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ABSTRACT

Chain-of-Thought (CoT) prompting is a widely used inference-time technique
for improving reasoning, yet its gains are uneven across tasks. We analyze when
and why CoT helps by modeling the step-wise reasoning trajectory as a Markov
chain. Each intermediate step is a state and the dependence between steps is
captured by a transition kernel. Our theory identifies transition alignment, whether
instances share a common step-wise transition kernel, as the key determinant of
CoT’s effectiveness. When transitions are identical across steps, CoT reduces
inference-time sample complexity: fewer context sample trajectories suffice to
recover the final decision. In contrast, when transitions differ across steps, these
gains can vanish. We further quantify how noise in intermediate steps modulates
CoT’s benefit. Beyond theory, we design synthetic benchmarks that isolate these
factors to complement prior results on real-world tasks and to empirically validate
our predictions.

1 INTRODUCTION

Chain-of-Thought (CoT) prompting has become a de facto approach of inference-time scaling for
multi-step reasoning with large language models (LLMs). It demonstrates substantial improvements
on math and symbolic tasks (Wei et al.| 2022 | Kojima et al., [2022; Wang et al.| 2023} [Zhou et al.,
2022; Yao et al., 2023) but modest or mixed effects on others (Sprague et al., 2025). Noisy or
unfaithful intermediate reasoning steps have even been shown to mislead predictions of CoT and
bring worse performance than direct inference, despite the additional computation of CoT (Prabhakar
et al., 2024).

Since its first introduction, CoT has been extensively investigated empirically and theoretically.
Mechanism-centric work explores how to aggregate inference-time trajectories (e.g., self-consistency,
tree search) and offers qualitative rationales (Wang et al.; 2023} |Yao et al.||2023)). Task-centric works
analyzed catalogs where CoT tends to help (e.g., math, symbolic, multi-hop) and where it does not
(Sprague et al., 2025} |Cobbe et al.l |2021; |Lewkowycz et al., 2022} |Yang et al., [2018)). Along this
task-centric perspective, a critical missing piece is a rigorous yet intuitive theoretical model of CoT
that explains its successes and failures on different downstream tasks. This motivates our central
research questions:

When does CoT provably outperform direct inference?
Can we distinguish beneficial cases of CoT from its failures via measurable structural properties of
the downstream task?

Mechanistic understandings of these questions will (i) provide first-principled guidelines for where
to apply CoT and how to structure in-context demonstrations, (ii) clarify which aspects of the
downstream tasks make CoT appear strong or fragile, and (iii) steer the design of clean evaluation
metrics for CoT that disentangle different sources of failures. This work makes a step toward filling
these gaps through theory-backed accounts and controlled experiments.

In light of the stochastic and autoregressive nature of CoT, along with the finite context windows in
practice, we adapt the Markovian view of reasoning from Xie et al.|(2021); |Prystawski et al.| (2023);
Besta et al.[(2024); |Abbe et al.| (2024)); Sanford et al.| (2024)); Kim et al.| (2025)) and compare CoT
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against direct inference through a unified lens. Conceptually, we formalize step-wise reasoning as
a trajectory over latent states and study how two ingredients govern sample efficiency: transition
alignment across steps (“same skill” vs. “different skills”) and noise separating correct from com-
peting options. Intuitively, identical local rules can enhance per-step votes through the reasoning
process, leading to a performance gain for CoT. And because composed, end-to-end margins contract
under uncertainty, the scale of intermediate-step noise also plays an important role in reasoning. We
keep the formal modeling and decision rule in Section 3]

Specifically, we provide a compact analysis of inference-time CoT that isolates the two factors above
and turns them into concrete predictions. Our theory shows when CoT enjoys a structural 1/7-type
improvement and when it does not, and also explains how noise affects in Section[d] The proof sketch
of main results is in Section[5] In Section [6] we then validate these predictions in clean synthetic
settings that manipulate alignment and noise directly, and in a small arithmetic task that offers a
practical sanity check.

Our contributions are as follows, which offer a compact answer to our essential question together.

1. A Markovian modeling and decision rule for inference-time aggregation. We model
reasoning as a Markov chain over a finite state space and analyze inference time only. This
isolates how context samples translate into decisions, aligning with trajectory aggregation
practices such as self-consistency and search (Wang et al.| 2023} |Yao et al., 2023).

2. Theory that pinpoints the factors behind CoT’s benefits. We derive sample-complexity
bounds for (a) direct inference, and (b) CoT with aligned and misaligned transitions. From
the theoretical results, we demonstrate two key factors in CoT performance.

3. Clean synthetic tests that manipulate alignment and noise. We design clean benchmarks
showing that CoT reduces the sample budget most when transitions align, and its relative
advantage increases with noise. We also verify our results on a more realistic but still
structured modular addition task.

2 RELATED WORKS

When does CoT help, (and when it doesn’t)? Large-scale empirical assessments unveil that the
largest gains of CoT tend to concentrate on math/symbolic tasks, with much smaller effects elsewhere;
failures often arise from noisy or unfaithful intermediate steps, suggesting the need for aggregation or
verification to counteract error propagation (Prabhakar et al.,[2024; Sprague et al., 2025} [Zheng et al.|
2025). These observations underscore that task structure and intermediate noise govern the returns
to inference-time compute, and thereby motivate our theoretical investigation of skill diversity and
intermediate-step noise.

Inference-time scaling via reasoning trajectory aggregation. Inference in autoregressive models
consists of forward passes through the trained network to generate tokens, a process once regarded
as lightweight and essentially fixed in cost. With the unprecedented capacity of modern LLMs,
however, reasoning has emerged as an effective attribution of computation, scaling which significantly
improves inference-time performance (Jaech et al., [2024; /Guo et al., [2025). CoT prompting (Wei
et al.,2022) and its zero-shot variant (Kojima et al., 2022) established the basic paradigms of eliciting
intermediate reasoning steps, which can be scaled via assorted schemes. (i) Subsequent methods
that explore and aggregate multiple reasoning trajectories (Zhou et al., 2022; (Chen et al., 2023}
‘Wang et al., 2023} |Yao et al., 2023} |Snell et al., 2024), like self-consistency and best-of-n, have been
shown to amplify these gains even further. (ii) In addition, CoT has been enhanced through various
reinforcement-learning-based methods, such as Monte-Carlo Tree Search (Silver et al., [2018}; [Trinh
et al.,[2024; |[Feng et al.,|2023bj; Xie et al., |2024)) and process reward models (Lightman et al., 2023}
Uesato et al.| 2022). (iii) Alternatively, self-improvement that refines reasoning trajectories using the
model’s own judgments (Zelikman et al., [2022; Hosseini et al., [2024; |[Kumar et al., [2024) has also
been used to boost performance at inference. Collectively, these empirical successes of reasoning as
inference-time scaling motivate our focus on the structure of multi-step reasoning trajectories and
inference-time sample complexity.

Graph and Markovian views on LLMs and CoT. Reasoning on graphs, either externally through
knowledge graphs or implicit via graph algorithms, provides an abstraction for multi-step tasks (Xie
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Figure 1: (a) Example of Markov-style decomposition. An illustrative instance, where the original
text is selected from (Mavi et al.; 2024), is parsed into an initial state zy and a sequence of relations/-
operators 71.7. The correct intermediate steps x1.7 are also included. The example highlights how
text data are collapsed into a formalized sequence, making the intermediate operations explicit for
CoT demonstrations. (b) Stepwise Markov dynamics. Each r; induces a transition kernel P(*) from
41 to x4 and the next node is generated randomly following the transition. At inference, the ground
truth intermediate steps are the nodes with the largest probability p* for each step.

et al, 2021; Prystawski et al.l 2023} [Besta et al.| 2024; |Abbe et al [2024; Sanford et al.| [2024;
Kim et al., [2025). Several works interpret transformers or their decoding dynamics through a
Markov lens, including token-level connections between autoregressive LLMs and finite-state Markov
chains (Zekri et al.| 2024)), the relation between self-attention and Markov models (Ildiz et al., 2024,
and mechanistic studies of in-context learning through induction heads (Edelman et al., [2024;
Makkuva et al.,[2024). Closer to our setting, |Kim et al.|(2025) casted CoT as a metastable Markov
process on thought space, explaining why long reasoning trajectories exhibit phase transitions and
suggesting search/RL/distillation schemes to escape local basins. We differ in what is modeled and
which question is answered: by positing a task-level Markov chain over latent reasoning states, we
analyze the inference-time sample complexity of CoT under different structures of the Markov chain
corresponding to different skill diversity and intermediate-step noise of the downstream task.

More theoretical accounts of CoT. Beyond the graph and Markovian views, the benefits and mech-
anisms of CoT have been extensively investigated from various theoretical perspectives, including
expressivity (Feng et al.,|2023a; |Chiang et al.| [2023]; [Merrill & Sabharwall |2024; |Li et al., 2024b)),
simulation of optimization algorithms |Huang et al.| (2025b), inference-time statistical efficiency (Al
tabaa et al., 2025} Joshi et al., [2025; [Wen et al., 2024; Huang et al.| [2025a; Kim & Suzukil 2025}
Hu et al} [2024)), and the emergence of CoT/reasoning capability from pretraining (Nichani et al.|
2024; |Li et al.||2024a; Yang et al., [2025; Wang et al.| 2025). Our Markovian perspective of CoT is
orthogonal and complementary to these, explaining not only the empirical successes but also failures
of CoT in terms of sample complexity at the inference time.

3 MARKOVIAN MODELING

We model an instance as a sequence of 7' relations (local rules/operators) applied to an initial
state. The ground truth of an instance contains an input z, a final output z, relations (r1,...,7r7)
and latent intermediate steps (x1,...,2z7—1). The model only observes the input and relations
(zo,71,...,rr) and must infer 7. With CoT, the model may also emit predictions &1, . . ., Z7_1 to
estimate intermediate steps sequentially conditioned on the growing prefix; without CoT it directly
predicts Z7. An illustrative example is shown in Fig.

This abstraction treats the textual problem as a latent state transformation pipeline: each r, induces
a transition kernel P®) that maps the current state z;_; to a distribution over next states x;. Many
reasoning tasks naturally decompose this way, for example carrying updates in arithmetic (Cobbe
et al.,|2021;|Lewkowycz et al., 2022} |Chen et al.,|2023)), symbolic rewrites (Clark et al.,|2020; [Tafjord
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et al., 2021)), knowledge-graph paths (Yang et al., 2017} [Hamilton et al., 2018 Ren & Leskovecl
2020), and composing path in multi-hop QA (Yang et al.| 2018; |Khot et al., [2020; [Trivedi et al.,
2022)). By collapsing text into a finite set of task-relevant states, we separate form (how a chain is
written) from mechanism (what operation is performed), which is exactly what CoT aims to expose:
a trajectory of intermediate operations rather than a single terminal answer.

We work with a finite state space [k] as a compact abstraction of task-relevant equivalence classes
(e.g., arithmetic states, intermediate answers in multi-hop QA), not a literal vocabulary. In many
benchmarks, a small latent alphabet suffices to determine the final decision. The end-to-end kernel is

Q:=pHp® ... pM, (1

so the ¢-th row @); specifies the distribution of xp given xy = 4, and the predictor outputs the one-hot
index of the maximal entry of ;.

Our analysis focuses purely on inference time. The model receives n context samples that share the
same relation tuple (7, ...,77) and are drawn with o ~ p and transitions governed by {P(")}.
A direct-inference sample reveals only z7; a CoT sample reveals the full path (zo, ..., z7). The
modeling choice aligns with recent formalisms that cast decoding and trajectory aggregation as
Markov-like dynamics (Kim et al., [2025) and with algorithmic views of in-context learning (Xie
et al.,[2021; |Akyitirek et al.||2022; |Zhang et al.| 2024).

A key structural distinction is whether P() = ... = P(T) (homogeneous/aligned) or the kernels
differ by step (heterogeneous/misaligned). In the first case, a single trajectory provides 71" glimpses of
the same local rule, allowing per-step votes to be pooled. In the second, per-step observations do not
reinforce any single kernel, so pooling does not have the same effect. This is the precise mathematical
counterpart of “same skill versus different skills across steps.”

4 THEORETICAL ANALYSIS

Our goal in this section is to isolate which factors govern the benefit of inference-time CoT theoreti-
cally. To keep the analysis transparent, we adopt the same decision rule for both direct inference
and CoT: the model behaves like a simple counter that uses the context samples to estimate class
frequencies and then predicts the hard-max index (argmax) for the relevant row of the transition
kernel (Fig. [Ib). Within this lens, two ingredients determine whether CoT helps: (i) transition
alignment, and (ii) noise. The first drives the structural 1/7-type advantage and the second explains
when noise amplifies CoT’s relative gains.

4.1 DIRECT INFERENCE

In direct inference, each context sample reveals only the end-to-end output z7 under kernel @),
defined in Eq. (I). With the shared “count-and-argmax” rule, recovering the argmax of each row Q;
reduces to multi-class frequency estimation conditioned on xy = 7. Reliable identification requires
that every input state appears with nontrivial frequency and that the optimal class has a positive gap.

Assumption 4.1 (Coverage of distribution). The multinomial distribution | satisfies that the smallest
element of 1 is strictly greater than 0 and denoted by [imin.

Assumption 4.2 (Positive margin). The ground truth transition matrix Q) satisfies that
Qij(i) —Qij = Ag >0
foralliand j # j*(i), where j*(i) = arg max; Q.

Under these conditions, the usual frequency-estimation rate appears:
Theorem 4.1 (Direct inference). Under Assumption[d.1|and if the number of samples n satisfies

NN GEU0AY
NminAQ

then with probability at least 1 — 0, we have 5*(2) = arg max; Q;; for all i with direct inference.
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Figure 2: Synthetic alignment study (same vs. diff). Left: Accuracy as a function of the number of
context samples n comparing CoT (solid) and NonCoT (dashed). CoT yields a consistently larger
improvement under same than under diff. Right: Sample-complexity proxy An(7) (CoT—NonCoT)
vs. target accuracy 7. More negative values indicate fewer samples required by CoT. The widening
gap in the same condition is consistent with the theoretical 1/7-type gain for aligned kernels. Shaded
regions denote mean £ SE.

Two observations already connect to our main question. First, the dependence on pi,in simply reflects
coverage: under the counting rule, you cannot learn the argmax for states you rarely observe. Second,
the end-to-end margin Ag may be much smaller than per-step margins because local uncertainties
compound through L transitions. This foreshadows why CoT—which counts locally—can be
comparatively robust when transitions align.

4.2 CHAIN OF THOUGHT

With CoT, each context sample exposes the entire path (zg, x1, ..., z7), so the same counting rule
is applied per step: estimate the hard-max index of each row of the relevant transition kernel from
the observed transitions and then compose these local argmax decisions. To link local and global
decisions we assume a standard greedy-to-global consistency:

Assumption 4.3 (Local-global consistency). We assume for all t and i, each row Pi(t) of the transition
matrix has a single max index and denote this maximum index by I.(i). We additionally assume that

Ipo---oli(xg) = argmax @, ;.
J

The impact of CoT then hinges on how the per-step kernels relate. We make this explicit by
contrasting the homogeneous and heterogeneous regimes.

Homogeneous (aligned) transitions. When P(V) = ... = P(T) —: P every trajectory provides
T observations of the same kernel. Under the counting rule, this multiplies the effective number of
local votes per trajectory, subject to standard mixing/coverage and a per-step margin:

Assumption 4.4. The pseudo-spectral gap of P is v > 0. The stationary distribution of P is m and

the minimal element of 7 is positive Ty > 0. The input distribution y satisfies \/x2(p||7) =: xo.
The ground truth transition matrix P satisfies

F)i,j* _Pij >Ap>0

foralliand j # j*(i), where j*(i) = arg max; P;;.
Theorem 4.2 (Homogeneous CoT). Under Assumptions and@.4) if the number of samples n

satisfies
=0 ! + ! log(k/0)
"= TTminALr T2, r? 8 ’

min

#ﬂﬂ, then with probability at least 1 — 8, we have j*(i) = arg max; Q;; for all i

with CoT inference with homogeneous transitions.

wherer =1 —
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Three messages tie back to our factorization. (A) Alignment produces the structural 1/7" gain: the
same counting rule now accrues 1" local votes per trajectory for a single kernel. Note that if 7" is
large enough, then the sample complexity of homogeneous CoT will always be smaller than direct
inference, showing alignment is the most important factor here. (B) The margin that matters is the
local Ap, typically larger than the composed Ag; hence CoT’s relative robustness to compounding
uncertainty. (C) The term r quantifies how fast trajectories diversify across rows (mixing/coverage),
ensuring those local counts are informative rather than redundant.

Heterogeneous (misaligned) transitions. When the kernels vary by step, a trajectory’s 7" local
observations are split across different kernels. The same counting rule still applies, but the local
estimates no longer pool toward a single transition. Identification thus has to hold at every time,
controlled by stepwise coverage and a uniform local margin:

Assumption 4.5 (Heterogeneous CoT). The intermediate distributions satisfy there exists qmin > 0

such that
(t)

i

Gmin < min
0<t<

min
<T-1 i H

The ground truth transition matrices satisfy
t t
PY. —PY >A>0
Sorallt, i and j # j; (i), where j; (i) = arg max; Pi(;).

Theorem 4.3. Under Assumptions and if the number of samples n satisfies
log(Tk/d
-0 (1T

Gmin A2

wherer =1 — Twi(,?;w’ then with probability at least 1 — §, we have 5*(2) = argmax; Q;; forall i

with CoT inference with heterogeneous transitions.

Here there is no guaranteed 1/7" speedup. The same trajectory yields evidence about different kernels,
so the counting rule cannot pool those votes as in the aligned case, and a log T" term appears instead.

Remark 4.4. Comparisons between Sample Complexity of Heterogeneous CoT and Direct Inference.

1. gmin < min; /LEO)

direct inference.

= Umin, Showing that the coverage in misaligned CoT is worse than

2. Both cases Ag > A and Ag < A exist. For the former case one can take

1 _ (0.6 04 2 _ (09 0.1
P (0.1 0.9) @7 ={g3 o7/

and for the latter case

a _ (08 02 o _ (07 0.3
P _(0.8 0.2) =103 07)

This remark shows that the sample complexity of heterogeneous CoT can be smaller than direct infer-
ece, due to the log 7" factor, worse coverage and possibly smaller margin. Nonetheless, heterogeneous
CoT can still be competitive when the per-step margin A is substantially larger than the composed
margin Ag, which is the case in our experiments.

The conclusions of this section are as follows.

* Under a common, simple count-and-argmax decision rule, the factor that controls structural
gains is transition alignment: identical per-step kernels yield a 1/7-type reduction in
sample complexity; different kernels do not.

* The factor that controls sensitivity is the noise (margin): CoT depends on the local margin
A p, while direct inference depends on the composed margin Ag. Because A typically
contracts faster under noise, CoT’s relative advantage grows as intermediate-step noise
increases.
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5 PROOF SKETCH

The bounds in Section [ reduce hard-max prediction in our Markovian model to a sequence of
elementary top-1 identification problems for multinomial distributions. Intuitively, under the count-
and-argmax rule, we only need (i) enough coverage of the relevant rows to estimate their class
frequencies, and (ii) a positive margin so the empirical argmax matches the true argmax. Direct
inference and homogeneous CoT each require identifying the top class for one k£ x k transition matrix
(either @ or P), whereas heterogeneous CoT requires doing so for all T" per-step matrices. This is
why a uniform top-1 identification lemma for multinomials is the core primitive behind all three
theorems.

Lemma 5.1 (Chapter 2, (Boucheron et al.l 2013)). For a multinomial distribution p, we write

P(1) = P(2) = - -+ for its ordered elements. We assume the margin Ay, := p(1) — p2) > 0. If there
exist absolute constants C' > 0 such that

C k

N2 Rs logy

then the empirical argmax equals to the argmax with probability at least 1 — 0.

The lemma converts a margin lower bound into the familiar O(A~2 log(k/§)) sample requirement,
so the main task is to lower bound the effective counts with which each row is observed. Let Ni(o) be
the number of context samples whose initial state is zg = ¢, and NV, i(t) the number of visits to state 7
at step t. For direct inference, it suffices to control min, Ni(o) because we only estimate the row of

Q indexed by 7. A Chernoff bound (e.g., Hoeffding, [1963) gives min; N'*) > ¢ N i with high
probability for an absolute constant ¢ > 0, which yields Theorem 4.1

For heterogeneous (misaligned) CoT, we must identify the top class in each per-step kernel P(Y), so
we need a uniform lower bound on the step-wise counts min; ; IV, i(t). Since the states at step ¢ are

distributed as () = pP™M) ... P(®) we obtain min; Ni(t) 2 ¢ N min; ul@; invoking the assumption
Gmin < Mming ; ugt) and a union bound over t € {0,...,T — 1} controls the simultaneous deviations
across steps. Plugging this coverage into the multinomial lemma with the local margin A gives the
heterogeneous CoT bound (Theorem [4.3), including the logarithmic dependence on 7" from the union

bound.

The homogeneous (aligned) CoT case is more delicate and also where the structural gain appears.
Because each trajectory contributes all 7" transitions of the same kernel P, the total number of usable

local observations scales like NT'. Define the aggregated counts N; := tT;Ol N, i(t). If the initial
distribution p were already stationary for P, then each step would sample from 7 and we would
have N; ~ NT ; up to concentration, immediately yielding a 1/T improvement when the lemma
is applied with margin Ap. In general i need not equal 7, so we quantify the bias and dependence
via the y2-divergence o between x and 7 and the pseudo-spectral gap v of P. These two quantities
govern how quickly the chain forgets its start and how many “effectively independent” transitions we

get along a path. The next bound formalizes this intuition.

Lemma 5.2. There exist absolute constants c1, ca > 0 such that, for any § € (0, 1), with probability

at least 1 — 6,
N NT k
min N; > NT Tpin — Xo 4 log—= — c2,
[ Y Y 5

where Ty, := min; ;.

Remark 5.3. 1. The bias term Nyxo/vy comes from the the error between uP' and w:
£ Sig Pt = wllvv S xo/(T) (Paulin| 2015).

2. The fluctuation term derives from Bernstein—type concentration for bounded functions along
Markov chains with pseudo—spectral gap (Paulin, |2015)).

Combining this coverage bound with the multinomial lemma yields the homogeneous CoT rate in
Theorem the leading 1/7 term reflects T informative transitions per trajectory for the same
kernel, and the factor r = 1 — xo/(T'Tmin7y) captures the erosion due to initialization bias and mixing.
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Figure 3: Noise ablation under aligned transitions. Left: Accuracy vs. n for CoT/NonCoT under
small and large intermediate-step noise. Right: An(7) vs. 7. CoT reduces the required context
budget more when noise is higher, reflecting that the global margin A shrinks faster than the local
margin Ap as stochasticity increases. Shaded regions denote mean + SE.

6 EXPERIMENTS

The empirical benefits of chain-of-thought (CoT) prompting have been extensively documented in
prior work (Sprague et al., [2025)). Our experiments are therefore not intended as a continuation of
those results, but instead as a controlled setup that mirrors our theoretical analysis. In particular,
real-world benchmarks make it difficult to disentangle the effect of CoT from other confounding
factors, such as prior knowledge embedded in pretrained LLMs. To address this, we first design
synthetic tasks that the model has never encountered before, allowing us to isolate and probe the
theoretical factors of interest.

6.1 SYNTHETIC EXPERIMENT SETUP

Our synthetic benchmark is designed to cleanly manipulate the two factors singled out by the theory,
transition alignment and intermediate-step noise, while holding everything else fixed. Each instance
is a two-step process. We sample a triple (xq, 71, r2) where x is an integer state and each r; indexes
a small stochastic local rule acting on the current state (e.g., with probability 0.8 apply +1, otherwise
apply —2). The same condition enforces the rule of r; aligns with 7o, whereas r; and 75 represents
different local rules in diff condition. For each condition we compare CoT against NonCoT, where
we give a specific LLM n context samples generated by the stochastic calculation and expect the
model to compute the hard-max result for the query. Note that in this task, we design the random local
rule to satisfy the consistency in Assumption enforcing the hard-max selected by the sequential
local rule or the global rule are the same. We sweep n € {8,...,60} and aggregate results over
multiple random seeds.

There are several reasons why we select this setup: (i) Enforcing same vs. diff isolates the notion of
transition alignment. (i) The rule family is intentionally simple so that the ground-truth hard-max at
each step and the composed end-to-end hard-max are unambiguous. This lets us measure accuracy
without confounding from parsing or generation. (iii) Noise is controlled via the rule probabilities,
allowing us to increase the chance that the local hard-max is flipped while leaving everything else
unchanged. This separation mirrors the theoretical quantities Ap and Ag. These advantages avoid
spurious gains from unrelated factors in complicated experiments like (Sprague et al., 2025 Wei
et al.,[2022; [Wang et al.| 2023} |Yao et al., 2023)).

Metrics. Accuracy is the fraction of test queries whose final prediction equals the end-to-end
hard-max index (which, by construction, agrees with composing the per-step hard-max indices). To
visualize sample complexity, for a target accuracy threshold 7 we compute the least n that reaches 7
for CoT and NonCoT and plot An(7) = ncer(T) — MNoncot (7). Negative values mean CoT achieves
the target with fewer samples.
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6.2 SYNTHETIC RESULTS AND ANALYSIS

Alignment vs. misalignment. From Fig.[2] CoT helps in both same and diff, but the effect size
depends strongly on alignment. With aligned kernels (same), CoT consistently dominates NonCoT
over the full range of n, and the gap widens at higher accuracy thresholds. With misaligned kernels
(diff), improvements are present but uniformly smaller, and can flatten at stricter thresholds. This
pattern matches the theory: when transitions align, each trajectory yields multiple informative votes
for the same kernel (here T'=2). When transitions differ, votes are split across kernels and cannot
deliver the same 1/7 efficiency. Note that for misaligned kernel case, there are n such that CoT is
not better than direct inference, which also matches our analysis.

Noise sensitivity. By Fig.|3| increasing intermediate-step noise leads to a larger relative advantage for
CoT. The reason is structural: higher noise reduces both the local margin A p and the global margin
A, but due to compounding across steps, A shrinks faster. CoT is therefore more robust to noise
than estimating the end-to-end hard-max from final outcomes alone. This is consistent with empirical
observations that noisy or unfaithful chains can change outcomes markedly and that aggregation over
trajectories helps (Prabhakar et al.||2024; |Wang et al., 2023).

6.3 REALISTIC EXPERIMENT: MODULAR ADDITION

While the synthetic data closely mirrors our
theoretical setup, it lacks practical relevance. CoT s NonCoT mean = 56
To bridge theory and practice, we therefore :
turn to a simple arithmetic problem, multi-step
modular addition, that has clear real-world
value yet remains structured enough for con- * ==
trolled analysis. Specifically, the task is to cal- :*
culate long additions modular a certain num- 7
ber. To avoid conflating our discussion with
heterogeneous step difficulties, we design a =
simplified version where each step involves an -
addition of comparable form, differing only
in whether all steps add the same or different
numbers.

______

Figure 4: Multi-step modular addition (practical
check). Accuracy vs. n for CoT and NonCoT when
We compare CoT and NonCoT when all steps  both steps add the same number versus different
add the same number versus different numbers. numbers (fixed modulus). The larger CoT gain in
The result in Fig.[dechoes the synthetic study: the aligned (same) case corroborates the synthetic
CoT delivers a substantially larger boost in findings in a more realistic arithmetic setting. Error
the same condition, while improvements are  bands show mean + SE.

smaller in diff. This task is less “clean” (it in-

volves natural-language templates and minor

formatting variations), but it is more practical and still isolates the alignment factor: when both
steps share the same local operation, trajectories provide reusable per-step evidence toward the same
kernel; on the contrary, the benefit of per-step counting shrinks. Together with the synthetic results,
this supports the claim that transition alignment is a decisive driver of CoT’s inference-time sample
efficiency.

6.4 REALISTIC EXPERIMENT: CITY—STATE RANKINGS

We test transition alignment on a corpus-based task built from U.S. city/state rankings under two
criteria: population and area. We collected the data and built a two-hop QA dataset. Each instance
in the dataset directly asks for “the X-th largest city in the Y -th largest state”, where “largest” is
instantiated by a chosen criterion for the state rank and a chosen criterion for the city-within-state
rank. We treat the criterion (population vs. area) as the step “skill”: same-skill uses the same criterion
for both steps (pop—pop or area—area), while diff-skill mixes criteria (pop—area or area—pop).

We sweep n € {2,4,6,8,10} in-context demonstrations and compare CoT vs. NonCoT (full details
in Appendix [C.3). Fig.[5|shows that CoT improves over NonCoT in both settings, with a consistently
larger gain in the aligned same-skill condition.
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Figure 5: City-State rankings. Accuracy vs. n (left) and CoT gain AAcc (right) under same-skill
vs. diff-skill. Error bands: mean + SE.

7 CONCLUSION AND DISCUSSIONS

We provided a mechanism-level account of when CoT improves inference-time sample efficiency
by modeling stepwise reasoning as a finite-state Markov chain, motivated by the autoregressive
nature of CoT and the finite context windows in practice. Two structural properties govern the
performance of CoT: (i) transition alignment that characterizes whether all steps share the same
local transition, and (ii) decision margins/noise that describes the per-step confidence. We rigorously
establish the decisive effects of both properties. In particular, we show that (i) CoT yields a 1/T" gain
over direct inference only when the local transitions in successive steps are aligned; while (ii) the
decision margins control the gain of CoT, which improves when per-step evidence is comparatively
more robust than end-to-end decisions. These theoretical findings are corroborated by controlled
experiments on synthetic and modular addition tasks.

Implications for implicit thinking. Our Markovian formulation treats multi-step reasoning as a
trajectory of latent states with step-wise transitions. An explicit CoT transcript is one of the intuitive
ways to expose this trajectory. Whether the intermediate reasoning can be reused across steps, the
efficiency gain of CoT in our analysis comes from the underlying dynamics, instead of expressing
the intermediate states as human-readable text. This perspective casts light on implicit thinking: one
can keep multi-step state evolution, but change the interface that reveals intermediate states (e.g.,
compress them or not reveal them at all). Empirically, this suggests comparing implicit and explicit
interfaces under matched test-time compute. It is also helpful to control for the same structural
descriptors in our theory (e.g., alignment and intermediate noise), so we can separate improvements
in internal dynamics from improvements due to the readout format.

Future directions. We see two complementary future avenues. From the explanatory perspective,
existing works on CoT theory mostly relies on simplified abstractions. A next step is to push
toward more practical models that still admit analysis, e.g., higher-order or semi-Markov structure,
hierarchical/graph decompositions, or continuous latent states. Then the factors can be characterized
across a wider range of real reasoning pipelines. From the application perspective, we seek to extend
the measurement of the key structural properties identified by the theory to complex real-world
tasks, which can potentially steer the design of more effective, aligned, and robust contexts for CoT
prompting.
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A PRELIMINARIES AND CORE LEMMA

Notation. We write [k] = {1,...,k} for the finite state space. Vectors are row vectors unless stated
otherwise. For a probability vector p € AR et D(1) = P2y = - -~ denote the order statistics of its
coordinates and define the (row) margin

margin(p) := pa1) — P(2)-

For a row-stochastic matrix M € R***, we define margin(M) := min;¢ ;) margin(M;).

Divergences and distances. For probability laws v, 7 on [k], the x2-divergence is

= 3T

i=1

2

Lom)’ where %(z) = v, /7.

It controls total variation (TV) via the inequality || — 7|ty < $/x2(v|7).

Pseudo-spectral gap. Let P be a (possibly nonreversible) Markov kernel on [k] with stationary
distribution 7, and let P* denote its time-reversal on L?(7): P*(z,dy) = %W' Following
Paulin| (2015, Eq. (3.3)), the pseudo-spectral gap of P is

Yo = A )

where (A) denotes the (absolute) spectral gap of the self-adjoint operator A on L2 (7). For reversible
chains, 7y, coincides with the usual L? spectral gap up to a constant factor, while for nonreversible
chains it generalizes multiplicative reversibilization (Paulin, 2015, Remark 3.2). Moreover, 7, relates
to mixing time via Paulin| (2015} Prop. 3.4).

Context trajectories and counts. We observe n i.i.d. context trajectories (inference time only) For
the homogeneous case (all steps use P), write Xé )T for the (-th path and N := 37 =1 1{X =i}
for the number of visits to state ¢ at step . We also use the pooled count Nl = t 0 ' N For

K3

direct inference and the heterogeneous case, we further write 1V, i(o) = 1{Xé =i}
Now we introduce the main lemma used in the proof.

Lemma A.1 (Multinomial top-1 identification (restatement of Lemma ). Let p € A*=1 with
margin Ay, = p1y — p2y > 0, and let p be the empirical frequencies from N i.i.d. draws. There
exists an absolute constant C' > 0 such that if

C k
N Z E logg,

then arg max; p; = argmax; p; with probability at least 1 — ¢.

Proof. Let j* = argmax, p; and for each j # j* define Z, := 1{X, = j*} — 1{X, = j} €
[-1,1] with EZ, = pj« — p; > A,. Then p;» — p; = & Zé\[:l Z; and by Hoeffding Pr{p,- <
pj} < exp(—2NA?Z). Union-bounding over j # j* yields Pr{3j # j* : p; > pj=} < (k —
1) exp(—2NA?Z) < 6 under the stated N (for a suitable absolute C). O

B PROOFS OF THE MAIN THEOREMS

We restate each theorem and then give a full proof. All three proofs invoke Lemma [A.T|and the
homogeneous case additionally uses a pooled-coverage lemma whose proof relies on two results
from [Paulin| (2015).
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B.1 PROOF OF THEOREM [4.1] (DIRECT INFERENCE)

Theorem B.1 (Restatement of Theorem [.1). Under Assumptions 41| and if the number of
samples n satisfies
log(k/o
u o (loatt/D)
MminAQ

then with probability at least 1 — §, we have 5*(2) = arg max; Q;; for all i with direct inference.

Proof. Let N = n and Ni(o) be the number of contexts with g = 4. Since fiyin > 0 (Assump-
tion[4.T)), a Chernoff bound gives

Pr{N{” < INp;} < exp(=Npi/8) < exp(—N jimin/8).
Union-bounding over i € [k], we obtain that if N > Cp u_{, log(k/§) (for an absolute Cy), then

with probability at least 1 — §/2,
; 0) 51
min N7 > s N lmin- 3
ZE[]{Z] 7 - 2 :u’ ( )
Conditioned on xy = 7, the NV i(o) terminal labels z are i.i.d. from the multinomial distribution Q);.
By Assumption the row margin obeys margin(Q;) > Ag > 0 for all i. Applying Lemma

with N < N'” and A, « A, yields
Pr{j*(z) # arg max Q;;
J

for an absolute C' > 0. On the event (3], the RHS is at most k exp(—C Aé N pimin/2). Another

union bound over ¢ € [k] shows that all & rows are identified correctly with probability at least 1 —¢§/2

provided N 2, m log(k/d). Combining with (3)) via a union bound establishes the theorem with

the stated ©(+) rate. O

Nfo)} <k exp(fc A, N}O)) ,

B.2 PROOF OF THEOREM [4.2] (HOMOGENEOUS COT)

We introduce two technical lemmas for Markov chain based on pseudo spectral gap.

Lemma B.2 (TV decay via pseudo-spectral gap (Paulin, 2015, Prop. 3.4)). Let P be a (possibly

nonreversible) Markov kernel on [k] with stationary distribution 7. Let P* denote its time-reversal
on L?(r), and define the pseudo-spectral gap

L= —_— 4

Tps = AX - . “

where ~(A) is the (absolute) spectral gap of the self-adjoint operator A on L?(r). For any initial

law q absolutely continuous w.r.t. w, write Ny := ]EW[(%)2] =1+ x%(q||7). Then, for alln > 1,

1 _
dTV(an77T) § 5 (1 — p)/ps)(n 1/vps)/2 Nq —1. (5)
In particular, letting xo := /Xx%(q||7) = \/Nq — 1 and summing the geometric decay,
T—1
1 ¢ Xxo
— d Pt r)< =. 6
TZ TV(q 77T)_T ’Ys’ ()
t=0 i

for a universal constant C > 0.

Lemma B.3 (Bernstein inequality for additive functionals (Paulin, 2015, Thm. 3.11)). Let (Xt)tzo
be a (possibly nonreversible) Markov chain with stationary law 7 and pseudo-spectral gap vps > 0
as in @), and assume X ~ T (stationary start). Let f : [k] — R be bounded with || f —Er f|lco < b
and variance Var, (f) = o2. Then there exist absolute constants ay,ay > 0 such that for all u > 0

andT € N,
T—1
Pr{ 3 (f(X2) ~Eof)| > u} < 2exp<— W) . (7)

2
par To?+axbu
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With the lemmas above, we can prove the following important lemma that gives a lower bound on the
total coverage along the Markov chain.

Lemma B.4 (Aggregated step coverage under mixing (restatement of Lemma ). Assume P(Y) =
.. = P =: P with stationary law 7 (Tmin > 0), pseudo-spectral gap Yps > 0, and xo =
Vx2(p||7). Let Ni(t) be the number of visits to state i at step t across n i.i.d. trajectories, and

N; = tT;Ol Ni(t). There exist absolute c1,co > 0 such that, for any 6 € (0, 1), with probability at
least 1 — 9,
T k
min N; > nT Tmin — xo _ jan log— — co.
i€[k] Vps Vps 0

Proof of Lemma([B.4] Fix i € [k| and set f;(x) = 1{z = i} € [0,1]. For one trajectory Xo.r—_1,
write V; := Y1 ' fi(Xy).

(Bias.) By Lemma|[B.2] in particular (6),

T—1 Cx
EY; =Y (uP'); > Tm; — —22
K3 tZ_% K3 K3 ,yps
(Fluctuation.) Consider the centered sum around E; f;:
T—1
S% = Z (fz(Xt> - ]Eﬂ-fz)
t=0

Here 0% = Var.(f;) < 2 and b = ||f; — Ex fi|« < 1. Applying Lemmawith these (02, b)
yields, for absolute ¢j > 0,

2
Pr{|S5| > u} < 2exp (— & ;"fu) - @®)

The centered sum we actually need is St := th701 (fi(Xt) — IEfi(Xt)) =52 — tT;()l (Efi(Xt) -
E,. fi). The deterministic bias term is bounded by total variation:

T-1 T-1
| STEAHG) —Eafi)] < 3 1L(X5) = 7llrv < C Xo/Yos
t=0 t=0

by Lemma([B.2] Thus Sy inherits the tail in (8) up to a shift by a deterministic constant. Absorbing
that shift into constants, we can write

2
Pr{|Sr| > u} < 2exp (— c ;piruu> (¢ > 0 absolute). )
(From one trajectory to n trajectories.) Let Yi(l)7 . ,Yi(n) be i.i.d. copies, and Z; := Yi(é) — EY;.

By (©). each Z; is sub-exponential with variance proxy O(T'/7;s) and scale proxy O(1/vps). A
Bernstein inequality for independent sub-exponential sums gives absolute C7, Co > 0 such that, with
probability at least 1 — 6 /k,

T k 1 k
n logg — (s logg.

YoV = aEy - G

= Vps ps

A union bound over ¢ € [k] and the lower bound on EY; complete the proof (absorbing the linear-in-
log term into cs). O]

Theorem B.5 (Restatement of Theorem[.2). Under Assumptions and@-A4) if the number of
samples n satisfies

1 1 k X0
e log~ =10
" ((Tﬂ'minA% r * T7T2 2 ) o8 5) ’ ' Tﬂ'min’}/ps 7

min

then with probability at least 1 — 8, we have j* (i) = argmax; Q;; for all i with CoT inference under
homogeneous transitions.
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Proof. By Lemma , with probability > 1—§/2, min; Ny > nT min — T;XO —4/ “;—"T log§ —Co.
ps ps

Assumption ensures margin(P) > Ap > 0. Applying Lemmarow-wise with a union bound

gives the stated sample-size condition (first term from pooled T transitions per trajectory; second

from /nT/~ps fluctuations). Assumption then maps local argmaxes to the global argmax of

. O

B.3 PROOF OF THEOREM [4.3| (HETEROGENEOUS COT)

Theorem B.6 (Restatement of Theoremd.3). Under Assumptions and if the number of

samples n satisfies
log(Tk/9)
n=9 ( QminAz ’

then with probability at least 1 — 5, we have j*(z) = argmax; Q;; for all i with CoT inference with
heterogeneous transitions.

Proof. Atstept € {0,...,T — 1} the state distribution is () = uPM) ... P®_ Let N{") be the

number of visits to ¢ at step ¢ across the n trajectories. Then Ni(t) ~ Bin(n, ugt)) independently

across trajectories. By Chernoff and Assumption Pr{Ni(t) < %n,ugt)} < eXp(—np,Et)/S) <
exp(—n¢min/8). Union-bounding over the Tk pairs (t,4) shows that, if n > Cy g1 log(Tk/6),
then with probability at least 1 — §/2,

min minNi(t) > %nqmm. (10)

te{0,...,T—1} i€[k]

Conditioned on x; = 1, the next state x4 is multinomial with row Pi(t). Assumption provides
the uniform local margin min, ; margin(Pi(t)) > A > 0. Applying Lemmato each pair (¢, 1)
with Ni(t) samples and margin A, and union-bounding over all Tk pairs, we conclude that (T0)
together with n > (qminA?) ™1 log(Tk/J) ensures that all per-step rowwise argmax decisions are

correct with probability > 1 — §/2. Finally, by Assumption composing these local decisions
yields the global argmax of @ for every initial state, completing the proof. O

C EXPERIMENTAL DETAILS

All experiments on math problems use DeepSeek-Math-7B Base (DeepSeek-All 2024) with identical
decoding settings across conditions and the city-state experiment use Llama-3-8b-instruct (Dubey
et al., [2024). We study inference time only in the experiments, so no training, fine-tuning, or gradient
updates are performed. The model simply consumes the provided context demonstrations and predicts
via the count-and-argmax decision rule analyzed in the main text.

C.1 SYNTHETIC EXPERIMENTS

We use a two-symbol alphabet { A, B} for local rules. Each symbol r € {A, B} denotes a two-point
stochastic update on the current discrete state: with probability p(r) apply one update (e.g., +u(r)),
and with probability 1 — p(r) apply the other (e.g., —v(r)). The states are wrapped to remain in [k].
A test instance is a two-step tuple (2,71, 72) with 29 ~ p (uniform by default) and v, € {A, B}.
The key manipulation is how the semantics of the letters are tied across steps. In same (aligned), the
letter-to-operation mapping is fixed across steps. In diff (misaligned), the step-2 mapping is altered
so that the same letter need not mean the same stochastic rule as in step 1. For each configuration
we draw n € {8,...,60} i.i.d. context trajectories. For context samples, NonCoT records only
terminals (xg, 71, T2, 22), while CoT records full paths (xq, 71, z1, 2, 22). We report accuracy (&
SE over seeds) and the proxy An(7) = ncor(7T) — MNoncot (7). Noise is controlled by moving p(A)
and p(B) toward 1/2 (smaller per-step margin) while holding all other factors fixed.
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C.2 REALISTIC EXPERIMENT: MODULAR ADDITION

Each instance specifies modulus M, initial 2o € {0,..., M — 1}, and addends (aq,...,ar). The
target is x;, = x9 + a1 + -+ + ar (mod M). We compare same (a; = --- = ay) vs. diff
(a1, ...,ar, drawn independently). Contexts contain either only terminals (2:7,) (NonCoT) or also
Ty =x0 + a1 + - - - + a; for all [ (CoT), with the same budget n and seeds as in the synthetic suite.
Estimation and reporting metrics follow identically from the synthetic protocol, providing a practical
check that alignment drives CoT gains beyond the idealized setting.

C.3 REALISTIC EXPERIMENT: CITY-STATE RANKINGS

We build a text corpus of U.S. city/state rankings under two criteria: population and area. Facts are
rendered in a fixed template for (i) states (global ranks) and (ii) cities within each state (within-state
ranks), for both criteria. Each query is phrased as “the X-th largest city in the Y -th largest state”
with explicit criteria for the state step and the city-within-state step. Ground truth is obtained by (1)
selecting the Y'-th state under the chosen state criterion, then (2) selecting the X -th city within that
state under the chosen city criterion, and outputting the resulting city name. We define same-skill
by using the same criterion for both steps (pop—pop or area—area) and diff-skill by mixing criteria
(pop—area or area—pop). All prompts include the corpus and n in-context demonstrations. CoT
demonstrations expose the two intermediate steps (state identification, then city identification) before
the final answer. NonCoT demonstrations output only the final city name. Evaluation in both cases is
on the final answer only.

19



	Introduction
	Related Works
	Markovian Modeling
	Theoretical Analysis
	Direct Inference
	Chain of Thought

	Proof Sketch
	Experiments
	Synthetic experiment setup
	Synthetic results and analysis
	Realistic experiment: modular addition
	Realistic experiment: City–State rankings

	Conclusion and Discussions
	Preliminaries and Core Lemma
	Proofs of the Main Theorems
	Proof of Theorem 4.1 (Direct inference)
	Proof of Theorem 4.2 (Homogeneous CoT)
	Proof of Theorem 4.3 (Heterogeneous CoT)

	Experimental Details
	Synthetic experiments
	Realistic experiment: modular addition
	Realistic experiment: city–state rankings


