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Learning Scalable Structural Representations for Link Prediction
with Bloom Signatures
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ABSTRACT
Graph neural networks (GNNs) have shown great potential in learn-

ing on graphs, but they are known to perform sub-optimally on link

prediction tasks. Existing GNNs are primarily designed to learn

single-node representations and usually fail to capture pairwise

relations between target nodes, which proves to be crucial for link

prediction. Recent works resort to learning more expressive edge-

wise representations by enhancing vanilla GNNs with structural

features such as labeling tricks and link prediction heuristics, but

they suffer from high computational complexity and limited scal-

ability. To tackle this issue, we propose to learn structural link

representations by augmenting the message passing framework of

GNNs with Bloom signatures. Bloom signatures are hashing-based

compact encoding of node neighborhoods, which can be efficiently

merged to recover various types of edge-wise structural features.

We further show that any type of neighborhood overlap-based

heuristic can be estimated by a neural network which takes Bloom

signatures as input. GNNs with Bloom signatures are provably

more expressive than vanilla GNNs and also more scalable than

existing edge-wise models. Experimental results on standard link

prediction benchmarks show that our proposed model achieves

comparable or better performance than existing edge-wise GNN

models while being 2-121 × faster and more memory-efficient for

online inference.
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1 INTRODUCTION
Link prediction is one of the fundamental tasks in graph machine

learning and has wide real-world applications in network analy-

sis, recommender systems [3, 38], knowledge graph completion

[28, 41], interaction of proteins [27] and drugs [26], and vascular

prediction in neuroscience [21]. Early research [20] investigated

using hand-crafted score functions to measure the neighborhood

similarity between two end nodes for predicting links. These score

functions including Common Neighbor (CN) [2], Jaccard index [13],

Adamic-Adar (AA) [1] and Resource Allocation (RA) [40] are deter-

ministic and localized, often referred as link prediction heuristics.

To incorporate the global structure, node embedding [10, 22] or

matrix factorization-based [24] methods are proposed, which map

each node in the graph into a low-dimensional hidden space. These

vectorized node embeddings preserve certain structural properties

of the input graph that can be used for predicting links. Recently,

graph neural networks (GNNs) [11, 16] have begun to dominate

representation learning on graphs, due to its benefits in combin-

ing node features and graph structures through a message passing

framework [9]. To predict the target link, GNNs are first applied to

the entire graph to obtain the node-wise representation, and then

embeddings of two end nodes are aggregated to predict the likeli-

hood of forming a link. GNNs have shown excellent performance on

node-level tasks, but sometimes only achieve subpar performance

on link prediction, and may even be worse than unsupervised em-

bedding methods or simple heuristics [37, 39].

Multiple studies have revealed the deficiency of directly aggre-

gating node embeddings produced by GNNs as the representation

of a link for prediction [6, 19, 25, 31, 37, 39]: (1) It cannot mea-

sure the overlap between node neighborhoods as link prediction

heuristics do, where [7] proves that GNNs are incapable of count-

ing connected substructures like triangles. (2) It cannot distinguish

target nodes that are isomorphic (e.g. nodes 𝑢,𝑤 are structurally

symmetric in Fig. 1) within its 𝑘-hop induced subgraphs, where

[32] proves that the expressive power of GNNs is bounded by the

1-Weisfeiler-Lehman (1-WL) test. For nodes with isomorphic neigh-

borhood, GNNs map them into the same representation due to

limited expressiveness, while graph embedding methods do not

suffer as their receptive fields are the whole graph. As a node-wise

model, GNNs are incapable of producing effective structural rep-

resentations of target links, which require encoding the pairwise

relation between two given candidate nodes.

Recent studies resort to learning more expressive link represen-

tations through edge-wise models. Two approaches are used to

alleviate the limitations of vanilla GNNs in generating structural

link representations. Coupled: labeling tricks are a family of hand-

crafted and target-link-specific structural features [19, 35, 37, 39, 41].

It injects dependencies between nodes in target links by separately

assigning different node labels based on proximity-based metrics

within their 𝑘-hop enclosing subgraphs. Added labels enable the
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model to distinguish links containing isomorphic nodes (breaks the

symmetry) and to learn data-driven heuristics from labeled neigh-

borhoods. For each target link, it appends node labels after raw

features and then runs a GNN to obtain the representation of link-

induced subgraph for prediction (often refers as subgraph-based

models), which significantly outperforms vanilla GNNs on mul-

tiple benchmark datasets but also suffers from high computation

overhead. Decoupled: directly use heuristic-like pairwise features

to generate structural link representations without modifying the

input graph, including high-order neighborhood overlap [36], inter-

section and difference of node neighborhoods [6], and geodesic path

between two end nodes [17]). Detaching structural features from

message passing achieves better scalability, but this simplification

also compromises its capacity and empirical performance.

The emerging challenge in leveraging structural features to yield

more expressive link representations lies in the trade-off between

feature richness and their computation complexity. Structural link

representations is edge conditioned, where the inefficiency and

redundancy of materializing structural features for each target link

makes it no longer feasible for large-scale graphs; directly using

precomputed pairwise features for learning link representations

avoids rerunning GNNs and explicitly constructing structural fea-

tures. Meanwhile, it loses substantial capacity and flexibility for

message passing models to capture some important structural sig-

nals on the graph, as these features are hand-crafted and collapsed

to certain values by fixed score functions (e.g. overlap or difference).

To address the above issues, we propose Bloom Signature, a scal-

able node-wise neighborhood signature for constructing scalable

structural features. It encodes node neighborhoods of different or-

ders into compact bit arrays (termed “signature") through hashing.

By design, Bloom Signature can be preprocessed offline in parallel

once and efficiently merged to recover edge-wise features online,

including a variety of neighborhood overlap-based heuristics. This

property avoids expensive overhead of feature materialization for

each target link in labeling tricks. Meanwhile, unlike manual pair-

wise features, it maintains structural signals from node neighbor-

hoods, allowing for the flexibility to learn more expressive link rep-

resentations and data-driven heuristics. Bloom Signature achieves

a balance between model expressiveness and computational com-

plexity for learning structural link representations. Experimental

results on 5 public benchmark datasets show that its performance is

comparable to or better than existing edge-wise models, achieving

121 × speedup over formerly SOTA model SEAL and another 2×
speedup over the fastest one.

Our main contributions can be summarized as follows:

• We identify key bottlenecks in applying structural features for

learning expressive structural link representations and propose a

decoupling mechanism to address the computational challenges

of pairwise feature construction while maintaining model ex-

pressiveness and empirical performance;

• A scalable hashing-based structural feature, Bloom Signature, is

proposed to augment the message passing framework of GNNs,

which is a compact encoding of node neighborhoods that can be

efficiently merged to recover edge-wise structural features for

online training and inference on large-scale graphs.

• We provide error bounds for the estimation of neighborhood

intersections from Bloom signatures and further show that any
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Subgraph <latexit sha1_base64="beMwGDWsaodeuvKWTwaa/Ro2Ojk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY8kXjxCIo8ENmR2aGBkdnYzM6shG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT27nffkSleSTvzTRGP6QjyYecUWOlxlO/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZ446dcxolByZaLhokgJiLzr8mAK2RGTC2hTHF7K2FjqigzNpuCDcFbfXmdtCpl76pcbVRLtUoWRx7O4BwuwYNrqMEd1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AOLTjPQ=</latexit>w <latexit sha1_base64="gMqDM02K31sN9iRxh23E7TRnJDg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY8kXjxCIo8ENmR2aGBkdnYzM0tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzlo4SxbDJIhGpTkA1Ci6xabgR2IkV0jAQ2A4m9wu/PUWleSQfzSxGP6QjyYecUWOlxrRfLLlldwmySbyMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwXeonGmLIJHWHXUklD1H66PHROrqwyIMNI2ZKGLNXfEykNtZ6Fge0MqRnrdW8h/ud1EzO881Mu48SgZKtFw0QQE5HF12TAFTIjZpZQpri9lbAxVZQZm03BhuCtv7xJWpWyd1OuNqqlWiWLIw8XcAnX4MEt1OAB6tAEBgjP8ApvzpPz4rw7H6vWnJPNnMMfOJ8/4U+M8w==</latexit>v

Link
Query

<latexit sha1_base64="/LPI8L74nw67LSpc+vUZJMkLc2E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahBylJKeqx4MVjBVMLaSib7aZdursJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0o508Z1v53SxubW9k55t7K3f3B4VD0+6eokU4T6JOGJ6kVYU84k9Q0znPZSRbGIOH2MJrdz//GJKs0S+WCmKQ0FHkkWM4KNlfzAu2yGg2rNbbgLoHXiFaQGBTqD6ld/mJBMUGkIx1oHnpuaMMfKMMLprNLPNE0xmeARDSyVWFAd5otjZ+jCKkMUJ8qWNGih/p7IsdB6KiLbKbAZ61VvLv7nBZmJb8KcyTQzVJLlojjjyCRo/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwVl9eJ91mw7tqtO5btXa9iKMMZ3AOdfDgGtpwBx3wgQCDZ3iFN0c6L86787FsLTnFzCn8gfP5A7FUjeI=</latexit>

[1, 2]

<latexit sha1_base64="wIVuQ0izZ3lf7c5EPO5UWTYYa3w=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahBylJKeqx4MVjBVMLaSib7aZdursJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0o508Z1v53SxubW9k55t7K3f3B4VD0+6eokU4T6JOGJ6kVYU84k9Q0znPZSRbGIOH2MJrdz//GJKs0S+WCmKQ0FHkkWM4KNlfygeemFg2rNbbgLoHXiFaQGBTqD6ld/mJBMUGkIx1oHnpuaMMfKMMLprNLPNE0xmeARDSyVWFAd5otjZ+jCKkMUJ8qWNGih/p7IsdB6KiLbKbAZ61VvLv7nBZmJb8KcyTQzVJLlojjjyCRo/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwVl9eJ91mw7tqtO5btXa9iKMMZ3AOdfDgGtpwBx3wgQCDZ3iFN0c6L86787FsLTnFzCn8gfP5A7FWjeI=</latexit>

[2, 1]
<latexit sha1_base64="jU7RxhRGw1NeQ8g8EMjAeBKpDXQ=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSL0ICXRoh4LXjxWMG0hDWWz3bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRSln2rjut7O2vrG5tV3aKe/u7R8cVo6O21pmilCfSC5VN8Kaciaob5jhtJsqipOI0040vpv5nSeqNJPi0UxSGiZ4KFjMCDZW8oOrCzfsV6pu3Z0DrRKvIFUo0OpXvnoDSbKECkM41jrw3NSEOVaGEU6n5V6maYrJGA9pYKnACdVhPj92is6tMkCxVLaEQXP190SOE60nSWQ7E2xGetmbif95QWbi2zBnIs0MFWSxKM44MhLNPkcDpigxfGIJJorZWxEZYYWJsfmUbQje8surpH1Z967rjYdGtVkr4ijBKZxBDTy4gSbcQwt8IMDgGV7hzRHOi/PufCxa15xi5gT+wPn8AbFYjeI=</latexit>

[3, 0]

<latexit sha1_base64="RPA99i1hyYiyZu4bxaUb8jNxHLw=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSL0ICXRoh4LXjxWMG0hDWWz3bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRSln2rjut7O2vrG5tV3aKe/u7R8cVo6O21pmilCfSC5VN8Kaciaob5jhtJsqipOI0040vpv5nSeqNJPi0UxSGiZ4KFjMCDZW8gP34irsV6pu3Z0DrRKvIFUo0OpXvnoDSbKECkM41jrw3NSEOVaGEU6n5V6maYrJGA9pYKnACdVhPj92is6tMkCxVLaEQXP190SOE60nSWQ7E2xGetmbif95QWbi2zBnIs0MFWSxKM44MhLNPkcDpigxfGIJJorZWxEZYYWJsfmUbQje8surpH1Z967rjYdGtVkr4ijBKZxBDTy4gSbcQwt8IMDgGV7hzRHOi/PufCxa15xi5gT+wPn8AbFSjeI=</latexit>

[0, 3]

<latexit sha1_base64="Egxu8wrSaj04ac0ttQrSYiSQuGc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahBy27UtRjwYvHCvYDtkvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbC8e3M7zxRpZkUD2aS0CDGQ8EiRrCxUtu/8M69oF+uuDV3DrRKvJxUIEezX/7qDSRJYyoM4Vhr33MTE2RYGUY4nZZ6qaYJJmM8pL6lAsdUB9n82ik6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+5/mpiW6CjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvr5L2Zc27qtXv65VGNY+jCCdwClXw4BoacAdNaAGBR3iGV3hzpPPivDsfi9aCk88cwx84nz8aDY4Y</latexit>

[�1, 1]

<latexit sha1_base64="Egxu8wrSaj04ac0ttQrSYiSQuGc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahBy27UtRjwYvHCvYDtkvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbC8e3M7zxRpZkUD2aS0CDGQ8EiRrCxUtu/8M69oF+uuDV3DrRKvJxUIEezX/7qDSRJYyoM4Vhr33MTE2RYGUY4nZZ6qaYJJmM8pL6lAsdUB9n82ik6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+5/mpiW6CjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvr5L2Zc27qtXv65VGNY+jCCdwClXw4BoacAdNaAGBR3iGV3hzpPPivDsfi9aCk88cwx84nz8aDY4Y</latexit>

[�1, 1]

<latexit sha1_base64="BoWs4rAryB9ibj7quXRs5OK9L74=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahBy27UtRjwYvHCvYDtkvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbC8e3M7zxRpZkUD2aS0CDGQ8EiRrCxUtt3zy+8oF+uuDV3DrRKvJxUIEezX/7qDSRJYyoM4Vhr33MTE2RYGUY4nZZ6qaYJJmM8pL6lAsdUB9n82ik6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+5/mpiW6CjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvr5L2Zc27qtXv65VGNY+jCCdwClXw4BoacAdNaAGBR3iGV3hzpPPivDsfi9aCk88cwx84nz8YiI4X</latexit>

[0,�1] <latexit sha1_base64="AONptkmrVIO1fAxLt1atnZsx518=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahBy27UtRjwYvHCvYDtkvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbC8e3M7zxRpZkUD2aS0CDGQ8EiRrCxUtv3zi+8oF+uuDV3DrRKvJxUIEezX/7qDSRJYyoM4Vhr33MTE2RYGUY4nZZ6qaYJJmM8pL6lAsdUB9n82ik6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+5/mpiW6CjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvr5L2Zc27qtXv65VGNY+jCCdwClXw4BoacAdNaAGBR3iGV3hzpPPivDsfi9aCk88cwx84nz8aEI4Y</latexit>

[1,�1]

<latexit sha1_base64="Egxu8wrSaj04ac0ttQrSYiSQuGc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahBy27UtRjwYvHCvYDtkvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbC8e3M7zxRpZkUD2aS0CDGQ8EiRrCxUtu/8M69oF+uuDV3DrRKvJxUIEezX/7qDSRJYyoM4Vhr33MTE2RYGUY4nZZ6qaYJJmM8pL6lAsdUB9n82ik6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+5/mpiW6CjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvr5L2Zc27qtXv65VGNY+jCCdwClXw4BoacAdNaAGBR3iGV3hzpPPivDsfi9aCk88cwx84nz8aDY4Y</latexit>

[�1, 1]
<latexit sha1_base64="Egxu8wrSaj04ac0ttQrSYiSQuGc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahBy27UtRjwYvHCvYDtkvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbC8e3M7zxRpZkUD2aS0CDGQ8EiRrCxUtu/8M69oF+uuDV3DrRKvJxUIEezX/7qDSRJYyoM4Vhr33MTE2RYGUY4nZZ6qaYJJmM8pL6lAsdUB9n82ik6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+5/mpiW6CjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvr5L2Zc27qtXv65VGNY+jCCdwClXw4BoacAdNaAGBR3iGV3hzpPPivDsfi9aCk88cwx84nz8aDY4Y</latexit>

[�1, 1]
<latexit sha1_base64="Egxu8wrSaj04ac0ttQrSYiSQuGc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahBy27UtRjwYvHCvYDtkvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbC8e3M7zxRpZkUD2aS0CDGQ8EiRrCxUtu/8M69oF+uuDV3DrRKvJxUIEezX/7qDSRJYyoM4Vhr33MTE2RYGUY4nZZ6qaYJJmM8pL6lAsdUB9n82ik6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+5/mpiW6CjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvr5L2Zc27qtXv65VGNY+jCCdwClXw4BoacAdNaAGBR3iGV3hzpPPivDsfi9aCk88cwx84nz8aDY4Y</latexit>

[�1, 1]

<latexit sha1_base64="/ork1k5p4+//3vOeauagFjo/+9Y=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahBy27UtRjwYvHCvYDtkvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbC8e3M7zxRpZkUD2aS0CDGQ8EiRrCxUtu/8M7doF+uuDV3DrRKvJxUIEezX/7qDSRJYyoM4Vhr33MTE2RYGUY4nZZ6qaYJJmM8pL6lAsdUB9n82ik6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+5/mpiW6CjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvr5L2Zc27qtXv65VGNY+jCCdwClXw4BoacAdNaAGBR3iGV3hzpPPivDsfi9aCk88cwx84nz8YiI4X</latexit>

[�1, 0]

Double Radius Node Labeling (DRNL)

Distance Encoding
<latexit sha1_base64="K9xw57DkxzGKKAiR8x3r7/Qt86U=">AAACC3icbZC7SgNBFIZnvcZ4W7W0GRKECCHsSlDLgBaWEc0FkiXMTmaTIbMXZs6GhCW9ja9iY6GIrS9g59s4SbaIiT8M/HznHM6c340EV2BZP8ba+sbm1nZmJ7u7t39waB4d11UYS8pqNBShbLpEMcEDVgMOgjUjyYjvCtZwBzfTemPIpOJh8AjjiDk+6QXc45SARh0z12oDG0HyUL2dFOLi6LyIF8BQA6dj5q2SNRNeNXZq8ihVtWN+t7shjX0WABVEqZZtReAkRAKngk2y7VixiNAB6bGWtgHxmXKS2S0TfKZJF3uh1C8APKOLEwnxlRr7ru70CfTVcm0K/6u1YvCunYQHUQwsoPNFXiwwhHgaDO5yySiIsTaESq7/immfSEJBx5fVIdjLJ6+a+kXJviyV78v5SiGNI4NOUQ4VkI2uUAXdoSqqIYqe0At6Q+/Gs/FqfBif89Y1I505QX9kfP0CK2aZxw==</latexit>

[SPD(u, x), SPD(v, x)]

<latexit sha1_base64="KNN9bJFrl/CA4erpEu82R0s4VwQ=">AAACGHicbVBLS0JBFJ7b0+x1q2WbSxIohd0bUm0CoRYtjfIBKjJ3POrg3Acz54py8We06a+0aVFEW3f9m8bHwrQDA9/jHM6czw0FV2jbP8bK6tr6xmZiK7m9s7u3bx4cllQQSQZFFohAVlyqQHAfishRQCWUQD1XQNnt3o39cg+k4oH/jIMQ6h5t+7zFGUUtNcyLGkIfY0FdEMN0P3M75U+F+2E6Ou9nzuZ4T/OGmbKz9qSsZeDMQIrMqtAwR7VmwCIPfGSCKlV17BDrMZXImYBhshYpCCnr0jZUNfSpB6oeTw4bWqdaaVqtQOrnozVR5ydi6ik18Fzd6VHsqEVvLP7nVSNs3dRj7ocRgs+mi1qRsDCwxilZTS6BoRhoQJnk+q8W61BJGeoskzoEZ/HkZVC6zDpX2dxjLpVPz+JIkGNyQtLEIdckTx5IgRQJIy/kjXyQT+PVeDe+jO9p64oxmzkif8oY/QLgWZ+P</latexit>

label(x) = SPD(u, x) + SPD(v, x)

2-hop Common 
Neighbors

<latexit sha1_base64="7bgElnFjc9j+9KzpmZdOqvMJQXs=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdSElKUZcFF7qsYB/QhDCZTtqhk0mcmVRKyC+48VfcuFDErTt3/o2TNgttPXDhcM693HuPHzMqlWV9Gyura+sbm6Wt8vbO7t6+eXDYkVEiMGnjiEWi5yNJGOWkrahipBcLgkKfka4/vsr97oQISSN+p6YxcUM05DSgGCkteWbVCZEaYcTS68xLk7OHDDqc3MMFeZJ5ZsWqWTPAZWIXpAIKtDzzyxlEOAkJV5ghKfu2FSs3RUJRzEhWdhJJYoTHaEj6mnIUEumms48yeKqVAQwioYsrOFN/T6QolHIa+rozP1Quern4n9dPVHDpppTHiSIczxcFCYMqgnk8cEAFwYpNNUFYUH0rxCMkEFY6xLIOwV58eZl06jX7vNa4bVSa9SKOEjgGJ6AKbHABmuAGtEAbYPAInsEreDOejBfj3fiYt64YxcwR+APj8wc5Bp3b</latexit>Gu,w 6= Gu,v

<latexit sha1_base64="+5PZ9VsjuTrERGaQ7UcVohUM0ko=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBVUlKUTdCwYUuK9gHtCFMppN26OTBzKRSQldu/BU3LhRx6ze482+ctFlo64GBM+fcy733eDFnUlnWt1FYWV1b3yhulra2d3b3zP2DlowSQWiTRDwSHQ9LyllIm4opTjuxoDjwOG17o+vMb4+pkCwK79Ukpk6AByHzGcFKS6553AuwGhLM05up+4Cu0O//2DXLVsWaAS0TOydlyNFwza9ePyJJQENFOJaya1uxclIsFCOcTku9RNIYkxEe0K6mIQ6odNLZGVN0qpU+8iOhX6jQTP3dkeJAykng6cpsSbnoZeJ/XjdR/qWTsjBOFA3JfJCfcKQilGWC+kxQovhEE0wE07siMsQCE6WTK+kQ7MWTl0mrWrHPK7W7WrlezeMowhGcwBnYcAF1uIUGNIHAIzzDK7wZT8aL8W58zEsLRt5zCH9gfP4AFnaY2A==</latexit>Gw = Gv
w/o

DRNL

Figure 1: GNNs cannot correctly predict whether 𝑢 is more
likely linked with 𝑣 or 𝑤 , because 𝑣 and 𝑤 have the same
node representation without additional information (colored
nodes only, without DRNL labels or encoding of shortest
path distances within 3 hops). Representations with distance-
based labels added are more expressive to distinguish these
two pairs of link (𝑢, 𝑣) and (𝑢,𝑤 ).

type of overlap-based heuristics can be recovered from neighbor-

hood signatures via neural networks with accuracy guarantee.

2 PRELIMINARIES AND RELATEDWORK
Notations. Let G = (V, E, 𝑋 ) be a undirected graph of 𝑁 nodes

V = {1, 2 . . . , 𝑁 } and 𝐸 edges E ⊆ V ×V with node features of

𝑋 ∈ R𝑁×𝐹
. Let 𝐴 ∈ R𝑁×𝑁

be the adjacency matrix of G, where
𝐴𝑢𝑣 = 1 if (𝑢, 𝑣) ∈ E and 𝐴𝑢𝑣 = 0 otherwise. The degree of node

𝑢 is deg(𝑢) :=
∑𝑁

𝑣=1
𝐴𝑢𝑣 . We denote the 𝑘-hop neighborhood of

node 𝑢 as N𝑘 (𝑢), which is the set of all nodes that is connected to

𝑢 with the shortest path distance 𝑘 . The 𝑘th-order neighborhood

overlap, union and difference between node 𝑢 and 𝑣 are given by

N𝑘 (𝑢) ∩ N𝑘 (𝑣), N𝑘 (𝑢) ∪ N𝑘 (𝑣), and N𝑘 (𝑢) − N𝑘 (𝑣). Let H :

V → [𝑛] be a pairwise independent hash function, i.e. Pr(H (𝑢) =
ℎ1 ∧H(𝑣) = ℎ2) = 1/𝑛2

for ℎ1, ℎ2 ∈ [𝑛], 𝑢 ≠ 𝑣 and 𝑢, 𝑣 ∈ V .

Link Prediction Heuristic. Common heuristics for link predic-

tion is neighborhood overlap-based with varieties in score func-

tions to measure the similarity. (1) 1-hop neighborhood: common

neighbor (CN) 𝑆CN (𝑢, 𝑣) =
∑

𝑤∈N(𝑢 )∩N(𝑣) 1, resource allocation

(RA) 𝑆RA (𝑢, 𝑣) =
∑

𝑤∈N(𝑢 )∩N(𝑣) 1/deg(𝑤), and Adamic-Adar (AA)

𝑆AA (𝑢, 𝑣) =
∑

𝑤∈N(𝑢 )∩N(𝑣) 1/log deg(𝑤). (2) high-order neigh-
borhood: Neo-GNN [36] utilizes a weighted overlap with node

degrees in different orders as 𝑆Neo (𝑢, 𝑣) =
∑𝑘
𝑘1=1

∑𝑘
𝑘2=1

(
𝛽𝑘1+𝑘2−2 ·∑

𝑤∈N𝑘
1 (𝑢 )∩N𝑘

2 (𝑣) 𝑓 (deg(𝑤))
)
, where 𝛽 is a hyper-parameter and

𝑓 is a learnable function of degree features. BUDDY [6] uses 𝑘2

high-order overlap and 2𝑘 difference features as 𝑆BUDDY (𝑢, 𝑣) =

{∑𝑤∈N𝑘
1 (𝑢 )∩N𝑘

2 (𝑣) 1|𝑘1, 𝑘2 ∈ [𝑘]}| |{∑
𝑤∈N𝑘

1 (𝑢 )−∪𝑘
𝑘′=1

N𝑘′ (𝑣) 1,∑
𝑤∈N𝑘

2 (𝑣)−∪𝑘
𝑘′=1

N𝑘′ (𝑢 ) 1|𝑘1, 𝑘2 ∈ [𝑘]}, where | | is concatenation.

Message Passing Neural Network. Message passing neural net-

work (MPNN) [9] is a generic framework of GNNs, which learns

node representations via iterative aggregations of their local neigh-

borhoods in the graph. To compute themessage𝒎 (𝑙 )
𝑣 and the hidden

state 𝒉(𝑙 )𝑣 for each node 𝑣 ∈ V at the 𝑙-th layer (𝑙 = 1, 2, . . . , 𝐿):

𝒎 (𝑙 )
𝑣 = AGG

({
𝜙 (𝑙 )

(
𝒉(𝑙−1)
𝑣 ,𝒉(𝑙−1)

𝑤

)
|𝑤 ∈ N (𝑣)

})
(1)

𝒉(𝑙 )𝑣 = 𝜎 (𝑙 )
(
𝒉(𝑙−1)
𝑣 ,𝒎 (𝑙 )

𝑣

)
(2)

2
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Observed Graph
<latexit sha1_base64="aUdG3jHTuqccyLCQviaCYnvfkLA=">AAACEXicbVDLSsNAFL3xWesr6tLNYBEqSEmkqMuCiC4r2Ae0oUymk3bo5MHMRCghv+DGX3HjQhG37tz5N07a4KP1wMC559zL3HvciDOpLOvTWFhcWl5ZLawV1zc2t7bNnd2mDGNBaIOEPBRtF0vKWUAbiilO25Gg2Hc5bbmji8xv3VEhWRjcqnFEHR8PAuYxgpWWema562M1JJgnV+kPb6bH6Lu41EX7qGeWrIo1AZondk5KkKPeMz+6/ZDEPg0U4VjKjm1FykmwUIxwmha7saQRJiM8oB1NA+xT6SSTi1J0qJU+8kKhX6DQRP09kWBfyrHv6s5sTTnrZeJ/XidW3rmTsCCKFQ3I9CMv5kiFKIsH9ZmgRPGxJpgIpndFZIgFJkqHWNQh2LMnz5PmScU+rVRvqqWalcdRgH04gDLYcAY1uIY6NIDAPTzCM7wYD8aT8Wq8TVsXjHxmD/7AeP8CuQ+c3w==</latexit>G(V, E , X)

Query for Link 
Prediction Q={u,v}

<latexit sha1_base64="blXQz2dJ/83ooy6WOzLLwFNCmNI=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4kLIrRb0IBS8eW7Af0l1KNs22oUl2SbKFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTau++2srW9sbm0Xdoq7e/sHh6Wj45aOU0Vok8Q8Vp0Qa8qZpE3DDKedRFEsQk7b4eh+5rfHVGkWy0czSWgg8ECyiBFsrPTUuPOz9HLsT3ulsltx50CrxMtJGXLUe6Uvvx+TVFBpCMdadz03MUGGlWGE02nRTzVNMBnhAe1aKrGgOsjmB0/RuVX6KIqVLWnQXP09kWGh9USEtlNgM9TL3kz8z+umJroNMiaT1FBJFouilCMTo9n3qM8UJYZPLMFEMXsrIkOsMDE2o6INwVt+eZW0riredaXaqJZrKI+jAKdwBhfgwQ3U4AHq0AQCAp7hFd4c5bw4787HonXNyWdO4A+czx9p9ZAQ</latexit>

Q = {u, v} Structural Link 
Representation

<latexit sha1_base64="9/bvX45XT9aZV+w8rsYikqJX/Ls=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGdn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVW9m+p147pSI3kcRTiDc7gED26hBg9QhyYwQHiGV3hznpwX5935WLYWnHzmFP7A+fwB2+WM4Q==</latexit>v

<latexit sha1_base64="F6A3yYDb0xDbaiiG6pgw+CcrOtg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUSR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2mGM4A==</latexit> u
<latexit sha1_base64="9/bvX45XT9aZV+w8rsYikqJX/Ls=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGdn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVW9m+p147pSI3kcRTiDc7gED26hBg9QhyYwQHiGV3hznpwX5935WLYWnHzmFP7A+fwB2+WM4Q==</latexit>v

<latexit sha1_base64="S8CRepjOrKlqeHVhU7rG2BlBq2A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqDcLXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmjf9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77LqNWuVei2PowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/jZeMuw==</latexit>

?
<latexit sha1_base64="F6A3yYDb0xDbaiiG6pgw+CcrOtg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUSR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2mGM4A==</latexit> u

<latexit sha1_base64="lcS5yGuc0MqwbVETZQ9aFb2J+gQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redbXWrFXqJI+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz+8EYzM</latexit>a
<latexit sha1_base64="Cm5ZNGv+ux+Sg1VX5xJERroRyHM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUSR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AvZWMzQ==</latexit>

b

<latexit sha1_base64="4iFUqZ/hYgr+VmVqnWw5fei9MV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redbXWrFXqJI+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz+/GYzO</latexit>c

<latexit sha1_base64="h2c9v4yISrOAVxE8e+n6J68djuk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJu3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dgobm1vbO8Xd0t7+weFR+fikrZNMMWyxRCSqG1CNgktsGW4EdlOFNA4EdoLx3dzvPKHSPJEPZpKiH9Oh5BFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/TBhWYzSMEG17nluavwpVYYzgbNSP9OYUjamQ+xZKmmM2p8uDp2RC6uEJEqULWnIQv09MaWx1pM4sJ0xNSO96s3F/7xeZqJbf8plmhmUbLkoygQxCZl/TUKukBkxsYQyxe2thI2ooszYbEo2BG/15XXSvqp619Vas1apkzyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AwJ2Mzw==</latexit>

d
<latexit sha1_base64="nOCjjMoXgcEzW88HeiNeE0NInE8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvulpr1ip1ksdRhDM4h0vw4AbqcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/CIYzQ</latexit>e

<latexit sha1_base64="B3x+eADDqQMoun0eztXMlNwosFo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUSR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aw6WM0Q==</latexit>

f
<latexit sha1_base64="xDKKs0X4bYocGW8wClJ8ZRLhYbE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp619Vas1apkzyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AxSmM0g==</latexit>

g

<latexit sha1_base64="B3x+eADDqQMoun0eztXMlNwosFo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUSR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aw6WM0Q==</latexit>

f
<latexit sha1_base64="h2c9v4yISrOAVxE8e+n6J68djuk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJu3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dgobm1vbO8Xd0t7+weFR+fikrZNMMWyxRCSqG1CNgktsGW4EdlOFNA4EdoLx3dzvPKHSPJEPZpKiH9Oh5BFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/TBhWYzSMEG17nluavwpVYYzgbNSP9OYUjamQ+xZKmmM2p8uDp2RC6uEJEqULWnIQv09MaWx1pM4sJ0xNSO96s3F/7xeZqJbf8plmhmUbLkoygQxCZl/TUKukBkxsYQyxe2thI2ooszYbEo2BG/15XXSvqp619Vas1apkzyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AwJ2Mzw==</latexit>

d
<latexit sha1_base64="nOCjjMoXgcEzW88HeiNeE0NInE8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvulpr1ip1ksdRhDM4h0vw4AbqcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/CIYzQ</latexit>e

<latexit sha1_base64="xDKKs0X4bYocGW8wClJ8ZRLhYbE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp619Vas1apkzyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AxSmM0g==</latexit>

g <latexit sha1_base64="4iFUqZ/hYgr+VmVqnWw5fei9MV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redbXWrFXqJI+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz+/GYzO</latexit>c <latexit sha1_base64="F6A3yYDb0xDbaiiG6pgw+CcrOtg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUSR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2mGM4A==</latexit> u<latexit sha1_base64="9/bvX45XT9aZV+w8rsYikqJX/Ls=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGdn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVW9m+p147pSI3kcRTiDc7gED26hBg9QhyYwQHiGV3hznpwX5935WLYWnHzmFP7A+fwB2+WM4Q==</latexit>v

<latexit sha1_base64="h2c9v4yISrOAVxE8e+n6J68djuk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJu3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dgobm1vbO8Xd0t7+weFR+fikrZNMMWyxRCSqG1CNgktsGW4EdlOFNA4EdoLx3dzvPKHSPJEPZpKiH9Oh5BFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/TBhWYzSMEG17nluavwpVYYzgbNSP9OYUjamQ+xZKmmM2p8uDp2RC6uEJEqULWnIQv09MaWx1pM4sJ0xNSO96s3F/7xeZqJbf8plmhmUbLkoygQxCZl/TUKukBkxsYQyxe2thI2ooszYbEo2BG/15XXSvqp619Vas1apkzyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AwJ2Mzw==</latexit>

d
<latexit sha1_base64="xDKKs0X4bYocGW8wClJ8ZRLhYbE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp619Vas1apkzyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AxSmM0g==</latexit>

g <latexit sha1_base64="lcS5yGuc0MqwbVETZQ9aFb2J+gQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redbXWrFXqJI+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz+8EYzM</latexit>a
<latexit sha1_base64="Cm5ZNGv+ux+Sg1VX5xJERroRyHM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUSR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AvZWMzQ==</latexit>

b
<latexit sha1_base64="B3x+eADDqQMoun0eztXMlNwosFo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUSR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aw6WM0Q==</latexit>

f
<latexit sha1_base64="F6A3yYDb0xDbaiiG6pgw+CcrOtg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUSR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2mGM4A==</latexit> u <latexit sha1_base64="F6A3yYDb0xDbaiiG6pgw+CcrOtg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUSR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2mGM4A==</latexit> u <latexit sha1_base64="4iFUqZ/hYgr+VmVqnWw5fei9MV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redbXWrFXqJI+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz+/GYzO</latexit>c <latexit sha1_base64="9/bvX45XT9aZV+w8rsYikqJX/Ls=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGdn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVW9m+p147pSI3kcRTiDc7gED26hBg9QhyYwQHiGV3hznpwX5935WLYWnHzmFP7A+fwB2+WM4Q==</latexit>v
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Bloom Signatures
<latexit sha1_base64="qQuXKsDxIbGAwwCjWaISFVDEvT8=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyWRoi4LblxJBfuANpbJdNIOnUzCzKRSQv/DjQtF3Pov7vwbJ2kW2npg4HDOvdwzx4s4U9q2v63C2vrG5lZxu7Szu7d/UD48aqswloS2SMhD2fWwopwJ2tJMc9qNJMWBx2nHm9ykfmdKpWKheNCziLoBHgnmM4K1kR77AdZjgnlyN69Ozwflil2zM6BV4uSkAjmag/JXfxiSOKBCE46V6jl2pN0ES80Ip/NSP1Y0wmSCR7RnqMABVW6SpZ6jM6MMkR9K84RGmfp7I8GBUrPAM5NpSrXspeJ/Xi/W/rWbMBHFmgqyOOTHHOkQpRWgIZOUaD4zBBPJTFZExlhiok1RJVOCs/zlVdK+qDmXtfp9vdJAeR1FOIFTqIIDV9CAW2hCCwhIeIZXeLOerBfr3fpYjBasfOcY/sD6/AEnpZIw</latexit>

N (v)
<latexit sha1_base64="1l5h+g6NNidsGG6XBcU6zYnKurg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyUpRV0W3LiSCvYBbSyT6aQdOpmEmUmhhP6JGxeKuPVP3Pk3TtostPXAwOGce7lnjh9zprTjfFuFjc2t7Z3ibmlv/+DwyD4+aasokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn9xmfmdKpWKReNSzmHohHgkWMIK1kQa23Q+xHhPM0/v5U60yvRzYZafqLIDWiZuTMuRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTuelfqJojMkEj2jPUIFDqrx0kXyOLowyREEkzRMaLdTfGykOlZqFvpnMcqpVLxP/83qJDm68lIk40VSQ5aEg4UhHKKsBDZmkRPOZIZhIZrIiMsYSE23KKpkS3NUvr5N2repeVesP9XID5XUU4QzOoQIuXEMD7qAJLSAwhWd4hTcrtV6sd+tjOVqw8p1T+APr8wfOzJMF</latexit>

N 2(v)

<latexit sha1_base64="03NfD8uYULanhb6URghUc6eAhB0=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyUpRV0W3LiSCvYBbSyT6aQdOpmEmUmhhP6JGxeKuPVP3Pk3TtostPXAwOGce7lnjh9zprTjfFuFjc2t7Z3ibmlv/+DwyD4+aasokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn9xmfmdKpWKReNSzmHohHgkWMIK1kQa23Q+xHhPM0/v5U62SXA7sslN1FkDrxM1JGXI0B/ZXfxiRJKRCE46V6rlOrL0US80Ip/NSP1E0xmSCR7RnqMAhVV66SD5HF0YZoiCS5gmNFurvjRSHSs1C30xmOdWql4n/eb1EBzdeykScaCrI8lCQcKQjlNWAhkxSovnMEEwkM1kRGWOJiTZllUwJ7uqX10m7VnWvqvWHermB8jqKcAbnUAEXrqEBd9CEFhCYwjO8wpuVWi/Wu/WxHC1Y+c4p/IH1+QPNR5ME</latexit>

N 2(u)
<latexit sha1_base64="yj8fPW5t9fFXopZmT5I3nZe4zeU=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBHqpsxIUZcFN66kgn1AO5ZMmmlDM8mQZJQy9D/cuFDErf/izr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789iNVmklxbyYx9SM8FCxkBBsrPfQibEYE8/R2WknO+qWyW3VnQMvEy0kZcjT6pa/eQJIkosIQjrXuem5s/BQrwwin02Iv0TTGZIyHtGupwBHVfjpLPUWnVhmgUCr7hEEz9fdGiiOtJ1FgJ7OUetHLxP+8bmLCKz9lIk4MFWR+KEw4MhJlFaABU5QYPrEEE8VsVkRGWGFibFFFW4K3+OVl0jqvehfV2l2tXEd5HQU4hhOogAeXUIcbaEATCCh4hld4c56cF+fd+ZiPrjj5zhH8gfP5AyYgki8=</latexit>

N (u)

<latexit sha1_base64="LvPMV633dg4fcr3J769SSDRs0iI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS1GXBjcsK9gFNKJPppB06mYR5CCXkN9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbqWxsbm3vVHdre/sHh0f145OeSowktEsSnshBiBXlTNCuZprTQSopjkNO++HsrvD7T1QqlohHPU9pEOOJYBEjWFvJ92Osp2GUqXxkRvWG23QXQOvEK0kDSnRG9S9/nBATU6EJx0oNPTfVQYalZoTTvOYbRVNMZnhCh5YKHFMVZIvMObqwyhhFibRPaLRQf29kOFZqHod2ssioVr1C/M8bGh3dBhkTqdFUkOWhyHCkE1QUgMZMUqL53BJMJLNZEZliiYm2NdVsCd7ql9dJ76rpXTdbD61GG5V1VOEMzuESPLiBNtxDB7pAIIVneIU3xzgvzrvzsRytOOXOKfyB8/kDgoGR5g==</latexit>

su

<latexit sha1_base64="UI7cvESrlE+b7OnVA0E8lVZ/e+k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLgxmUF+4CmlMn0ph06mYSZSaGE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8HkPvc7U1Sax/LJzBLsR3QkecgZNVby/YiacRBmej6YDqo1t+4uQNaJV5AaFGgOql/+MGZphNIwQbXueW5i+hlVhjOB84qfakwom9AR9iyVNELdzxaZ5+TCKkMSxso+achC/b2R0UjrWRTYyTyjXvVy8T+vl5rwrp9xmaQGJVseClNBTEzyAsiQK2RGzCyhTHGblbAxVZQZW1PFluCtfnmdtK/q3k39+vG61iBFHWU4g3O4BA9uoQEP0IQWMEjgGV7hzUmdF+fd+ViOlpxi5xT+wPn8AYQFkec=</latexit>

sv
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<latexit sha1_base64="FewYB+DtxxObntcvczUZun+Z3Fw=">AAACCXicbVDLSsNAFL2pr1pfUZduBovgqiQiKq4KbrqsYB/QhDKZTtqhk0mYmQglZOvGX3HjQhG3/oE7/8ZpG1BbDwycOede7r0nSDhT2nG+rNLK6tr6RnmzsrW9s7tn7x+0VZxKQlsk5rHsBlhRzgRtaaY57SaS4ijgtBOMb6Z+555KxWJxpycJ9SM8FCxkBGsj9W3kRViPCOZZI7/++bRz5OkY9YTft6tOzZkBLRO3IFUo0Ozbn94gJmlEhSYcK9VznUT7GZaaEU7zipcqmmAyxkPaM1TgiCo/m12SoxOjDFAYS/OERjP1d0eGI6UmUWAqp6uqRW8q/uf1Uh1e+RkTSaqpIPNBYcqROXIaCxowSYnmE0MwkczsisgIS0y0Ca9iQnAXT14m7bOae1E7vz2v1lERRxmO4BhOwYVLqEMDmtACAg/wBC/waj1az9ab9T4vLVlFzyH8gfXxDQI3mcs=</latexit>

H : V ! [n]

…

…

Figure 2: Bloom Signature: A scalable hashing-based struc-
tural feature of node neighborhoods, which can be used to
recover neighborhood overlap-based heuristics or learn data-
driven pairwise relations for structural link representation.
where 𝜙, 𝜎 are learnable functions of message and update, respec-

tively. AGG is a local permutation-invariant aggregation function

(e.g. sum, mean). The initial node representation is set as 𝒉(0)𝑣 = 𝑋𝑣 .

The final layer output gives the node representation 𝒉𝑣 (omits the

superscript (𝐿) for simplicity). To predict the likelihood between

two candidate nodes 𝑢, 𝑣 to form a link (noted as 𝐴𝑖 𝑗 ) from repre-

sentations produced by MPNN:

𝐴𝑢𝑣 = sigmoid(MLP(𝒉𝑢 ◦ 𝒉𝑢 )),
where ◦ is the decoder for link prediction, such as dot product,

Hardamard product or concatenation.

Definition 2.1 (Li et al., Srinivasan and Ribeiro). The most expres-
sive structural representation of link gives the same representation

if and only if two links are isomorphic (symmetric, on the same

orbit) in the graph.

Structural Features for Link Prediction. From Def. 2.1, a most ex-

pressive structural representationwill distinguish all non-isomorphic

links, where simply aggregating node representations generated

from GNNs fails to do so. GNNs map isomorphic nodes into the

same representation as its expressive power is upper-bounded by

the 1-WL test. As Fig. 1 shown, such behaviour would lead to two

totally unrelated nodes 𝑢,𝑤 and two neighboring nodes 𝑢, 𝑣 shar-

ing the same link representations, just because the tail nodes 𝑤

and 𝑣 have the isomorphic neighborhood. Structure features are in-

troduced to break symmetries in their neighborhood and inject

dependency between target end nodes (𝑢, 𝑣) through distance-

based functions dis(𝑤),∀𝑤 ∈ N𝑘 (𝑢) ∪ N𝑘 (𝑣): Distance Encoding
[19] adopts shortest path distance (SPD) or random walk land-

ing probability (RW); Double Radius Node Labeling (DRNL, [37])

dis(𝑤) = SPD(𝑢,𝑤) + SPD(𝑣,𝑤), and Relative Positional Encoding

[33, 34] dis(𝑤) = {RW(𝑢,𝑤) | |RW(𝑣,𝑤)}. It has been proven that a

sufficiently expressive GNN with structural features like labeling

tricks or link prediction heuristics can learn the most expressive

structural representation for links [30].

3 BLOOM SIGNATURES FOR STRUCTURAL
LINK REPRESENTATION LEARNING

3.1 Breakdown Pairwise Structural Features
Using structural features for link representation learning is justified

by theoretical foundations and superior empirical performance.

However, the successfully deployed structural features are pairwise

and edge-specific. Meanwhile, it must be computed before being

Table 1: Unified Formulation of Node Neighborhood-based
Structural Features

Feature Neighborhood Set operator ⊎ 𝑓 (𝑥) 𝑑 (·)
CN 𝑘 = 1 N(𝑢) ∩ N (𝑣) 𝑥 1

RA 𝑘 = 1 N(𝑢) ∩ N (𝑣) 𝑥 1/deg(𝑤)
AA 𝑘 = 1 N(𝑢) ∩ N (𝑣) 𝑥 1/log deg(𝑤)

Neo-GNN 𝑘1, 𝑘2 ≥ 1 N𝑘1 (𝑢) ∩ N𝑘2 (𝑣) MLP deg(𝑤)

BUDDY 𝑘1, 𝑘2 ≥ 1

N𝑘1 (𝑢) ∩ N𝑘2 (𝑣)
𝑁𝑘1 (𝑢) − ∪𝑘

𝑘 ′=1
N𝑘 ′

(𝑣)
𝑥 1

Labeling Trick 𝑘 ≥ 1 N𝑘 (𝑢) ∪ N𝑘 (𝑣) MPNN dis(𝑤)

fed to the model each time during training and inference, which

loses the advantage of being easily parallelizable like node features

typically processed in GNNs. The challenge of learning structural

link representation is how to obtain high quality pairwise structural

features at low cost.

By observation, neighborhood intersection-based structural fea-

tures including common link prediction heuristics, high-order over-

lap and difference features share the common format as

𝑆 (𝑢, 𝑣) =
∑︁

𝑤∈N𝑘 (𝑢 )⊎N𝑘 (𝑣)
𝑓 (𝑑 (𝑤)) (3)

We unify them by defining a function 𝑑 : V → R+ and a learn-

able function 𝑓 . Table 1 summarizes the unified formulation for

heuristics and high-order pairwise features. Note that, the labeling

trick implicitly follows the formulation in Eq. (3) by first labeling

nodes via a predefined distance function dis(·) within the union of

two 𝑘-hop neighborhoods and then feeding those node labels for

message passing.

From Eq. (3), node neighborhood is essential to obtaining pair-

wise structural features, and set operations constitute the main

computational cost. To get node labels, one common trick, DRNL

requires two traversals over the union neighborhoods, with a com-

plexity of𝑂 ( ¯𝑑𝑘 ) where ¯𝑑 is the average degree. While heuristic-like

pairwise features are manually crafted to obtain certain topological

statistics (intersection, difference, union) from node neighborhoods.

Eliminating node neighborhoods and detach them from message

passing do reduce the complexity, but this simplification greatly

compromises the model’s ability to capture any additional struc-

tural signals not included in the computed statistics.

One solution is to decompose structural features into carefully

designed node neighborhood representations, so that pairwise fea-

tures can be efficiently recovered from them online. Such a design

brings three main benefits: (1) it maintains the topological infor-

mation of the neighborhood while providing more richness and

flexibility; (2) it decouples the dependence on edges as node-wise

representations can be preprocessed offline; (3) there are low-cost

substitutes of set operations for reconstructing pairwise features

from compact neighborhood representations. However, it is pro-

hibitively expensive to store and operate on the complete node

neighborhood, not to mention it is sparse and of varying sizes. An

ideal representation of node neighborhood should be space efficient

while being able to produce an accurate estimation of pairwise

features through lightweight operations during online inference.

3.2 Encode Node Neighborhood via Hashing
We propose Bloom Signature, a compact, merge-able node neighbor-

hood encoding, inspired by Bloom filter [4] which is a probabilistic

3
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data structure for set membership testing. Bloom Signature encodes

a node’s neighborhood as a short-length bit array (“signature") via

random hashing without explicitly storing the neighbors. The ob-

tained neighborhood signatures contain provably sufficient struc-

tural information to accurately estimate pairwise features, such as

intersection and cosine similarity.

For node 𝑢, its neighborhood N(𝑢) can be represented by a

multi-hot 𝑁 -length binary array 𝒖 ∈ {0, 1}𝑁 , where 𝒖 [𝑤] = 1{𝑤 ∈
N (𝑢)} (set the𝑤-th bit to 1 if node𝑤 exists in N(𝑢) and 0 other-

wise). Clearly, such a long and dense representation is impractical,

but its sparsity can be exploited to reduce the size of 𝒖 while main-

taining the property of recovering node neighborhood statistics

and pairwise structural features. By using a hash functionH to ran-

domly map elements from {1, . . . , 𝑁 } to {1, . . . , 𝑛} where 𝑛 ≪ 𝑁 ,

the Bloom Signature 𝒔𝑢 ∈ {0, 1}𝑛 is a compact encoding of the

node neighborhood N(𝑢):

𝒔𝑢 [ 𝑗] =
∨

𝑖:H(𝑖 )=𝑗
𝒖 [𝑖], (4)

where

∨
denotes the bit-wise OR operator. 𝒔𝑢 refers as the signature

of N(𝑢) with reduced size of 𝑛 while approximately preserving its

neighborhood information. Note that Bloom Signature is a special

case of Bloom filters [4] with one hash function. Rather than using

it for set membership testing, Bloom Signature encodes node neigh-

borhoods that contain sufficient structural information from which

rich features can be constructed and learnt for link prediction. The

benefits of Bloom Signature are threefold:

• Informative: pairwise heuristics such as neighborhood overlaps
can be accurately recovered from Bloom signatures (Sec. 3.3);

• Flexible: by feeding Bloom Signature into neural networks, data-

driven pairwise features can be learned end-to-end (Sec. 3.4);

• Expressive: MPNN is provably more powerful by enhancing it

with Bloom Signature (Sec. 3.5).

3.3 Recover Pairwise Heuristics from
Neighborhood Signatures

After obtaining the Bloom Signature of each node, one can recover

neighborhood overlap-based heuristics from a pair of Bloom sig-

natures with accuracy guarantee. This section describes how to

reconstruct common neighbors, cosine similarity, and containment

score between two neighborhoods by simply merging their corre-

sponding Bloom signatures.We first show how to obtain statistics of

node neighborhoodN𝑢 from single signature 𝒔𝑢 and then introduce

the merge operation of 𝒔𝑢 , 𝒔𝑣 for pairwise features.
Since the hash functionH is uniformly random, we can estab-

lish the relation between the number of non-zeros in 𝒔𝑢 and the

cardinality ofN𝑢 by E ( |𝒔𝑢 |/𝑛) = 1− (1− 1/𝑛) |N (𝑢 ) |
, where 𝒔𝑢 has

a size of 𝑛 with |𝒔𝑢 |-many non-zero bits. Thus, the size of node 𝑢’s

neighborhood can be estimated from the signature 𝒔𝑢 as

|N (𝑢) | ≈ 𝑛̂𝑢 = ln

(
1 − |𝒔𝑢 |

𝑛

)
/ln 𝜌, 𝜌 = 1 − 1

𝑛
∈ (0, 1) . (5)

The error bound of the above cardinality estimation of N𝑢 is

given by Lemma 3.1, and its detailed proof is provided in Appx. A.2.

Lemma 3.1. With probability at least 1 − 𝛿 , it holds that

| |N (𝑢) | − 𝑛̂𝑢 | <
√︂

4𝑚 log

2

𝛿
, (6)

where𝑚 is the sparsity of the binary vector 𝒖 representing N(𝑢).

Given a pair of 𝑛-size signatures 𝒔𝑢 , 𝒔𝑣 , their inner-product pre-
serves original neighborhood statistics after random mapping [5]:

E
(
⟨𝑠𝑢 ,𝑠𝑣 ⟩

𝑛

)
= (1 − 𝜌 |N (𝑢 ) | ) − (1 − 𝜌 |N (𝑣) | ) + 𝜌 |N (𝑢 ) |+|N(𝑣) |− |N(𝑢 )∩N(𝑣) | .

This allows us to express the cardinality (equivalently, common

neighbors) of two neighborhood intersectionN(𝑢) ∩N (𝑣) in terms

of the inner-product of two Bloom signatures 𝒔𝑢 , 𝒔𝑣 as

|N (𝑢)∩N (𝑣) | ≈ 𝑆CN (𝑢, 𝑣) = 𝑛̂𝑢+𝑛̂𝑣−
ln

(
𝜌𝑛̂𝑢 + 𝜌𝑛̂𝑣 + ⟨𝒔𝑢 ,𝒔𝑣 ⟩

𝑛 − 1

)
ln 𝜌

,

(7)

where 𝑛̂𝑢 , 𝑛̂𝑣 are obtained from Eq. (5) and 𝜌 = 1 − 1/𝑛. We further

provide the quality analysis of the above intersection estimation

and gives the error bound in Theorem 3.2 (detailed in Approx. A.2).

Theorem 3.2. With probability at least 1 − 3𝛿 , it holds that��|N (𝑢) ∩ N (𝑣) | − 𝑆CN (𝑢, 𝑣)
�� < 6

√
𝑚 + 7

√︂
2𝑚 ln

2

𝛿
, (8)

where 𝑁 -dim binary vectors of N(𝑢) and N(𝑣) have the sparsity
at most𝑚 with probability at least 1 − 𝛿 ′.

The inner-product of two Bloom signatures can be efficiently

obtained by “merging” them in parallel: bit-wise AND operations

followed by a summation. From Eqs. (5) and (7), we can accurately

estimate the cardinality of a node’s neighborhood and pairwise in-

tersections, which forms the basis of neighborhood overlap-based

heuristics. Below shows how to generalize this beyond intersection

and take into account the neighborhood size of each node. Use

cosine similarity 𝑆cos (𝑢, 𝑣) = |N (𝑢) ∩ N (𝑣) |/
√︁
|N (𝑢) | |N (𝑣) | and

containment score 𝑆cont (𝑢, 𝑣) = |N (𝑢) ∩ N (𝑣) |/|N (𝑢) | as an ex-

ample, we can estimate them from 𝑛̂𝑢 , 𝑛̂𝑣 and 𝑆CN obtained earlier

as

𝑆cos (𝑢, 𝑣) =
𝑆CN (𝑢, 𝑣)√
𝑛̂𝑢𝑛̂𝑣

, 𝑆cont (𝑢, 𝑣) =
𝑆CN (𝑢, 𝑣)

𝑛̂𝑢
(9)

Note that cosine similarity is symmetric, while containment score

is asymmetric, and they both provide fine-level details of the topol-

ogy in the original node neighborhood. The compactness of Bloom

signatures enables us to encode higher-order (i.e. multi-hop) neigh-

borhoods of nodes, which can contain useful features for link pre-

diction models.

3.4 Learning Data-driven Pairwise Relations
Common link prediction heuristics can be recovered by simply

merging a pair of Bloom signatures. However, most pairwise heuris-

tic are hand-crafted and thus inflexible. The summation in Eq. (3)

further collapses the structural information of node neighborhoods

into some statistics, making it hardly learnable. Ideally, we would

like to capture pairwise relations in an end-to-end manner. For

example, SEAL [37] directly modifies the input graph and attaches

link-specific distance features for message passing. However, the

coupling between node labels and target links makes its deployment

extremely expensive in practice. Although some simplifications
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Table 2: Complexity comparison.ℎ𝑠 , ℎ𝑏 : the complexity of hash operations in Subgraph Sketch and Bloom Signature, respectively.
𝐹 : the dimension of node representations.𝑘 is the number of hops for induced subgraphs (node neighborhood).ℎ is the complexity
of hashing-based methods to obtain pairwise structural features. When predicting the 𝑞 target links, time complexity of existing
models comes from two parts: message passing and link predictor.

Complexity GNN SEAL Neo-GNN BUDDY Ours

Preprocessing 1 1 1 𝑘 |𝐸 | ( ¯𝑑 + ℎ𝑠 ) 𝑘𝑁ℎ𝑏
Message Passing 𝑁 ¯𝑑𝐹 + 𝑁𝐹 2

0 𝑁 ¯𝑑𝐹 + 𝑁𝐹 2 𝑁 ¯𝑑𝐹 𝑁 ¯𝑑𝐹 + 𝑁𝐹 2

Link Predictor 𝑞𝐹 2 𝑞( ¯𝑑𝑘+1𝐹 + ¯𝑑𝑘𝐹 2) 𝑞( ¯𝑑𝑘 + 𝐹 2) 𝑞(ℎ + 𝐹 2) 𝑞(ℎ + 𝐹 2)

[17, 33, 34, 36] of labeling tricks have recently been proposed, they

still suffer from the high complexity of the set operation ⊎ used to

connect neighborhoods of two end nodes.

Bloom signatures encode node neighborhoods in a compact and

aligned format that carries provably sufficient structural informa-

tion to approximately extract pairwise relations without involving

any set operations. This property enables neural networks to cap-

ture important signals in node neighborhoods and identify data-

drive pairwise heuristics from it but at much lower cost. Theorem

3.3 shows that neighborhood overlap-based heuristics can be re-

covered to arbitrary precision by a neural network (such as MLP)

taking a pair of Bloom signatures as input (full proof provided in

Appx. A.3).

Theorem 3.3. Suppose 𝑆 (𝑢, 𝑣) is a neighborhood intersection-

based heuristic as in Eq. (3) with the maximum value of 𝑑 (·) as
𝑑max = max𝑤∈V 𝑑 (𝑤). Let 𝑝𝑢 = (1 − 1/𝑛) |N (𝑢 ) |

denote the false

positive rate of node 𝑢 for set membership testing in the Bloom

signature 𝒔𝑢 . Then, there exists an MLP with one hidden layer of

width 𝑁 and ReLU activation, which takes the Bloom signatures of

𝑢 and 𝑣 as input and outputs 𝑆 (𝑢, 𝑣) = MLP(𝒔𝑢 , 𝒔𝑣), such that with

probability 1, 𝑆 (𝑢, 𝑣) − 𝑆 (𝑢, 𝑣) ≥ 0; with probability at least 1 − 3𝛿 ,

it holds that

𝑆 (𝑢, 𝑣) − 𝑆 (𝑢, 𝑣) ≤

𝑑max

((
1 +

√︂
−3 log𝛿

|S𝐶 |𝑝𝑢𝑝𝑣

)��S𝐶 ��𝑝𝑢𝑝𝑣 + (
1 +

√︂
−3 log𝛿

|S𝐷𝑣 |𝑝𝑣

) ��S𝐷𝑣

��𝑝𝑣 + (
1 +

√︂
−3 log𝛿

|S𝐷𝑢 |𝑝𝑢

) ��S𝐷𝑢

��𝑝𝑢 )
(10)

where S𝐶 = V\(N (𝑢) ∪ N (𝑣)), S𝐷𝑣
= N(𝑢)\N (𝑣), and S𝐷𝑢

=

N(𝑣)\N (𝑢).

In fact, the above result can be applied to any pairwise relations

of node neighborhoods following the form of Eq. (3), including

set difference and union with theorems given in Appx. A.4. The

approximation error here is proportional to the false positive rate

of Bloom signatures, which means any neighborhood intersection-

based heuristic can be exactly recovered if 𝑝𝑢 = 0. For commonly

used heuristics such as CN, AA, and RA, 𝑑max = 1.

Other hashing-based methods. Subgraph sketch [6] utilizes a com-

bination of MinHash and HyperLogLog to estimate the intersection

and complement of high-order node neighborhoods. These hand-

crafted pairwise features are used as input to MPNN or MLP for link

prediction, obtaining comparable results to labeling tricks. However,

subgraph sketch either suffers from high storage and computation

overhead (coupled with message passing) or has limited expres-

siveness (decoupled, only using MLP). The two hashing algorithms

employed require hundreds of repetitions and a large memory bud-

get to achieve reasonable estimation accuracy for pairwise features

(see Fig. 3 in Sec. 4.3 for estimation quality study). Moreover, the

sketch of subgraphs can only be used to estimate to the statistics

of neighborhood intersection and complement, which is inflexible

and substantially limits the richness of structural information. In

comparison, Bloom Signature captures node membership of en-

coded neighborhoods, enabling more powerful models to recover

any kind of neighborhood overlap-based heuristics (such as RA

and AA), or learn data-driven pairwise relations. Both of which are

unachievable by subgraph sketch.

3.5 Boost Message Passing with Scalable
Pairwise Structural Features

Putting all the pieces together, we propose a new scalable MPNN

framework augmented by Bloom signatures, which achieves a trade

off between efficiency and expressiveness of learning structural

link representation. It inherits the rich capacity from pairwise struc-

tural features while decoupling from specific edges, enabling online

inference. In particularly, we add Bloom signatures as edge fea-

ture/weight to augment the message function and/or as additional

pairwise features to the link predictor by

𝒉(𝑙 )𝑣 = 𝜎 (𝑙 )
(
𝒉(𝑙−1)
𝑣 , AGG

({
𝜙 (𝑙 )

(
𝒉(𝑙−1)
𝑤 ,𝒉(𝑙−1)

𝑣 , 𝒆𝑤,𝑣

)
|𝑤 ∈ N (𝑣)

}))
,

(11)

𝐴𝑢𝑣 = sigmoid

(
MLP

(
𝒉𝑢 ◦ 𝒉𝑣 | |𝑆 (𝑢, 𝑣)

))
(12)

where 𝒆𝑤,𝑣 = 𝜓𝑓 ({𝒔𝑤 | |𝒔𝑣}) or𝜓𝑔 ( | |𝒔𝑤 − 𝒔𝑣 | |), and𝜓𝑓 ,𝜓𝑔 are neural
encoders such as MLP. 𝑆 (𝑢, 𝑣) can be any estimated heuristics or

learnable data-driven pairwise relations.

Expressivity ofMPNNwith Bloom Signature. By introducing Bloom
Signature, the new framework acts as a more powerful and flexible

feature extractor for pairwise relations while enjoying tractable

computational complexity of MPNN. As a result, it is more ex-

pressive than vanilla GNNs: (1) can measure the overlap between

node neighborhoods via recovering intersection-based heuristics

from bloom signatures; (2) can avoid node ambiguity via regulated

message passing with bloom signatures and recovered pairwise

structural features.

Complexity Comparison. Table 2 summarizes the computation

complexity of vanilla and existing edge-wise GNN models for link

prediction. Both BUDDY [6] and Bloom Signature are hashing-

based methods, which require preprocessing to obtain 𝑘-hop sub-

graph sketches in O(𝑘 |𝐸 |ℎ𝑠 ) and node neighborhood signatures
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Table 3: Summary statistics for evaluation datasets.

Dataset Type #Nodes #Edges ¯𝑑 Split(%)

citation2 Homo./Social. 2,927,963 30,561,187 10.44 98/1/1

collab Homo./Social. 235,868 1,285,465 5.45 92/4/4

ddi Homo./Drug 4,267 1,334,889 312.84 80/10/10

ppa Homo./Protein 576,289 30,326,273 52.62 70/20/10

vessel Homo./Vesicular 3,538,495 5,345,897 1.51 80/10/10

in 𝑂 (𝑘𝑁ℎ𝑏 ). Note that, hashing operations in BUDDY requires

hundreds of samples and large storage to generate reasonable esti-

mation, while Bloom Signature only need bit-wise operations and

easily parallelizable algebraic operations with accuracy guarantee.

Vanilla GNN, Neo-GNN [36] andMPNNwith Bloom Signature share

the same complexity for message passing. BUDDY precomputes the

node feature propagationwithO(𝑘 |𝐸 | ¯𝑑) and takes anotherO(𝑁 ¯𝑑𝐹 )
to obtain node embeddings. For predicting 𝑞 target links, vanilla

GNN only needs to call MLP with the cost of O(𝑞𝐹 2). SEAL [37]

runs MPNN for each link-induced 𝑘-hop subgraph of size O( ¯𝑑𝑘 ),
resulting in the total complexity of O(𝑞( ¯𝑑𝑘+1 + ¯𝑑𝑘𝐹 2)). Neo-GNN
needs additional𝑂 ( ¯𝑑𝑘 ) to compute pairwise features before feeding

node embeddings into link predictor. To obtain pairwise structural

features, both BUDDY and Bloom Signature need extra operations

on preprocessed node-wise features with complexity of ℎ.

4 EVALUATION
In this section, we aim to evaluate the following questions:

• How scalable is Bloom Signature compared to SOTA link predic-

tion models, including hashing-based and other simplification of

labeling tricks?

• Can MPNN with Bloom Signature provide prediction perfor-

mance comparable to existing edge-wise baselines?

• How is estimation quality and efficiency of Bloom Signature?

4.1 Experiment Setup
Datasets Table 3 summarizes the statistics of datasets used to

benchmark different models for link prediction. Five homogeneous

networks are selected from the Open Graph Benchmark (OGB)

[12] at different scales (4K ∼ 3.5M nodes and 1.2M ∼ 30.6M edges),

various densities (average degree
¯𝑑 from 1.51 to 312.84), and with

distinguishing characteristics: popular social networks of citation -

citation2 and collaboration - collab; biological network of pro-

tein interactions - ppa, drug interactions - ddi and brain vessels

- vessel. Social networks play a key role in network analysis of

modeling real-word dynamics. Recently, biological networks are

emerging a new data source of network science research. Particu-

larly, understanding the interaction between proteins, drugs and

the structure of brain vessel network are of unique significance for

scientific discovery [14], which can be used for new drug discovery

and early disease detection of neurological disorders.

BaselinesWe consider both classic approaches and state-of-the-

art GNN-based models: (1) Link Prediction Heuristics: Common

Neighbors (CN) [2], Adamic-Adar (AA) [1], and Resource Allocation

(RA) [40]. (2) Embedding Methods: Matrix Factorization (MF)

[24], Multi-layer Perceptron (MLP) and Node2Vec [10]. (3) Vanilla
GNNs: Graph Convolutional Network (GCN) [16], GraphSAGE

[11] and Graph Attention Network (GAT) [29]. Edge-wise GNNs:
SEAL [37, 39], Neo-GNN [36], GDGNN [17], BUDDY [6].

Settings Data split of OGB is used to isolate validation and test

links from the input graph. We adopt official implementations of all

baselines with tuned parameters that match their reported results

as [18]. All experiments are run 10 times independently, and we

report the mean performance and standard deviation.

EvaluationMetrics Ranking-basedmetrics (i.e. mean reciprocal

rank (MRR) and Hits@K, 𝐾 ∈ {20, 50, 100}) and the area under the

curve (AUC) are used for standard benchmark evaluation.

Environment We use a server with two Intel Xeon Gold 6248R

CPUs, 1TB DRAM, and two NVIDIA A100 (80GB) GPUs (only one

GPU is used per model). Codebase is built on PyTorch 1.12, PyG

2.3, DGL 1.0.2, and numba 0.56.

4.2 Prediction Performance Analysis
Table 4 shows the prediction performance of different methods.

On these five link prediction benchmarks, edge-wise models sig-

nificantly outperform both vanilla GNNs and embedding-based

models, especially for two challenging biological networks ppa and
vessel. Link prediction in biological networks relies on pairwise

structural information that vanilla GNNs have limited expressive-

ness to capture. Among edge-wise models, MPNN with Bloom

Signature achieves comparable or better performance than BUDDY

(hashing-based) and other simplified labeling tricks including Neo-

GNN and GDGNN, and consistently outperforms SEAL (formerly

SOTA), which validates the effectiveness of our proposed compact

neighborhood encoding. Note that unlike BUDDY which explicitly

rely on manual features such as CN and RA, our model can cap-

ture richer and complex pairwise structural relations from Bloom

Signature, which results in performance exceeding common link

prediction heuristics on all five datasets.

4.3 Quality Analysis of Hashing-based
Estimation for Pairwise Heuristics

To measure the quality of hashing-based methods, Bloom Signa-

ture and Subgraph Sketch are compared on a variety of randomly

generated graphs and real-world networks for estimating pairwise

structural features. The key metric is the trade-off between es-

timation accuracy and memory cost of hashing. We choose the

cardinality of 1-hop and 2-hop neighborhood intersection as the

estimated statistic, since it is essential for many commonly used

heuristics and pairwise structural features as discussed in Sec. 3.

Random Graphs. Two types of representative random network

models are picked: Erdős–Rényi [8] and Barabási–Albert [2]. Each

random graph is generated with 10,000 nodes. In Erdős–Rényi

model, each edge is drawn from the binomial distribution with

probability 𝑝 . In Barabási–Albert, each node is added incrementally,

with 𝑚 new edges attached to existing nodes with preferential

attachment, meaning the sampling probability is proportional to

the node degree. Graphs drawn from Barabási–Albert model have

power-law distributed node degrees, which reflects the structure of

real-world networks such as the world-wide web, social networks,

and academic graphs.

Fig. 3 (UP) presents the mean absolute error (MAE) of intersec-

tion estimation for two hashing-based methods on Erdős–Rényi

6
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Models

ogbl-collab ogbl-ddi ogbl-ppa ogbl-citation2 ogbl-vessel

Hits@50 Hits@20 Hits@100 MRR AUC

H
e
u
r
i
s
t
i
c

CN 61.37 17.73 27.65 50.31 48.49

AA 64.17 18.61 32.45 51.69 48.49

RA 63.81 6.23 49.33 51.65 48.49

E
m
b
e
d
d
i
n
g

MF 41.81 ± 1.67 23.50 ± 5.35 28.40 ± 4.62 50.57 ± 12.14 49.97 ± 0.05

MLP 35.81 ± 1.08 N/A 0.45 ± 0.04 38.07 ± 0.09 50.28 ± 0.00

Node2Vec 49.06 ± 1.04 34.69 ± 2.90 26.24 ± 0.96 45.04 ± 0.10 47.94 ± 1.33

V
a
n
i
l
l
a

GCN 54.96 ± 3.18 49.90 ± 7.23 29.57 ± 2.90 84.85 ± 0.07 43.53 ± 9.61

SAGE 59.44 ± 1.37 49.84 ± 15.56 41.02 ± 1.94 83.06 ± 0.09 49.89 ± 6.78

GAT 55.00 ± 3.28 31.88 ± 8.83 OOM OOM OOM

E
d
g
e
-
w
i
s
e

SEAL 63.37 ± 0.69 25.25 ± 3.90 48.80 ± 5.61 86.93 ± 0.43 80.50 ± 0.21
Neo-GNN 66.13 ± 0.61 20.95 ± 6.03 48.45 ± 1.01 83.54 ± 0.32 OOM

GDGNN 54.74 ± 0.48 21.01 ± 2.09 45.92 ± 2.14 86.96 ± 0.28 75.84 ± 0.08

BUDDY 64.59 ± 0.46 29.60 ± 4.75 47.33 ± 1.96 87.86 ± 0.18 65.30 ± 0.09

Ours 65.65 ± 0.32 54.33 ± 14.94 49.80 ± 1.74 87.29 ± 0.20 79.83 ± 0.52
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Figure 3: Mean absolute errors (MAE) of cardinality estimation for 1-hop and 2-hop neighborhood intersection on random
networks and real-world networks by Bloom Signature and subgraph sketch with varying memory budget. Under the same
memory budget, Bloom Signature produces estimations with up to 2.83× and 68.52× lower error than subgraph sketch for 1-hop
and 2-hop neighborhood intersection on random graphs, and with up to 12.84× and 303.10× lower error on real graphs.

(𝑝 ∈ {0.5%, 1%, 2%}) and Barabási–Albert (𝑚 ∈ {50, 100, 150}) mod-

els with varying density and degree distribution. Under the same

memory budget of hashing, Bloom Signature achieves lower es-

timation error than Subgraph Sketch in almost all cases. As the

number of hops increases, the estimation quality of Subgraph Sketch

degrades significantly. For 2-hop neighborhood intersection, the

estimation error of Subgraph Sketch levels off quickly and does not

approach zero even with increasing memory budget. On the other

hand, Bloom Signature is capable of achieve low estimation error

for high-order neighborhoods, and the estimation error approaches

zero as memory budget increases. Bloom Signature produces esti-

mations of 1-hop neighborhood intersection with up to 2.83× lower

error than Subgraph Sketch under the same memory budget, and

with up to 68.52× lower error for 2-hop estimations.
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Figure 4: Throughput of constructing pairwise structural
features by Subgraph Sketch and Bloom Signature on three
OGB datasets. Bloom Signature achieves up to 41.25× and
9.48×higher throughput than Subgraph Sketch onCPU (same
number of threads) and GPU, respectively.

Table 5: Runtime Comparison. The row of Train records the
time per 10K edges, and Inference is the full test set.

dataset time (s) SEAL GDGNN BUDDY GCN Ours

c
i
t
a
t
i
o
n
2

Prep. 0 338 398 17 92

Train 3.52 2.26 0.11 0.13 0.20

Inf. 24,626 5,460 128 15 204

Real-word Networks. The MAE comparison of intersection es-

timation on three real-world networks are shown in the second

half of Fig. 3. Bloom Signature consistently produces more accu-

rate results thanks to the design of compact bit encoding and non-

sampling based estimation from Eq. (5). Under the same memory

budget, Bloom Signature produces with up to 12.84× and 303.10×
lower error than Subgraph Sketch for estimating 1-hop and 2-hop

neighborhood intersection, respectively. Note that the estimation

quality is dependent upon the degree distribution of the graphs

and the actual intersection size, as larger neighborhoods are more

difficult to encode and more collisions in encoding are occurred.

Aligning with Theorem 3.2, Bloom Signature performs uniformly

better than Subgraph Sketch on all real-world networks at different

memory budget. This observation is also consistent with the perfor-

mance difference between BUDDY and our model in Table 4, when

estimated pairwise structural features are used for prediction.

4.4 Efficiency and Scalability Analysis
Figure 4 compares the efficiency of two hashing-based methods

by measuring the throughput of computing 2-hop pairwise struc-

tural features. Subgraph Sketch is currently only deployed on CPU,

while Bloom Signature can perform accelerated calculations on CPU

and GPU. Bloom Signature has 41.25× and 9.48× higher through-

put than Subgraph Sketch on CPU and GPU, respectively. Bloom

Signature uses only lightweight bitwise and algebraic operations,

which favors multithreading on CPUs with lower I/O overhead.

Running on GPU introduces I/O inefficiencies, especially on large-

scale graphs (e.g. citation2). This hurts hardware-accelerated per-
formance and results in Bloom Signature having relatively lower

throughput on GPU than on CPU.

Table 5 lists the end-to-end runtime of edge-wise GNN models

on the largest benchmark graph citation2. The dynamic mode of

SEAL (online subgraph extraction) is used due to its extremely high

ogbl-collab ogbl-ppa ogbl-citation2
0

25
50
75

100

m
et

ric

65.65

49.8

87.29

59.44

41.02

84.85

57.64

32.85 31.09

59.88

26.63 24.58

Ours
GNN+Raw Features
MLP+Pairwise Heuristics (est.)
MLP+Bloom Signature

Figure 5: Comparison of different model configurations of
MPNN with Bloom Signature on three OGB datasets.

time and space complexity on large graphs. Similarly, only numbers

of BUDDY is reported as its message passing version ELPH [6] is

infeasible on citation2. We also list GCN as a reference point.

We omit the result of Neo-GNN as it is even slower than SEAL

even only runs MPNN once but needs 𝑘-order pairwise features.

BUDDY precomputes the node feature propagation with sketches

and only adopts simplified message passing (shown in Table 2),

which is reflected in high cost of preprocessing and low training

latency. GDGNN requires to find the geodesic path between node

pairs first and then runs MPNN. Bloom Signature only needs to be

computed once for 𝑘-hop node neighborhoods. Overall, MPNNwith

Bloom Signature does not suffer from high complexity of pairwise

structural features as SEAL, GDGNN and Neo-GNN and is orders

of magnitude faster. In particular, Bloom Signature is 17.6–120.7

× faster than SEAL in dynamic mode for training and inference

on citation2 and is overall 2× faster than BUDDY (under fair

comparison on preprocessing of hashing and full inference with

pairwise structural features).

4.5 Ablation Study
To validate the design of Bloom Signature, we conduct an abla-

tion analysis and report results on three OGB datasets with the

following configurations in Fig. 5: (1) vanilla GNN with only raw

node features; (2) MLPwith multi-hop estimated pairwise structural

features from Bloom Signature; and (3) MLP with multi-hop raw

pairwise Bloom Signatures as input. Neither MPNN with raw node

features nor MLP with estimated/raw pairwise structural features

alone can achieve the best performance. Note that, MLP taking a

pair of raw Bloom Signatures as input is comparable or outperforms

MLP using estimated pairwise structural features, indicating that

Bloom Signature encodes sufficient structural information of node

neighborhood for model to capture beyond handcrafted heuristics.

5 CONCLUSION
In this work, we present a new MPNN framework with scalable

structural features for structural link representation learning, which

is based on the observation and analysis of key bottlenecks in the

most expressive edge-wise GNN models. A novel efficient struc-

tural feature termed Bloom Signature is proposed to encode node

neighborhoods through hashing, which is decoupled from specific

edges. MPNN with Bloom Signatures is provably more expressive

than vanilla GNNs and also more scalable than existing edge-wise

models. In practice, it achieves much better time and space com-

plexity and superior predictive performance on a range of standard

link prediction benchmarks.
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A APPENDIX
A.1 Experiment Details

Model Architecture. We use 3 layers of either GCN or GraphSAGE

(the one performs the best) as the backbone of MPNN in Eq. (11)

with extended support of edge features. 3-layer MLP of hidden

dimension 256 with layer normalization is used for link predictor

(dot/diff) and pairwise structural feature encoder. Bloom Signatures

of 2-hop node neighborhoods are used for all five datasets, with

sizes of [1024, 4096] or [2048, 8192].

Model Hyperparameter. We perform heuristic guided searches

for tuning. Hyperparameters were selected to maximize metrics on

the validation set. The best hyperparameters picked for each model

can be found in our code. We set the ratio between the output of

MPNN and structural feature encoder as a learnable parameter.

Training Process. We use Adam [15] as the optimizer to opti-

mize model parameters with learning rate 0.0005 − 0.01 and set the

maximum epoch of 500. Each positive edge is paired with a ran-

dom picked negative edge, except for vessel. Pairwise structural
features are computed on the fly from a pair of Bloom Signatures.

A.2 Error Bounds for Pairwise Structural
Feature Estimation from Bloom Signatures

Given a 𝑁 -dimensional binary vector 𝒙 ∈ {0, 1}𝑁 , Bloom Signa-

ture reduces it to a 𝑛-dimensional binary vector 𝒔𝑥 ∈ {0, 1}𝑛 . Let

𝑁 = 𝜏𝑚

√︂
𝑚 ln

(
2

𝛿

)
, and𝑚 is non-zero value (sparsity) of 𝒙 with

probability at least 1−𝛿 ′. It randomly maps each bit position {𝑖}𝑁
𝑖=1

to an integer { 𝑗}𝑛
𝑗=1

as shown in Eq. (4). To compute the 𝑗-th bit of

𝒔𝑥 , it checks which bit positions have been mapped to 𝑗 , computes

the bitwise - OR of the bits located at those positions and assigns
it to 𝒔𝑥 [ 𝑗].

Lemma A.1.

E

[
|𝒔𝑥 |
𝑁

]
= (1 − 𝜌 |𝒙 | ), where 𝜌 = 1 − 1

𝑛
∈ (0, 1), (13)

E
[
⟨𝒔𝑥 , 𝒙𝑦⟩/𝑛

]
= (1 − 𝜌 |𝒙 | ) (1 − 𝜌 |𝒚 | ) + 𝜌 |𝒙 |+|𝒚 |

[(
1

𝜌

) ⟨𝒙,𝒚 ⟩
− 1

]
= 1 − 𝜌 |𝒙 | − 𝜌 |𝒚 | + 𝜌 |𝒙 |+|𝒚 |−⟨𝒙,𝒚 ⟩ (14)

Lemma A.2. Given 𝑛 ≥ 𝑐𝑚
3

2 , with probability at least 1 − 𝛿 , it
holds that

| |𝒔𝑥 | − E[|𝒔𝑥 |] | <
1 +

√︃
(𝑐2 + 𝑐) log

2

𝛿

𝑐2

√
𝑚.

Proof. Given a measurable space (Ω, F ) with Ω = {0, 1, ..., 𝑛}
and corresponding 𝜎-algebra F , consider a sequence of random

variables 𝑋1, 𝑋2, ..., 𝑋𝑚 . Here, 𝑋𝑘 represents the count of occupied

bins after 𝑘 ball throws. As the processes are independent, the

probability for the 𝑘 + 1-th ball to land in an empty bin is 1 − 𝑥𝑘
𝑛 .

This implies 𝑋𝑘+1
= 𝑋𝑘 + 𝑍𝑘+1

, where 𝑍𝑘+1
follows a Bernoulli

distribution with parameter 1 − 𝑥𝑘
𝑛 (noted as Ber(1 − 𝑥𝑘

𝑛 )), and we

initialize with 𝑋0 = 0. Further, define 𝑌𝑘 =
𝑥𝑘−𝑛

(1− 1

𝑛
)𝑘−1

and 𝑌1 = 1−𝑛,
we observe that

E(𝑌𝑘+1
|𝜎 (𝑍1, ..., 𝑍𝑘 )) =

𝑋𝑘 − 𝑛
(1 − 1

𝑛 )𝑘
+

1 − 𝑥𝑘
𝑛

(1 − 1

𝑛 )𝑘
+ E

(
𝑍𝑘+1

(1 − 1

𝑛 )𝑘

)
=

(1 − 1

𝑛 )𝑥𝑘 + 1 − 𝑛
(1 − 1

𝑛 )𝑘
=

𝑥𝑘 − 𝑛
(1 − 1

𝑛 )𝑘−1

= 𝑌𝑘

(15)

Thus, (𝑌𝑘+1
) form amartingale adapted to filteration (𝜎 (𝑍1, ..., 𝑍𝑘 )).

From Azuma Hoeffding inequality, we have

P[|𝑌𝑚 − 𝑌1 | ≥ 𝜖] ≤ 2 exp

(
−𝜖2

2

∑𝑚−1

𝑘=1
𝑐2

𝑘

)
(16)

where 𝑐𝑘 = 1/(1 − 1

𝑛 )
𝑘−1 ≥ |𝑌𝑘+1

− 𝑌𝑘 |.
Consider

∑𝑚−1

𝑘=1
𝑐2

𝑘
,

𝑚−1∑︁
𝑘=1

𝑐2

𝑘
=

𝑚−1∑︁
𝑘=1

1

(1 − 1

𝑛 )𝑘−1

≤
∫ 𝑚−1

0

𝑒
𝑥 log( 1

1− 1

𝑛

)
𝑑𝑥 (17)

=
1

log(1 + 1

𝑛−1
)
· [(1 + 1

𝑛 − 1

)𝑚−1 − 1] (18)

(𝑖 )
≤ (𝑛 − 1

2

) [(1 + 1

𝑛 − 1

)𝑚−1 − 1] (19)

where (𝑖) is from 2𝑥
2+𝑥 ≤ log(1 + 𝑥),∀𝑥 ≥ 0.

Let𝑚 = O𝑛 (𝑛
2

3 ), specifically,𝑛 ≥ 𝑐𝑚
3

2 , to have the concentration

hold for 𝑌𝑘 , we need to make sure that

2 exp

(
−𝜖2

2

∑𝑚−1

𝑘=1
𝑐2

𝑘

)
≤ 𝛿 (20)

⇔ 𝜖2

2

∑𝑚−1

𝑘=0
𝑐2

𝑘

≥ log

2

𝛿
(21)

⇐𝜖2 ≥
((

1 + 1

𝑛 − 1

) (𝑚−1)
− 1

)
(𝑛 − 1

2

) log

2

𝛿
(22)

⇐𝜖2 ≥ (𝑚 + 1

𝑐

√
𝑚 + 𝑜 (

√
𝑚)) log

2

𝛿
⇐ 𝜖 ≥

√︂
(1 + 1

𝑐
)𝑚 log

2

𝛿
(23)

From the concentration of 𝑌𝑘 , we further derive the concentration

property of the number of non-empty bins, i.e. 𝑋𝑚 − 𝑋0. Since
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|𝑌𝑚 − (1 − 𝑛) | ≤ 𝜖 𝑤.ℎ.𝑝. 𝑌𝑚 ∼ (1 − 𝑛) ± 𝜖 , we have

|𝑋𝑚 − 𝑋0 −𝑚 | (24)

=| (1 − 1

𝑛
)𝑚−1𝑌𝑚 + 𝑛 −𝑚 | (25)

=| (1 − 1

𝑛
)𝑚−1 [(1 − 𝑛) ± 𝜖] + 𝑛 −𝑚 | (26)

=| (1 − 𝑚

𝑛
) − (1 − 1

𝑛
)𝑚 (1 ± 𝜖

𝑛 − 1

)) | · 𝑛 (27)

=|1 − 𝑚

𝑛
− (1 − 𝑚

𝑛
+ 𝑚2

2𝑛2
) (1 ±

(
√︃
(1 + 1

𝑐 ) log
2

𝛿
)
√
𝑚

𝑛 − 1

) + 𝑜 (
√
𝑚

𝑛
) | · 𝑛
(28)

≤(𝑚
2

2𝑛2
+ (

√︂
(1 + 1

𝑐
) log

2

𝛿
)
√
𝑚

𝑛
) · 𝑛 ≤

1 +
√︃
(4𝑐2 + 4𝑐) log

2

𝛿

2𝑐2

√
𝑚

(29)

□

Lemma A.3. With probability at least 1 − 𝛿 , it holds that

|⟨𝒔𝑢 , 𝒔𝑣⟩ − E[⟨𝒔𝑢 , 𝒔𝑣⟩] | <
√︂

2 min{|N (𝑢) |, |N (𝑣) |} log

2

𝛿

Proof. For any givenN(𝑢),N(𝑣) ∈ {0, 1}𝑁 , we partition {1, 2, ..., 𝑁 }
in to four sets: (a) 𝐴 = { 𝑗 |N (𝑢) [ 𝑗] = N(𝑣) [ 𝑗] = 1}; (b) 𝐵 =

{ 𝑗 |N (𝑢) [ 𝑗] = 1,N(𝑣) [ 𝑗] = 0}; (c) 𝐶 = { 𝑗 |N (𝑢) [ 𝑗] = 0,N(𝑣) [ 𝑗] =
1}; (d) 𝐷 = { 𝑗 |N (𝑢) [ 𝑗] = N(𝑣) [ 𝑗] = 0}. The random mapping

can be viewed as throwing different balls in to 𝑛 bins. Let red balls

denote indices in 𝐴, blue balls and green balls denote indices in

𝐵 and 𝐶 respectively. We say a bin is non-empty if there exist at

least one red ball or same amount of blue and green balls. WLOG,

we can assume |𝐵 | > |𝐶 |, we further simplified the process as first

we throw |𝐵 | blue balls. After fixing these balls, we further throw
|𝐴| + |𝐶 | balls. Given measurable space (Ω, F ) with Ω = {0, 1, ..., 𝑛}
and corresponding 𝜎-algebra F , define a sequence of random vari-

ables 𝑋1, 𝑋2, ..., 𝑋 |𝐴 |+|𝐶 | where 𝑋𝑘 represents the count of occu-

pied bins after 𝑘 ball throws. Since we have Lipschitz condition

|𝑋𝑘+1
− 𝑋𝑘 | ≤ 1, and from Azuma-Hoeffding inequality

P( |⟨𝒔𝑢 , 𝒔𝑣⟩ − E[⟨𝒔𝑢 , 𝒔𝑣⟩] | ≥ 𝜖) ≤ 2 exp( −𝜖2

2( |𝐴| + |𝐶 |) ) (30)

Further let 𝛿 ≥ 2 exp( −𝜖2

2( |𝐴 |+|𝐶 | ) ), we have

𝜖 ≥
√︂

2( |𝐴| + |𝐶 |) log

2

𝛿
(31)

Since |𝐴| + |𝐶 | = min{|N (𝑢) |, |N (𝑣) |}, we have we probability at

least 1 − 𝛿 ,

|⟨𝒔𝑢 , 𝒔𝑣⟩ − E[⟨𝒔𝑢 , 𝒔𝑣⟩] | ≤
√︂

2 min{|N (𝑢) |, |N (𝑣) |} log

2

𝛿
(32)

□

Lemma A.4. With probability at least 1 − 𝛿 , it holds that

| |N (𝑢) | − 𝑛̂𝑢 | < ( 1

2𝑐2

√︃
log

2

𝛿

+
√
𝑐2 + 𝑐
𝑐2

) ·
√︂
𝑚 log

2

𝛿

Proof. From Lemma A.1 and Eq. (5), we have 𝜌 |N (𝑢 ) | − 𝜌𝑛̂𝑢 =

|𝒔𝑢 |−E[ |𝒔𝑢 | ]
𝑛 . Let𝛾 =

1+
√︃
(4𝑐2+4𝑐 ) log

2

𝛿

2𝑐2
. From Lemma A.2, with prob-

ability at least 1 − 𝛿 , we have

|𝜌 |N (𝑢 ) | − 𝜌𝑛̂𝑢 | = | |𝒔𝑢 | − E[|𝒔𝑢 |]
𝑛

| (33)

≤𝛾 ·
√
𝑚

𝑛
=

1

𝑚
( 1

2𝑐2𝜏

√︃
log

2

𝛿

+
√

4𝑐2 + 4𝑐

2𝑐2𝜏
) (34)

From Pratap et al. [23], we have

1

2

(1 − 𝜌 | |N (𝑢 ) |−𝑛̂𝑢 | ) ≤ 1

𝑚

©­­«
1

2𝑐2𝜏

√︃
log

2

𝛿

+
√

4𝑐2 + 4𝑐

2𝑐2𝜏

ª®®¬ (35)

⇔||N (𝑢) | − 𝑛̂𝑢 | log 𝜌 ≥ log

(
1 − 2

𝑚

(
1

2𝑐2𝜏

√︃
log

2

𝛿

+
√

4𝑐2 + 4𝑐

2𝑐2𝜏

))
(36)

⇐||N (𝑢) | − 𝑛̂𝑢 | ≤

2( 1

2𝑐2𝜏

√︃
log

2

𝛿

+
√

4𝑐2+4𝑐
2𝑐2𝜏

)

𝑚 − 2( 1

2𝑐2𝜏

√︃
log

2

𝛿

+
√

4𝑐2+4𝑐
2𝑐2𝜏

)
· 1

log
1

𝜌

(37)

⇐||N (𝑢) | − 𝑛̂𝑢 | <

( 1

2𝑐2𝜏

√︃
log

2

𝛿

+
√

4𝑐2+4𝑐
2𝑐2𝜏

)

𝑚 − 2( 1

2𝑐2𝜏

√︃
log

2

𝛿

+
√

4𝑐2+4𝑐
2𝑐2𝜏

)
· 𝜏𝑚

√︂
𝑚 log

2

𝛿

(38)

⇐||N (𝑢) | − 𝑛̂𝑢 | < ( 1

2𝑐2𝜏

√︃
log

2

𝛿

+
√

4𝑐2 + 4𝑐

2𝑐2𝜏
) · 𝜏

√︂
𝑚 log

2

𝛿
(39)

□

To estimate the size of intersection N(𝑢) ∩ N (𝑣), we can use

their Bloom signatures of 𝒔𝑢 , 𝒔𝑣 as follows

𝑆 (𝑢, 𝑣) = 𝑛̂𝑢 + 𝑛̂𝑣 −
ln

(
𝜌𝑛̂𝑢 + 𝜌𝑛̂𝑣 + ⟨𝒔𝑢 ,𝒔𝑣 ⟩

𝑛 − 1

)
ln 𝜌

where 𝑛̂𝑢 = ln(1 − |𝒔𝑢 |/𝑛)/ln 𝜌 and 𝑛̂𝑣 = ln(1 − |𝒔𝑣 |/𝑛)/ln 𝜌 .

Lemma A.5. With probability at least 1 − 3𝛿 , it holds that��|N (𝑢) ∩ N (𝑣) | − 𝑆 (𝑢, 𝑣)
�� < 6

√
𝑚

𝑐2
+ (5

√︂
𝑐 + 1

𝑐3
+ 2

√
2)

√︂
𝑚 log

2

𝛿
,

where𝑚 = max( |𝒖 |, |𝒗 |).

Proof. From Lemma A.1, we have

⟨𝒖, 𝒗⟩ = |𝒖 | + |𝒗 | − ln

(
𝜌 |𝒖 | + 𝜌 |𝒗 | + E [⟨𝒔𝑢 , 𝒔𝑣⟩] /𝑛 − 1

)
/ln 𝜌

𝑆 (𝑢, 𝑣) = 𝑛̂𝑢 + 𝑛̂𝑣 − ln

(
𝜌𝑛̂𝑢 + 𝜌𝑛̂𝑣 + ⟨𝒔𝑢 , 𝒔𝑣⟩/𝑛 − 1

)
/ln 𝜌

(40)

in which |𝒖 | ≈ 𝑛̂𝑢 , |𝒗 | ≈ 𝑛̂𝑣 (Lemma A.4), and E [⟨𝒔𝑢 , 𝒔𝑣⟩] ≈ ⟨𝒔𝑢 , 𝒔𝑣⟩
(Lemma A.3) with probability at least 1−𝛿 . In Lemma A.4, we show

that

|𝑛̂𝑢 − |𝒖 | | < ( 1

2𝑐2

√︃
log

2

𝛿

+
√
𝑐2 + 𝑐
𝑐2

) ·
√︂
𝑚 log

2

𝛿
(41)
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|𝑛̂𝑣 − |𝒗 | | < ( 1

2𝑐2

√︃
log

2

𝛿

+
√
𝑐2 + 𝑐
𝑐2

) ·
√︂
𝑚 log

2

𝛿
(42)

We have

|𝑆 (𝑢, 𝑣) − ⟨𝒖, 𝒗⟩| (43)

≤|𝑛̂𝑢 + 𝑛̂𝑣 − ln

(
𝜌𝑛̂𝑢 + 𝜌𝑛̂𝑣 + ⟨𝒔𝑢 , 𝒔𝑣⟩/𝑛 − 1

)
/ln 𝜌 (44)

− (|𝒖 | + |𝒗 | − ln

(
𝜌 |𝒖 | + 𝜌 |𝒗 | + E [⟨𝒔𝑢 , 𝒔𝑣⟩] /𝑛 − 1

)
/ln 𝜌 |) (45)

(𝑖 )
≤ 2

√
𝑚

𝑐2
+

√︂
𝑐 + 1

𝑐3

√︂
𝑚 log

2

𝛿

+ 1

ln 𝜌
| ln 𝜌

|𝒖 | + 𝜌 |𝒗 | + E [⟨𝒔𝑢 , 𝒔𝑣⟩] /𝑛 − 1

𝜌𝑛̂𝑢 + 𝜌𝑛̂𝑣 + ⟨𝒔𝑢 , 𝒔𝑣⟩/𝑛 − 1

| (46)

where (𝑖) is from Lemma A.4.

Further,

1

ln 𝜌

�����ln 𝜌 |𝒖 | + 𝜌 |𝒗 | + E [⟨𝒔𝑢 , 𝒔𝑣⟩] /𝑛 − 1

𝜌𝑛̂𝑢 + 𝜌𝑛̂𝑣 ⟨𝒔𝑢 , 𝒔𝑣⟩/𝑛 − 1

����� (47)

≤ 1

ln 𝜌
·

|𝜌 |𝒖 | + 𝜌 |𝒗 | + E [⟨𝒔𝑢 , 𝒔𝑣⟩] /𝑛 − 𝜌𝑛̂𝑢 + 𝜌𝑛̂𝑣 + ⟨𝒔𝑢 , 𝒔𝑣⟩/𝑛 |
max{𝜌 |𝒖 | + 𝜌 |𝒗 | + E [⟨𝒔𝑢 , 𝒔𝑣⟩] /𝑛 − 1, 𝜌𝑛̂𝑢 + 𝜌𝑛̂𝑣 + ⟨𝒔𝑢 , 𝒔𝑣⟩/𝑛 − 1}

(48)

≤
2

√
𝑚

𝑐2
+ 2

√︃
𝑐+1

𝑐3
𝑚 log

2

𝛿
+

√︃
2𝑚 log

2

𝛿

max{𝜌 |𝒖 | + 𝜌 |𝒗 | + E [⟨𝒔𝑢 , 𝒔𝑣⟩] /𝑛 − 1, 𝜌𝑛̂𝑢 + 𝜌𝑛̂𝑣 + ⟨𝒔𝑢 , 𝒔𝑣⟩/𝑛 − 1}
(49)

(𝑖 )
≤ 4

√
𝑚

𝑐2
+ 4

√︂
𝑐 + 1

𝑐3
𝑚 log

2

𝛿
+ 2

√︂
2𝑚 log

2

𝛿
(50)

where (𝑖) is from Pratap et al. [23] for reasonable values of𝑚 and

𝛿 (Proof of Lemma 12). Gluing the above together, we prove the

results. 𝑐 = 1 leads to Theorem 3.2. □

A.3 Proof of Theorem 3.3
Proof. We prove the existence of the MLP in the following by

giving the recipe for constructing such an MLP and prove that it

satisfies the conditions.

The MLP has an input layer of width 2𝑛, a hidden layer of width

𝑁 , and an output layer of width 1. It can be formulated as

MLP(𝒔𝑢 , 𝒔𝑣) = 𝜎
( [
𝒔𝑢 𝒔𝑣

]
W1 + b1

)
W2 + b2 (51)

where W1 ∈ R2𝑛×𝑁 ,W2 ∈ R𝑁×1, b1 ∈ R𝑁 , b2 ∈ R, and 𝜎 is the

ReLU activation function.

We let

W1 [𝑖, 𝑗] =
{

1 ifH(𝑣 𝑗 ) = 𝑖 orH(𝑣 𝑗 ) = 𝑖 + 𝑁
0 otherwise

, b1 = −1 · 1 (52)

W2 [𝑖, 0] = 𝑑 (𝑣𝑖 ), b2 = 0 (53)

The idea is that the hidden layer performs “set membership

testing" for all 𝑣 ∈ V . Let a = 𝜎
( [
𝒔𝑢 𝒔𝑣

]
W1 + b1

)
∈ R𝑁 . Then,

a𝑖 = 1 if and only if 𝑣𝑖 is a positive in both Bloom signatures 𝒔𝑢
and 𝒔𝑣 , and a𝑖 = 0 if and only if 𝑣𝑖 is a negative in either Bloom

signatures.

Consider expectation of the output of the MLP,

E(MLP(𝒔𝑢 , 𝒔𝑣)) = E (aW2 + b2) (54)

= E

( ∑︁
𝑤𝑖 ∈N(𝑢 )∩N(𝑣)

𝑑 (𝑤𝑖 )a𝑖 +
∑︁

𝑤𝑗 ∈S𝐶

𝑑 (𝑤 𝑗 )a𝑗

+
∑︁

𝑤𝑘 ∈S𝐷𝑣

𝑑 (𝑤𝑘 )a𝑘 +
∑︁

𝑤𝑙 ∈S𝐷𝑢

𝑑 (𝑤𝑙 )a𝑙
)

(55)

= 𝑆 (𝑢, 𝑣) + E
( ∑︁
𝑤𝑗 ∈S𝐶

𝑑 (𝑤 𝑗 )a𝑗
)

+ E
( ∑︁
𝑤𝑘 ∈S𝐷𝑣

𝑑 (𝑤𝑘 )a𝑘
)
+ E

( ∑︁
𝑤𝑙 ∈S𝐷𝑢

𝑑 (𝑤𝑙 )a𝑙
)
,

(56)

where S𝐶 = V\(N (𝑢) ∪ N (𝑣)), S𝐷𝑣
= N(𝑢)\N (𝑣), and S𝐷𝑢

=

N(𝑣)\N (𝑢).
Since Bloom filters have no false negatives,𝑤𝑖 ∈ N (𝑢) ∩ N (𝑣)

implies 𝑎𝑖 = 1. a𝑗 for all 𝑗 such that 𝑤 𝑗 ∈ V\(N (𝑢) ∪ N (𝑣)) are
independent Poisson trials with Pr(a𝑗 = 1) = 𝑝𝑢𝑝𝑣 , where 𝑝𝑢 =(
1 − 1

𝑛

) |N (𝑢 ) |
is the false positive rate for set membership testing

of the Bloom signature of 𝑢, and similarly for 𝑤𝑘 ∈ N (𝑣)\N (𝑢)
and𝑤𝑙 ∈ N (𝑢)\N (𝑣).

By Chernoff bound, we obtain the three following inequalities,

Pr
©­«

∑︁
𝑤𝑗 ∈S𝐶

a𝑗 ≤
(
1 +

√︄
−3 log𝛿

|S𝐶 |𝑝𝑢𝑝𝑣

)
|S𝐶 |𝑝𝑢𝑝𝑣

ª®¬ ≥ 1 − 𝛿 (57)

Pr
©­«

∑︁
𝑤𝑘 ∈S𝐷𝑣

a𝑘 ≤
(
1 +

√︄
−3 log𝛿

|S𝐷𝑣
|𝑝𝑣

)
|S𝐷𝑣

|𝑝𝑣ª®¬ ≥ 1 − 𝛿 (58)

Pr
©­«

∑︁
𝑤𝑙 ∈S𝐷𝑢

a𝑙 ≤
(
1 +

√︄
−3 log𝛿

|S𝐷𝑢
|𝑝𝑢

)
|S𝐷𝑢

|𝑝𝑢ª®¬ ≥ 1 − 𝛿 (59)

Therefore, by Boole’s inequality, we have

Pr

(
MLP(𝒔𝑢 , 𝒔𝑣) − 𝑆 (𝑢, 𝑣) ≤

(
1 +

√︄
−3 log𝛿

|S𝐶 |𝑝𝑢𝑝𝑣

)
𝑑max |S𝐶 ) |𝑝𝑢𝑝𝑣+(

1 +
√︄

−3 log𝛿

|𝑆𝐷𝑣
|𝑝𝑣

)
𝑑max |𝑆𝐷𝑣

|𝑝𝑣 +
(
1 +

√︄
−3 log𝛿

|𝑆𝐷𝑢
|𝑝𝑢

)
𝑑max |𝑆𝐷𝑢

|𝑝𝑢

)
≥ 1 − 3𝛿

(60)

□

A.4 Approximation of Neighborhood Union
and Difference-based Heuristics

Theorem A.6. Suppose 𝑆 (𝑢, 𝑣) is a neighborhood union-based

heuristic with the maximum value of 𝑑 (·) as 𝑑max = max𝑤∈V 𝑑 (𝑤).
Let 𝑝𝑢 = (1 − 1/𝑛) |N (𝑢 ) |

denote the false positive rate of node 𝑢

for set membership testing in the Bloom signature 𝒔𝑢 . Then, there
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exists anMLPwith one hidden layer of width𝑁 and activation func-

tion 𝑓 (𝑥) =
{

0 if 𝑥 < 1

1 otherwise

where 𝑥 ∈ R, which takes the Bloom

signatures of 𝑢 and 𝑣 as input and outputs 𝑆 (𝑢, 𝑣) = MLP(𝒔𝑢 , 𝒔𝑣),
such that with probability 1, 𝑆 (𝑢, 𝑣) − 𝑆 (𝑢, 𝑣) ≥ 0; with probability

at least 1 − 𝛿 , it holds that

𝑆 (𝑢, 𝑣) − 𝑆 (𝑢, 𝑣) ≤ 𝑑max

(
1 +

√︄
−3 log𝛿

|S𝐶 |𝑝𝑢𝑝𝑣

)
|S𝐶 |𝑝𝑢𝑝𝑣 (61)

where S𝐶 = V\(N (𝑢) ∪ N (𝑣)).

Proof. The proof is omitted since it is analogous to the proof

of Theorem 3.3. □

Theorem A.7. Suppose 𝑆 (𝑢, 𝑣) is a neighborhood difference-based
heuristic with the maximum value of 𝑑 (·) as 𝑑max = max𝑤∈V 𝑑 (𝑤).
Let 𝑝𝑢 = (1 − 1/𝑛) |N (𝑢 ) |

denote the false positive rate of node 𝑢

for set membership testing in the Bloom signature 𝒔𝑢 . Then, there

exists anMLPwith one hidden layer of width𝑁 and activation func-

tion 𝑓 (𝑥) =
{

1 if 𝑥 = 0

0 otherwise

where 𝑥 ∈ R, which takes the Bloom

signatures of 𝑢 and 𝑣 as input and outputs 𝑆 (𝑢, 𝑣) = MLP(𝒔𝑢 , 𝒔𝑣),
such that with probability at least 1 − 2𝛿 , it holds that��𝑆 (𝑢, 𝑣) − 𝑆 (𝑢, 𝑣)�� ≤(

1 +
√︄

−3 log𝛿

|𝑆𝐷𝑢
|𝑝𝑣

)
𝑑max |𝑆𝐷𝑢

|𝑝𝑣 +
(
1 +

√︄
−3 log𝛿

|𝑆𝐷𝑣
|𝑝𝑢

)
𝑑max |𝑆𝐷𝑣

|𝑝𝑢

(62)

where S𝐷𝑣
= N(𝑢)\N (𝑣), and S𝐷𝑢

= N(𝑣)\N (𝑢).

Proof. The proof is omitted since it is analogous to the proof

of Theorem 3.3. □
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