Initialization

In this section, we present the initialization algorithm. The goal of our initialization is to find a vector
w(® such that §(w(?), w*) < 1/M, where M is the smallest threshold such that

E [(0(2) — o(M))*1{]2] > M}] < C(OPT +¢)



for some large absolute constant C'; in other words, we can truncate the activation o(z) after
|z| > M without inducing much error. To find such a vector w(®), we design a label transformation
T(y) = 1{y > t} for a carefully chosen threshold ¢ and transform the regression problem to a
robust halfspace learning problem, following the same procedure as in [ZWDD25] (see Section
4.3 of [ZWDD25]). Since (unlike in [ZWDD?25]) o is unknown, neither this threshold ¢ nor the
parameter M are known to the learner. Our workaround is to construct a grid of possible thresholds
t; (we argue at most B/+/e of values in the grid suffice) and argue that with high probability there
exists a threshold ¢* such that the initialization succeeds. We store all the vectors generated by the
initialization algorithm, based on all these thresholds. We find the correct parameter vector in the final
testing stage of the main algorithm. The proof of the following lemma is deferred to Appendix B.

Lemma 2.5 (Initialization). Let o(wW*-x) be a hypothesis that satisfies E(x ,)~p[(y—o(w*-x))?] <
OPT +¢, where o is a non-decreasing e-Extended (B, L)-Regular function. Suppose that no constant
hypothesis, i.e., function of the form o(z) = c for any ¢ € R, is a constant-factor approximate
solution. Let C' > 1 be a large absolute constant and let M > 0 be the smallest parameter such that
E. n[(0(2) — a(M))?1{z > M}] < C(OPT + €). Then Algorithm 2, using O(d/e*log(B/¢))
samples, with probability at least 99%, returns a list S™ of O(B/+/€) vectors that contains a vector
w O such that 6(w®  w*) < min(1/M, r/16).

Algorithm 2 Initialization

1: Input: Parameters B, €; Data access (x,y) ~ D; S < (.

2: fori=1,...,[B/y/e] +1do

3t t; = iy/e, transform the data to D; = (x, 7T (y;t;)) where T (y;t;) = 1{y > t;}.
4:  Run the Robust Halfspace Learning algorithm from Fact B.2, get parameter w ()
5 S« Su{w®dl

6: Return: S.

2.2 The Spectral Subroutine

In this section, we present our main structural result (Proposition 2.6). We show that—even though
the target activation o is unknown—we can identify a vector that has a strong correlation with an
‘ideal descent direction’ v, := (w*)1%/||(w*)=W||5. It is not hard to see that v, can be used to
rotate w towards w*. The vector that we identify is a top eigenvector of a matrix M, that can be
efficiently estimated using sample access to labeled data. We can only identify such a target vector
up to its sign; however, as we argue later, this is sufficient for our argument to go through.

To build up this result, we need the following technical pieces: (1) the spectrum of the matrix My,
contains information on v, i.e., vy, - M vy, is large (Lemma 2.7); (2) All the other directions u that
are orthogonal to v, have small quadratic form value compared to v}, i.e., u-Myu < v, - My vy,
and therefore, the direction v, stands out in the spectrum of the matrix M, (Lemma 2.8); (3) finally,
we argue that the top eigenvector vy, of My, correlates strongly with v, (Lemma 2.9).

Algorithm 3 Spectral Optimization

1: Input: Parameter y; Initialization vector w(%); Empirical Distribution D
2: S5 (), ¢y < O(1 —1/128)%, m; < sin ¢y /8, K < poly(1/e, L) and T < O(log(1/(eL))).
3: fork=1,..., K do
4 fort=0,...,Tdo
~( w® )
5: Let g‘(’izt) B )by X" 1{w® . x €&}, 7€l
6 Compute the empirical matrix M, ) Z§:1 /g\‘(’gzﬂ (giﬁ?t) )T /Prn0)[z € &)l
7 Find the top eigenvector u of ﬁwm, then randomly pick v() from {#u}.
8 wk D projpa (w® — pv®).
0§l Iy kD),
10: Return: S%°'.

Proposition 2.6 (Spectral Alignment). Fix parameters B, L > 0 and € > 0. Let D be a distribution
over (x,y) € RY x R with Dy = N(0,1). Let (w*,0) € R? x H(B, L) be a pair of vector



and monotone activation such that Lo(w*;0) = OPT. If N > d?poly(B, L,1/¢), then with
probability at least 99% the following holds: for any unit vector w € R? satisfying sin 0(w, w*) >
40V OPT/(| T cos g(w,w+)0" || L, the top eigenvector u € R? of the empirical matrix ﬁw returned by
Algorithm 3 satisfies u - w = 0 and |u - w*| > (v/2/2) sin 0(w, w*).

The rest of this subsection develops the machinery required to prove the proposition above. Further
details and complete proofs are deferred to Appendix C.

[ZWDD?25] showed that (Proposition 2.2, [ZWDD25]) given the target activation o, the gradient
vector of the smoothed L3 loss correlates strongly with w*: when sin 6 > 3v/OPT/ | Teos00| L,
VwLeoso(w;0) - w* = E(x ) D[y Teos 90’ (W-x)xV]-w* > (2/3)[| Teos g0’ ||, sin? 6. However,
the structural result above requires the knowledge of o, which is not applicable to our setting. Instead,
we argue that using the vector gy (2) defined below, the top eigenvector of the matrix My, =
E. n0,1)[8w(2)8w(2) '] correlates with the “ideal” update direction v}, := (w*)=% /[[(w*)=%||3:
I 1w
E(x y)~D [yX ]1{W X € 51}}
W = , 1 51 )
gw() Z Priw-x € &] ze&}
i=1 (Grad)
where & = las, ai41) = [-M' + (i — 1A, =M’ +iA), A = /(B*L?);
M’ = O(y\/log(BL/¢)), I = O(M'B?L?/e%) = O(B?L?/€?).
We first show that the target direction v, lies in the space of eigenvectors of large eigenvalues.
Lemma 2.7. Let gy, (2) be the vector defined in (Grad), let My, = B, x[gw(2)gw(2) "], and
vi, = (W)Y /(W)Y 2. Suppose € < OPT and sin® > 4v/OPT/||Teoso0”(2)||1,- Then,

w

(Vi) "M, v, > (1/16) sin? 9||TCOSQO'/||%2.

Proof Sketch of Lemma 2.7. Define the correltation K (h(w - x)) 1= E(x ) oplyw* - x W h(w - x)]
where h(z) € H' = {h: h(z) = Zle hil{z € &}, |bllL, = 1}, and &;,0 = 1,..., 1, are the
same intervals as in the definition of g (z), (Grad). One can show that K (h) can be written as:
K(h(w-x)) = sin0(h(z), vy, - 8w(2)) L. (\(0,1))> Where (-, ) L, (Ar(0,1)) is the inner product defined
on the Lo space with respect to the standard Gaussian measure. Therefore, by the duality of norms in
the Hilbert spaces, we have h*(z) = v, - gw(2)/||VE, - 8w (2)| L, maximizes K (h). Next, observe
that by the definition of M, and gw (%), itholds (Vi) "My Vi = (||[vE -gw(2)| 2,/ sin0) K (h* (w-
x)). Now define Tos90'(2) = Zle Teosoo’ (a;)1{z € &} where & = [a;,a;11) as defined in
(Grad). Then, ho(z) = Teos90’(2)/|| Teos00’||L, € H' and by the maximality of h* we have
(VI)TMvE > (|VE - gw(2)]l 1,/ sin @)K (ho(w - x)). One can show that it holds K (hg(w -
x)) > sin? 0|| Teos00’|| 1, and that ||V - gw(2)]|L, = ((VE)T MyvE )2, Thus, we obtain that
(vi) "My v, 2 sin® 0] Teos 0”12, O

The next lemma shows that any vector u that is orthogonal to v, has a small quadratic form.

Lemma 2.8. For any unit vector u € R4 orthogonal to v¥,, we have u"'M,u < 20PT.

Then we show that the top eigenvector vy, of My, correlates strongly with the target direction vy, .

Lemma 2.9. Let vy, be the top eigenvector of My,. If sinf > 40\/Oﬁ/HTcosga’||L2, then
Vw - VE > /3/2.

What remains is to determine the required number of samples so that we can have an accurate
approximation of M,, which is characterized in the following lemma:

Lemma 2.10 (Sample Complexity). Draw N > d*poly(1/e, B, L) i.i.d. samples from D, and let
ﬁ/y be constructed as in Algorithm 3. Then, with probability at least 99% for all w € S*~1, it holds
Mw — My|2 <e

We can now proceed to the proof sketch of the main structural result (Proposition 2.6).

Proof Sketch of Proposition 2.6. Let § = §(w, w*) and assume that sin § > 40v/OPT||Teos90” || 1, -
In Lemma 2.9 we proved that for any unit vector w, one of the top eigenvectors vy, of M, correlates



with vi: 0(vE, vy) < 7/6. Next, in Lemma 2.10, we proved that using N = O(d?)poly(1/e, B, L)
samples, for any unit vector w, the empirical matrix M,, satisfies ||M — My]||2 < e. Further-
more, one can show that the eigengap of M, is greater than 60¢ (Lemma C.8). Therefore, using
Wedin’s theorem (Fact C.7), we know that for any vector w, the top eigenvector vy, of ﬁw satisfies
0(Vw, Vw) < 1/59, indicating 0(Vy, v3,) < 0(Vw, Vw) + 0(vw, vi,) < m/4. Therefore, let u be
such eigenvector V, of ﬁw that correlates positively with v3;,. Note that by definition of ﬁw, it must
hold u | w. Thus we have u-w* = u-(cos(d)w+sin(0)v%,) = sin(f)u-vi, > (v/2/2)sin(9). O

w

2.3 Proof Sketch of Main Theorem (Theorem 2.3)

Full details are deferred to Appendix D. In this proof sketch, we assume that we are initialized at
the correct w(®) that satisfies 6(w(®), w*) < 1/M, where M is the minimum value that satisfies
E. v[(o(2) — o(M))*1{|z|] > M}] < C(OPT + ¢). In other words, according to Fact A.10,
for any vector w such that O(w,w*) < 0(w(®,w*), it holds E(x ,)p[(y — o(w - x))?] <
COPT + sin29|\Tcosga’||2L2. Denote the angle between w(*) and w* by 0, = O(w(®) w*).
Furthermore, let ¢; = 0(1 — ¢?/32)" and 1, = csing,/4 where ¢ = 1/4 < V/2/2. We
can assume without loss of generality that ¢ < OPT. According to Proposition 2.6, as long
as sinf; > 40v/OPT/||Teoso,0" || 1,, With probability at least 99% the vector v(*) returned
at Line (7) of Algorithm 3 satisfies [v(Y) - w*| > ¢sinf; and v®Y - w(®) = 0. We de-
note by P; the event that v(*) negatively correlates with w*. We consider the following event
R: = {sin; > CVOPT/||Tcos9,0" ||, } where C > 0 is an absolute constant.

We show that conditioning on the events R, Py, t € [T, forall t € T, it holds that ¢; > 0;. We use
induction. By assumption, we have that ¢y > 6. Next, we assume that ¢; > 6;. Let us study the
distance between w(*) and w* after one iteration from ¢ to ¢ + 1. Since v(®) is orthogonal to w® it
must be |[w® —n,v(®||5 > 1, therefore, w(!t1) = projg(w® —n,v(?)). By the non-expansiveness
of the projection operator, we have

(t+1) (®)

— w3 = [[projs(w' — nov ) — w3 < [|w® — v ® — w3

= [lw® = w3 + [V 3 = 2nev O (W) = w*) = [lw ) — W[+ + 20w ()

[[w

Note that ||w®) — w* |2 — [|[w+D) — w*||3 = 2(cos ;11 — cosf;) and using the identity about the
sum of cosines, we have 4 sin((0; 11 — 6;)/2) sin((0;11 + 0;)/2) < n? +2n,v® - w

First, consider the case where 26; > ¢; > 6;. From Proposition 2.6, we have that v).w* < —¢sin 6,
where ¢ > 0 is an absolute constant. Hence, since we chose 7; = csin ¢; /4 it holds 7?7 + 2n,v(®) .
w* < —c?sin ¢ sin 0, /4. Therefore, in this case, 0;11 < 6;, hence sin((0;41 + 6;)/2) < sin6;.
Using the inequality 2/4 < sinx < x for z € (0,7/2), we have ;1 < 0;(1 — c?/32) < dy11.

For the next case where ¢; > 20, if 0,1 < 6, then 0,11 < ¢;11, so we need to consider the case

where 0,1 > 6;. We need to bound the maximum increase of ;1. By the triangle inequality and
the non-expansiveness of the projection operator, it holds

25in(0p41/2) = Wt —wl2 = [[projs(w'®) —n,v® (W) —w*|l < [w® —5v® —w|;
< W — W[z + nl[v |2 = 2sin(6,/2) + csin gy /4 .

From the assumption we have 6; < ¢, /2, therefore, choosing ¢ < 1/4 and since sin(z) < z forx €
(0,7/2) we have that sin(6;1/2) < sin(¢:/4) + csin ¢;/8 < 9¢;/32. Therefore, since (5/8)x <
sinx when = € (0, 7/2) we have sin(6;41/2) > (5/16)6;4+1 and thus, 6,11 < (9/10)¢; < (1 —
c?/32)¢ < ¢¢41. This completes the induction argument that 6,1 < ¢4 1.

Conditioning on the event that all P;’s are satisfied for ¢ € [T, one can show that due to the
contraction of 0y, i.e., 0; < (1 —c?/32)% o < (1 — c?/32)!0,, the algorithm will arrive at a vector W
such that 0 := 0(w, w*) satisfies sin @ < OPT/||T_ 50'||L, inatmostT) < T = C'log(1/(Le))
iterations, for some large absolute value C”. This implies that W satisfies E(x ,)p[(y—0(W-x))?] <
COPT + €. Let T7 < T be the first time that R; is not satisfied.

Next, we need to bound the probability that all P, (correct direction choices) are satisfied. The events
P, are independent, and each occurs with probability at least 1/2. The probability of T3 such events



occurring is at least (1/2)71. Since Ty < T = O(log(L/e)), this probability is bounded below by
8" = (1/2)T = poly(e, 1/L). If we rerun the algorithm K = O((1/8")log(1/6)) times (Line 3 of
Algorithm 3), by standard Chernoff bounds, with probability at least 1 — §, there will be at least one
run where all P, are satisfied for all t € [T}].

Next, we show that given all the constructed candidate solutions, the testing subroutine (Algorithm 5)
with high probability returns an activation and direction pair that achieves O(OPT) + € error.

Lemma 2.11 (Learning the Predictor and Testing). Algorithm 5 given n = poly(B, L, 1/¢) samples
and a set S of poly(B, L, 1/¢) vectors, with probability at least 99% returns a solution pair
(lig, W), with Ui being Lipschitz and monotone, and W € S*°', such that E(x,y)~p[(Ug(W - x) —
y)?] < C ming e gsot B(x,y)~p[(0(W - X) — y)?] + € for some universal constant C.

Using Lemma 2.11 and the fact that there exists W € 5! that satisfies E(x ) p[(y — o(W -
x))?] < COPT + ¢, Algorithm 5 with n = poly(B, L, 1/¢) new samples returns with probability
at least 99% a solution pair (7, W) where 7ig is Lipschitz and monotone and w € S*°! such that
E(x,y)~p (% (W - x) — y)?] < COPT + €. This completes the proof.

3 Conclusions and Future Directions

This work resolves a recognized open problem in the algorithmic theory of learning SIMs, by devel-
oping the first polynomial-time, constant-factor robust SIM learner for monotone activations under
Gaussian inputs. At the technical level, our alignment-based spectral framework bypasses the limita-
tions of gradient-based methods and leads to a constant-factor approximation ratio—independent
of dimension, radius of optimization, or noise level. An interesting direction for future work is to
generalize our algorithmic guarantees beyond Gaussian marginals, e.g., to all isotropic log-concave
distributions. This question is open even for agnostic learning of a general (i.e., with arbitrary bias)
halfspace or ReLU, where all known efficient constant-factor learners critically leverage Gaussianity.
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Appendix

Organization The appendix is organized as follows: in Appendix A we present basic properties of
the Ornstein—Uhlenbeck-semigroup and discuss the (e-Extended) (B, L)-Regular activation class; in
Appendix B we provide omitted details and proofs of Section 2.1; in Appendix C we provide the the
full version of Section 2.2 on the spectral subroutine; in Appendix D we complete the details omitted
from Section 2.3 on the proof of the main theorem Theorem 2.3.

A Technical Backgroound

A.1 Ornstein—Uhlenbeck Semigroup

The Ornstein—Uhlenbeck semigroup is extensively used in our work. Let us first give a formal
definition of the Ornstein—Uhlenbeck semigroup and then record the properties that will be used
frequently throughout this paper.

Definition A.1 (Ornstein-Uhlenbeck Semigroup). Let p € (0,1), g € Lo(N). The Orn-
stein—Uhlenbeck semigroup, denoted by T, is a linear operator that maps g € Lo(N) to the
Sfunction T, g defined as:

(To0)x) = E_|g(px+ V1= p2)] .
For simplicity of notation, we write T ,g(x) instead of (T ,g)(x).

The following fact summarizes useful properties of the Ornstein—Uhlenbeck semigroup.
Fact A.2 (see, e.g., [Bog98, O’D14]). Let f, g € La(N).

1. Forany f,g € Ly and anyt > 0, Ex n[(Ttf(x))9(x)] = Exon[(Trg(x)) f(x)] .
2. Forany g : R = R, g € Lo, all of the following statements hold.

(a) Foranyt,s >0, T, Tsg = Tyg.

(b) Forany p € (0,1), T,g(x) is differentiable at every point x € R

(c) Forany p € (0,1), T,g(x) is ||g||r.. /(1 — p?)*/?-Lipschitz, i.e.,
gl /(1 — )72, ¥ix € R,

(d) Forany p € (0,1), T,g(x) € C*.

(e) Forany p > 1, T, is nonexpansive with respect to the norm || - ||, i.e., | T,g||z, <
9llz,-

(f) IT,9(x)||L, is non-decreasing w.r.t. p.

(g) If g is, in addition, a differentiable function, then for all p € (0, 1), it holds that:
VxT,9(x) = pT,Vxg(x), for any x € R%

VTo9(X)|lre <

The Ornstein-Uhlenbeck semigroup induces an operator L applying to functions f € Lo (N'), defined
below.
Definition A.3 (Definition 11.24 in [O’D14]). The Ornstein—Uhlenbeck operator is a linear operator

that applies to functions f € Lo(N), defined by Lf = dg; f |p=1, provided that Lf exists.

Fact A4 ([O'D14]). Let f,g € Lo(N), p € (0,1). Then:

1. ([Proposition 11.27]) dg;f =1LT,f = 1T,Lf.

2. ([Proposition 11.28]) Exn [f(x)LT,9(x)] = Exn [V f(x)VT,g(x)].
The following fact from [ZWDD25] shows that the error incurred by smoothing is controlled by the
smoothing parameter p and the L3 norm of the gradient:

Fact A.5 (Lemma B.5 in [ZWDD25]). Let f € La(N) be a continuous and (almost everywhere)
differentiable function. Then Ex n[(T,f(x) — f(x))?] < 3(1 — p) Exn[[|VF(x)]|3]-
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A.2 Regular Activations

Our main algorithm robustly learns SIMs whose activations are monotone and approximately regular.
The definition of regularity and approximate regularity is given below.

Definition A.6 ((B, L)-Regular Activations, Definition 3.1 of [ZWDD25]). Given parameters
B,L > 0, we define the class of (B, L)-Regular activations, denoted by H(B, L), as the class
containing all functions 0 : R — R such that 1) ||o||L., < B and 2) ||0'||L, < L. Given
e > 0, we define the class of e-Extended (B, L)-Regular activations, denoted by H.(B, L), as
the class cgntaining all activations o1 : R — R for which there exists oo € H(B, L) such that
oy —o2ll7, <e

Examples of Monotone Regular Activations The class of Monotone e-extended (B, L)-regular
activations is a broad family of functions, with illustrative examples provided in the fact below.

Fact A.7 (Examples of e-Extended Regular Functions (Lemmas C.9 and C.12 in [ZWDD25])). The
following function classes are e-Extended Regular:

1. If o satisfies E,.x[0(2)*°] < B, for some ( > 0 and o is monotone, then o €
H(c1D, coD* /%) where D = (B, /4€)Y/< and ¢, ¢y are absolute constants.

2. If o is b-Lipschitz and recentered so that o(0) = 0, then o € H,(cblog"/*(b/€),b), where ¢
is an absolute constant.

3. Ifoc =01+ ®, where oy € H(B, L),

®(z)| < A and

O(z) =Y Ail{z>t;} + Ag: Ag € R; A; > 0,V € [m];m < o0

i=1
thend € H (B + A, L + max{A2L/\/e, A*/e}).
In particular, using Fact A.7, it follows that
1. General ReLUs o(z) = max{0,z + t}, t € R are regular; namely, o €
He(clog'?(1/e€),1);
2. General Halfspaces o(z) = 1{z +t > 0}, t € R, are regular; namely, o € H.(1,1/e).
In the next lemma, we show that, in fact, all monotone functions f € Ly (AN) are e-Extended (B, L)-
Regular. However, the parameters B(¢), L(¢) depend on f and €, which might not be a polynomial

of 1/e. Therefore, the lemma below does not violate the information-theoretic lower bound in
[ZWDD25].

Lemma A.8. Ler f be a monotone activation in Ly(N). Then, for any € > 0, there exists C(€) > 0
so that f € Hea(poly(C(e)/e€), poly(C(e)/e)).

Proof of Lemma A.8. Using the assumption that f € Ly(N'), we have that || f||7, < ¢ < oo for
some ¢ > (. Therefore, we have that

1712, = / T Pr(f2(2) > )t < e

Note that the function Pr[f2(z) > t] is a nonnegative function of ¢. Therefore the sequence
an = fon Pr[f%(z) > t|dt is non-decreasing for any n € N and by assumption the limit of the
sequence a,, as n — oo exists. Therefore from the definition of the convergence of the limits, for any
¢’ € (0,1) there exists nes € N so that for any n > n., we have

/ooPr[fQ(z)zt]dt: /OOOPr[fz(z)zt}dt—/OnPr[fQ(z)zt]dt <.
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Furthermore, note that for fo = sign(f) min(|f], |f(ne)|), we have that
I = Rall3, = / Pr[f(2) - fo()P > t)dt
0
- / Pr(|f(2) — fo(2)2 > £, |f] > |f(n) ]t

oo
< / Pr(f(z)? > t]dt < ¢ .
n
By applying Part 1 of Fact A.7 to f and choose €/ = €/2, we get the result for C'(¢) = | fa(ne)|. O

Truncation of Regular Activations For a target activation o € H.(B, L), we can make simplifying
assumptions that come at no loss of generality. The first assumption is that there exists a finite
parameter M such that outside the interval [—M, M], the derivative ¢’ of the target activation o is
zero. In this case, we call the interval [— M, M] the support of o’ and say the support of ¢’ is bounded
by M. Another way of viewing this assumption is as saying that o is “capped” (or truncated) at
o(M). It turns out that such a truncation ensures all O(OPT) solutions are unaffected. Similarly, the
labels can be truncated in the interval [— B, B], and, as a result, we can assume w.l.o.g. that |y| < B.

A formal statement is provided below.

Fact A.9 (Lemma C.6, C.7 in [ZWDD?25]). Suppose that the target activation o € H (B, L). Let
y = sign(y) min{|y|, B}. Then, E(x ,).p[(§ — o(w* - x))?] < OPT + € and for any W such that
E(x,y)~p[(§ = 0(W - x))?] = O(OPT) + ¢, we have Ex,))p[(y — o(W - x))?] = O(OPT) + .

Moreover, there exists & € H(B, L) such that |G — o||7, < € with support of ' bounded by
M < \/2log(4B2?/e) — loglog(4B?/e). If W satisfies Ex ,)p[(y — (W - x))?] < O(OPT) +¢,
then also E(x y)p|(y — o(W - x))?] < O(OPT) + €. Thus, one can replace o with G and y by §,
and assume w.l.0.g. that the support of o' is bounded by M and |y| < B.

Error Bound In the next fact, we show that for any function o € H.(B, L), we can bound the L3
loss Lo(w; o) at vector w by sin? 0] Teos 90’ ||7,,» where 6 == 6(w, w*).

Fact A.10 (Error Bound, Lemma D.8 + Proposition 4.5 in [ZWDD25]). Suppose that

Ex ~pl(c(Ww* - x) — y)?] = OPT holds for a monotone activation 0 € H.(B,L) and a
unit vector w* € R and suppose the support of o' is bounded by M > 0. Given any unit
vector w € RY, let 0 = O(w,w"*). Then, if 0 < c¢/M for an absolute constant c, we have

E(x)~pl(0(W - x) = y)?] < COPT + C'sin® 0||Teos 90’ ||3,, for a universal constant C > 1.

B Omitted Proofs and Details from Section 2.1

Note that the methodology of our initialization algorithm is to find a threshold ¢ such that after
transforming the labels y to 7 (y,t) = 1{y > t}, we can reduce the regression problem to a robust
halfspace learning problem and find a vector w(®) satisfying (w(®), w) < 1/M via the robust
halfspace learning algorithm from [DKTZ22b], where M > 0 is the smallest parameter such that
E. nv[(o(z) — o(M))?1{]z| > M}] < C(OPT + ). The following fact guarantees the existence
of a target threshold that ensures the desired initialization.

Fact B.1 (Proposition F.19 and Lemma F.21 in [ZWDD25]). Let o(w™* - x) be an optimal hypothesis
that satisfies E(x y)~p[(y — o(w* - x))?] < € for €g := OPT + € > 0, where o is a non-decreasing
e-Extended (B, L)-regular function. Suppose the constant hypothesis o(z) = c is not a constant
factor approximate solution for any ¢ € R. Let C; > 0 be a sufficiently large absolute constant.
Then there exists a minimum M > O that satisfies ||(0(z) — o(M))1{z > M}||7, < Cieq, such that

Prii{y > o(M)} # 1{w* - x > M}] < Pr[w* - x > M]/Cs, where Co = /C1/5.
Suppose we are given the threshold ¢ = o(M) with M being the minimum value satisfying Fact B.1.

After transforming the labels to § = T (y;t) = 1{y > t}, we can apply the algorithm from
[DKTZ22b, ZWDD25] to find a vector w” such that (w’, w*) < 1/M.
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Fact B.2 (Proposition F.19, Fact F.20 in [ZWDD25]). Let h*(x) = 1{w*-x > M} be a target Gaus-
sian halfspace, i.e., x ~ Dy and Dy is a standard Gaussian distribution. Let (x, ) ~ D be a distribu-
tion of labeled samples with OPT'- adversarial label noise—meaning that Pr[jj # h*(x)] < OPT/,
with the noise rate satisfying OPT' < (1/Cy)(exp(—M?/2)/M) =~ (1/C3) Pr|h*(x) = 1], where
Cs is a large absolute constant. Then, there is an algorithm that uses O(d/e* log(1/6)) samples and
returns with probability at least 1 — § a vector w such that (w, w*) < min(7/16,1/M).

Therefore, what remains is to find such a threshold ¢. Since the target activation o is unknown, it is
not possible to find M and calculate Pr[z > M] and estimate Pr[1{y > (M)} # 1{z > M}].
Our strategy is to show that we can discretize the labels y and the target activation o so that they only
take a small number of values, which then implies that the target threshold ¢ = o (M) must be an
element of a small set. Then, we can brute force iterates through all the possible values (we show
there are polynomially many), and run the robust halfspace learning algorithm from Fact B.2 on each
of the label transformations 7 (y; t;), t; = i1/e. Formally, we have:

Claim B.3. Suppose ||y — o(w* - x)||7, < €o for some ey > 0. Define the truncation operator
trunc(-) by trunc(z) = —B + i\/e if z € [iv/e, (i + 1)\/€), i € [2B/+/€]l. Then |trunc(y) —
trunc(o(w* - x))[|7, < 9(eo + €).

Proof. Since o is (B, L)-regular (thus ||o||z_. < B) and since w.l.o.g. |y| < B (Fact A.9), we have
[[trunc(y) — y|lz, < y/€o and [|o(w* - x) — trunc(o(w* - x))||z, < |/€o. Direct calculation yields:

Itrunc(y) — trunc(o(w* - x))||L, = ||trunc(y) —y +y — o(Ww™ - x) + (W™ - x) — trunc(o(w”
< 2Ve+ Ve,
Thus, we have [[trunc(y) — trunc(o(w* - x)) |7, < 9(e + o). O

Now we prove Lemma 2.5, restated below.

Lemma 2.5 (Initialization). Let o(wW*-x) be a hypothesis that satisfies E(x )~p[(y—o(w*-x))?] <
OPT +¢, where o is a non-decreasing e-Extended (B, L)-Regular function. Suppose that no constant
hypothesis, i.e., function of the form o(z) = c for any ¢ € R, is a constant-factor approximate
solution. Let C' > 1 be a large absolute constant and let M > 0 be the smallest parameter such that
E. nv[(0(2) —o(M))*1{z > M}] < C(OPT + ¢). Then Algorithm 2, using O(d/e*log(B/¢))
samples, with probability at least 99%, returns a list S™ of O(B /+/€) vectors that contains a vector
w0 such that 9(w®), w*) < min(1/M, /16).

Proof of Lemma 2.5. By Claim B.3, we can discretize the labels and the target activation ¢ so that
it only takes a finite number of values: i\/e, i € [[2B/+/€]| + 1], while only inducing a small error.

By Fact B.1, there exits a threshold ¢ € {i\ﬁ}fi/oﬁ so that E.x[(0(2) — t)?1{o(2) > t}] <
C(OPT +¢) and Pr[1{y > ¢t} # 1{oc(w* - x) > t}] < Pr[o(w* - x) > t]/Cy, where C, C; are
large absolute constants. Then by Fact B.2 we know that using the algorithm from [DKTZ22b] we
will obtain a vector w such that 6(w, w*) < 1/M where M = o~ 1(t). The algorithm requires
O(d/e?log(1/4")) samples to return such a vector with probability 1 —¢’. Since we run the algorithm
B/+/¢€ times, let 6’ = /ed/B, and after a union bound we get that with O(d/€*log(B/(ed)))
samples, the algorithm succeeds with probability 1 — ¢ for all the iterations. Setting § = 0.01
completes the proof. O

C Full Version of Section 2.2

In this section, we present and prove our main structural result (Proposition C.1). We show that—even
though the target activation o is unknown—we can identify a vector that has a strong correlation with
an ‘ideal descent direction’ v, := (w*)1%/||(w*)-W||5. It is not hard to see that v, can be used to
rotate w towards w*. The vector that we identify is a top eigenvector of a matrix My, that can be
efficiently estimated using sample access to labeled data. We can only identify such a target vector
up to its sign; however, as we argue later, this is sufficient for our argument to go through.

To build up this result, we need the following technical pieces: (1) the spectrum of the matrix M,
contains information on v3,, i.e., v, - My, V5, is large (Lemma C.3); (2) All the other directions u that
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are orthogonal to v, have small quadratic form value compared to v}, i.e., u-Myu < v, - My vy,
and therefore, the direction v, stands out in the spectrum of the matrix My, (Lemma C.5); (3) finally,
we argue that the top eigenvector vy, of My, correlates strongly with v, (Lemma C.6).

Algorithm 4 Spectral Optimization

Input: Parameter 6; Initialization vector w(®); Empirical Distribution D N

1:
2: S0l ), d)t — 0(1—1/128)%, n; + sin ¢, /8, K + poly(1/e, L) and T + O(log(1/(eL))).
3fork=1,...,Kdo
4 for t = 0 ., T do
w® : :
5: Let g( 2t> —Eopy vx ™ H{w x e &}, j € [1].
6 Compute the empirical matrix Mwm — Z] 1 g‘(i()t) (/g\‘(iZt))T/PerN(O,l) [z € &].
7 Find the top eigenvector u of Mwm , then randomly pick v(*) from {£u}.
8 wk D) projpa (w® — pv®).
9 gsol . gsol | {W k+1)}

10: Return: S%°!.

Proposition C.1 (Spectral Alignment). Fix parameters B, L > 0 and ¢ > 0. Let D be a distribution
over (x,y) € R? x R with Dx = N(0,1,). Let (w*,0) € S*! x H.(B, L) be a pair of unit
vector and monotone activation such that Lo(w*;0) = OPT. If N > d*poly(B, L, 1/¢), then with
probability at least 99% the following holds: for any unit vector w € R satisfying sin 0(w, w ) >
40V OPT/(|Tcos g(w,w+)0' || L, the top (unit) eigenvector u & R? of the empirical matrix M
returned by Algorithm 4 satisfies u - w = 0 and |u - w*| > (v/2/2) sin 0(w, w*).

The rest of this subsection is as follows: Appendix C.1 develops the machinery required to prove
Proposition C.1. We prove Proposition C.1 in Appendix C.2. In Appendix C.3, we determine the
sample complexity for the spectral subroutine.

C.1 Technical Machinery for Proposition C.1

We start with the following fact from [ZWDD25] showing that given the target activation o, the
gradient vector of the smoothed L3 loss correlates strongly with w*:

Fact C.2 (Proposition 2.2, [ZWDD?25]). Fix an activation ¢ : R — R. Fix vectors w*,w €
St such that Exypl(y — o(w* - x))?] = OPT and let 0 = 6(w*,w). If sinf >
3VOPT/||Teoso0’ || 1, then:

( I? D[chong/(W Sx)x Y] wt > (2/3)HTCOSQJ/”%2 sin? 6.
x,y)~

The structural result above relies heavily on the knowledge of the target activation ¢ and is thus not
applicable to our setting. Instead, we argue (Lemma C.6) that using the vector g (z) defined below,
the top eigenvector of the matrix My, = E,nr(0,1,)[8w (W - 2)gw (W - z) "], correlates with the
“ideal” update direction v, = (w*)=W/||(w*)

EI: E(xy)plyx " I{w - x € &}]
PI‘[W X E SL]

gw(z) = 1{z € &},
i=1
& = [as ain1) = [~ M + (i — 1)A, —M' +iA), A = &/(B2r?); (Orad)
where M’ = O(y/log(BL/¢)) satisfies Pr,nr[|z| > M'] < €2/(B2L?);
I =0(M'B?L?/e?) = O(B2?L?/é?).

Denote Ex ,)p[yx™" | w - x € &] = Ex pyoplyx " 1{w - x € &}]/Prlw - x € £], so that
gw(z) can be written as gw (2) = >, E(x y)~p[yx™" | w - x € &]1{z € &}. We note that for any

zininterval &;, gw(2) = E(x y)~p [yx+W | w-x € &), i.e., itis a fixed vector that only depends on
w.

First, we show that the quadratic form (v,) T M, v, with respect to the target vector v, is large.
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Lemma C.3. Let g, () be the vector defined in (Grad), let My, = B, n[gw(2)gw(2) ], and
vi, = (W)Y /(W)Y |2, Suppose € < OPT and sin > 4v/OPT/||Teoso0”(2)|| 1, Then,
(Vi) TMg, v, > (1/16) sin? 9||TCO590'||%2.

w

Proof. Observe that v, sin @ = (w*)1". Consider the following quantity:

K(h(w-x)):= (xj:;JND[yw* SxVh(w - x)].

Define the function class H’ by

I
H = {h :R—R ‘ h(Z) = Zhlﬂ{z S gi}, Hh||L2 = 1},
=1

where £;,7 = 1, ..., 1, are the same intervals as in the definition of g (z), (Grad). Our goal is to
find h € H’ that maximizes K (h(w - x)). Observe that for h € H’, K (h(w - x)) can be written as

I
K(h(w-x))= E [yw*-xJ‘WZhi]l{w~x€5i}]

~D
(xv) P

T
@ Z h;sin 6 x y]:;)ND[y(v:v -x)I{w -x € &}]
i=1 ’

DN, sin9<v3v B x| w-x € 51‘]) Priw-x ¢ &]
=1

x,y)~D
I
= Z h; sin@(v:, g ]*;‘4 D[ny‘w |w-x € 82]) Pr[z € &] 3)
i=1 oy

I
() . , * Lw , ,
= meZPN |:Z (hz]l{z € 51}) (Vw . ( E [yxV|w-xe&l{ze 51}>:|

~D
] x,y)

=sinf B [h(z)(vjv ' gw(z))] = Sine<h(2)’vjV 'gW(Z)>L2(N(0~,1))7

where (i) is by w* - xtW = (W)W . xtW = v* . x!Wsin6, (i) is by the definition of
Ex ) ~plyxt" | w-x € &), (iii) isby Pr[z € &] = Exup, [1{z € &}] = E..x[(1{z € &})?]
and an appropriate grouping of terms, and the remaining inequalities use the definition of the inner
product and that w-z ~ A(0, 1). Because K (h(w-x)) is an inner product in the space of L (N') func-
tions, from the Ly norm (self-)duality, this is maximized for h(z) = (gw(2) - Vi )/lI8w(2) - Vil L,-

Now we study (v,) My v, Using the result that K (h(w - x)) is maximized at h*(z) = v, -

gw(2)/|IvE - gw(2)||L, from the discussion above, and recalling that Pry.p [w -x € &;] =
Pr..n[z € &;] (since x follows the standard Gaussian distribution), we have that

V) MV = E [l v @

I

(X5 ot % wxeaniee)

E
2~ N ‘
i=1

I 2

= E viox)|w-x €& E [1{z €&
;( LB i) ) Blitzes)
I 2

=30 (Vi B [wexegl) Prce
P (x,y)~D

— MK@*(W - x)) )

sin 6 ’
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where in the last equality we used (3) and that b} = v,

w By enlyx™ | wex € E]/||vs, -
8w (2)||L, by the definition of h*(2). Let us define

N I
Teosoo’ (2) = ZTCOSQU’(ai)]l{Z €&} (6)

i=1
Recall that we have defined a; as the left endpoint of the interval & = [a;, a;+1) in (Grad). We show

that Teoe g0’ (w - x) is close to Teos 90’ (W - X) pointwise.

Claim C.4. Suppose sin0||Tcos00'|| L, 2 VOPT and e < OPT. Consider the piecewise constant

Junction T.os90’ (2) defined in Equation (6), with the intervals &;, i € [I], and parameter M’
following the construction in (Grad). Then,

‘Tcos@al('z) - Tcos90/(z)|ﬂ{z € [_M/»M/]} < €/B§
‘HTCOSﬁ)U,(Z)HLz - ||Tcos€0/(z)”Lz| <e.

Proof of Claim C.4. By Fact A.2 part (c), we know that for any p € (0,1), ||(T,f(2))||z.. <

Il fll../v/1— p?. In addition, by Fact A.2 part (a) we have Teos90'(2) = T, /o555(T, o5550" (2))-
Therefore we claim that Teos 90’ (2) is a Lipschitz function:

< Mg Gllze @ I(Tyeego () [z

TCOS / !/ — T T /! I S

ITeano () = Wl o () s < L2t O et P o
3 o)z W _ B
~ V2cos0sin(0/2)y/1 —cosf ~ 2sin?(0/2)v/cos’

where in (i) we applied Fact A.2 part (g) and the fact that 1 — cos @ = 2sin?(#/2) and in (ii) we
used the fact that ||o||_. < B since o is e-Extended (B, L)-regular. Furthermore, note that by
our assumption that sin 6 > vOPT/||Tcosgo” |2, we have sin® 6 > OPT/||Teos90’||7,. Using
the fact that || T, f H%2 is an non-decreasing function with respect to p (Fact A.2, (f)), we have
[Teoso0’ |7, < |lo’[|7, < L?, again by the assumption that o is e-Extended (B, L)-Regular. Hence
sin? 6 > OPT / L2, Finally, our initialization subroutine guarantees that cos # > ¢ for some small
absolute constant ¢ > 0. Therefore, in summary, we obtain that ||(Tcos90”(2)) ||, < BL?/OPT.

Now for any i € [I], let z € [a;, a;+1) be any value in the interval &;. Since we have proved in the
last paragraph that Teos90”(2) is O(BL? /OPT)-Lipschitz, we have that there exists a sufficiently
large absolute constant C’ such that

ITeos 00" (2) — Teoso0” (a;)| < C'BL?*/OPT|z — a;| < (C'BL*/OPT)(¢?/(CB?*L?)) < ¢/B.
Note that in the last inequality we used (by the definition of &; = [a;, a;+1) in (Grad)) that a; 1 —a; =
A < €2/(CB?L?), where C' > (" is a sufficiently large absolute constant. Therefore, we conclude
that |Teos 00’ (2) — Teos00’ (2)|1{z € [-M', M']} < ¢/B, proving the first part of the claim.

For the second part of the claim, note first that

”TcosQUI(Z) - TcosHU,(Z)”Lz < ||(Tcos€01(z) - TcosQU,(Z))ﬂ{Z € [*M/aM/]}”Lz
+ | Teoso0” (2)14{]2] > M'}|L, -

Using the first part of the claim, we obtain ||(Teos90” (2) — Teos9o' (2))1{z € [-M', M'}||L, < €.
Now applying Fact A.2(c) again we have || Teosg0’ ||, < B/(cos8sin ). We have argued in the
previous paragraph that sin > vOPT/L > \/e/L and cos § > ¢ for some small absolute constant
¢ under our assumptions. Therefore, | Teoso0’ |1, S BL/+v/e. Since M’ = O(y/log(BL/¢)) is

chosen such that Pr[|z| > M’] < ¢2/(CBL)? for a large absolute constant C, where z is a standard
Gaussian random variable, we have

E [(Teos00'(2))1{]2] = M}] < (B*L?/€) Pr([z| > M'] < e.

Therefore, it holds ||| Teos 00" (2)|| £, — || Teos 00" (2) |1, | < 2e. O
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Now observe that since Tooe ga’(z)/H’]N.“COS 00’ ||, € H', we have that
K(h*(w-x)) > K(Tcos 9‘7/(W ’ X)/”Tcos@OJHLz) )
which implies (from Equation (4))

V:;v c8wlZ)|| Ly o~ T
Bt g ey 0 o030 oo 12)

Ve - 8w(2)]lL,

| Teos 60" 1, $in 6 = (x9)~D

vi -Myvi >

w -

[y(w*  xT)Teos o’ (a)M{w -x € &Y. (7)

Note that by the definition of M, we have (v) "My vi, = E.on[(VE - gw(2)?] = llgw(2) -
vjv||2L2. Furthermore, as we have shown in Claim C.4, it holds ||Tcosga’||,;2 < [ Teoso0” ||y + €
and note that we have 3\/e < 3vVOPT < ||Teos00’|| L, (since we have assumed 1 > sinf >
3v/OPT/||Teos 90| 1,). Thus, for small ¢ it holds v/¢ < || Teos 60”|| ., and we obtain || Teos 90" ||, <
2| Teoso0’ || 1, Using that [|g(z) - v, |lL, = (Vi - N[wv;kv)l/2 and HTcos@UIHLz < 2| Teoso0’|| L,
into Equation (7) yields

(Ve - Mivy,)'/?

! E
~ 2sin || Teos 00’ (2)|| Lo —~ (xy)~D

I

[y(W* - X %) Teos 90’ (@) 1{w - x € &}

I
1
=~ 54 E W x YY) (Teos o0 (W - x))1{w - x € &
2Sln0HTCOSHJI(Z)HL2;(x,y)ND[y( )(Teos o0’ ( NI }

(Q1)

1 1

_ E Vi X)(Teos00” (a;) — Teosoo’ (W - x))1{w - x € &}].
Moo ()3 2 (i y( ) (a;) (w-x))1{ }]

(Q2)
(®)

For the term (Q1), we apply Fact C.2 and obtain

Q)= E [y(w" x™")Teoso0’ (w-x)1{|w - x| < M'}]
(x:y)~D

> (2/3) sin® 0| Teos o0’ ||7, - ]5)) D[y(w* XYY T s g0’ (W - x)1{|w - x| > M'}]
X, Y )~

> (2/3)5i02 0] Teosoo' |, ~ B_E (Vi xl] B [[sin0Teos0’(w )| 1{[w x| > M},

X~ Dy

where in the second inequality we used |y| < B and v, sin @ = (w*)1". Using the Cauchy-Schwarz
inequality further yields

E [|sin0Tcos90’ (W - x)|[1{|w-x| > M'}] < sinﬁ\/wab [(Teosoo’(2))?] Pr[|w - x| > M’]

x~Dy

< sin || Teos90’|| 1, (€/(CBL)),

where we used the fact that M’ satisfies Pr[|z| > M'] < €2/(CBL)? for some large absolute

constant C; see the definition of M’ in (Grad). When sin || Teosg0’||r, = 3VOPT > 3./,
since C' is a large absolute constant and L is a constant larger than 1, we have ¢/(CBL) <
(1/24B) sin 6||Teos 90’ || 1, Therefore, it holds

w

Q) > (2/3) 50 0] Teon0' I, — B_E [[vi, - x[|(1/24B) sin 6] Teow o0 |3,

> (7/12) sin? || Teos 90" |12, -
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For the term (Q2), using Claim C.4 again we have
I
(@)D B [Iylvi, Xl Teos0"(a5) = Teoso0’(w - x)|1{w - x € E1}]

i=1

I
< * "(a:) — ! . . .
_;Bxgxnvw x|| B [Teos00"(ai) = Teoso0” (w - X)[1{w - x € £i}]
M
<> B(¢/B)Pr[z €] <
i=1

Since € < OPT < (1/12) sin® 0| Teos 90’ ||, we obtain that [(Q2)] < (1/12)sin 6]| Teos oo’ |12,
Plugging (@)1), (Q2) back into Equation (8) yields:
7 1 1
(v, - 1\/IV‘,V;’;‘,)1/2 > 21 sin || Teos00” ||, — 21 sin? 0| Teos 00" || L, > 1 sin || Teos 00" || 1, -
Thus, we have v, - My v, > (1/16) sin® 0l Teos 90’ ||7,,- O

The next lemma shows that any unit vector u that is orthogonal to v, has a small quadratic form.
Lemma C.5. Let u be any unit vector that is orthogonal to v7,. Then u' Myu < 20PT.

Proof. First, if u = w, then since g (z) - w = 0, we have w ' M,w = 0 < OPT. Now consider
u L w. Since u L w, vy, and since w* = cos fw + sin §v,, we have that u - x is independent of
w* - x. Direct calculation gives (noting again that Pryp_[w - x € ;] = Pr.x [z € & since Dy
is the standard Gaussian):
u'Myu=_E [(u-gw(2))’]
x~Dy
I

(X B ot lwxeanges)

i=1

( E {y(u x)I{w-x € 5i}}/Pr[w "X € &])2 Pr[z € &]

(x,y)~D

I
<M“ ;H

1=1

-
Pr[z € &]

|
-M“

( LBy o(w )b x € &)

i=1

+ E [o(w" -x)(u-x)]l{w-xé&-}])

x~Dy

I 2
1 *
:;Pr[ze&]< E [(y—o(w .x))(u.x)ﬂ{w.xéa}o ’

(xy)~D
where in the last inequality we used that u is orthogonal to w, w*. Furthermore, it holds:

(Bl ot )t {w x € ez-}])Q

(x,y)~D

(@)
< [(y —o(w* - x)*I{w-xc &} E [(u-x)*1{w-x € &}
(x,y)~D x~Dy
(i1)
< 2( ]:)7 D[(y —o(w* - x))’1{w-x € &} Pr[z € &],
X,y)~

where in (¢) we applied Cauchy-Schwarz and in (i¢) we used the independence between u - x and
w - x since u L w. Therefore,
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Then we can show that the top eigenvector vy, of My, correlates strongly with the target direction
Vi,

Lemma C.6. Let v, be the top eigenvector of My,. Suppose sin @ > 40/ OPT/|| Tcos 00’ ||, Then
Ve - VE > V3 /2.

Proof Since vy, is the top eigenvector of My, by Lemma C.3, it holds VVTVMWVW >
(vi) "My, > (4/9)sin® 0| Teosoo’||7, > 0. Since Mw = 0, it must hold vy, - w = 0,

w =

otherwise we would be able to find another eigenvector that has a larger eigenvalue. Suppose that
Vw = avi, + bu, where u | w, w* and a? + b* = 1. Then, we obtain

az(v;';,)Tva;';, +b*u" Myu + 2abuTMWV:V = VI,MWVW > (V:V)TMWV:V.
By Lemma C.5 we have u' My,u < OPT. Furthermore, note that by Cauchy-Schwarz

WM vy, = F [0 gw(2)(vi gwl()] < /B [ gw(2)?]_E [(vi  gw(2)?]

= VuTMyuy/(vE,) T Myvi, < VOPT/(vE) T My vi,.
Since a? + b% = 1, we get
(1 —a®)vi, - Myvi, = b*vi

w

My vy, < b2OPT + 2abvVOPTy/v, - My vy,
which implies that

o vt _as b Ve My, —OPT
Y T 2 OPT vy, - M vy,
Recall that (vi) Myvi > (1/16) sinQF)HTCOSga’H%Z. Since we have assumed
sin 0]| Teos00” || 1, > 40v/OPT, it holds (v%,) "My v, > 1000PT. Thus, we obtain
Vi - Vi, = €08(0(Vy, Vi) = sin(0(vw, vi,))(99/20) > 3sin(0(vw, vi,)) ,

hence tan(f(vy, v%)) < 1/3 and therefore vy, - vi, > v/3/2. O

C.2  Proof of Proposition C.1

Let g (2) be the vector defined in (Grad) and let My, = E,. x[gw(2)gw(2)T]. In Lemma C.6
we proved that for any vector w, whenever sin(6(w, w*)) > 40V OPT||T o5 g(w,w=)0" || L,» ONE

of the top eigenvector vy of My, correlates with vi,: vy - v, > 3/2,ie., 0(vy,vy) < /6.
Next, in Lemma C.9, we proved that using N = @(d2312L8/610 log(dBL/((Se )) samples, for

any vector w, the empirical matrix M,, satisfies ||M — My||2 < e. Therefore, using Wedin’s

Theorem (Fact C.7), we know that for any vector w, the top eigenvector Vy, of MW satisfies
sin(f(vw, Vw)) < €/(p1 — p2 — €). Since in Lemma C.8 we showed that when sin(6(w, w*)) >

40V OPT|| Teos o(w,w+)0"|| Lo it holds p1 — pa > 600PT > 60¢, we then have that (v, V) <
1/59, indicating 0(Vy, Vi) < 0(Vw,Vw) + 0(vw, Vi) < 1/59 + 7/6 < 7/4. Therefore, let
u be such eigenvector v, of ﬁw that correlates positively with v3,. Note that by definition of
My, it must hold u L w. Thus we have u - w* = u - (cos(B(w, w*))w + sin(0(w, w*))vi) =
sin(0(w, w*))u - v, > (v/2/2) sin(6(w, w*)). Letting § = 0.01 finishes the proof.

C.3 Determining the Sample Complexity

Since we only have access to the empirical estimate ﬁw, we will use the following Wedin’s theorem
to bound the error between the empirical top eigenvector v, and the population top eigenvector vy, :
Fact C.7 (Wedin’s theorem). Let 0(Vy,, V) be the angle between the top eigenvectors v, € R?
and Ve, € R? of My, and ﬁw respectively. Let p1 and po be the first 2 eigenvalues of My,. Then, it
holds that: e

”Mw — My HQ

sin(0(v, V) < e
p1—p2 = [Myw — Myl
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Next, we bound the eigengap between the top eigenvalue and the rest.

Lemma C.8. Suppose sin 0||Tcos 90’ ||, > 40/ OPT. Let p be any eigenvector of My, orthogonal
10 V. Then, vi,MyVy, — p Myp > (1/24) sin® 0]| Teos 90’ ||3, > 600PT.

Proof. In Lemma C.6, we showed that vy, = avy, 4+ bu with u L v%, a > v/3/2,a% +1? = 1.
Assume that p = a1 v, +bju+u’ where u’ is a vector orthogonal to both v anduand a? +b? < 1.
Since p - vy = 0, we have aa; + bb; = 0, which implies that a?a? = b2b2 < (1—-a?(1—a?).
Rearranging the terms, it yields a% <1-a2<1 /4, and therefore we have a; < 1/2. Denote
bju+ u’ = v/, and we have p = a; v}, + v/ and ||[v/||2 < 1. Since v/ L v, by Lemma C.5 we

have (v') "My Vv’ < 20PT||v'||3 < 20PT. Then the eigenvalue of p is bounded above by
p Myp = avi, - My vy +a1vy, - Myv' + v/ - My v’
< (1/4)VE - My v + (1/2)/20PT (v, - My Vi) 4 20PT,
where in the last inequality we applied Cauchy-Schwarz. Since we have assumed sin 6| Teos g0’ ||, >
40v/OPT, then Lemma C.3 implies that v, - My v}, > (1/16)sin® 0]/ Teosgo”[|7, > 1000PT,

therefore we obtain p' My p < (1/3)vy, - My, v, Thus, the eigengap between vy, - M, v, and
p " M,,p can be bounded above by

VIMyVw — P Myp > (2/3)VE - My vy > (1/24) sin? 9||TC(38957’||2L2 >

(200/3)OPT.
O

By Lemma C.8 we immediately get that p; — pa > csin? O Teos g0’ ||%2 therefore, to guarantee that
sin(f(vw, Vw)) < 1, if suffices to ensure that || My, — ﬁng <€ S OPT <sin? 0| Teoso0’ |3,

Lemma C.9 (Sample Complexity). Draw N = O(d?B2L8/ellog(dBL/(d¢))) independent
samples from D. Let

N
)_7 (1 1w
gy NZ Hw-xDegl jell,
VIR M_ E’:éﬁi’ﬂ{zes} igsm{zes}
v jzlPr[zE ’ z~/\/ Pr[z € &j] Pr[z € &] '

Then, with probability at least 1 — 6, for any ||w||2 = 1, we have ||MW —Myll2 <e

Proof. Since gy (z) is a piecewise constant function on the intervals £; = [a;, a;41) where a; =
—M' + jA and A = ¢2/(BL)?, as defined in (Grad), it suffices to approximate the (vector) value
of gw(2) on each interval. First, for any j € [I], we observe that r; = yx*W1{w-x € &} isa
sub-Gaussian random variable with parameter B. To see this, it suffices to show that for any unit
vector u it holds ||u - r||., < By/p forany p > 1. Since w - r; = 0, we only need to consider u
that is orthogonal to w. Direct calculation yields:

p
p 1w ) )
B enk= B e wwexe g |
< BP D [lu-x|P]Pr[z € &;] < BP(c\/p)P.

Thus, |[[u - rj||z, < B./p for any unit vector u and hence r; is B-sub-Gaussian.
Now sample N independent samples from D, {(x(l y(l)) i1, creating IV independent vectors
r; Q- y D (xNV1{w - xD € &}

Then we know that (1/N) Zfil (rg-i) — E(x,y)~p[r;]) is a sub-Gaussian random vector with param-

eter B/+v/ N. Then, using standard sub-Gaussian vector concentration inequality, we obtain

N
1 (4) 082N
r H‘N;rj - (x,y})]Np[rj] . > 8] < exp (— 0 )

23



We let s = ¢/(CB)(¢/BL)*. Observe that Pr[z € &] > (a;41 — a;)exp(—a3,,/2) =
Aexp(—a3,,/2), where A = ¢*/(BL)*. Since |aj11| < M’ forall j € [I — 1], we have
exp(—a3,,/2) Z exp(—=(M')?*/2) Z Pr[jz|] > M'] = €/(BL)*. Thus, we have Pr[z ¢
&j] > (¢/BL)* and hence s < (¢/(CB))Pr[z € &) for all j € [I]. Therefore choosing
N = ©(dB'?L8/e%1og(1/4)), we have that with probability at least 1 — 6,

< ePrlz € &

1
7Zr(‘l)_ E [r)] =S~ ©@cg
2

N J ~p"’
H =1 (x)

where C'is a large absolute constant. However, since there are I = O((BL/¢)?) pieces of intervals
&; (by the definition of I in (Grad)), to guarantee that (1/N) Zf\;l r; is close to E(x ,)~p[r;] on
every interval, setting § < 6¢2/(BL)? and applying a union bound, we obtain that using N =

O(dB"™L8/e'%1og(dBL/(8€))) samples, with probability at least 1 — 4 it holds [|(1/N) 32~ r; —
Ex,)~plr;lll2 S €¢/(CB)Pr[z € & for every j € [I]. Thus, letting

N N
7 1 w 7 1 i
80 = - SO i w xO e ) = L3,
i=1 =1

we have that with probability at least 1 — ¢, it holds ||A(J) E(x,y)~pyx "V 1{w - x € £;}]||2
ePr[z € &]/(CB), forany j € [I].

Now define
Zf:* @HT zl:g‘(,i)]l{zeé'} ig&g’n{zee}
= PrzeS 7z~./\/ Pr[z € ] Pr[z € &) '

Oberve that since g&,) 1 w we have w - M w = (. Similarly we have w - My,w = 0. Now

consider any unit vector u that is orthogonal to w. Then, by the definition of g (z) and that
M,, = E. x[gw(2)gw(2) "], we have

u’ (My —My)u| = [u Myu—u’ ZPN[gw(Z)gw(Z)T]U

IN

Z (u . /g\\(;g))Q _ ! (11 . E(x,y)~D[yXlw]l{w "X € 5]}])2

o Prlzeg] Pr[z € &
I
1 j .
< u- 50 _ E Xlw]l w-x €& u- A(])+ E XLW]IW-XEE’ ’
< ; Pr[z € & &' = Bl |- @+ Bl )
! 1
< = g _ E J'w]lWXG(g )+ E W Iw-x € Es
B J=1 Pr[z € & Bw (x,y)ND[ { }) ) (x,4)~D [yx { i} ,

Note that we have H@E{,) —Ep ) onlyxVI{w-x € &}|2 < €Prlz € &;]/(CB), forany j € [I],
therefore,

uT(ﬁw — My)u

E xV{w- -x € &;
LB e )

I
1 ePr[z € &§] (ePr[z € &]
<
—meegq OB < ce 2

J

I

e (ePrlze &) 1
< — | ——== +2 E {w - &; .
<325 (g2 B eiiw x|
Observe that || E( ) plyxV1{w - x € &}]||l2 < BPr[z € &] since

I E [x"ifw-xc&}lo= sup | E [ylu-x")1{w x €&}
(x,y)~D lufz=1 ¥)~D

< sup lyll(u-x")[1{w - x € &;}] < BPr[z € §j],
lullz=1 <X)V>~D
&)
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where we used the assumption that |y| < B and the facts that u - x*" and w - x are independent and
that | Ex~p, [u - x1%]| < 2. Thus, in summary, we have

I
u’ (My, — My )u Z (¢/(CB) + B)Pr|z € §] <

This implies that | My, — My||2 < e.

Finally, we show that a O(e?)-net of w’s covers all the functions gy, (z) and consequently covers all
the matrices M,.

Claim C.10. Given a unit vector w, let w' be a vector such that |w'||2 = 1 and ||[w' — w||2 <
e /(CB*L?\/log(BL/¢)) for some large absolute constant C. Then, for all z € R, it holds that
lgw(z) — 8w (2)]l2 < €/(CB).

Proof. For any unit vector w’ such that |w’ —w||z < €3/(CB*L?y/log(BL/¢)) < €3/(CB*L?>M")
and any unit vector u, we have

: u-xt)I{w-x A (u-xtY I w - x )
0 (gw(2) — () = 3 Bl X x € 65 — fw XWX € £5))

PI'[Z c 53} ]1{2’ € 5]}

Jj=1

Let w = w + q such that ||q||s < €3/(CB*L?\/log(BL/e)). Then, [[ut¥ —ut%'||, = |(w
u)w — (w - u)w'||2 < ||qll2 < ¢/(CB*L?). Furthermore, note that

E [[I{w-x € [aj,a;41)} — H{w'-x € [aj, aj+1)}]

x~Dy
= E [[{{w-x>a} - 1w x>q} —U{w-x = a0}~ 1w x> a;41})]]
< B I{w x>a}—1{w x>} + E [[1{w x>0} —1{w x> a1}

It is well-known that Pr[1{w -x >t} # 1{w'-x > t}] < 0(w, w’) exp(—t?)/(2~) (see Fact C.11
from [DKTZ22b]). Therefore, since f(w,w’) < [[w — w'|2 < €3/(CB*L?M’), for small ¢ we
have

3
B [[1{w x €&}~ 1w - x € EH] S g (exp(—(aj01 — A)2/2) + exp(—aZ,,/2)

2 —a?
€ e exp a]+1)<—Pr[ze€]

<
~ 32 B2L2 541 32

Thus, suppose z € £;, we have

- (8(2) 8w (D) = g B B — ) xtw o x e )]

- J_w. . R r .
B eE] B XU x € &) — 1w - x e £})]

- a7 _— . z . _
~ Pr[z € &] x~Dx [ulw —utw', J 2
B 1w ’
T el g e mT XL E [[Hw x5}~ Tiw x € £}
S €/B
Thus, this implies ||gw (2) — gw’ (2)|]2 < €/B. 0

Note that when ||gw(2) — gw/(2)|l2 < €/B, we have (recall that in Equation (9) we showed
| Ex,y)~plyx"V1{w - x € £}]/Pr[z € ]|l < B hence by the definition of gw (z) we have
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gw(2)ll2 < B):

Vust [[ufz =1: |uTgW’(z)gW’(2)Tu - uTgw(z)gw(z)Tu|
= [u- (8w (2) — gw(2))[[u- (8w (2) + gw(2))]

< llgw () ~ w2zl (2) + gw(2)]l:
< el +¢/B) <e

indicating that
”MW’ - MWH2 =sup E [uT(gw’(Z)gw’(Z)T - gW(Z)gW(Z)T)u] <e

llull2 =~
Thus, constructing a O(e? /(B*L?))-cover S on the unit sphere and requiring ||(1/n) 37, Mff,), -
My-|l2 < € on all w € S suffices. Since a O(e/(B*L?))-cover S on the unit sphere
contain |S| = (O(e*/(B*L?)))? vectors, applying a union bound we obtain that using N =
O(d?B* L8 /e'%log(dBL/(J¢))) samples, we guarantee that with probability at least 1 — &, for

—~

any unit vector w, it holds | My, — My ||2 < €. O

D Proof of Main Theorem (Theorem 2.3)

We state and prove a more detailed version of the main theorem (Theorem 2.3) below:

Theorem D.1 (Main Result). Let € > 0. Fix parameters B, L > 0. Let D be a distribution over
(x,y) € R? x R with x ~ N(0,1;). Suppose there is a unit vector w* € R¢ and a monotone
activation o € H(B, L) such that E(y ) .p[(oc(w* - x) — y)?] < OPT. Then Algorithm I runs
for at most poly(B, L, 1/¢) iterations, draws ©(d*> B12L8 /e'° log(dBL/¢)) samples, and returns a
vector W and a Lipschitz and monotone activation u : R — R, such that with probability at least
99%, it holds that E x ,)p[(u(W - x) — y)?] < O(OPT) +e.

Proof of Theorem D.1. We first show that if we appropriately choose the step size and the number of
iterations in Algorithm 4, then for any initialization w(®), Algorithm 4 with high probability returns a
vector W with 6§ = (W, w*) so that sin < O(VOPT)/|| T, 50|, and 6 < 6 = O(w© w*).

Proposition D.2. Let € > 0. Fix parameters B, L > 0 and 6 € (0,1). Let D be a distribution
over (x,y) € R? x R with x ~ N(0,1,). Suppose there is a unit vector w* € R? and an
activation o € H(B, L) such that Ex ) p|(c(W* - x) — y)?] < OPT. Then Algorithm 4, given 0,
initialization vector w'®) so that 0(w®), w*) < 0 and T > O(log(L/¢)), with probability at least
1 — 6 returns a list of vectors S with size |S*°!| = poly(1/e, L) log(1/3) such that: there exists
W € 5% 50 that: § < 8 and sin § < O(VOPT)/|T, .50, where 6 =0(w,w").

Proof of Proposition D.2. In the proof, we denote the angle between w(*) and w* by 6, =
0(w® w*). Furthermore, the algorithm uses the following parameters: ¢; = 0(1 — ¢?/32)*

and 7; = csin ¢;/4 where ¢ = 1/4 < v/2/2. Note that if ¢ > COPT, then we can run the algorithm
with € = ¢/(2C) and assume that we have more noise of order OPT’ = 2¢'. In this case, the final
error bound will be COPT’ < €/2 < OPT + €. So, without loss of generality, we can assume that
e < OPT. According to Proposition C.1 as long as sin6; > 40v/OPT/||Tcose,0”|| L, With proba-
bility at least 1/2, the vector v(® returned at Line (7) of Algorithm 4 satisfies v . w* < —csin 0,

and v - w(*) = 0. We denote as P; the event that v(!) negatively correlates with w*. We consider
the following event

Ry = {sinﬂt > COPW_[‘}’

1T cos 0,0 HLz
where C' > 0 is an absolute constant.

First, we show that conditioning on the events R, Py, for all t € T, it holds that ¢, > 6;.

Claim D.3. Suppose the events Ry, Py, t € [T1], all hold for some Ty > 1. Then for all t € [T}], it
holds that ¢y > 0;.
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Proof of Claim D.3. We use induction for this proof. By assumption, we have that ¢9 > 6. Next, we
assume that ¢; > 6;. We need to show that ¢, 1 > 6;,1. We study the distance between w® and w*
after one iteration from ¢ to ¢ + 1. Since v(*) is orthogonal to w(*), it must be ||w®) — p,v®) ||y > 1,
therefore, w(**1) = projz(w(® — n,v()). By the non-expansiveness of the projection operator, we
have

) — w3 = [[proja (w® — nev®) — w2 < [wl® — v — w3

= [[w — w3 + 07 [v?D3 — 2pv® - (W) — w*)
= |w® —w*||2 4+ n? + 2n,v® - w*. (10)

Note that |w(*) — w*||2 — |[w*TD) — w*||2 = 2(cos 61 — cos 6;) and using the identity about the
sum of cosines, we have

Opi1 — 0 Ori1 +0
A sin (t+12t> sin (t+12+t> <+ 2 ®

First, consider the case where 20; > ¢; > 6;. From Proposition C.1, we have that vt wr <
—csinf; where ¢ > 0 is an absolute constant. Hence, since we chose 7; = ¢sin ¢, /4, it holds

n7+2n v w* < —c? sin ¢, sin 0, /4. Therefore, in this case, 6; 1 < 0; hence sin((0;,1+6;)/2) <
sin #;, and we have that

6, — 0
16 sin (t2t+1> > ?sin ¢y .
Using the inequality /4 < sinz < z for z € (0,7/2), we get that
0t+1 S Gt(l - 62/32) y
and using that ¢, 1 = ¢;(1 — ¢?/32), we have that 6,1 < ¢y 1.

Consider the remaining case where ¢; > 26;. In this case, if 6,11 < 0y, then 0,1 < ¢¢;1 so we need
to consider the case where ;1 > 6,. We need to bound the maximum increase of 6;,1. Applying
the triangle inequality and the non-expansiveness of the projection operator, it holds

2sin(0y41/2) = [|[w — w*[|s = [[projg(w' — v (w®)) — w2 < [[w — nv® —w* |
< WO —w*|lo + 7 ||v®P ]2 = 2sin(6;/2) + csin ¢y /4 .

From the assumption, we have 6; < ¢;/2, therefore, choosing ¢ < 1/4 and since sin(x) < z for
x € (0,7/2), we have that

sin(0t+1/2) S SlH(¢t/4) + csin ¢t/8 S 9¢t/32 .

Therefore, since (5/8)x < sinz when x € (0,7/2) we have sin(6;41/2) > (5/16)6;,1 and thus,
011 < (9/10)¢; < (1 — ¢?/32)¢¢ < ¢py41. This completes the proof. O

Next, we condition on the event that all P, are satisfied for ¢ € [T]. According to Claim D.3,
as long as R, is satisfied, we have ¢, > 0,. Assume R, is satisfied for all ¢t € [T]. If T >
C'log(L/e) for a sufficiently large constant C’, then ¢ < \/e/L. This would imply 61 < +/¢/L.
If Ry was satisfied, sinfr > CvVOPT/||Teos070'||1,. SO 07 > sinfr > C+/OPT/L (since
I Tcoso70 Lo < llo’|lL, < L, by Fact A.2(f)). Then v/¢/L > C+/OPT/L, which means /¢ >
CVOPT. If e < OPT, this is a contradiction for C > 1. This means that our assumption that
R, are satisfied for all ¢ € [T] must be false. Therefore, there must exist some T} € [T] (we
take 7% to be the smallest one) such that R, is not satisfied. For all ¢ < T, R; was satisfied
(otherwise 77 would be smaller), and thus ¢; > 6, fort < Ty. Att = T1, Ry, is false, meaning

sinfr, < CVOPT/|Tcoso,, 0’| L,> and we also have O, < ¢7, < 6. This gives us the desired
vector w = w(™) such that § < CVOPT/| T, ;0"||1,

To conclude, we need to bound the probability that all P; (correct direction choices) are satisfied.
The events P; are independent, and each occurs with probability at least 1/2. The probability of T}
such events occurring is at least (1/2)71. Since Ty < T = O(log(L/¢)), this probability is bounded
below by &' = (1/2)T = poly(e, 1/L). If we rerun the algorithm K = O((1/6") log(1/5)) times (
Line 3 of Algorithm 4), by standard Chernoff bounds, with probability at least 1 — 4, there will be at
least one run where all P; are satisfied for ¢ € [T3]. This completes the proof of Proposition D.2. [J
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In Lemma 2.5, we showed that the initialization algorithm (Algorithm 2) uses O(dlog(B)/€?)
samples and returns a list of vectors S™, |S™| < B/,/¢ that contains a vector w(®) such
that O(w(®), w*) < 1/M and M is the threshold we can truncate o such that E, x[(0(2) —
o(M))?1{|z| > M}] < C(OPT + ¢), i.e., we can truncate o at M and the overall error is increased
by C(OPT + ¢). By Fact A.10 (with the absolute constant ¢ = 2 in Fact A.10), this initialized vector
w() ensures that for any unit vector w(*) such that 8; := §(w®, w*) < 20(w(®), w*), it holds

( 14): D[(J(w(t) -x) —y)?] < COPT +sin® 0| Teos 0,07 |7, - (11)
X,y )~

Therefore, any unit vector w(*) such that 6; < 26(w'®), w*) and sin® 6, || Teos 9,07 [|7, < COPT is
a constant factor approximate solution (i.e., it holds E(x7y)N'D[(O'(W(t) -x) —y)?] < COPT + e).

Since we are iterating through this list S™, it is guaranteed we will encounter the correct w(®). If
w (9 is an approximate solution, it will be tested and output by our testing subroutine (Algorithm 5).
Now assume in the following that w(®) is not a target solution.

It remains to show that we can choose the correct stepsize in Algorithm 4. If we choose § from
the list © = {¢/L, ..., ke/L} for k = (7/2)L/e, it is guaranteed that for the correct w(®) in the
initialization list, there exists an initial stepsize § € © so that §(w®) w*) € (0 — ¢/L,0) (see
(5) of Algorithm 1). Our claim is that we are guaranteed to have < 29(w(0), w*). That means
according to Proposition D.2, setting 6 = 0.01, with probability at least 99% we have that there exist

W in the list $°°!, returned by Algorithm 4, that satisfies that 6 = O(w,w*) < 0 < 20(w® w*)
and sinf < O(v/ OPT)/||T,,.50 || L, indicating that Ex ,).p[(c(W - x) — y)?] < COPT + €
by (11). Now we prove the claim that § < 26(w(®), w*). To show this, it suffices to prove that
6(w® w*) > ¢/ L because we choose # = ke/L for k € [(7/2)L/e].

Claim D.4. Suppose o(w(?) - x) is not a constant factor approximate solution. Then, it must hold
that O(w® , w*) > ¢/L.

Proof. Assuming that 6y < €/L, we have

(X,END[(U(W(O) -X) — y)Q] < 2x’\]/%x[(o.(w(0) -X) _ O’(W* 'X))Q] +9 (X7END[(U(W* -X) . y)g]

< 4( EN[U(z)Q] — E [o(cosbyz; + sin 9022)0(21)]> + 20PT.

By the definition of Ornstein—Uhlenbeck-semi-group and using the tower rule of expectation, we
have that E,, ., ar[o(cosbpz1 +sinbyz2)o(21)] = E,, n[0(21) Teos 9,0 (21)], which yields that
the error can be bounded from above by

[o(w® - x) —y|2, < (ZPN[U(Z)Q] - ZPN[TCOS eoa(z)a(z)]> + OPT.

Note that by the fundamental formula of calculus, the term in the parenthesis above can be written as

E 0P~ B [Tango(:)0(2)] = B [o(:)(0() ~ Tam,0(:))] = _E,_ [ / " 7(:) - Too(2) dp

_ / 1 B [a(z);pT,,a(z) dp],

os 0o
where in the last equation, we used Fubini’s theorem. Now applying Fact A.4, we have
dT,o(z)/dp = (1/p)LT,0(z) (Fact A.4 part 1), and using Fact A.4 part 2 we further obtain

E [o(2)(dT,0(2)/dp)] = (1/p) B [0()LT,0()] = (1/p) B, [o'(z)(T,0(2))] -
Bringing in Fact A.2 part (g), it finally yields

EJo(:P] - B Tanol2o(l) = [ BIr@T0 o< [ 10T (2)ldp

2~ N zr, 0s 6y Z™ 0s 0o

< (1 = cosfp)L? = 2sin?(6y/2) L.
Therefore, if sin 6 < ¢/L, we have [|o(w(® - x) — y[|2_ < OPT + ¢, contradicting the assumption
that w(%) is not a constant-factor approximate solution. O
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Next, we show that given all the constructed candidate solutions, Algorithm 5 with high probability
returns an activation and direction pair that achieves O(OPT) + € error. The proof of Lemma D.5
can be found in Appendix D.1I.

Lemma D.5 (Learning the Predictor and Testing). Algorithm 5 given n = poly(B, L, 1/¢) samples
and a set S*! of poly(B, L, 1/¢) vectors, with probability at least 99% returns a solution pair
(i@, W), with Tig being Lipschitz and monotone, and W € S*°!, such that

E [(lgW -x)—9)Y<C min E [(c(w-x)—9)%+e,
VB (@@ 30—y <C min B flofw x) — o))

for some universal constant C.

Algorithm 5 Testing

: Input: Parameters B, L, ¢; Data access (x,y) ~ D; §sol, empty set .S

. Draw n samples {(x(*), y(?)}™_, and construct the empirical distribution D,.
: for w € S*°! do

Find Uy = argmin,cy(p 1 E B, [(u(w-x) —y)2].

S+ SU{(uw,w)}

: Return: (g, W) = argmin{(uw,w) € S: E, 5 [(uw(w-x) —y)*]}.

Finally, using Lemma D.5, we know that drawing at most n = ©(log(BL/¢) B>L/e*/?) new samples,
with probability at least 99%, the testing algorithm (Algorithm 5) returns a solution pair (Ug, W)
where g € H(B,L) and w € 5! such that E(x y).p[(Ux(W - x) — y)?] < COPT + e. This
completes the proof of Theorem D.1. O

D.1 Proof of the Testing Lemma (Lemma D.5)

Algorithm 1 generates a list of possible parameters 5! = {w()}™ | where m = poly(1/e, B, L),
and we know that there exists a vector W € S*°! such that sin 6 < vVOPT/||Tcos(9)0”|| L, Where
0 = 0(w, w*). To complete the task of learning SIMs, we need to: (1) find an activation v € H(B, L)
that is close to the target activation o; (2) find the target vector w € 55!,

First, we note that given any vector w and n samples {(x("),y(?)}7_, | there exists an efficient
algorithm that computes a best fitting monotone and S-Lipschitz function on the sample set
{(x®,y@)}r_,, via solving the following constrained optimization problem:

i=1 (Iso)
540 < wvipg —v; < Bw-x0FY —w . X(i))_

We remark that x(9)°s are sorted so that w - x()’s are in increasing order.
We use the following fact:

Fact D.6 (Proposition 1 [HTY25]). Given a sample set {(x),y(D)}"_,, there exists an algorithm
that exactly solves (Iso) in O(nlog®(n)) time.

Observe that given the solution {v;}? ; of (Iso), we can construct a function Uy (z) by linearly
interpolating the points {(z;, v;)}?_, where z; = w - x;. Then, the function U () is guaranteed to
be a monotone and S-Lipschitz function. In the following claim, we show that the function class
o € H(B, L) is covered by Lipschitz-continuous functions.

Claim D.7. It is without loss of generality to assume that ¢ € H.(B, L) is BL/+/e-Lipschitz.

Proof. Let o € H(B, L) such that |0 — G[|7, < e. By Fact A.5, we have that for any p € (0,1)
it holds || T,0 — o7, < (1 —p*)|lo’[l7, < (1 — p*)L?. Therefore, choosing p* = 1 — ¢/L?

we have that for any function o € H(B, L), there exists a function T,oc € #H(B, L) such that
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[T,o —ol|7, < eandhence | T,0 — |7, < 2e. Furthermore, the function T,0(z) is BL/+/e-

Lipschitz since according to Fact A.2 part (¢) we have ||(T,0) ||, < |lollz..//1— p? < BL/ /e
Therefore, the function class H.(B, L) is covered by BL/+/e-Lipschitz functions and hence it is
without loss of generality to assume that o € H(B, L) is BL/+/e-Lipschitz. O

We are now ready to prove the sample complexity and the correctness of the testing algorithm. We
restate and prove Lemma D.5.

Lemma D.5 (Learning the Predictor and Testing). Algorithm 5 given n = poly(B, L,1/¢) samples
and a set S of poly(B, L, 1/¢) vectors, with probability at least 99% returns a solution pair
(i@, W), with tig being Lipschitz and monotone, and W € S*°!, such that

E [(e(W-x)—9)Y]<C min E [(o(w-x)—y)?]+¢€,
LB (50 -0 <C min B [(otwx) -y

for some universal constant C.

Proof. Let 8 = BL/+/e (if we know that the target activation ¢ is b-Lipschitz, let 3 = b). Let

{(x®, y@)}7_, be a set of n samples and let 2y, (z) be a solution of (Iso) (via linear interpolation),
ie.,

Uw(z) € argmin (1/n) Z(u(w cx@) — )2,
u:B—Lipshictz,u’ >0 i—1
Note that in Claim D.7 we showed that all the functions in (B, L) are S-Lipschitz functions, hence
we have
n n
(1/n) ) (aw(w-xP) —y@)? < argmin  (1/n) Y (u(w-x) —y@)2.

— weH(B,L),u’'>0 =

Let us denote ¢y, w(x) = u(w - x) and let U = {py w : u is B-Lipschitz, v’ > 0,w € S5°'} be the
family of all such ¢y w. Let £(¢u,w) = B(x,y)~p[(@u,w(x) — y)?]. Denote the empirical distribu-
tion on {(x®,y®)}"_, by D, we define L(pyw) = E(y y)~5, [(¢uw(x) — y)?]. Furthermore,
let

@* = argmin L(p), £* := min L(p).
peU peu

Then, since we know there exist an activation ¢ € H.(B, L) and a vector w € S*! such that
E(x,)~p[(0(W-x) —y)?] < COPT +¢, it holds that L* < COPT + e. Furthermore, by definition
we have

P* =argmin @ E _ [(¢p(x) —y)?] = argmin E  [(y—uw-x))?,
peUd (x,y)~D, w:—Lipschitz,u’ >0,we&Ss°! (x,y)~D,,

indicating that $* is a solution of the problem (Iso) with respect to some vector w € S*, i.e.,
?*(x) = pa,, w(x) = Ug(W - x) for some (3-Lipschitz function g and W € S5°L.
We use the following fact to show that E(gpu,w) are close to L(py,w) forall v, w € U:

Fact D.8 (Theorem 1, [SST10]). Suppose there exists a constant b > 0 such that for any ¢ €
U, and any (x,y) ~ D it holds (p(x) — y)?> < b. Let R,,(U) be the empirical Rademacher
complexity of function class U with respect to some sample set (x™V), ..., x™)) and let R,,(U) =

.....

size m, for any ¢ € U, it holds for some universal constant C' > 0 that

£(p) < Lip)+C" (@ (bgl“”(n)m(uw ’“gm)) +1og3(n>7ei(u>+“°g<”‘”>,

and
L@) <L+ <\/E <10g1‘5(n)Rn(U) 1y Hoetlfo) logél/ 5)> T log? (n)R2 (1) + 128U/0) logfll/ 5)> .
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Note first that since u € U by definition we have |u| < B and since |y| < B as well, it holds
lo(x)| < Band (o(x) —y)? < B? forany ¢ € U.

Fact D.8 implies that if n is large enough such that R.,, (i) < +/€/log®?(n) and B2log(1/6)/n < e,
then we are guaranteed that: (1) for any activation u and any vector w € S it holds
Ex ~pl(u(w - x) — y)?] < E(x D [(u(w - x) — 4)?]; (2) for the solution pair (tg, W)
that achieves the minimal empirical loss among all the vectors w from S and all 3-Lipschitz
activations, i.e., " = pg, « € argmin,gy E(x y)Nﬁn[(Qﬁ(X) — y)?], we have L(pg, %) =
Ex,y)~pl(us(W - x) — y)?] < (C" +1)L* < CC'OPT + e. Therefore, by solving (Iso) and
finding the besting fitting activation u, for each w € S*°! and outputting the solution pair (ug, W)
with the smallest empirical error, we are ensured that ug (W - X) is a constant factor approximate
solution such that B ,)p[(ug (W - x) — 9)?] < COPT +e.

Thus, it remains to bound the Rademacher complexity of the function class ¢/ and choose n such that
R (U) < e/ log®?(n) and B2log(1/5)/n < €. To this aim, we use the following fact:
Fact D.9 (Lemma A.3, [SST10]). For any function class U, let No(e,U,n) be the e-cover of U

with respect to {5 norm on sample set (x(l) x(")) Let D be the empirical distribution on
(xW ... x(™). Then,

. SuDers /B P2 (X))
Ra(U) < inf {4a+ 10/ ’ \/1og(|N2(e,u,n)) de}.
@ o n

Let F be the family of monotone and S3-Lipschitz functions that maps [—M, M] to [—B, B]
(recall that for all o(z) € H.(B,L) we can truncate the domain of o(z) to [—-M, M| where
M < \/log(B/e), as shown in Fact A.9, therefore, it is sufficient to consider the function class
of monotone S-Lipschitz functions u that maps from [~ M, M| to [~ B, B] that contains the target
activation o). Then, standard results showed that |Na(e, F,n)| < |[Noo(e, F,n)| = (B/e)2M8/¢
(one can show this via constructing a grid of width ¢/ on the domain [— M, M] and another grid
of width € on the codomain, see e.g., Lemma 6, [KKSK11]). Hence, since f = F o S5 we have
|No(e,U,n)| < |[Noo(e,U,n)| < (B/e)2MP/¢|S%l|. Then, choosing & = 1/n in Fact D.9, and

noting that \ /E__ 5 [¢%(x)] < [|¢||L.. < B, we obtain

Lok /1/ wog (15%1) + (¥15/e) log(2) + log(B/e) de
eI i
1

_1 ,/1og( 5ol \/MBB - \/M5321og(|5wl)
Nn n n n '

Ra(U) 5

Thus, R, (U) < /MBB2log(|S*!|)/n. Recall that we have |S*°!| = poly(1/e, B,L), M <

log(B/e), and 3 = BL//€ (Claim D.7), therefore to guarantee that R, (i) < \/¢/log®?(n) and
B?log(1/5)/n < e, it suffices to choose n = ©(log(BL/e)log(1/8)B>L/€e*/?). Letting § = 0.01
completes the proof. O
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Yes, main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope. The main contribution is summarised in the main theorem.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Yes, we discussed the limitation in the introduction section and the final
conclusion section.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: Yes we provided the full set of assumptions for each theoretical result. Each
theorem statement states all the assumptions. We provide a complete proof for all statements
in the supplementary material.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

» The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: The paper does not include experiments requiring code.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized

versions (if applicable).

Providing as much information as possible in supplemental material (appended to the

paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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8.

10.

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: Our paper conforms with the NeurIPS Code of Ethics.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: The paper is a theoretical work and is not tied to any particular applications,
and we do not see any major or immediate implications on society.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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11.

12.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper is a theoretical work and contains no data set.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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