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Abstract001

Existing methods usually leverage a fixed strat-002
egy, such as natural language reasoning, code-003
augmented reasoning, tool-integrated reason-004
ing, or ensemble-based reasoning, to guide005
Large Language Models (LLMs) to perform006
mathematical reasoning. However, a single007
strategy cannot adequately handle diverse prob-008
lems and thus neglects the trade-off between009
effectiveness and efficiency. To address these010
issues, we propose STAR (STrategy-Aware011
Routing for mathematical reasoning), a novel012
framework that decouples mathematical rea-013
soning into two stages: strategy evaluation014
and targeted execution. Specifically, we first015
construct a multi-strategy preference dataset,016
which we call MathStrat, capturing correct-017
ness, process quality, and computational ef-018
ficiency for each problem–strategy pair. We019
then train a lightweight strategy adapter on the020
dataset to obtain a confidence distribution over021
the four reasoning strategies. Based on this022
distribution, an adaptive routing mechanism is023
leveraged to select the most appropriate rea-024
soning strategy dynamically. This mechanism025
directs LLMs to use single-strategy execution026
for high-confidence predictions, dual-strategy027
verification for competitive scenarios, and com-028
prehensive multi-strategy exploration for uncer-029
tain cases, respectively. Extensive experiments030
across five mathematical reasoning benchmarks031
demonstrate that PRISM consistently outper-032
forms individual and ensemble reasoning strate-033
gies, achieving improvements ranging from034
0.9% to 7.6% across different LLMs. In ad-035
dition, the adaptive routing mechanism shows036
particularly strong benefits for mathematical037
reasoning tasks across various LLMs with dif-038
ferent sizes. Our code is released at https://039
anonymous.4open.science/r/STAR-2C61.040

1 Introduction041

Large Language Models (LLMs), such as ChatGPT042

and Qwen, have achieved significant advancements043

across diverse natural language processing tasks044

(Ma et al., 2025a,b). Notably, they have demon- 045

strated strong performance in mathematical reason- 046

ing—a long-standing and challenging domain that 047

requires precise logical inference, symbolic ma- 048

nipulation, and multi-step problem-solving (Gou 049

et al., 2024b). Existing approaches to improving 050

mathematical reasoning in LLMs can be broadly di- 051

vided into three categories: (1) designing effective 052

prompting methods for frozen LLMs (Trivedi et al., 053

2025), (2) developing strategies to enhance the ca- 054

pability of frozen LLMs (Didolkar et al., 2024), and 055

(3) post-training LLMs on domain-specific data 056

(Xia et al., 2025). Among these, the method of 057

enhancing frozen LLMs through improving reason- 058

ing strategies such as chain-of-thought refinement 059

(Wei et al., 2022b) and tool invocation (Xie et al., 060

2025) has garnered considerable attention due to 061

its ease of deployment. Although these methods 062

have achieved significant success, they still face 063

two challenges. 064

Challenge 1: One strategy does not fit all. Ex- 065

isting methods primarily rely on isolated reasoning 066

strategies, including Natural Language Reasoning 067

(NLR) (Wang et al., 2024), Code-Augmented Rea- 068

soning (CAR) (Ye et al., 2024), Tool-Integrated 069

Reasoning (TIR) (Li et al., 2024), and Ensemble- 070

Based Reasoning (EBR) (Ranaldi et al., 2024), 071

to enhance the mathematical reasoning of frozen 072

LLMs. As illustrated in Figure 1, we evaluate 073

the performance of these individual strategies in 074

boosting the reasoning ability of Qwen-2.5-math 075

across four question types sampled from MATH 076

(Hendrycks et al., 2021), GSM8K (Cobbe et al., 077

2021), and SVAMP (Patel et al., 2021). Our anal- 078

ysis reveals that no single strategy consistently 079

outperforms others across diverse problem cate- 080

gories. This performance variance underscores a 081

key limitation: rigidly adhering to a fixed reasoning 082

paradigm fails to fully unlock the latent capabilities 083

of frozen LLMs and hampers the adaptability to 084

various problem types. 085
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Figure 1: Accuracy and efficiency ranking of four rea-
soning strategies on four problem slices. Each slice
(e.g., Number Theory, Geometry) comprises over 100 in-
stances drawn from the MATH, GSM8K, and SVAMP
benchmarks.

Challenge 2: Trade-offs between efficiency086

and effectiveness are overlooked. Current ap-087

proaches (Xin et al., 2025; Zhang and Xiong, 2025)088

often disregard the computational cost, latency,089

and resource efficiency of reasoning strategies. As090

shown in Figure 1, we report the normalized infer-091

ence efficiency of different strategies for enhancing092

the reasoning ability of Qwen2.5-7B across four093

question types. Notably, no single strategy consis-094

tently achieves the best efficiency. This observation095

suggests that a fixed reasoning paradigm leads to096

suboptimal deployments, where substantial com-097

putational expense does not yield commensurate098

improvements in accuracy.099

To address these challenges, we introduce STAR100

(STrategy-Aware Routing for mathematical rea-101

soning, a framework that decouples mathematical102

reasoning into two core stages: instance-specific103

strategy evaluation and targeted execution via dy-104

namic routing. Specifically, we propose a data105

construction approach based on multi-strategy per-106

formance profiling, which systematically evalu-107

ates diverse reasoning strategies on each problem108

instance to generate fine-grained suitability dis-109

tributions rather than single-strategy labels. To110

achieve this, we execute four distinct reasoning111

strategies (i.e., NLR, CAR, TIR, and EBR) on prob-112

lems from standard benchmarks like MATH and113

GSM8k. Each resulting solution trajectory is then114

evaluated using a multi-faceted scoring function115

that considers correctness, process quality, and ef-116

ficiency to generate per-strategy suitability scores.117

These raw scores are then transformed into a soft118

target distribution via a temperature-scaled soft-119

max function. We then train a lightweight Strat-120

egy Adapter by minimizing the Kullback-Leibler121

(KL) divergence between its output and this target122

distribution, which encourages the model to cap-123

ture the relative suitability of strategies for each 124

instance. At inference time, the output from the 125

predictor drives our problem-aware strategy routing 126

that reconciles the efficiency-effectiveness trade-off 127

through confidence-based execution paths: high- 128

confidence predictions trigger streamlined single- 129

path execution; competitive scores between strate- 130

gies invoke dual-path verification for robustness; 131

and diffuse uncertainty defaults to comprehensive 132

multi-path exploration. Through this confidence- 133

guided orchestration, STAR achieves both strategic 134

flexibility and computational efficiency, selecting 135

the most suitable reasoning approach for each prob- 136

lem while scaling computational effort according 137

to prediction certainty. 138

To verify the effectiveness and superiority, we 139

evaluate STAR across five standard mathemati- 140

cal reasoning benchmarks, including MATH500, 141

GSM8K, AQUA-RAT (Ling et al., 2017), SVAMP, 142

and ASDiv (Miao et al., 2020). Our experiments 143

show that STAR consistently delivers significant 144

performance gains. Notably, on the challenging 145

MATH benchmark, our method achieves an ac- 146

curacy of 53.2%, surpassing the best-performing 147

single-strategy baseline (TIR) by 3.1% absolute. 148

Furthermore, it outperforms the standard ensemble- 149

based approach (EBR) by a margin of 2.5% abso- 150

lute, demonstrating the superiority of pre-execution 151

routing over post-hoc aggregation. 152

Our main contributions are as follows: 153

1. We introduce STAR, a novel framework that 154

decouples the mathematical reasoning pro- 155

cess into two core stages: instance-specific 156

strategy evaluation and targeted execution 157

via dynamic routing. This is operationalized 158

through a lightweight meta-predictor trained 159

on MathStrat, our constructed dataset of 160

∼13,000 instances that provides rich, multi- 161

faceted supervision signals that capture the 162

relative suitability of various reasoning strate- 163

gies. 164

2. We design a dynamic, verifier-free routing pol- 165

icy for inference. This policy interprets the 166

predictor’s output to adaptively select among 167

single-, dual-, or multi-path execution modes, 168

providing a principled mechanism to balance 169

performance with computational cost. 170

3. We conduct extensive experiments across five 171

standard mathematical benchmarks. The re- 172

sults demonstrate that STAR consistently and 173
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Figure 2: Overview of the STAR framework. The framework consists of two stages: Offline training (top and
bottom-left), where mathematical problems are solved under multiple reasoning strategies and build a dataset called
MathStrat for training the Strategy Adapter (SA); Online inference (bottom-right), where SA guides adaptive
routing to produce the final answer.

significantly outperforms all single-strategy174

baselines and a standard ensemble method,175

validating the superiority of our problem-176

aware routing approach.177

2 Methodology178

The STAR framework shown in Figure 2 is de-179

signed in two stages that decouple strategy aware-180

ness from execution. The first stage involves an181

offline training of a Strategy Adapter (SA). It learns182

to map a given problem instance to a suitability dis-183

tribution over a set of reasoning strategies. The184

second stage is the online inference, where the pre-185

diction of SA guides an adaptive routing policy to186

select an execution pathway dynamically.187

2.1 Strategy Adapter188

As outlined in Section 1, existing reasoning189

strategies can be broadly categorized into four190

paradigms: NLR, CAR, TIR, and EBR. To achieve191

dynamic strategy selection, we propose the strat-192

egy adaptation pipeline: (1) collection of strategy193

preference data and (2) training of the strategy suit-194

ability assessment model.195

Collection of Strategy Preference Data. To196

generate effective training signals for strategy se-197

lection, we evaluate each strategy across multiple198

aspects. We construct supervision signals using199

three complementary dimensions that capture the200

essential trade-offs: (1) answer correctness, which201

determines whether the strategy produces the cor-202

rect solution to the given mathematical problem;203

(2) process quality, which evaluates whether the204

strategy follows mathematically valid reasoning205

steps and avoids logical errors or redundant opera- 206

tions; and (3) computational efficiency, which mea- 207

sures whether the strategy achieves results within 208

reasonable time and resource consumption. We 209

quantify computational efficiency using two met- 210

rics: the actual wall-clock inference time and the 211

number of generated tokens, both normalized via 212

within-instance min–max scaling. To implement 213

this evaluation framework, we execute all four rea- 214

soning strategies (NLR, CAR, TIR, and EBR) on 215

each problem instance x using identical base mod- 216

els and decoding configurations. This yields three 217

measurements per strategy s: (i) binary correctness 218

fc(s, x) ∈ {0, 1} indicating successful problem 219

solving; (ii) process quality fq(s, x) ∈ [0, 1] from 220

an automated evaluator that penalizes invalid steps 221

and redundant reasoning (Xia et al., 2025); and (iii) 222

efficiency score fe(s, x) ∈ [0, 1] computed from 223

raw timing and output length metrics. Specifically, 224

we define the efficiency score fe(s, x) as: 225

fe(s, x) = 1− 1
2

(
t̂(s, x) + ℓ̂(s, x)

)
, (1) 226

where the normalized timing and length compo- 227

nents t̂(s, x) and ℓ̂(s, x) are obtained through min- 228

max scaling within each problem instance. We 229

compute an overall score ϕ(s, x) for strategy s on 230

problem instance x by linearly combining three 231

interpretable signals: 232

ϕ(s, x) = w⊤f(s, x), (2) 233

where f(s, x) = [fc(s, x), fq(s, x), fe(s, x)]
⊤, 234

and w = [wc, wq, we]
⊤ is the corresponding 235

weight vector. The sensitivity analysis of weight 236
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configurations is detailed in Appendix A.3. We237

then form a soft supervision target distribution y(x)238

by applying a temperature-scaled softmax func-239

tion over the four scores within the same instance,240

where y(s, x) represents the target probability for241

strategy s on instance x:242

y(s, x) =
exp

(
ϕ(s, x)/τ

)∑
s′∈S exp

(
ϕ(s′, x)/τ

) , τ = 0.5. (3)243

Strategy Adapter Training. Given the training244

set {xi}Ni=1 in MathStrat, we train the SA fθ to245

output logits zθ(xi) ∈ R|S| and predict a proba-246

bility distribution pθ(xi) = softmax
(
zθ(xi)

)
over247

strategies for each problem instance. Our training248

objective is designed to match the full target dis-249

tribution while explicitly stabilizing the ranking of250

the top strategy. The primary objective minimizes251

the Kullback–Leibler (KL) divergence between the252

target distribution y(xi) and the predicted distribu-253

tion pθ(xi):254

Ldist(θ) =
1

N

N∑
i=1

KL(y(xi) ∥pθ(xi)) . (4)255

To reinforce learning of the top-ranked strategy,256

we add an auxiliary cross-entropy loss. Let s∗i =257

argmaxs∈S S(s, xi) be the best strategy for in-258

stance xi. The auxiliary loss is:259

Lord(θ) = − 1

N

N∑
i=1

log pθ,s∗i (xi). (5)260

This auxiliary loss explicitly enforces top-1 selec-261

tion, which is essential for our routing mechanism,262

and it also prevents the predictor from producing263

overly soft distributions when trained with the KL264

term alone. The final loss combines these objec-265

tives:266

L(θ) = Ldist(θ) + λLord(θ), (6)267

where λ is a hyperparameter that balances the268

two objectives. This combined distributional and269

ranking-aware objective encourages the model to270

capture the relative suitability of strategy families,271

which guides the inference-time routing policy. We272

implement the SA as a lightweight language model273

(e.g., 1.5B parameters) trained on MathStrat of ap-274

proximately 13,000 problem instances with multi-275

strategy performance evaluations. Upon comple-276

tion of training, the adapter demonstrates effective277

suitability assessment capabilities, with a represen-278

tative example of its prediction behavior provided279

in Appendix A.6.280

2.2 Adaptive Routing Policy at Inference 281

The SA produces a probability distribution pθ(x) 282

over strategies for each problem instance x. Sim- 283

ply selecting the highest-probability strategy, how- 284

ever, would result in uniform single-strategy execu- 285

tion regardless of prediction confidence. This ap- 286

proach neither leverages high confidence for com- 287

putational efficiency nor exploits uncertainty for 288

enhanced robustness through multi-strategy verifi- 289

cation. 290

Our adaptive routing policy interprets the pre- 291

dictor output through a confidence-based frame- 292

work that dynamically selects among three exe- 293

cution modes: Confident, Deliberative, and Ex- 294

ploratory routing. The mode selection depends on 295

two calibrated thresholds: a confidence threshold 296

τc and an ambiguity margin τa, which are opti- 297

mized through grid search on a validation set (see 298

Appendix A.4 for details), applied to the top two 299

predicted probabilities pmax and p2nd. Confident 300

Routing (pmax ≥ τc and (pmax − p2nd) ≥ τa) ex- 301

ecutes only the single best-ranked strategy when 302

the predictor exhibits high confidence with a clear 303

preference. Deliberative Routing (pmax ≥ τc and 304

(pmax−p2nd) < τa) executes the top two strategies 305

when confidence is high but rankings are close, se- 306

lecting the answer with agreement or, in case of dis- 307

agreement, the answer from the higher-confidence 308

strategy. Exploratory Routing (pmax < τc) exe- 309

cutes all available strategies when predictor con- 310

fidence is insufficient, again using majority vot- 311

ing for final answer selection. For multi-strategy 312

modes, answers from different strategies first un- 313

dergo format standardization before voting. When 314

votes are tied, the answer from the strategy with 315

the highest predicted probability is selected. This 316

mechanism provides principled computational re- 317

source allocation without requiring external verifi- 318

cation components. 319

3 Experiment 320

3.1 Setup 321

Datasets and Evaluation We use as diverse 322

mathematical datasets as possible for experiments. 323

In addition to the widely used MATH (Hendrycks 324

et al., 2021) and GSM8K (Cobbe et al., 2021) 325

dataset, we also adopt AQUA-RAT (Ling et al., 326

2017), SVAMP (Patel et al., 2021) and ASDiv 327

(Miao et al., 2020). These datasets cover multiple 328

fields of mathematics, such as elementary arith- 329

metic problems, mathematical algebra, inferential 330

4



Table 1: Performance comparison of different mathematical reasoning strategies across three base language models
and five datasets. CoT refers to Chain-of-Thought reasoning, PAL to Program-Aided Language models, ToRA
to Tool-integrated Reasoning Agent, and Hybrid to ensemble-based approaches. STAR represents our proposed
adaptive routing framework. Pass@k denotes the percentage of problems for which at least one correct solution
appears in the top-k generated outputs. Blue highlighting indicates the best performance for each model-dataset
combination.

Model Approach
MATH500 GSM8K AQUA-RAT SVAMP ASDiv Average

Pass@1 Pass@5 Pass@1 Pass@5 Pass@1 Pass@5 Pass@1 Pass@5 Pass@1 Pass@5 Pass@1 Pass@5

Qwen2.5-
Math-7B

CoT 21.2 50.8 78.1 93.5 37.0 57.5 85.7 94.6 82.8 92.5 61.0 77.8
PAL 30.4 55.4 84.8 95.3 18.1 44.1 13.5 45.2 86.3 93.7 46.6 66.7
ToRA 41.4 62.0 69.4 94.5 47.2 64.6 75.8 96.2 75.7 93.6 61.9 82.2
Hybrid 37.2 53.2 24.0 68.2 15.4 44.5 21.8 63.9 15.9 50.1 22.9 56.0
STAR (ours) 46.2 64.4 86.7 96.0 42.1 64.8 91.8 96.9 86.5 93.6 70.7 83.1

Deepseek-
math-7b-v1

CoT 43.0 57.2 87.6 93.3 33.5 56.7 83.7 92.8 85.6 91.2 68.6 79.2
PAL 38.0 53.2 83.9 91.8 47.6 55.1 84.8 90.2 84.2 89.7 67.7 76.0
ToRA 32.2 49.2 78.3 93.0 38.6 58.7 76.5 92.4 79.7 91.5 61.1 77.0
Hybrid 12.6 30.8 60.0 90.1 26.3 50.0 71.9 93.2 68.2 90.2 47.8 70.9
STAR (ours) 52.2 61.6 87.8 93.6 45.3 62.2 88.0 94.3 88.6 92.3 72.4 79.9

Llama-3-8B

CoT 13.6 29.8 45.6 76.8 17.7 36.6 64.6 88.6 22.6 60.1 32.8 58.4
PAL 10.4 22.9 54.3 78.4 16.5 35.4 72.4 89.3 13.5 31.7 33.4 51.5
ToRA 11.0 25.0 43.9 75.1 14.6 33.1 65.6 89.2 21.9 60.0 31.4 56.5
Hybrid 11.8 26.2 44.6 88.9 10.9 37.7 22.0 62.7 25.1 62.7 22.9 55.6
STAR (ours) 15.2 36.2 53.0 78.5 14.6 33.1 66.1 89.6 63.7 83.1 42.5 64.1

counting, and probability number theory. They also331

span a wide range of difficulty levels, including sim-332

ple elementary school math problems, intermediate-333

level questions, and even Olympiad-style compe-334

tition problems. For evaluation metrics, we report335

Pass@k accuracy, where a problem is considered336

solved if the correct answer appears in the top-k337

generated solutions. Specifically, Pass@1 reflects338

single-shot correctness, while Pass@5 captures the339

probability of producing at least one correct solu-340

tion among five independent generations.341

Base Models and Reasoning Baselines Our342

experiments use three base language models:343

Qwen2.5-Math-7B (Yang et al., 2024), Deepseek-344

math-7b-v1 (Lu et al., 2024a), and Llama-3-8B.345

This selection covers both math-specialized and346

general-purpose models at comparable scales (7B–347

8B) to evaluate generalizability across varying348

model capabilities. We compare against four repre-349

sentative reasoning approaches as baselines. Chain-350

of-Thought (CoT; Wei et al., 2022a) prompts LLMs351

to generate step-by-step rationales before produc-352

ing a final answer. Program-Aided Language Mod-353

els (PAL; Gao et al., 2023a) introduce a neuro-354

symbolic approach that offloads the reasoning355

and calculation logic to an external tool. Tool-356

Augmented Reasoning Agent (ToRA; Zhang et al.,357

2023) can interleave natural language reasoning358

steps with calls to different tools, such as a cal-359

culator, a symbolic solver, or retrieval APIs. Hy- 360

brid (Yue et al., 2023) approaches aim to combine 361

the strengths of different reasoning paradigms to 362

achieve superior performance and robustness. 363

3.2 Main Results 364

To evaluate the overall effectiveness and general- 365

izability of STAR, we conduct comprehensive ex- 366

periments across three base models and five mathe- 367

matical reasoning benchmarks. Table 1 shows per- 368

formance across three base models and five math- 369

ematical reasoning benchmarks. STAR achieves 370

average improvements of 0.9% on Qwen2.5-Math- 371

7B, 2.9% on Deepseek-math-7b-v1, and 7.6% on 372

Llama-3-8B over the best single strategies. The 373

inverse relationship between relative improvement 374

and base model capability suggests that strate- 375

gic routing provides greater value when address- 376

ing model limitations. The results confirm our 377

central observation that no single strategy dom- 378

inates across all benchmarks—while ToRA ex- 379

cels on MATH500, PAL leads on GSM8K for 380

Qwen (95.3%), and performance varies dramati- 381

cally across datasets. STAR effectively handles this 382

heterogeneity through adaptive strategy selection. 383

The method substantially outperforms the Hybrid 384

baseline, particularly on complex reasoning tasks 385

like AQUA-RAT, demonstrating that pre-execution 386

routing is more effective than post-hoc strategy 387

aggregation. Individual strategies exhibit high vari- 388
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ance (PAL ranges from 13.5% to 95.3%), while389

STAR maintains consistent performance across all390

test conditions.391

3.3 Ablation Study On Routing Components392

To understand the contribution of each routing com-393

ponent, we conduct progressive ablation experi-394

ments across GSM8K, MATH500, and Hungar-395

ian Math datasets. As detailed in Table 2, adding396

confident routing shows mixed results—76.0% on397

GSM8K (below the 78.1% CoT baseline) but im-398

provements on MATH500 (28.6% vs 21.2%) and399

Hungarian Math (50.0% vs 40.6%). Incorporating400

deliberative routing provides continued gains on401

MATH500 (32.2%) with variable performance else-402

where. The complete STAR system achieves sub-403

stantial improvements across all datasets (86.7%,404

46.2%, and 53.1%, respectively), with dramatic405

jumps from the previous configuration demonstrat-406

ing that the full adaptive routing policy is essential407

for optimal performance. These results validate408

that individual routing modes provide limited ben-409

efits, while the intelligent coordination of all com-410

ponents through problem-aware strategy selection411

delivers significant performance gains.412

Table 2: Ablation study of adaptive routing components
on three benchmarks using Qwen2.5-Math-7B.

Setting GSM8K MATH500 Hun. Math

p@1 p@5 p@1 p@5 p@1 p@5

Vanilla CoT 78.1 93.5 21.2 50.8 40.6 56.3
Conf. 76.0 95.0 28.6 56.1 50.0 62.5
Conf. + Delib. 75.8 95.6 32.2 57.3 43.8 50.0

STAR 86.7 96.0 46.2 64.4 53.1 71.9

Figure 3: Routing configuration and efficiency analy-
sis. Left: Routing mode distribution across different
threshold configurations. The stacked bars show the
percentage of problems routed to each execution mode
(Confident, Deliberative, Exploratory) for varying τc
and τa values, with accuracy annotated above each bar.
Right: Efficiency comparison using ACR.

3.4 Routing Configuration and Efficiency 413

Analysis 414

We analyze threshold sensitivity and efficiency pro- 415

gression across routing configurations to under- 416

stand the interplay between routing behavior and 417

computational efficiency. 418

Routing Behavior under Different Configura- 419

tions. To investigate how threshold parameters 420

affect routing decisions, we vary the confidence 421

threshold τc and ambiguity margin τa and exam- 422

ine the resulting routing mode distributions. Fig- 423

ure 3 (left) illustrates how the confidence thresh- 424

old τc and ambiguity margin τa jointly influence 425

the distribution of routing modes. As τc increases 426

from 0.2 to 0.7, the proportion of Confident rout- 427

ing rises substantially from 25% to 80%, while 428

Exploratory routing decreases from 40% to 5%. 429

Notably, accuracy does not monotonically improve 430

with higher confident routing ratios—the configura- 431

tion τc = 0.5, τa = 0.1 achieves the best accuracy 432

(75%) with a balanced distribution. Overly aggres- 433

sive confident routing (τc = 0.7) leads to perfor- 434

mance degradation (68%), as the system loses the 435

robustness benefits of multi-strategy verification on 436

uncertain predictions. 437

Efficiency Analysis. To jointly evaluate accuracy 438

and computational cost, we introduce the Accuracy- 439

to-Cost Ratio (ACR), which measures reasoning 440

performance normalized by log-scaled token over- 441

head: 442

ACR = Acc
log10(1+C) , C = η

ηCoT
, (7) 443

where η denotes the average output token count 444

and ηCoT is the baseline token count from stan- 445

dard chain-of-thought. The log-scaled denominator 446

dampens cost penalties for configurations requiring 447

longer outputs. As shown in Figure 3 (right), the 448

baseline CoT achieves an ACR of 31.6. Adding 449

Confident routing alone yields minimal improve- 450

ment (30.0), as single-strategy selection without 451

deliberative fallback lacks robustness. Incorporat- 452

ing Deliberative routing increases ACR to 39.7, 453

demonstrating the value of dual-strategy verifica- 454

tion. The complete STAR system achieves an ACR 455

of 71.9, representing a 2.3× improvement over the 456

baseline, validating that adaptive routing improves 457

both accuracy and computational efficiency. 458

3.5 Scalability Analysis 459

To evaluate the scalability of our approach, we 460

conducted experiments across Qwen2.5 models 461
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Figure 4: Scalability analysis of STAR across Qwen2.5
models of varying sizes on GSM8K and MATH500
benchmarks. Dotted lines indicate the baseline perfor-
mance of Qwen2.5-7B with standard CoT prompting.

ranging from 1.5B to 72B parameters on GSM8K462

and MATH500 benchmarks, using Qwen2.5 7B463

with chain-of-thought prompting as our baseline.464

As illustrated in Figure 4, STAR demonstrates465

consistent improvements over the baseline across466

all model scales, achieving accuracy from 74.2%467

to 95.2% on GSM8K and 32.3% to 78.4% on468

MATH500. The framework exhibits distinct scal-469

ing patterns across benchmarks: steady improve-470

ments on GSM8K with notable gains from 7B to471

32B parameters, and more dramatic scaling effects472

on MATH500 where performance nearly doubles473

from smallest to largest models. These scaling474

results validate that adaptive strategy selection pro-475

vides robust benefits across different model capac-476

ities. The sustained improvements across param-477

eter scales demonstrate that the framework gener-478

alizes effectively and does not depend on specific479

model characteristics to achieve performance gains.480

Importantly, since STAR operates as a training-481

free approach that works purely through inference-482

time strategy selection, it can be readily applied to483

any pre-trained model without requiring additional484

fine-tuning or domain-specific training, making it485

broadly applicable across different model families486

and computational budgets.487

3.6 Strategy Adapter Behavior Analysis488

We analyze the prediction behavior patterns of489

our SA across different mathematical reasoning490

datasets to validate its learned strategy selection491

characteristics. This analysis examines both the492

confidence levels in predictions and the competitive493

landscape among strategies. Figure 5 presents the494

distributions of prediction confidence (pmax) and495

strategy competition gaps (pmax−p2nd) across four496

mathematical reasoning datasets. The results reveal497

several important patterns that validate our frame-498

work design. First, the SA exhibits prediction confi- 499

dence patterns that correlate with dataset complex- 500

ity. On MATH500, which contains competition- 501

level mathematical problems, the predictor shows 502

notably conservative behavior with prediction con- 503

fidence (pmax) concentrated in the 0.0 to 0.2 range. 504

This low confidence reflects both the inherent diffi- 505

culty of these problems and the SA’s learned cau- 506

tion when dealing with competition-level math- 507

ematics, where strategy effectiveness is less pre- 508

dictable. 509

In contrast, datasets containing more elementary 510

mathematical problems show progressively higher 511

prediction confidence. GSM8K demonstrates mod- 512

erate confidence levels with pmax distributed across 513

0.2 ∼ 0.6, while ASDiv and SVAMP exhibit 514

relatively higher confidence with peaks around 515

0.3 ∼ 0.4. This graduated confidence pattern in- 516

dicates that the SA has successfully learned to as- 517

sociate problem complexity with prediction uncer- 518

tainty, demonstrating sophisticated meta-reasoning 519

about strategy applicability. The adaptive confi- 520

dence calibration also suggests that the SA effec- 521

tively captures the inherent variability in strategy ef- 522

fectiveness across different mathematical domains, 523

with higher uncertainty appropriately assigned to 524

problems where multiple strategies might yield 525

similar performance. Furthermore, the distribu- 526

tion shapes themselves provide insight into the 527

SA’s decision-making process: sharp peaks indi- 528

cate clear strategy preferences for certain problem 529

types, while flatter distributions suggest scenarios 530

where multiple strategies remain viable options. 531

The strategy competition analysis reveals consis- 532

tently small gaps between top strategies across all 533

datasets. This competitive landscape validates our 534

adaptive routing design rationale: the narrow mar- 535

gins between strategy preferences require nuanced 536

confidence-based decision making rather than sim- 537

ple winner-take-all selection. Additionally, we pro- 538

vide a detailed analysis of strategy performance pat- 539

terns and inter-strategy correlations across datasets 540

in Appendix A.5. 541

3.7 Problem Difficulty and Subject Analysis 542

To understand how problem characteristics influ- 543

ence routing effectiveness, we conduct a fine- 544

grained analysis on MATH500 across two dimen- 545

sions: difficulty levels (1-5, as annotated in the orig- 546

inal dataset) and mathematical subjects. Figure 6 547

presents the performance breakdown and routing 548

behavior patterns. 549
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Figure 5: Strategy Adapter behavior across mathematical reasoning datasets. Top row shows prediction confidence
(pmax) distributions; bottom row shows strategy competition gaps (pmax−p2nd). The SA exhibits dataset-appropriate
confidence levels: conservative predictions on competition problems (MATH500) and higher confidence on
elementary problems (ASDiv, SVAMP), while maintaining competitive strategy landscapes across datasets.

Difficulty-Stratified Performance. Figure 6(a)550

shows that both Pass@1 and Pass@5 decrease551

monotonically as difficulty increases, with Pass@1552

dropping from 68% (Level 1) to 15% (Level 5) and553

Pass@5 from 92% to 43%. The shaded gap be-554

tween them widens at moderate difficulty (Levels555

2-4), indicating that sampling diversity provides556

greater benefit for intermediate problems. Fig-557

ure 6(b) reveals distinct accuracy patterns across558

routing modes: Exploratory routing maintains the559

highest accuracy across all levels, while Confident560

routing shows steeper degradation at higher diffi-561

culty. This validates our adaptive design, as the562

system appropriately shifts toward multi-strategy563

exploration when problems become challenging.564

Subject-Specific Performance. The radar charts565

in Figure 6(c-d) reveal distinct cross-domain pat-566

terns. In (c), the Pass@5 benefit over Pass@1567

varies substantially by subject: Pre-Algebra and568

Number Theory show large gaps, suggesting high569

solution path variability where sampling diversity570

helps, while Geometry exhibits smaller gaps. In571

(d), routing mode effectiveness varies by domain:572

Exploratory routing excels in Algebra and Pre-573

Algebra, while Confident routing performs compa-574

rably in Counting & Probability. Geometry shows575

the most uniform performance across all routing576

modes, suggesting that no single strategy holds a577

clear advantage for this subject.578

Figure 6: Problem difficulty and subject analysis. (a-
d) Performance and routing analysis across levels and
domains.

4 Conclusion 579

We introduce STAR, a problem-aware strategy rout- 580

ing framework that decouples mathematical reason- 581

ing into strategy evaluation and targeted execution. 582

It leverages multi-strategy performance profiling 583

to construct MathStrat, a 13K strategy preference 584

dataset. A strategy adaptor trained on this dataset 585

performs policy routing at inference time. Ex- 586

tensive experiments with three LLMs across five 587

datasets, combined with ablation studies and ef- 588

ficiency analysis, demonstrate the effectiveness, 589

superiority, and scalability of STAR. 590

8



Limitations591

While STAR demonstrates consistent improve-592

ments across multiple benchmarks, some aspects593

merit further investigation. The current routing594

thresholds are calibrated for mathematical reason-595

ing tasks, and exploring automated threshold adap-596

tation methods could further enhance the frame-597

work’s flexibility. Additionally, while our exper-598

iments focus on mathematical reasoning, extend-599

ing the strategy preference learning paradigm to600

other reasoning domains presents a promising di-601

rection. Finally, incorporating new reasoning strate-602

gies would benefit from efficient adapter updating603

mechanisms.604
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A Related Work 794

Natural Language Reasoning The dominant 795

paradigm for complex reasoning in LLMs is Chain- 796

of-Thought (CoT), which externalizes intermedi- 797

ate steps in natural language (Wei et al., 2022a). 798

Recent efforts to improve NLR have focused on 799

enhancing the quality of process data used for 800

fine-tuning, with representative approaches such 801

as bootstrapping via question back-translation (Yu 802
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et al., 2024; Lu et al., 2024b) and evolutionary803

rewriting of instructions (Luo et al., 2025). While804

effective for symbolic deduction, NLR’s reliance805

on unstructured text makes it prone to arithmetic806

and logical errors in computationally intensive807

problems. Code-Augmented Reasoning To ad-808

dress the computational limitations of NLR, CAR809

reframes mathematical problems as program gener-810

ation tasks, offloading calculations to a determinis-811

tic code interpreter (Zhang et al., 2024). This is of-812

ten implemented through prompting paradigms like813

Program-of-Thoughts (PoT) (Chen et al., 2023) or814

by fine-tuning models on interleaved text and code,815

as in Program-Aided Language Models (PAL) (Gao816

et al., 2023b). CAR excels at numerical precision817

but remains dependent on the initial natural lan-818

guage understanding for problem decomposition819

and program planning. Tool-Integrated Reason-820

ing TIR extends the role of LLMs from solvers821

to agents that dispatch tasks to external tools like822

calculators or symbolic solvers. This approach,823

exemplified by works such as ToRA (Gou et al.,824

2024a), creates a call-verify-iterate loop that en-825

hances robustness on high-difficulty problems. Re-826

cent studies (Jin et al., 2024; Wu et al., 2024)827

have also demonstrated strong performance by828

leveraging advanced integrated environments like829

the GPT-4 Code Interpreter for complex problem-830

solving (Nguyen and Allan, 2024). The primary831

trade-off for TIR is the increased complexity and832

latency associated with tool selection and orches-833

tration. Ensemble-Based Reasoning To improve834

robustness with minimal engineering, lightweight835

ensemble methods aggregate multiple solution tra-836

jectories. The most prominent example is Self-837

Consistency, which samples multiple CoT paths838

and selects the answer via majority voting (Wang839

et al., 2023). Other works extend this by explor-840

ing more complex reasoning structures like a Tree841

of Thoughts (Yao et al., 2023b). These methods842

(Zhang et al., 2025; Yao et al., 2023a; Xia et al.,843

2025), however, are fundamentally forms of post-844

hoc selection, requiring the generation of multiple845

costly trajectories before aggregation and failing to846

identify the optimal strategy in advance. Related847

work has also explored selecting among reasoning848

modes before inference, such as routing between849

CoT and PAL using an external selector and as-850

signing problems to predefined reasoning types via851

supervised classification. (Yue et al., 2023);(Zhao852

et al., 2023)853

Algorithm 1 Adaptive Routing Policy at Inference
Require: Problem P ; Model M ; Strategies S =
{σ1, . . . , σk}; Thresholds τc, τa

Ensure: Answer A; Routing mode R; Executed strategies
Σ∗

1: p←M(P ) ▷ Predict p(σi | P )

2: imax ← argmaxi pi; pmax ← pimax ; σmax ← σimax

3: i2 ← argmaxi̸=imax pi; p2 ← pi2 ; σ2 ← σi2

4: if pmax ≥ τc ∧ (pmax − p2) ≥ τa then
5: R← CONFIDENT ▷ Confident Routing
6: Σ∗ ← {σmax}; A← σmax(P )
7: else if pmax ≥ τc ∧ (pmax − p2) < τa then
8: R← DELIBERATIVE ▷ Deliberative Routing
9: Σ∗ ← {σmax, σ2}

10: A1 ← σmax(P ); A2 ← σ2(P )
11: A← Vote({A1, A2})
12: else
13: R← EXPLORATORY ▷ Exploratory Routing
14: Σ∗ ← S; A ← ∅
15: for σi ∈ S do
16: Ai ← σi(P ); A ← A∪ {Ai}
17: end for
18: A← Vote(A)
19: end if
20: return (A,R,Σ∗)

A.1 Adaptive Strategy Routing algorithm 854

This section provides the detailed pseudo-code for 855

the STAR adaptive routing policy, as referenced in 856

Section 2.2. 857

A.2 Preference Data Example 858

Figure 7 presents a representative case of our multi- 859

strategy performance evaluation process for collect- 860

ing training data. The case shows a trigonometric 861

function analysis problem where we execute all 862

four reasoning strategies and collect comprehen- 863

sive performance metrics. 864

The data collection captures three complemen- 865

tary dimensions as described in our methodology: 866

answer correctness (validity scores), process qual- 867

ity (redundancy measures), and computational ef- 868

ficiency (execution time and output length). As 869

illustrated in this case, different strategies exhibit 870

distinct performance profiles: NLR achieves mod- 871

erate validity (0.23) but suffers from high redun- 872

dancy (0.68), while TIR demonstrates better pro- 873

cess quality with higher validity (0.29) and lower 874

redundancy (0.72). CAR shows the poorest validity 875

(0.18) with the highest redundancy (0.73), and EBR 876

balances the highest validity (0.35) with acceptable 877

redundancy (0.66). 878

The condensed output summaries reveal how 879

each strategy approaches the same trigonometric 880

problem differently: NLR relies on numerical ap- 881

proximation methods, CAR attempts algebraic sim- 882
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plification, TIR uses analytical identities, and EBR883

combines multiple approaches. This diversity in so-884

lution paths, combined with varying performance885

across the three evaluation dimensions, provides886

rich supervision signals that enable our SA to learn887

nuanced associations between problem characteris-888

tics and strategy effectiveness. The multi-faceted889

evaluation ensures that our training data captures890

the essential trade-offs between correctness, rea-891

soning quality, and computational cost.892

A.3 Sensitivity Analysis of Score Aggregation893

Weights894

The suitability score in Equation 2 aggregates three895

evaluation dimensions through weighted combina-896

tion. To determine the optimal weight configura-897

tion, we conducted systematic ablation experiments898

on the same 200-problem validation set used for899

threshold optimization. We evaluated seven con-900

figurations representing different design choices:901

correctness-prioritized (0.70, 0.15, 0.15), balanced-902

moderate (0.60, 0.20, 0.20), fully uniform (0.33,903

0.33, 0.33), quality-prioritized (0.20, 0.60, 0.20),904

efficiency-prioritized (0.20, 0.20, 0.60), quality-905

extreme (0.15, 0.70, 0.15), and efficiency-extreme906

(0.15, 0.15, 0.70). For each configuration, we mea-907

sure Rank-1 Accuracy (percentage of problems908

where the top-ranked strategy matches the ground-909

truth best) and Spearman Correlation (rank corre-910

lation between predicted and ground-truth strategy911

rankings).912

Figure 8 presents the results across the accuracy-913

stability space. The correctness-prioritized con-914

figuration (0.70, 0.15, 0.15) achieves the highest915

Rank-1 accuracy at 61.0%, outperforming quality-916

prioritized weighting (52.0%) by 9 percentage917

points. This substantial difference validates em-918

phasizing correctness, which directly determines919

whether the selected strategy successfully solves920

the problem. Higher correctness weights improve921

Top-1 selection accuracy but reduce ranking sta-922

bility. This reflects our focus on selecting the best923

strategy for deployment rather than achieving per-924

fect ranking consistency.The moderate Spearman925

correlations (0.30-0.43) are expected given the lim-926

ited ranking space with only 4 strategies and the927

similarity in strategy performance on individual928

problems. Configurations maintaining correctness929

weights between 0.33-0.70 demonstrate robust per-930

formance (56-61%), indicating stability within rea-931

sonable parameter ranges while exhibiting a clear932

optimal region. We select wc = 0.70, wq = 0.15,933

we = 0.15 based on its empirical superiority and 934

theoretical alignment with mathematical reasoning 935

evaluation practices that prioritize correctness. 936

A.4 Threshold Parameter Optimization 937

To determine the optimal confidence threshold τc 938

and ambiguity margin τa for our adaptive rout- 939

ing policy, we conducted a comprehensive grid 940

search on a validation set comprising 200 prob- 941

lems sampled from MATH, GSM8K, AQUA-RAT, 942

SVAMP, and ASDiv datasets to ensure coverage 943

across different mathematical domains and diffi- 944

culty levels. We evaluated τc ∈ [0.1, 0.7] and 945

τa ∈ [0.02, 0.20] with step sizes of 0.05 and 0.01 946

respectively. Figure 9 shows the parameter opti- 947

mization results across the two-dimensional param- 948

eter space. The contour plot reveals a well-defined 949

optimal region at τc = 0.4 and τa = 0.08, achiev- 950

ing 78.0% Pass@1 accuracy on the validation set. 951

The performance landscape exhibits several notable 952

characteristics: 953

Confidence Threshold Sensitivity: The τc pa- 954

rameter shows an inverted-U relationship with per- 955

formance (Figure 9, top right panel). Very low 956

confidence thresholds (τc < 0.2) result in over- 957

conservative routing that fails to leverage high- 958

confidence predictions effectively, achieving only 959

65% accuracy. Conversely, excessively high thresh- 960

olds (τc > 0.5) force the system into single- 961

strategy execution even for uncertain predictions, 962

degrading performance to 71%. 963

Ambiguity Margin Sensitivity: The τa param- 964

eter demonstrates a sharp optimum (Figure 9, bot- 965

tom right panel). The optimal value of 0.08 creates 966

an appropriate balance for distinguishing competi- 967

tive strategy scenarios. Lower values (τa < 0.06) 968

cause excessive deliberative routing even when 969

strategy preferences are clear, while higher val- 970

ues (τa > 0.12) prevent beneficial dual-strategy 971

verification in genuinely competitive cases. 972

The relatively narrow optimal region indicates 973

that careful parameter tuning is essential for achiev- 974

ing peak performance. However, the clear convex 975

structure around the optimum suggests stable con- 976

vergence during hyperparameter search. We use 977

these validated parameters (τc = 0.4, τa = 0.08) 978

across all experimental settings to ensure fair com- 979

parison with baseline methods. 980
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Figure 7: Strategy preference data collection showing multi-strategy performance evaluation for a trigonometric
function problem. Each strategy exhibits distinct profiles across the three evaluation dimensions: correctness,
process quality, and computational efficiency.

Figure 8: Sensitivity analysis of score aggregation
weights on the validation set. The scatter plot shows
Rank-1 accuracy versus Spearman correlation across
seven weight configurations.

A.5 Strategy Performance and Correlation981

Analysis982

Figure 10 presents the mean performance scores983

and inter-strategy correlations across four mathe-984

matical reasoning datasets. The left panel shows985

that all strategies achieve similar average suitabil-986

ity scores (ranging from 0.18 to 0.31), with no sin-987

gle strategy demonstrating clear dominance across988

datasets. The right panel displays correlation matri-989

ces revealing predominantly low or negative corre-990

lations between strategies, indicating complemen-991

tary rather than redundant capabilities. Notably,992

Figure 9: Threshold parameter optimization on the vali-
dation set. Left: Contour plot showing accuracy across
the τc–τa space with the optimum marked by a red star.
Right: Sensitivity analysis showing accuracy as each
parameter varies while holding the other at its optimum.
The validation set contains 200 problems sampled from
MATH, GSM8K, AQUA-RAT, SVAMP, and ASDiv.

TIR exhibits consistent negative correlations with 993

other strategies across most datasets, suggesting its 994

specialized applicability to distinct problem char- 995

acteristics. These patterns validate the necessity of 996

adaptive strategy selection, as the low inter-strategy 997

correlations demonstrate that different approaches 998

excel on different problem subsets. 999
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Figure 10: Strategy performance and correlation analysis. Left: Mean suitability scores by strategy and dataset.
Right: Inter-strategy correlation matrices for each dataset. Low correlations indicate complementary strategy
capabilities.

A.6 Case Study: Strategy Adapter Prediction1000

Figure 11 presents a representative example demon-1001

strating how SA evaluates different reasoning ap-1002

proaches for a logarithmic geometry problem. The1003

problem requires finding the x-coordinate where1004

a horizontal line intersects the curve f(x) = lnx,1005

involving both coordinate geometry concepts and1006

logarithmic calculations.1007

The Strategy Adapter assigns suitability scores1008

that align well with actual strategy performance:1009

TIR receives the highest score (0.63) and success-1010

fully solves the problem through tool-assisted com-1011

putation, while NLR and CAR receive lower scores1012

(0.28 and 0.16 respectively) and both fail to pro-1013

duce correct solutions. EBR achieves a moderate1014

score (0.58) and succeeds through ensemble reason-1015

ing. This case exemplifies how the adapter learns to1016

associate problem characteristics—such as the need1017

for precise numerical computation in logarithmic1018

contexts—with appropriate reasoning strategies.1019

The correlation between prediction scores and1020

actual outcomes validates our approach of using1021

suitability scores to guide adaptive routing deci-1022

sions, demonstrating that higher SA scores gener-1023

ally correspond to better strategy performance on1024

specific problem instances.1025

A.7 Error Case Analysis1026

To better understand STAR’s limitations, we an-1027

alyze representative failure cases that reveal two1028

primary error patterns. Figure 12 illustrates a high-1029

confidence routing error where the SA assigns the1030

highest score to TIR (0.357) for a trigonometric1031

product calculation problem. Despite this confident1032

prediction, TIR produces an incorrect numerical 1033

result (0.0195 instead of 9
256 ), demonstrating that 1034

high discriminator scores do not always guarantee 1035

correct solutions. This case reveals a calibration 1036

issue where the adapter overestimates strategy suit- 1037

ability based on problem surface features (presence 1038

of trigonometric functions suggesting tool usage) 1039

without anticipating execution failures in symbolic 1040

manipulation. 1041

Figure 13 presents an aggregation error in dual- 1042

path routing. For a complex number rotation prob- 1043

lem, the adapter correctly identifies CAR (0.330) 1044

and NLR (0.285) as competitive strategies. How- 1045

ever, while both strategies are executed, CAR pro- 1046

duces a formatting error (6,-5.0000000000000001) 1047

and NLR generates the correct answer (6-5i). The 1048

routing policy selects CAR’s output based on 1049

higher predicted confidence, resulting in failure. 1050

This case highlights a limitation in our confidence- 1051

based aggregation mechanism: when strategies pro- 1052

duce inconsistent answers, prediction scores alone 1053

may not reliably indicate correctness. These fail- 1054

ure patterns suggest that future work could benefit 1055

from incorporating runtime validation signals or 1056

more sophisticated answer consistency checking 1057

beyond confidence-weighted selection. 1058
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Figure 11: Case study showing SA suitability scores and corresponding strategy outcomes for a logarithmic
geometry problem. Higher suitability scores correlate with successful problem-solving performance.

Figure 12: High-confidence routing error: the SA assigns the highest score to TIR, which executes but produces an
incorrect numerical result.

15



Figure 13: Aggregation error: in dual-path routing, CAR (higher score) produces malformed output while NLR
(lower score) yields the correct answer, but score-based selection fails.
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