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ABSTRACT

As one of the most fundamental stochastic optimization algorithms, stochastic
gradient descent (SGD) has been intensively developed and extensively applied in
machine learning in the past decade. There have been some modified SGD-type
algorithms, which outperform the SGD in many competitions and applications in
terms of convergence rate and accuracy, such as momentum-based SGD (mSGD)
and adaptive gradient algorithm (AdaGrad). Despite these empirical successes,
the theoretical properties of these algorithms have not been well established due
to technical difficulties. With this motivation, we focus on convergence analysis
of mSGD and AdaGrad for any smooth (possibly non-convex) loss functions in
stochastic optimization. First, we prove that the iterates of mSGD are asymp-
totically convergent to a connected set of stationary points with probability one,
which is more general than existing works on subsequence convergence or con-
vergence of time averages. Moreover, we prove that the loss function of mSGD
decays at a certain rate faster than that of SGD. In addition, we prove the iterates
of AdaGrad are asymptotically convergent to a connected set of stationary points
with probability one. Also, this result extends the results from the literature on
subsequence convergence and the convergence of time averages. Despite the gen-
erality of the above convergence results, we have relaxed some assumptions of
gradient noises, convexity of loss functions, as well as boundedness of iterates.

1 INTRODUCTION

In recent years, the rapid development of machine learning has stimulated a lot of applications of op-

timization algorithms to employing tremendous data in practical scenarios. Many optimization algo-

rithms of machine learning are based on gradient descent (GD). A typical GD algorithm, minimizing

a loss function g(0) € R via seeking an N-dimensional real-valued parameter 6* = arg 6}nIierlv g(0),
€

writes as follows
6n+1 = On_gnVG,,g(en)a (1)

where 6, is the estimate of 8" at step n, &, is a positive step size (learning rate) to be designed,
and Vg, g(6,) stands for the gradient of g(6,) at step n. When certain conditions are satisfied, 6, in
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equationwill converge to the optimal solution. However, since the computation of Vg, g(6,) relies
on all data at each step, it is inefficient to apply GD-based algorithms (e.g., equation |1) when the
data amount is very large. Therefore, more and more attention has been given on how to accelerate
the GD-based algorithms. One of the attempts is stochastic gradient descent (SGD) which originated
from Robbins & Monro| (1951). Instead of calculating Vg, g(6,) over all data, SGD algorithms use
a relatively small proportion of data to estimate the gradient, i.e., Vg,g(6,,&,) where &, is a random
vector introduced to choose a subset of data for each update. Then the SGD modified from GD
equation|[I]is as follows

6rH»l = Gn _enveng(9naén)~ (2)
Besides reducing gradient computation, g(6,,&,) can be used as an estimate of the gradient for the
scenarios where the accurate gradient is unavailable due to external noises.

In recent years, SGD has shown its prominent advantages in dealing with high dimensional optimiza-
tion problems such as regularized empirical risk minimization and training deep neural networks
(see, e.g. (Graves et al.[(2013); Nguyen et al.| (2018); |[Hinton & Salakhutdinov| (2006); |[Krizhevsky
et al.| (2012) and references therein). In|Nguyen et al. (2018); Bottou| (2012), the convergence and
the convergence rate of SGD have been analyzed.

Despite outstanding successes of SGD, it usually has a relatively slow convergence rate induced by
random gradients and it provides fluctuating iterates in the learning process. In order to improve
the theoretical and empirical performance of SGD, there have been a number of investigations, in-
cluding three typical algorithms for accelerating the convergence rate: (1) The momentum-based
stochastic gradient descend (mSGD), which reduces the update variance by averaging the past gra-
dients (Polyak, |1964); (2) The adaptive gradient algorithm (AdaGrad), which replaces the step size
of SGD with adaptive step size (Duchi et al., [2011); (3) Adaptive momentum gradient algorithm
(Adam), which integrates mSGD and AdaGrad (Kingma & Ba, |2015). However, the convergence
results of these algorithms have not been well established, especially for non-convex loss functions.
In this paper, we focus on the investigation of mSGD and AdaGrad. We believe that the convergence
analysis results in this paper are helpful for the future research on the convergence or generalization
of Adam and other stochastic optimization algorithms.

The technique of mSGD is originally developed by Polyak (Polyakl [1964) for the acceleration of
convergence rate of gradient-based methods. A typical expression of mSGD is as follows (Zareba
et al.l 2015} [Sutskever et al., [2013)

Vn = 0Vp—1 +8nveng(9m€n), 6n11 =6, — vy, 3)

where o € [0,1) and g, > 0 are relatively momentum coefficient and step size (learning rate), respec-
tively. Another type of mSGD with the name of stochastic heavy ball (SHB) has also been studied
(Gitman et al., 2019; (Gupal & Bazhenov,|1972),

Vp = ﬁnvn—l + (1 *ﬁn)ve,,g(enaén)a 9n+1 =06,— YaVn, “4)

where f3, € (0,1) and v, are relatively momentum coefficient and step size (learning rate). In recent
years, mSGD has been widely employed in the applications of deep learning such as image classifi-
cation (Krizhevsky et al.,|2012), fault diagnosis (Tang et al.,|2018), statistical image reconstruction
(Kim et al.l [2014)), etc. Moreover, a number of variants on momentum are emerging, see, e.g.,
synthesized Nesterov variants (SNV) (Williams & Lovett, |2016), robust momentum (Cyrus et al.,
2018), and PID-control based methods (An et al., 2018)). The importance of momentum in deep
learning has been illustrated in Sutskever et al.|(2013) through experiments. However, the theoreti-
cal analysis for convergence and convergence rate of mSGD needs further investigation, especially
for non-convex loss functions which are common in deep learning. Most existing results are estab-
lished with guaranteed subsequence convergence or convergence of time average (see|Yang et al.
(2016); |Gitman et al.| (2019)); [Polyak| (1977); |Kaniovskii| (1983), |Li & Orabona| (2020) and refer-
ences therein). Nevertheless, there is a still distance to asymptotic convergence, which is usually
more general and useful in practical applications requiring stable iterates for each realization. |Seb-
bouh et al.| (2020) studied the asymptotic convergence of mSGD with time-varying parameter o;,,
which however is less common than the static & in practical applications.

Convergence analysis for SGD unveils that the convergence rate heavily depends on the choice of
step size €, (Robbins & Monro, (1951} Nguyen et al., [2018)), which may consume a huge amount

I'The convergence definitions are given in Section 3.
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of efforts on fine tune. In order to deal with this problem, the algorithm AdaGrad with adaptive
step size is proposed in Duchi et al.| (2010) and McMahan & Streeter| (2010) concurrently. In the
literature, there are two main forms of AdaGrad. One is based on the norm of gradients as follows
(Streeter & Mcmahan, 2010))

2 o
Sn: n71+||V9ng(6n7én)H ) 6n+l :6"_\/7S*nv9ng(67h§n)7 (5)
where ¢ > 0 is a constant. The other form is based on the coordinate-wise gradients (Duchi et al.,
2010; L1 & Orabona, [2019;[2020)

_1
O =01 +Veng(en,én)TVQng(Gn,én), 6,11 =6, —0oOn zve,,g(@n,én),

where @ is a constant. In our paper we focus on the norm form (equation [5). In recent years,
AdaGrad has shown its effectiveness in the field of sparse optimization (Duchi et al 2013)), tensor
factorization (Lacroix et al.,|2018]), and deep learning (Heaton & Jeff, 2018). Some algorithm vari-
ants like RMSProp (Tieleman & Hinton, 2012) and SAdaGrad (Chen et al., 2018) are also studied.
However, there are few results on the convergence of AdaGrad. Most of these results only prove
subsequence convergence or convergence of time averages (see, e.g. [Zou et al.[(2019)); [Chen et al.
(2019); [IDéfossez et al.[ (2020); Ward et al.[| (2019)). Although |[Li & Orabonal (2019) and |Gadat &
Gavral(2020) studied the asymptotic convergence of a modified AdaGrad algorithm, the result is not
applicable to AdaGrad in equation[5] Thus, the asymptotic convergence of AdaGrad in equation [3]
is still open.

In this theoretical paper, we aim to establish the convergence of mSGD and AdaGrad under mild
conditions. The main contributions of this paper are three-fold:

e We prove that the iterates of mSGD are asymptotically convergent to a connected set of
stationary points for possibly non-convex loss function almost surely (i.e., with probability
one), which is more general than existing works on subsequence convergence.

e We quantify the convergence rate of mSGD for the loss functions. Through this conver-
gence rate we can get a theoretical explanation of why mSGD can be seen as an acceleration
of SGD. Moreover, we provide the convergence rate of mean-square gradients and connect
it to the convergence of time averages.

e We prove the iterates of AdaGrad are asymptotically convergent to a connected set of sta-
tionary points almost surely for possible non-convex loss functions. The convergence result
for the AdaGrad extends the subsequence convergence in the literature.

The remainder of the paper is organized as follows. In Section 2, we introduce the related work
considering the convergence of mSGD and AdaGrad. The main results of the paper are given in
Section 3, where we study the convergence and convergence rate of mSGD as well as the conver-
gence of AdaGrad. Section 4 concludes the whole paper. Sections 5 and 6 are Code of Ethics and
Reproducibility, respectively. The proofs are given in Appendix.

2 RELATED WORK

Convergence of mSGD: For the normalized mSGD (SHB), Polyak (Polyakl, (1977} |1964) and Kan-
iovski (Kaniovskiil [1983)) studied its convergence (subsequence convergence and convergence of
time averages) properties for convex loss functions. Igor Gitman (Gitman et al., [2019) provided
some convergence results of mSGD (SHB) for non-convex loss functions, but there is a considerable
distance to the asymptotic convergence. Moreover, there is a requirement for uniform boundedness
of a noise term in |Gitman et al.| (2019), i.e., E(||Vg,8(6,&1) — Vo,8(64]|) < 8, which confines the
application scope of mSGD (SHB). In addition, the designs of momentum coefficients in |Polyak
(1977 11964); |Kaniovskii| (1983); |Gitman et al.|(2019) are not consistent with some practical appli-
cations (Smith et al., 2018}, |Sutskever et al.,|2013)). Therefore, the asymptotic convergence of mSGD
for convex and non-convex loss functions needs further investigation.

Convergence rate of mSGD: Despite outstanding empirical successes of mSGD, there are few re-
sults on convergence rate of mSGD. In these results, Mai & Johansson| (2020) studied a class of
convex loss functions, and obtained a convergence rate of time averages without reflecting the role
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of momentum parameter. |Gitman et al.| (2019) and Nicolas [Loizou & Richtarik| (2020) respectively
investigated the asymptotic convergence rate of mSGD (SHB) by restricting to quadratic loss func-
tions. |Liu et al.|(2020) studied the properties of SHB, where the relation between the loss function of
SHB and the step size in every step was studied under the setting that o, and 3, are constants. The
convergence rate of time averages was also studied. However, since the momentum parameters are
not consistent with some applications (Smith et al., 2018; |Sutskever et al., |2013)) and the standard
mSGD in equation E] is not covered, further studies are needed.

Convergence of AdaGrad: In the original work for AdaGrad (Duchi et al. [2011), it was proved
that AdaGrad can converge faster in the time averages sense if gradients are sparse and the loss
function is convex. Similar results were established by |Chen et al.| (2019)), and [Ward et al| (2019).
Zou et al.[ (2019) and |Défossez et al.| (2020) established convergence results in the subsequence
sense. Asymptotic convergence was obtained in |Li & Orabona) (2019) for non-convex functions,
but the form of the algorithm is no longer standard, as discussed in [Duchi et al.|(2011). Although
such a change alleviates the difficulty in the proof of asymptotic convergence, it cannot be applied
to the study of the AdaGrad in equation[5] Moreover, they required that a noise term is of point-wise
boundedness (i.e., ||Vg,8(0n,1) — Vo,8(6) H < 8, where § is a positive constant), which however
is relatively restrictive.

3  MAIN RESULTS

In this section, we provide the main results of this paper, including the analysis of convergence and
convergence rate of mSGD in equation[2]and the analysis of convergence of AdaGrad in equation[5}
In the following, RY denotes the N-dimensional Euclidean space and || - || stands for the 2-norm, i.e.,
the Euclidean norm. To proceed, we need some definitions, consisting of asymptotic convergence,
subsequence convergence, mean-square convergence, and convergence of time averages.

Definition 1 (Asymptotic convergence) A sequence {x,} is asymptotically convergent to a set K, if

1imy, s e (infxeK (| —xll) =0.

Definition 2 (Subsequence convergence) A sequence {x,} converges in subsequence to a set K, if

there exists at least one subsequence {xy, } of {x,} such that lim,_, ;. <infx€K ka” - x||) =0.

Definition 3 (Mean-square convergence) A stochastic sequence {x,} converges in mean square to
a fixed vector x, if lim,_, , o E(||x, —x||*) = 0.

Definition 4 (Convergence of time averages) A stochastic sequence {x,} converges in time aver-
ages to a fixed vector x, if limy_, 4o % Y E(|lx, —x||*) = 0.

It is obvious that asymptotic convergence implies subsequence convergence, and that mean-square
convergence ensures convergence of time averages, but not vice versa.

3.1 CONVERGENCE OF MSGD

In this subsection, with the help of some stochastic approximation techniques (Chen, 2006), we
aim to prove that 6, in equation [3|is asymptotically convergent to a connected component J* of
the set J := {0]||Vog(0)|| = 0} almost surely (a.s.) under proper conditions. When this connected
component degenerates to a stationary point 6%, it holds that 6,, — 6%, a.s..

In contrast to the existing works of subsequence convergence (cf. Zou et al.| (2019); |Chen et al.
(2019); [Défossez et al.| (2020); Ward et al.| (2019)), we aim to prove that 6, of mSGD in equation
is able to achieve asymptotic convergence. Since mSGD in equation [3]is a stochastic algorithm, we
aim to establish its a.s. asymptotic convergence. To proceed, we need some reasonable assumptions
with respect to noise sequence {&,} and loss function g(8).

Assumption 1 Noise sequence {E,} are mutually independent and independent of 0, and vy, such
that g(x) = E¢, (8(x,&4)) for any x € RY.
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Assumption 2 (Loss function assumption) Loss function g(0) satisfies the following conditions:
1) g(0) is a non-negative and continuously differentiable function.

2) The set of stationary points of ||Veg(0)|| is not an empty set, that is
J:={0][[Vog(6)[| = 0} # 0.

3) Vog(0) satisfies the Lipschitz condition, i.e., there is a scalar ¢ > 0, such that for any x,y € RV
Vg (x) = Vyg )| < cllx—yll.

4) There is a scalar M > 0 such that for any 6 € RN and positive integer n,
2
e, ([Vos(6) ~ Vos(8,&)[?) <M(1+4(6)). ©

Assumption [I] and conditions 1)-3) of Assumption [2] are common in the literature (Gitman et al.

2019). Assumption I 2| does not pose any requirement on the convexity of g(0). In other words,
we allow any convex or non-convex loss functions g(0) as long as they satisfy this assumption.
Condition 4) corresponds to the condition in|Shalev-Shwartz et al.[(2011); Nemirovski et al.|(2009);
Hazan & Kale| (2014); (Gitman et al.[(2019); |Yang et al.| (2016); |Polyak| (1977); Kaniovskii| (1983))
where the following inequality is assumed to hold for any 8 € R" and positive integer 7,

& (IVo2(8) ~ Vog(8.8))[) <k, vo e RY, (7)

where K is a positive scalar. Note that equation @reduces to equation I [7]if g(0) is uniformly upper
bounded over the space R". Since equation E] does not need this uniform boundedness, it substan-
tially extends equation [7] such that mSGD is also applicable to the scenarios with unbounded loss
functions.

Different from deterministic GD-type algorithms with a constant step size, in order to ensure the
convergence of mSGD, we need a decreasing step size for counteracting the randomness induced
by noise {&,} (Gitman et al.,[2019; [Robbins & Monro| |1951). Specifically, we make the following
assumption on step size g, together with a fixed momentum coefficient c.

Assumption 3 Momentum coefficient o, € [0 1) and the sequence of step size €, is positive, mono-
tonically decreasing to zero, such that Z = +oo and Z 8 < H-o0.

The setting of &, in Assumption [3|is consistent with stochastic approximation for root seeking of
functions (Chen, 2006) as well as some stochastic optimization algorithms (Gupal & Bazhenov,
1972} |Polyakl, [1977} [Kaniovskii, (1983} |Gitman et al.l 2019). An explicit example of step size g,
satisfying Assumption [3|is €, = 1/n. Although SHB in equation [4| shares a similar expression as
mSGD, the provided conditions of step sizes in |Gupal & Bazhenov]| (1972); [Polyak! (1977)); Kan-
1ovskii| (1983); |Gitman et al.| (2019) are not applicable to the general cases of mSGD with static o
(Smuith et al., |2018}; Sutskever et al., [2013)).

In fact, SHB in equation {f] has a similar expression as mSGD in equation [3] Multiplying ¥, on both
sides of the first equation of equation 4] yields

Yn
mVn = ——— Pn\/n—1Vn— +n1_ nV,, 6nvn
TV %Hﬁ(?’ 1n-1) + (L= Bu)V6,8(6, ) ®
0ny1 =6, — Yuvn.

We treat ¥,v, as one term as the role of v, in equation 3] By comparing coefficients of equation 3]

and equatlon we get o) = (7,/%.—1) By and &, = ¥,(1 — B,). In the literature (Gupal & Bazhenov,
1972} |Polyakl 1977 Kamovskn 1983; |Gitman et al.} 2019), the parameter setting of SHB in equa-
tion 4] has the following requirements

oo oo
EYn:+°°7 n;l%% < oo, ﬁn < 1a nngﬁ"ZO

or

n;yn=+oo, gl—ﬁn < oo, ,;I—Bn<+°° Jim B, = 1.
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According to the above requirements on f3, and ,, the requirements on &, and &) are

too oo
Z €, = oo, Z g2 < +4oo, lim o =0.
n=1 n=1

n—-+oo

or

foo oo oo o .
Yoer= (1= <[ L (1= Y ;7 <+ limsupal 1.
n=1 n=1 n=1 n=1 n

n—r—+oo

We can see that the static momentum parameter ¢¢, which is widely used in practical applications,
does not satisfy these conditions. In|Sebbouh et al.|(2020), the authors studied an algorithm (SHB-
IMA) that has a similar form to mSGD given in equation (3] but their conditions for parameters
cannot cover the case with a static «.

Before providing the main theorem for convergence, we need a useful lemma In the analysis of
asymptotic convergence of mSGD, the following lemma plays an important role.

Lemma 1 Consider the mSGD in equation 3| If Assumptions 1-3 hold, then for V0, € RN and
vo € RY, there is a scalar T (6,v), such that E (g(6,)) < T(61,vo) for any n > 1.

Lemma E] actually guarantees stability of mSGD. Let .%, = 6(6,vo,{&;}!_,) be the minimal o-
algebra generated by 0y,vo,{&;}!_|. As a result, 6, is adapted to .%,_;. Then for any n € N, it
holds that

£ (V0,806 ~ Vo,s0.£)[") =& (2 (|Vare(6) - Vo,s(0n 8| 7.1) )

~E (Egn (IIva.s(6) —Ve,,g(eméjalf)) <M(1+E(g(6,))) <M(1+T(01,00)), ()

where the second equality follows from the independence between &, and {6y,vo,{& "'} in As-
sumption T} and the last two inequalities hold due to 4) in Assumption [2]and Lemmal[I] respectively.
Intuitively, the result in equation [9| means that the fluctuation induced by random noise {é,-};:ll
is well restrained. Note that the derived result in equation [J] is totally different from equation
required in the literature (Shalev-Shwartz et al., |2011; Nemirovski et al., |2009; Hazan & Kale,
2014; |Gitman et al 2019} [Yang et al.| 2016} [Polyakl [1977; [Kaniovskiil [1983)), since equation
needs a uniformly upper bound K over the whole space (i.e., 8 € R") which is difficult to satisfy
when loss function g(0) is quadratic or cubic with respect to 6 over unbounded parameter space.
In contrast, regardless of the order of g(0) with respect to 6, equation E] ensures boundedness of

E (HVen 8(6,) —Vo,8(6,,6n) ||2> for learning any fixed true parameter 6*. This reflects a favorable

learning process against random noise &, for dealing with general loss functions g(8). This result
paves the way to the following theorem on asymptotic convergence of mSGD.

Theorem 1 Consider the mSGD in equation |3| If Assumptions 1-3 hold, then for V8, € RN and
Yvg € RN, there exists a connected set J* C J such that the iterate 6, is convergent to the set J*

almost surely, i.e.,
lim d(6,,J") =0, a.s.

n—yeo

where d(x,J*) = inf,{||x — y||,y € J*} denotes the distance between point x and set J*.

In Theorem 1, we prove that the iterates of mSGD asymptotically converge to a connected set of
stationary points almost surely. When this connected set degenerates to a stationary point 8, it holds
that 6, — 0*, a.s.. The result enables engineers for the design of proper momentum coefficients and
step sizes (like ¢ = 0.9, g, = 0.1 /n) in the related applications of mSGD with mathematic guarantee.

3.2 CONVERGENCE RATE OF MSGD

In this subsection, we analyze the convergence rate of mSGD. Before that, given positive real se-
quences {a,} and {b,}, we let a, = O(b,) if there is a constant ¢ > 0, such that a, /b, < ¢ for any
n > 1. For quantitative analysis, we need some extra assumptions.
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Assumption 4 (Loss function assumption) Loss function g(0) satisfies the following conditions:

1) g(0) is a non-negative and continuously differentiable function. The set of its stationary points
J={0]||Veg(0)| = O} is a bounded set which has only finite connected components J,...,J,.
In addmon there is € > 0, such that for any i € {1,2,...,n} and 0 < d(0,J;) < €, it holds that
|g(6) — gi| #0, where g; = {g(6)|6 GJ}tsaconstant

2) Foranyi€ {1,2,... ,n}, it holds that

\V4 2
imint 1Yo$(O) >5>0.
d(6.J)—0 g(0)—gi

In many problems of machine learning, especially deep learning, because of strong non-linearity
mapping from input data to output data and the structure complexity of employed models, loss
functions could be non-convex and may have multiple local critical points. Assumption [] does
not require convexity of the loss function, but guarantees the properties of the loss function around
critical points.  Assumption 4 2) can be treated as a local version of Polyak-Lojasiewicz (P-L)
condition.

Theorem 2 Consider the mSGD in equatio AE] with the noise following a uniform sampling distri-
bution. IfAssumptlonshold for¥vg € RN and ¥0; € RY, it holds that

€

E ([Va,8(8)I7) =0(e ™ 1= ), (10)
where p = exp { Yot MEI%} and M is defined in condition 4) of AssumptionH

In Theorem@ let @ = 0, then we can obtain the convergence rate of SGD,

E (|[Ve,g(6:)]) = o(,;z;;1 )

According to the obtained bounds, the convergence rate of mSGD with o € (0, 1) is larger than that
of SGD, which is the case with o = 0. Moreover, Theorem[Z] provides a stronger characterization
of convergence rate than some existing works considering the convergence rate of time averages
T LyT \E(||Vg,g(6,)]]>) = O(T") (I = —1 in Liu et al|(2020) and [ = —1/2 in Mai & Johansson
(2020)) In the following, we will elaborate on this point. From equation [0} there exists a scalar
to > 0 such that Vn > 0

E(IVas@)I?) _,
o { ~ T i
implying
L E(VasOl)
7 X1 €XP { io1 p(%sia)z }
So it holds that

T 1 T ,,1 SE; .
Z ”VO,, || ) <T Ze =1 p(1-a) )

n=1

ﬂ \

Letg, = %, then we know that ¥'7_, &, = O(InT). Hence,
fi T e ( Zeﬁ%) (1£HWW>
T = .=

If —— <1, Z,{:l ffm = 0<T7m+1), so we have

p(l-a)
T s
Z ;O(T o(i- a>2+1) :0(T7p<1—a>2>.

n 551

ﬂ \
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If o a>2 =1, it holds that ¥_, n »( a? — O(InT), and hence
i 1 InT
= rli-a)? :—OIT:O(—)_
Z FO(nT) =0(=
If p( )2 > 1, then Z 4 n r0- “a? :=Cq(T) — Cq as T — +oo, where Cy, is a positive constant, so
1y Yo b _ CalT) 0(@ )
T T T

Note that the coefficient Cy depends on s, p, and o, where s is the constant given in Assumption 4]
only depending on g(0), and p is given in Theorem |2 I and relies on M in 4) of Assumption I 2| and
step size &,. The above observation indicates that setting ¢ close to one makes mSGD achieve con-
vergence rate of time averages of order O(1/T). As remarked previously, larger o implies smaller
coefficient Cy, and thus quicker convergence rate. Interestingly, since Cy(7T') is monotonically in-
creasing, the convergence rate has a relatively small coefficient when T is small. This could illustrate
why mSGD can achieve better performance in the early phase of iteration.

3.3 CONVERGENCE OF ADAGRAD

In this subsection, we aim to establish the convergence of AdaGrad. Compared to the study of
mSGD, the design of adaptive step size increases the technical difficulties. To proceed, the required
conditions on loss function g(0) are summarized as follows.

Assumption 5 Loss function g(0) in equation @satisﬁes the following conditions:

1) g(0) is a non-negative and continuously differentiable function. The set of its stationary points
J={0|||Veg(0)] = 0} is a bounded set which has only finite connected components N T
In addition, there is € > 0, such that for any i and 0 < d(0,J;) < €, it holds that ’g g,’ #0,
where g; = {g(0)|0 € J;} is a constant.

2) The gradient V¢g(0) satisfies the Lipschitz condition, i.e., for any x,y € RV,
[Vag(x) = Vyg )| < ellx =yl

3) There are two constants M' > 0 and a > 0 such that for any 0 € RN andn € N,

Eg, (|Vos(6.6)|") <M'[|Vog(6)]|* +a. (11)

Condition 2) is the same as in 2) of Assumption Condition 1) is relatively weak, because it does
not require any convexity of the loss function or global conditions as P-L condition. There are many
functions satisfying Assumption 5 1) but not convex, such as y = sin’ (x), y = (x — 1)(x — 2)(x —
3)(x—4), and y = cos® (x). Similar to condition 4) of Assumption 2, condition 3) is a condition
to restrain the noise influence. Equation [11]is milder than |Vgg(6,&,) — Veg(0)|| < S a.s. (Li
& Orabona, 2019; |[Défossez et al., 2020), which is relatively restrictive in dealing with unbounded
noises, e.g., Vog(0,&,) = Vgg(0) + &,, where &, is independent identically distributed and Gaus-
sian.

Compared to SGD and mSGD, there are more challenges in analyzing the convergence of Ada-
Grad. The challenges mainly come from two aspects: (1) since AdaGrad does not have a decreas-
ing step size, the noise influence on AdaGrad cannot be restrained as mSGD which is with the
help of decreasing step size satisfying Assumption [3} (2) adaptive step size of AdaGrad in equa-
tion I (.e., ao/\/X1]Veg(6:,&)]?) is a random variable conditionally dependent of &, given
{01, &1,..., &i—1}. Then when we deal with terms in the proof like

2
o o 2
= V0,8(00) Vo,8(61,80) or 2|V, 8(6:.8)] (12)

VS,

we cannot make the conditional expectation to transform equation [I2]to

az
T IVas@l” or LEe (Vs 80]7).

)
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In the literature, |L1 & Orabona|(2019) changed the step size to
Oo

VI Ve (6,82
and |Gadat & Gavra (2020) changed the step size to ¥,+1/+/@, + € where

Wy = Wy +}’n(pn|\Veng(9n,§n)H2 _‘hwnfl)v

and ¥, pn,qn are tuned parameters, in order to make it conditionally independent of &, given
c{6, &y & }, which however is no longer the standard AdaGrad as in equation(Streeter &
Mcmahan, [2010; |Chen et al., [2019)).

Before we provide the main theorem of this subsection, a useful lemma is worth discussing.

Lemma 2 Let {0y}, {Br} being non-negative random variable sequences, such that the following
conditions hold almost surely

° Z/j—:l O = oo;
d 21-201 O Px < oo;
Then there exists a subsequence {By, } of {Bx}, such that By, 250 almost surely.

Proof 1 We aim to prove liminfy_, . B = 0 by contradiction. Suppose liminfy_, o B = u > 0,
then 3kg, such that Vk > ko, By > u/2. It follows that

id 2 =
Z oy < — Z 0y B < oo (13)
k=ko+1 U ko1

Obviously, there is a contradiction between equation |I3|and the condition ):,j; o = +oo. Thus,

liminfy_, . B = 0. So we get that there exists a subsequence {B,, } of {Bx} holds By, 220 almost
surely.

This lemma, inspired by Proposition 2 in Ya. I. Alber (Alber et all [1998)), is quite useful in the
convergence analysis of AdaGrad. Then we are ready to provide the convergence result of AdaGrad
in the following theorem.

Theorem 3 Consider the AdaGrad in equation |5} If Assumptions and hold, then for V0, € RN
and Sy = 0, there exists a connected component of the set J* C J, such that the estimate 6, is
convergent to the set J* almost surely, i.e.,

lim d(6,,J%) = 0. a.s.

n—soo

In Theorem [3| we prove the standard AdaGrad is convergent almost surely, in contrast to the con-
vergence of time averages in (Chen et al.| (2019); [Ward et al.| (2019) which focus on the metric
1 Z;l E( ||V9n'g(6n) |?), or the subsequence convergence in Zou et al.|(2019); Défossez et al.|(2020),
focusing on min,—q 127 E(||Ve,8(6,)]])

4 CONCLUSION AND FUTURE WORK

In this paper, we studied the convergence of two algorithms extensively used in machine learn-
ing applications, namely, momentum-based stochastic gradient descent (mSGD) and adaptive step
stochastic gradient descent (AdaGrad). By considering general loss functions (either convex or non-
convex), we first establish the almost sure asymptotic convergence of mSGD. Moreover, we find
the convergence rate of the mSGD and reveal that the mSGD indeed has a faster convergence rate
than the SGD. Furthermore, we prove AdaGrad is convergent almost surely under mild conditions.
Subsequence convergence and convergence of time averages in the literature are substantially ex-
tended in this work to asymptotic convergence. To better understand the AdaGrad, we will study its
convergence rate in the future.
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5 CODE OF ETHICS

This is a theoretical paper focusing on the investigation for the convergence of mSGD and AdaGrad
optimization algorithms. The results in this paper do not have issues in fairness, inappropriate
potential applications and impact, privacy and security issues, legal compliance, research Integrity
Issues, or responsible research practice (e.g., IRB, documentation, research ethics). This paper does
no involve human subjects, practices to data set releases, potentially harmful insights, methodologies
and applications, or pontential conflicts of interest and sponsorship.

6 REPRODUCIBILITY

This is a theoretical paper focusing on the investigation for the convergence of mSGD and AdaGrad
optimization algorithms. The developed results are provided in the main paper, i.e., Theorems 1-3.
In Appendix, the proofs of these theorems are provided together with some useful lemmas as well
as their proofs. An outline of these proofs is given in Section A in Appendix.
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A APPENDIX OUTLINE

Section [B] aims to verify the convergence results of mSGD. Several auxiliary lemmas are first pro-
vided, followed by a proof outline for the main results of mSGD. Then the proofs of these lemmas
are given. Theorems|[T}2]are proved in Sections[B.9and [B.10] respectively. Section[Claims to verify
the convergence results of AdaGrad. Some auxiliary lemmas are given at the beginning, followed
by a proof outline of the main results for AdaGrad in Section Then we provide the proofs of
the lemmas. Theorem [3]is proved in Section[C.8]

B CONVERGENCE AND CONVERGENCE RATE OF MSGD

The following lemmas are used for the proofs of Theorems Hereafter, N denotes the set of all
positive integers.

A function f is in a (differentiability) class C¥ if its /th derivatives exist and are continuous, where
[ <k.

Lemma 3 (Lemma 1.2.3 in|Nesterov (2004)) Suppose f(x) € C' (x € RN) with gradient satisfying
the following Lipschitz condition

IVf(x) =V < ellx=yl,

then for any x,y € RN, it holds that
FO)+VFG) (=) = Sl =I1> < £() < FO)+ VIO (e=3) 45 e =P

Lemma 4 Suppose f(x) € C' (x € RN) with gradient satisfying the following Lipschitz condition

V) =V < elx=yll;

and the set S = {x|V f(x) = 0} is bounded and only has finite connected components {S1,S2,...,Sn }.
Furthermore, assume there exists € > 0, such that for any i = 1,2,...,m and x € {x|0 < d(x,S;) <

g1}, it holds that |f(x) —fi’ # 0, where f; = f(x) for x € S;. Then for any i =1,2,...,m, if there is
&) > 0 satisfying d(x,S;) < g, it follows that

IVF G| < 2¢]£(0) = £

Lemma 5 (Wang et al., [2019) Suppose that {X,} € RN is an &> martingale difference sequence,
and (X,,,%,) is an adaptive process. Then it holds that Y ;. X; < e a.s., if

s

E(|X]*) <40, or Y E(|X|*|Zuc1) < +oo. as.
n=1

n=1

Lemma 6 Suppose that {X,} € RN is a non-negative sequence of random variables, then it holds
that Yo Xp < +oo a.s., if Yo B (X,) < +oo.

Lemma 7 Suppose {v,} is a sequence generated by mSGD in equation. 3l Under Assumptions |1
it holds that ¥,/ E (||lval|?) < c(vo,61), and ¥, [|[vall* < 4eo a.s., where c(vo, ) is a constant
only related to vy and 0.

Lemma 8 Suppose {6,} is a sequence generated by mSGD in equation[3| Under Assumptions
it holds that: forn > 1,

n
ZS; (HV@ (6] ) < B(vg,01) < +oo, ZStHVGfg(et)Hz < oo,
=1
where B(vg, 01) > 0 is a constant only related to v and 6.
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Lemma 9 Suppose {6,} is a sequence generated by mSGD in equation 3| such that {g(6,)} con-
verges a.s.. If Assumptions[IH3| hold, and

8(6,11) < Cn—bZEtHVg(Gt)HZ a.s., (14)

=1
where §, is a random variable such that lim,_, 1. §, = { < oo a.s., and b is a positive constant, then
there exists a connected component J* of J := {0|Vgg(0) = 0}, such that

d(6,,J7) L5 0.
B.1 PROOF OUTLINE OF THEOREMS 1 AND 2

The proof is in light of the Lyapunov method. We aim to prove that g(6,) is convergent a.s., and then
to prove Vg,2(6,) — 0 a.s. With these two results, we are able to get 6, — J* a.s. In the following,
we provide the proof outline to show how to obtain the provided results of mSGD.

Step 1: We prove mSGD is a stable algorithm, i.e., E(g(6,)) < K < 4,V n, in Lemma The idea
is to prove that a weighted sum of the loss function value, i.e.,

n

Upi=Y (1/2- )" "E(1+g(641))

=1
is bounded through a recursion formula (a rough form)

n—1
U,—U,_1 <Ad"+B Z (1/(2— a))n_tele HVgtg(Gl,é,)Hz (A, B are two constants).

t=1

I
Then we apply Assumption [2]4) to I and then obtain

n—1

U,—U,—| <Ad"+B Z (1/(2— Oc))"ite,zIE (1+4(6)) (A, Bare two constants).
=1

R
Combining U,_ and R leads to

l n
F,—F,_1 <Aa"+B <2a> (A, B' are two constants),

where .
n 1 n— "
F, ;:Zl (2_a> Z(r+1)]E<e§+)l(1+g(9t+1)))
=
and
+oo +oo
Z(t) =J(1 +Mogg) = (1 +Mog?) [ (1+Mog) = (1+Mog})Z(t +1).
k=t k=t+1

Thus, we are able to obtain E(g(6,)) < Fu1 SAYL,S o +BLE (1/2— )" < 4o,
Step 2: From Lemma 1|and the condition %] &7 < +co, we are able to prove that Y, ||v||* and
Y &|Ve,2(6)||? are convergent a.s. respectively, as stated in Lemma and Lemmal§]

Step 3: We divide g(6,) into three terms
n n n
8(6:) = Y Am)|[viI> + Y Bu&il|Va,8(6:)|° + Y Ci (Vo,8(64,61) — Ve,8(61)).
t=1 t=1 t=1

From Lemma and Lemma we are able to prove that Y A(n)||v/||* + X, B.&||Ve,g(6,) | is
convergent a.s.. From the convergence theorem for martingale-difference sum (Lemma5)), we prove
that Y, CI'(Vg,8(6n,Ex) — V,8(6y)) is convergent a.s. Then we prove g(6,) is convergent a.s.

Step 4: By Lemma@]and the convergence of g(6,) in Step 3, we get 6, — J* a.s..

Step 5: After the proof of the convergence of mSGD, we analyze the iterates of F,,. Then under a new
assumption liminfyg ;)0 [[Veg(6)]*/(g(68) —gi) > s >0, we are able to obtain the convergent rate
of mSGD.
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B.2 PROOF OF LEMMA[4]

First we construct a closed and bounded set S which satisfies S O U2, S;. Since ||[Vf(x)|| (x € )
i (x)]| (x € S) is a uniformly continuous function. Then
(x)|| < cej /4. We assign & = min{g{ /4,€}.

B £é >0,VS;,if d(x,Si) < 8&,

Let S; = {x|d(x,S;) < &}, S} = {x|d(x,S;) < &}. Since d(x,S; ) is a continuous function, Vxo € S7,
we can always find a stralght line [y paralle to V f(xp) and passing through x, defined as

Vf(xo)
Mo €®)

From S C !, we know xp € S}. Since S} is an open set, there exists g < 0 < fBy, such that xy +
t(Vf(x0)/[IVf(x0)[|) € S; (ot <t < o), and

_ 60 V) 4 o
O”fﬁ%’("”t(HVf( >||>>¢S

=inf | x (x0) !
ﬁ"‘»g("“(nw >||)>¢S"

lop: x=x0+ —=———

Define function

e Y0 Y
g(t)—‘f<o+||vf( 035t) =i (v € (e o).
Since xo +1(Vf(x0)/[V.f(x0)) € S; (a0 < < Bo), it holds that
Vilxo) \ .
f("“nw >||) 70

So g(t) € C! (t € (ag, Bo)). Then for V ¢, t” € (at, Bo), from Newton-Leibniz formula, it follows
that

tl

1 1 1/
8t)—g(") = [ dxdx= [ (00 -g () +¢()dr= [ (¢~ @)dx+ [ ¢(¢)dx
tl/ l”
(15)
Next we will prove g’(x) satisfies the Lipschitz condition. According to the definition of S;, Slxo+

tV£(x0)/lIVf(x0)||) — fi keeps the same sign over ¢ € (g, o). Thus, ¥ 71, 7 € (0, o), it holds
that

o v VT . f(xo) o VS x0)
¢ gm)"(nw i) (Vf<°”1||Vf< ) Vf(OHZIIVf(xw))‘

: HMHHW (ot toar) =¥ (o e e H

_ . Vi) \ gy vf (XO)
= oo ma) - (ot =) H

From the Lipschitz condition of V f, we have that

Vf()cw vf<x0>H) Vf<xo+12 Vf(x0) )chm_m

lg'(11) —¢'(m)| <

Vf(xo H
IV.f(x0) VS (xo0) | IV (xo0) |

= C|T1 — TQ‘.
From the above analsis, we obtain the Lipschitz condition of g’(x), that is, V 7|, 7, there is |g' (7)) —
g (m)| < ¢|t1 — »|. By using the absolute value inequality, we get that —c|t) — To| < g'(71) —
g (m) < c|11 — 1. Then it follows from equationthat

t/ /

g(t’)—g(t”):/ﬂ/ (g'(x) dx+/ Ndx > // —c\x—t|dx+/ dx

1
27(/ o t//)z Jrg,(l‘/)(t, 71‘”),
C
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Lett' =0,/" = —g'(0)/c. Sot' =0¢€ ( [3 ). Next, we will prove 1" € (a, o). We separate it

into two cases. First, we assume that g’(0) > 0. In this case, because
Oy = sup xO—H (xo) ) ¢S,
<0 IVf ol
we just need to prove
f(xo) / §'(0)
foms——7 €5}, V1 (——,O). 16
G T o
Note that Flo)
X0
d(x0+t0 ) <d(x0,S;)+ ||t ‘ &) + |t0]-
IV.f (o)l ' IIVf =
From xq € S, we get || f(x0)|| < cg| /4 and d(xo,S;) < €. Then we have
[f(x0) ) gO)_ IIVf( ol g & &
d<x0+t0 <80+|l‘()‘<80 7‘:80+ — <g.
IV.f(xo)lI” tysacd

Thus, equation [16]holds, meaning when g’(0) > 0, " € (o, Bo).
Secondly, when g'(0) < 0, we can also prove t” € (g, Bo). It follows that

8(0) =8(1) > glt) ~ (") > 5 (' ~1" P+ W) 1) = —5-(£1(0))+ 1 (£1(0)" = 5 (£0)’
2

_ (@) Vo) = L vsor
2 <(|Vf(xo)||> v °)> = 5 IVF ol

That is 1
|f(x0) = fi] = 2*C||Vf(xo)||2-

Because of the arbitrariness of xo, we concludes that 3¢, = min{g|/4,&5}, VS; (i = 1,2,...,m), if
d(x,S;) < g), there is

V£ < 2] £(x) = £
B.3 PROOF OF LEMMA[6]

For V6 > 0, we have

P(ﬁg(z"X»(S))

:nETWP<DQ (Zx,>5>> _ngrpr<2x,>5> <n1ﬁlmmf <ZX,>

m=n I=n n

3

where the last inequality is due to Markov inequality. Since } ;> | E (X,) < oo, it follows that

(0 (£529)) < m 2 (£0) o

n=1m=n \t=n

By Cauchy’s convergence test, we have Y7 | X; < oo, a.s.

B.4 PRrROOF OF LEMMA[I

Recall the mSGD algorithm in equation 3]

Vp = Qv+ Snve,lg(ena én) (18)
6111 =06,—v,. (19)

Equation equation[I8]is equivalent to
Vp = 0Vp—1+ gnvﬂng(en) + & (Veng(ena gn) - V@,lg(en)) .
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Under Assumption [2]2), it follows from Lemma [3]that
c c
~Vo,8(6)Tv, — EHVtH2 < g(6+1) —8(6:) < —Vg(6) v+ §||Vt||2~ (20)

In this subsection, we just use the right side of equation[20] The left side will be used in the next
subsection. Consider Vg, g(6;,)Tv, in the following

Vgtg(G,)Tvt = (Vetg(et))T(ow,,] +&V4,8(6,,&))

=o(Ve_,8(0—1)+Vg(6)—Ve_,8(6-1) Vo1 +&Vog(6) Vo g(6,&)

= OCVgtflg(Gt,l)Tvt,l + Ot(Ve,g(Gt) - Ve,,lg(ezfl))Tthl +81V9,g(9t)—rv9,g(9t7§t)
Recursively applying the above equation yields

-1
Vg(0) v =a'""Vo g(61)Tvi+ Y o' (Vgg(6)— Vo, ,8(6i-1)) vi1
t i=1 (21)
+Y o' eVog(6,)"Vosg(6,E).
i=2

By substituting the above equation into equationand noting —(V,g(6;) — Ve, ,8(6i-1)) Tvi1 <
[7,8(6) ~ Vi, (6 1)|[Ilv1]| < ellv-1% we obain

8(0r+1) —g(6)

<—a'"'Vg5(6) v —

t
i C
o' 'eVgg(6) Vg(6;,&) + 3 [[vi|*
fa)

-1 ) 22
—Y & (Veg(6)—Ve,_,8(6-1) v @2
i=1

14

t t
<—a'" Vg g(61) v — Z o' € Veg(6) Ve g(6:,E) —|—cZ o il
i=2 i=1

Denote Z () := [T (1 4+ Moe?), where
_ cM
a1 —ad)(1—a)?’

where & > 0 is a constant and M is introduced in Assumption [2| 4). Here we define My, Z(r)
and 0 to facilitate the proof equation From Assumption |3} it holds that Z;; 9 8,2 < 4oo. Thus,

Y. Moe? < +o0. From a general inequality In(1+x) < x for x > —1, we get

My

~+oo o oo
Z(t) < H(l + Moe?) = exp{ Z In(1 —|—M08,3)} < exp{ ZMOE,?} < oo,
k=1 k=1 k=1

which means that Z(¢) is uniformly upper bounded. Then multiplying Z(z 4+ 1) on both sides of
equation [22] and taking the mathematical expectation yield

Z(t+1)E(g(6,41) —5(8)) <—Z(t+1)a' "E(Vo,g(61)Tv1) +ci o' Z(i+1)E (|vil?)
i=1

t .
~Z+1)Y &g E||Vae(6)|
=2

1
t
<—Z(t+1)a" " E(Ve,g(01)Tvi) +c Y o' Z(i+ DE(|lvi]?),
i=1

=
(23)
where the first and second inequalities are respectively due to Z(i+ 1) < Z(i) and Z(t +

)Y, o g E|[Vog(6)] > 0.

18



Published as a conference paper at ICLR 2022

Next, we aim to analyze cY:_, o Z(i+ 1) E (||v;||?) in equation 23] It is proved in Appendix
that

. ; Iy i
Z(i+ DE|vi|> <a"™Z()E|vol* + —=5 Y, IR Z(k+ 1) E (|| Vo,g(6k) — Vo,8(6, &)%)
k=1

- alzfs i aHOEIZ (k4 1) <E (&g(6k1)) —E (8k1g(9k))>-
k=1

(24)
Taking a weighted sum of equation [24] yields

t
Y o Z(i+ 1) E||v?
i=1

t
<Y o aOZ(1)E (|jvo?)
i=1

t

—i 1 i i—
Lo (al_aZa“*W k>e£Z<k+1>E<||vekg<ek>—vekg<ek7ék>||2))

i=1

io‘t l(al = Za (1+0)( k+1)<E(£kg(9k+1))—]E(8k18(9k))>> =A+B+C.

i=1

(25)
‘We derive that
t 5i 5 a 1o )
A= (Za l)alz(l)E(HvoH ) < T ZWE(IwolP). (26)
i=1
1 t i B i
B o5 1 L@ 0 (206 DE (V00 ~ Va0 0lP) )
1 ! _
< 0= Y o *Z(k+1)elE (|[Vo,8(6k) — Vo,8(6k. &), 27
k=1

C=- 1275 )y i o IZ (k1) (]E (ex8(6k1)) —E (8k1g(9k))>

t—k
(Z 0‘5’) o *Z(k+1) ( (ecg(6ks1)) —E (Sklg(ek))> . (28)
Substituting equation [26}-equation 28] into equation 23] yields

2+ 1)E ((g<e,+1> _g<9,>))

-1 T o 'cal 2
—~Z(t+1)a' "E(Ve,g(61) vl)+WZ(1)1E(||VOH )
- 2 29
NP Ty l_as ;a ‘Z(i+ )&’ E (|Vo,2(6) — Vo,8(6:,)[%)
2 t t—i )
— aliiﬁ ; <I§Oa6k> OCtilZ(l'—i— 1) (E (8,~g(65+1)) —E (8,'_1g(9,'))).
Construct a sequence {V, } as follows
n 1 n—t
n=Y (525) ZotnE((e@m-e0)) ). 60)
=1
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By substituting equation[29]into equation[30|following the way of equation [26}-equation[28] we have

nm _ co S(n_
Vo <E 20| (Vi gl00)Tv) |+ Mzam (Ivoll?)
c n 1 n—i
+(X1*5(17065)(1—a)2§ ( —OC) Z(l‘+l)S,ZE(HVe[g(O,)—Vetg(ehét)ﬂz)

- 0615(216—055);’]0(”_” <1> : Z(t+1) (E (&8(6i+1)) —E (&18(@))),

wr 2—o

where f(n —1) is defined as follows

n—t

fln—1) = f (@2-a) —a® Y (a'*P2-a))"
k=1

k=1

Move the last term to the left-hand side of the above inequality, then we have

5 (515) 20+ 0 (dhae - st

t=1

niy _ col S(n _
<20 B (o200 ™) [+ T = 2B () &)
c 4 1\
t e L (1) 20+ DEE(Vas8)Vas6.8P).
where
n 2c& f(n—
e = (1+a1_85{1(_02)>~ (32)

Because of o < 1, it holds that f(n—¢) > 0 and efi)l > 1. It follows from Assumptionthat

n

a'=3(1—a?)(1-a)* 5

<3 (55g) e M (1+Ra(0)),

<2_1a>n Z(t+D)EE(|Vos(8) —Vae(61,&)7)
(33)

where

cM

Mo = (= a1 —ap

Calculate f(n—t), then we obtain

n—t

f(n—1t)= ni (oz(zfoc))kfoc‘s ) (a”‘s(zfa))k > 0.
k=1

k=1
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It holds that

)
\
Q

i ()ntz(w )E <e§flg(9t+1) —ez("_l>8(9t))>
-y (1)ntz(t+ DMoetel" " (1+E(g(6)))
(2_1a>ntz(t+ HE <efj’r)1 (1 +g(9r+1)))

—~ Z (104)"[2(’* 1)(1+Mye?)E <e§"‘1> (1 +g(9,))) (34)

> )ﬁ_" (2_1a> jz(r+ DE <eff?1(1+g(9r+1)))
-y <1a>n_tZ(t+ 1)(1+Moe) E (et(””(l +g(9z))>-

t=1

Substituting equation [33]and equation [34]into equation [31] yields

i (Zla)ntz(t—i— HE (et(i)1 (1 +g(91+1))>

t_li <1a>"tz(;+ 1)(1+Moe?) E (ef"‘”(l +g(e,))> (35)

o'2—a
< 7

ca"al (2 —
< )Z(l)‘E<V9]g(91)TV1>‘+ a"a’(2— o)

mz(l)E (||V0||2)-

According to the definition of Z(¢), we have

+oo foo
Z(t) =[]0 +Mogg) = (1+Mog?) [ (1+Mogg) = (1+Mogl)Z(t +1).

k=t k=t+1

Let
n 1 n—t (n)
Fn Z:Z m Z(I+I)E etH(l—l—g(B,_H)) 5
=1

and it follows from equation [33] that

n—1 nin_
FieFr<20) (325 ) B(e(60) + 1220 |2 (Va0 ™)
(36)

co"o?(2— o)
mz(l)ﬂ‘: (Ivoll?)-

Denote p = exp { Yo Mos,g}. By taking the summation of equation we obtain

n

Yo

t=1

E (Velg(el )TVI)

n r—1 _
FnSZ(l)E(el(l—i—g(@l)))Z( 1 ) +p(12_0(;€)

S\2-a

ca’(2—a) n
T 2R () L e
pe-o) pa2—o)

E (Vglg(9| )Tvl)

E(e1 (1 +g(61))) +

(1-a)?

cal+d (2
2D 0B ().

2(1—a)2(1—afd)
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Define
T(61m) = 1+ 22 B e (1.5060)) + 202 | (Vas(o)™)
ca'td(2—a)

Z(E([Ivol*).

2(1—o)2(1 — af)
It follows from the relationship between g(6,11) and F, that

B(1+ 600 < p(505 ) Zn+DE(L 1+ 6(000))

<% (354) 20 DR+ e@)

< pF, <1+T(61,v),
which leads to E (g(6,)) < 7(61,vo).

B.5 PROOF OF EQUATION[24]

We consider
€8(6iy1) —&-18(6;)
=€ (g(0i41—8(6:)) + (& —€-1)8(6))
< &(g(6i11)—2(6))

C
< _giveig(ei)Tvi+EEiHViHZ (37)

Cc
= (—&Ve,g(60:,&)vi— (€Vo,8(6:) — €V6,8(6;,&)) Tvi+ E&‘HWHZ
2
= av]vi1 — |[vill* + €7 ||Vo,(6:) — V,2(6,,)|
Cc
— (giovim + Eizve,-g(ei))T(Ve,-g(ei) —Ve,8(61,8))) + §8i||ViH2v

where the first inequality is due to & < &_ in Assumption [3] and the last equality is from equa-
tion Since &; and 6; are independent, taking the mathematical expectation of equation [37| and
noting that

E ((siocvi_1 +8;2V9,-g(9i))T(V9i8(95) - Ve,-g(eiaéi)))) =0,
yield
E (eig(6ir1)) —E (£i-18(6)))

(38)
<@E(]vi) ~E (|vil?) + €' E (Hve,.g(e,-) —ve,.g<e,-,&>y|2> +S&E (In]?).
Moreover, it holds that
E(|Va.g(6:) — Vog(6:,6)%)
=E (|V6,2(6:,6)11”) —E ([ Ve,2(6)])
1
ZEE(||W—OCV:>1H2) —E(IVog(6)) (39)
i
1
—2 (B (P) + B (-1 |?) ~20E6Tvi-0) ) ~E (19 ag(6)17).
1
Combining equation [38]and equation [39] we get
E (&:(6:+1)) —E (gi-18(6;))
1 8,»2 c
s—3 (E (Ivill?) = & E([[vi-s ||2)> —5E (IVag(6)]7) + S&E (Ivill®) (40)
2

+ B (IV08(0) ~ Vas (6. )IP).
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Since & — 0, given any § > 0, there is an integer iy > 0, such that for i > iy, 1 —cg; > a1_5(5 >
0). Since iy is finite, without loss of generality, we assume iy = O for convenience, i.e., 1 — cg; >
a'=9(8 > 0)(i > 1). Thus, we have

E (8ig(9,'+1)) —-E (eiflg(ei))
alfts

< E(|vi|?) - o' E )\ + & B (| Vag(6) — Vo6 &)
<= O (B~ B (i) ) + S E (19000 - Vasl6E)IP)

Multiplying both sides of equation#1]by Z(i+ 1), and noticing that Z(i) > Z(i+ 1), we have
(2064 DE(wIP) - a2 B (1) )
2

<- (x12—5 Z(i+1) (E (€ig(6i41)) —E (81'—18(91'))) + a?—‘s

(41)

Z(i+ I)E (HVg,.g(G,-) - V9i3(9i> él) ”2) .
Then equation [24]is obtained by recursively applying the above inequality.

B.6 PROOF OF LEMMA[7]

From equation[40] we have

E (sng(9n+1)) —-E (808(91))

1 2 n n 2
<—fZE<||vz||2)+%t:ZIE(HvH|| ~¥ SEIVas @) + 5 L eE ()

+ 35 B (I¥as(0) - Vas(@.5) 1)

It follows from Assumption 2]5) and LemmalI] that
E([IVe8(6) —Vas(6.&) %) < M(1+T(61,v)) < +oo.

Because of Y| €2 < +oo, there is a scalar M > 0 such that for Vn

S5}

7[ (Hverg(ef)_Verg(etagl)nz) <M<+°°'

HM:

Then it follows from equation 2] that

LY - ce)E(wl?)

t=1

2
_ a
<M +€0g(61) = & E (¢(6n1)) + - E ([Ivol|* = [[va*)

n 82
Y TE(Vas(6))
=1
<M+ e0g(01) + @ () /2 < K.

where K is a positive scalar. Since g, — 0 when 7 is large enough, it holds that %(1 —at)<l—o?—
cg,. Without loss of generality, assume (1 —a?) <1—0?—cel forn>0,s0 L/ E(|v]?) <

% < +oo. By Lemrna@, we obtain thl [|ve||? < oo

B.7 PROOF OF LEMMA8]

Through Taylor expansion, we derive that

8(6r1) —2(6)

r T T (43)
=Vo, 8(0)" (6141—6;) = —Vg8(6) v + (Vegg(@;,) *Ve,g(ez)) (6r41—6r),
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where 8¢, means a point between 6, and 6;.,,. Substituting equationinto equationyields
-1
8(0r1) —8(6;) = — (alflvelg(el)Tvl +Y & (Ve g(6:)— Vo, ,8(6i-1)) vi
i=1

t ) T
+Y o' eVg,g(6) Vo5(6;, Ei)) + (Veg,g(%) - Verg(et)) (61— 6).
i=2

It follows that

1=

g(6n+1) :g(el)+ (g(eH»l)*g(Gt))

t=1

(0) = L% 2 (0) v + =% 1V 0(61)V0 (6
=8(61) = T Vi 8(80) i+ T -1V, 8(6)Va,5(61. 1)
n l_anftJrl n T
_; - stVerg(Gt)Ve,g(Gz,é)Jr;(Vggtg(eg)—vetg(e,)) (6,41—6)

_ aan»l t—1

T—a Y o (Vog(6:)— Vo, ,8(6i-1)) vio1.
i=1

|
™=

N
Il

(44)
Take the mathematical expectation of equation [#4] and notice Assumption[2]3), then we have

E (3(6n+1)) <E (g(61) + lf‘lvel (6T elE(Hvelgwl)Hz)

—th (IVas(6) [ +CZE ||v,||

-5
From Lemma it follows that for some positive constant Q,

n n
Y E(InlP) + =2 Y E(InP)
t=1

t=1

Hence,

E (¢(6hs1)) <Q+E(g<el>)+1f“vel (67 E (IVo,g(61)])

—Ze, (IVas()I?)-

As a result,

Y. & E(IVa2(6)]) <0 +E (5(0)) +1f‘a\v91g<emv1 + e E([Ve8(00)])

=1
—-E (g(6n+1))
< 4 oo,

From Lemmal6] we have Y| &||Ve,g(6,)% < +o0 a.s..

B.8 PROOF OF LEMMA[

We divide the proof into three steps.

The first step is to prove
llmmf“Va g(6, H =0a.s..

n—soo
Suppose the above conclusion does not hold, i.e.,

liminf||Ve,g(6,)]" > * > 0 as.,
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where s is a random variable depending on sample paths. Then it holds that
P(UN (IVaeonl > 5) | =1
4
n=1m=n
From equationand lim, 1§, = <ooas.,if HVQHg(Gn) H2 > %SZ, it holds that

—+oo
g(9n+1) < Cn_bzgi: -
i=n

It follows that

oo oo
Pl w0 =) 2 U [ (Iast0 > §) ) =1

n=1m=n
As aresult, lim,, 1 g(6,) = —c°, meaning a contradiction. Hence,
o 5
liminf [[V4,g(6,)|* =0 as. s)

Step 2 is to prove that the set {6,} has an accumulation point contained in J with probability one.
From equation[43] we have Ve > 0

+oo 4o ,
P(U N <||Ve,,,g(9m)H >£>> —0.
n=1m=n

Since ||Vgg(8)||? is continuous, ¥& > 0, it holds that

Fo0 o0 5
PG (sllec-o>5)) -

In addition, under the given conditions, J is a closed set. It holds that

(gﬁ(mmﬂe -0)*> 5))

For convenience, let 8 := argmingcy |6, — 6|, then

P(ﬁﬁ((”@mﬁﬂﬁﬁ))) =1. (46)

P( U ﬁ(\!"mi ||<\7>>= (47)

{m,'}G IN i=1
where .#}y is the set of all infinite subsequences of N. Since {6,,. } C J, {6,, } is bounded. From the
accumulative point principle, the event

ﬂ U( 9,;2_,||s¢5),

n=1i,j>n

It follows that

is a deterministic event, i.e., being true for every sample path. Thus

U N (10m,~ 0m 1 = V5)

{mki}e‘y}l\(li) i,j>1

is a deterministic event as well, where YI\(;) is the set of all infinite subsequences of {m;}. Due to
the arbitrariness of {m;}, we get that

N U N (100,00, V5) )

{m;}eAx {mki}eyl\(li> i,j=1
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is a deterministic event. Therefore,

P(U (05 <v8) 1 (I - 0al <) 1 (0,05 < v5) |

{(miye A ij=1

(49)

(U U (18,5 <) (lon, -0, 1< )

{m;j}eAy {Wlk,-}éﬁ”éf) i,j>1

(1m0, 1< ﬁ))
(U U (1o <B)N( Do 0 <v8) )

{mYEAR (o yen ) 121

(U (Alow-ol<vs)n U N (1,01 3))

{mi}esy Ni=l (i, YA 1921
~+oo
or( U (-0 <v5)
{mi}EfﬁN i=1

A( N U (e l<v)))

{m;j}e N {mk,-}eyéi) i,j=1

+((.n, U (1<)

{m;j}eS {mki}eyé;i) i,j>1

A( U (len-eali<v5)))

{miyesny Ni=l

Combine @7) and (@8)), then we get that

(0 U N (e, -0 <)

{mki}e%\; {mi}eyl\(]i) i,j>1

(U (Ale-a:l<a)) ) -

{m,-}Eé’N i=1

So

P(U (1m0 < v3) (1o ) < v5)

{m,-}GfN i,j>1

N (Hem,. 6, || < @)) 1.

26



Published as a conference paper at ICLR 2022

Thus it holds that
Gl s
>P<§[_gt ((Hez* 6| < \/§> N <H9,»—9;H < \/5) N (Hﬂj—BfH < \/5))

p( U N (-6 < v8) N (10w 65, < v5)

{my Ye Ay ij>1

(o, -0;1<v5)
=1.

This means we can find two “same” convergent subsequences {6y, } and {6, } with probability one.
Because J is a closed set and {Gk*n} C J, we know that there exists 8” € J such that

lim 6, =6"a.s. (50)

n—y+-oo

This indicates that we can find an accumlative point of {6,} in J with probability one. Denote the
connected component containing 0" by J*.

Step 3 is to prove that there is a connected component J* of J such that 6, — J* a.s. From equa-

tion[50} we have
1o feo " ’
P(ﬂ U (llew-# H<5)> ~1.

n=1m=n

Since g(0) is continuous, we have

Foo oo ” "
P(ﬂ U (l2(6m) 26" < & )) —1.

n=1m=n

Since {g(@n)} converges a.s., let M be the limit, i.e., lim,_, ;. g(6,) = M a.s. Hence g(9”) =M,
and g(0) = M for all 8 € J*. Define A = {0|g(6) = M}. From g(6,) — M a.s. and the continuity
of g(0), it holds that 6, — A a.s. Obviously, J* C A. If J* = A, then the conclusion follows. Now
assume J* g A. From the definition of J*, it follows that there are two disjoint open sets V and H

such that A C HUV,J* CV,A/J* CH, H'ﬂV' =0 (H' and V' are closures of H and V). So we
just need to prove that 6, — V a.s. A contradiction argument is to be used. Suppose that {6,} has
accumulation points in V and H simultaneously with a probability larger than zero. That is,

P((ﬁ U (GmeH)>ﬂ<ﬁ°U(6tev))ﬂ(Uﬁo(GveHUV))> > 0. (51)

n=1m=n s=1t=s r=1v=r

Expanding equation[51} we get

P(U ((mmﬂ U ((e,-ev)ﬂ(ejeH)>> ﬂ(ﬁ(@veHuv))>> > 0.

r=1 )eENxNi>m,j>n v=r

Note that the event
N U (@evneen)
(m,n)eNxNizm,j>n

can be written as
oo

U N(Eaevineen).

{aiteNABitesNi=1
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where {a;} N {B;} = 0. The event
( n u ((eieV)ﬂ(GJEH)>>ﬂ(ﬁ(eveHUV)> (52)
(m,n)eNxNi>m,j>n v=r

means V¢ > r, 6, must belong to one of H and V So {e;} U{B;} must include the set {r,r +1,r+
2,...}. Denote {e;} and {f;} as {a } and {[3 }, and then equation [52|can be written as

+oo

U ﬂ <(9ai(’) ev)ﬂ(eﬁi(’) GH)).

{0/ yeA B! yen ™!
So we get
o0 +oo
p( J U n ((e%(,.> V)N (60 € H))) >0, 3
=y (8!
It follows from V' ﬂH/ = () that

. o ||9 —0@| =s>0, (54)
H@

where s is a constant. By Lemmal[7] it holds that Vs > 0

oo oo
P< ﬂ U ||6m—9m+1H ZS) =0. (55)

n=1m=n

Now we consider {o)”) +1}. Tn fact, {&”) +1} and {B"”} have a finite number of identical
elements with probability one. If not, then

oo oo

p( NU <(9a,<;> V)N (0,0, € H)>> >0,
n=1m=n

By equation [54] it follows that

oo oo
/(N0 ||em—em+l||2s)

n=1m=n

>P< M HZS)
m’ +1
=1m=n

2P<ﬁo U ((eafp ev)N (6,0, eH))) >0,

n=1m=n

which however contradicts with equation |55} Hence {&” +1} and {8’} have a finite number of
identical elements with probability one. From {aim FU{ ﬁlm} D {rr+1,r+2,...}, we know that

oo oo
P( UN (e +1)¢e {af”}> =1. (56)

n=1m=n

Hence { ﬁim} is a finite sequence with probability one, otherwise it contradicts with equation
Thus, the assumption does not hold, and 6, — V a.s. Furthermore, 6, — J*. Therefore, there is a
connected component J* of J such that

lim d(6,,7%) = 0.

n—soo
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B.9 PROOF OF THEOREM[I]

First of all we aim to prove that g(6,.) is convergent almost surely. Divide equation [44{into four
parts as follows.

1—o"
2(6,41) =2(61)— - g(6)Tvi + = €1V6,8(61)Ve,8(61,&1)
(4)
I n ,
“L g e Ves(@) Vas(0:8)+ X (Vo (6) ~ Vag(6) (6 - 6)
- £l (57)
(B) (©)

n
Y Lo (Vas(0) - Vo 8(60) i

(D)

Due to & < 1, o is tending to zero, which ensures the convergence of part (A). For (C), we consider
the absolute value of Y/ . It follows from Assumption 2]3) that

m m

Y (Vo s(60) ~Vo2(6)) (621 - <y

]uwn <e Y Iul
t=n

Through Lemma we get Y™ [[v]|> = 0 a.s., leading to

T
(VGC egt Ve,g(G,)) (6+1—6)

g(eg,) - Vetg(et)

m

Z (VeCrg(egr) - Vetg(ef))T(9l+l - 9!)

—0 a.s..

Through Cauchy's test for convergence, we know that (C) is convergent almost surely. By using
the same function, it holds that (D) is convergent almost surely. For (B), we have

noq_ an—t+1 T
&Veg(6) Veg(6:,&)

1— an t+1 =i+ . (58)
— Z ———&||Vase(6)|° + Z o &Vas() (Vog(61,&) — Ve 2(8)).
=1 fo
From Lemma it follows that (C) is convergent almost surely. For (B), it holds that
no1_— aan»] .
(B) = Z ﬁs,v@g(e,) Vo,5(6,,&)
=1 o
n ' t+1 nol ot 41 . (
Z & Vo5(6)]+ Z 7ae,v9,g(e,) (Vo.2(61.E) — V,5(8).
By Lemma[§] we know
no|_ g t+1 5
L g alVas@)I <+ as.

From Lemmas [3 and [§] it follows that

n—1 1— anft

Y ﬁsHlVetg(Q,)T(Vgtg(Gt, &)—Ves(6r))
=1

is convergent a.s. Thus (B) is convergent a.s., and g(6,41) is convergent a.s.. Substituting equa-
tion[59)into equation [57]leads to

n
g(6,1) <& - Y & Ves(6)]’,
t=1
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where {{'} is defined as follows
l1-a" I-a"

& =8(61) — — 8(61)"vi+ 5—&1V,2(61)Ve,8(61,61)
noq_ an H4 T n T
— Y e V08(6) (Vo g(8,8) — Vas(6)) + Y (Vo,8(65) ~ Vog(6)) (611-6)
t=1 t=1
n 1__ant+lt 1 -
—27 o' (Vog(6:) — Vo, ,8(6i-1)) vie1.

we know {{,} is convergent a.s. It follows from Lemma 9] that there exists a connected component
J* of J such that lim d(6,,J*) = 0.
n—oo

B.10 PROOF OF THEOREM[2]

First of all we can get that

t—1
§(6+1) —8(8) = — (@' Vo 2(6) i + Y. o 7 (Vo,g(6) — Vo, ,8(61-1)) it
i=1
(60)

+ Z o' "€V g8(6:) Vog(6:, é:)) (Vegg(%) - Ve,g(@)) "(01 - 0).

From Theorem [1] it follows that g(8,) is convergent a.s., and it is orbitally convergent to g; (i =
1,2,...,N) as.. Then it holds that

lim g(6 Zlg, a.s.,

n—y+oo

where )
{ L limys 40 g(60) = gi
I =

0 limy,—, 4o 8(6,) # 8i
For convenient, we let g* =} ° | I;g;. Then we make some transformation on equation

t—1
(8(6i+1)—¢&%) — (2(6)—g*) = — (at_lvelgwl)TVl +Y o (Veg(6:)— Vo, 8(6i-1)) vi1
i=1

t ) T
+Y o' Vg(6,) " Vos(6;, 5:‘)) + (Vegtg(eC,) - Vg,g(G,)) (61— 61).
i=2
(61)

Then we make some transformations, take absolute values, take the mathematical expectation, and
use same techniques in Theorem|[T] Since the sampling noise follows a uniform distribution, there is
E(||Ve,8(6, &) |I*) < ME(||Ve,8(6,)]%). So it follows that Fj, — F!_; < P,_1 — Qu_1, Where P,_1,
Qp—1, and F), are defined as follows

n—1 n—1
P =g (52a)  @E(Vag@IR) +200L(51)  E(e)

a'(2—a co"ol(2—o
_l(a)Z(”—i-l)E(V9|8<91)TV1)+2(1_06)((1_06)6)2(1>E(|V0||2)7 -
/ < 1 " n *
n=Y <2_a) 2+ DE (e |s(@) '),
R 1\
0= 2gp X (5 (102(6)1P)
where g* = infy v g(6). Then we have
F < (1 Q’,”)Fn’l + Py (63)
Fhfl
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Derive Q,,/€,+1F, as follows
1-
On 1 ”;Ll (ZL)n+ t5t+1E( Ve,g (91)”2)
r _ 2 <n "
gnHF" (1 a) Zt:l (m) Z(t+1>Z(t+1)E<et+l|g(9f+1)_g ‘)

i (ﬁ)”eﬂa(nve,g(e)l)nz)+z;;1(ﬁ)*fﬂﬂ(Hve,“g(eM)Hz)_
(1—a)? " () "2+ 1)Z(+ )E (efffl |2(61) —g* I)

It follows that

liminf
n—ee &4 Fn

_ i (zma) 2E (IVag(8))[?) + Xy (2a) "E(IVa..8(8+1)I7)
(1= )2 nootes 51 (5) 26+ DE (e [g(81) — ¢7]) o
2 e iy = (i%“)ilE(”V@?g(@H”F) |
N () 2+ DE (e |86 — g

From equation[32] we have

w _,, 2c&f(n—t)
et =1 s (1 — g
2cg = - a2 k (65)
=l+——- a2—a)) +
T a1 o) (k;( ( ;
<l1 + C(Xgl‘a
where Cq = — 5(1_205()2(_1?;(2_00). Substituting equationinto equation 64| yields
liminf
n—rteo 8n+1F
—t
o 2h(e) E(IVa.s(6l) (66)
Z—ay hginf — = .
_ o0
i () 2+ DE(e]5(6e1) ~ 7))
Then we  proceed with the  proof under two  different cases, namely,

Y1 (725) "E(IVe.,&(601)[7) =+ and X (745) "E ([ Ve, 8(6141)[2) < +oe.

First, if Y1 (722) " E([|Ve,,,8(8+1)]|?) = +oo (the proof for this condition is up to equation .
It follows from Assumption [4]2) and the uniform convergence and O'stolz theorem that

liminf
n—+oo SnJr 1 F

> liminf Yl (2a) E(IVe.,8(811)I7)

T (o) enie g (L7 4 1)E ((1+cagt)|g 61) _g*,)
—  liminf (||V9n+1g(6n+l)||2)

T (1—0)? noteo Z(n+1)]E((1+Cag,)|g(et+1)_g*’>

N N
> ——— liminf = )
T (1—a2 i+ Z(n+1)(1+Con)  p(1—a)?

(67)
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where p = exp { Yt Me,f}. By using O’stolz theorem on Q,,/ Fn, it follows that

li On - 1 . Z;l I(L)itgtJrl]E(Hvemg GI‘H H )
0 = a2 s
" n Y (3 a) Zt+1)E t+1|g Or11) — g*)|>
1 im Y (21a) &+1E([[Ve,,8(64+1)ll ?)
T (Ima)?nnde yn Mﬁ) Z(t+1)E[g(61+1) — g
1 IV
_ lim E (|IVe,8( ) )
(1 — )2 ntoo (n+1)E|g 1) g}
1 te, E(g(6, —g*
< i 0EEO) =)
(1—a)?noi=Z(n+1)E|g(6n41) — &*|
So we conclude that Ing € N, such that Vr > ng,
Qn 3—a
LA R .
FS 22— (68)

From equation[63] it follows that

<£_1(1—> > H(l—)a y (69)

t=np+1 i=t

Using the inequality In(1 4 x) < x and equation [67} we get

n—1 0 n IQi . 5€; .
H(-8)- ({0 %) ol 59) =

=ng i i=n( i=ng " 1 (70)
ZO(eilem)7

where k is a constant. It follows that

)y nm»lH?;II (1- %)qu n P,
(11— F = ¥ 7_@) (71)
Hl:no ( F/ /71 t=np+1 H, no ( F

From equation[62] we have

t—1 t—1
P =g (50a) @E(Vas@P)+20L(515)  Elso) .
ca'ad(2—a)

Z0E (ol — 5 ) 4ot
e Oz () = (525 ) e

yO _
e E (Ve g(00)]) + Z(DLE (g(61)) and g = 52— Z(1)E (|jvo|[2). Sub-

where p = =@ (—ad)

(1=
stituting equation [72]into equation and noting equation[68] yield

e T (1= 8
B

1=n(

(1 !
n Ptfl n p(ﬁ) n qat—l
- — T o < — T o~ T 1 /1 O\
t=§+l 5;110 ( Q5) t=§+l 5:110 (1 - %) t=%+l 5:110 (1 - 1%) (73)
n p %)t 1 n qa’”
< Z ﬁ + Z 3—a \{~o
t=np+1 (2(2705)) r=no+1 (2(2705))
3_

<(220;>n01(l5+q_) i (3‘1
2-a)

t=ngp+1

[\
~_
|
A\
)
e
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where ¢ is a positive constant. It follows that
n—1 n—1 n—1 Ql - ;_171 e 2
B (- o] (- (- ) -o =)
o+1 i=t i=ng i=ng
(74)

Combine equation [69] equation[70|and equation [74] then we get

—1 n—1 n SEj
R (1-2)r+ £ TM(-2)pa-o( ™). a3

i=ny t=no+1 i=t

In addition, we have

SE;

E(5(01) ") <F = 0(c i), a®)

t
157 (222) E(IVa,,8(8:1)I) < +eo, it holds that

. 1\ )
in (525 ) E(1¥a.,6001 =0,

n—y—-oo

=% w0 ) ~0( (5]

Under Assumption E] 2), we have

E(g(6 -g
limsup M < limsup

n—ytoo (e n—ieo S(ﬁ)n s (=)

It follows that
. 1"
E[g(6h+1) — 8 |=0<<2_a> )

n &
Now we compare (ﬁ)" with e “*=' r(1-a)® Tt holds that

)" exp(—nln(2 — c SE;
(=) _ p(—nln(2 q)))—exp<zea)2—nln(2_a)>~

eXP(— ?:1,4%8"&)2) eXP(_ ?:1,,(%5’&)2 (-

that is

=0.

E(|[Vo,.80D[*) _ 1E([Vorrig(6n)|)
1 \72

It follows from Assumption [3| that &, — 0, indicating Y p(%’z —nln(2 — a) < 0 when n is

)
sufficiently large. Thus, we have
1 n
(%)

n .
limsup ( — . = limsupexp (Z p(l%gl(x)z —nln(2 - Ot)) <1

n—+e CXp L — 2i—1 p(1-a)? n—r—+oo

Then it holds that

1 n _yn SE;
E|g(6.11) —g"| _0<<2—a> ) :0<€ o "“"”2) a7
Combining equation [77]and equation [76]leads to
E|g(6.11) —¢"| = O(ef e )

it Y, (2 ) E (V. ,8(6+1)[I) < +ee. The above bound holds trivially if
Y (55) "E([|Ve,,,8(81)]1?) = +oo. It follows from Lemma@that

E(|Vo,2(0)]") = 0 ¥ tia?)
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C CONVERGENCE OF ADAGRAD

The following lemmas are used for the proof of Theorem 3]

Lemma 10 Suppose f(x) € C' (x € RN) with f(x) > —oo and its gradient satisfying the following
Lipschitz condition
[VF(x) = V)| < clle—yl,
then¥ xo € RN, there is
IV Go)[* < 2¢(f(x0) =),
where f* = inf,c g f(X)

Lemma 11 Suppose {6 } is a sequence generated by AdaGrad in equation @ and Assumptions I
andlhold If HVgn || > a where a is given in AssumpttonE]3), then for anyn € N, ,0; € RV,
and € € (0,%), it holds that

8(6i) _ 8(6) _ ao(MH(H 180 1>Hz_||Veng<+9:>||2>

SE SE — 2 S2+e

o ||[Ve,s(80)] +ao<||ven1g(enl)}|2 - Hvengwn)HZ)
20

20 3+e L+e L+e
Sn 1 Sn 2 S

n—1

Vo, 1801, )I” | c0d Vo0 &) ° o) e
+4M2%C2 ] S:+€ - + ZOT'FX"S -I-YnS,
where 1
X,SS) = %?Hveng(eny(ve”g(en) _Veng(en’é"))
Sp-i
2
oo 1 E (Va0 &)’ i) 1 [[Vee(6080]
T2\ M+1 st M+1 st
n

Lemma 12 Suppose {0,} is a sequence generated by AdaGrad in equation @ and Assumptions
andhold. If HVgng(G) HZ < a where a is given in AssumptionE].?), then for anyn € N, ,0; € RV,
and € € (0,%), it holds that

g(6,1) 208 __ o0[Vo8(80)]’ L BEM A1) Vo, 18(6n1,6-0)|”

Spi1 ST zos%ﬁg 2 S,
v
M+ 1)ogc? P || Ve,s(60)|
+%an 18(6n1, 61 H T3 (H = 1g+8 )H 7” englgrsn)H
28, 2 S
+050(M+1) HVG,,_|8(9n71)H2_ [Ve,2(8 H | Qoa M+ 1 1
2 Sr%jlg i e 2 S%jg é%
Ve,g(0
+CZO H 6 S}l:;'é”)n +A£Lg)+B£l£)’
where %
AP = 20 (||veng<en>||2 ~V0,8(6.)" Vo, 8(61,6))
S2
n—1
\Y
o = 08O (o, 80— (| Vast@nl] 7))

2a(M + 1)S,§ff

34



Published as a conference paper at ICLR 2022

Lemma 13 Suppose {0,} is a sequence generated by AdaGrad in equation @ and Assumptions
and[3| hold. Then Vn € N.., V6, € RN Ve € (0, 1), it holds that
2
" 1Vg 2(6
Z M < +oo a.s..
Sk
Lemma 14 Suppose {6,} is a sequence generated by AdaGrad in equation |5 and Assumptions
andhold. Then ¥n € N, V6, € RN Ve € (0, %), 3¢ < +oo, it holds that

Our1)— 8"
%Sgﬁwm,

n+1

which g* = infgcpn (0).

Lemma 15 Suppose {6,} is a sequence generated by AdaGrad in equation E] subject to S, =
Yr i IVeg(6k, &[> = 4+ as.. UnderAssumptionsandE] Vn € Ny VO, € RY, Vg € (0, %) it
holds that
2
Hveng(en) H
S0

n—1

—0 a.s..

Lemma 16 Suppose that {X,} € RY is a vector sequence and f(x) € C' is a monotonically non-
increasing non-negative function with [** f(x)dx < o (Va > 0). Then VN € N, it holds that

Tl 1%

N n v N n—1
YL ) < [0 sae< X1 (L 12 )
n=1 k=1 (X1 ]| n—1 =1

C.1 PROOF OUTLINE OF THEOREM 3

Like the proof of mSGD, the proof for AdaGrad is also in light of the Lyapunov method. We aim to
prove Vg(6,) — 0 a.s., and then to get 6, — J* a.s. The key step to prove convergence of AdaGrad

is to show
_E ( aOVG,Ig(em én)TVQ,,g(env gn)
VS
but the learning rate of AdaGrad is a random variable and it is not conditionally independent of

V,8(6,,&,), meaning that

(%Veng(em én)TVOng(Gna én)
V/Sp

%) <o

—-E

(04)
34*) - [Va,e(,)]] <o

In the following, we provide the proof outline of Theorem 3.

Step 1: This step is to ensure

—-E

(Oioveng(em én)Tveng(em 5*’1)
s

%) <0,

We are able to obtain the following equation

V0,8(61,81)"Vg,8(6,) 1 1 2
— n n = V 911; ) — M 1V Gn
\/571 2\/57 M1 Ong( é) \/T eng( )
(K)
M+1 2 1 2
5 ==Iv 6, =Y 0,1, 6n .

(L)
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For (K), due to S,—1 < S, it follows that
2

1 l
K)=—— 2(6,,6,) —VM+1V 0,
<! RNy A
< zm m 0,8\ On,Gn 0,8\ On

Note that S,,_; is conditional independent on Vg g(6,,&,), thus it holds that

1 a
1 1
=9 (s (1as0 8| 72) 01 1V st@n])

Next we prove (K) can be controlled by (L) according to Lemmas 11| and These two lemmas
deal with the cases of |Vg,g(6,)|| < aand ||[Vg,g(6,)]| > a, respectively. In these two lemmas, we
introduce a constant € for the reason as stated in Step 2 in the following.

Step 2: Through Lemmas[T1|and[T2] we obtain that

1 2

Tﬂveng(en, én) —VM+ IVeng(Qn)

~+o0
1/2
Z IVeg(8)112/S 3T < £+ Y Vag(6k, &) |12 /5172
k=3

From Lemma we obtain Lemma stating that ¥, || Vg (6k, &) [|*/ S,i*zg < oo, Note that if

we do not introduce &, the term ¥ || Vg (6. &) ||? /S, T3¢ will become X% || Vig(0k. &) ||*/Sk =
O(InS,), and this term may not be bounded.

Step 3: Lemma ensures that Vg,g(6,) has a subsequence satisfying Vg, (6y,) — 0 a.s. By using

the recursion formula g(6,11) —g(6,) < 1/S, + P,, where ¥/ P, < 4o a.s., and Lemma El, we
obtain Vg, g(6,) — 0 a.s. Consequently, 6, — J*.

C.2 PROOF OF LEMMAI[I0l

For Vx € RV, we define function

0= (v )

where X' is a constant point such that x' — x is parallel to V f(x). By taking the derivative, we obtain

T s
Y0 =9, o f (xR ) S 78)

EE] =/ [l =l

Through the Lipschitz condition of V f(x), we get Vt1, 1

T
/ / /
! ! —X X —Xx
gt)—g )=V, ., s f<x+t1 > Voo kf<x+t2 )
| | TH [l — x| TH [ —x]| [l —x]|

X — X —
S \% X —x f<x+tl > \% X rf(-x+t2 ) ‘
| T 1% = x| T 1% — x|
So g/(¢) satisfies the Lipschitz condition, and we have inf,cg g(¢) > inf, gy f(x) > —oo. Let g* =
infx €rg(x), then it holds that for V) € R,
8(0) —g" = g(0) — g(to).- (79)

By using the Newton-Leibniz’s formula, we get that

<cl|t] —t|.
| <

0

0 0
8(0) ~glto) = [ ¢(o)dar= [ (¢(e) = (0))dar+ [ g(0)dar

fo fo fo
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Through the Lipschitz condition of g', we get that

g(O)—g(t0)>/ —clo— O|doc+ (O)da:—(g’(O))z.

1o 2C

Then we take a special value of #y. Let 1o = —g’(0) /c, then we get

(0)~gla) = - [ clalda+ [ 4(0)di=~5(0-10f+ ¢ 0)(-1)

o 2 (80)
= 5 (£(0) + 2 (g0))’ = i(g’<o>>2.
2¢ c 2c
Substituting equation [80]into equation[79] we get
1 2
0)—g* > —('(0)".
8(0)—g" > -(£'(0)
Due to g* > f* and (g’(O))2 = ||V£(x)|]%, it follows that
IV < 2e(s () 1)
C.3 PROOF OF LEMMA ]
First of all, it follows from Lemma [3] that
) 2
co V@,,g(el 75 )
g(enJrl) 7g(en) S Veng(en)T(0)1+l - On) + 2()||S1”H
n
(81)
2
_ _(XOVGng(en)TVBng(emgn) + % Hveng(em‘gn)H
N 2 s
where
n
2
Sn = Z ||V9,,g(9naén)|| .
k=1
Note that
et - |
0,8 <9n7€n) M+ ]Veng(6n>
(82)

MJrlHVGn 2(6n,En) H +(M+1 Hv9n ,,)Hz—2V9ng(9n)TV9ng(9,,,§,,),

where M = M’ +2 and M’ is defined in Assumption [5|3). Substitute equation [82]into equation
then we get that

g(9n+1) —g(Gn)
o ( 1 |[Vee®n&)l’ [Vo,s(6)||"
S _2< (M+1) \/an

M+1 VS, (83)
2
o 1 1 2 COC(% HVe,lg(emén)H
= \vJ \vJ —_— -
t 3 V5 VAT o On &) = VM Vo g0+ Sn
Due to S,, > S,_1, it follows that
ap 1 1 2
— \Y% 6,,6,) —VM+1V 0
a 1 H 1 2
< = v 0 —VM+1V 7]
S s e 9,18( nagn) + Gng( )
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Substitute equation[84]into equation [83] then we have

¢(6r1) —£(6,)
<‘O£0<M+1 = f/%én)u (MH)W) (8
+ || Vas(60,6) — VI TVa,5(0 >2+“§3W~
Notice that
D _L | vy 500,80~ VT + V0806,
2 VS VM1
-2 sln,l M%lllveng en,én>||2+<M+1>|\Veng<en)<|22Ve,,g(e,,,§n>Tve,,g<en>> 56
:% Sln_l MlH’|Veng(9n,€n)||2+(M+l)Hveng(@n)Hz—2HV9»13(9")H2>
L% V6,8(6,)" (V,8(6n) — V,8(6,0)).

Snfl

Substitute equation into equation and divide both sides of the inequality by S& (& < %), then

we get

se S
(047 1 HVS,, Gnaén)H || H
<_2<M+1 2+£ + M+ 1) pE
n

1
aOS2+£ <M+1HV9n CRSY) || +(M+1) ||V9n n)HZ—ZHVe,,g(@n)H2>

CaO Hveng 0”’5”)||2 % T
t= ite + lHVeng(en) (V6,8(61) — Vo,8(61,81)).
n S?2

Notice that % > %, then we obtain
n n+1

g(enJrl) . g(en)

Se, S
w1 ||Vee(6n&)| || |[Va.g(80)]
§2<M+1 %Jrg +(M+1 2+e
(87)

oy 1
o (Mﬂuveg (00 &)+ 01+ 1)[Va, (6, 276,60
n—1

cog [|Ve,8(0n. 80" a0
% ol Va0 (Vo508 ~Vas(006)
—1
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Rearrange the above inequality, then it holds that
g(6ny1) . 8(6n)

Set S
(0%)) ||V6,,g(9n)||2
ST WD e
n

YL I L e
2+8 2 S+5 n

L e (88)
2 2
_ %001 (H 0,180 | Vo808 )
2 e e
+(XO< 1 Hveng(er“(gn)Hz + (Mil)Hveng(e”)Hz _ (M+1>HV9nlg(6n—1)H2>
2 \M+1 %+£ The e
S Sn—l S

ca} V@ g enaén
i [Pty

Xf) is defined as follow
0o
X = —-V6,2(6,)" (Vo,8(6:) — Vo,8(61.E1)).

Due to Hve,,g(en)Hz > a, we have
E (IVa.8(6n &I Fim1) < M| Va,g(0n)| +a (89)

< (M+1)[|Ve,8(6n)] "
Moreover, using the Taylor formula, we obtain
IVa,8(8)[I” = | Vo, 1 8(6:-1) + (Va,8(6:) — Ve, ,8(6a1)) ||

=||Vo, ,8(64-1) H2 +2V4, ,8(8,-1)" (Vo,8(6,) — Ven,lg(enq))

+|V6,8(6.) — Ve, ,2(6a1)||° <||Ve, ,2(601)|
2

+2[|Ve, 8(6:-1)[[[|Va,8(6) = Vo, 1 8(6n-1)||+|Ve,8(6:) = Vo, 8(6n-1)] "

Under Assumption [5]3), we get that
Vo560 < [ Ve, ,8(6n)]”
V6,2(6:) = Vo,_,8(6a1)[| + | V,2(6:) — Vo, _,2(6, 1)

2 VG,I lg n—1 H
2
< [[Var 8@+ Vo, 860 [ Vo, 1801600 ©0
L2 2||V6n71g(9n*1v§n*1 H )
Snfl
From inequality 2a” b < A||al|* + 1||6]* (A > 0), it follows that
M—1)[Ve,5(6,) "+ Ve,8(6,)|
M 6, 18(6n—1,81-1) > 0D
<0 S 0~ G Fastof rarpagelTeatiorboll
By substituting equation [89]into equation[91] we have
(= 1)[Vo,8(0)[*+ 37 B (Hveng(en,én)lzlﬁm)
2 (92)

M )
< M+ 1)|[Va, 860~ 21— Va6 + 4 ce 2 Ve, lgs: ]1 &nll”
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1
Divide both sides of equationby Slfjle, and notice 4{‘1/11/1:13 > % from M > 2, then it holds that

1 Hveng(en,én)Hz+ 1Ve,2(60)

M+1 Sl%j 18 S}%jle
Ve, 8(6,-1) > 2 Vo, 18(6u-1,81-1) g 93
< or ) V08l Lyg, o) P 4 anpager [ VaisBrr bl
n—1
2y,
(04)]

where

Y(e)_ao< 1 E(IVog@n&)|Z) 4 ’|Vgng(9n,§n)”2>
n _2 .

By 1 B 1
M—+1 Srflg M+1 Srfls

Making some simple transformations on equation [93|leads to

ao< 1 |Veg(0.&)|°  (M—1)|Ve,g(6,)]>  (M+1)||Ve, ,8(61)]
- + —
2 \ M+1

T T T
S}fj 18 S}fj 18 S}fj 18 (9 4)
2 2
< @ lVas@l |\ oos 2 Vo g1 &0l e
10 3+e 3+e
Snfl Snfl
Substitute equation [94]into equation [88] then we get
g(erH-l) _ g(en)
Seet i
2 2
2 j*‘v’e §+€
Sni n (95)
2
_ 0 [Vas Ol 4y ga2 V08Ot &I, e [Vos(en &)
10 S7+€ S7+€ 2 S)
n—1 n—1
+X7 + 1,
It follows that
o |[Vag®)]’ o |[Vas@)|’  ao [[Va,g(6)]’
o Ves@I |, a0 (Vo2 l”  [a,e00)]
20 S%+e 20 S%Jre S%Jre
n—1 n—2 n—1
’ (96)
o Ve, ,8(6n-1)]|
20 Sr%jzs
- @ [Vas@l’  a (Ve g@0|* [os6)]’
- 20 L+e 20 Lte Lte '
Snfl Sn72 Snfl
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Substituting equation [96]into equation [93]yields
8(Ont1)  8(64)

St Sn
2 2
< %(MJF 1) < Hvenqéz(en—l)n . HV(’ngl(G”)H )
2 S+e S+e
Snfl n
7
_a|[as@)] | o (Ve 50| Vo) o7
20 S%+8 20 S%+s S%+s
n—1 n—2 n—1
2 5 2
+4M2a0362||V9,,,1g(9§1,§n71)|| +C§6()|\Veng;iz;§n)\| x4 y©),
Spi "

C.4 PROOF OF LEMMA[I2]

First of all, dividing both sides of equation 81|by SZ yields

2
£(0ur1)  8(0) _ 00Vo,8(6) Va,2(618) | cog || Va,e(8 &)

s s Jere > s o
Due to S,+1 > S, it holds that
2
8(0n1) _8(0) _  Ve,8(0.)" Vo8008 . cog [[Vo,s(6n 5] ©9)
Sy Sse = é+s 2 slte )
Then we make some transformations to obtain that
. aOVGng(Gn)TVGng(Bm‘gn)
L+e
n
V,2(6,)7 Vg,2(60, 1 1
_ 6,8( n)l+£6 8(6n;En) —|—O‘OV9ng(9n)TV9ng(eﬂ7€ﬂ) <1+£ - '+s>
Sa Spc1 i
#Ve,8(6,)" Ve,8(0n,1) (M+1)a 1 2 2
<- S%+8 + 0 ) + 2(M+1)a||veng(9n)” Hveng(enaén)n
n—1
()
T T I.¢
Srfjls l%+s
2
- llVas@l” <M+1>aoa< . )
> T 1 1
S,fjlg 2 S,%jle r%+e
(24 2 2 (¢) (¢)
+(W+l)uveng<en>u E (||Vo, (60,8 \91)) A By,
-1
! (100)
where )
AF = =2 ([V6,8(6)| ~ Vo,8(6,) Vo,8(61,&))
ot (101)
2
ao||Ve,8(6) 2 2
5 = 2t O (o, (6,8 5 (|Vas(@n e 7).
2a(M+1)S,
Due to HVgng(G,,)Hz < a, we get
E (||v9ng<en,gn>||2’yn,l) <M|V,8(6,)|] +a < (M+1)a. (102)
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Substitute it into equation[T00] then we get

2(6,1) _ 8(6) _ [ Vo,s(6)|"  awaM+1)( 1 1
S€ Cose 1+e + 2 T+e  J+e
n+1 n 5371 Slf 1 r%
Vo 28> col||Veg(6 z
L o] eni(en)H %H 080" 4o, o
28, o (103)
77ao|\Veng(6n)Hz+aoa(M+1) 11
5 2
% HVeng(}lfinfn)H CINC)
2
We make some transformations on —%}Ve% to obtain that
252
~ ol|[Vo,s(8)]” _ oo Va.s8)[” _ || Ve,s(68)]
asite T 2052"¢ 2052"¢ 104)
_ alVe,s@)® oo Ve, 1860’ +%<||Ven1g(9n1)||2 B HVeng(Gn)H2>_
L s
Then we use inequality 2a”b < A|ja||* + £ ||b[|* (A >0) on equationto get
. Va0
HV@ng(en)H Hven,lg(en—l)H < W (105)
1002¢*(M +1 oZc?
e NG e N AR
.. . . lie .
Divide both sides of equatlonby 5371 and notice S, _» < §,,_1 <, then we have
IVo,80)[* Vo, i8(6 0l _ 1 [IVe, ,8(6,-0)|
10022 (M + 1 o2c?
OSrlz(iT)HVOHIg(e”lvgnl)Hz_'_ §+8|’V9n71g(9n,1,§,,,])||2,

n—1

Then we calculate 2 (M + 1)equation + equation

_ | Ve[’ , ao@+1) (|Vas@l _[[Vo, 8000
2S%+s 2 éJre S%Jre

S n—1
en_]g(en—l,én—l)uz

< _M +5052 (M +1)? v

B 2052"¢ S,
M+1)a3c Vo .20, D)|° [|Ve,8(6n)|
(31606'Hvenlg(en1’§n1)||2+38<” 6,1 l(+£ I)H _ H eglgen)" .
28,1 s, s
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2 2
Ve.s(6n)|| | Ven,lg(en—l)H
1
+€ +€
52 52,

Move O‘O(A;[JH) ( ‘

we have

) to the right-hand side of the above inequality, then

~ a|[Vo88)|” _ ool Ve,s(8)|" 6, 18(60-1,8 )|’

+5cxgc2(M+1)2HV

s T 0s2f S,
M+ 1) Vo, 80 )| ||Ve,2(60)]|]
M+ Doge %LOC HVG,,_lg(en—hgn—l)HZ_";xg(H : ‘;ﬁ’ DI AL éig")H (107)
2Sn71 n—2 5”71
N oo(M+1) ]|Ven,lg((')nfl)||2 B vang(en)Hz
2 S%‘FS Lte ’
n—1 n

Substitute equation[I07]into equation [I03] then we have

g(0,11)  8(6n)

Spi1 S
2 2
v \% 6n—1,6n—
<% enél'("n)H +5agcz(M+1)2H 6,18( H;é: ol
2052} Sici
M+ 1) c? o ||Ve, 8(6n- . V,8(6, :
(31806HVG,,lg(en—hén—l)Hz‘f'z()(H s ol _1Ive l(+£)|| (108)
28,1 S, s S,
L) (Vo g6 Ve e (1
2 SéJrls SéJrs 2 S,%jle Sy%+£
2 1lvy (8 2
+CZCQH eng(}[:s’én)H +A’(1€)+B’(18).
C.5 PROOF OF LEMMA[I3]
First of all, it holds that
8(6h+1)  8(6n)
Spi1 S
6 6 6, 0,
:I(Hveng(en)nz § a) (g( £n+1) o g( 811)) +1(||Ve,,g(9n)H2 >(1) <g( £1+1) _ g( 81))'
Sn+1 Sn Sn+1 Sn

I (HV@n 2(6,) ||2 < a) € .%,_, is the indicator function such that

1 ||Ve,s(8,)]’ <a
(1ol <o) {

0 Ve8] >a

For convenient, we abbreviate I(HVGng(@n)Hz < a) as I=% and I(HVeng(en)HZ > a) as I>9 in the
following.
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Through Lemma|[T2] we get that
> <g<en+1> ] g<en>)

n € €
Sn+1 S

2
S <aa0H 9" +€ )|| +5a0C (M+1)21<LIH 0, lg S;'+;7é" 1)||
2052
M+1)q Vo, 8(6.1)|>  [|Ve,5(6)]
+1,f“7( ;1806 Ve, 8(6n—1,&-1)|| +201<“<H 9"_1615 ol eg;(%n)n )
28, Sp2 Sa
L wM D), <a<|}ven 8O [[Va,s(600)] ) waM+1) -, ( 11 >
2 sz +le 2*8 2 " Sj:rle Sn%Jre
4 C‘;o = [Ve.s 516:8’5")” +1n§aAff) +1n§a3£f).
(109)
Through Lemma|[TT] we get
a g(611) _g(en)
"\ S Ss
< — llao HVGH )’|2+aO(M+1 4[>u Hvon lg 6’1 1)H2 _ ||V9/1g(9n)”2
s 20 Sz+£ 2 Sz+e g +e
L % 5 Ve, g6 0)|* || Va,s(6n)]” (110)
S s
4M2 3 21>aH O 1g n— 1 ‘gn 1” +Ca01>aHV9n enaén)H
Sz+£ 2 Sl+£
+ 10X\ 4 ey
Calculate equation[I09+ equation then it holds that
<a 8(6n+1) _ 8(6n) ~a [ 8(On+1) _ 8(6n)
b ( Sp1 Si h Sp1 Si
2
B (H nlan P uwniegn>r| )
52 N
2 2
2’ 2+8 7“1’8
S; 1
@(I<a+1>a)||Veng(9 )H —|—4M2060 2I>aH 6, 1g n— 1 5;’: IH
20 S;:rlg S2+E (111)
2 \%
+C?)I;a” Gng(’llell‘;én)u +5(X0C M+1 21<aH 0,18 S’;Jrel"én 1)”
M+1 3.2
+1<“(+%Hve,l,lg(enfl,&nfnnz
28
opa(M+1) - 1 1 cof \|V9,18(9n,§n)||2
+ 2 Ina<S%+£ 2+8>+21nasrll+8

n—1

A 1B X 1,
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Notice =9 < 1, then we get

aoa(M+1)In<a( I1 1 >§aoa(M+1)< ]1 - 11 ) -

2 5+€ 1+e 5+e 5+e€
st s S;

Substitute equation[T12]into equation[IT1] then we get

g(6n+1) . g(en)

€ €
Sn+1 Sn

< % ||V6n—1g(en*1)||2 _ Hveng(en)Hz
— 20 S%Jre S,%j]e

M+1 Hven lg 9’1 1)H2 . HVgng(Gn)Hz
%+e

Lie
2
Sn 1

%o
>

+

o Vo8O o2 el Voris @ &l cad || Vas(0n &Il
_%TMM% I g t e
4503 (M +1) 21<f'H 018 ;’Hl’é” Ol +I<“<M+l)%c Ve, 8(6u-1,&u)]|”

Sn 25,7
awaM+1) [ 1 1 ¢ o IVa8On Bl | caye)  rcap(e) . ayl®
+ 2 (SéJrf é+5>+ 2 I QT+InaAﬂ +InaB" JrInaX"
+ 17,
(113)
We make a summation of equation to get
S g(9k+1)_8(9k)>
_ % Z Vo 180 1)[”  [[Vas(80]”
2 = S%+£ Sé-&-ls
—|—%(M—|—1) Xn: ||V9k713(9k71)||2 _ HVekg(Gk)Hz
2 =, S%Jrs S%+£
f@i HVng(@)H AP 221>aH 018(6k-1), 8 1“
20 &, 1+e ~ 2+e
=S - S (114)
) 2 v 2
+% i[;aW+5agc2(M+l)2 i"lkgaH eklg(sf;i?ék—l)“
k=2 k—1
(M+1)og
Zl<a 2S2+ J%¢” ||Vek,]g(9k—1,§k—1)||2
k—1
+a0a(M+1) /. 11 cag ilql\% 9k7§k)||
2 S\gte gt S
F (A ),
It follows from Lemma [16] that
| Va.8(6k. &) H teo 1 1
Z kSH-e S/S3 xl+£dx:@, (115)
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and

iHVOklg(eklvgkl)H2</+°° 1 1 (116)
= s

x = —
1+¢ — 1+¢€ €
S X £S5
and

n
!|Vek,lg(9k71,€k71)||2 /*"" 1 2
<
Y :

S T (117)
152 x2 (1+2¢)S2

3
k=3 52t¢

Due to 7% < 1and [ < 1, we get that

4M2 2 I>a” 0 18(6k—1), Sk ]H Cao Zl>aHV9k Gk“gk)H

3 I+¢
€
+ Sk

k=3 SI? 1

2
A% —1,Gk—
esageon 1. pee oasOr G )]
k=3 k—1

(118)
+ Zl<a M+1 Ococ

2S

& Vo 2(6, )|
Vo, ,8(6k-1,&-1) H2+%2 IEQM
iy

1+¢
Sk

8M2 o3 c? cog  Sopct(M41)? N ogr(M+1)  cofy
— 1 1 T
(14+2e)s7" 2855 €53 (14+2e)s7" 2855

Substituting equation[TT8]into equation [TT4]leads to
2(6u1)  2(6)
SE S

n+1
o ( |[Voz @I [[Ve.s(6)] [Ve.s@)|” _ [Vas(on]
20( Lie B 2 M+1) - 3+e

52 Sz+e S2+e

IN

1te 2

_O‘OZHVekg<9k)H2+aoa(M+l)< L >+1<

Sz+e Sn%Jre
+ Z ( <aA +I§aB<8) +I>aX(8> +I>aY(S>)
k k k k k Tk :

It is obvious that

2 2 2 2
(2XOO<”V60§(+980)H B ||V9,,g1(6n)H >+O§](M+1)<Hv(’2g &)|I”  [[Va.s(6)]] )

1
5+E€ +€ 5+€
2 2 2
Sl Snfl N n

2
LoaMAD (1L L) HVezg o), o +1) ||V9zg 6|
2 Sﬁe s+e 20 Slﬁs 2

Lte
i S3

M+1
+a0a(l+s )
285
It follows that
8(6n1)  8(63)

+K:=1L.

(119)
Iy (A + 2B+ 1pox ) 7y ).

Note that {I=A¢}, {I7*Bi}, {I7°X;} and {I7Y;} are all martingale difference sequences, thus

it follows that E (Zk 1 ( <“Ak + I<“Bk + 17X + I>“Yk)) = 0. Then we calculate mathematical
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expectation on equation [T19]

. (g<en+1> B g<e>> oo (Z !Ivekg<ek>||2) »

St 5 )7 20 \& si'f
That is )
" ||V,2(60)] 20 (g(63)
E (1(23;% < aﬂ( 5 +L> < oo, (120)
= N 3
From Lemmal] it holds that
2
" 1\Vg g(6
H eké:( ol < +oo a.s.. (121)
= 2
C.6 PROOF OF LEMMA [T4]
It follows from equation[TT9]that
6, g(6
g(SsH) < 283) +L+Z ( <aA )JrlksaBl(ce)+Ik>aX1£8>+Ik>aYk(8))~ (122)
n+1 k=

From equation[T01] we obtain

! 2
ZE(HIE“A,((E)Hz) < ZE ( k Sl+2£ (H 0,8(6.)||” = Vo,2(6n) Veng(emin)) )
k=3

With inequality (a+b)? < 2(a® +b?), 2a’b < a* +b* (a, b > 0) and equation|120] we get

2
E (IE“S?&E (Iva.c@]’ Ve,,g<en>Tve,,g<en,én>)2>

n—1

[0 I
sm( lfer 3l I (:anvengwmf)) +2E(Smg [Va,s( n>||2>|veng<eman>||2)

(07 aHV(;n
§2(M+2)]E< ° si+e )

aoaHVa1 ) )

Sz-‘r&‘

<2(M+2)ogaE (

< 40(M +2)apa <g(Szl) +L> :
1 (123)
It follows from Lemmathat Yis IE“A,ES) is convergent a.s. Similarly, Y75 I,{S“B,(f), Yi X k(g)
and Y7 517 “Yk(s) are both convergent a.s. It follows that

n

Y (IkgaA/(f) +IE B + 17X +1k>“Yk(€>> <& < 4o as.,

k=3
2] 63
g(gn-H) Sg( )—I—L—l—é < foo as.
S S5
n+1
For convenience, let & =
6u+1)—g*
8 *8‘) 8 << toas. (124)
Sn+l
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C.7 PROOF OF LEMMA [13]

First of all, V 0 < gy < %, there is 0 < %80 < % From Lemma it follows that

- Hven—lg(enfl)H2
)3 T4,
n=4 Slf*23

< 4o a.s.. (125)

It follows from equation [90] that

opc
\% Sn—l

Vo880 * = Ve, 1860 1)I* < —=(1IVo, ,8(60-1)I + || Vo, 8(60-1.6 1))

> (126)

OC2

n (04
Snfl

2
||V9n71g(6n717§n71)’| .
Divide both sides of equationby Sfl‘ll and notice that S,, > S,,_; > S,,_», then we get

[Vo.s@I _ Vo e(@-DI _ cocl|Va, eIl | cuc]|Vo, s(601.60m0)]
i s - g2t gt
n—2 n—2

n—1

2 (127
N o3c?|| Ve, ,8(8u1,8n1)]|

1+¢&
Sn72

Note that 0 < _%80 < %, then it follows from Lemma and Lemma|14|that

Ve, 15(6-1)]

53
n—2

- 2¢(g(6n-1)— &%)

n—2

< 2¢€ < Hoo.

It follows that

||Ve,,g(9n)||2 HVe,,,lg(Gn_1)H2< opcté  apeMiE afPMtE apea

Gl ST, S e e | dila | gitlw
n=l Sn72 Sn72 Sn72 Sn72

ogcta e

e (E(IIVo, 1860 1.&0-1)[*[Fa2) = | Ve, 8001, & 1))
Sn72 Sn72

aic?
S,

(E(11V0, 881,600 Fa2) V0, 881,80 1)|).

Thus, we have

Vo,2(6)|°  |[Ve, 26, 1)|
H 6, S‘go )|| _ H 6, ]Sso n 1>H < lflgo — Ky 1, (128)
n n—1 S;723

where

§=opct§E(M+ 1+ ape) + ape(a+ ape+ 1)

(24
Ky = %T;(E (HVG,,_lg(anl,@;4)”2‘9’;72) - HVG,,_“?(anlagnfl)Hz)
n—2
+ &OE (Hve,,,lg(enfu5n4)“2‘9n—2> - ‘lven,lg(9n71,§n71)||2)-

8,5
It follows that

E( 1 ) . (HVen1g(6n_1,§n_1)]|2—MHV9nlg(en_l)Hz>

S%+%80
n—2

Q
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By Lemma|[I6] we have that
flE Hven—lg(en—laén—l)uz
n=4 a Sl%jz%g()

1 St 1 6 1 /11 11
> lim —-E / ﬁdx = lim *E(S;71380—522 380)'
n—+oo S» x2t3% n4>+002—380 a

Due to S,,_1 — +o a.s., it follows that

T v 6, 1,Cn :
5 aE<H enflg(li;jn Bl ) e, (129)
n=4 32723
From Lemma|[T3] we get
= \% 6,1)|
Y oE (W) < oo, (130)
n=4 Sy

Combine equation [I29)and equation T30} then

& 1 E1 (Ve 1860-1.60 )|
n=4 NS, n=4 Sy

B -sio l]E <M||V9n1g(9n1)”2> = 4o

1,1
— a 7t+38
n=4 Sn )

(131)

is divergent a.s. From Lemma we get that Y," E (HKn,l ||2) < +o0 and K, is a martingale

difference sequence. Thus, ¥/ K,,_; is convergent a.s.. Combine equation 128} equation [131{and
Lemmal2} then we have

[Vo,2(60)|°
§%

n—1

—0 a.s.. (132)

C.8 THE PROOF OF THEOREM [3]

We consider the proof under two conditions, namely, S, < +o a.s. or §,, = 40 a.s..

First, if S, < o0 a.s., from Lemma we get that Ve € (0, %), it holds that

i <Aoo a.s
k=3 SZ:?
Thus, we conclude that
2
\% 6,
7” 6"615_8 )H —0 a.s..
Sa1
Due to S,—1 < 4 a.s., we get
1Ve,2(8,)||” =0 as., (133)
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Second, if S, = 40 a.s., let € — 0 on equation [IT3] then it holds that

8(6n41) —g(6n)
_ % (Vo186 0)[”  [[Va,8(60)|°
—20 Sn72 Sn 1
% Vo, 18650 1”  [IVa,8(6)[°
+ > (M+1)< 5 N
_%w_’_zuwz% 2|| 611 lg n— 1 gn IH 2HV9,1 9,”5”)H (134)
20 Sn-1 S2 Sy
3.2 2 ||y 9]7’ B
e (A2/1+1) H enflg(sl e )] (M+l)%c Ve, \2(6n1,6-1)|?
n—1 2S2
opa(M+1) 1 1 < “a .y »
_ IOA, + B, + 19X, + 1Y,
- 2 (m m>+ w Ant + +
where

<aA +I<aB _|_In>(/an _|_[n>aYn — ;1_13(1) (IngaAS’E) +IHSHB’(,18) +In>aX}’E )+I’l>ale( ))

= O (60)T (Vo,(6,) ~ Vi 8(60.61)

Snfl
||V, =
* ZaH(A;—i—l)\/!‘i (Hven envgn H - (HV@ng(Qn)Hz’yn_l))

0o 1 (]E(Hveng(en,én)ﬂ lﬁnl)Hveng(emén)Hz)

a ¢ Vo,8(00) (Vo,8(6,) — Vo,2(6n, ).

2
. V6,8(6n),8
Make some transformations on "‘#
n

to obtain that

[Vo,8(0n 80 _ [IVaug(0n )|
Sn Sn 1
E (Vo860 &l°[Zut) ,
Snfl +Sn71 (Hveng(emgrt)H - (Hveg gn” ‘fg.n 1))
MHVgng(GV,)HZ a 1 2 2
R R (T (PSR E))
where the last inequality is from AssumptionS). Let0< €' < % It follows from Lemma (15| that
2 2
’Vo’;i;,(‘?") < 8 < Ho0. Then we have ?i(]Gn) < S}lMi% = ﬁ (e1=3 —8 € (0, )) and
Vo,2(0,, Mo 1
|| 68 Sn én)H < l:’;a + S (HVQng(G,,,é,,)HZ—IE(HVQHg(Gn),é,,Hz‘gé’n_l))
n Sz 1 n—1
" (135)

1 1
S Y
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Similarly, we have

2

Vo, 801,601 MS+a 1 1

H nlg(S - )H = lie +(M +a) e 1ig
- 27¢ 2T€ 2 1T&
i Si sz 87

(136)
1 2 2
5= (V0,801 8 DI ~E ([ Vo, 8001807 Z2) ).
Substitute equation[I35]and equation [T36]into equation[T34] then we get
392
coy(M+1 1
8(6n+1) —g(6n) < (coco2 + °<2)) (M8 +a)——+Fu+ O, (137)

Si

where

On :;‘:xgl (Hveng(em‘gn)Hz —E (HVeng(en),énHZ‘ﬁn_l))

ot (M +1)?
OZT (HVen_lg(Gn_l,én_l)Hz ~-E (HVe,,_lg(Gn-l),én_l Hz‘%_z))

+ 1594, + 5B, + X, + 17,

P :% ||V9nflg(9”71)H2 _ HV@ng(en)Hz +%(M+ 1) HVO,I,lg(anl)Hz _ ||V9ng(9n)||2
" 20 Sn—2 Sn1 2 Sn—1 \/$

2
Vo, 18(6n-1),En-1 (M+1)0gc? )
+4M2a862|| : % H + % . HV(’nqg(enflaénf])H
S’l*I 2Snfl
L GaM A1) [ 1 1 +063c2(M+1)2(M6+a) 1 1
2 V81 VSa 2 GIte it
n—1 n

+cag(M5—|—a)<1— ! )

1 1

5+E€ 5+E€

2 2
Sn72 S”l
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It follows from S,, — +o a.s. that

“fp _0(0 (HVing(@nl)Hz

1Ve,s(6n)]] )

n=3 20 Sn72 m
% Vo, 88D _ [[Vo,s(0 >||2>
+ - (M+1)
2 Z3< Vit VSa
6 _ 2 M 1 2 +oo
+4M2 3 22 H = lg Z 1 én lH - aoc ZHV& |g n— laén I)H
n=3 S’f " 252 n=3
yoaMa (11 +Za0c (M+1) Ms+a)[ 1 1
n=3 2 m \/E —3 2 S%_;,_lgl ,%_H"l
—
Y cod(Ms ! !
+n;30060( +a) ﬁ - Tie
n

a0 [Ves(®)]”
20 VS1

oo [oesl

+

N[ &

lim

n—r—+oo

VS
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From Lemma|[I5] we get that
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By Lemma([I6] we have

SZ

22 HVGH lg n— 1 én IH

252

D 1194, 1 e(B0 1,60 )]

n=2

V6, 880160 0)[|F < oo

M5+a 32 (M+1)? (M5+a)
2 \/5 SQ+€1 2S2+£|
ey Ven,g n énl M+1(X
e Fee@ )6 0rs e
s = 253 |

n=3

n—1

52

)

1
— 1
JSy  notee ﬁ)

(138)

(139)



Published as a conference paper at ICLR 2022

Thus, Z;f:z P, is convergent. In addition, it holds that

= 2
L E(l5a | 7m)

2

)

<ZE(|A [ "/n 1 <ZE<H\/TV9" (6:)" (V6,8(6) — Va,8(61, 1))

% e 2
<2Z H 9" I +2ZE<S%]HVeng(Bn)||2HV9,18(9n7€n)H2‘y"1)'
n=3 n—

It follows from Lemma|l5|that 30 < & < %, such that

2
lim Hve”iﬂ =0 a.s.,
n—+oo Sno—l

meaning that there is an almost surely bounded random variable &y, such that

[IVa.2(00)]
ik < 8 <o a.s.
Sn 1
It follows that .
[Va,5(60)]| Ve8]
s, % s

Then we derive that

iy 2
ZE(H’?MH Za1)
=3
<ZZ—H g

2
.£(60)] zzxa(;‘ouve,zgwn)y|2|\v9ng<en,an>uz\%1)
Sn—1 n—1

\Y
<22||9n—H 22 vaﬂ W[F (M][V,5(8)] +a) (140)
B 3 Ve.c@)ll' & oda]Va,g(6n)]’
_2(M+1)n§,35n—_ 22#
HVO,, n H
<2((M+1)8+a) n; S2+ T < 4o a.s..

From Lemma l Z 5 <44, is convergent almost surely. Similarly, we can prove other parts of

):n=3 QO are also convergent almost surely. Thus, Zn=3 0, is convergent almost surely. By summary,
we get

+

=

(Pn + Q,,) is convergent almost surely. (141)

I
=

n
It is easy to find that J; is a bounded closed set. So Ve > 0 we can construct an open cover Hg(l> =
{U(6,€)} (6 € J;) of J;. Through the HeineBorel theorem we can get a finite open subcover
{U(6,€) (k=0,1,...,n) from H( ) Then we assign U =Ur_oU (6, €). We can get US(’) is a open
set. Under Assumption J= {9|V9 g(6)} has only finite connected components Jj,J2, ..., J. So
infi;d(J;,J;) = min;»;d(J;,J;). Let &g = min;x;d(J;,J;). It follows from LemmaE] that 3gp > 0,
when d(6,J;) < &, there is

IVog(0)|I* < 2¢|g(6) — sil, (142)
where g; denotes g(9) (6 €Ji). Letc= mm{&‘o7 /4} and construct vV U, oM. 1
obvious that ¥ U, UW)e (i £ j), dUY ,UD)) > 8 /2, and ||[Vog(8)|]? < 2¢|2(8) — gi| (6 € U).
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Since J is a bounded set 3N > 0, such that J C K (K is the closure of U(0,N)). Then we construct

aset M =K/ UL . Since U, @ is a open set and K is a closed set, we conclude M is a closed
set. Since ||V9g( )|| is a continuous g(60)|| = mingep ||Vog(0)]||. Let
r=1Ve,8(60)|| > 0.

Then we prove that Vu > 0,0 € K, 36 > 0, if |Vog(0)| < 8, makes d(0,J) < u. We prove it
by contradiction. Assume Jug > 0, ¥6; > 0, 3 65, holds ||V961g(651)|| < &) and d(6,J) > up.
We make §; = 1,1/2,1/3..., and we form a sequence {6 ,}. It is obvious that HVgl/ng(Gl/,,) —
0[|. Since {0),} is bounded, through the Accumulation point theorem, there exists a convergent
subsequence {6, } C {6y, }. We defined 60 =1lim,_, .. 6, /k,- Through the continuity of d(6,J)

and ||Vog(0)]], we get d(6©) > ug and ||V 40)g(8?)| = 0. It is contradiction by the definition
of J. SoVu>0,0 € K,36 >0, |Vgg(0)|| < 8, makes d(60,J) < u (31, makes d(0,J) < u). And
furthermore, due to the continuity of g(6), we can get Ve; >0, 3 6’ > 0, if d(0,J;) < &', there is

|g(6) — gi| < €1. So combine these two consequences. We can prove Ve > 0, 3b > 0, if 0 € v
and [|Vog(0)|| < b, there is |g(0) — gi| < &1.

Through equation and Lemma 6 we get there is a subsequence {[|Vgq, 2(6:,)]1*} of
{lIVe,8(6,)||*} which satisfies that

ngTw Hngng((-)kn) |2 =0 a.s.. (143)

Next we aim to prove lim,, 1« ||Vg,&(6,)||> = 0. It is equivalent to prove that {||V,g(6,)|} has
no positive accumulation points, that is to say, Veg > 0, there are only finite values of ||Vg,g(0)]]
larger than ep. And obviously, we just need to prove VO < ¢g < r, there are only finite values of
[IVe,g(0)]| larger than e. We prove this by contradiction. We suppose 30 < e < a, making the set

S={||Ve,2(6,)||*} be an infinite set. Then we assign & = e/8¢ and define 0 = min{b,e/4}. Due to
equation|143] we get there exists a subsequence {6, } of {6, } which satisfies [|Vq, g(6),)[| <o. We

rank S as a subsequence {||V,, &(6m,)|*} of {||V,g(6,)||*}. Then there is an infinite subsequence
{||Vming(0min)\|2} of {|[Vin,&(Om,)||*} such that Vn € N, 3, n, € (m;;,mj, ). For convenient, we
abbreviate {m;, } as {i,}. And we construct another infinite sequence {g,} as follows

g1 = max {n pr<n< min{mi,;mil>p1 1 ||V9ng(6n)H < 0},

V,8(6,)| > e},

Gon—1 = max {n smin{m;, 1 mj, > g2,—3} < n < min{m; : m; > min{m;, : m;, > g2,—3},
[ Ve,2(6,)|| <o},

gon=min{n:n>qy_1, HVgng(G,,)H > e}.

@ =min{n:n>gq,

Now we prove that 3Ny, when g, > N, it has e < HV%’ 8(6y,, ] < r. The left side is obvious

(the definition of g2,). And for the right side, we know ||V 6,y 18(04,-1) )|| < e. It follows from
equation [3] that

2
[ %Hveng(eqmmnz
< B (190, 5060, B (|90.8000. 8] 7)

2
+ 5 (M]|V,8(60)| +a).
n—1

Through previous consequences we can easily find that

o 2 2
i ( aO (HVBH 8 9n7§n)” E(Hveng(en,én)HZ’:an)) i a()MHVOng(en)H )

i\ Sn-1 Sn—1
< Hoo a.s..
Note that oa/S,—1 — 0, a.s.. We conclude
16051 — 6, = 0 as.. (144)
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Through Assumption [ 2) we get [IIVe,.,8(61)I1> — [Vo,(8)IP] < [[Vey. 860 1)l| —
2

|\V9ng(9n)||’ < ||V9n+1g(9,,+1) — V9ng(9,1)||2 < ¢||6pt1 — 64]] — 0 a.s., So ANy, when n > Ny,

there is [|[Ve,.,8(6u41)]1* — |V6,8(6n)||| < r—e. Then we can get that when g2, > No + 1, there

iS ||V6112ng(9q71) S ||V0q2n71g(OKI2n71)|| + |||V9q2,,g(9l12n)” ||V9 —1g<9q2n*l)||| S e + r—e=r.

2n
That means that 6,, € U, U\, so we can prove Jio, such that 6,, € U, And due to
IVe,8(0n)l| < e<r (n€gam1,921)), we get Vk € [q2,—1,924), Tix, such that 6, € U, Due

t0 |61 — 6,|| — Oa.s., we know ip = ix (V' j € [g24—1,924)). For convenient, we sign i = iy,, |, =
= ig,,—1 = ig,,. And then we can conclude that

IVog(6:)[1* < 2clg(6,) = &iyy, | (1 € [g20-1,q24))-
Due to locally sign-preserving property, we get
IVog(6:)]1* < 2¢(8(61) — giyy,) (8(61) > giy,,) oF
1Vo8(6)1% < —2¢(2(6,) — g, ) (2(6) < gy, ) (1€ [g201,22))-

Ways to dispose these two cases is same, so we just show how to prove the first case. We get

e—0< Hngzng(Ban)

*~[IVey, 800, I < 2(s(60,,) ~8i,,) — Ve, ,8(60,)

Gn—q2n—1—1

2

= (26 Z 8(6gy, 1 +iv1) _g(6q2n1+i)> +2C<g(9‘]2n—l) _giq2n> - Hv%nqg(eqzn—l)n ‘
i=0

From equation[I37] we obtain

g(eqznfl-ki—}—l) - g(eqzn 1+i)

cos(M+1 1
< (Ca(%+()()) (M6+a)ﬁ+Pq2n71+i+Qq2nf|+i'

2 7
Gon—1+i
So there is
Q2n—q2n—-1-1 L 92n—q2n—1—1
T S
s B (145)
2

+ 2C (g(efﬁn—l ) - giZn—l ) - ||Veq2n71 g(qun—l ) || ’

which

L—20<ca02+m()(2M>(M5+a).

Dueto [|Ve,,  g(6y,, D? < o < b, so through equatlon. we get that g(6,,, ) — 8, , < e/8c.
Substitute it into equation [T46] We get

92n—q2n—1—1 1 e 92n—q2n—1—1

L oLe_ o)
= q%;rg:_“ 2L = qon—1+1 qun,ﬂrl (146)

Through equation (141} we know ):,T:l (P, 4+ Qn) is convergence almost surely. So we get that
fz’bfqz”’lfl (Pq2n,1+i + Q‘hnfl‘l‘i) — 0 a.s. by the Cauchy's test for convergence. Combining

1/Sz+£1

i 0 a.s., we get

G2n—q2n—1—1 1

i=1 %+£1+.
q2n—-17T1 (147)
e 1 an_qZan_l( 0 e
_——— — P, i + -)—>—a.s.
1 qon—1+i Gon—1+i ;
2L 532;8} i=0 2L
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so there is

+oo 92n—q42n—1 -1 l
Y ( ) ) =400 a.s.. (148)
1

! +81
n= i=1 2
qun 1+i

But on the other hand, we know [[Vq, (64, +i)ll >0 (i>0). Together with equation .

we get
+oo Gon—qon—1—1 1 1 o0 Qon—qon—1-1 HVGQanlﬂ'g(eqz”*l-H)H2
Z( P )<oz( e

i i=1 S2 i
q2n—1711 q2on—1T11 (149)

Hve,, Wl _
; 3 [Patld

S

n—1

It contradicts with equation so we get that ||Vg,g(6,)|| = 0 a.s.. Combining equation [133]
we get ||Vg,8(6,)|| = 0 no matter S, < +e0 a.s. or S, = -+oo. Under Assumptlonl 5/ 1), it is safe to
conclude that there exists a connected component J* of J such that hm d(6,,J%)=0.
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