Stochastic Shortest Path with Sparse Adversarial Costs

Emmeran Johnson* Alberto Rumi*
Imperial College London Universita degli Studi di Milano,
CENTAI Institute
Ciara Pike-Burke Patrick Rebeschini
Imperial College London University of Oxford
Abstract

We study the adversarial Stochastic Shortest Path (SSP) problem with sparse costs
under full-information feedback. In the known transition setting, existing bounds
based on Online Mirror Descent (OMD) with negative-entropy regularization scale
with /log S'A, where S'A is the size of the state-action space. While we show that
this is optimal in the worst-case, this bound fails to capture the benefits of sparsity
when only a small number M « S A of state-action pairs incur cost. In fact, we also
show that the negative-entropy is inherently non-adaptive to sparsity: it provably
incurs regret scaling with 4/log S on sparse problems. Instead, we propose a novel
family of ¢,-norm regularizers (r € (1, 2)) that adapts to the sparsity and achieves
regret scaling with +/log M instead of /log SA. We show this is optimal via a
matching lower bound, highlighting that M captures the effective dimension of the
problem instead of S A. Finally, in the unknown transition setting the benefits of
sparsity are limited: we prove that even on sparse problems, the minimax regret for
any learner scales polynomially with S A.

1 Introduction

The Stochastic Shortest Path (SSP) problem is a fundamental model in reinforcement learning [[1} 28]],
which describes tasks where an agent interacts with an environment over episodes and must reach a
designated goal state within each episode while minimizing accumulated costs. This covers problems
such as car navigation while trying to avoid traffic jams, or internet routing. Recently, this classical
setting has been extended to the adversarial regime, where costs may vary arbitrarily between episodes
(24,18l 16,134] and the goal is to obtain theoretical guarantees robust to any cost-generation mechanism.
Under full-information feedback where the full cost vector is observed after each episode and known
transitions, current algorithms achieve regret bounds that scale as O (\/DK T, log S AT*), where D
is the diameter (the smallest expected hitting time of any policy from any state), T is the expected
hitting time of the optimal policy, S is the number of states, A is the number of actions, and K is
the number of episodes. These bounds are independent of any cost structure and are shown to be
minimax optimal up to logarithmic factors in [8].

In SSP, the size of the state-action space S A — which we consider and refer to as the dimension of the
problem — appears in the minimax regret as 1/log S A. While in the worst-case this is unimprovable
(we show this in Theorem [3.1]), many real-world problems have costs with structural properties that
may be leveraged for improved regret. A common property often considered in the statistics and
machine learning literature [32] is sparsity, which can naturally arise for SSP problems. For instance,
in the car navigation example, the number of traffic jams is usually much smaller than the number
of roads. Motivated by this, we consider sparse SSP problems where M, the maximum number of
state-action pairs with non-zero cost in an episode, can be much smaller than S A.
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In such scenarios, the regret bounds should capture some dependence on M, reflecting an improve-
ment in performance on easier sparse problems as M — 1 and recovering the standard bounds on
worst-case problems as M — SA. In fact, for the so-called experts settingﬂ (S = 1), the minimax
regret scales with /K M A~ log A instead of v/K log A in the worst-case [[16], providing a polyno-
mial improvement in the dimension A. Furthermore, this is achieved with Online Mirror Descent
(OMD) with negative entropy regularization. However for SSP where the problem dimension also
includes the size of the state space S, we show that existing approaches also based on OMD with
the same negative entropy regularization [8] fail to exploit sparse costs. We construct a sparse SSP
problem where this algorithm suffers v/log S regret (Theorem |3.1)), providing no improvement in
terms of .S compared to the minimax regret for the non-sparse worst-case M = S A problem. The
failure of existing SSP methods to exploit sparsity, let alone match the polynomial improvements
from the experts setting, leads us to ask the following questions:

Does sparsity improve the minimax-regret in the full-information feedback SSP problem? How much?

We answer the first question positively for the known-transition case by designing a novel family
of regularizers based on ¢,.-norms for r € (1, 2) for which we show a O(v/DKT, log MT,) regret
bound that depends logarithmically on the sparsity level M, rather than on the size of the state-action
space S A, without requiring the knowledge of M in advance. This family of regularizers interpolates
between the negative entropy and the squared Euclidean norm (see Section [)), allowing flexibility for
much weaker regularization on sparse points in sparse settings and recovering existing algorithms
(and guarantees) in the non-sparse setting.

We show that the above +/log M dependence on M is unimprovable by constructing a matching
lower bound. Interestingly, this establishes that the benefit of sparsity in SSP is logarithmic in S'A
instead of polynomial, as in the simpler experts problem, thus answering the second question. It
also highlights that M plays the role of effective dimension, replacing the general dimension S A in
controlling the scaling of the minimax regret.

While the benefits of sparsity in SSP are only logarithmic, we emphasize that due to the often
combinatorial nature of the state-action space, these improvements can be significant. For instance,
in many problems the size of the state-action space grows exponentially in some parameters, while
the assigned costs remain linear or even constant. This occurs in many real-world problems (e.g.
[27,126]) in which settings exploiting sparsity can lead to polynomial improvements.

Finally, it is natural to ask whether sparsity may provide similar benefits in the unknown transition
setting. However, in Theorem [5.1} we show a lower bound with polynomial dependence on SA
in a sparse SSP instance with unknown transitions. This illustrates that in the unknown transition
setting the sparsity level M does not play the same role of effective dimension, and that the general
dimension S A is crucial in controlling the scaling of the minimax regret polynomially, motivating
our focus on the known transitions setting. In particular, this result shows that sparse problems with
combinatorial state-action spaces will remain very challenging.

Our results provide a complete characterisation of the benefits of sparsity in removing dimension
dependence (i.e. S A) for adversarial SSP problems under full-information feedback.

1.1 Contributions
We highlight our main contributions below:

* We design a novel family of £.-norm (r € (1, 2)) regularizers for OMD that allows interpolation
between the negative entropy and squared Euclidean norm, adjusting its geometry to the sparsity of
the cost functions (see Section[d). The regularizer naturally plugs into the standard OMD analysis.

* We show OMD with the above regularizer achieves sparsity-adaptive regret bounds of order
@) (\/DK T, log M T*) (Theorem . We also give a parameter-free version achieving the same
bound (Theorem4.3) that does not require prior knowledge of the sparsity level M nor the expected
hitting time of the optimal policy 75 (the only unknown parameters).

* We establish a lower bound of order (2 (\/DK T, log M ) (Theorem (4.4), matching our regret
guarantees up to a logarithmic factor of 7, (already present in prior work [8]) and improving over
[8] in the M = S A non-sparse setting by including the /log S A dependence.

’The experts setting is the single-state full-information feedback A-action online learning problem [3} [13].



* We show that OMD with the negative entropy used in prior work [24}, |8] suffers regret at least
Q(+/Klog S) even when M = 3 (Theorem . This rules out the negative entropy as a viable
regularizer in the sparse setting and provides justification for the use of our novel regularizer.

* We establish that results independent of S A are not achievable in the unknown transitions setting
via a lower bound in the sparse (M = 1) setting of order {2 (D\/ SAK ) (Theorem .

Technical Contributions: Proving these results requires new technical ideas. For the general
sparse lower-bound, we derive a result on the expectation of the maximum of asymmetric zero-mean
random walks, generalizing the result for the symmetric case from [21]]. The negative-entropy-specific
lower-bound relies on the careful design of an MDP with skewed initial occupancy measures that
highlights both the reasons for the failure of the negative entropy as well as the more general difficulty
of the stochastic nature of SSP problems.

1.2 Related works

Regret minimisation for SSP problems under full-information feedback was initiated by a line of
work studying stochastic costs [28} 25, 29 [1 1, [7, 19} [15]. In the adversarial setting, it was first studied
by [24] in the known transition case. Their bounds were later improved by [8]]. There have since been
many extensions: [6]] consider the unknown transition setting, [34] establish dynamic regret bounds,
[LO] consider a policy optimisation approach in the unknown transition setting.

Regret minimisation for SSP problems under bandit feedback where only the costs of the visited
state-action pairs in an episode are revealed to the learner has also been studied both in the stochastic
[10] and adversarial settings [8}16[10]. In the adversarial known transition setting, the minimax regret
is of the order /K DT, S A (ignoring log terms) [8]. It is an interesting future direction to study the
sparse SSP problem with bandit feedback and understand if the regret scales with v/M instead of
v/SA, in which case M would play the same role of effective dimension as in the setting we consider.

Regret minimisation with sparse costs was studied in the classical online learning setting [[16]

(S = 1). The minimax regret goes from O(y/Klog A) to O(/KMA-'log A) under full-
information feedback (experts problem). For rewards instead of costs, it goes from O(y/K log A) to
O(+/K log M), which matches the benefits of sparsity we establish for the SSP problem with costs.
Note that we restrict our focus to costs since it is unclear how to interpret rewards within the SSP
framework. Under bandit feedback, the sparse minimax regret goes from O(v/K A) to O(v/ K M) for
both rewards and costs [16 14]. The above minimax regrets can also be achieved by sparse-agnostic
methods [[16, 30]]. Finally, sparsity was also considered in the case of stochastic losses by [17].

2 Preliminaries

2.1 Problem setting

We consider the Stochastic Shortest Path (SSP) problem with adversarial costs. The environment
is modeled as a Markov Decision Process (MDP) M = (S, A, P, sq, g) along with a sequence of
cost functions {ck}f:l chosen by an oblivious adversary over K episodes. S is the state space with
cardinality S = |S|, and sg € S is the fixed starting state. The goal state g is a special absorbing state
not included in S. A is the action space with cardinality A = |.A| and we assume for simplicity that
it is the same in every state. Let I' = S x A denote the set of all state-action pairs. The dynamics in
the MDP are given by the known transition function P, where P(s’|s, a) specifies the probability of
moving to state s’ € S U {g} after taking action « in state s.

Each episode begins in state sy and proceeds with the learner selecting actions until the goal state g
is reached. When the goal state is reached, the current episode ends and a new one begins. At the
start of each episode k, the adversary selects a cost function ¢, : I' — [0, 1], assigning a cost to each
state-action pair. We denote the sparsity level as M = maxy, 3, ,yer I{ck(s,a) > 0} the maximum
number of non-zero costs in an episode. We work in the full-information setting where the entire
function ¢y, is revealed to the learner at the end of the episode. The objective is to minimize the total
cost over all episodes, which requires a balance of minimizing the accumulated costs while ensuring
the goal state is reached efficiently.

We use super-scripts to denote the time-step within an episode and sub-scripts to denote the episode:
e.g. (s, al,) refers to the state-action pair at the ¢-th time-step of the k-th episode. We sometimes
omit the sub-script when referring to an arbitrary episode. We now define some important concepts:



* A stationary policy 7 is a mapping such that 7(-|s) is a probability distribution over the choice of
action a ~ 7(+|s) in state s. A policy is called proper if it reaches the goal g in finite time from
any initial state in S with probability one, and improper if not. Let II,, be the set of all stationary
proper policies. We assume the existence of at least a proper policy.

* The expected hitting time 7" (s) is the expected number of steps required to reach g from state
s under 7. Letting I;(s) be the random number of time-steps used to reach the goal state when
executing a policy 7 in an episode starting from state s, then 77 (s) = E[I(s)]. For any proper
policy 7, I:(s) and T™(s) are finite for all s € S.

* The fast policy 7 is the deterministic policy that minimizes the worst-state expected hitting time,
and the diameter D of the MDP is the corresponding expected hitting time:

= i " D= T7f(s) = mi T7(s).
Ty ar7g7611{111n max (s), max (s) min max (s)

Since the transition function P is known, both the fast policy 7y and the diameter D can be
computed offline prior to the learning process.
* The cost-to-go function JT : S — [0, c0) is the expected cost suffered during an episode executing
policy 7 and starting from state s, given a cost function c and a proper policy . It is defined as
Ix(s)
JI(s) = IE[ Z c(st,at)’Pﬂr,sl = s],
t=1

where the expectation is with respect to the randomness in the action sampling and state transitions.
We use J;7 to denote the cost-to-go from the initial state sq using the cost function ¢y, in episode .

* The regret R is the primary measure of performance by which the learner is evaluated. It is the
difference between the total cost over all episodes of the policies 71, . . ., Tx chosen by the learner,

and the total cost of the best proper deterministic policy in hindsight, 7* € arg mingery, Zi;l Ji

K
Ry = Z ck(sz7a’;€)—;l(]g*,

We denote by T, = T™ (s) the expected hitting time of 7*.
* The occupancy measure ¢, € Rgo of a proper policy 7 is the expected number of visits to
state-action pairs in an episode executing policy 7 starting from sq:
ITF (50)

Gr(s,a) = IE[ Z H{si =s,a" = a}‘P,w,sl = 50] .
i=1

The marginal g (s) = >}, 4 4= (8, a) gives the expected number of visits to state s. Given a vector
q € R;O, if it corresponds to a valid occupancy measure, the corresponding policy 7, can be

recovered via normalization as 7 (als) = q(s,a)/ >, q(s,a’) [35,24].
2.2 SSP as online linear optimisation and online mirror descent
Occupancy measures allow the cost-to-go to be expressed in a linear form:

=Y aels.a)en(s,a) = (gn ci).
(s,a)el

If the learner executes a stationary proper policy 7y in episode k, the expected regret can thus be
reformulated as an online linear optimisation problem on the space of occupancy measures:

E[Rx] = E[ki JT — J,;f*] - E[lﬁl@m e, ck>].

Online linear optimisation is a well studied problem and can be solved using Online Mirror Descent
(OMD) (see e.g. [20]). In the SSP framework, OMD is applied on the space of occupancy measures
corresponding to proper policies with expected hitting time bounded by some 7" > 0 defined as:

A(T)—{qeRF: Z q(s,a) < T,

(s,a)el’



Vse S, Zq(s,a)— Z P(ss’,a’)q(s’,a')—ﬂ{s—so}}.

acA (s’,a’)el’

The first constraint ensures the expected hitting time is bounded by 7', while the second is a flow
constraint ensuring the vector corresponds to the occupancy measure of a policy. The regret bounds
of OMD will hold against any fixed comparator policy as long as T is large enough such that A(T)
contains the occupancy measure of the optimal policy, i.e. g+ € A(T"). OMD with a strictly convex
differentiable regularizer v and step-size 1 selects occupancy measures computed through the update

q1 = argmin(q), Qi1 = argmin{n g, cr) + Dw(quk)} ; (1)
qeA(T) qeA(T)

where Dy (z,y) = ¥(x) — ¥(y) — (V¢ (y),x — y) is the Bregman divergence with respect to 1.
This update can be computed efficiently for all the regularizers we will discuss (see Appendix [B]). As
discussed in the previous section, we can easily recover via normalization the corresponding policy
mq, that will be executed by the learner.

If the regularizer satisfies for some a > 0, any ¢ € R and all k > 1:

Vip(q) € [V (ar), Vo (ar) — ner] = V20(q) = aVh(qr) ()

(this is satisfied by many common regularizers), then a standard result (see e.g. Theorem 6 in [4]],
Theorem 5.5 in [3]]) gives the following general regret bound for OMD:

. K
Y(grr) — (@1 n
Dtk = g ) < Yaw) — W) 20 Dkl 2y g1 ©
k=1 d—’ M=l
Penalty Stability

where [ g% = Y, .o o a(s,a)A((s,a),(s',a’))q(s, ') for a matrix A € RI*T. Various regret
bounds can be obtained by instantiating the above with different regularizers. In particular, [8] use
the negative-entropy to obtain a O (\/DK T, log SAT, *) regret bound.

3 Failure of negative entropy regularization

In the general non-sparse setting, [8] use the negative entropy to achieve a regret of
(’)(\/DK T, log SAT*), which in the non-sparse setting has optimal dependence on SA (as
we show later in Theorem [4.3). Despite this success, the negative entropy fails to benefit from
sparsity in its dependence on .S, as shown by the result below. As we will see in Section 4] this
establishes the negative entropy as a sub-optimal choice for sparse SSP problems.

Theorem 3.1. For any S = 6, there exists an SSP instance with a fixed horizon of 3, sparsity level
M = 3, an action space of size A = 2 and state space of size S such that the regret of OMD
with negative-entropy regularization and any step-size n > 0 after K episodes is E[Rk| =

Q(min{/Klog S, K}).

This result shows that despite the SSP instance being sparse (M = 3), the regret of OMD with
negative entropy regularization nevertheless scales as +/log S, which is the same dependence on S as
in the non-sparse setting. For sparse problems, the negative entropy provides no improvement on the
regret with respect to S. This highlights that existing approaches and regularizers are inadequate to
appropriately exploit sparse problems and motivates considering alternate regularizers specifically
designed for the geometry of sparse problems, as we do in the next section.

To better understand the failure of negative entropy regularization in sparse settings, we highlight the
main intuition behind the lower bound construction and defer the details of the proof to Appendix [Al

Proof intuition: The key idea is to reduce SSP to an experts problem with 2 actions and a heavily
skewed initial distribution over the actions. The initial occupancy measure played by OMD in () is
q1 = argmingex (7 1(q). For most regularizers, including the negative entropy, this encourages q;
to be uniform across the state-action space while maintaining the constraints on the flow and expected
hitting time. Since we consider a fixed-horizon MDP, only the flow constraint is relevant.

Consider the SSP problem shown in Figure[I[|with N = S — 2. Since s1, ..., s constitute a large
majority of the states (especially for large N), 1)(q) is mainly affected by the values of ¢ in these



Figure 1: MDP for the reduction to a skewed experts problem with 2 actions: S = {so, 8gy81y.eer S N}
(N = 5 —2), A= {a1,az}. The transitions are given by p(sy|so,a1) = 1,p(g|sg,a) = 1 for all
ae A, fori>=1: p(si|so,a2) = 1/N,p(g|si,a) = 1 forall a € A.

states. In order to minimize v (g), ¢; needs to ensure the expected number of visits to these N states
is sufficiently high. However since for any g and any i > 1, q(s;) = 37q(s0, az), for q1(s;) to be
sufficiently large then g1 (s, az) needs to be much larger (by a factor of V). This results in ¢; being

heavily skewed towards as in sg. For the negative entropy, this gives specifically ¢ (so, a1) =~ \/%

If the costs in all states but s are set to 0, the problem is sparse (M = 2) and reduces to a experts
problem with 2 actions where the initial probability for the first action, which in our case is ¢ (s, a1),
scales as 1/4/N. The regret for OMD with the negative entropy in this setting can be shown to
scale for any step-size at least as Q(+/K log N) = Q(y/K log S), providing the dependence from the
statement of the theorem. To prove this formally for the SSP reduction, we use the above construction
coupled with a non-skewed reduction and careful setting of the costs. We include the details in

Appendix [A]

Finally, we remark that this failure comes from the negative entropy inducing an OMD update at
points near the boundary of the space that can only move to new points in very close proximity. This
property does not generalize to all regularizers and in fact provides insights for designing a regularizer
to appropriately handle sparsity. In particular, the regularizer we consider in the next section does not
suffer from the same issue because it induces an OMD update that can relatively easily move away
from points that are near or exactly on the boundary of the space. This is because its gradient does
not diverge at the boundary (i.e. as ¢(s, a) — 0) unlike the negative entropy.

4 The benefits of sparsity

In this section, we show that it is possible to achieve a regret bound of order O (« /DKT, log(M T*)) ,
where M is the maximum number of non-zero entries in the cost. This is our main result and together
with the lower bound in Theorem [4.4] establishes that the sparsity level M acts as a measure of
effective dimension instead of the state-action space size S A for SSP with full-information feedback.

In the previous section, we showed and discussed that the negative entropy, the regularizer used
in OMD by existing methods, is inadequate to handle sparse SSP problems. Motivated by this
failure, we consider alternate regularizers. However, identifying a suitable regularizer poses two key
challenges. Firstly, it must work for SSP and the associated technical complexities compared to other
simpler online learning problems. In particular, it needs to match the dependence in terms of the
other non-sparsity-related quantities appearing in the regret of the negative entropy (i.e. D, T}, K).
Second, it must explicitly leverage sparsity to improve performance. We propose the following novel
family of regularizers parameterised by p > 1:

Up(q) =p- (_1 + HquEg) =p- (—1 + Z Z Iq(s,a)|1+1/p) : “)

seS ae A

As p — o0, the regularizer in Equation (4) converges to the negative entropy. On the other hand,
as p — 1, the regularizer converges to the squared Euclidean norm that enforces much weaker
regularization on sparse points. Therefore, v, allows smooth interpolation between dense and sparse
regimes via the tunable parameter p (see Figure 2|for a comparison). In particular, 1, for small p
induces an OMD update that is able to easily move to and away from the boundary of the space,
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Figure 2: Bregman Divergence between a deterministic distribution 2z = [0, 1] and the uniform
distribution y = [1/2,1/2] for our regularizer 1, squared Euclidean norm ¢ and negative entropy
H for increasing values of p.

making it robust to the skewed initial occupancy measure on the SSP instance which caused the
failure of the negative entropy in Section[3] The parameter p also controls a trade-off between the
stability and penalty term in (3), which ultimately will enable the removal of the dependence on S A.

We note that OMD with the above regularizer can be implemented efficiently for any p: the projection
step of OMD over A(T) can be written as a convex optimization problem as in [24], which can be
solved efficiently (details in Appendix [B).

We can now turn to our main result, which establishes regret bounds that scale with the sparsity level
M for OMD with the regularizer in (@) when M is known.

Theorem 4.1. Consider OMD with 1), as regularizer. If T is such that g« € A(T), n = 4/ %,
p=1+log(TM), then E[Ry] < O(« /DKT log(MT)).

We present below the outline of the proof and include the missing details in Appendix [C]

Proof. It can be shown that ¢, satisfies the condition @) with a = 1, allowing us to use the bound in
(3) as a starting point. Using that ¢, € A(T'), we can bound the Penalty term:

1+1 1+1 1+1
Up(a) = (@) =p (lel 12 ~ Iy 32) < p a7 < p- 10000 §)

It can also be shown that V21, (¢) ™! = diag(#qlfl/”) Using that ¢ (s, a)? < cx(s, a), we get

p 1-1/ cx (s, a) 1-1/
Jex3 S = k(s,a)qr(s,a) P < ekl qr(s,a) "
S S T 2 2 el
ck(s,a) 1-1/p
< lewl (X o 15 ) 5)
sa Ck|l1

= lewly/Per, qpd VP < MV max{1, {cx, qry} < MYP(1+ (ex, qr)),

where the key step (3 uses Jensen’s inequality on the concave function ' ~'/? (p > 1) and probability
distribution ¢ /||cx.[[1. Plugging this into the Stability term and combining with (3)):

K 1+1/p 1/p 1p K

pT nMYPK nM
Dtk = rry ) < + +— D s cr)
k=1 k=1

n 2

K 1+1/p 1/p 1/p K
1 pT nMYPK  nM
e E — Qrx < + E *

k:1<qk o ’Ck> 1-— anl/p < n 2 2 k:1<q Ck>

2pT1+1/p

K
— Dtk — i) < +nM'PDEK,
k=1



where the last step uses that Y1 {qu, cx) < Y (G, k) < K|, |1]lck]0 < DK, D > 1 and

n<4M~YP — 1 —yM'?/2 > 1/2. Tuning n = 4/ ?E\;Z (so n < 2M /P for sufficiently

large K) and p = 1 + log(T'M) gives the result. O

Provided we can suitably select T’ ~ T, (see Section .1, this result establishes that sparsity does
lead to an improvement in the minimax regret. In Section 4.2] we show that the dependence on
M and SA is optimal, ruling out polynomial improvements from sparsity such as in the experts
setting [[16]. This highlights that M acts as the effective dimension of the problem instead of S A.
In particular, if the sparsity level M is constant, then we obtain a dimension-independent regret of
O(DKTlogT).

Remark 4.2. Although we express the bound in terms of the sparsity level M, it can be seen that
the analysis above holds more generally if M is instead an upper bound on the {1 norm of the costs:
M = maxy|cg|l1. This relaxation allows our result to cover "softly sparse” cost structures and aligns
with the notion of first-order bounds commonly studied in the online learning literature [19, 133} 1311].

4.1 Sparse-agnostic parameter-free upper bound

The procedure in Theorem 4.3|assumes knowledge of the sparsity level M to tune the parameter p of
our regularizer and uses knowledge of the expected hitting time of the optimal policy 7’ to consider
OMD over the space of suitable occupancy measures. We now adapt existing techniques to remove
both of these assumptions and derive fully parameter-free guarantees.

For the unknown sparsity level, we use the same approach as in [[16]. We divide the K episodes into
batches. Within each batch, we independently run OMD tuning the parameter p of our regularizer
with the sparsity level observed up to the current batch, as described in Algorithm[I]in Appendix [C|

For the unknown expected hitting time of the optimal policy 7%, we can exploit the same meta-
algorithm technique as in [8]], using the sparse agnostic algorithms introduced above as base learners.
Werun N ~ log K instances of Algorithmmwhere the j-th instance sets its parameter 7" as b(j) ~ 27.
Therefore, there exists a good instance j, such that b(j.,) is close to the unknown T,. The regret of a
scale-invariant meta-algorithm, described for completeness in Algorithm [2]in Appendix [C} closely
matches that of this good instance.

Together, these two techniques yield the following parameter-free regret bound (proof in Appendix[C)):

Theorem 4.3. For any K > MT, Algorithm 2| guarantees:

E[Rk] <O (BVDT*Klog(T*M) + BMA/ %(T*]\/[) + \/DT*KlogN«/T*> ,

where B = [log, log, M| and N = O (log K).

The leading term matches the regret bound from Theorem[@.T]up to a log log term, while the second
vanishes with large K and the third does not depend on M. Therefore, running a procedure that
does not assume knowledge of M and T, comes at no additional cost in terms of the regret bound.
We note that we can also obtain a bound that holds with high-probability since the high-probability
analysis given in [8] can easily be adapted to work with our regularizer.

4.2 Lower bound
In this section, we provide a general lower bound for sparse SSP problems.

Theorem 4.4. Forany D, T,, K, S, AwithT* > D > 3log S, S(A—1) > 400, K > % log M
and M > 101, there exists an SSP instance with stochastic M-sparse costs, S states and A
actions such that its diameter is D, the expected hitting time of the optimal policy is T*, and the
expected regret with respect to the randomness of the losses for any learner after K episodes is

E[Rk] > Q(VKT*Dlog M).

For general M (> 100), the lower bound matches the upper bound established in Theorem
in its dependence on M, characterizing the minimax regret for general sparse problems (up to a
log T, term). For M = S A, our result gives a Q(\/ KT*DlogS A) lower bound improving on the



Q (\/ K T*D) lower bound of [8]]. In particular, this establishes the optimal dependence on the size of
the state-action space S A in the minimax regret for the general non-sparse SSP problem.

Proof intuition: The proof is based on the combination of an SSP instance from [8]] and a proba-
bilistic costs construction, which then requires some non-trivial arguments to extend to the sparse
SSP problem. We give an overview of the construction and defer the details to Appendix

The MDP construction is essentially a reduction to a non-sparse experts problem with O(M) actions.
First, there is a reduction to an experts problem with O(SA) actions. Then within these, there are
O(M) good actions, while the remaining are bad. The good actions suffer small costs in expectation
and can lead directly to the goal-state. The bad actions are zero-cost but all lead to the same unique
bad state, where only one action leads to the goal-state and suffers high cost. This allows a big
proportion of the actions to be bad while still guaranteeing sparsity and forcing the learner to only
consider the O(M) good actions, completing the reduction to the non-sparse experts problem with
O(M) actions.

However, we cannot directly apply lower bounds for the experts problem because of subtleties in
the reduction and the cost-generating mechanism. We use a similar approach to the experts lower
bounds by sampling the costs i.i.d. from a Bernoulli distribution, however with a scaled parameter to
ensure the reduction above holds. The regret in this stochastic environment can then be expressed as
the maximum of asymmetric zero-mean i.i.d. random walks, capturing how much better the optimal
policy can be by choosing the best action after the i.i.d. Bernoulli costs have been sampled for all
episodes. The result then follows from a technical result on the expectation of this maximum that we
derive in Appendix [} We note that the reduction and costs are constructed in such a way that the
diameter of the MDP and expected hitting time of the optimal policy are indeed D and T,.

5 Unknown transition setting

In this section, we consider the setting where the transitions are unknown and show through the
following lower bound that the benefits of sparsity are limited.

Theorem 5.1. Forany D, K, S, Awith S > 2,A > 16, D > 2 and K > SA, there exists an SSP
instance with M = 1, S states and A actions such that its diameter is D and the expected regret for
any learner without knowledge of the transitions after K episodes is E[Rk] > Q(Dv/SAK).

The above result establishes that the minimax regret for the unknown transition setting must scale
polynomially with S A, regardless of the sparsity. In particular, this highlights the limited benefits of
sparsity in removing the dependence on the state-action space size in the unknown transition setting,
which is in stark contrast to the known transition setting.

The proof is based on an SSP instance used by [25] to prove an Q(D\/ SAK ) lower bound in the
unknown transition non-sparse setting. It turns out that this instance can be adapted such that the
cost is only non-zero for a single state-action pair, while keeping the regret lower bound unchanged,
giving the above result. We include the details in Appendix [E]

6 Conclusion, limitations and future-work

In this work, we studied the SSP problem under sparse adversarial costs and full-information feedback.
When the transitions are known, we have shown that existing methods fail to appropriately exploit
sparsity. Instead, we designed a family of regularizers to use with Online Mirror Descent that allowed
us to characterize the sparse minimax regret, establishing the extent of the benefits of sparsity in this
setting. When the transitions are unknown, we showed that even the sparse minimax regret scales
polynomially in the size of the state-action space, suggesting fundamental limits in such settings.

Our results open up many further directions of research. In particular, we established the benefits of
sparsity under known transition as limited to logarithmic, however, there could be structural properties
of an MDP that could break this logarithmic limit and achieve polynomial benefits. Moreover, we
have limited our focus to the adversarial full-information feedback setting, but the study of sparse SSP
problems in other settings, such as partial feedback, stochastic environments, or structured decision
problems remains unexplored.
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A Failure of the negative entropy

In this appendix, we prove our lower bound result for OMD with the negative entropy from Section 3]
We first restate the result.

Theorem 3.1. For any S > 6, there exists an SSP instance with a fixed horizon of 3, sparsity level
M = 3, an action space of size A = 2 and state space of size S such that the regret of OMD
with negative-entropy regularization and any step-size n > 0 after K episodes is E[Rk| =

Q(min{/Klog S, K}).

Proof. Fix K even, S > 6, A =2and N = S — 5. We first describe the SSP instance. Consider the
following MDP M = (S, A, p, s0,9), where S = {50, s, st sB L8R, 51} and A = {al, (12}.
The transitions and costs (in each episode k) are defined as:

p(s&s0,a) = p(sf|so,a) = 1/2 and cx(sg,a) = 0 for all a € A.

* S0

* s§:p(sk|s§,a) = 1foralla e Aand cx(sf, a1) = ﬂ, cr(st, az) = 1/2.

« s p(sflsg,a1) = 1 p(sfstf, a2) = 1/N and ci (s, a1) = 0, cx(sff, a2) = 1.
o sF: p(g|sF,a) = 1and cx(sF,a) = 0 forall a € A.

* ship(glsk,a) = 1and ¢p(sh,a) = Oforalla € A.

« sl p(glsl,a) = 1and ¢x(sf,a) = O foralla e A.

An illustration is given in Figure[3] This SSP 1nstance has a fixed horizon of 3 in the sense that all
policies have a hitting time of exactly 3 (the states sg and s g are added to guarantee this). As a result
we have that 7, = D = 3. Also note that there are at most 3 state-action pairs that have non-zero
cost, therefore the sparsity level M = 3.

Figure 3: Diagram illustrating MDP construction for the proof of Theorem When an action is
not specified for an edge, then both actions give the same transition and cost. If an edge has a number
in black, it is a transition probability; if it does not then the transition is deterministic. The costs are
given in red. The formal description of the MDP is given above.

From Appendix B.1 in [24] (we can ignore the optimization over A because we are in a fixed horizon
setting), the update of OMD with negative entropy for any £ > 0 can be computed by solving a
convex optimization problem:
Giri(s,0) = qu(s, @)™ 0, where By (s,a) = v(s) —ne(s.a) = Y] pls']s,a)o(s),
s'eS
Vpp1 = arg min D (v),

Z Z qr(s,a) k(s:0) _ v(sp),

s€S ac A
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with go(s,a) = 1 and ¢(s,a) = 0. This allows us to compute exactly the points played by the
algorithm on the SSP instance described above, and in turn compute the regret, from which the result
will follow.

In the following few pages, we compute the occupancy measures played by OMD with the
negative entropy on the SSP instance described earlier for all episodes, using the convex
optimization problem above. We begin by computing expressions for Bj (s, a) in each state:

* B}(so,a) = v(so) — 3v(s§) — 3v(sf) foralla € A
s BY(sk,a) =v(sk) - nck(s{%,a) —v(sk)forallae A
* Bjl(sg) =v(sy)

* Bi(stf,a1) = v(sgf) —v(sf)
o BY(sf,az) = v(sf) — ner(sf az) — £ 08 v(sl) = v(sf) — new(sf, az) — v(sh)

since by symmetry v(s?) = v(sf) forall i > 1 and any v solving the convex optimization
problem specified in the OMD update.

s BY(sE a) = v(sF) = v(sF) forallae A
« Bp(sk a) = v(sf) forallae A

Plugging these into the optimization problem, we obtain (recall the notation g(s) = >}, 4 q(s, a)):

Vi1 = argmln Di(v) = argmmz 2 qr(s,a) Bk (s:a) _ v(sp)
SeS aceA

= argmin  gi(so, ag)e?(%0)0SUEN=05E) 4 gy (55, ) er(50)=0-50(s5) 05055
v

+ qu(sE, ay)er B mmen(sE00)=0(5) | g (L o0 (s8) —men(sf az)—v(s])

+ qr(sh, a1)e’(9) + ar (st az)e? ()
+ qk( R ) v(sé%)fv(s\f) + Qk(Sg,Cl2)€v(5é%)7nck(S‘I’%’a2)7v(5{{)

+ Z{Qk )e 1) 4 gy (s )ev(sﬁ)}

¢)

+ qi(s) ,ap)e’Cs) 4 (s, az)e? ™
—v(s0)

= arg min qk(So)ev(so)fo.fm(sg)70.511(5(1)%)

- qu(sh, ay)e? GO (500060 4 (6 g, en(s8) (s a2 —v(sh)
+ Qk( L) v(sj)

+qk(3§ al) U(So) ”(5 )+qk(3§ a2> U(So) nme(so ,a2)— U(S )

+ Z{Qk )t )}

+ g(s)en )
—v(s0).
This being a convex optimization problem, it can be solved by differentiating and setting to 0:
aafécs(:)) _ qk(SO)ev(so)—0.5v(sg)—o.5u(s§) 1=0
0Dy, (v) = —0.5q1(s )ev(so)70.51)(35)70‘51)(5?) +qu(sk,a )ev(sg)fnck(sg,al)fv(s_{;) +an(sEa )ev(sé’)fnck(s{;,ag)fv(sgL)
60(36) qr\S0 dk\Sg, a1 dk\Sg, a2

0.5+ gr(sh, ar)e? I mmer(s5 a5 g (6 gg)er(H)mner(s a2 —v(sh)
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gi’j(ks(zf)) = —qi(sk, ay)er Ol 0) v (s0) _ gy (ko) (8 men (8 a)v(sg) 4 g (gL ev(sy)
= gi(s5)e’c) —05 =0

gf(ks((l)g)) = 0.5 (s0)e? () 03N =050 4 gy (s ay)er (000D 1 gy (58, ag)er(0)mmen(s6ha2) v (1)
=05+ qk(sgal)ev(smf@(sg) + Qk(s§7az)e”(sg)fnck(8§,a2)w(s{*) =0

Zf(ks(g)) — (5B, ay)e? (50— qk(85)e”(5§) _o

Let’s look specifically at the case k = 0 (go(s,a) = 1,q0(s) = 2,¢9(s,a) = 0forall s € S, a € A).
For the left part of the MDP we have:

ODL(V) _ () geutsh)=olsh) _ 5 s (sE) — g a5enh)
v(s§)
ODev) _ o L oolsh) _ 0.5 —s ¢2(s) _ 252
v (s
.252
— q(st,a) = eBo(s5:a) — 025 = 0.25, forall a € A.
0.25
For the right part of the MDP, we have:
0Di(v) _ wsB)—v(sE) 4 u(sB)—v(sT) _ o) _ 0.5
2u(sD) =0 =ce +e =05 = e QT p—
D) _ () o) =el) — vl — o) = L osuial)
ov(syh) V2N
aDk(’U) =0 =— ev(sg{)—v(sf’) _ 261)(85) —_ ev(sf) _ LeO.SU(sg')
dv(sk) 2
0.5
v(sf) _
= e \70 \/*6—0 51}(e§)+ /9 N e—0- 5v(s{t)
0.5
0.5v(sdl) _
— e =
V2 + V2N
sty 025
(V2 4+ +/2N)2
R _ BY(sFar) _ w(sB)y—u(sB) _ \f 0.5v(sk) _ 0.5
= q1(sp,a1) = €070 = e"\%0 9/ =1/2e 0/ =
Q1( 0 1) l—l—\/ﬁ
R _ BU(SR,GQ) _ v(sR)fv(s?) _ O.Bv(sR) _ 05\/N
Sy ,Q9) = e-0'%0 = e\ =4/2Ne 0/ =
@159’ 02) 1++V/N
R _ B”(SR,a) _ ’U(SR) _ 1 OASU(SR) _ 0.25
s1,a) = e 0¥ = 1) = ¢ 0 =
st o) N TN+ V)
R\ o B(sfa) _ o) _ L osusiy _ 025
Ss,,a) =¢€ 01\%g =e g/ = e 0/ = .
0(s7,4) NG oy

Let’s now look at general & > 1: Since g, is an occupancy measure, it satisfies the properties of
the dynamics of the MDP (see the definition of A(T') in Section and we have that for any s € S:

Yiaen 1e(5:0) =X oes DweaP(sls’,a)ar(s',a’) + I{s = so}. In particular, this gives
* 5=50:qp(s0) =1

o s =sb: qu(st) =0.5q.(s0) = 0.5
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* s =57 q(sy) = qr(s§) = 0.5

© s = st qr(sf) = 0.5qx(s0) = 0.5
« s =slq(sf) = ar(sf an)

© s = st qr(st) = war(ss, az)

This leads to the following simplifications in the derivatives of Dy (v):

(7Dk( ) _ ev(s0)—0.5u(s§)—050(sf) _ 1 _ g
dv(so)

6Dk(v)

s5)

)

— 05+ (o an)er e a8 | (12 — g ok, ay)) ) mesleben) (o) g

Sk

8Dk

—~
<

—0.5¢°69) — 05 =0 — e¥(5) =1

sé)
aD(ks(lg)) = 0.5+ g (s, a1)e’COTED 1 (1/2 — gu(sf, ar))er D170 =
0
8D(k8(;’)) —qk(sé%,ag)ev(s(’f)*nfu(sf') + qk(s(}f,ag)e”(sf) _ 0 s (B _ gr2o(sh)
1
Z’;’]?(ks(g)) (5, an)e ) g (ol an)et ) — ) s v 2ol
Left part of the MDP:
gf(ks(g)) 0= (1’“(‘957al)ev(s(g)_n%il)lc + (0.5 — qu(sk,ar))er =051 = 0.5

0.5
+ (0.5 — g (sk, ar))e=0-om

—_ ev(sé’) —

o 1+(=DF
ar(s§,ar)e™ 2

0.5

k+1=2 v(s5) =
+ - ¢ 0.25 + 0.25¢—057

— (s 1) = qu(s, ar)ePi(0:9) = 0.25¢0(0) () 1:35%?0-5"
0.5
E+1=3 — e¥(s0) — 01 (5E,an)e 7 + (05— qu(sE,a1))e 05
0.5 "
L sk o, v OB (:)Lm)
— gs(sf,@1) = galsfa)e D) = 0.25
keven — qk(sé,al) = 1_1_2%:50_57,

kodd = q(sk,a1) =0.25,

where the last two lines follow by a straightforward induction. Hence the losses suffered by OMD on
the left part of the MDP are:

1+ (=1)*

{aststoan) - 00

I
D=

Z {Qk So ,ar) ck(sé,m) + qk(séyaz)ck(séyaz)}

+0.5- (0.5 — gr(s, al))}

kel
Il
—_

I
M=

{qk(sg,al) . (721)]6 + 0.25}

k=1
K/2

=0.25K + 0.5 Z {qgt(soj‘,al) — qgt_l(soL,al)}
=1
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— 0.25K + 0.5 Z{

K/2

0.5
14050

- 0.25}

K 0.5 — 0.25 — 0.25¢0-57
= 0.25K +055 ¢
1+ e 05n
K 17670‘577
=02k 16 1+ e05n
K n 1
— 0.25K + -~ ‘{f,f}. 6
=0.25K + 6 - min =5 (6)
0.5

qr(sff, ar)e

g

—v(sf)

0.5

+(1/2 = (st ar))e 101

qk.(sg“, a1)6—0.5v(s{}) + (1/2 _ qk(sg, al))e—n—0.5v(s§)+0.5n

Right part of the MDP:
aDk(R) _ — ev(s?) _
dv(sp)
oD,
k(;f) =0 = v(s¥) = n+2v(s)
dv(sy’)
0Dy (v)
7o) =0 = v(sf) = v(sT
— ev(s0) =
— 60'51}(8?) _

0.5

0.5

ar(sff,a1) +

= qr1(s a1) = qi(

(1/2 = q(sf, ar))e=0on

ai(sft,ar) + qr(sf, az)e=0-5m

v( R Ry (.R R
S(})%, al)eBk(éo a1) _ Qk(S(I):i, al)ev(éo )—v(sy) — qk(s(1)37 a1)60.5u(50)

R a(s0', 01)
= qrt1(s0,01) = 0.5%(56%’ o) = (12 — gu (5T, an)Je =0
L @en(stha) . aen(sdha) (g a1)
G1(s5a2) (12 = qear(sgya1))  (1/2 = ai(sg, a1))e0on
. Qor1(sg,01) _ 05an1(50 ,01) _ o05ky_05 1 05k
Qk+1(5§7 CLZ) q1 (50 7a2) 0. 5\/7 \/7
0.5 0.5
= qrr1(sg, a2) = 1+ ﬁeo-f’k" - \/N_:/e;snk'

This also holds for £ = 0 (as shown above). Hence, the losses suffered by OMD on the right part of

the MDP are

K

R
ZQk So,az Ck 80702

k=1

K

=2

1

0.5v N

f+ e0-5kn

K+1

0.5V N

—d
\/N + e0.5nz

K+1
r = 05K — J
1

1 K+
=0.5K — [flog(\/ﬁ-i- 60'5’”)]1
n

1
= 0.5K — = log(VN + e0-5n(K+1))y
n

> 0.5K —

1
—log(2e
n

0.57;(K+1))

1
+ —logvN
n

1 1
=0.5K —05(K +1)— —log2+ —logN
" 2

1 N
=—0.5+ — log —.
+ o g

16

0.5€0-57%

——dx
VN + 0-5mz

1
+ —log(VN + &)
n

assuming VN < 02K+

0.5n Qk(s(l)%a ai)
qk(s(l)%v a2)



If /N > e057(E+1) then we have

VN + €951 )

A/ N + e0-5n(K+1)
e0-5n(K+1) 4 0.57
20.57(K+1) )

1 1 1
0.5K — Elog(\/ﬁ + 0B+ 51og(\/ﬁ +e09) = 05K + %log(

1
> 05K + - log(
7

1 1 —0.5nK
> 05K + - log(L)
n 2

> 0.25K,

0.5Kx
1+e > 670.25K:v

using that since cosh(z) = 1. So we have

K 1. N
Z R (58, an)en (s, az) > min{fO.S +5-log . 0.25K}. %)
= n

Combining the losses from the left part in (6) and from the right part in (7), we have:

K
Z<qu70k> = Z {Qk(soLaal)Ck(SoL,al) + %(857@)%(357@2)} + ) {Qk(sézy(h)ck(sé%’cb)}
k=1 k=1
> 0.25K + 2. {2 1}+ {- 05+—1 025}(}
T min 55 min og —

Regret lower-bound: consider g, defined as follows:
* ¢u(sg,a) =1/2foralla e A
* 4x(s§,a2) = 1/2, qu(sf,a1) = 0
* qu(sh,a) =1/4foralla e A
* (s’ 1) = 1/2. qu(s(, a2) = 0, qu(s],0) = 0
* qu(sf,a) =1/aforallac A

It is straightforward to check that ¢, satisfies the flow constraints and is an occupancy measure. We
obtain

K K
Z<Q*7 Ck> = Z {Q* 50 ,CL2 } =0.25K
k=1

— Ry > i — uy Cy = IZ mln{;7 ;}—i-min{ 05+—10gN 025K}

1 /1 N K
> min{ =4/ — —, =t —0.5.
mm{2 10K10g4,32} 0.5

Recalling that N = S — 5, we have Ry = (min{+/K log S, K }) for an MDP where the sparsity
level is M = 3, concluding the proof. O
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B Efficient implementation of OMD using our regularizer

In this section, we describe how the OMD update with our regularizer from Section 4] defined in
can be computed efficiently. This closely follows Appendix B.1 of [24]], who provide a similar
description for the negative entropy.

Recall the regularizer 1,(q) = pY.cs Doaea 4(5: @) TP — p for g € RL ). We have

Vi(q) = (p+1) - q(s,a)V7.

The Bregman divergence is defined as:
Dy, (0:4') = ¥p(a) = ¥u(q") = {Vu(d) g — )
S {ws,aw <>}

seS acA
2 Z{ s, (Z l/p ) _ q/(s’a)1+1/p}

seS ae A

= Z Z{ s,a) 1+1/p +q(s,a) - [p~q(s,a)1/p —(p+1)- q/(s,a)up]}

seS acA
Recall that OMD with the above regularizer computes the occupancy measures as follows - see (I)):
q1 = argmin,(q), Qkt+1 = arg min{n {q,cr) + Dy, (q, Qk)} -
qeA(T) qeA(T)

As shown in [20] (Theorem 6.15), each of these steps can be split into an unconstrained minimization
step, and a projection step. Thus, ¢; can be computed as follows

¢y = argmin ,(q)
q€RL,

q1 = argmin Dy, (q,q}),
qeA(T)

where ¢} has a closed-from solution ¢} (s,a) = 1 for every s € S and a € A. Similarly, g1 is
computed as follows forevery k = 1,..., K — 1:

Qo1 = aTg min{n (g, cr) + Dy, (g, Qk)}
qERl;O
k+1 = argmin Dy, (q, @ 41),
qeA(T)
p
where again ¢;, ; has a closed-from solution q; , , (s, a) = [qk(s a)l/r — srrck(s, a)]+ for every

s € S and a € A (follows from straightforwardly differentiating above objective and setting to 0 and
accounting for the non-negativity of occupancy measures) - we use notation a4 = maX{O, a}.

For the projection step, we start by formulating it as a constrained convex optimization problem:

min Dy (¢, qp41) st Z Z Z (s'|s,a)q(s’,a’) = I{s = s} VseS
qeR" aeA s’eS a’e A

Z Z q(s,a) <T

s€S ae A

q(s,a) =0 V(s,a) € S x A.

The problem can be solved by considering the Lagrangian with Lagrange multipliers A and {v(s) } s

£(a. A ) = Dy, (@,020) + A( 3 D als,a) = T) + D o(s) (X Plsls’saals' ') + I = so} = Y a(s,0))

seS ac A

= Dy (¢, Qs1) + Z Z q(s,a) ()\ + Z P(s'|s,a)v(s’) — v(s)) +v(sg) — AT,

seS ac A s'eS
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Differentiating the Lagrangian with respect to any ¢(s, a) and setting to 0, we get

PL20) G a)(5,0) = Vi )(5,0) + A+ D) Pl a)ols') o)
%4(s, a) ves
= (p+1)q(s,a)"? — (p + 1)g}1(5,0) P + X + 2 P(s'|s,a)v(s’) —v(s) = 0.
s'eS
= qr+1(5,0) = [q;€+1(57a)1/p A Des P(; E»{l)v(s ) — v(s)]i.

This formula is also valid for k¥ = 0 by setting ¢o(s,a) = 0 and go(s,a) = 1 for every s € S and

ac A

To compute the value of \ and v at the optimum, we write the dual problem D(A, v) = ming £(g, A, v)
by substituting g1 back into L:

DA, v) = Dy, (qrs1:Ghsr) + . D, Ges1(s,a) (A + 3 P(s|s,a)v(s’) — v(s)) + v(sg) — AT
S€ES aceA s'eS

P
Recall that ¢, (s,a) = [qk (5,a)'/P — Srrck(s, a)] , so (ignoring terms independent of \, v, e.g.
+

Bey1 (8, @)):

Dy, (Ghi1,Ghs1) = D, {qﬁm(s, a)""P 4 gy (s,a) - [pare(s,a)'P = (p+ D)ghoq (s, a)l/”]}

seS ae A
A+ Syes P(s'|s, a)o(s') — v(s)
205 ) [p(dhon (a1 — 2 Do
seSae.A{ [ ( P+ 1 >+

— (p+ Vehi (s:0) ]}

= 3 S ki (5.0) - [p(dhg (5,0)1V7 — A res DI R — 00)y

seS ae A p+1

— (P + 1)qj 41 (s, a)l/p]} since if g;+1(s, a) = 0, then the whole term is 0

=3 Yol 0 [~ s.0)7 = (4 X P s apu(s) —ols) |

S aea ves
— D(Aw)oc;s;{qml(sya) s @ = T (0 25 P(s'|s,a)u(s') — v(s))
+ (A + ZS P(s'|s,a)v(s') — v(s))]} +u(sg) — AT
5 S e [ 4 D P )
== >0 2 akra(s,0) TP u(sg) = AT
S acA
- ;%[q;+l(s, oy — At 2ises P(«;’E,la)v(#) - v(s)]iﬂ) +o(s0) - AT,

Maximizing the dual gives A and v or equivalently, we can minimize the negation of the dual:

1/p _ A Dves P(|s,a)v(s") — U(s)]1+p
p+1 4

Ak+1, Vg1 = arg min Z Z [qﬁHI(S, a) —v(sg) + AT.

AZ0v g acA

This is a convex optimization problem subject only to non-negativity constraints, and can be efficiently
solved using iterative methods ( e.g. gradient descent).
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Algorithm 1 Sparse-Agnostic Mirror Descent
Input: T, K, D
Initialize: p < log 22T, 7 « A/pT*1/P/(pDK22/P), m « 1, q; « arg mingea () ¥p(q)
fork=1,...,K do
Play ¢ and Observe ¢y,
if |cillo < m then
Qr+1 = argmingea . {q, cx) + Dy, (q, cx)
else
m « [log, logs ek o]
p—log22"T
0 /pI 1/ (pDK22/P)
Q41 < ArgMilgea () Vp(q)
end if
end for

C The benefits of sparsity - upper bounds

We restate the main theorem proved in Section 4]

Theorem 4.1. Consider OMD with 1), as regularizer. If T is such that g« € A(T), n = 4/ %,
p =1+ log(TM), then E[Rx] < O(\/Wg(MT)).

We include the missing details from the proof given in Section[d] First, recall from (@) that

Up(q) = p- (—1 + HQHiﬂfi) =p (—1 +Y |q(s,a)|1+1/P>

s€S aeA
61/);;((])
7 (s, a)

0% 1 _
N N

= Viip(q) = (p + 1)q1/p, V2wp(q) = diag(]%lql/p—l)

= (p+1)g(s,a)"

We implicitly assumed here that 1, is defined on Rgo. The missing details are:

* 1, satisfies the condition (2) with o = 1:

V(@) € | Vp(an), Vip(ar) —nex| — ¢"7(s,a) < 47 (s,0)

1 - 1
. >
q(s,a) qk(sva)
1 - 1
> =
-1 -1
q'=Y7(s,a) % /?(s,a)

= VQ?/’p((Z) = VQl/Jp(Qk)-

s VZ,(q)~! = diag (ﬁql’l/p) : follows directly from the expression for V24, (¢) above.

We now turn to the description of the parameter-free algorithm and the proof of its corresponding
regret bound (Theorem [4.3).

For the unknown sparsity level, we use the same approach as in [[16], which divides the episode
horizon into segments, where each segment will run OMD from scratch with an increasing sparsity
level guess. By definition M = maxc(xllck o is the higher sparsity level of the cost vectors. Now
let B = [log, log, M, 7(0) = Othen for 1 < b < B:

7(8) = min {1 <k < K |leglo > 2%’} and 7(B) = K.
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Algorithm 2 Fully Parameter-Free Online Mirror Descent for Sparse SSPs

log N+/b(j)

Define j, = [log, T”ﬂ(sO) — 1,b(j) = 2049 N = [log, K| — jo, 1y = | a5

N
Define 1/, (p )_Zg 1 7, p(j)log p(j)
Initialize: p; € Ay, such that p(j) = - N,Vj #1

Initialize: NV instances of Algonthml 1} with j—th instance T" = b(j)
fork=1,...,Kdo

Obtain occupancy measures qi for j € [N]

Sample jj, ~ pi, execute policy induced by ¢;*

Receive ¢, and send it to all instances.

Compute (1, (5) = {q¥, ck), ar(4) = 4n; 02 (5)

Update py+1 = argmingcn  {p, l + ax) + Dy, (D, pr)
end for

This essentially says that 7(b) is the first episode in which the sparsity level of the loss vector exceeds
2. Then we denote by, = min {b < 1|7(b) < k}, which is the index of the only episode k belongs
to. Therefore we partition the horizon [K] as intervals (I(b))pe[p1:

_ fIr(®) +1,7(b)] ifT(b—1) <7(b)
1) = {@' ifr(b—1) = 7(b)
Now we define: .
p(b) =log2* T
b T1+1/p(b)
77(5) = pl();(QZb/p(b) :

We consider mirror descent updates with our regularizer:

14+1/p(b
Yo (@) = p(0) (=1 + Jal 11700

then each mirror descent instance is defined by:

qt:Vd);(bt) n(be) Z |, k=1,...,K.
K <k, k'€l (bs)

Lemma C.1. Running Algorithm Algorithm|l|guarantees:

o (DT s(man « ary [P

Proof. On the time interval I(b), we run OMD with regularizer 1/,,;, learning rate n(b) and we
consider the interval regret R(b). Therefore, by the previous result, we see that the Penalty term is:

Uy (@6) — Yy (@) < p(O)] g TP < p(o)T H1/P ()

While for the Stability term:

k3, g1 = 10) D Y erls,a) =P gy(s,a)' =120
kel(b) s,a

= Z ch s,a)'™ 1/W’)qk(s a)'™ 1/p(b) +n(b ZCT ) (8,a) 1/p®) g ) (s,a)

kel(b) s
k<T7(b)
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1-1/p(b)

1-1/p(b)
<n(b) Z 2 (212” 2 e (s, a)qr (s, a)> +n(b)7(b) (7.(1()) Z Cr(b) (s, a)qr(v) (s, a))

kel(b) s,a
k<T1(b)
< n(b) Z 22" /P®) (¢ g )1 /PO) 4 n(®)MPON e, 4, qr )t PO
kelI(b)
k<T(b)
< n(b) Z 22'/P®) max {(ex, qi ), 1} + n(b) MYP®) max {(cr vy, @rpy)s 1}
kel(b)
k<7(b)
b
< n(b) Z 2270 ((eg, quy + 1) + ()M PO ((er 4y, ary) + 1)
kel(b)
k<7(b)
b b
=n®) Y. 27O ek, gy + n(b)(Irw) — 1)22 PO+ () MYPO) 4 (b)) MOV 1), - )
kelI(b)
k<Tt(b)
Therefore
Tl+1/p(b) b ,
D k= axcny < () — gy + 1) D122 PO e, gy + () (I — 1)2°/P®)
kel(b) N kel(b)
k<7(b)
+n(0)MPO 4 (o) MY e, a7y
_ <o T L 1y92 ) 4 )
— > gk = ey k) + (e vy Grny) < P(D) +10) (L) — 1) +1(b)
n(b)
kel (b)
k<t(b)
+n(p)22"/P® D Lewsqey + )M e ) g0y
keI(b)
k<T(b)
T1+1/p(b) b
— Rp(b) < 4p(b)W +4n(b) (L, ) — 1)22/P®) 4 4n(b) M /PO
+4n(0)22 PO ST (e, gued + An(B)MYPO e, 1), gue
keI(b)
k<T7(b)
T1+1/p(b) b
— Rp(b) < 4p(b)W + 4n(b) I, 5)2% PP + dn(b) M /PO
+4n(5)22 PO L4y D + 4n(b)MYP® D
. 1+1/p(b)

DT+1/p(6)22°/p(b) p(b) Dp(b)T1+1/p(®)
b b/p(b 1/p(b), [ PO)L "7
Ry (b) < 4\/KDT1+1/1’( )p(b)22/p() 4 4[T(b)\/ IR +4MLP T
DT log(T22" DT log(T22°
< 4/ K DT log(T22") + 41,4, % +AM %
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Note that:
log(22") < 21081082 M+1 g0
= log 2 exp(log (2082 1082 M+1y)
= log 2 exp((log, logy M + 1)log 2)

= 2log 2 exp((log, log, M)
= 2log2log M < 2log M

And therefore log(T22b) < 2log(TM).

B
= 31 100 < 3] a0/ K0T g(122) + 3 1y PTUEIEL  3  PTATE)
5 5
Z\/W \/72 log 22b +4M\/72\/7

Now ignoring knowing that 253:1 I.(b) = K:

DT
K < 4B+/KDTlog(TM) + 4/ DTK log(T2%") + AM\ | —=B+/log(TM

<@(&gmbeM@+BM DT@@%H)

K

O
We now turn our attention to the unknown hitting time of the optimal policy 7%, where we can exploit
the same technique presented in [8]].

We will therefore run N ~ log K instances of Algorithm [T] where the j-th instance will set its
parameter 7" as b(j) which is roughly 27, so that there always exists an instance j, such that b(j,) is
very close to the unknown 7.

We will therefore run a scale invariant meta algorithm with a correction term as in [8]] to obtain the
desired bound (details in Algorithm 2)).
Theorem 4.3. For any K > MT, Algorithm[2| guarantees:

DT, log(T. M
o (B«/DT*Klog(T*M) + BM\ /% + \/DT*KlogN«/T*> ,

where B = [log, log, M| and N = O (log K).

Proof. We start with a regret decomposition into the regret of the meta algorithm w.x¢. finding 7, and
the regret of the j, instance w.r.t. the best policy:

=
=
ol

|

=
1=
M=

bl
Il
—
<.
Il

Pr(J <qk, k) — Z (G Ck>]

1

é
D=
=

bl
Il
—
<
Il

K
pr(3){al,y cx) — <Qi*,ck>] +E lz (g — Qi*,ck->]
k=1

=1

23



K K )
=E [Z@k(j) - 6%61&1 +E l2<q2 - qf;,c;&}
k=1 h=1

Meta-Regret J»— Regret

where ¢, is the basis vector with the j, coordinate equal to 1. By Lemma the j,—Regret is
bounded by a O (B\/DTK log(b(j.)M) + BM W), where b(j,) = O(T%).

This also allows to say that:

K .
E l2<q;¥,ck>1 lZ<qﬂ* ck>] +0 (B\/DTK log(b(j») M) + BM\/Db J«) K(b(y*)M))
k=1

k=1
+0 (B\/DTKlog(b(j*)M n BM\/Db J+) (b(j*)M))

lZ<Qﬂf’ck>

k=1

<DK+0 (B\/DTK log(b(j.)M) + B M\/ Db(jy) 1olg(<b<j*)M )) .

For the meta algorithm regret, we can use Lemma 12 of [8] which guarantees that:

2+log (N 5(7) K
(5t5) T bGi) Yo cr)
k=1

K
Dok — €, ) <
k=1 i

Therefore, when K >

(pr — ej.,cr) < O logN” L (DK + B\/DTK log T, M + BM«/DTIOI%TM)>>
-0 <1°gNv n nj*T*DK) -0 (\/DT*KlogN\/f)

log N/b(4)

5(HDK

/—\

with n; = giving the desired result.
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D The benefits of sparsity - lower bound under sparsity

In this appendix, we prove our sparse lower bound result from Section[4.2] We first restate the result.
Theorem 4.4. Forany D, T,, K, S, AwithT* > D > 3log S, S(A—1) > 400, K > % log M
and M > 101, there exists an SSP instance with stochastic M-sparse costs, S states and A
actions such that its diameter is D, the expected hitting time of the optimal policy is T™*, and the
expected regret with respect to the randomness of the losses for any learner after K episodes is

E(Rx] > Q(VET*Dlog M).

log S/2

Proof. Fix B = [1965/2] — 2 Fix N = 28+1 > 2'%er ! — S Fix I = min{M— IL,N-(A—

log 2
)} >4 FxD'=D~B-2T =T, - B~1,withT, > D.

We first describe the SSP instance with stochastic costs. Consider the following MDP M =
(S, A, p, so, g) illustrated in Figure {4 and that we formally define below.

Figure 4: Diagram illustrating MDP construction for the proof of Theorem Details are given
below.

The first part of the states are represented by a binary tree of depth B + 2 and allow us to formerly
consider the N states at the bottom of the tree that matter, while avoiding an assumption on the
existence of a state with A ~ S actions as was done in prior work [8]. Each non-leaf node corresponds
to a state with two actions transitioning (deterministically) to the left or right child respectively. The
total number of nodes in the tree is

B+l log S/2 S

Zzl‘:23+2—1<2mgz tl_1=922_1=5-1.
1=0

2

The total number of leaf nodes is N = 28+1 > % Denote the set of states corresponding to the leaf

nodes by Sy = {51, ey 8 N}. The root node is sg. There is also one additional state denoted by f
(recall that the number of states in the tree is < S — 1).

We consider the same action set across each state: A = {al, iy GA—1,G f}. In the states of the binary
tree where we have only described two actions, we can consider the other actions to remain in the
same state deterministically with O cost.

The transitions and costs are defined as follows:

* For all states and actions in the tree that are not leaves, the transitions are specified above.
The costs are all 0.

» Fors; € S¢:,andaj € A
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- if j = f,then p(f|si,ay) = 1 and cx(s;,ar) = 0.

—-ifje {1 LA—=1}andj+(A—1)-(i—1) < L, thenp(g|s;, a;) = =, p(si|si, a;) =
1 — = and the cost is an independent sample from a Bernoulli distribution at each

eplsode k: cx(si,a5) ~ Ber(zT/)

-ifje{l,..,A—1}and j+ (A—1)- (i — 1) > L, then a; is the same as ay, i.e.
p(flsi,a;) = 1 and cx(s;, a;) = 0.

* For f,
- p(g‘faaf) = ﬁ’p(f‘faaf) =1- % andck(fvaf) = 1.
- foralla; € A\{as}, p(f|f,a;) = 1 and ¢k (f, a;) = 0.

Denote the above distribution for ¢ by D. In each episode there are at most L + 1 < M non-zero
costs, ensuring the condition on sparsity is respected.

Fori e {1, .., N }, let A; correspond to the actions in state s; € Sy, which can transition directly to g
and A\ A; corresponds to the actions which deterministically transition to f (e.g. if (A —1)-i < L,
then A; = {al, ey GA—1 }). For any proper policy 7 independent of the stochastically generated costs
in episode k, we have

Eepp[JF(s:)] = Eckm[ 3 7T(a|si)(ck(si,a) n (1 - %)J,:(s,;)) w5 Y W(a\si)]

2 2,
= ; 7(alsy) (Bey~p[enlsia)] + (1~ %)EckND[Jg(si)]) 4D g (a]s:)
- a;iﬂam)(f;, + (1= 5 ) Baen T 50)]) + - (1 - 3 wlals)

— B[] (1 (1) X wlab) - z 3 alals) + 0 (1= 3 nlls)

’

377 Daca, T(alsi) + D' (1 — Qe 7r(CL|S¢))
1= (1= &) Seu, 7lalsi)

D Saea, mlals) +2(1 = Teq, wlals)

2 S wlalsi) + (1= Syen, wlals:))

—— ECk'\/D[J;gT(S’L)] =

=
The optimal policy 7* is the policy that takes actions in the binary tree to reach state s;» and then

7 (aj«|si) = 1ford*, j* = argmin, ;.\ a_1).i<z 2211 cr(si,a;). Wehave J7 (so) = JI (s4+)
and forany k > 1

* 1 *
Jk (Si*) =Ck(81‘*,a]‘*)+ (1*F)Jk (Sz*)
— J7 (s0) = T'Ck(sz‘* aj+)

K
—_ Z Jk 50) Z (six,a+) =T min Z (i, a5).
= — i,j:j+(A=1)-i<L =
Hence,
D' <
!
E i [RK] >— . K-T -E iid [ min Z Ck(sivaj)]
Cl,...,CK 2 Clyeens ck~Dl; ,J:ij+(A=1)4<L

k=1



Mw

D!
/!
=17 (2T’ ~Kf]ECl CK%I,D[Z min
seens jj+A 1)’L<L

o)
D/

R P EA
C1yenCi D zj]+(A 1)1<LZ 27" ok(si:a5)

We now apply Theorem.w1th p=1- TTl/ > 1, d =L > 100 (since S(A —1) > 400 and
>10)andn =K > 8OOT* log M > 400,T log M > 20072 logd We obtain:

=

swp E[Rx|>E  w [Rk]> 0.0QT’\/K<1 = QDTI,) 2’% log L — 15T

Cl,...,CK €1, ’CK D

— o(VKT.Dlog M),

since L > M /8. Note that since T, > D, the hitting-time of the fast-policy is D’ + B + 2 = D and
the hitting time of the optimal is 7" + B + 1 = T, as required. This concludes the proof. O
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E Lower bound under unknown transitions

Theorem 5.1. Forany D, K,S,Awith S > 2,A > 16, D > 2 and K > SA, there exists an SSP
instance with M = 1, S states and A actions such that its diameter is D and the expected regret for

any learner without knowledge of the transitions after K episodes is E[Ri] = Q (D\/ SAK )

a
+1 "
G
G
Qn,

Figure 5: base case

Proof. The idea is to inject sparsity into the lower bound construction of [25] and to see if sparsity
helps. Imagine the simple SSP in Figure [5] where at state s there are A available actions, all
with zero cost, while in the state f there is only one deterministic action with unit cost going back
to so. Among them, there exists an action a, such that the transition probabilities are given by:
P(g | s9,a) = & — el(a # a.), and consequently, P(f | s9,a) = 1 — % + €el(a # a.). The cost
is therefore only suffered when the selected action transitions to the f state. This will therefore not
increase the hitting time of any proper deterministic policy while still inducing the desired sparsity.

Clearly, the optimal policy plays a, at every time step to reach the goal as fast as possible and
therefore J™ (sg) = D — 1.

Now, denote with IV}, the number of steps that the learner spends in sg in episode k and N}} the
number of steps that the learner picks action a, in episode k. Note that N}, is also the total cost that
the learner suffers during episode k minus one (since the last transition will not be paid). Thanks to
our construction we can still prove Lemma C.1 in [25]] as follows:

Lemma E.1.
E[Ni] —1—J™ = eE [Ny — N{]

Proof.

E [N ]

Il
D18

i)
=

|

V2l
&

-+
Il
—

— SO]

I
~
Jr

D78

!
&L
|

&~
||
N}

Il
[t
+
s
3
&
I

= 50| 8t41 = 80,a1—1 = ax | P[St11 = 50,011 = @]

-+
I
o

ee]
+ Z Pls; = 50| 5t41 = 50, 01—1 # x| P[S¢41 = S0, a1—1 # ]
=2

1\ & 1—c¢
_1+(1_D>2P[St+1_507at1_a*]+<1_ D

t=2

0]
) Plsi41 = S0, at—1 # ]
t=2

Rearranging gives:
E[Ni] - D = E[N; — N]

Adding and subtracting 1 gives the desired result. O
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Hence:

K I K
E[Rk] =Y. Y er(si,ap) — > J™(s0) = E[Ng] =1 — J™ = ¢[N — N*]
k=11:=1 k=1

where N = Zszl Njand N* = ZkK=1 N{.. Since we recovered Lemma C.1 in [25] as the starting
block of the proof, following the derivation we can lower bound NV in expectation and upper bound
the expected value of N* to retrieve

Lemma E.2 (Theorem C.4 in [25]). Suppose that D = 2, € € (0,1/8) and A > 16, for the problem

described above we have:
1 2K
E >eKD | - —2er | —
[Ri] =€ (8 2y " )

Now consider the following MDP. Let S be the set of states disregarding g and so. The initial
state so has only one action which leads uniformly at random into one of the states s € S, where
each one has its own optimal action a?. Then the transition distributions are defined P(g|a%, s) =
1/D,P(s|a%,s) =1—1/D,and P(g|a,s) = (1 —€)/D, P(s|a,s) = 1 — (1 — ¢€)/D for any
other action a € A\{a’}. Note that for each state, the learner is faced with a simple problem as
the one described above. Therefore, we can apply Lemma [E.2]for each state separately and lower
bound the learner’s expected regret the sum of the regrets suffered at each state, which would depend
on the number of times each state s € S is visited from the initial state. Since reaching each state
has uniform probability, there are many states (constant fraction) that are chosen ©(K/S) times.
Summing the regret bounds and choosing ¢, gives the desired bound.

Denote by K the number of episodes the state s € S is visited:

E[Rx]> ) E [eKsD (; — 2 2?) = EI;D - 262D\/ZZ E [Kg/Q]

seS seS
Then:
K [K2 K(S—-1) 2K

3/2 _ — Al -
Y B[k < Y VEIKIVEKZ] = Y VEIKIWERI+ VIK] = Y\ 5\ 57 + —ar— < K\ 5
seS seS seS seS
Leading to:

KD _, 2K _ 1
= — — > —DV
E[Rk] 3 2¢°DK A 1024D SAK

fore = 1/64,/SA/K K > SA, concluding the proof. O
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F Lower bound on the maximum of asymmetric zero-mean random walks

We extend the lower bound of [21]] to asymmetric zero-mean random-walks. We consider p > 1/2
because it simplifies the proof below (lower-bounding ¢ by 1 and upper-bounding C' in proof below)
and is what we need in the proof of Sectionin Appendix@] (we use p =1—D/2T*).

Theorem F.1. Fixp € [5,1 — 1]. Consider random walks Z(n) = >, X}, where
i_ 7D wp.1—p
-,
—p,  wp.p.

Ifn > 200 log d (also ensures thatp < 1 — %) and d = 100. Then,

E[max VAL ] > 0.024/np(1 —p)logd — 1.5.

1<i<d

Proof. We follow the same lines as [21]] who show a special case of the result for p = 1/2. We
generalize it to p > 1/2.

Consider Z("W = >y Xt, arandom-walk of length n, then B,, = Z0M) 4 pn ~ B(n, p), Binomial
distribution with parameters n and p.

F.1 1st part of the proof:

The 1st part of the proof is all about providing a lower bound on IP’(Bn =pn+t— 1) in @) for any
te[l,np+1].

Lemma F.2 (Generalized version of Lemma 4 of [21], Theorem 2 of [18]). Let n, k be integers

satisfying n. > 1 and pn < k < n. Define x = % Then By, ~ B(n, p) satisfies
n—1\ 5 _ 1— ®(x)
P(B, =>k) > k=1/2(1 _ pyn—k+1/2 27 F)
( n ) \/ﬁ<k_1>p ( p) o)

where ¢(z) is the PDF of a standard Normal and ®(x) is the CDF. The proof can be found in [I8]].

Denote D(p,q) = p log B4+ (1—p)log 1%” as the KL-divergence between two Bernoullis.

Lemma F.3 (Generalized version of Theorem 5 of [21]]). Let n, k be integers satisfying n = 1, and
k=pn __ Then B, ~ B(n,p) satisfies

np < k < n. Define x = ol
exp(-nD(%,p)) 1- ()
el/6+/2m ¢(x)

Proof. For k = n, we verify the statement of the theorem directly. The left hand side is IF’(B >
n) = p". The right hand side is smaller because exp{—nD (1, p) } = p™ and for x = ni=E >

p 9
we have 1 ¢<(1> (@) < V2 (seee. g. Section 3.3 in [14]).

For np < k < n, we first bound the binomial coefficient (Z) Stirling’s formula for the factorial [23]]
gives for any n > 1,

P(B, > k) =

27m(ﬁ) < nl < el/12 27?71(2) .
e e

Since 0 < np < k < n — 1, we can use this approximation for k, n and n — k and obtain

n
(0) =
- n"e "\/2mn
(el 12kke=k\/27k) - (e1/12(n — k)n—ke=(n=k), /21r(n — k))

- (@) ) Vs
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B 61/61\/%17’“(1 jp)”*k eXp{_nD(S’p)} ﬁ

D) = ion(ip) + (1= ) on (=) = 5w () - 5 on(5 =)

since

n

= eafonn(La)} = () (08 e (1) ()

Since k > 1, we can write the binomial coefficient as (}~]) = £(}). By Lemma we have

k—1

P(B, = k) > \/ﬁ<n B 1>pk1/2(1 _ k2, 1-®(z)

k-1 ()
_ nﬁ N\ k—1/2/1 _  \n—k+1/2 1 —®(z)
Vﬁn@)p v o)
1 k n k 1/2( p)n k+1/2 k 1— <I>(a:)
%W@f %) w<m el -nD(Cor)} 5

/ k 1—®(x)
= D R A
61/6\/271- n— \/ exp e n’p) } o(x)
The result follows from 4/ " >,/ np = 17 fornp<k<n-—1. O

For k = pn + xn, the 2nd-order Taylor approximation of u(z) = D (7’2, p) = D(p +x, p) around 0
is ﬁz_p). We define ¢ : [fp, 1-— p] — R as the ratio of the divergence and the approximation:

2p( —p
vla) = Dlp + .p) - LD
In particular, we have that 1 < ¢(z) < % for z € [0,1 — p]. This can be shown using
Taylor’s theorem on u(x): for some z € [0, x],

U(Q)(Z) 1 1 22 2
D = ‘= -
(ptap)=—p—x <z+p+1— —z)2 20z +p)(1—p—2)
x? z?
— < Dp+az,2) < ’ ®
i —p) PV I

since m is increasing on [0, 1 — p).

Let ¢t € [1,np + 1] be a real number. By Lemma and Lemma 1 in [21]] (also Mill’s ratio for
standard Gaussian [2]]), we have

P(B,=pn+t—1)=P(B, > [pn+t—1])
exp(—nD (=1 p)) x
1/6 " [pntt—1]-np
el/5+/2m grlpntiTlnp fl S 2w
exp(—nD (2%, p))

™

2 .
el/6\/27 W% +4/27
exp(—nD(p + %,p)) -
B el/6:/271 . Wﬁ + 427
p(1—p)n
1 t, t2 1
— o 1/6 <_7 - f)i 9
co o 219(1—17)1/)(") n \/2(? s+ 2 ©
np(l—p
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F.2 2nd part of the proof:
We can now turn to the actual proof of the result. Define the event A equal to the case that at least

one of the ZZ-(”) is greater or equal to C'/np(1 — p) log d — 1. We will show this event / threshold
controls the expectation of the maximum. First, we define C' and provide some upper and lower

2loglogd
bounds for it. Denote by f(d) = /2 — =272, then

2loglogd
C(d,n) V2 - lg dg F(d).  (10)
\//(/) p(1— p) logd 0g \/ p(1— p) log,d>

We bound the two factors separately:

oz =/ 220mplload 1o L(1 _ pY] for n > 20072 - logd and so

1<¥(z) < p(1—p) < 1_p17 =§. (11)

(z+p)(l-p—2)  (1-p-1F)

* The function f(d) is as in [21]: decreasing on (1,e°], increasing on [e°, +00), and
limg o f(d) = +/2. Therefore for all d € [5, ),

112 < f(e°) < f(d) < max{f(5),V2} =2

This gives for n > 20012 5 log d,

1.12

< o < < C(d,n) <2 (12)

Since p > 1/2, if n > 20072 logd, then n >
above implies:

Siiega (fd > 8) and n > 2001%’ logd. The

1< Cy/np(l —p)logd < np <np+ 1. (13)

Finally, we bound the quantity of interest:

]E[max VA ] E[ max VA \A_ -P(A) + E[ max Z"|AC] (1-P(A))

1<i<d L1<i<d i L1<i<d

> E| max 27|4| - P(4) + E Z{”>|AC] (11— P(4))

L1<i<d

— E| max 27|A| - P(4) + E[ 22" < O\/np(1 = p)logd — 1] (1= P(A))

L1<i<d

> B[ max 27| - P(4) + B[ 2{"|2{" <0 (1-P(4)) by (@

L1<i<d
> (C/np(1—p)logd — 1) - P(A) + E[Z{”Hzf”) < o] (1= P(4)). (14)
; (n)| z(n) _ 1 200
First, we lower bound E| Z,;"|Z;"’ < 0|. Let 8 — - Forn > Z5= log d,
1_\/wtn(l—pu<n—ln(1—p>J)

205 200+7p
>
mp(l—p) = w(1-p)p and 3

Then Lemma 2.2 in [22]] combined with Lemma 8 in [12] give that for Y,, ~ B(n,1 — p):

1
E[Y,|Y, =n(l —p)] <n(l —p)+ By/np(l—p) <n(l—p 90 np(1 — p).

Since B,, = Z™ + pn ~ B(n,p) can be written as n — Y},, we have:

we have n >

]E[Zf”HZ{") < 0] = E[Bn\Bn < np] —np
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= —— np(l —p). (15)

Next, we lower-bound P(A):
P(A) = 1 —P(A°)

=1- (]P[Zl(n) < Ca/np(l —p)logd — 1])d

d
=1—(ﬂfn<np+c nﬂl—@kgd—@)
d
=17< [Bn>np+0 np(lfp)logdfl])
>1—expl—d-

P[Bn>np+0 np(l—p)logd—l]) sincel —z <e”

-1/6 1 Cy/np(1—p)logdy C%np(1—p)logd
€ / exp(_Zp(lfp)w( n ) b np o

) > using (9) and (13)

>1—exp| —d-
V27 Cy/np(1—p)log d 19
\/np (1-p)
e~V exp (=30 (C/p(1 — p)logd/n) - C2logd)
=1—exp .
671/6(117%2 (C p(lfp)logd/n)
=1—exp
V2mC+/logd + 2

o= 1/6 gl G (1 2i=p1end )
b .
2y/mlogd + 2 > y (12)

2
We now use that ¢~ 5 ¥ (v2r(1=p)logd/n) _ log d by the definition of C'in (10). Hence, we obtain:

~1/6 ~1/6
P(A) > 1 —exp (_elogd) =1—g(d), forg(d)=exp (_elogd>. (16)

>1—exp

(-

<_

(‘d VarCylogd + 2 )
(

<_

2y/mlogd + 2 2¢/mlogd + 2
Putting everything together: we plug (I3) and (I6) into (T4) to get

| max Z?]>(O np(l_p>10gd_1)-(1_g(d>)_99<d> wp(1—p)

1<i<d 9
¢ i_)fg)“ﬂm“_p”%ﬂ_Q%_?“w np(1—p) using (T0)
1/] 2p(1—p) log

2441;4@&¢‘ﬁi@%@@4y-§m@ np(1—p)  using (TT)

10/9
F@I-g) 10 o)\ (- g@)
np(1=p)logd: < 10/9 9 \/k@(d)> 2 10/9

> 0.024/np(1 — p)logd — 1.5,

for d > 100 (we also used that v/np(l —p)logd > 2 in the 2nd inequality). This gives the
result. H
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