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Abstract

We close open theoretical gaps in Multi-Agent
Imitation Learning (MAIL) by characterizing
the limits of non-interactive MAIL and pre-
senting the first interactive algorithm with
near-optimal sample complexity. In the non-
interactive setting, we prove a statistical lower
bound that identifies the all-policy deviation
concentrability coefficient as the fundamen-
tal complexity measure, and we show that
Behavior Cloning (BC) is rate-optimal. For
the interactive setting, we introduce a frame-
work that combines reward-free reinforcement
learning with interactive MAIL and instanti-
ate it with an algorithm, MAIL-WARM. Tt
improves the best previously known sample
complexity from O(e~8) to O(¢~?2), match-
ing the dependence on ¢ implied by our lower
bound. Finally, we provide numerical results
that support our theory and illustrate, in envi-
ronments such as grid worlds, where Behavior
Cloning fails to learn.

1 INTRODUCTION

More and more Al systems are deployed in real-world
scenarios. This naturally leads to Al systems inter-
acting and adapting their behavior to each other.
Importantly, this interaction can be captured as a multi-
agent system [Hammond et al. 2025], and since reward
functions are often inaccessible, learning directly from
expert demonstrations via Imitation Learning (IL)
becomes especially compelling. To capture expert
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behavior without knowing a reward function, IL
serves as a great framework, showcasing impressive
empirical success in single-agent settings |[Torabi et al.,
2019, |Jain et all 2025| [Foster et al., [2024] and strong
theoretical guarantees |[Foster et al.l |2024) |Viano et al.
2024, [Rajaraman et al., [2020]. However, applying IL
to multi-agent systems remains largely underexplored.
In particular, previous works [Yu et al) [2019} |Song
et al. 2018, Bui et al., 2024] are mostly empirical and
they lack theoretical guarantees. Moreover, they often
fail to capture the potentially strategic behavior of
agents acting in multi-agent systems since they are
not designed to learn a Nash equilibrium profile.

Closer to our work, Tang et al.|[2024] showed that
optimizing the objective that captures these strategic
behaviors, namely the Nash Gap, is hard. In particular,
they provide guarantees for BC, assuming that the
equilibrium profile generating the data assigns strictly
positive probability to every state. More recently, |[Frei;
haut et al. [2025] dropped this assumption and proved a
tighter BC guarantee involving the all policy deviation
concentrability coefficient Cyhax. On an intuitive level,
Cmax quantifies the coverage only of the states that
can be reached by a best response against an arbitrary
policy. Their work considers two settings. In the non-
interactive setting, the learner receives a fixed dataset of
expert trajectories and cannot query the expert further.
In the interactive setting, the learner is allowed to query
the expert at states encountered during training. In
their work and also this work, the experts are assumed
to be playing according to a Nash equilibrium strategy
(u®,v®). For the non-interactive case, they showed that
dependence on C(u¥, ") is unavoidable. Informally,
C(uP, v®) describes the coverage of states reachable un-
der all potential Nash equilibria. If C(u®, v'¥) is infinite,
then no algorithm can succeed, even with unlimited
data. They removed the C(u¥,v") dependence in the
interactive setting, introducing MURMALIL that comes
with a sample complexity of order O(¢~%) independent
of C(u®,vE).
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However, the authors left open several questions, which
we address in this work. The first concerns the non-
interactive setting and is presented next.

Open Question 1 Does there exist a non-interactive
MAIL algorithm with guarantees featuring only
C(uP,v®) and not Crax ?

Answering this question is crucial for both theoreti-
cians and practitioners, as it clarifies when applying
BC as an algorithm is appropriate and when, instead,
an interactive expert is required. Moreover, in the in-
teractive setting, the guarantees for MURMAIL scales
suboptimally with the game parameters and precision
. Therefore, it is natural to ask:

Open Question 2 Can we design an algorithm which
outputs an e-approrimate Nash equilibrium with the
optimal order of expert queries, which is O(e=2) #

In this work, we answer these questions with the fol-
lowing contributions:

1. We construct a Markov game where, even if
C(p®, v®) is bounded, no non-interactive Imitation
Learning algorithm can learn an e-Nash equilib-
rium from data. Surprisingly, the construction is a
striking simple Markov Games with 3 states only.

2. Additionally, with the same construction, we show
that the all policy deviation concentrability co-
efficient Cmax, which upper bounds C(u¥,v%),
is the fundamental quantity of non-interactive
MAIL by proving a statistical lower bound of
order Q(Cpaxe™?) on the sample complexity of
any non-interactive MAIL algorithm. This con-
struction answers Open Question 1 in the nega-
tive. Moreover, since [Freihaut et al.| [2025] proved
an upper bound for BC of order O (CYQMX ?), we
conclude that BC is rate optimal in the non-
interactive setting. Indeed, BC matches the opti-
mal e-dependence, and the gap between the BC
upper bound and the information-theoretic lower
bound is only polynomial in the concentrability
and in the parameters of the game.

3. For the interactive setting, we provide a new frame-
work, that combines reward-free exploration with
(interactive) Multi-Agent Imitation Learning. This
allows us to derive a new algorithm, namely MAIL-
WARM, that improves the best currently known
sample complexity of MURMAIL from O(e~%) to
O(e72), matching the lower bound in ¢ in this
setting. This provides a positive answer to Open
Question 2.

4. We empirically demonstrate the effectiveness of
our algorithm, showing that it outperforms other

interactive Multi-Agent Imitation Learning algo-
rithms in settings where BC fails to recover an
e-Nash equilibrium.

A complete summary of our results can be found in
Table [l

2 PRELIMINARIES

We start by formalizing the concept of two-player zero-
sum Markov games.

Two-player zero-sum Markov game A finite-
horizon two-player zero-sum Markov game is described
by the tuple G = (H,S, A, B, P,r,dy), where S is a
finite state space of cardinality S := |S|, A and B
are the finite action spaces of cardinality A := |A|
and B := |B| for player 1 and player 2, respectively.
Moreover, let Ap.x = max{A, B} be the cardinality
of the largest action space. The transition dynamics at
each time step h € {1,..., H} := [H] are governed by
an (unknown) transition kernel Pj, € R¥4B*5 and the
reward function 7, € [—1,1]°4% assigns a scalar payoff
to each state-action triplet. The game starts from an
initial state Sy ~ do, where dgy is a distribution over S.

In this setup, player 1 seeks to maximize the total
reward, while player 2 aims to minimize it, leading to
the zero-sum property: for any (s,a,b) € S x A x B
and all h € [H], it holds that 7} (s,a,b) = —r7(s,a,b).
Hence, we omit superscripts and refer to the reward as r.
A (stochastic) Markov policy for player 1 is denoted by

n:SxH — Ay, and for player 2 by vy, : SXH — Ag,
where A4 and Ap denote probability simplices over
actions. Moreover, we will use II,,, II,, to denote the set
of all Markov policies for the p and v player respectively.
We denote a policy p of a game as a set of policies
p:={up L, and similar for v := {v, }L .

Let {(Sh, An, Br)}}L, denote the stochastic process
induced by a policy pair (u,v) acting in a Markov
game G. Then, the value function and state-action
value function are defined as:

Sh = S‘| 5

Sh—S Ah—a Bh—b

V/"/v .—

Z (Si, Ay, By)
=h

Q1" (s,a,b)

H
=E lzrt SnAt,Bt)

t

We also define the (unnormalized) state visitation dis-
tribution at stage h € [H] induced by the policy pair
(1, v) as follows:

di”(s) == Eu [Lys,=sy | So ~ do] -
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Table 1: For simplicity, we report results for the two-player zero-sum setting with horizon H, finite state space
S, finite action spaces A, B. Let Apax = max (|A],|B|). For a fair comparison, we restate the results of [Freihaut
et al.|[2025] in the finite-horizon setting. Indeed, we have verified that the results prove therein transfer to the
finite-horizon setting. The column Expert Data reports the number of data collected in either the interactive or
non-interactive setting to attain a Nash gap bound of order O(g).

Algorithm Expert Data Queriable Expert
BC (Analysis in [Freihaut et al.|[2025)) | O %) X
Lower Bound (This work) Q (C“‘%) X
MURMAIL [Freihaut et al.| 2025 O (25 A
MAIL-WARM)(This work) O (15 o
Lower bound (This work) Q2

Fixing the policy of one agent reduces the Markov game
to a Markov decision process (MDP). For example, if
player 2 follows policy v, then the effective transition
dynamics under (s,a) are:

Py (s' ] s,a) = Zuh(b | $)Py(s" | s,a,b).
beB

A similar expression holds when p is fixed.

The best-response set for each player against a fixed
policy of the other is defined as:
N7

br(v) := arg m%x<d0, V§er).

pell,

Equivalently for the second player, we have br(u) :=
argmin, e, (do, V§""). Notice, that the best-response
may not be unique, therefore br(u) and br(v) are sets
in general. On the contrary, the corresponding value
in zero-sum games is unique. A pair of policies (u*, v*)
forms a Nash equilibrium (NE) if they are best re-
sponses to each other.

To quantify how far a policy pair is from an equilibrium,
we define the Nash gap:

Nash—Gap(,u, y) = <d07 VOM*,V _ V'O/J«;z/*>.

This measure satisfies Nash—Gap(u, v) = 0 if and only
if (u,v) is a NE, and is strictly positive otherwise.
Another important property of zero-sum games is that
the set of Nash equilibria is convex.

3 SETTING AND MAIN RESULTS

In Multi-Agent Imitation Learning (MAIL), the objec-
tive is to design an algorithm Alg that, after accessing
poly(e~1) actions sampled from the expert policies, re-
turns a pair of policies (i, V) such that the expected
Nash gap is bounded:

Eaig [Nash—Gap(i1, V)] < e. (1)

This formulation captures the goal of learning ap-
proximately optimal behavior in competitive settings
through selective expert guidance.

Furthermore, we differentiate the two following settings:

e We refer to non-interactive Multi-Agent Imi-
tation Learning as the setting where a dataset
is precollected from Nash equilibrium policies
(u®,vF). In particular, states are sampled as

AN . .
{5;1}1':1 ~ pp € Ag, while actions are sampled
N . O N .
as {a}LI}i:I ~ pB(-]si) and {bZ}iﬂ ~ vE(sh).
Once the dataset is received, the learner can no
further interact with the expert policies during the
learning process.

e In interactive Multi-Agent Imitation Learning,
the learner can query the expert on demand. The
learning process unfolds over multiple rounds of
interaction with the environment. During each
round, the learner deploys a policy pair to collect
a trajectory and may query the expert at any
visited state.

Non-interactive MAIL has the advantage of avoiding
a queriable expert, but in that setting, the theoretical
bounds are worse. In contrast, interactive Imitation
Learning algorithms can achieve statistical bounds in-
dependent of C(u¥, ), but this setting captures a
smaller subset of real-world scenarios, as a queriable
expert might not always be available.

3.1 Main result in non-interactive MAIL

In this section, we present our main result that solves
a question left open by |Freithaut et al., [2025]. We
consider the finite-horizon setting, which can be related
to the discounted case through the effective horizon
H =~ S In order to state the theoretical gap we
need to give some context which we introduce next.
We adapt the concentrability coefficient from [Freithaut
et al.|[2025] to the finite-horizon setting. For a policy



Rate Optimal Learning of Equilibria From Data

pair u,v and dataset state distribution p := {ph}hH:1
it is defined as

dHE,V*
C(p,v) ;= max{ max max |2
v*€br(p) he[H] Ph
o0
dy

max max
p* Ebr(v) he[H)

1

In most common non-interactive situations, we have
Ph = dZE’VE where ;F, v is a possible Nash equilibrium
profile. They showed that if C(u®,v*) = 0o any non-
interactive Multi-Agent Learning algorithm suffers from
a Nash gap of the order of the horizon H. Defining
Cmax = max,, C(p,v) , [Freihaut et al| [2025] also
presented a behavioral cloning analysis showing that

o (Cfnaxs”) samples are needed to learn a policy pair
i1, v achieving the learning goal given in . Clearly,
we have that Cpax > C(u¥, V), therefore there is a gap
between the upper and the lower bound. In particular,
given only the results of [Freihaut et al.|[2025] it is not
clear if BC or another non-interactive MAIL algorithm
can learn when C(u", v®) is finite while Cpax is infinite.
The following result closes the gap in the negative
excluding the possibility that a non-interactive MAIL
algorithm can avoid the dependence on Cyax in its
sample complexity.

Ph

Theorem 3.1. Let f,0 be the output of a non-
interactive MAIL algorithm Alg.  Then, for any
Alg, there exists a Markov game such that satisfying
Ealg [<d0,V“*’D — v >] < O(e) requires an expert
dataset of size N = Q(Cupx).

2

The same construction gives the following corollary for
unbounded Cpax.

Corollary 3.1. For any non-interactive MAIL
algorithm Alg, there exists a Markov game G
with C(uP,v®) < o0 and Cupax = 00 where
Earg [(do, V"7 = VE)] > £5E

The lower bound therefore excludes the existence of non-
interactive MAIL algorithms improving the dependence
on ¢ on the sample complexity bound for BC and that
avoids the dependence on Cyax. Moreover, Corollary[3.]
shows that it is possible to construct games with small
C(1¥,v¥) but unbounded Cpax. In this regime, the
results of [Freihaut et al| [2025] cannot characterize
the behavior of BC, whereas our results predict that
learning in a non-interactive setting with unbounded
Cmax is not possible.

3.2 Main result in interactive M AIL

This section presents our main result for the inter-
active MAIL setting, focusing on our new algorithm
MAIL-WARM (see Algorithm . To provide context,

Freihaut et al. [2025] introduced MURMAIL, the first
interactive MAIL algorithm with theoretical guarantees.
Their analysis shows that avoiding the concentrability
coefficient C(u®, v®) requires a queriable expert. While
this enables effective minimization of the Nash Gap, it
comes at the cost of O(e78) expert queries.

This raises a gap: when the concentrability coefficient is
small and bounded, non-interactive imitation learning
algorithms can outperform existing interactive methods.
To close this gap, we introduce MAIL-WARM (Algo-
rithm , which reduces the required number of expert
queries from O(e78) to O(c~2) by leveraging a reward-
free warm-up phase. As a result, the sample complexity
of interactive MAIL becomes comparable to the Be-
havior Cloning upper bound, while entirely removing
dependence on the concentrability coefficient.

Since each trajectory collection queries the expert H
times, the total number of expert queries is bounded

by O(NH) = O<H7SJA2B;2°g(S/5fa“)) . In contrast to
MAIL-BRO |Freihaut et al., 2025], our approach re-
quires no additional assumptions such as access to a
best-response oracle, which takes an input the policy
of one player, and outputs a best responding policy
for the other player. Up to problem-dependent factors
in H, S, A, the rate matches that of Behavior Cloning
but crucially avoids reliance on the concentrability
coefficient, which can be unbounded and cause non-
interactive methods to fail. Thus, MAIL-WARM im-
proves the best known guarantees by an order of 6.
Moreover, by adapting the construction from Theo-
rem we show that the rate O(¢72) is optimal.

The following theorem states our main guarantee for
MAIL-WARM.

Theorem 3.2. For any € > 0 and dgp € (0,1) if we
6 @3 43

run Algom'thm setting N = O(22 Ama’;éog(s/‘sfa“))

and No > O (S3A42%, HC3/e), where 1y =

log(SAH/pd), we get with probability 1 — ¢y for the

policies (i, V) that

Nash—Gap(p, v) < O(e).

This result establishes a sample complexity guaran-
tee of O(e72), which matches our lower bound and
is therefore rate-optimal in the sense that the depen-
dence on ¢ cannot be improved. Consequently, MAIL-
WARM achieves the optimal sample complexity in the
interactive setting, closing the remaining theoretical
gap in interactive MAIL.

4 LOWER BOUND

We now provide intuition for our lower bound result.
The key insight is that the boundedness of the con-
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centrability coefficient C(uf v¥) is not sufficient to
guarantee that a non-interactive imitation learning al-

gorithm outputs an e-Nash equilibrium.

The reason is that bounded C(u®,v®) only guarantees
that all states that can be visited by rational deviations
have positive probability under the dataset distribution
p. By rational deviation, we mean that the opponent
might choose to act only according to policies which are
guaranteed not to be exploited by a Nash equilibrium.
However, we show that the opponent could exploit the
output of a non-interactive MAIL algorithm deviating
irrationaly, in the sense that such deviation would be
exploitable by a Nash profile. Bounded Cy,ax imposes
that also the states reachable by irrational deviations
are covered by the sampling distribution p.

To illustrate this, consider the Markov game instance
from Theorem depicted in Figure [I} Both agents
start in state s;, where agent 2 controls the transi-
tion: action b; leads to so, while action by leads to
s3, regardless of agent 1’s choice. The rewards are
r(s1) = r(s2) = 0, while in sz the agents play a normal-
form game with Nash value of 1. Importantly, in equi-
librium, both players visit only s; and s; when acting
according to a NE, which ensures that C(u®,vF) is
bounded. However, since the learner never observes
equilibrium play in sz, it cannot recover the correct
Nash strategy for agent 1 in that state. This allows
agent 2 to deviate irrationaly by choosing b, and exploit
the learner in sj3.

The lower bound is established with well-established
information techniques (see e.g. [Lattimore and
Szepesvari, [2020]) by constructing a family of two
Markov games in which the payoff structure in s3 corre-
sponds to different versions of Matching Pennies, with
the unique Nash value differing by . Distinguishing
these two games requires 2(¢2) samples. Since s3 is
visited only Cyax many times under the expert equilib-
rium, a non-interactive learner cannot collect enough
data to resolve this ambiguity, which yields the lower
bound in Theorem 3.1l

A detailed proof is provided in Appendix

()

a1bz, azbs

a1by, azby

Figure 1: Markov game instance used for the Lower
bound.

5 INTERACTIVE MAIL
ALGORITHM

In this section, we describe our proposed algorithm
MAIL-WARM in detail. The algorithmic pseudocode
can be found in Algorithm[I] In the first phase, we loop
over states and stages. For each s,h € S x [H], we in-
stantiate a reward-maximization problem in which the
only nonzero, positive reward is obtained by reaching
state s after h stages in the MDP induced by fixing the
v-player to follow the Nash equilibrium policy v®. At
line 6, this RL problem is solved via EULER |Zanette
and Brunskilll [2019], which outputs a sequence of Ny
policies satisfying a first-order regret bound. At line 8§,
we set the policies at all stages after h to be uniform.
This choice is arbitrary, the effective reward instance
has an horizon of length A and the policy can be ar-
bitrary set after step h without changing the regret
properties. At the end, of the initial for loop we obtain
a policy set g containing SH Ny policies. Next, we
can exploit this set to construct an exploratory dataset
Dv" of N state action sequences in the Markov game.
A trajectory is collected fixing the v-player to the strat-
egy v® while the i player acts according to a policy
sampled uniformly at random from the set ¥* . Re-
peating the sampling process for choosing the policy
of the player p, N times, gives the desired dataset.
Switching the player that remains fixed and reapplying
the same procedure, we obtain the exploratory dataset
Dr” for the single player MDP induced by fixing the
p-player to the policy u. Finally, the last step is to
use the datasets D* and DY in lines 19 and 20 to
apply behavioral cloning over the state-action pairs in
these datasets.

All in all, our new algorithm is based on the intuition
of using a reward-free routine to design an exploratory
dataset over which we can prove benign bounds for be-
havioral cloning which are actually independent of the
concentrability factor. This is without contradiction
with our lower bound since in the dataset construction
phase we used interaction with the expert.

Compared to MURMAIL and MAIL-BRO by [Frei]
haut et al| |2025], our new algorithm requires nei-
ther a best response oracle nor to compute the max-
imum uncertainty response by solving a RL inner-
loop at every iteration. In particular, the maximum
uncertainty response in MURMAIL required to com-
pute at each iteration k& € [K] an RL problem with
reward ||vi(-|s) —I/E(~|S)H2. In comparison, MAIL-
WARM solves only SH RL problems with rewards
independent of a particular policy vg. Since the num-
ber of RL problems no longer depends on K, MAIL-
WARM achieves better guarantees.

This intuition is formalized in the next section, which
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Algorithm 1 Multi-Agent Imitation Learning with
reward-free warm-up (MAIL-WARM)
1: Input: iteration number Ny, N, queriable expert
E
ve.
: Reward-free warm-up phase:
. set policy class ¥¥ <« (), and dataset D < 0.
: for all (s,h) € S x [H] do
TZE (s',a') < 1]’ = sand K’ = h] for all
(s',d/,h) e S x Ax [H].

6: { (”L’}Z leEULER(

7. Let ®(h) <—{ (s, h)}
=1

© e (+]s) < Unif(A), Yu € &) Vh' > h.

9. W wyebh),

10: end for

11: forn=1...N do

12: sample policy p ~ Unif(\IJ”E).

13: Collect z, = (s1,a1,b1,...,8H+1) ~ W,V

4. D"« D" U{z}

15: end for

16: Repeat: the reward-free warm-up phase ﬁxmg uf
for fixed uP generatlng the policy set U+ and the
dataset DH".

17: Receive: datasets (D"

18: Imitation Learning

19: Use dataset D¥" to compute

U = argmin Z

vell,
s,bED”

TUA W N

" No, P'").

D).

—logv(b|s)

20: Use dataset D*° to compute

21: Return Nash estimate (i1, 7).

presents the key steps of the proof of Theorem

6 ANALYSIS

The goal of this section is to prove our main result
stated in Theorem We begin by presenting general
results on the reward-free algorithm of [Jin et al.[[2020],
applied to the single-player MDPs that arise when
one of the two players is fixed to the queriable expert
policy. Then, we show how analyzing Behavior Cloning
on the dataset generated during the reward-free warm-
up phase can be used to effectively minimize the Nash

gap.

6.1 Phase 1: Reward-free Warm-up

As evident from the algorithm presentation, the core
concept of the analysis is the single-agent MDP induced
by fixing one of the two players to the policy of the
queriable expert.

Definition 6.1 (Expert Induced MDP). Let G be
a Markov game and %E vE the expert policies, then
M = (S, A, pv° " H) is the MDP induced by the

H
expert v® with the transition model P = {P,‘Z’E}
h=1
with P}’L’E (s' | s,a) ==Y pegvr(b| s)Pu(s' | s,a,b) and
H
an arbitrary reward function = {r}’;E} , such
h=1

that TZE (s,a) € {0,1} V(s,a) € S x A. Analogously

we define M*” as the MDP induced by the expert policy
E

e
Notice that the reward function in the induced ex-
pert MDP is not related to the true unknown re-
ward function of the original Markov game, instead
it is used for exploration purposes as shown in Algo-
rithm [I With this definition, we can state a funda-
mental result about the reward-free warm-up phase.
In particular, Theorem states that using the distri-
butions pﬁzE(s7 b) == (NoSH) 'Y cqum d‘gE’”(s)y(b|s)
and pY” (s,a) == (NgSH)™! PO dﬁ’”E (s)u(als) to
generate the dataset (that is using them as distribution
p) guarantees a benign bound on the coverage over the
set of J-reachable states of any possible occupancy mea-
sure in the induced MDPs. By coverage, we mean the
ratio maxg p, dﬁ’”E(s, a)/p}VLE(s, a) which at an intuitive
level can be thought at the average number of times
one needs to sample from p”E before hitting a state
action pair which has probability dn” (s,a) under the
policy pu.

Technically, the result is obtained applying Theorerg
3.3 of Jin et al.|[2020] twice in the induced MDPs MY

and MH" .

Theorem 6.1. Let MY" be the mduced MDP defined
n Deﬁmtwn and the policy T set generated ac-
cording to Algorithm[1l Then there exists an absolute
constant ¢ > 0 such that for any e > 0 and p € (0,1), if
we set No > c¢S?AHYE /6, where 1o := log(SAH/pd),
then with probability 1 — p, the reward free exploration
returns a sampling distribution p"E such that for all
pe I,

E
dﬂ,l’
V8 — significant(s, h), max w < 2SAH,
ah pp-(s,a)

where (s, h) is 6 —significant, if the probability to reach

a state s at step h in the induced MDP MY" s lower
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bounded by §:

E
max di” (s) > 6.
I

Analogously, we get the same result for §-Ereachable
states in MF* with sampling distribution p* .

For convenience, we Wﬂé denoteE the set of §-significant
states in the MDP M as Sf;,. For the other player,

Ss. ]2 is defined analogously.

In reward-free RL this dataset is taken to enable learn-
ing against any reward function. Here, instead we
find a new interesting use case of the warm-up phase
which is to use the generated datasets D and D"
for running behavioral cloning.

In particular, we can perform a change of measure to
avoid the need of sampling states according to the occu-
pancy measure of the best response policy which cannot
be computed. Given the good coverage properties of
the distributions p”E and p“E, the change of measure
creates an increase in the number of needed samples
of at most SH A,ax. Since the increase is independent
on the desired accuracy € we can retain the optimal
O(e72) rate.

Next, we can see how the coverage property in Theo-
rem enables to prove Theorem

6.2 Phase 2: BC over the datasets generated
in Phase 1

In the last section, we have seen how one can construct
datasets D¥" and DH" using ideas from reward-free RL.
We will use the coverage property of these datasets on
top of the following exploitability decomposition.

Lemma 6.1. FEzploitability decomposition
For any policy pair v,v/', let TV(y,V)(s) =
> e lv(bls) = V' (bls)|. It holds that

H
<d0, yH Vﬁ7’/*> <2H Z Z Errp, ().

h=1ne{p,0}

where Erry, (D); = max,, cbe(v,) ]ESNdZ’UE [TV (ug7 ﬁh) (s)]

and Errp, (f1); = max,, cpr(j,) ]ESNdZEW [TV (u]}?, ih (3)] :

Now, we can see that the expectation in the definition
of Err(?) depends on pu,v®, where u € br(v) is one
best response to the estimated expert. Bounding this
term is challenging because the reward function is un-
known, so br(7) can neither be computed nor bounded
using optimistic estimators. Equivalent considerations
hold for Err(j1). However, we can here make use of
the reward-free warm-up phase. In particular, we can

use the constructed distribution pZE to perform the
following change of measure, and rewrite Err,(#) in
the following way

Erry(2) = Y N wil(s,a)py (s,a)TV (vF, ) (5)

s€Ss acA

:=Erry, (13;5(’5’]2)

+ Z Z max dZ’”E(S,a)TV (V;}?,l//\h) (s),
s¢Ss GEAHEbr(V)

:=Erry, (ﬁ;ggli)

where we introduce the importance weight correction
dﬁ"’E (s,a)
4 15,9)
Py (s,a)

ang we split the sum over the §-significant states set
S5, from the sum over the not significant states set

denoted by 5}5’72 = S\S§ ]:L At this point, we can bound
Erry, (05 8§ ]Z) using Theorem which implies that for

any s € S(’ii it holds that maxpe(s)qea w)(s,a) <
25 AH. In this way, we obtain

This term is now easy to bound since 7 is computed
as the minimizer of the log loss over the dataset D
which is sampled from the distribution pZE. A standard
concentration inequality for the log loss minimizer (see
Lemma guarantees that with probability at least
1 — bgain/2

wY(s,a) defined as wY(s,a) := max, cr(p)

Brry (7 S5 ) < 2SAHE,_

Erry (7; 85,) < 8SAH %

Using the same analysis switching the roles of the
players ensure that

SAlog(4S/6¢ai) Oail
—_—— w.p. l——.

N Wb ST
Finally, by definition of the set S, it follows that the
error term contribution coming from the non significant
states can be bounded as

Erry,(fi; SY) < SAS,  Ern, (9 8Y)) < SBS.

All in all, we obtain that with probability at least 1 —
Stait it holds that (do, V#"* — VA*") can be bounded
by

Erry (fi; SY,) < 8SBH

( \/ S3A3 _HSlog (45/85a1)
0 N

+ SAmax6> .

Therefore, selecting § = O(s/(SAmang)imd N =

S3A3  HOlog(45/8¢a;
(9( max e (4S/6¢ain)

. proves Theorem

In Appendix [C.4] we show that our approach translates
to the n-player general-sum setting smoothly without
incurring a sample complexity exponential in the num-
ber of players.
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(a) Lower bound

(b) Gridworld 1

(b) Gridworld 2
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Figure 2: Exploitability of BC in the lower-bound Markov game and comparison of imitation learning algorithms
in Gridworlds for a pure NE expert (Gridworld 1) and a mixed one (Gridworld 2).

On the rate optimality for MAIL-WARM The
rate optimality of MAIL-WARM follows from an even
simplier construction compared to Figure [} In partic-
ular, consider a single state Markov game where the
payoff matrices are given by the perturbed Matching
Pennies game used in s3 of Figure [l We can estab-
lish with the exact same proof of Theorem [3.1] that
Q(e72) expert queries are absolutely necessary even in
interactive MAIL.

7 NUMERICAL VERIFICATIONS

In this section, we provide some numerical verifications
supporting our theoretical analysis. First, we consider
the Markov game used for the lower bound (see Figure
. Additionally, we compare BC, MURMAIL and
MAIL-WARM in a zero-sum Gridworld. The 3x3
Gridworld, visualized in Figure [4] has 72 states, where
each state indicates the position of both players. Both
agents cannot be at the same position. In the top
right corner of the Gridworld, there is a goal state. If
an agent reaches the goal before the other agent does,
this agent receives a reward of 1, and the other agent
gets a reward of —1. Gridworld 1 and 2 refer to the
same environment described above, the only difference
is that in Gridworld 2 we consider observing data from
a mixed Nash created taking convex combination of
multiple Nash equilibria. Therefore, the dataset state
coverage in Gridworld 2 is better. For these created
games we run a Nash equilibrium solver, zero-sum
Value Iteration [Perolat et al.,|2015], to obtain the Nash
expert policies (1", v"). We repeat this for every game
10 times across varying seeds. To plot the performance,
we compute the exploitability of the estimated experts
for different sample sizes of the sampled states from the
obtained dataset, i.e. the expert queries. We plot the
average obtained exploitability across games and trials
as well as the standard deviation for the different sizes.
In Figure [2, we quantify the expected behavior for
BC in the hard instance used for our lower bound. We
observe that BC’s performance degrades as the state

coverage decreases and that BC is not able to learn
if Cpnay is infinite, even though C(uf,v®) is constant
in all considered environments. This verifies that Cpay
and does not C(u”, v¥) predict the performance of BC
and any other non-interactive MAIL algorithm.

Interestingly, we observe that BC suffers from a con-
stant Nash Gap in both described Gridworld set-ups.
In picture (b), the Nash Gap of BC is higher compared
to picture (c) as the expert data has better coverage.
In contrast to BC, we observe that for MURMAIL and
MAIL-WARM, the exploitability decreases with the
amount of expert queries and is independent of the
expert coverage. However, MAIL-WARM outperforms
MURMAIL requiring significantly fewer expert queries
to minimize the Nash Gap.

8 CONCLUSION AND FUTURE
DIRECTIONS

In this work, we resolved Open Question 1 for the
non-interactive setting and Open Question 2 for
interactive MAIL. For both cases, we established rate-
optimal results, showing that the dependence on ¢
cannot be improved.

Our analysis leaves several important directions open.
First, while we have closed the gap in e-dependence,
optimal guarantees with respect to other problem pa-
rameters S, A, and H remain unknown.

Second, our results are developed in the finite-horizon
setting. Extending them to the infinite-horizon case is
non-trivial, since the reward-free warm-up phase relies
on regret guarantees of the EULER algorithm that are
specific to finite horizons (see Section 8 in [Zanette and
Brunskill| [2019]). Whether analogous results can be
obtained in the infinite-horizon regime remains an open
challenge, and progress in this direction could be of
interest independent of MAIL.

Third, we provided a Markov game (Figure , where
Cmax can be computed explicitly. However, even in
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simple environments such as Gridworld, this calculation
becomes challenging. As Cpax is the key fundamental
quantity describing the hardness of non-interactive
MALIL, developing efficient methods for calculating it
would be highly valuable. In particular this would help
to clarify the practical feasibility of behavioral cloning
in standard MARL benchmarks.

Finally, a next step is to extend our results to the
non-tabular case and to provide deep MAIL algorithms
building on our framework.
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Supplementary material

A Related Work
The related works can be split into into Multi-Agent Imitation Learning and reward-free Reinforcement Learning.

Multi-Agent Imitation Learning Most of the works in Multi-Agent Imitation Learning are on the empirical
side. Some works consider the cooperative setting, meaning that each agents maximizes the same reward function
[Bui et al., [2024, [Le et al., [2017, Bui et al., [2025, |2023|. This line of work does not necessitate any equilibrium
solution framework, which is essential for our work. [Yu et al.| [2019] or |Song et al. [2018] extend the framework of
adversarial imitation learning to the multi-agent setting. In particular, [Song et al,|[2018| extend GAIL |[Ho and
Ermonl |2016] to the multi-agent setting. While the authors consider Nash equilibrium experts, their theoretical
results require a unique Nash equilibrium solution, which rarely holds in Markov games. [Yu et al.[2019] consider
inverse reinforcement learning and introduce regularization to make the Nash equilibrium, technically not a Nash
equilibrium anymore, unique. In this work, we consider Nash equilibrium experts, the most common solution
concept in Markov games, without any additional assumption.

In the context of mean-field games, Ramponi et al|[2023] were the first to study imitation learning through the
lens of the Nash Gap. For general n-player games, the seminal work of [Tang et al.|[|2024] established fundamental
hardness results for minimizing the Nash Gap. They provided guarantees for behavioral cloning (BC) under the
assumption that the Nash equilibrium policy profile generating the data visits every state with positive probability.
The closest line of work to ours is that of [Freihaut et al.| [2025], who extended these results in several directions.
First, they showed that the strict coverage assumption of [Tang et al|[2024] can be dropped, and instead provided
a tighter BC guarantee in terms of the all-policy deviation concentrability coefficient Cy,.y. Their analysis also
established a fundamental separation between two settings. In the non-interactive setting, where the learner only
has access to a fixed dataset of expert trajectories, they proved that the dependence on C(u¥, v¥) is unavoidable.
In particular, if C(u®, v®) is infinite, then no non-interactive algorithm can succeed, even with unlimited data
and known transitions. In the interactive setting, they introduced the first algorithm with sample complexity
guarantees, MURMAIL, which achieves (5(5_8) queries, independent of C(u, v¥). Our work sharpens these results
in both regimes. In the non-interactive case, we close the theoretical gap by identifying the precise dependence
on Cpax and proving that behavioral cloning is rate-optimal. In the interactive case, we propose a new framework
that reduces the query complexity to (5(5’2), matching the dependence on ¢ implied by our lower bound.

Reward-free Reinforcement Learning In their seminal work, Jin et al. [2020] introduced the framework of
reward-free reinforcement learning in the single-agent setting. The central idea is to construct a dataset without
knowledge of the reward function that provides sufficient coverage of the environment so that an optimal policy
can later be learned for any reward specified afterward. The framework naturally decomposes into two phases:
an exploration phase, where trajectories are collected to ensure broad coverage, and a planning phase, where
the collected data is used to compute an e-optimal policy once a reward is revealed. Their proposed algorithm
. . . . A H®S2%2A
achieves this goal with sample complexity of order O(

2
bound of Q(Hl‘zzA).

), and is accompanied by a nearly matching lower

This gap has since been closed progressively. [Kaufmann et al. [2021] improved the upper bound to (’j( 1! 45522A), and

Ménard et al| [2020] further refined it to O(Z. 35‘22‘4 ), which matches the lower bound for non-stationary transition

dynamics. The same bound has also been achieved independently by |Li et al,|[2024]. Beyond tabular MDPs, the
reward-free framework has been extended to the linear MDP setting [Wagenmaker et al.| 2022] |Zhang et al.| [2024].

Here, we focus primarily on the exploration phase of reward-free RL. Specifically, we leverage the idea of construct-
ing datasets for induced expert MDPs, each of which produces a state distribution that provides sufficient coverage
of the relevant state space. This principle serves as the key ingredient for deriving our sample-efficient algorithm.



T. Freihaut, L. Viano, E. Nevali, V. Cevher, M. Geist, G. Ramponi

B Proof of Lower bound

In this section, we provide the detailed proof of Theorem and Corollary Both proofs require the same
Markov game construction, which is again illustrated in Figure [3| to provide further intuition for the proof.

()

a1b2, azbs

()

Figure 3: Markov game instance used for the Lower bound.

a1by, azby

The main idea of the proof is twofold. In a first step, we show that even if C(u", v¥) is bounded, no non-interactive
Multi-Agent Imitation Learning algorithm can learn an equilibrium from data as long as Cpax = 00. Then, we
construct a state with two different reward functions such that the unique Nash equilibrium value for these games
only differ by e. This construction allows to show, that at least an expert dataset of size Q(¢72) is required to
learn an Nash equilibrium from data. Additionally, noting that the expected visits of this state are given by Cpax
completes the proof. Let us first restate both results (respectively Thm. and Cor. .

Theorem B.1. Let [i,0 be the output of a non-interactive MAIL algorithm Alg. Then, for any Alg, there
exists a Markov game such that satisfying Eag [<d0, YTy >] < O(e) requires an expert dataset of size
N = Q(Cupx).

The same construction gives the following corollary for unbounded Cpax.

Corollary B.1. For any non-interactive MAIL algorithm, there exists a Markov game G with C(u®, v®)

and Cpax = 00 where Eayg [(do, V¥'7 — VAV )] > Ho

< o0

Next, we proceed with the proof of Theorem [3.1]

Proof. We start the proof with the setup of the Markov game (see Figure . Let us consider a family of two
Markov games H = {G1, G2,} with states structure illustrated in Figure[l] The state space is S = {s1, s2, 53}, the
action set for the p-player is A = {a1, a2} and for the v player is B = {b1,b2}. The initial joint state is sq, then
the next state is so when the v player plays the action b; and s3 if b is played instead. That is, the next state is
fully decided by the v player no matter which is the action sampled by the p player. The reward function is given
by r(s1,a,b) = 0 and r(s2, a,b) = 0 for all Markov games in the family H. On the contrary the reward function
in the state s3 differs among the members of the family . For any game G € H, there exist a scalar parameter
Ag > 0 which parameterize the payoff matrix as follows

1+ A -1
TQ(SBaaab) = eg ( -1 g 1 )eba

=Rg
where e, and e, are indicator vectors for the actions a and b respectively.

Note that for Ag = 0 this game is known as Matching Pennies and it is well known that the unique Nash
equilibrium corresponds to a uniform policy for both players. In particular, we next consider H = {G1,Ga} with
Ag, = 2¢ and Ag, = . Therefore, both members in the family # can be seen as A-perturbations of Matching
Pennies. For a mixed Nash equilibrium it holds true that a player must be indifferent between both actions (see
e.giOsborne and Rubinstein| [1994] Section 3.2.2]). Therefore, for the two arbitrary strategies u = (p,1 — p) and
v = (g1 - g), we get

1

(1+Ag)p—(1—p)=—p+1—p<:>p=@.
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Therefore, the Nash strategy is given by

1 1 1 Ag 1 Ag \'
HKNash,Gg = A 71_ A =\35 , =+ .
2+725 2+729 2 8+2A¢’ 2  8+2A¢g

Note that for Ag = 0 we recover the Nash equilibrium strategies of the standard version of Matching Pennies.

Because of the symmetry of the game ¢ = 2+1A79 and can denote analogously vnash,g. Having defined the Nash

2
strategies, we can compute the unique value of the game for player one as

Ag/2
¥ g —
MNash,gRgVNash,g = m = vg

Next, we compute the Nash Gap as a function of Ag € R,p, ¢ € [0, 1] when they play according to policies
fi(ss) = [p,1 —p|] P(s3) =g, 1—¢]
In particular, we have that

Exploitabilityg(7) := max u(s3) " Rgi(s3) — vg = max [p, 1 — p] (2+Agg - 1) — g
i p€[0,1] 1-—2¢q

=max{(2+ Ag)g—1,1—2q} —vg,

((2 +Ag)p — 1)

Exploitability (1) := vg — myin fi(s3) T Rgv(s3) = vg — min [q,1 — ] 1-2p

q€[0,1]

Combining both exploitabilities, we can derive

Nash—Gapg(j1,7) = max {(2+ Ag)g — 1,1 = 2¢} —min {(2+ Ag)p — 1,1 — 2p}.

Observe that for the Nash strategies piNash,g and vnash,g We have that the exploitability equals 0.

Therefore, if both players play according to the Nash equilibrium policies in the state s3 the first player gain
reward vg = Alf—ig > (0 which is larger than what can be gained in the state s;. Vice-versa, the v-player can get

at most —vg = _4.?7&9 < 0 playing against the Nash profile for the p player. It follows that the v-player can
always get a higher reward in the state s3. Recalling the dynamics in the state s, we notice that the v-player
can always ensure that the next visited state is sy by playing the action b;. It follows that in the state s, the
Nash equilibrium policies are p(s;) arbitrary and v¥(b1|s1) = 1 and v*(ba|s1) = 0. Therefore, for any arbitrary
choice of u¥, we have that ¥ is the unique best response. Therefore, we have that for any choice of u® it holds
that the occupancy measure equals

A5 (s) =1 d 7 (sa) =1 d Y (s5) = 0.

Therefore, for any offline state sampling distribution p = {ph},llzo with po(s1) = 1, we have that the single policy
deviation coefficient for the p-player is given by

" (s) @t 1 1
C(ME,VE):IH&X{ 0 (31)7 ! (82)} :max{ } :p1_1(52)7

po(s1) p1(s1) po(s1)” pi(s2)

where the equality follows from the fact that py(s;) = 1. Therefore, to ensure a bounded value of C(uf, v®)
it is enough to choose p to have support including the states si, so but not necessary s3. However, let us now
assume that the non-interactive MAIL algorithm at hand outputs a policy fi, no matter how this policy is
produced. The v-player can choose to play according the policy Vexpioit Stuch that Vexploit(b2|s1) = 1 to ensure that

E .
d} "o (s3) = 1. In words, the v-player can now choose an action outside the support of the Nash equilibrium
to ensure that the next state is s3. This would be irrational if 4 would coincide with the Nash profile in the state
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s3 because in such situation the p-player could gain reward vg > 0 while the v player would get —vg at most.
However, if p1(s3) = 0 the state is never visited and there exists at least one game in H where its sub-optimality
is constant. On the one hand, C(u®,v®) is finite in this case. On the other hand, we have that the all policy
deviations concentrability coefficient for the u-player is given for any arbitrary pP by

pi(s2) * pi(s3) pi(s2) ' p1(s3)

VEVE Vexploit

Crax = max {dlf ”’(82) dlf =V(33)} _ max{dllt % (Sg) d;li 7Vexploit(s3)}

= max{p1<152)’ p1(153)} - p1(133)a

where the last equality follows assuming that p1(s3) < p1(s2). Therefore, we showed that learning an equilibrium
from data is not possible if max,, , C(, v) is unbounded.

With the same construction, we can quantify a finite time statistical rate, bounding the number of times expert
actions should be seen in s3 in order to learn an c-approximate Nash equilibrium.

Now, let us consider the defined fi(s3) = [p,1 — p], parametrized as the following function of « € [0, 1],

_ 1/ 2ae +(1—0¢)€
P=o 7 \8+4e " 842: )0

and ¢ as a function of 3 € [0, 1] as follows,

_ 128 (1-P)e
1= 3 <8+45+ 8+ 2 )

Therefore, setting o = § = 1, we have that i, 7 are equilibrium policies in G;. Vice-versa, setting a = 8 = 0 we
have that fi, 7 equals pg,,vg,. Indeed, we can interpret ¢, 5 has the probability of choosing either the equilibrium
profile in G; or the one in G3. We now proceed proving a lower bound only for the non-interactive MAIL algorithm
which outputs policies [i, 7 parameterized by values of «, 5 € [0, 1]. In Lemma we prove that it is enough to
consider this restricted class of policies. The intuition is that, an algorithm that only considers these policies
has an advantage compared to any other algorithm for this lower bound, as the considered policies interpolate
between the Nash equilibria of the two games. In particular, Lemma shows that the worst case expected
exploitability can only increase for values «, 8 ¢ [0, 1].

To proceed, we write the Nash Gap in the game G; as a function of «, 8. In particular, we have that

B 2¢(1+¢)(1 - B) 2¢(1-5)
max{(zwgl)ql’l?q}”glm‘“‘x{ @+eo+e ’(2+e>(4+s>}'

(2)

Next, we provide the detailed calculation how this was derived. As a first step, we consider the first term of the
maximum expression. Let us start with the definition of Ag, and ¢ to get

2Be (1-8)ke\\ - 2e
8 + 4e 8+ 2¢ 442

2+ Ag.)g— 1 —vg, = 2(1 +2) (;—<

Next, refactoring the first part of the equation and summarizing gives

1 20¢ (1-P)e 2e
2(1+¢) (2_ (8+4E+ 8t 2 )) R

1 2
=(1+e)-20+¢) <4f€2s+ (8+§i€) _1_4;25

Be +(1—ﬁ)5 2
4+2  8+2 442’

25—2(1+E)<



Rate Optimal Learning of Equilibria From Data

Next, by simplifying the expression and bringing all parts on the same denominator, we get

e-2l+e) (4f€25 * (21@5) B 41625
25_6(411;) _4ig2s+ﬁ(1+€) (ziis_Qie)
S s (e )
= (6_ 6(41:;) - 2:5) +AL+e) (2€(I+€25)_(;€+;)€2>
_ <€(4+€)(2+5)(4i(i)4(r2ei(§)+€) s(4+6)> LA+e) <<4+€)i;+€)>

As a last step, we simplify the numerator and get

(E(4+E)(2+5)—6(1+€)(2+€)—€(4+6)> +B(1+2) <(4+5—)2€ )

4+e)2+¢) (2+¢)
_ eld+e)2+e)—(1+e)(2+e)—(d+e)]  28e(1+¢)
4+e)2+¢) (4+¢e)2+¢)
_e[(84+6e+e%) — (243 +e?) — (4+¢)] —28e(1+¢)
B (4+e)(2+¢)
_€[2+2¢] —2Be(1 +¢)
44+e)(2+¢)

2(1+&)(1- )
(A4+e)(2+¢)

For the second part of the maximum, we again start with the definition of ¢ and the Nash value of the first game
vg, and receive

2f¢ (1-pP)e 2e
1-2¢—vg, =1—1+2 - .
17 i (8+48+ 8§+2 ) 4+2

Simplifying now gives

8 4 4e 8+ 2
( Be +(1—6)5) 5
24¢ 4+¢ 2+¢
(e o) U
24+ 2+¢ 4+¢€
Be—e  (1-P)e
2+¢ + 44¢

e(1-p8)  e(1-p5)
TToxe T Taxe

2pBe (1-Pe 2
1—1+2( + )_4+25




T. Freihaut, L. Viano, E. Nevali, V. Cevher, M. Geist, G. Ramponi

As a last step, we again simplify and bring both terms on the same denominator to receive

_e1=p) =P
4+5)

2+e¢ * 4+5
{3
(S )

=el=4) <<z+a><4+a>>

2e(1—-0)
(2+4+¢e)d+e)
Putting both final expressions together gives (2).

Similarly, in the environment G5, we can compute that

max{(QJFAGz)Q—Ll—QQ}—v%Zmax{_ pe 28 }

) 3
44+’ (2+¢e)d+e) )
For completeness, we also provide the detailed calculation next. First, we plug in the Nash value of the second
game vg, as well as the considered strategy ¢ and the definition of Ag, and receive

1 28¢e 1—pP)e €
24800~ 1-v5, = (2+¢) <2<8+4€+(8+22 >)14+e'

Next, we bring everything on the same denominator 2(4 + €) and get

1 2p¢ (1-p)e €
2+e¢) (2_ <8+45+ 8+ 2 >> B

e fe e(1-P)(2+¢) €

T2 2 24+e)  4d+e
_e(dt+e)—Pe(d+e)—e(1—-P)(2+¢) — 2
N 2(4+¢)

In the last step, we simplify the numerator, giving
e(d+e)—fBe(d+e)—c(1-0)(2+¢) —2¢

2(4+¢)
_ (4e+¢e%) — (4B + Be?) — (e(2+e — 26 — fe)) — 2¢
N 2(4+¢)
B de + €% —4Be — Be? —2e — 2 + 2B + B — 2
B 2(4+¢)
Be
T d+e

For the second part of the maximum expression, we again plug in the definitions of vg, and ¢ to get

28e (1-P)e €
1-2¢—wvg, =1—1+2 -
1= %, + (8+4£+ 8+ 2¢ 44¢

Simplifying this, we directly get

2f0e (1-P)e €
1-1+42 -
+ <8—i—4zsJr 8+ 2 4+¢

[ Be Be
B <2+5_4+5>
B 2e3
(2494 +e)
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Combining both derived expressions, we receive (|3)).

Let us now consider that ¥ is the output of a non-interactive Multi-Agent Imitation Learning algorithm Alg (we
denote this with 7 = Alg(Dg) ) which takes as input the pre-collected dataset sampled from the Nash profile

which we denote Dg = {B’g}il where for each i € [N], Bé ~ UNash,g- We now have

1
max e [Exploitability? (Alg(Dg))] > 3 > E [Exploitabilityg (Alg(Dg))]
gen
1 (25(1 + €)Pg, (Alg(Dg,) = VNash,g,) | 2¢Pg, (Alg(Dg,) = VNash.,gl))
2 (4+¢e)(2+¢) (24+e)(4+e)

19
21 (Pg, (Alg(Dg,) = UNash,g,) + Pg, (Alg(Dg,) = VNash,, )
19
i (Pg, (Alg(Dg,) = UNash,G,) + Pg, (Alg(Dg,) # VNash,g,))
g
30 &P (=KL (Pg,,Pg,))

g
> % exp (7NKL (VNash,gl y VNash,Qz)) 5

Y]

where we used § € [0, 1] in the first equality and € < 1 by assumption in the second inequality. In the second
last inequality, we used the Bretagnolle-Huber inequality [Bretagnolle and Huber} [1979] which gives that for any
distributions P and @ and event A and its complementary A® it holds that

P(4) + Q(A®) > | exp (KL (P,Q)).

In the last inequality, we used that via the chain rule for the KL divergence and the identically independent
sampling of the datasets Dg,,Dg,, we can rewrite KL (Pg,,Pg,) as NKL (VNash,G, ; VNash,G» )-

Next, note that this can be seen as a Bernoulli random variable indicating whether we are in G; or Go. At

this point, we can treat UNash,g,; VNash,g, @ two Bernoulli random variables with mean % - ;ffa and % - sigs'

Therefore, defining kl : [0,1]* — R as kl(r,s) = rlog(r/s) + (1 — r)log((1 — r)/(1 — s)), recalling that the x>
2

divergence between Bernoulli random variables with mean 7, s is given by x?(r, s) = S(l_jl) and, finally, by the

fact that the y2-divergence upper bounds the K L-divergence we have that.

1 20 1 Qe
NKL (VNaSh7g1 ) VNash,QQ) - Nkl < )

2 8+4c'2 8+2

< Ny? 1 2ae 71_ fe%3

- 2 844 2 842

B e2(e — 4)?
(8+2e)(4+¢)(4+2¢)

Next, let us consider small € € (0,1). Then, we have 9 < (¢ — 4)2 < 42 = 16. For the denominator, we get that
8<(8+2)<10, 4<(4+¢e)<5, 4<d4+2 <6.

Putting this together gives
128 < (8 +2¢e)(4+¢€)(4 + 2¢) < 300

Combining these we can bound the y? distance between

9¢? <2 ) < 16¢2
ann VNas y UNas = a0 "
300 = X Nash,G; s YNash,Go 128
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Plugging this into the expected exploitability gives
rgneaj){cE [Exploitabilityg (Alg(Dg))] > ;—0 exp (—NKL (VNash, ¢, s VNash,Gs))
> oo (M (3555 5iw)
> 3% exp (N;ez) .

To complete this step we need to set the number of samples N to achieve a Nash Gap of O(¢). It follows that
N = Q(Z%). Therefore, it requires N = (%) to learn a O(e) Nash equilibrium in state s.

We remind ourselves that the expected number of times any non-interactive algorithm visits state s3 is given by

p1(183) = Cpax- Combining this with the previous step we receive

max E [Exploitabilityg(Alg(Dg))] > Cmax max E [Exploitabilityg(Alg(Dg))(s3)]
€ €

Cm ELXE

>
- 30

Cinax€ 1 20 1 ae
~ max _N 2 (1 L
=730 exP( X (2 8+4e’ 2 8+25>>

G (L
=730 *P{7%° )

€xXp <_NKL (VNash,gl ) VNash,QZ))

Therefore, for any non-interactive Alg it requires an expert dataset of size N = Q(Cg‘z""‘) to learn a O(e) Nash
equilibrium from data.

To complete the proof it remains to show that the considered policy class is enough. This follows directly from
Lemma [B:I] This completes the proof of Theorem O

Next, we will provide the result, that all policies outside of the considered policy classes in the derived proof
suffer from a higher worst case exploitability. In particular, we will show that the minimizer of the exploitability
across the two games lies within the considered policy class.

Lemma B.1. Let a parametrized Normal Form Game be given by
1+Ag -1\
( Ao - ) = Rg

for Ag € {eg,2¢}. Additionally, let the following strategies be given

1 20e (l—a)e)
pc'_2_<8+4a+ 8+ 2
;_( 28¢ +(1—B)e)

8 + 4e 8+ 2¢

for a, 8 €10,1]. Then, all other strategies p & po and q ¢ qs suffer from a higher worst case exploitability across
the two Normal Form Games.

Proof. The idea is that we define a general policy and show that the minimizer of the maximal exploitability across
the two Games lies within the considered policy class. We only complete the proof for ¢, it follows analogously for p.

We introduce a general policy u = (¢,1 — q) € As. For a general policy u, a simple calculation provides the



Rate Optimal Learning of Equilibria From Data

following potential exploitabilities from the perspective of player 1 stated as a function of ¢ across both Games:

filg) = (2+2e)g -1~ 2i€7
Rl = @242 -1- 720
fala) =129 — 5=—,

flo =1-2- 52

Comparing f3(q) and f41(q), we obtain that they are the same functions except for the e-term. It holds that

e > 2-?752/2 and therefore f3(q) < f4(q). Then, let us define the following convex function,

F(q) = max{ f1(q), f2(q), fa(q)}.

Note that this function is indeed convex as a maximum of affine functions.

Next, we show that we can further simplify F(q). Observe that if fa(q) > f1(q), then

fa(a) = fala) = (1 —2q— 21:2/2) - ((2+5)q— 1- Qif/?) =2—(4+¢e)q.

Since fo > fi implies (2 + €)g > (2 + 2¢)q — 772, one can check that this forces ¢ < ﬁ, in which case

fa(q) > f2(q). Hence whenever fo dominates fi, we automatically have fy > fo. Thus the maximum is always
realized by either f; or f4, and we can rewrite

F(g) = max{fi(q), f2(9)}-

As stated F(q) is the maximum of affine functions, therefore F' is convex and has a minimizer (see e.g. |Boyd
and Vandenberghe| [2004], Section 3.2.3]). Knowing that F' is convex, we can use tools from convex optimization
to find ¢* € argmin F'(¢q). We know that ¢* is a minimizer of F' if and only if F' is subdifferentiable at ¢* and

0€ aF(q").

As a first step, we note that we can write F(q) = max{f;}?_,, where f; is an affine function Vi € {1,2}. This
implies that the subdifferential at ¢* exists and is given by the convex hull of gradients of all active functions
at ¢*. Next, let us define the index set of all active functions at ¢*, we get

A:={i: fi(¢") = F(¢")}.

With this definition we have 0 € 9F (¢*) = conv{V f;(¢*) : i € A} and this can equivalently be expressed as
Ai > 0forie Awith >\ =1 s.t.

> AiVfi(g) =0.
€A
Next, let us compute the gradients with respect to q. We get
Vii(g) =242 Vfi(g) =-2
Now, let us check that at ¢* both functions must be active. Observe that
V(g =2+2>0, Vfi(q) =-2<0.

Since neither gradient is zero, no single affine function has zero slope. This implies that an interior minimizer of
the convex function F'(g) cannot occur at a point where only one f; is active. Hence, any interior minimizer must
be attained at an intersection where at least two affine pieces are active. In particular, the necessary condition
for an interior minimizer here is

f1(q) = fala).
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Let us now check that indeed both functions can be active:

2
)\1(2"‘28)—2A4:0<:>)\1(2+2€>—2(1—)\1):O@Al:me(o,l),

and therefore also \y = 1 — ﬁ € (0,1). This indicates that both functions are active at ¢*, meaning that

A ={1,4}. From this we know that fi(¢*) = f4(q¢*) and we get

€ €/2
242)  —1— —— =1-2¢" —
(2+2¢)q 2+¢ e 2+¢/2
e/2
o 2R 2
(44 2¢) 2(2+¢)

It follows that it holds true that ¢* € (0,1). Next, we remind ourselves that in the lower bound proof we
considered strategies of the form, with 3 € [0,1]:

1 ( 28¢ +(1—5>5)_

=5 " \8+4c " 842

Next, we explicitly calculate 8 to see that indeed the policy lies within gg. We remind ourselves, that
1 28 (1=p)e
45 =3~ (8+Afs T SFee ) - Let

1 2f0e (1-Pe
F(ﬁ)7§7 <8—|—4<€Jr 8+ 2¢ >

1 15 € 2e
F#) =3 +ﬁ<8+25_8+4e)'

This can be rearranged as

Now solve F(8) = ¢*. This yields

e+1
B = -
e+2
Since for € > 0 we have % < zi—% < 1, this 8 indeed lies in [0, 1].
Therefore, for § = i_‘t—% we recover ¢*. This, together with the convexity of F'(q), shows that the maximal worst case

exploitability is always higher for all strategies outside the considered policy class. This completes the proof. [
Finally, we briefly describe how the proof of Corollary [3:1]is extracted from the proof of Theorem

Proof of Corollary[3.1 In the proof, for Theorem [3.I] we obtained
gla%(E [Exploitabilityg (Alg(Dg))] > % exp (—NKL (VNash, g, s VNash,Gs ) »
€
where N is the number of visits in s3. However, if Ciax = 00, then NV = 0 because s3 is never visited. This implies

€

E |Exploitabilityg (Alg(D, > —.

max  [Exploitabilityg (Alg(Dg))] = 5

Repeating the same steps for the other player, and setting ¢ = 1/4 which is the largest possible value that ensures
that the payoffs are bounded in [0, 1] yields

1
max E |Nash-Gapg (Alg(D > —.
T [ pg( g( 9))] <%0
At this point, let us consider that after playing one action in s3, the agents move in another state which has
exactly the same reward matrices of s3, i.e. Rg, and Rg,. The same transition is repeated for H — 1 times to
ensure that the game has horizon H. Let us denote these H steps games G}, G5 and the class H' := {G{,G5}. In
this game, we then have

H-1
grpea%(,IE [Nash-Gapg, (Alg(Dg))] > 0
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C Omitted Proofs for MAIL-WARM

In this section, we provide a summary of the main steps used for our main result (Theorem , before we give
all the missing details for the analysis of MAIL-WARM. After the summary, we give the pseudo-code of EULER,
that we use in the reward-free warm-up phase. Then, we give the missing proof of Lemma[6.1] and last, we provide
the concentration result used for the BC part of the algorithm.

We remind ourselves, that the analysis of the algorithm can be divided into two main steps. The first step
concerns the reward-free warm-up phase. Here, we consider the expert-induced MDPs (Definition , which are
constructed using access to the queriable experts. Informally, within these induced MDPs, we build datasets
(D”E7 D“E) that provide sufficient coverage of the relevant states. This result is formalized in Theorem

In the second step, these datasets are used to recover the Nash equilibrium policies. Specifically, we apply
Behavior Cloning on D" to approximate the expert policy v® and on DH” to approximate p®. To establish that
this procedure effectively minimizes the Nash—Gap, we rely on Lemma [6.1} which decomposes the Nash—Gap in
a way that leverages the dataset distributions. Finally, we invoke Lemma [C.2] to bound the concentration error of
Behavior Cloning on both datasets, thereby completing the proof.

C.1 EULER algorithm

First, for completeness reason we state the EULER pseudo-code. EULER was introduced by |[Zanette and Brunskill
[2019]. In our context it is used for the reward-free warm-up phase. In particular, it is used to solve the SH RL
problems that maximize the probability to reach a certain state. The full pseudo-code is given in Algorithm [2}

Algorithm 2 EULER(r, Ny, P)

Require: Reward function r, episodes Ny, environment dynamics P = {Ph}th1 .
1: Initialize: &' = 16, , B, = H\/2In US2No) g — /o1y (454N0) 7 — )y, USAN)/S

2: Initialize: 7} = Uniform(A) for all k € [H], for all s € S.
3: for k=1,2,...,Ng do

4: Sample a trajectory (s¥,a¥, ..., s% a¥%) with policy 7% in the environment with dynamics P.
5 Set Vi, =0.
6 forh=H,H—-1,...,1do
7: N,’f(s’,s,a) :Zﬁzll{sz+1,a2,sﬁ:s’,a,s}
8: N}f(s,a)zzs,esN;f(s’,s,a).
9 PF(s'|s,a) = 7]\7’%3/’5’“).
h ’ Nf (s,a)
2Var pi (V1) (s,0) In 4547 H In 4SAT — . .
10: bE(s,a) = \/ b NEG.D ° 3(N;§(s,:)—1) where Varp};f(V)(&a) = PF(V — PFV(s,a))%(s,a)
h _ph 1 47+ B, ik k
11: Bji(s,a) = by (s,a) + eI (\/Nﬁ(m) + Bu|lViyq — Vh+12’]3}7:>
12: Q% (s,a) = min {H — h,rp(s,a) + If’,’fvhk+1(s, a) + Bﬁ(s,a)}
13: 7 (s) = arg maxqe 4 QF (s, a)
14: Vik(s) = max,eca Q% (s, )
15: Kﬁ(s) = max {0, ri(s,a) + }S,fKﬁH(s, a) — BF(s, a)}
16: end for
17: end for

C.2 Proof of Lemma [6.1]

For proving this result, the main idea is to decompose the exploitability into the Total variation between the
estimated expert and the true one. Next, we will restate the Lemma.

Lemma C.1. Ezploitability decomposition For any policy pair v,v', let TV (v,1")(s) = > ez [V(b]s) — v/ (b]s)] .
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It holds that

H

<d0,V“*79 - VﬁvV*> < QHZ Z Errp (7).

h=1me{p,i}
where Erry (9); = max,, cpr(,) EM;“VE [TV (VE, ﬁh) (s)] and BErrp,(f1); = max,, cbe(i,) EME,V;L [TV (,uE, 9h) (s)]
Proof. We start by upper bounding the decomposition as follows
<do, |- Vﬁ"’*> = <do7 |- V“E’”E> + <d07 v Vﬁ’y*>
< <d07 Ve Vu*,VE> + <d0, yrEr Vﬁ,u*> 7

where p* and v* are arbitrary policies in the sets br(#) and br(ji) respectively. At this point, we identified two
pairs of value function differences where one policy is fixed, respectively p* and v*. Therefore, applying the
performance difference lemma (see e.g. [Kakade and Langford|[2002]) in the MDP induced by p* we obtain

(do, V17 — v < EHjESNdZ*.uE (@ (5., 01s) =v2(1s))]
h=1

Then, by Holder’s inequality with ||-||; and ||-|| and additionally bounding the value function with its maximal
value H, it holds that

H
<d0, v V“*’”E> SHY B, s [TV (5(1),0°(19)]
h=1 '

Then, since we aim for a bound on the left hand side that holds for any p* € br(#) we need to pick the maximizer
over the right hand side.

H
<d0,w*ﬁ - V“*’”E> <H max S E__ e [TV (5(|s),/5(|s))]
nEDbr(v) he1 svdy,
Equivalent steps for the second player to upper bound <d0, yHot Vﬁ”’*> concludes the proof. O

C.3 Behavior Cloning concentration

Last, we adapt the analysis of Lemma D.1 by [Freihaut et al.|[2025] to our setting. The main changes are that the
expectation used in our setting is Witg rgspect to the dataset distributions p”E and p“E while their is with respect
to the expert occupancy measure d* ¥ .

E
Lemma C.2. Let p;’LE and ply be two distributions received from running the reward-free warm-up of Algorithm

MAIL-WARM and N the size of the received datasets. Then, for all s € S(’{i it holds with probability of at least
1—6/2 that

TV (vF, ) (5)] < SBL@‘S/‘S),

E
N

s~py® [

Similarly, for all s € ngi it holds with probability of at least 1 — 6/2 that

B, o [TV (5. 70) (o)) < [ S50,

E
Proof. We only provide the proof for the distribution p;’LE, it follows analogously for pl .
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We get
~ 0 2B log(45/9)
E,_ e [TV (vy,00) (s)] < bS] —
s~pjy [TV (', 7n) ()] ggph max{N(s),1}
5 2B )log(4S/6
-y @) \/ fflax{N g }/)

(ii) 2B p-” (s) log(45/6)
<\ T (V). 13

seS

(iid) 16Blog*(4.5/0)
< - =2 7
<X

seS

_ /5B log?(45/06)

S i

where in (i) we applied Lemma and a union bound over the state space S, in (ii) we applied Cauchy Schwarz
and in (iii) we applied Lemma reminding ourselves that N is the size of the dataset. O

C.4 Extension to n-player general-sum Markov games

In this paragraph, we show that our approach is easily extendable to n-player general-sum games. Freihaut et al.
[2025] also provide an extension for this setting, however their proof is hard to parse while our approach translates
to the n-player setting smoothly. First, we introduce all the necessary notation.

Notation General-Sum Markov games A general-sum Markov game is defined by the tuple G =
(n,H,S, A, P,r dy), where compared to zero-sum games, n is now the number of players, A := A4; x .. x A, the
joint action space composed of the individual action spaces A;; the reward function for the it" player at stage
he[H)isrp;: S x.A—[0,1] and P is now the transition function that takes a joint action a € A as an input.
We denote a joint policy as 7 := (m1,...,7,), where m; : S — A _4,, where A 4, is the probability simplex over the
individual action space A;. We denote the set of Markov policies for the agent i as II;. Further let us denote the
cardinality of an individual action space as A; := |A;| and the maximal cardinality of the individual state spaces
as Amax := max; |A;| for i € [n]. Additionally, we will make use of the convention that w_; denotes the policy of
all agents but policy of agent i. The same notation is also used for an action a_; = (a1,...,a;-1,0i—1,...,Gy)
and the according action space is denoted by A_;. At this point, we can deﬁne the value function of the policy

profile 7 at stage h € [H] for a certain agent i € [n] as V;[;(s) := E, [ i h rii(Se, A1, .. Ap) ‘ Sp = s]. Often

times, we will shorten V{7, by V;". Having defined the value function, we can introduce the Nash gap for general
sum games as follows

Nash-Gap(7) = max max {dp, Vf;”ﬁfi — V.
i€[n] [:S—Aa,;

Note that in general-sum games, the value of the NE does not need to be unique and the set of NE is not convex
in general.

Results for the n-player setting With the given notation, let us redefine the expert induced MDP for this
setting.

Definition C.1 (Experts Induced MDP). Let G be a Markov game and wF the expert policies, then
M = (S, A, P’Ti‘,r”i‘,H) is the MDP induced by the experts w2
Yoaiea, TEinlai| $)Pu(s' | 5,a,a_;) and an arbitrary reward function r ih (s a;) €{0,1} V(s,a;) € S x A;.

E
; with the transition model Py, (s’ | s,a) :=

Now, we can restate Algorithm |3| for the n-player general-sum setting.

The reward free warm-up phase again produces a dataset that covers all §- significant states well.
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Algorithm 3 Multi-Agent Imitation Learning with reward-free warm-up (MAIL-WARM) for n-player Games

1: Input: iteration number Ny, N, queriable experts 77.
2: Reward-free warm-up phase:

3: for all i € [n] do

4: set policy class U5 ), and dataset D « 0.

5 for all (s,h) € S x [H] do

6: rzgi(s’,a;) +— 1]’ =sand b’ = h] for all (s',a,h') € S x A x [H].
8 {wf’“}fl « EULER(r™"s, No, P™),

s Let ®(s:h) {Wﬁ'ﬂ}%

9: i (+|8) < Unif(A4;), l@L € dM W' > h.

10: U™ U U ),

11: end for
12: forn=1...N do

13: sample policy m; ~ Unif(\Il”i').

14: Collect 2z, = (s1,a1,a—4,...,5H41) ~ T, TE;.
15: D™ D™ U {z,}

16: end for

17: end for

18: Receive: datasets D™ for all i € [n].

19: Imitation Learning

20: for i € [n] do

21: Define the dataset D™ = U#ﬂ)wfj to compute

7; = argmin Z —log 7;(a;|s)
m; €11,

E
s,a; €D7i
where a;’s are sampled from 77 (-|s).
22: end for
23: Return Nash estimate 7 = (71,...,7T,).

Corollary C.1. Let M™% be the induced MDP defined z'n and the policy set W™—i is generated according
to Algorithm @ Then there exists an absolute constant ¢ > 0 such that for any e > 0 and p € (0,1), if we set
No > n2cS2AH} /5, where 1o := log(SAH/pd), then with probability 1 — p, the reward free exploration returns a

sampling distribution p”i such that for all m; € 11

dﬂ'i,’ﬂ'ii
V4 — significant(s, h), max hﬂ?(&a) < 2SA;H,
“ phﬂ (87 a)

where § — significant, means that the probability to reach a state s in the induced MDP M™Zi s lower bounded by d:

E
T, T 5
max d, > 4.

s

Next, we can state the guarantees of MAIL-WARM for the n-player general-sum setting.

Corollary C.2. For any e > 0 and gy € (0,1) if we run Algom'thmla setting N = O(n'4H653A§“a" log(s/éf‘*“))

52
No > 0O (n353A2 HﬁLg/E), we get with probability 1 — gy for the policies T that

max

and

Nash—Gap(7) < O(e).

Proof. Let us first remind ourselves that the Nash Gap for the n-player general-sum setting is slightly different.
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In particular, we have

Nash-Gap(7 Zmax <do, Vwmr_ B V:rw,>

R xf P s Y
=1
- b nrmE, = E nE. Fri
Sz<d0a A A > + Z<do,Vi“ Al >

i=1 i=1

:=Exploit-Gap :=Value-Gap

In the first step of the proof, we consider Exploit-Gap, which is the part where we require the reward-free warm-up
phase.

In particular, we get

vt £ 1 373" s 8 [TV 19710 19)
A i 7'"@777 Pt
=H Z max Z Z TV( Tip T T_in) (s)+ Z Z d,”" ~(s,a)TV (W€i7h,7/'f\'_i,;L) (s)
he1 =1 e (A=) s€S}, a€A ph (5 a) ¢S} ), a€A
SO S A SN E e [ SOTV(RE (-] 9), Ry | 9)) |+ S Ay 6
h=1i=1 *~Pn |z
H n n
= 2H’SAmax > D B o [TV (| 5),Finl- | 9) | +nH>S Amax §
h=1i=1 j#£i ° Pn

< 202 S Ao H? \/ S hma 10%45 [Oi) | S A 6
n

SAmax log(4S/6fail) +
N

nS Amax H? 8,

—m3SA,. H \/

where in (i) we used the same argument as in Lemma for the n player setting. In (i7) we used the fact that
the policies are conditionally independent on s. This means that we now bound the TV separately for each player
and get in total (n — 1) independent bounds, where we again can apply for example |[Berend and Kontorovichl,

2012, Theorem 2.1]. Moreover, we defined as Sf;"h the set of d-reachable states at stage h in the MDP M,
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For the value gap we can proceed similarly,

O
Value-Gap < nHZ IESNd}WE [TV(mf (- | 8), 7l | 5))]
h=1 '

H n
=nHY Y E_ e [TV 5).Funl ] 9))]

- gz zzd“* VIV (2B, 7in) (5)

i=1 \seS}, a€Ai Dy ‘(s,a)

+ Z Z d;{iE‘h’mi’h(s,a)TV (th,/ﬁ'i’h) (s)

sgsi a€cA,;
< 2nH25Amax ZZE . TV(rZ, (- | 8), Fin(- | 8)) | + nH2S Amax 6
h=1 i=1
H n
=20H*SAmax 3 Y B o [TV(xF, (- | 8),7in(- | 5)) | + nH?S Apax 6
s~p —* ’
h=1 i=1
< 9128 Ay H? \/ e [OSISO0) | 115 4,0, 25
= 2025 Ao H° \/ Ao 10}%45 [O0i) 4 11§ A

where steps (i) and (i) holds exactly for the same reasons used in the upper bound of Exploit-Gap.

Combining both parts completes the proof, giving that the total number of expert queries is given by
o 15343 H log(S/éfa“)) =
= .

Some remarks are in order. Again this result needs a reward free warm-up phase. In particular, it requires
a dataset for each expert, meaning n datasets where each dataset depends on the other n — 1 agents. Most
importantly, we can see that the number of samples needed does not scale exponentially with the number of
agents, instead it only scales quadratically. This is in contrast with learning Nash equilibria in the first places,
where it is known that the number of samples scales with A", known as the curse of multi-agents [Rubinstein,
2016). However, this does not contradict with the lower bound as we already have access to data stemming from
Nash equilibrium policies which provides additional information. That the lower bound does not hold in these
settings has e.g. also been shown in offline general-sum settings [Cui and Dul, |2022].

D Experimental details

In this section, we provide details on the experimental setup used for our provided numerical verifications
illustrated in Figure [2}

Lower bound environment The first experimental environment corresponds to the lower bound construction
described earlier (see Figure|l)), with a simplification of the game in state s3. Instead of constructing an e-perturbed
Matching Pennies game, we use a normal-form game with a pure Nash equilibrium and unique value of 1.

Formally, the state space is S = {s1, s2, s3}. The action space is A = {aj,as} for player 1 and B = {by,by} for
player 2. The reward function is state-dependent in s; and s2, with r(s1) = 7(s2) = 0. At s3 the reward structure

is given by
1 1
r(ss,a,b) = {0 12} ,

where the row indicates the action of player 1 and the column the action of player 2.
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Figure 4: Zero-sum Gridworld environment and different Nash equilibrium paths.

The Nash equilibrium strategy for player 1 in this normal-form game is pnash(- | s3) = (1,0), while player 2 can
play any strategy, since her expected reward is always —1. The unique Nash value from player 1’s perspective is
therefore 1.

As in the lower bound construction, in state s; player 2 strictly prefers b1, which deterministically transitions to
s9. Consequently, under the Nash equilibrium profile, only states {s1, s2} are visited, and the Nash value of the
Markov game is 0.

If s3 is never visited in the dataset, player 1’s recovered policy by BC will be uniform, which can be exploited by
player 2 through the best response

Vbr(' | 53) = (Ov 1)7

leading to a reward of —5.5 for player 1 and +5.5 for player 2. In this case, player 1 is exploitable. Conversely, if
s3 is covered in the data, then player 1 requires only a single sample to recover the correct Nash strategy, and the
exploitability becomes 0.

The probability of visiting s3 in any given trajectory is p(s3). Thus, the number of trajectories required until
s3 is observed follows a geometric distribution with parameter p(s3), yielding an expected sample complexity
of 1/p(s3). Since Cmax = 1/p(s3), varying p(s3) € {1,0.5,0.25,0} corresponds to Cmax € {1,2,4, 00}, which is
exactly reflected in the experimental results shown in Figure[2] (a). On the contrary, notice that for all values of
p(s3), the value of C(u¥, v¥) remains constant equal to 2 which is its smallest possible value. By simulating the
geometric distribution over 100 runs across varying seeds and with the different parameters described above and
tracking its standard deviation, we exactly recover the plots in Figure [2] (a).

Gridworld We next describe the setup of the considered zero-sum Gridworld environment, illustrated in
Figure[dl The state space is given by the joint positions of the two agents on a 3 x 3 grid, subject to the restriction
that both agents cannot occupy the same cell simultaneously. Formally,

S =A{((6,5), (kD) | (¢,5) # (k,1), 3,5, k, 1 € {0,1,2}},

which yields 72 states in total. The action space is identical for both agents and defined as A =
{left, right, up, down}. The transition dynamics are deterministic: whenever an action would cause an agent to
collide with a wall or with the other agent, the agent remains in its current position.

If the initial distribution is chosen such that both agents are equidistant to the goal, the Nash value of the
game is 0. In particular, we fix the deterministic starting state ((1,0), (1,2)), from which both players require
exactly three steps to reach the goal. Hence, the Nash equilibrium value is 0. Multiple Nash equilibria exist: any
pair of paths in which both players ensure that the opponent cannot reach the goal earlier constitutes a Nash
equilibrium. This is reflected in Figure [, which illustrates different Nash paths obtained using zero-sum value
iteration. Importantly, these policies also ensure that in all other states, the opponent cannot force an earlier goal
arrival. For the second Gridworld experiment, we take convex combinations of different Nash paths to improve
state coverage. Since the set of Nash equilibria in zero-sum games is convex, all such convex combinations remain
valid Nash equilibria.

Both Gridworld experiments use the same environment specification. The only difference lies in the coverage
provided by the expert demonstrations. In both cases, the expert policy is obtained by running zero-sum value
iteration, which returns a Nash equilibrium policy pair.
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Algorithm setup We next detail the implementation of MURMAIL and MAIL-WARM. For MURMALIL,
we closely follow the description of Freihaut et al|[2025], and restate their pseudocode for completeness (see
Algorithm . Note that all experiments have been run on a standard MacBook Pro with Chip M3 and 16GB
of RAM. Since the Gridworld environment is more challenging than the lower bound construction considered
in their work, we apply two modifications to improve convergence speed: (i) we set the learning rate to n = 50,
and (i) instead of sampling a single policy per RL inner loop, we average over 100 updates, effectively yielding a
batched variant of MURMALIL better suited for larger environments. We set the inner RL loop horizon to T" = 10.

For MAIL-WARM, we follow Algorithm [I] with the only practical adjustment being that the expert policies
are non-stationary. Consequently, in Line 12 we return stationary approximations of the learned policies. Since
EULER is not well suited for practice, and as|Jin et al.| [2020] show that any RL algorithm can be used to solve
the SH many RL problems in the reward-free phase, we instead employ Q-learning. Importantly, Q-learning does
not require knowledge of the transition dynamics. We run Q-learning for 100 iterations for each RL problem in
our experiments.

An interesting empirical observation is that solving the SH many RL problems reveals that many states in the
induced expert MDP are not reachable. For example, consider the Nash equilibrium policy illustrated in the
middle of Figure [d] Fixing the green agent for the expert induced MDP, all states such that the position of the
green agent is the bottom right corner are not reachable. Therefore, the effective visited states can significantly
reduce compared to the whole state space.

Algorithm 4 Maximum Uncertainty Response Multi-Agent Imitation Learning (MURMAIL)

1: Input:number of iterations K, learning rates 7, inner iteration budget T’ initial (p1, 1)
2: Receive:e-Nash equilibrium (g, 2)

3: for k =1 to K do Inner Single-Agent RL Updates:

4: % Maximum uncertainty response to u-player update

5: Define single agent transition P, (s' | s,b) = > c 4 ux(a | s)P(s" | s,a,b);

6: Define single agent stochastic reward Ry, (s) = Liap=ary—2ur(Ag | 8)+ ||k (¢8)||? where Ag, Ay ~ p®(- | s);
7: yr = UCBVI(T, Py, , Ry, );

8: % Maximum uncertainty response to v-player update

9: P, (s'[s,a) = > g vi(b|s)P(s" | 5,a,b);
10: Ry, (s) = Mgag—ary — 2vk(Ag | s) + [lve(- | 5)||* where Ap, A ~ vE(- | s);
11: 2z, = UCBVI(T, P,,, R,,)
12: Update policies:
13: Sample Si ~ dreve Al ~ pB(- | S, SY ~ dFevi s AY ~ B (-] SY).
14: i (s,a) = px(a | Sif)ﬂsg:s =14,
15: gZ(S,CL) = Vk(a | SZ)]ISZZS —Tav=,
16: s (a | 8) o ui(a | 8)exp (—ngl(s,a) visr (D] 8) o vi(b | ) exp (—ngl (s, )
17: end for R
18: Return:ug, v; for k ~ Unif([K])

E Useful results

For completeness reasons, we provide Theorem 2.1 by [Berend and Kontorovich| [2012] which we used frequently
throughout this work as well as a standard binomial concentration result.

Lemma E.1 (Concentration Inequality for Total Variation Distance, see e.g. Thm 2.1 by [Berend and Kontorovich
[2012]). Let X = {1,2,---,|X|} be a finite set. Let P be a distribution on X. Furthermore, let P be the empirical
distribution given m i.i.d. samples 1,22, - ,x, from P, i.e.,

PG) =+ > Tw = j}.
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Then, with probability at least 1 — &, we have that

PP, = X [pe) - Pro] < A

n

Proof. Define the function f(z1,...,2,) = > c» |P(x) — P(x)|, where P is the empirical distribution. Replacing
one sample z; can change f by at most 2/n, since the empirical frequencies change by at most 1/n per coordinate
and total variation sums these differences.

By McDiarmid’s inequality, we have for any € > 0,

Pr(f —E[f] > ¢) < exp (—”2) |

Berend and Kontorovich (2013) show that E[f] < 4/ % Setting the failure probability to 4, we solve

2 2log(1
exp <_n€) :(5 — € = w

Therefore, with probability at least 1 —
‘P PH /|X \/2log (1/6) \/2|X|10g(1/5)7
n

Lemma E.2 (Binomial concentration, see e.g. Lemma A.1 by Xie et al.|[2021]). Suppose N ~ Bin(n,p) where
n>1 and p € [0,1]. Then with probability at least 1 — &, we have

p__ 8log(1/9)
NvV1 -~ n ’

O

where N V1 := max{1, N}.

Proof. We consider two cases. Case 1: p < 81%(1/5). As NV 12>1, we have ﬁ <p< 81%(1/5) almost surely.

Case 2: p > 81%(1/5). Note, that then E[N] = np > 8log(1/d) and by the multiplicative Chernoff bound, for any
0 < e < 1 it holds true that

P(N < (1—e)np) < exp (—inp) .

Now, with € = % we have

P(N < (1—¢€)np) < exp (—%) <.

Therefore, with probability of at least 1 — ¢ it holds N > % and therefore on this event also nL\h < % In total

< 8log(1/4)
n

o < . Combining both cases completes the proof. U

we get
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