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Abstract

Modern multi-modal generative models exhibit remarkable out-of-distribution gen-
eralization capabilities, combining concepts in ways not observed in the training
data. While a rich body of literature theoretically studies learning dynamics in
in-distribution generalization settings, the dynamics of out-of-distribution genera-
tion remain underexplored. In this work, we introduce and analyze the Structured
Identity Mapping task, demonstrating how this simple model yields rich learn-
ing dynamics. Specifically, we analyze a one-hidden-layer network learning the
identity map, using a training set composed of Gaussian point clouds structurally
positioned at nodes of concept graphs. Our analysis of this model yields solutions
that explain various empirical observations previously reported in text-conditioned
diffusion models, including: (i) wave-like progression of compositional generaliza-
tion dynamics, respecting hierarchical compositional structures; (ii) the impact of
concept-centric data structures on concept learning speed; and (iii) non-monotonic
progress of out-of-distribution generalization. In conclusion, our analytical model
of concept learning establishes a theoretical foundation for investigating the dy-
namics of concept acquisition and combination in generative models.

1 Introduction

Concept learning and compositional generalization are essential features of modern generative models
[, 2L(3L 141151 16]]. These models can learn abstract concepts like shape, size and color from a limited set
of training data and use them to generate images with novel combinations of concepts. In this paper,
we focus on prompt conditioned image generative models, where the model is trained to generate
images given a conditioning, e.g. a text prompt. Many papers have shown that this kind of model,
especially ones based on diffusion models, often show some extent of concept learning [[7} (8} 9]].

One natural question which arises is: How do these capabilities emerges from training? It is generally
hard to track the model behavior in terms of concept learning throughout training. Park et al. [6]]
proposed a principled way of studying it: instead of considering learning dynamics in parameter
space as most previous work do, the authors study the learning dynamics in “concept space”. Briefly
speaking, concept space is vector space that serves as an abstraction of real concepts. For each
concept (e.g. color), a binary number can be used to represent its value (e.g. 0 for red and 1 for blue).
In this way, a binary string can be mapped to a text condition (e.g. (1,0, 1) might represent “big blue
triangle”) and then be fed into the generative model as a conditioning vector. After that, a pre-trained
classifier is used to check whether the model has indeed generated the specified combination of
concepts. The idea of concept space is illustrated in Figure [T]as well as the middle figure in Figure 2]

Park et al. [6] found some interesting phenomena from the training dynamics in the concept space,
such as control variables for concept learning and non monotonic trajectories. However, they only
gave a description of these phenomena and thus the underlying causal mechanisms are still unclear. In
this paper, we make a first step of establishing a theoretical framework that explains those phenomena.
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Figure 1: An schematic de- Figure 2: The abstraction process. Left: Actual Tasks (images from
scription of Concept Space. [[10]) Middle: Concept Space considered in [6]; Right: SIM task
considered in this work.

We would like to argue that the concept space framework established a very important idea: In
concept space, generation is essentially identity mapping, as the final classifier output should
match the input concept space specification. To this end, we make a further abstraction of the concept
learning process: learning identity mapping in Euclidean space. Each concept is represented as a
Gaussian cluster centered on an axes and the test point is a combination of several clusters means
(see the right figure in Figure[2)). We call this task the Structured Identity Mapping learning (SIM)
task. As an analogue of concept learning, we claim that the seemingly simple SIM task has those key
features:

1. It is an out-of-distribution task, and theoretically non-generalizing solutions exists, so it is
non-trivial that a model solves this task;

2. As we will show later, this task captures many phenomena observed on real datasets;

3. This task masks out distracting terms and is simple enough that we can elaborate the
behaviour of the model on it.

In this work, we give a detailed description of how the model behaves throughout training on the
SIM task and how those behaviors corresponds to the behavior of actual diffusion models. After that,
we study the learning dynamics of a specific model on this task, and give a rigorous proof of the
existence of the phenomena. More specifically, we make two major contributions:

1. In Section[3] we train MLP regression models on the SIM task and empirically reveal some
key features of the training dynamics, including: 1) how the order of concepts learning
is controlled by the signal strength and diversity of the dataset; 2) the deceleration of
concept learning with training progress and 3) a “Transient Memorization” phenomena
where the model shows a trend of generalization at the beginning of the training soon
followed by memorization before heading back to generalization again. The last phenomena
leads to a double descent-like loss curve with respect to optimization steps even in an
under-parameterized setting.

2. In Appendix[A] we explain the empirical phenomena by a detailed analysis of two simplified
models. Interestingly, we show that Transient Memorization is a phenomenon only observed
in multi-layer models, which reveals a key difference between one-layer model and deep
models. Our novel analysis of dynamics reveals a multi-stage evolution process of the
Jacobian of a two layer symmetric linear model (f(z;U) = UU " x), and we show that
each stage of the Jacobian evolution precisely corresponds to the stages of the Transient
Memorization.

2 Preliminaries and Problem Setting

Throughout the paper, we use bold lowercase letters (e.g. @) to represent vectors, and bold uppercase
letters (e.g. A) for matrices. Non-bold versions with subscripts represent corresponding entries of the
vectors or matrices, e.g. x; represent the i-th entry of « and a; ; represent the (7, j)-th entry of A.

[a] represents the set of all natural numbers that is smaller or equal to a, i.e. [a] = {1,2, -+ ,a}.

1, represents a one-hot vector which is 0 at every entry except the k-th entry being 1. The dimen-
sionality of the vector is determined by the context if not specified. I.; represents a diagonal matrix
whose first k& diagonal entries are 1 and others are 0.
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Figure 3: The two dimensional (s = 2) output dynamics under different settings, evaluated for the test
point, (1, 1). We only show the center of the training classes as a circle, but the actual training set can
have varied shapes based on the configuration of o. (a) one layer linear model with .5 = (.05, .05)
and varying p; (b) one layer linear model with p.o = (1,2) and varying o; (c) 4 layer linear models
for different model dimensions. high dim: d = 64, low dim: d = 2. Note that (a) and (b) are both in
high dimensional model setting.

2.1 Problem Setting

Data. The SIM dataset is composed of several Gaussian clusters, each occupying a coordinate
direction. Figure[2] (right) illustrates the SIM dataset.

Let d € N be the dimensionality of the input space, s € [d] be the number of clusters, and n € N be

the number of samples from each cluster. The training set D = Up €ls] {a:,(f )} is generated by
k=1

the following process: for each p € [s], the data sample is sampled i.i.d. from a Gaussian distribution
xép ) N [up lp, diag (0')2} , where p,, > 0 is the distance of the p-th cluster center from the origin,

and o is a vector with only the first s entries being non-zero, where o; represents the variance on the
1-th direction. Notice that we allow p,, = O for a specific p to create a cluster that centers at 0 while
keeping the terminology as simple as possible.

Loss function. The training problem is to learn identity mapping on R, For a model f : R™ x R% —
R? and a parameter vector @ € R™, we train the model parameter 6 with the mean square error loss.
£0) = 533 |7 (0:0f) — o

2sn et k k

2.1)

Evaluation. In the main paper, we focus on a single test point = 22:1 tply. Notice that this
point is outside of the training distribution. In Appendix [B] we report additional results for the case
of multiple test points.

3 Observations on the SIM Task

In this section, we summarize some of the interesting empirical findings of the model behavior
when we conduct experiments on the SIM. We note that these findings reported in this section are in
one-to-one correspondence with results with diffusion models.

In all experiments, we use MLP models. We perform experiments with both linear activations and
non-linear ReLLU activations, as well as model with different number of layers. Due to the limited
space, we only show the results of some settings here but the phenomena reported are consistent with
different hyperparameters.

3.1 Generalization Order is Controlled by Signal Strength and Diversity

One interesting findings from previous work is that if we alter the strength of one signal from small
to large, the concur of the learning dynamics would dramatically change [6]. Moreover, it is also
commonly hypothesised that with more diverse data, the model should also generalize better 11} [12].
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In the SIM task the distance p; of each cluster can be viewed as the corresponding signal strength,
and the covariance o, can be viewed as the data diversity. In Figure[3] we train models with s = 2
allowing us to directly plot the trajectory of the model output at each timestep. In this case, there are
two components, X and y, to be learned and the order of learning can be seen from the trajectory.

In Figure (aﬂ o is fixed, and we can see when 1 < o, the dynamics shows an upward bulging,
showing a preference for the direction of stronger signal. As we gradually increase (i1, this trajectory
gradually transitions from an upward bulge to downward one, consistent with the stronger signal
strength.

In Figure[3](b), the p is fixed to have one signal stronger than the other, and the model, as expected,
prefers the direction with stronger signal when the data diversity is balanced. However, if we tune
the data diversity of one side from weak to strong while keeping the other side unchanged, we can
override the preference coming from the mean signal.

The results in Figure[3](a) and (b) gives us a very concrete conclusion: The learning direction is a
competition driven by signal strength and diversity, and the model prefers direction that has stronger
signal and more diversity.

3.2 Transient Memorization
The results in Figure [3| (a) and (b) are both performed with one layer models and under a high

dimensional setting (d = 64). Despite the overall trend is similar in other settings, it is worth
exploring the change of trajectory as we increase the number of layers, and / or reduce the dimension.

2 wan  In Figure[3(c), we perform experiments with deeper mod-
20 “*" els, and optionally with a lower dimension. Under these
s changes, we find that the model shows an interesting ir-
. regular behavior, where it initially heads towards the right

direction, but soon turns toward the training set cluster

with the strongest signal, exhibiting distributional memo-
0 o o ® o »  rization the training set. However, with enough training,

the model correctly moves towards the intended target
Figure 4: The loss function of multi layer and thus generalizes. We call this behavior Transient
models. Memorization.

05

0.0

This trajectory could be suggestive of a non-monotonic
generalization. We track the value of the loss function during training in Figure 4 demonstrating
a double descent-like curve. We note that the Transient Memorization phenomena seems to be
strongest when the dimensionality is low, and is rather modest with high dimensional settings. In
the high dimensional setting the loss descent slows down at some point but doesn’t actually exhibit
non-monotonic behavior.. This low dimensional preference can also be explained perfectly by our
theory, further described in Appendix [Al

3.3 Convergence Rate Slow Down In Terminal Phase

In Figure[3] the markers on the curve corresponds to equal time intervals. One can observe that the
model’s generation’s evolution in concept space slows down as training progresses. This phenomena
is observed in diffusion models as well [[6]].

a) b)

Figure 5: Diffusion Model Results a) Concept signal controls learning order and speed b) Transient
Memorization observed in vector space diffusion models c) Deceleration of concept learning with
time

'In Figure[3|(a) some training set centroids are overlapping and we perturb them a little for visibility.
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A Theoretical Explanation

In this section, we study the training dynamics of a specific type of linear models which is tractable
on the SIM task, and we provide explanations of the behaviors on the SIM task. We first consider a
linear model and show that despite it can explain some of the phenomena, the linear model can not
actually reproduce every phenomenon, which suggests that some phenomena are intrinsic for deep
models, which highlights the difference of shallow and deep models.

Throughout this section, we assume f(0; x) is a linear operator of «. In this case the Jacobian of f

w.r.t.  is a matrix that is completely determined by 8, which we denote by Wy = of ( N 2) 1It’s easy
to see that we have f(0;x) = Wyx. Through the trace trick, it’s easy to show that the overall loss
function is equal to

£(9) = % H(Wg ) AWHi, (A1)

where A = Zp Dy ! Y 'z Py ()T s the empirical covariance. When n is large, A converges

to the true covariance of the dataset A — E..pxx . To avoid extra distractions, through out this
section we assume A equals the the true covariance, which is a diagonal matrix A = diag(a) defined
o2+ ﬁ p<s . ..
by a, = OP s =7, for any p € [s]. For completeness, we write the full derivation of
p>s
eq. (A.I) and A in Appendix[C.1]

Remark. Notice that in the linear setting we might not directly train Wy, instead we train its
components. For example we might have 8 = (W7, W5) and have Wy = W; W5, What we actually
train is W1 and W5 instead of Wy. As many previous work have emphasized [13} (14} [15]], although
the deep linear model has the same capacity as a one-layer linear model, their dynamics can be vastly
different and the loss landscape of deep linear models can be non-convex.

A.1 The Failure of One Layer Model Theory

As a warm-up, we first study the dynamics of one layer linear models, i.e. f(W;x) = W, in which
case the Jacobian Wy is simply W. We will show that it can explain some of the phenomenons but
fail to capture other interesting behaviours.

Theorem A.1. Let W (t) € R4 be initialized as W (0) = W), and updated by

AW (¢)
at

with L be defined by eq. (A.1) with f(W, z) = W z, then we have for any z € R,

= —VL(W), (A.2)

JW(t),2)r = Lip<sy [1 — exp (—axt)] zx + Z exp (—a;t) wg ;(0)z; . (A.3)

i=1

Gr(t)

Ny (t)

See Appendix [C.2]for a proof of Theorem

The output of the one-layer model f(0(t); z) can be decomposed into two terms: the growth term
Gr(t; z) = Lyp<sy [1 — exp (—axt)] zx and the noise term Ny (t;z) = 3.7, exp (—a;t) wi,i(0)z;
By observing these two terms we can find the following properties: 1) the growth term converges to
x, when k£ < s and 0 when k£ > s, and the noise term always converges to 0; 2) both terms converges
in an exponential rate; 3) the noise term is upper bounded by >, wy ;(0)z;.

W then the Ny, (¢) will always be

small, and thus can be omitted. With this assumption in effect, the model output is dominated by the
growth term. A closer look at the growth term reveals the origin of some of the phenomena observed
before.

If the model is initialized small, specifically wy, ;(0) <
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Generalization Order.  Ineq. lb we can see that the growth term € «(t; z) converges in an

2 2
exponential speed, with the exponential term controlled by ay,, which is aj, = Z-&_ Therefore, the
direction with larger ag, i.e. larger uy and / or oy, converges faster. The equation also reveals the
proportional relationship of 1, and oy.

Terminal Phase Slowing Down. By taking derivative of the growth term G k(t; z) with k < s,
we have

Gt 2) = apzpexp (—axt) (A4)

which monotonically decays w.r.t. ¢, and reveals an (exponentially) slowing down of the convergence
rate when ¢ becomes large.

The Failure of One Layer Model Theory. ~ We have shown that Theorem[A.T]can explain many

observations. However, in eq. the growth term G, (¢; z) is independent and monotonic for each
layer, which only produces monotonic and rather regular traces (this is verified by the experiments in
Section @ However, as the experiments in Section [3;2] show, when the number of layer becomes
larger, the model actually shows a non-monotonic trace that can have detours. The theory based on
one layer model fails in capturing that phenomenon. In the subsequent section, we introduce a more
complex theory by considering a deeper model, and we will show that this theory explains all the
phenomena observed in Section 3]

A.2 A Symmetric Two Layer Model Theory

In this subsection, we introduce a two layer model with symmetric weights. Despite its simplicity,
we show that it perfectly captures every observations presented in Section 3} More importantly, the
theory derived from this model draws a clear picture of the evolution of the evolution of the model
Jacobian and provides us with a clear and understandable explanation of the origin of the seemingly
irregular behaviours of the model.

Due to the space limitation, in this subsection we focus on providing an intuitive explanation of the
model behaviour and delay the formal proof to later sections.

Formally, in this subsection, we consider a linear model that has two layers with shared weights,
namely

fU;z)=UU "=, (A.5)

where U € R%*? and d’ > d. Notice that this is a model commonly studied in theory [16} [17], and
our analysis goes beyond the existing ones by providing an analysis for the early stage phenomenon,
Transient Memorization. For simplicity, in this subsection we denote the Jacobian of f at time point ¢
by W (t) = Wy ), then the update of the 7, j-th entry of W is given by

. 1 1

w5 =wi j(a; + aj) — 5’!1)1',]' {wi,i(Sai +aj) + ]l{i#j}wj,j(i%aj + al)] ) Z wk,iwk,j(ai +aj; + 2ax) .
—_— i

Gig(® i1 () o

N; j(t)
(A.6)

As noted in eq. (A.f), we decompose the
update of w;; into three terms. We call
Gi;(t) = w; ;(t)(a; + a;) the growth term, S; ;(t) =
%wi,j [wi,z‘(3ai + aj) + ]l{#j}wj,j(?)aj + al)] the sup- f

pression term, and N; ;(t) = 3> i Wi, (E)wg, 5 (¢) (a; + /
7

major entries

2
a; + 2ay) the noise term. The name of the three terms \
suggests their role in the evolution of the Jacobian: the
growth term G ; always has the same sign as w; ;, and f
has a positive contribution to the update, so it always leads ~ as<
to the direction that enlarges the absolute value of w; ;;
the suppression term .S; ; also has the same sigrﬂ as w; j,

2N : _ T . : . ) :
Notice that since W = UU ' is a PSD matrix, the diagonal eﬁgﬁ%e 3 %‘?}aﬁfu%%laﬂ%ag}ﬁhe entries of

the Jacobian.
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but has a negative contribution in the update function of

w5, so it always leads to the direction that shrinks the

absolute value of w; ;; the effect of noise term is random

since it depends on the sign of w; ; and other terms. It is

proved in Lemma [D.§] that under specific assumptions, the

noise term will never be too large so for the sake of brevity, we ignore it in the following discussion
and delay the treatment of it to the rigorous proofs in later sections.

A.2.1 The Evolution of Entries of Jacobian

In order to better present the evolution of the Jacobian, we divide the entries of the Jacobian into three
types: the major entries are the first s diagonal entries, and the minor entries are the off-diagonal
entries who are in the first s rows or first s columns, and other entries are irrelevant entries. Notice
that the irrelevant entries doesn’t contributes to the output of the test points so we ignore them.
Moreover, we also divide minor entries to groups. The minor entry in the p-th row or column belongs
to the p-th group (each entry can belong to at most two groups). See Figure[6]for an illustration of the
division of the entries.

Initial Growth.  In this section, we assume w; ;-s are initialized around a very small value w such

that w < ﬁ (See Appendix for specific assumptions). One can easily notice that when

aXig[s

all w;_;-s are around w, the growth term is o(w) and the suppression term and the noise term are both
o(w?). This indicates when all entries are closed to initialization, the suppression term is negligible
and the evolution of w; ; is dominated by the growth term. Therefore, in this stage, every value in the
Jacobian grows towards the direction of enlarging its absolute value, with the speed determined by
a; + a;. Since we assumed that a is ordered in a descending order, it’s not hard to see that each entry
grows faster than all entries below or on the right of it. The initial growth stage is characterized by

Lemmas[D.Jlto[D.3l

First Suppression.  We say an entry that is close to its initialization is in the “initial phase”. In the
Initial Growth stage, the first major entry will be the one that grows exponentially faster than all other
entries, thus it will be the first one that leaves the initial phase. Once the first major entry becomes
significant and non-negligible, it will effect on the suppression term of all minor entries in the first
group. When the difference between a; and a, is large enough, the first major entry is able to change
the growth direction of the first group of minor entries and push their value to 0. The suppression
stages are characterized by Lemma[D.7]

Second Growth and Cycle. Once the suppression of the first group of minor entries takes into
effect, the second major entry becomes the one that grows fastest. Thus, the second major entry will
be the second one that leaves the initial stage. When the second major entry becomes large enough,
again it will suppress the second group of minor entries and push their value to 0. The process
continues like this: A major entry growth is followed by the suppression of the corresponding group
of minor entries, and the suppression leaves space for the growth of the next major entry. The general
growth stages are characterized by Lemma|[D.4] and the fate of off-diagonal entries are characterized

by Lemma[D.§]

Growth Slow Down and Stop.  Notice that the suppression term of a major entry is also determined
by itself. Thus when a major entries becomes significantly large, it also suppresses itself, and causes
the slow down of growth. Note that this won’t reverse its growth direction since the suppression term
is always smaller than the growth term, until w; ; becomes one where the growth and suppression
equal and the evolution stops. The terminal stage of the growth of major entries are characterized by
Lemma

A.2.2 Explaining Model Behavior

Recall that we have f (U (t);2), = >_,_; wkp(t)vppp. In this subsection we explain how the

Jacobian evolution predicted in Appendix [A.2.T]are reflected in the model output evolution.

Learning Order and Terminal Slowing Down.  From the discussions in Appendix[A.2.1] we see
that at the end of the learning, all the major entries converges to 1 and all minor entries converges to
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Figure 7: The learning dynamics of a two layer symmetric linear mode. Left: The change of the loss
and the Jacobian entries with time predicted by the theory; Right: the corresponding model output
curve. The figures are plotted under s = 2 and all entries of W are initialized positive.

0, and the major entries grows in the order of corresponding a,, which depends on the ., and o,
and slows down when approaching the terminal. This explains our observation that directions with
larger 1, and / or o, is learned first, as well as the terminal phase slowing down of the learning.

Transient Memorization. = We argue that, the Transient Memorization is caused by the initial
growth. Notice that in the initial stage f (U (t); €),, is dominated by wy, 1 (t)v1 1, since wy,1 grows
fastest among all the entries. If wy, ; happens to be initialized positive, it growth towards the positive
direction. When s is small, this is actually easy to satisf This causes an illusion that the model is
going towards the right direction, because the target point has all positive coordinates.

Figure[7)shows the loss curve and Jacobian entry evolution predicted by the theory with all entries of
W initialized positive. Notice that how the first and second descending of loss accurately corresponds
to the initial and second growth of the major entries, and the ascending of the loss corresponds to the
suppression of the minor entries.

Remark.  We note that, for a major entry w; ; in the Jacobian W, Lemmaproves that when
w; ; = A, the growth rate of w; ; is Aa; exp(—2Aayt), which although not exactly the same, also
suggests an exponential growth and slow down rate, and thus coincides with the theory prediction in
the one-layer model discussed in Appendix [A.T} Thus, we prefer to view the theory in this subsection
as a refinement of the theory derived by one layer model, instead of a refutation. If we take into
account more layer and non-linearities, we might be able to find more refinements but the predictions
should follow the same trend as described in this subsection, since all the predicted behaviours of the
theory presented in this subsection are experimentally verified with more complex models.

B Model Compositionally Generalize in Topologically Constrained Order

In this section, we introduce another phenomenon observed on SIM task learning that we don’t put
in the main paper: the order of compositional generalization happens in a topologically constrained
order.

In this section, instead of the single test point &, we introduce a hierarchy of test points. Specifically,
let Z = {0, 1} be the index set of test points. For each v € Z, we define a test point

) = v, (B.1)
p=1

3And in opposite, when s is large it’s unlikely that all entries are initialized positive, thus the Transient
Memorization happens rarer.
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Figure 8: The loss at each test point in different timepoints during training for a 2-layer MLP with
ReLU activation. Each graph represents a timepoint. Each node in the graph represents a test point,
with index printed on it, and edges connecting nodes with Hamming distance 1. The color of the
graph represents the loss of corresponding test point. Notice that we truncate the loss at 1 in order to
unify the scale. From lest to right: epoch =1, 3, 5.

and call Z(*) the test point with the index v. Intuitively, the index v describes which training sets are
combined into the current test point. If ||v|| = 1 then Z(*) is the center of one of the training clusters.

We assign the component-wise ordering < to the index set Z, i.e. for u,v € Z, we say u < v if and
only if Vi € [n], u; < v;. It’s easy to see that < is a partial-ordering.

Interestingly, in the SIM experiment, the order of the generalization in different test points strictly
follow the component-wise order. This finding can be described formally in the following way: the
loss function is an order homomorphism between =< on the index set, and < on the real number. Let
£(z) be the loss function of the test point z, then we have the following empirical observation:

Vu,v e Z,u v = /{ (5:(“)) </ (53(”)> . (B.2)

In Figurewe show the loss of each test point in several timepoints, with . = (1,2,3,4), 0 = {%}4.
There is a clear trend that the test points that are on the right of the graph (larger in the component-
wise order) will only be learned after all of its predecessors are all learned. We call this phenomenon
the topological constraint since the constraint is based on the topology of the graph in Figure [§]

C Proofs and Calculations

In the main text we have omitted some critical proofs and calculations due to space limitation. In this
section we provide the complete derivations. Notice that we delay the calculations of Appendix [A22]
to Appendix |D|due to its length.

10
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C.1 The Loss Function with Linear Model and Infinite Data Limit

In this subsection we derive the transformed loss function eq. (A.I)), as well as the expression of the
data matrix A. For convenience we denote Wy by W. We have

B L s n - - 9
£0) = 5 p;kz::l H(W I)a! (C.1)
_ iTr [x;.””(w — DT (W - I)x,(j’q (C.2)
1
= 5 Tr [(W —T(wW - I)w,@x,ﬁ?”} (C.3)
= %Tr {(W —T(W - I)nlsa:,?)mg’”} (C4)
- %Tr [AW(W ~ T (W - I)A1/2] (C.5)
1 172||?
=3 H(W—I)A HF (C.6)

Let G be the data generating process. It can be viewed as two components: first assign one of the s
clusters, and then draw a Gaussian vector from a Gaussian distribution in that cluster. Specifically, let
x be an arbitrary sample from the traning set, then the distribuition of x is equal to

x ~ p" + diag(o)€, (C.7)

where 7 is a uniform random variable taking values in [s] and € ~ A(0, I) is a random Gaussian
vector that is independent from 7. Here ~ represents having the same distribution.

When n — oo, the data matrix A converges to the true covariance, which is is

AE(zz") (€8)
=E {(W) + diag(0)¢) (") + diag(o)¢) T} (C9)
—E (;M W)T) + Ediag(o)é¢T diag(o) (C.10)
_ % Z 1@ P74 diag(o)? (C.11)
st

! S 121,17 + ding(o)? (C.12)
st

= 1 ding (1)? + ding(o)” (C.13)

C.2 Proof of Theorem

In this subsection for the notation-wise convenience we denote W = 6. Since the model is one layer,
the loss function eq. (A.T]) becomes

1 2
Lw) =5 H(WfI)Al/QHf, (C.14)
and the gradient is
VLW)=(W -1)A=WA - A. (C.15)
We denote the k-th row of W and A by wy, and Ay, respectively. Then we have
wy = —Awy, + ayg. (C.16)

The solution of this differential equation is
wy(t) = exp (—At) [wi(0) — A" ay] + A ay, (C.17)

11
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where we use the convention 0 x (0_1) = 0 to avoid the non-invertible case of A.

Thus for any z € R? we have

fW(t); 2)k = (wi(t), 2) (C.18)
={((I—e ™) A ay, z) + (e Mwyi(0), z) (C.19)
"1 — et - _
=3 ——Lj—ppap2p + > ey ;(0)z (C.20)
p=1 P i=1
=Tpesy (1— € 20 + Z e %My, ;(0)2;, (C.21)
=1

and this proves the claim.

D Theoretical Analysis of the Two Layer Model

In this section we provide a detailed analysis of the symmetric two layer model described in Ap-
pendix
In the theory part we frequently consider functions of a variable ¢ which is explained as time. If

a function g(t) is a function of time ¢, we denote the derivative of g w.r.t. ¢ by g(t) = ‘é—i’ .
t=t

Moreover, we sometimes omit the argument ¢, i.e. g means g(¢) for any time ¢.

1 ¢istrue

0 ois false that indicates the Boolean value of ¢.

For a statement ¢, we define 14y = {

In this section we assume a finite step size, i.e. W : N — R%*? is initialized by W (0) and updated
by

W(t+1)— W(t)
n

=-UWVLUQ) —vVLU)U®)" (D.1)

=Wt A+ AW (t) [AW (1) + W (1)* A+ 2W (1) AW (t)] . (D.2)

1
2

The update of each entry w; ;(t) can be decomposed into three terms, as we described in the main
text:

d

ia(t+ 1) —w; i (t 1
w J( * ) w ’j( ) :wi7j(t)(ai + CLj) — = Zwmwk,j(ai + aj + 2ak) (D3)
n 2 k=1
=wj,;(t)(ai + a;) (D.4)
—_——
Gi;(t)
1
— §wi7j [wi7i(3ai + aj) + ]l{iij}wj,j(?)aj + CLi)] D.5)
Si i (t)
1
-5 > wei(t)wr; (1) (a; + a; + 2a) . (D.6)
Ni,;(t)

D.1 Assumptions
We need make several assumptions to prove the results. Below we make several assumptions that

all commonly hold in the practice. The first assumption to make is that both the value of a;, and the
initialization of W is bounded.

12
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Assumption D.1 (Bounded Initialization and Signal Strength). There exists o > 0,y > 1,8 > 1
such that
Vk,O( <ag < Ve, (D7)

The second assumption is that the step size is small enough.

1

Assumption D.2 (Small Step Size). There exists a constant K > 20, such that n < TKqa

Next, we define a concept called initial phase. The definition of initial phase is related to a constant
P>0.

Definition D.1. Assume there is a constant P > 0. For an entry (i, j) and time t, if |w; ;(t)] < PBw,
we say this entry is in initial phase.

The next assumption to make the that the boundary of the initial phase should not be too large.
Assumption D.3 (Small Initial Phase). Pwf < 0.4.

The next assumption to make are that the intialization value (w) should not be too large.

Assumption D.4 (Small Initialization).

min{x — 1,1 — k" 2} 1
< mi D.9
w_mm{ R (DY)
andk > 1.1, and k < 1+ %KC’_l, P>2.
Finally, we also assume that the signal strength difference is significant enough.
Assumption D.5 (Significant Signal Strength Difference). For any i > j, we have
i +a; log P
@i+ ai °g (D.10)

2a; ~ 10x2log %Bw +log PB’

and there exists a constant C' > 1 such that a; — 3a; > Cla.

D.2 The Characterization of the Evolution of the Jacobian
In this subsection, we provide a series of lemmas that characterize each stage the evolution of the
Jacobian matrix W.

The whole proof is based on induction, and in order to avoid a too complicated induction, we make
the following assertion, which obviously holds at initialization.

Assertion D.1. Forallt € N, ifi # j, then the entry (i, j) stays in the initial phase for all time.
We will use Assertion as an assumption throughout the proves and prove it at the end. This is
essentially another way of writing inductions.

We have the following corollary that directly followed by Assertion [D.T]
Corollary D.1. Forallt € Nand all i, j, |N; ;(t)] < 2PyadB?w?.

Now, we are ready to present and prove the major lemmas. The first lemma is to post a (rather loose)
upper bound of the value of the entries.

Lemma D.1 (Upper Bounded Growth). Consider entry (i,j). We have for all t € N, at timepoint t
the absolute value of the (i, j)-th entry satisfies

|wi (O] < |wi ;(0)] exp [nt(a; + a;)k]. (D.11)
Proof.  Since of the N; ; term we only use its absolute value, the positive case and negative case are
symmetric. WLOG we only consider the case where w; ;(0) > 0 here.

The claim is obviously satisfied at initialization. We use it as the inductive hypothesis. Suppose at
timepoint ¢ < T' — 1 the claim is satisfied, we consider the time step ¢ + 1.

13



425  Since Assertion@ guaranteed that every non-diagonal entry is in the initial phase, and the S; ; term
426 has different symbol with w; ;(0), we have

S; () + N; j(t) < 2PyadB®w?. (D.12)
427 We have
wi i (t+ 1) —w; ;(t) < nw; ;(t)(a; +aj) + dnyadBow? (D.13)
< n(a; + aj)w; ;(0) exp [nt(a; + a;)k] + 2Pnyadf?w? (D.14)
2P~yadfB?w?
= w; ;(0) exp |nt(a; + a;)k a; +a;)+
]( ) [77 ( ]) ] 77( J) wz,](o) exp [nt(az+a1)’f}
(D.15)
a2s  From Assumption we have
2P~adfB?w? 9
a; +a;)+ <nla; +a;)+ 2Pyadfp*w (D.16)
Mt ) ) exp s a4 ) 2P
<n(a; + a;j) + 2(k — 1)no (D.17)
< /‘6’17(011‘ + aj) (D.18)
< exp(knla; + a;]) — 1, (D.19)
429 thus we have
w; j(t+ 1) <w; ;(t) + [exp(knla; + a;]) — 1] w; ;(t) (D.20)
< w; ;(0)exp [n(t +1)(a; + a;)k] . (D.21)
430 Finally, notice that since T} = ”217‘;5(5 < ,](Zli(ffj) , we have
exp [nT(a; + a;)s '] < P. (D.22)
431 O

432 Next, we prove that Lemma|[D:1]is tight in the initial stage of the training, up to a constant « in the
433 exponential term.
log P

434 Lemma D.2 (Lower Bounded Initial Growth). Let Ty = 5.5, We have for all t € [T1], at timepoint
435 teveryentry (i,]) is in the initial phase, and the absolute value of the (i, j)-th entry satisfies

|wij ()] > Jw; 5(0)] exp [nt(a; + a;)x "] (D.23)

a3 and w; ;(t)w; ;(0) > 0.

437 Proof. Similar to the proof of Lemma we may just assume w; ;(0) > 0.

438 Moreover, we also use the claim as an inductive hypothesis and prove it by induction. Since here the
439 inductive hypothesis states that every entry is in the initial phase, we have

14,5 (1) + Nij(t)] < 4yadfw?. (D.24)
440  We have
w; ;(t+ 1) —w; ;(t) > n(a; + aj)w; ;(0) exp [nt(ai + aj):“;_l] — 2PnyadB?uw? (D.25)
_ 2Pnyad2w?
= w; ;(0) ex t(a; +a;)kt [ a; +a;)—
aJ( ) p [77 ( J) ] 77( J) w; (0) exp [nt(az ¥ aj)K/il]
(D.26)
441 From Assumption[D-4] we have
2PnyadB?w?
MedVY” < 5 piadsis (D.27)
w; ;(0) exp [nt(a; + aj)x~1]
< (1 - ffl/?) n(a; + aj). (D.28)
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Moreover, notice that when £ > 1.1, for any < 0.1, we have s~ /22 + 1 > e" ' Since

Assumption ensured that n < m, we have
Wi+ 1) = i (6) + wis (8) [ n(as +a;)] (D.29)
> wij () exp ((a; + a;)s ") (D.30)
> w; 5(0) exp [n(t + 1)(a; + a;)x '] . (D.31)

Finally, from lemma|D.T] we have when

wi;(t) < |wi;(0)] exp (ni(a; + a;j)k) (D.32)
< Bwexp (2nTiyak) (D.33)
< Ppw, (D.34)

which confirms that every entry (7, j) stays in the initial phase before time 7.
O

Notice that the time bound in Lemma[D.2]is a uniform one which applies to all entries. For the major
entries, we might want to consider a finer bound of the time that it leaves the initial phase. This can
be proved by essentially repeating the same proof idea of Lemma[D.2]

Lemma D.3 (Lower Bounded Initial Growth for Diagonal Entries). Consider an diagonal entry (i,1).
L0 _ 2

and the absolute value of the (i,1)-th entry satisfies

wi i (t) > w;(0) exp [2nta;x "] . (D.35)

T We have for all t € {Tl(i)}, at timepoint t the entry (i,1) is in the initial phase,

We omit the proof of Lemma[D.3]since it is almost identical to the proof of Lemma|[D.2] only with
replacing ya by a; and Sw by w; ;(0).
Next, we characterize the behavior of one diagonal entry after it leaves the initial phase.
Lemma D.4 (Lower Bounded After-Initial Growth for Diagonal Entries). Consider a diagonal entry
(i,4). I at time to we have |w; ;(to)| > PBw, and for a A\ € (Pfw,1 — K~1), before time T™) we
have w; ;(t + to) < A for all t € [T™], then we have

w; i (t+to) > w; i(to) exp [277tai(1 - )\)H_l] ) (D.36)
Moreover, w; ;(0), w; ;(to), wi ;(to +t) > 0.
Proof. Notice that since W = UU | is a PSD matrix, its diagonal entries are always non-negative,
this ensures that w; ;(0), w; ; (to), w; :(to +t) > 0.

For the time after ¢y and before ¢y + 7™, we use an induction to prove the claim, with the claim
itself as the inductive hypothesis. It clearly holds when ¢t = 1.

Notice that when w; ;(t') < A, we have

Gi,j (t,) — Si,j (t/) = 2a¢wiyi(t/) [1 — "wiﬂ'(t/)] Z QaZwm(t')(l — )\) (D37)
Thus we have

wm-(to + t + ].) — wm-(to + t) (D38)
> 2na;(1 — Nw;(to) exp [nt(a; + a;)(1 — A&~ — 2PnpyadBf?w? (D.39)

_ 2Pnyadf?u?
= w;,(t 2nta;(1 — Nk~ |2na; (1 — \) — D.40
sl ot = 0] 2ot =) - o EORERE ] 040

Since A < 1 — K=, and w; ;(to) > 2w > w, from Assumption we have

2P dp2w?
medBw < 2Pnpyadfw (D.41)
wy i (to) exp [2nta; (1 — N)k~1)

<9K~! (1 _ /fl/2> na (D.42)
<9 (1 — ,-fl/?) nai(1— \). (D.43)
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Moreover, since Assumption ensured that n < 5 Kahf b < 20&_(117 L using the fact that if

k> 1.1then k=22 +1>e" % for any « < 0.1, we can get

> w; ;i (t) exp (2nais™" (1 = X)) (D.45)
> w;i(to) exp [2n(t + 1)r™ (1= N)] . (D.46)
O

Next, we provide an uniform upper bound (over time) of the diagonal entries. Remember that we
mentioned in the gradient flow case, the diagonal term stops evolving when it reaches 1. In the
discrete case, since the step size is not infinitesimal, Lemma shows that it can actually exceed 1 a
little bit but not too much since the step size is small.

Lemma D.5 (Upper Bounded Diagonal Entry). For any diagonal entry (i,i) and any time t, 0 <
wm(t) <1+ 2K

Proof. First notice that since W (t) is PSD, its diagonal entry w; ;(¢) should always be non-negative,
thus w; ;(t) > 0 is always satisfied. In the following we prove w; ;(t) < 1+ 2K~ 1.

We use induction to prove this claim. The inductive hypothesis is the claim it self. It is obviously
satisfied at initialization. In the following we assume the claim is satisfied at timepoint ¢ and prove it
for timepoint ¢ 4+ 1. Notice that since K < 10, we have 1 + K -1 <9

Notice that by Assertion[D.T]and Assumption[D.4]

2 o _ (K— 1)2 -1
|Nii(t)| < 2Pyadfw® < K22 < a;. (D.47)
If w; ;(t) > 1+ K, we have
Gii(t) — Sii(t) = 2aw; ; (1 — w; ;) < —da; K. (D.48)
Therefore,
wi’i(t + 1) = ’U}Z"Z‘(t) + n [Gi,i(t) — Si’i(t) — Ni,i(t)] (D49)
<w;i(t) = 3a; K1y (D.50)
< w;4(t) (D.51)
<142K° L (D.52)
Moreover, since w; ;(t) < 1+ 2K ~! < 2, we have
1
Gii ()] + 186, (0)] + | Nii(t)| < 4da; + 4a; + K 'a; < 9ya < ' (D.53)
When w; ;(t) <1+ K1, we have
The above results together shows that w; ;(t + 1) <1+ 2K~ 1.
O

Corollary D.2 (Upper Bounded Diagonal Update). For any diagonal entry (i,4) and any time t,
|wi,¢(t —+ ].) — wm(t)| < KL

Corollary[D.2]is a direct consequence of Lemma[D.3]|(and we actually proved Corollary [D.2]in the
proof of Lemma [D.3).

The next lemma lower bounds the final value of diagonal entries. Together with Lemma we
show that in the terminal stage of training the diagonal entries oscillate around 1 by the amplitude not
exceeding 2K 1.
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Lemma D.6. Consider a diagonal entry (i,1). If at time to we have w; ;(to) > 1 — 2K 1, then for
all t' > tog we have w; ;(t') > 1 — 2K~ 1.

Proof. we use an induction. The inductive hypothesis the claim itself. This obviously holds when
t' = to. We assume w; ;(t') > 1 — 2K~ at timepoint ¢’ and prove the claim for ¢’ + 1.

If w; ;(') < 1 — K1, then from Lemmawe know

wi (' +1) > w () >1—2K 1 (D.55)

If w; ;(¢') > 1 — K, then from Corollary [D.2] we have
wi (' +1) > w ()~ K P >1-2K". (D.56)
O

Now, we are ready to prove Assertion [D.I|by considering the suppression. We first prove a lemma
that upper bounds the absolute value of the minor entries after its corresponding major entry becomes
significant.

Lemma D.7 (Suppression). Consider an off-diagonal entry (i, j) where i > j. If there exists a time
to such that w; ;(to) > 0.8, then for any t' > t, we have

wi j (t")| < max {|w; ;(to)| ,w} . (D.57)

Proof. Since K > 10, from Lemma and Lemmawe know w; ;(t') > 0.8 for all t' > ¢,.

In this proof, we use an induction with the inductive hypothesis being the claim itself, i.e. we assume
the claim is true at timepoint ¢’ and prove it for ¢’ + 1. The claim obviously holds for ¢’ = ¢.

Since in this proof we only use the absolute value of N; ;, WLOG we may assume that w; ;(t') > 0.
If w; ;(t') < w then we have proved the claim. In the following we may assume w;_;(t') > w.

‘We have

1
Gz’,j (tl) — Sy‘,,j (t/) S ’lUiJ' (t/)(ai + aj) — 5101‘7]‘ (t')wi7¢(3ai =+ aj) (D58)
< wm»(t’)(ai + CLj) — Wi 5 (t/) [O4(3al + aj)] (D.59)
1 3
= _gwi,j(t’)a,» + 3ww»(t’)aj (D.60)
(O] 1
< —-C  wa, (D.61)

where in (i) we use Assumption[D.3]

Thus we have

Gij(t'") = Sii(t') = Nij(t') < Gij(t') = Si;(t') + |Nij(t)] (D.62)
< —C rwa 4 2PyadB?w? (D.63)
Y0, (D.64)

where (i) is from Assumption [D.4and Assumption[D.5] This confirms that w; ;(t' + 1) < w; ;(t') <
max {|wi7j (to), w}.

Next, we prove w; ; (' + 1) > —max {|w; j(to)],w}. Notice that Lemma[D.5]stated that |w; ;| < 2.
Notice that we also have w; ;(t') < K~!, thus

|G g ()] + 1S, ()] + [Ny ()] < 10vafw; ; ()] + 2Pyadf*w? (B0
; 10wi,j(t’g|;n2pdﬁ2w2 (D.66)
. W (D.67)
- [wig () +w (D.68)
2n
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We have

wi(t" +1) > wi;(t") — (|G ()] + 18] + [Ni i (#)']) (D.69)
> =n(|Gi i ()] + 1Si,; ()| + [Ni;(¢)]) (D.70)
1
> =5 (jwi; () +w) (D.71)
> — max{|w; ;(t')|,w}. (D.72)
O

With all the lemmas proved above, we are now ready to prove Assertion [D.1]

Lemma D.8 (Assertion|D.1). Forallt € N, ifi # j, then the entry (i, j) stays in the initial phase
for all time.

Proof. Notice that since W is symmetric, we only need to prove the claim for # > j. Moreover,
From Lemma we only need to prove that there exists a timepoint ¢*, such that w; ;(¢*) > 0.8,
and |U}1J(t*)| < Pﬂw

log f&
Let tg = Wﬁo’, by Lemma we have w; ;(to) > Pfw. By Lemma and Lemma M we
t

have for any ¢ > ¢¢ such that w; ;(t) < A, where A\ = 0.85,

wy i () > w; 4 (to) exp [0.317(15 — to)am_l} (D.73)
> Pfwexp [0.377(t - to)am_l] (D.74)
klog 28
Let ¢’ be the first time that w; ;(¢') arrives above 0.8. Let t* = min {# + to, t’} > to. If

log %
t* =/, we have w; ;(¢t*) > 0.8. If t* = —vni® 4 40 we have

2na;k
wy i (t7) > w; ;(0) exp (O.Snt*am_l) (D.75)
0.8
> P I D.76
> BweXp(ogPﬁw> (D.76)
> 0.8. (D.77)

Moreover, from Lemma[D.T]and Assumption[D.3] we have

[wi, ;| (") < |wi,;(0)] exp [nt*k(a; + a;)] (D.78)
K2 log o= PB La
Bw w a; + a;
< I .
- BW b [( 0.15 * o8 ’LUlz(O) x 20,1’ (D 79)
1 , ,
< Bwexp | (1062 1og —— +log PR | x L% (D.80)
PpBw 2a;
< Buexp [log(P)] D31
< Puwp. (D.82)

The claim is thus proved by combining the above bounds on [w; ;(t*)| and w; ;(¢*) with Lemma|[D.7}
0
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E Debunking Challenge Submission

E.1 What commonly-held position or belief are you challenging?

Provide a short summary of the body of work challenged by your results. Good summaries should
outline the state of the literature and be reasonable, e.g. the people working in this area will agree
with your overview. You can cite sources beside published work (e.g., blogs, talks, etc).

People generally believe that double descent with respect to training time (or “epochwise double
descent”) only happens either 1) with large step size or noisy training process; or 2) under over-
parameterized settings.

E.2 How are your results in tension with this commonly-held position?

Detail how your submission challenges the belief described in (1). You may cite or synthesize results
(e.g. figures, derivations, etc) from the main body of your submission and/or the literature.

In Section[3.2] we show a epochwise double descent phenomenon that happens when using large
training set and small step size. Our theoretical analysis in Appendix [A.2]shows that even in gradient
flow (infinitesimal stepsize) and infinite data limit, this epochwise double descent still exists (see
Figure[7). This suggests that the epochwise double descent found in our setting is not introduced by
noise in the training or overfitting the data but an inherent property of the task itself.

We note that this contradictory comes from the out-of-distribution nature of the SIM task we consider:
when training is noiseless and model is under-parameterized, generally there will not be in-distribution
epochwise double descent, but once we consider an out-of-distribution task, even if it is as simple as
learning identity mapping, there can still be epochwise double descent.

E.3 How do you expect your submission to affect future work?

Perhaps the new understanding you are proposing calls for new experiments or theory in the area, or
maybe it casts doubt on a line of research.

We would like to call for the awareness of this kind of epochwise double descent that is intrinsic to
certain OOD tasks. Since SIM is a very simple toy task but still show epochwise double descent, we
hypothesize that this kind of epochwise double descent might presence across many tasks. It is also
an important direction for future work that to (either empirically or theoretically) fully characterize
the scenarios that has this kind of epochwise double descent. Specifically, since it is not caused by
training or (in-distribution) generalization issues, it is likely caused by the structure of the input data.
Therefore, to determine what kind of input data structure will / will not cause this kind of epochwise
double descent is a very interesting direction to explore.
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