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ABSTRACT

Chain-of-Thought (CoT) prompting can substantially improve the sample efficiency
of Large Language Models (LLMs), reducing the complexity of tasks like parity
learning from exponential to polynomial. However, this benefit comes at the
cost of generating explicit reasoning steps, which is computationally expensive
during inference. Implicit CoT (ICoT) has been proposed to mitigate this cost by
training models to internalize these intermediate steps. In this work, we provide
a theoretical analysis of a multi-layer transformer showing that ICoT retains the
sample efficiency gains of explicit CoT, enabling models to solve complex tasks
efficiently without sacrificing inference speed. Moreover, we propose Log-ICoT, a
provably efficient curriculum that reduces training stages from linear dependency
on the problem complexity to a logarithmic one. Our theoretical results are verified
with numerical experiments, confirming that ICoT offers a path to robust reasoning
without the high computational overhead.

1 INTRODUCTIONS

Chain-of-thought (CoT) reasoning (Wei et al., 2022) has become a cornerstone for enabling Large
Language Models (LLMs) to solve challenging tasks. By generating explicit intermediate tokens,
CoT decomposes complex problems into manageable sub-steps, significantly boosting performance.
However, this reasoning power comes at a high cost: the explicit generation of thinking tokens
substantially increases inference latency and computational overheads. To address, Implicit CoT
(ICoT) (Deng et al., 2024) has emerged as a promising paradigm. ICoT trains models to internalize
reasoning steps within their hidden states, removing the need for explicit token generation at inference
time. While empirical results are encouraging, the underlying mechanics of how models internalize
these steps remain poorly understood. Furthermore, the standard ICoT curriculum, which removes
intermediate steps one by one, scales linearly with the length of the reasoning chain, leading to
inefficient training.

In this work, we provide a formal analysis of how transformers internalize reasoning steps. We
consider the parity learning task, a classic problem requiring exponential samples to learn without
CoT (Shalev-Shwartz et al., 2017; Wen et al., 2024). We demonstrate that transformers can internalize
CoT with only a polynomial number of samples. This matches the sample complexity of explicit
CoT (Kim & Suzuki, 2024; Wen et al., 2024) while significantly reducing inference costs. Building
on these insights, we introduce Log-ICoT, an efficient curriculum that further reduces the required
training stages from linear to logarithmic. Our contributions are as follows:

• In Theorem 1, we prove that multi-layer transformers can learn to internalize parity compu-
tations using a logarithmic number of gradient updates under our Log-ICoT framework.

• We verify our theoretical findings through numerical experiments on a multi-layer trans-
former in Section 4.
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1.1 RELATED WORK

Chain-of-thought and its variants. Chain-of-thought (CoT) (Wei et al., 2022) can enhance LLM’s
reasoning capability by letting models output the intermediate thought tokens. It can be encouraged
only in the prompt (Khot et al., 2022; Zhou et al., 2022) or be included in the training set (Yue et al.,
2023; Yu et al., 2023; Wang et al., 2023a; Shao et al., 2024). A line of theoretical works also studies
the advantages of the CoT method via expressivity (Liu et al., 2022; Feng et al., 2023; Merrill &
Sabharwal, 2023; Li et al., 2024b) or training dynamics (Zhu et al., 2024b; Wen et al., 2024; Kim
& Suzuki, 2024). A more recent line of work studies variants of CoT to better improve the model
performance or reduce the inference cost, including ICoT (Deng et al., 2024), pause tokens (Goyal
et al., 2023), filler tokens (Pfau et al., 2024), planning tokens (Wang et al., 2023b), token assorted (Su
et al., 2025), chain of continuous thought (Hao et al., 2024), etc. Compared to CoT, its variants are
much less explored, especially theoretically. London & Kanade (2025) theoretically shows that the
pause token can increase expressivity, and Zhu et al. (2025a;b); Gozeten et al. (2025) theoretically
shows the advantage of continuous CoT. Our paper contributes to the field by providing the first
theoretical results demonstrating the advantage of the ICoT method, i.e., it can bridge the gap between
expressivity and learnability.

Training dynamics of transformers. There is a very rich line of literature studying the optimization
of transformer-based models (Jelassi et al., 2022; Bietti et al., 2023; Mahankali et al., 2023; Fu et al.,
2023; Zhang et al., 2024; Li et al., 2024a; Huang et al., 2024). Many works focus on how certain
attention patterns formed during training (Tian et al., 2023a;b; Guo et al., 2024). Another line of
work focuses on various reasoning abilities or patterns of transformers through the lens of training
dynamics (Boix-Adsera et al., 2023; Nichani et al., 2024; Wang et al., 2024; Ren et al., 2024; Zhu
et al., 2024b; Guo et al., 2025; Huang et al., 2025a; Chen et al., 2024; Huang et al., 2025b; Ma et al.,
2026). The most related work to our setting is Wen et al. (2024); Kim & Suzuki (2024), which shows
that CoT enables much better sample efficiency when learning parity functions with secret indices.
Our work follows the setting of Kim & Suzuki (2024) and takes a further step to study the sample
complexity of ICoT via training dynamics. Our work shows that ICoT enjoys both sample efficiency
and low inference-time cost. Moreover, we analyze a multi-layer transformer, which is more practical
than the one-layer transformer considered in Wen et al. (2024); Kim & Suzuki (2024).

2 PRELIMINARIES

Notations. For any integer N > 0, we use [N ] to denote the set {1, 2, . . . , N}. We use lower-case
and upper-case bold letters (e.g., a,A) to represent vectors and matrices. Let ed,i ∈ Rd denote
the d-dimensional one-hot vector with a 1 in the i-th coordinate, IK ∈ RK×K denote the identity
matrix. We generalize the standard linear product by defining multi-linear inner product of vectors
x1, . . . ,xr ∈ Rd for any r ∈ N as ⟨x1, . . . ,xr⟩ :=

∑d
i=1

∏r
j=1 xj,i. In particular, ⟨x1⟩ = x⊤

1 1d

and ⟨x1,x2⟩ = x⊤
1 x2.

2.1 TASK SETTINGS

Assume n ≥ k ≥ 2 and denote S as the set of all subsets [n] with size k. Following the k-
parity learning problem in Kim & Suzuki (2024); Wen et al. (2024), we consdier a secret index
set S drawn uniformly from S and an input vector b = (bj)

n
j=1 ∼ Unif({±1}n). The label y

is determined by the parity function y = pS(b) :=
∏

j∈S bj , where n is the input length and
k = |S| determines the hardness of the learning problem. We consider learning the parity in a
finite-sample setting where we are given a dataset of size B consisting of i.i.d. samples {(bi, yi)}Bi=1
with bi ∼ Unif({±1}n) and yi = pS(b

i).

Let fθ : {±1}n → R be any differentiable parametrized model. We consider the empirical squared
loss

LB(θ) :=
1

2B

B∑

i=1

(
yi − fθ(b

i)
)2
.

An ε-approximate gradient oracle for LB is a (possibly randomized) map ∇̃LB(θ) such that
∥∇̃LB(θ) − ∇LB(θ)∥2 ≤ ε for all queried θ. We evaluate performance by the population L2
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error
E(θ) := ES∼Unif(S) Eb∼Unif({±1}n)

[
(pS(b)− fθ(b))

2
]
.

Proposition 1 (adapted from Theorem 2 in Kim & Suzuki (2024)). Assume k = Θ(n). Suppose
the sample size satisfies B = Ω(nν) and the gradient is bounded by ∥∇fθ∥ = O(nν1). Then,
there exists an O(n−ν2)-accurate approximate gradient oracle ∇̃ such that, with probability at
least 1 − exp(−Ω(n)) over the random sampling of the dataset, the output θ(A) of any (possbly
randomized) iterative algorithm A that makes at most O(nν3) queries to the finite-sample gradient
∇̃LB satisies

E(θ(A)) ≥ 1−O(n−ν4),

where ν = 4ν1 + 4ν2 + 2ν3 + 2ν4 + 1.

2.2 MODEL

Transformer architectures. Similar to Wang et al. (2025), we consider an L-layer simplified
transformer. The input to the model is a sequence of length T , represented by a matrix X =
[x1,x2, . . . ,xT ] ∈ Rd×T , where each xj ∈ Rd is a d-dimensional embedding.

Embedding layer. The embedding layer in a standard transformer maps every token in the vo-
cabulary to a vector with dimension d and adds a positional embedding. Following Kim & Suzuki
(2024), we stack the input sequence such that the j-th element of the batch is represented by a vector
bj ∈ RB for each position j ∈ [T ]. Here, bj =

[
b1j , b

2
j , . . . , b

B
j

]⊤
aggregates the j-th bit across

all B samples in the batch. This layout allows the entire batch to use a shared positional encoding
as specified below. Let D = [b1, b2, . . . , bT ] ∈ RB×T be the training data. We define the input
sequence length T := n+ k − 1 and embedding dimension d := T +B(L+ 1). For every j ∈ [T ],
the input bits bj is embedded into a higher-dimensional space as:

xj = E(D)j =

[
pj

bj
0B×L

]
∈ Rd,

where pj := eT,j ∈ RT is a one-hot positional encoding and the final BL dimensions are reserved
for the residual stream (Elhage et al., 2021).

Attention Layer. While standard multi-layer transformers typically adopt multiple self-attention
heads, we consider transformers with a single head per layer to simplify the analysis. We also
reparameterize the key-query matrix by WKQ = WKW

⊤
Q ∈ Rd×d in line with Tian et al. (2023a);

Zhu et al. (2024b); Li et al. (2024a). Moreover, we only optimize the lower T ×T block, W ∈ RT×T ,
such that the attention scores are determined by the positional encodings only. In contrast, the value
matrix is simply set to the identity matrix, which is omitted in the following analysis.

BL := B(L+ 1),WKQ := WKW
⊤
Q =

[
W 0T×BL

0BL×T 0BL×BL

]
,WV = Id.

Definition 1 (Causal Self-Attention). Given an attention matrix W ∈ RT×T , the causal self-attention
module Attn(·,W ) : Rd×T → Rd×T is given by:

Attn(X) := Attn(X;W ) = XS(X⊤WKQX +C).

where S(·) is the softmax operation applied column-wise and C ∈ RT×T is the modified causal
attention mask to be defined in Section 3.2.

MLP Layer. The MLP layer contains a linear matrix WO with a link function ϕ as defined below.
Definition 2 (Link function). Following Kim & Suzuki (2024), we consider a fixed, symmetric link
function ϕ : [−1, 1]→ [−1, 1] applied pointwise. We choose ϕ such that it maps sums to parities for
bipolar inputs. Specifically, we require ϕ(0) = −1, ϕ(±1) = 1, which emsures that ϕ(a+b

2 ) = ab for
a, b ∈ {−1, 1}. Moreover, we assume ϕ is sufficiently smooth and satisfies ϕ′(0) = ϕ′(±1) = 0. This
allows for a local Taylor expansion around 0 of the form: ϕ(t) = −1+ct2+O(|t|4) and ϕ′(t) =
2ct+O(|t|3), for some constant c > 0.
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Hyper-connections. We use hyper-connections (Zhu et al., 2024a) as a structured alternative to
standard residual connections. As observed by Zhu et al. (2024a), conventional residual updates
can suffer a trade-off between representation collapse and gradient vainishing. Hyper-connections
mitigate this by allowing the model to modulate how strongly information is propagated across layers.
Unlike their original formulation that uses globally shared connection weights, we use a position-wise
variant that mixes the update path and the skip path separately at each token.

Concretely, each layer ℓ is equipped with a gate vector g(ℓ) ∈ RT that controls how the layer mixes
the newly computed MLP update with the existing representation at each token position. We formalize
this mechanism via the following hyper-connection operator:

HC(A,B; g) := A diag(g) +B (IT − diag(g)).

where g ∈ RT , A,B ∈ Rd×T .
Definition 3 (Multi-layer Transformer). Let L be the depth, in each layer ℓ ∈ [L] the transformer
combines a self-attention layer with an MLP with a linear layer WO ∈ Rd×d and fixed link function
ϕ. Let θ := {W (ℓ),W

(ℓ)
O , g(ℓ)}ℓ∈[L], we initialize X(0) = E(D). The layer update with hyper-

connections is

X(ℓ) = X(ℓ−1) +W
(ℓ)
O HC

(
ϕ(Attn(X(ℓ−1);W (ℓ))),X(ℓ−1); g(ℓ)

)
, ℓ ∈ [L].

The network output is Tθ(D) = X(L). For m ∈ [T ], the output can be written as:

Tθ(D)m = xm +

L∑

ℓ=1

W
(ℓ)
O


g(ℓ)m ϕ(

m∑

j=1

σj(w
(ℓ)
m )x

(ℓ−1)
j ) + (1− g(ℓ)m )x(ℓ−1)

m


 ,

where w
(ℓ)
m = [w

(ℓ)
j,m]j∈[T ] = [p⊤

j W
(ℓ)pm]j∈[T ] and σj(w

(ℓ)
m ) = ew

(ℓ)
j,m/

∑m
α=1 e

w(ℓ)
α,m .

Finally, we use a readout layer Ψ ∈ Rd×B to decode the output f̂(D) = Ψ⊤Tθ(D).

We fix the output matrix W
(ℓ)
O ∈ Rd×d to faciliate the transfer of information between residual

blocks:

W
(ℓ)
O =

[
0T×T 0T×BL

0BL×T eL+1,ℓ+1e
⊤
L+1,ℓ ⊗ IB

]
,

which moves information from block in ℓ to ℓ + 1 that acts like a sequential prediction. We then
initialize the readout layer Ψℓ ∈ Rd×B as

Ψℓ(0) =

[
0T×B

β0eL+1,ℓ+1 ⊗ IB

]
.

Given this construction, the readout layer Ψℓ′ at stage ℓ′ acts as a selector for the (ℓ′ + 1)-th block.
Consequently, the product Ψ⊤

ℓ′W
(ℓ)
O is non-zero if and only if ℓ = ℓ′. Thus the final relevant output

for stage ℓ is the ℓ-th layer W (ℓ)
O ϕ(

∑m
j=1 σj(w

(ℓ)
m x

(ℓ)
j )x

(ℓ)
j ) as the gradient for the ℓ-layer W (ℓ) is

non-zero only in stage t ≥ ℓ. Moreover, Lemma 6 shows that the gradient for W (ℓ) is also close to
zero after being well trained.

2.3 IMPLICIT CHAIN-OF-THOUGHT

Parity is fundamentally difficult for finite-precision gradient-based methods to solve within poly-
nomial steps (Shalev-Shwartz et al., 2017; Wies et al., 2022). Conversely, Kim & Suzuki (2024);
Wen et al. (2024) have demonstrated that one-layer transformers can solve parity efficiently when
provided with intermediate supervision via CoT reasoning (Kojima et al., 2022; Wei et al., 2022).

However, despite its favorable sample complexity, CoT requires the explicit generation of intermediate
reasoning traces, which substantially increases inference latency and computational cost. To address
this, implicit chain-of-thought (ICoT) (Deng et al., 2024) is proposed to internalize reasoning in
hidden states by progressively removing intermediate steps during fine-tuning. This approach aims
to match the high performance of explicit CoT while matching the inference speed of direct answer
generation. In this paper, we prove that multi-layer transformers can also learn to solve parity
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Figure 1: Illustration of parity learning task with input length n = 8 and secret set size k = 4.
Left: The task can be decomposed into a hierarchical two-parity computation. Right: Comparison
of the training curriculum of Chain-of-Thought (CoT) and Implicit CoT (ICoT). Both methods
initially leverage complete thinking traces derived from the hierarchical decomposition. As the ICoT
curriculum progresses, these intermediate reasoning steps are replaced by padding tokens (0), forcing
the model to internalize the computation within its hidden states.

Algorithm 1 Training Algorithm (Log-ICoT Curriculum)

Input: learning rate η
Initialize W (ℓ)(0) = 0T×T for ℓ ∈ [L], θ := {W (ℓ)}ℓ∈[L]

for t = 1, · · · , L do
θ(t)← q

(
θ(t− 1)− η∇̃θL(t)(θ(t− 1))

)

end for
Output: θ̂ = θ(L).

efficiently with a revised ICoT curriculum called Log-ICoT. This provides a theoretical guarantee
that models can solve complex tasks efficiently without sacrificing inference speed.

We first introduce a task decomposition scheme used in Wies et al. (2022); Kim & Suzuki (2024)
for parity and illustrate the difference between CoT and ICoT scheme for this task. We assume
k = 2v for some integer v for simplicity and decompose the problem into a hierarchy of two-parity
computations which can be efficiently learned in a sequential manner by the multi-layer transformers.

The decomposition is illustrated in Figure 1, where the task is represented as a complete binary
tree of height v containig 2k − 1 total nodes. The leaf nodes (Level 1) represent the input bits xj

for j ∈ [n]. The internal nodes are indexed sequentially as xn+1, . . . , xn+k−1, moving from the
bottom level upward and left to right. We denote the maximum index at each level ℓ ∈ [1, v + 1] as
n1 = n, nℓ = n+

∑ℓ−1
j=1 2

v−j = n+ k(1− 2−(ℓ−1)). Moreover, for any internal node xm (m > n),
let c1[m], c2[m] be its two child indcies where c1[m] < c2[m] < m and let p[m] denote its parent
index. Finally, the level of a node xm is given by h[m] satisfying nh[m]−1 < m ≤ nh[m].

3 THEORETICAL RESULTS

3.1 TRAINING SCHEME

We adopt the following curriculum termed Log-ICoT similar to Deng et al. (2024):

• Stage 1: Full CoT

• Stage t (2 ≤ t < L): Replace the first k(1− 2−(t−1)) CoT steps with padding token 0.

• Stage L: All CoT steps except the final output are removed.

Since L = log2 k, the curriculum contains only a logarithmic number of steps. This curriculum is
also reflected in the right side of Figure 1.
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n1

n2
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n4

Figure 2: Illustration of the customized attention mask. Each intermediate state xm at CoT
positions (m ≥ n) only depends on tokens xj up to the previous level, i.e., j ≤ h[m].

Loss function. Following Kim & Suzuki (2024), we use least square loss ℓ(ŷ, y) = ∥ŷ − y∥2 as
the loss function. For ICoT at stage t, the loss function is given by:

L(t)(θ) =
1

2B

nt+1−1∑

m=nt

∥f̂(D)m − bm+1∥2 =
1

2B

nt+1−1∑

m=nt

∥Ψ⊤
t Tθ(D)m − bm+1∥2 (1)

Training and Evaluation. We consider single-pass SGD with batch size B. For the parameter θ,
we write θ\W to denote all parameters except the attention matrix W . The training algorithm can be
found in Algorithm 1. At test time, we randomly generate test inputs Dtest = [b1, . . . , bT ] ∈ RB′×T

and corresponding label (ytest)i =
∏

j∈S bij for all i ∈ [B′].

3.2 KEY CHALLENGES

There are two primary challenges in training multi-layer transformers. We discuss them in turn.

Representation Collapse. First, the input states collapse in later layers and lead to exponentially
large noise that confuses the gradient. This is formalized in the following lemma:

Lemma 1 (Representation collapse of input states). For B = poly(n), with probability 1 −
exp(−nϵ/16) over random sampling of the input data b1, . . . , bT , it holds that, for all nϵ/8 ≤ m ≤ T :

∥ϕ( 1
m

∑

α∈[m]

bα) + 1B∥∞ ≤ O(n−ϵ/16).

In particular, when W is initialized to 0T , for all nϵ/8 ≤ m ≤ T , we have

∥ϕ(
m∑

j=1

σj(wm)bj) + 1B∥∞ = ∥ϕ( 1
m

∑

j∈[m]

bj) + 1B∥∞ ≤ O(n−ϵ/16)

The proof is given in Section A.1, which simply adopts a concentration bound argument as the random
input data has mean 0 and is bounded. To resolve this problem, we incorporate hyper-connections
to replace the residual connections, inspired by Zhu et al. (2024a) which was proposed to mitigate
representation collapse in pre-training.

In the original setup, the hyper-connections can either be static or learnable weights. We consider a
design that adaptively adjust the gating by the representation. Specifically, for positions in the CoT
steps (m ≥ n), we set the connection weight to 0 if all data in the batch collapse to −1 by adding
the following filter after the feedforward layer ϕ such that the representation in the previous layer is
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carried to the next layer.

g(ℓ)(X(ℓ−1))m =

{
0 ∥Ψ⊤

ℓ−1ẑ
(ℓ)
m + 1B∥∞ < ε0

1 o.w.
, ∀m ≥ n

where ẑ
(ℓ)
m =

∑m
j=1 σj(w

(ℓ)
m )x

(ℓ−1)
j . For input positions m ≤ n − 1, we simply set it to

g(ℓ)(X(ℓ−1))m = 0. This effectively prevents representation collapse across layers. As we will show

later, by Lemma 1, once we set ε0 > O(n−ϵ/16), we have g
(ℓ)
m =

{
0 m ≤ nℓ − 1

1 o.w.
if the attention

weights yield uniform attention after one-step gradient update.

Error propagation. As we adopt a multi-stage training curriculum, incorrect predictions from
last stage can propagate to later layers, which exponentially amplifies the errors and drowns out the
gradient signals. To address this, we introduce two modifications to the vanilla transformer model,
following Kim & Suzuki (2024).

We revise the causal attention mask such that each intermediate state xm only depends on tokens xj

up to the previous level. An illustration of the mask can be found in Figure 2, with the formulation
specified below:

[C]j,m =





−∞, m ≤ n and j > m

−∞, m > n and j > nh[m]−1

0, o.w.

After every gradient update, we quantize the attention weights by rounding each entry of {W (ℓ)}ℓ∈[L]

to the nearest integer: W (ℓ)(t + 1) = q
(
W (ℓ)(t)− η∇W (ℓ)L(t)(θ(t))

)
where q : R → Z is the

nearest-integer operator. Integer-based quantization methods are widely used in practice to improve
training and inference efficiency (Jacob et al., 2018; Wu et al., 2020), and has also been used in theory
to control error propagation (Kim & Suzuki, 2024). In our setting, quantization additionally “locks”
previously trained layers {W (ℓ)}ℓ∈[t−1]. Once their weights are trained, small subsequent gradients
do not change them after rounding, allowing us to focus on analyzing W (t) at stage t.

3.3 MAIN THEOREM

The two modifications allow us to prevent uncontrolled error accumulation and make the stagewise
optimization amenable to analysis. We are therefore ready to state our main theoretical result.
Theorem 1 (Log-ICoT). Consider an L = log2 k-layer transformer with customized attention mask
in Figure 2. Suppose B = Ω(n2+ϵ) for some constant ϵ > 0 where the input sequence length n is
sufficiently large. Let ∇̃ be any O(n−2−ϵ/8)-approximate gradient oracle. Following Algorithm 1
with learning rate η = Θ(n2+ϵ/16). Then it holds with probability 1 − exp(−T ϵ/2) over random
sampling of dataset D that after L-step update w.r.t Eq. (1), we have

∥f̂(Dtest)− ytest∥∞ ≤ exp(−Ω(nϵ/16))

The proof is given in Section A.2.

4 EXPERIMENTS

We train a 4-layer transformer with n = 30, k = 16 and report the training loss in Figure 3. In
Figure 4, we show the attention patterns of the trained model. As explicit CoT steps are removed,
it forces the model to internalize all the reasoning tokens inside the model’s hidden states, which
verifies the result in Theorem 1.

5 CONCLUSION

In this paper, we provide a rigorous theoretical foundation for Implicit Chain-of-Thought (ICoT),
demonstrating that multi-layer transformers can internalize complex reasoning processes within
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Figure 3: Training loss of a 4-layer transformer on parity task with k = 16. Dashed vertical lines
indicate different training stages of Log-ICoT.
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(c) Layer 3
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Figure 4: Visualization of the internalization process via layer-wise attention maps. The panels
illustrate the layer-wise shift in attention patterns of a trained 4-layer transformer as explicit CoT
steps are removed. The progression demonstrates how reasoning logic is progressively internalized
from early-layer explicit dependencies into the hidden states of deeper layers.

their hidden states without sacrificing the sample efficiency gains of explicit CoT. By analyzing the
parity learning task, we prove that transformers can achieve polynomial sample complexity while
significantly reducing inference latency by eliminating the need for explicit token generation.

A core contribution of this paper is the introduction of Log-ICoT, a novel training curriculum that
accelerates the internalization process. While standard ICoT training scales linearly with the length of
the reasoning chain, we prove that Log-ICoT reduces this dependency to a logarithmic one, offering
a provable exponential speedup in training efficiency.
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A PROOF OF SECTION 3

A.1 PROOF OF LEMMA 1

Proof. Fix any nϵ/8 ≤ m ≤ T . Since bj ∼ Unif({±1}B) for j ∈ [m]. By Hoeffding’s inequality,
we have that:

Pr(∥ 1
m

∑

α∈[m]

bα∥∞ ≥ t) ≤ 2B exp(−mt2

2
).

Thus with probability 1− p1, we have:

∥ 1
m

∑

α∈[m]

bα∥∞ ≤
√

2

m
log(2B/p1).

Since ϕ behaves like a quadratic near 0,±1, there exists some constant C2 > 0 that depends only on
ϕ such that

∥ϕ( 1
m

∑

α∈[m]

bα) + 1B∥∞ = ∥ϕ( 1
m

∑

α∈[m]

bα)− ϕ(0B)∥∞ ≤ C2

(√
2

m
log(2B/p1)

)2

≤ C2
2

m
log(2B/p1).

Finally, assume the failure probability for each m be δm = p1/T . With probability 1− p1, for all
nϵ/8 ≤ m ≤ T < 2n, we have

∥ϕ( 1
m

∑

α∈[m]

bα) + 1B∥∞ ≤ C2
2

m
log(2TB/p1).

Recall B = poly(n) and set p1 = exp(−nϵ/16), we have

∥ϕ( 1
m

∑

α∈[m]

bα) + 1B∥∞ ≤ O(n−ϵ/16).

A.2 PROOF OF THEOREM 1

Notations. Recall that Ψ⊤
t′W

(t)
O = 1(t = t′)

[
0B×T , e

⊤
L+1,t ⊗ IB

]
∈ RB×d. Let St = e⊤L+1,t ⊗

IB ∈ RB×BL , we denote Pt = Ψ⊤
t W

(t)
O = [0B×T ,St], which extracts the t-th B-dimensional

block. For any x ∈ Rd, we define the t-th B-block (after the first T coordinates) by

x[t] := StxT : ∈ RB .

Equivalently, we have (x[t])i = xT+B(t−1)+i. For a tuple of indices (j1, . . . , jr) ∈ [T ]r, we consider
xj1 · · ·xjr to be trivial if it always equals 1. E.g., the parity x1x2x9 is trivial in Figure 1. We define
the set of non-trivial tuples of length r over the first m indices as:

Ir,m = {(j1, . . . , jr) ∈ [m]r, xj1 · · ·xjr ̸≡ 1}.
For r = 1, every index is non-trivial so I1,m = [m].

Lemma 2 (Kim & Suzuki (2024), Lemma 9). Assume b1, . . . , bm ∈ {±1}B be vectors where each
bit is sampled i.i.d. from the uniform distribution. For any p > 0, with probability at least 1− p, the
following holds for all r ≤ 4:

max
(j1,...,jr)∈Ir,m

|⟨bj1 , . . . , bjr ⟩|
B

≤ κ :=

√
2

B
log

32n4

p
.

In particular, we set B = Ω(n2+ϵ) and p = exp(−nϵ/2) such that κ = O(n−1−ϵ/4).

We now proceed to the main proof of Theorem 1.
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Lemma 3 (Stage 1). Assume the assumptions in Theorem 1 holds and let W (ℓ′) = 0T×T for ℓ′ ≥ 1.
After one-step gradient descent on the first stage L(1) with B training samples and learning rate η
with B = Ω(n2+ϵ), η = Θ(n2+ϵ/16), it holds for all m ∈ [n1, n2 − 1] that

1− n exp(−Cnϵ/16)

2
≤ σc1[m+1](w

(1)
m ), σc2[m+1](w

(1)
m ) ≤ 1

2
.

and

∥x(1)
m,[2] − bm+1∥∞ ≤ exp(−Ω(nϵ/16))

Proof. We first compute the gradient. Recall that at stage t, the only relevant output is from layer t.

L(t)(θ) =
1

2B

nt+1−1∑

m=nt

∥Ψ⊤
t Tθ(X)m − bm+1∥2

=
1

2B

nt+1−1∑

m=nt

∥Ψ⊤
t W

(t)
O


g(t)m ϕ(

m∑

j=1

σj(w
(t)
m )x

(t−1)
j ) + (1− g(t)m )x(t−1)

m


− bm+1∥2.

When t = 1, we have g(1)m = 1 for m ≥ n1 as Ψ⊤
0 x

(0)
m = bm ̸≡ 1B . Thus we can simplify the loss to

L(1)(θ) =
1

2B

n2−1∑

m=n1

∥Ψ⊤
1 W

(1)
O


g(1)m ϕ(

m∑

j=1

σj(w
(1)
m )x

(0)
j ) + (1− g(1)m )x(0)

m


− bm+1∥2

=
1

2B

n2−1∑

m=n1

∥Ψ⊤
1 W

(1)
O ϕ




m∑

j=1

σj(w
(1)
m )x

(0)
j


− bm+1∥2.

Fix any m ∈ [n1, n2 − 1]. Let ẑ(1)
m =

∑m
j=1 σj(w

(1)
m )x

(0)
j . For any 1 ≤ α < m, we have

∂σα(w
(1)
m )

∂w
(1)
j,m

= (1(j = α)− σα(w
(1)
m ))σj(w

(1)
m ) = (1(j = α)− σj(w

(1)
m ))σα(w

(1)
m ),

and by linearity,

∂ẑ
(1)
m

∂w
(1)
j,m

=

m−1∑

α=1

(1(j = α)− σj(w
(1)
m ))σα(w

(1)
m )x(0)

α = σj(w
(1)
m )
(
x
(0)
j − ẑ(1)

m

)
.

Then the gradient of L(1) w.r.1 w
(1)
j,m is given by

∂L(1)

∂w
(1)
j,m

=
1

B

(
Ψ⊤

1 W
(1)
O ϕ(ẑ(1)

m )− bm+1

)⊤ (
Ψ⊤

1 W
(1)
O

)⊤ ∂ϕ(ẑ
(1)
m )

∂w
(1)
j,m

=
1

B

(
P⊤

1

(
P1ϕ(ẑ

(1)
m )− bm+1

))⊤ ∂ϕ(ẑ
(1)
m )

∂w
(1)
j,m

=
σj(w

(1)
m )

B
⟨P⊤

1 (P1ϕ(ẑ
(1)
m )− bm+1), ϕ

′(ẑ(1)
m ),x

(0)
j − ẑ(1)

m ⟩.
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In the following analysis, we ignore the superscript of t = 1 for the states. At initialization, we have
σj(wm) = 1

n for all j ∈ [n]. Thus we get

∂L(1)

∂w
(1)
j,m

=
σj(wm)

B
⟨P⊤

1 (P1ϕ(ẑm)− bm+1), ϕ
′(ẑm),xj − ẑm⟩

=− 1

nB
⟨P⊤

1 bm+1, 2cẑm,xj − ẑm⟩ (2)

+
1

nB
⟨P⊤

1 P1(−1d + cẑ2
m), 2cẑm,xj − ẑm⟩ (3)

+
1

nB
⟨O(P⊤

1 P1|ẑm|4), 2cẑm,xj − ẑm⟩ (4)

+
1

nB
⟨P⊤

1 (P1ϕ(ẑm)− bm+1), O(|ẑm|3),xj − ẑm⟩ (5)

For Eq. (2), we substitute ẑm = 1
n

∑
α∈[n] xα at initialization to expand

1

B
⟨P⊤

1 bm+1, ẑm,xj − ẑm⟩ =
1

nB

∑

α∈[n]

⟨P⊤
1 bm+1,xα,xj⟩ −

1

n2B

∑

α,β∈[n]

⟨P⊤
1 bm+1,xα,xβ⟩

Recall St = e⊤L+1,t ⊗ IB ∈ RB×BL . Since P1 = Ψ⊤
1 W

(1)
O = [0B×T ,S1], we have P⊤

1 bm+1 be
supported on the block 1 only. Consider any fixed α, β:

⟨P⊤
1 bm+1,xα,xβ⟩ =

d∑

i=1

(P⊤
1 bm+1)ixα,ixβ,i = ⟨bm+1,xα,[1],xβ,[1]⟩ = ⟨bm+1, bα, bβ⟩

When t = 1, we have n ≤ m ≤ n2 − 1 and α, β ∈ [n] thus h[m+ 1] = 2 and h[α], h[β] = 1. Note
that bm+1bαbβ will be trivial iff {α, β} = {c[m+ 1], c2[m+ 1]}, where ⟨bm+1, bα, bβ⟩ = B. Thus
we have that

1

B

∑

α,β∈[n]

⟨bm+1, bα, bβ⟩ = 2 +
1

B

∑

(m+1,α,β)∈I3,m+1

⟨bm+1, bα, bβ⟩ = 2 +O(n2κ)

Similarly, the contraction ⟨bm+1, bα, bj⟩ is nontrivial only when p[j] = m + 1 and α is the other
child node of bm+1. As a result,

1

B

∑

α∈[n]

⟨bm+1, bα, bj⟩ =
{
1 +O(nκ) p[j] = m+ 1,

O(nκ) o.w.

where κ = O(n−1−ϵ/4). Combining these, we get

− 1

nB
⟨P⊤

t bm+1, 2cẑm,xj − ẑm⟩

= − 2c

n2
(1(p[j] = m+ 1) +O(nκ)) +

2c

n3
(2 +O(n2κ))

= − 2c

n2
1(p[j] = m+ 1) +O(n−2−ϵ/4).

Next for Eq. (3), we expand
1

B
⟨P⊤

1 P1(−1d + cẑ2
m), 2cẑm,xj − ẑm⟩

= −2c

B
⟨P⊤

1 P1ẑm,xj⟩+
2c

B
⟨P⊤

1 P1ẑ
2
m⟩+

2c2

B
⟨P⊤

1 P1ẑ
3
m,xj⟩ −

2c2

B
⟨P⊤

1 P1ẑ
4
m⟩

= −2c

B
⟨ẑm,[1],xj,[1]⟩+

2c

B
⟨ẑ2

m,[1]⟩+
2c2

B
⟨ẑ3

m,[1],xj,[1]⟩ −
2c2

B
⟨ẑ4

m,[1]⟩
For the second-order terms, we have:

1

B
⟨ẑm,[1],xj,[1]⟩ =

1

nB


⟨bj , bj⟩+

∑

α̸=j

⟨bα, bj⟩


 =

1

n
+O(κ)

1

B
⟨ẑ2

m,[1]⟩ =
1

n2B


∑

α

⟨bα, bα⟩+
∑

α̸=β

⟨bα, bβ⟩


 =

1

n
+O(κ)
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For the fourth-order interaction terms, we dicsuss when (α, β, γ, δ) /∈ I4,m. Without loss of generality,
assume h[α] ≤ h[β] ≤ h[γ] ≤ h[δ].

1. If h[β] < h[γ] < h[δ], to cancel out bδ, it must hold that bγ is a child of bδ and bα, bβ are
the two children of the other child. This pattern is fully determined by choosing δ and which
child is γ. Thus there are only O(n) such trivial 4-tuples.

2. If h[β] = h[γ] < h[δ], it must also hold that h[γ] = h[δ] − 1. Then bβ and bγ must both
be the children nodes of bδ. Then we have either bβ = bγ or bδ = bβbγ , where both cases
cannot be trivial.

3. If h[β] < h[γ] = h[δ], we have γ = δ and α = β such that bγbδ ≡ 1 and bαbβ ≡ 1. There
are O(n2) different choices.

4. If h[β] = h[γ] = h[δ], again we have two of the indices to be the same and so are the
remaining two. Thus there are O(n2) trivial 4-tuples.

Therefore,
1

B
⟨ẑ4

m,[1]⟩ =
1

n4B

∑

α,β,γ,δ

⟨bα, bβ , bγ , bδ⟩

=
1

n4B


 ∑

α,β,γ,δ∈I4,m

⟨bα, bβ , bγ , bδ⟩+
∑

α,β,γ,δ /∈I4,m

⟨bα, bβ , bγ , bδ⟩




=
1

n4B


 ∑

α,β,γ,δ∈I4,m

O(Bκ) +
∑

α,β,γ,δ /∈I4,m

B




≤ 1

n4

(
m4O(κ) +O(n2)

)

≤ O(n−2 + κ)

Now for ⟨ẑ3
m,[1],xj,[1]⟩, assuming index j is contained in (α, β, γ, δ). Then for case 1 we only have

O(1) trivial tuples and both case 3 and 4 are reduced to O(n) as there’s only one free index to be
determined.

1

B
⟨ẑ3

m,[1],xj,[1]⟩ =
1

n3B

∑

α,β,γ

⟨bα, bβ , bγ , bj⟩ ≤ O(κ) +
O(n)

n3
= O(n−2 + κ)

Thus
1

nB
⟨P⊤

1 P1(−1d + cẑ2
m), 2cẑm,xj − ẑm⟩ = −

2c

n
(
1

n
− 1

n
) +

O(κ)

n
= O(n−2−ϵ/4)

For Eq. (4), note that
1

B
⟨P⊤

t Pt|ẑm|4⟩ =
1

B
⟨|ẑ4

m,[1]|⟩ =
1

B
⟨ẑ4

m,[1]⟩ = O(n−2 + κ)

and since 2cẑm,xj − ẑm are contained in [−1, 1] and [−2, 2] respectively. We have

1

nB
⟨O(P⊤

t Pt|ẑm|4), 2cẑm,xj − ẑm⟩ =
4c

m
O(n−2 + κ) = O(n−2−ϵ/4)

Finally for Eq. (5), using Cauchy-Schwarz we have

1

B
⟨P⊤

t Pt|ẑm|3⟩ =
1

B
⟨|ẑ3

m,[1]|⟩ =
1

B

B∑

i=1

|ẑ3
m,[1],i|

≤ 1

B

(
B∑

i=1

ẑ2
m,[1],i

)1/2( B∑

i=1

ẑ4
m,[1],i

)1/2

= O(n−1−ϵ/8)
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By the definition of Pt, we get
1

nB
⟨P⊤

t (Ptϕ(ẑm)− bm+1), O(|ẑm|3),xj − ẑm⟩

=
1

nB
⟨ϕ(ẑm)− P⊤

t bm+1), O(P⊤
t Pt|ẑm|3),xj − ẑm⟩

=
4

nB
⟨O(P⊤

t Pt|ẑm|3)⟩

= O(n−2−ϵ/8)

Combining all terms from (2) to (5), we get

∂L(1)

∂w
(1)
j,m

= − 2c

n2
1(p[j] = m+ 1) +O(n−2−ϵ/8).

Note that this applies to the approximate gradient ∇̃
w

(1)
j,m
L(1) too since each component of the bnoise

is bounded by O(n−2−ϵ/8).

Concentration of attention scores. Taking η = n2+ϵ/16η0, the updated weight becomes

w
(1)
j,m(1) = −η∇̃

w
(1)
j,m
L(1) = 2cη0

n2+ϵ/16

n2
1(p[j] = m+ 1) +O(n−ϵ/16).

We choose η0 such that the leading terms are not half-integers. For sufficiently large n, the nearest-
integer operator q(·) absorbs the noise terms. Specifically, for any j /∈ {c1[m+ 1], c2[m+ 1]}, we
have

w
(1)
j,m = q

(
O(n−ϵ/16)

)
= 0.

Conversely, for the indices corresponding to the signal, the weight concentrate as

w
(1)
c1[m+1],m = w

(1)
c2[m+1],m = q

(
2cη0n

ϵ/16
)
.

The softmax scores for the noise terms can thus be upper bounded by

σj(w
(1)
m ) ≤ 1

exp (w
(1)
c1[m+1],m) + exp (w

(1)
c2[m+1],m) + n− 2

≤ exp(−Cnϵ/16).

Since the softmax scores must sum to 1, it holds that

1− n exp(−Cnϵ/16)

2
≤ σc1[m+1](w

(1)
m ), σc2[m+1](w

(1)
m ) ≤ 1

2
.

Evaluating the forward pass. For any m ∈ [n, n+ n1 − 1], we have

∥ẑ(1)
m,[1] −

bc1[m+1] + bc2[m+1]

2
∥∞ =

∥∥∥∥∥∥
∑

j

σj(w
(1)
m )bj −

bc1[m+1] + bc2[m+1]

2

∥∥∥∥∥∥
∞

≤
∑

p[j]̸=m+1

σj(w
(1)
m ) +

∣∣∣∣σc1[m+1](w
(1)
m )− 1

2

∣∣∣∣+
∣∣∣∣σc2[m+1](w

(1)
m )− 1

2

∣∣∣∣

≤ 2(n− 1) exp(−Cnϵ/16)

Following the Taylor expansion of ϕ, we get:
∥∥∥x(1)

[2] − bm+1

∥∥∥
∞

=
∥∥∥Ψ⊤

1 x
(1) − bm+1

∥∥∥
∞

=

∥∥∥∥P⊤
1 P1ϕ(ẑ

(1)
m )− ϕ

(
bc1[m+1] + bc2[m+1]

2

)∥∥∥∥
∞

=

∥∥∥∥ϕ(ẑ
(1)
m,[1])− ϕ

(
bc1[m+1] + bc2[m+1]

2

)∥∥∥∥
∞

≤ C2

(
2(n− 1) exp(−Cnϵ/16)

)2

≤ exp(−Ω(nϵ/16)) (6)

16



Published at Latent & Implicit Thinking Workshop @ ICLR 2026

At each stage t ≥ 1, we replace the first k(1− 2−(t−1)) thinking tokens with padding token. This
ensures that at stage v := log2 k stages, we are only relying on the input sequence to predict. The
input sequence looks like

b(t) = (b1, . . . , bn,0B , . . . ,0B︸ ︷︷ ︸
nt

, bnt
, bnt+1, . . . , bT )

The loss function is only computed on position nt ≤ m < nt+1, i.e.,

L(t)(θ) =
1

2B

nt+1−1∑

m=nt

∥f̂(D)m − bm+1∥2

Similar to the first stage, we can learn the t-th layer by one step of gradient descent. Before proceeding,
we first state a lemma that characterizes how the hidden states progress over layers.
Lemma 4 (Characterization of Hidden States). Suppose that for all layers τ ∈ {1, . . . , ℓ}, the states
x(τ) follow the recursive form:

x
(τ)
m,[τ+1] =

{
bm+1 + exp(−Cnϵ/16) nτ ≤ m < nτ+1

x
(τ−1)
m,[τ ] m < nτ

(7)

Then, the state at layer ℓ is characterized by:

x
(ℓ)
m,[ℓ+1] =

{
bm+1 + exp(−Cnϵ/16) n ≤ m < nℓ+1

bm m < n
(8)

Proof. We prove this by induction on the layer index ℓ. Recall that nℓ = n+ k(1− 2−(ℓ−1)), where
n1 = n. When ℓ = 1, we have nℓ = n. Moreover, for the input region m < n, by Eq. (8) we have

x
(ℓ−1)
m,[ℓ] = x

(0)
m,[1]

(a)
= bm where (a) follows the definition of the embedding layer. Now suppose the

hypothesis is true for layer ℓ, we want to show the state at ℓ+ 1 follows Eq. (8) as well.

• For the newly included nodes nℓ+1 ≤ m < nℓ+2, by Eq. (7), we have x
(ℓ+1)
m,[ℓ+2] = bm+1 +

exp(−Cnϵ/16).

• For n ≤ m < nℓ+1, Eq. (7) indicates the state is inherited from the previous layer:
x
(ℓ+1)
m,[ℓ+2] = x

(ℓ)
m,[ℓ+1]. by the inductive hypothesis, this value is bm+1 + exp(−Cnϵ/16).

• For m < n, the state is again inherited layer-by-layer: x
(ℓ+1)
m,[ℓ+2] = x

(ℓ)
m,[ℓ+1]. By the

inductive hypothesis, x(ℓ)
m,[ℓ+1] = bm.

Combining these, we can get the proposed result.

Lemma 5 (Stage t). Assume W (ℓ′) = 0T×T for ℓ′ ≥ t+ 1. After one-step gradient descent on the
(t + 1)-th stage loss L(t+1) with B training samples and learning rate η with B = Ω(n2+ϵ), η =
Θ(n2+ϵ/16). Then for all m ∈ [nt+1, nt+2 − 1], we have

1− n exp(−Cnϵ/16)

2
≤ σc1[m+1](w

(t+1)
m ), σc2[m+1](w

(t+1)
m ) ≤ 1

2

and
∥x(t+1)

m,[t+2] − bm+1∥∞ ≤ exp(−Ω(nϵ/16))

Proof. Following Lemma 3, we have Ψ⊤
0 ẑ

(1)
m = ẑ

(1)
m,[1] =

1
2 (bc1[m+1]+bc2[m+1])+exp(−Cnϵ/16),

which passes the filter. thus we have

g(1)m =

{
0 m ≤ n− 1

1 n ≤ m < n2

17
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and Eq. (7) holds when t = 1 by Eq. (6) in Lemma 3. Assume the connection weights are given by

g(t)m =

{
0 m ≤ nt − 1

1 nt ≤ m < nt+1
,

and that the recursive in Eq. (7) holds for all layers up to t ≥ 1, our goal is to prove both the
connection-weight condition and the recursion continue to hold for layer t + 1 after training on
L(t+1). To simplify the notation, let

x̄
(t)
τ,[t+1] =

{
bτ+1 n ≤ τ < nt+1

bτ τ < n

By Lemma 4, we have x
(t)
τ,[t+1] = x̄

(t)
τ,[t+1] + ξ

(t)
τ,[t+1] where

∥ξ(t)τ,[t+1]∥∞ ≤ δτ =

{
δ := exp(−Cnϵ/16) n ≤ τ < nt+1

0 τ < n
.

Consider any nt+1 ≤ m < nt+2. Based on the attention mask in Figure 2, we have σj(wm) =
1

nt+1−1 for j ≤ nt+1 − 1.

∂L(t+1)

∂w
(t+1)
j,m

=
σj(w

(t+1)
m )

B
⟨P⊤

t+1(Pt+1ϕ(ẑ
(t+1)
m )− bm+1), ϕ

′(ẑ(t+1)
m ),x

(t)
j − ẑ(t+1)

m ⟩

=− 1

(nt+1 − 1)B
⟨P⊤

t+1bm+1, 2cẑ
(t+1)
m ,x

(t)
j − ẑ(t+1)

m ⟩ (9)

+
1

(nt+1 − 1)B
⟨P⊤

t+1Pt+1(−1d + c(ẑ(t+1)
m )2), 2cẑ(t+1)

m ,x
(t)
j − ẑ(t+1)

m ⟩ (10)

+
1

(nt+1 − 1)B
⟨O(P⊤

t+1Pt+1|ẑ(t+1)
m |4), 2cẑ(t+1)

m ,x
(t)
j − ẑ(t+1)

m ⟩ (11)

+
1

(nt+1 − 1)B
⟨P⊤

t+1(Pt+1ϕ(ẑ
(t+1)
m )− bm+1), O(|ẑ(t+1)

m |3),x(t)
j − ẑ(t+1)

m ⟩. (12)

For Equation (9), we substitute ẑ
(t+1)
m = 1

nt+1−1

∑
α∈[nt+1−1] x

(t)
α to expand

1

B
⟨P⊤

t+1bm+1, ẑ
(t+1)
m ,x

(t)
j − ẑ(t+1)

m ⟩

=
1

(nt+1 − 1)B


∑

α

⟨P⊤
t+1bm+1,x

(t)
α ,x

(t)
j ⟩ −

1

B

∑

α,β

⟨P⊤
t+1bm+1,x

(t)
α ,x

(t)
β ⟩




=
1

(nt+1 − 1)B


∑

α

⟨bm+1,x
(t)
α,[t+1],x

(t)
j,[t+1]⟩ −

1

B

∑

α,β

⟨bm+1,x
(t)
α,[t+1],x

(t)
β,[t+1]⟩


 .

Since the query token only sees token prior to its level and suppose ℓ = h[m + 1], we have
h[α], h[β] ≤ ℓ−1. Similar to Lemma 3, bm+1bα+1bβ+1 will be trivial iff h[α+1] = h[β+1] = ℓ−1
and {α + 1, β + 1} = {c[m + 1], c2[m + 1]}. This implies α, β ≥ n as m ≥ nt+1. Since
x̄
(t)
τ,[t+1] = bτ+1 for τ ≥ n, we get

⟨bm+1,x
(t)
α,[t+1],x

(t)
β,[t+1]⟩ = |⟨bm+1, x̄

(t)
α,[t+1], x̄

(t)
β,[t+1]⟩|+ 2δ|⟨bm+1, x̄

(t)
α,[t+1]⟩|+ δ2|⟨bm+1⟩|

≤ |⟨bm+1, bα+1, bβ+1⟩|+ 2δ|⟨bm+1, bα+1⟩|+ δ2|⟨bm+1⟩|
= O (B(1 + δκ)) .

Otherwise, we have

|⟨bm+1,x
(t)
α,[t+1],x

(t)
β,[t+1]⟩| ≤ |⟨bm+1, bα+1, bβ+1⟩|+ 2δ|⟨bm+1, bα+1⟩|+ δ2|⟨bm+1⟩|

≤ B(1 + 2δ + δ2)κ

= O(Bκ).
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Since n ≤ nt+1 ≤ 2n, put these together, we get

1

B

∑

α,β∈[nt+1−1]

⟨bm+1,x
(t)
α,[t+1],x

(t)
β,[t+1]⟩ = 2 +O

(
exp(−Cnϵ/16)κ

)
+O(n2κ)

= 2 +O(n2κ).

Similarly, the contraction ⟨bm+1,x
(t)
α,[t+1],x

(t)
j,[t+1]⟩ is nontrivial only when p[j + 1] = m+ 1 and

α+ 1 is the other child node of bm+1. As a result,

1

B

∑

α∈[nt+1−1]

⟨bm+1,x
(t)
α,[t+1],x

(t)
j,[t+1]⟩ =

{
1 +O(nκ) p[j + 1] = m+ 1

O(nκ) o.w.
.

Recall that κ = O(n−1−ϵ/4). Combinig these, we get

− 1

(nt+1 − 1)B
⟨P⊤

t+1bm+1, 2cẑ
(t+1)
m ,x

(t)
j − ẑ(t+1)

m ⟩

= − 2c

(nt+1 − 1)2
(1(p[j + 1] = m+ 1) +O(nκ)) +

2c

(nt+1 − 1)3
(2 +O(n2κ))

= − 2c

(nt+1 − 1)2
1(p[j + 1] = m+ 1) +O(n−2−ϵ/4).

Next for Equation (10), we expand

1

B
⟨P⊤

t+1Pt+1(−1d + c(ẑ(t+1)
m )2), 2cẑ(t+1)

m ,x
(t)
j − ẑ(t+1)

m ⟩

=− 2c

B
⟨ẑ(t+1)

m,[t+1],x
(t)
j,[t+1]⟩+

2c

B
⟨(ẑ(t+1)

m,[t+1])
2⟩+ 2c2

B
⟨(ẑ(t+1)

m,[t+1])
3,x

(t)
j,[t+1]⟩ −

2c2

B
⟨(ẑ(t+1)

m,[t+1])
4⟩.

For the second-order terms, we have:

1

B
⟨ẑ(t+1)

m,[t+1],x
(t)
j,[t+1]⟩

=
1

(nt+1 − 1)B


⟨x(t)

j,[t+1],x
(t)
j,[t+1]⟩+

∑

α̸=j

⟨x(t)
α,[t+1],x

(t)
j,[t+1]⟩




=
1

(nt+1 − 1)B


⟨x̄(t)

j,[t+1], x̄
(t)
j,[t+1]⟩+

∑

α̸=j

⟨x̄(t)
α,[t+1], x̄

(t)
j,[t+1]⟩


+

nt+1 − n− 1

nt+1 − 1
(δκ+ δ2)

=
1

nt+1 − 1
(1 + (nt+1 − 2)κ) +

O(k)

nt+1 − 1
(δκ+ δ2)

=
1

nt+1 − 1
+

O(k)

nt+1 − 1
δ2 +O(κ).

Since δ = exp(−Cnϵ/16) and k ≤ n, we observe that

O(k)

nt+1 − 1
δ2 ≤ exp(−O(nϵ/16)),

which is negligible compared to κ = O(n−1−ϵ/4). Consequently, we get

1

B
⟨ẑ(t+1)

m,[t+1],x
(t)
j,[t+1]⟩ =

1

nt+1 − 1
+O(κ).
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Similarly

1

B
⟨(ẑ(t+1)

m,[t+1])
2⟩ = 1

(nt+1 − 1)2B


∑

α

⟨x(t)
α,[t+1],x

(t)
α,[t+1]⟩+

∑

α̸=β

⟨x(t)
α,[t+1],x

(t)
β,[t+1]⟩




=
O(k)

nt+1 − 1
δκ+

O(k2)

(nt+1 − 1)2
δ2

+
1

(nt+1 − 1)2B


∑

α

⟨x̄(t)
α,[t+1], x̄

(t)
α,[t+1]⟩+

∑

α̸=β

⟨x̄(t)
α,[t+1], x̄

(t)
β,[t+1]⟩




=
1

nt+1 − 1
+O(κ).

For the fourth-order interaction terms, we discuss when (α, β, γ, δ) /∈ I4,m. Without loss of generality,
assume h[α] ≤ h[β] ≤ h[γ] ≤ h[δ].

1. If h[β] < h[γ] < h[δ], to cancel out bδ, it must hold that bγ is a child of bδ and bα, bβ are
the two children of the other child. This pattern is fully determined by choosing δ and which
child is γ. Thus there are only O(n) such trivial 4-tuples.

2. If h[β] = h[γ] < h[δ], it must also hold that h[γ] = h[δ] − 1. Then bβ and bγ must both
be the children nodes of bδ. Then we have either bβ = bγ or bδ = bβbγ , where both cases
cannot be trivial.

3. If h[β] < h[γ] = h[δ], we have γ = δ and α = β such that bγbδ ≡ 1 andbαbβ ≡ 1. There
are O(n2) different choices.

4. If h[β] = h[γ] = h[δ], again we have two of the indices to be the same and so are the
remaining two. Thus there are O(n2) trivial 4-tuples.

1

B
⟨(ẑ(t+1)

m,[t+1])
4⟩ = 1

(nt+1 − 1)4B

∑

α,β,γ,δ

⟨x(t)
α,[t+1],x

(t)
β,[t+1],x

(t)
γ,[t+1],x

(t)
δ,[t+1]⟩

=
1

(nt+1 − 1)4B

∑

α,β,γ,δ

⟨x̄(t)
α,[t+1], x̄

(t)
β,[t+1], x̄

(t)
γ,[t+1], x̄

(t)
δ,[t+1]⟩

+

3∑

j=1

O(kj)

(nt+1 − 1)j
δjκ+

O(k4)

(nt+1 − 1)4
δ4

≤ 1

(nt+1 − 1)4B


 ∑

α,β,γ,δ∈I4,m

O(Bκ) +
∑

α,β,γ,δ /∈I4,m

B


+O(δκ)

≤ 1

(nt+1 − 1)4
(O(n2) + (nt+1 − 1)4κ) +O(δκ)

= O(n−2 + κ).

Now for ⟨(ẑ(t+1)
m,[t+1])

3,x
(t)
j,[t+1]⟩, assuming index j is contained in (α, β, γ, δ). Then for case 1 we

only have O(1) trivial tuples and both case 3 and 4 are reduced to O(n) as there’s only one free index
to be determined.

1

B
⟨(ẑ(t+1)

m,[t+1])
3,x

(t)
j,[t+1]⟩

≤ 1

(nt+1 − 1)3B

∑

α,β,γ

⟨x̄(t)
α,[t+1], x̄

(t)
β,[t+1], x̄

(t)
γ,[t+1], x̄

(t)
j,[t+1]⟩+O(n−1−ϵ/4)

≤ 1

(nt+1 − 1)3
(O(n) + (nt+1 − 1)3κ) +O(δκ)

= O(n−2 + κ).
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Thus
1

(nt+1 − 1)B
⟨P⊤

t+1Pt+1(−1d + c(ẑ(t+1)
m )2), 2cẑ(t+1)

m ,x
(t)
j − ẑ(t+1)

m ⟩

= − 2c

nt+1 − 1
+

2c

nt+1 − 1
+

O(κ)

nt+1 − 1

= O(n−2−ϵ/4).

For Eq. (11), note that

1

B
⟨P⊤

t+1Pt+1|ẑ(t+1)
m |4⟩ = 1

B
⟨|ẑ(t+1)

m,[t+1]|4⟩ =
1

B
⟨(ẑ(t+1)

m,[t+1])
4⟩ = O(n−2 + κ).

and since 2cẑ
(t+1)
m ,x

(t)
j − ẑ

(t+1)
m are contained in [−1, 1] and [−2, 2] respectively. We have

1

(nt+1 − 1)B
⟨P⊤

t+1Pt+1|ẑ(t+1)
m |4, 2cẑ(t+1)

m ,x
(t)
j − ẑ(t+1)

m ⟩ = 4cO(n−1−ϵ/8)

nt+1 − 1
= O(n−2−ϵ/4).

Finally for Eq. (12), using Cauchy-Schwarz we have

1

B
⟨P⊤

t+1Pt+1|ẑ(t+1)
m |3⟩ = 1

B
⟨|(ẑ(t+1)

m,[t+1])
3|⟩ = 1

B

B∑

i=1

|(ẑ(t+1)
m,[t+1],i)

3|

≤ 1

B

(
B∑

i=1

(ẑ
(t+1)
m,[t+1],i)

2

)1/2( B∑

i=1

(ẑ
(t+1)
m,[t+1],i)

4

)1/2

=
1

B
O(Bn−1)1/2O(Bn−1−ϵ/4)1/2

= O(n−1−ϵ/8).

By the definition of Pt, we get

1

(nt+1 − 1)B
⟨P⊤

t+1(Pt+1ϕ(ẑ
(t+1)
m )− bm+1), O(|ẑ(t+1)

m |3),x(t)
j − ẑ(t+1)

m ⟩

=
1

(nt+1 − 1)B
⟨ϕ(ẑ(t+1)

m )− P⊤
t+1bm+1, O(P⊤

t+1Pt+1|ẑ(t+1)
m |3),x(t)

j − ẑ(t+1)
m ⟩

=
4

(nt+1 − 1)B
O
(
⟨P⊤

t+1Pt+1|ẑ(t+1)
m |3⟩

)

= O(n−2−ϵ/8).

Combining all terms from (9) to (12), for any j ≤ nt+1 − 1, we gets

∂L(t+1)

∂w
(t+1)
j,m

= − 2c

(nt+1 − 1)2
1(p[j + 1] = m+ 1) +O(n−2−ϵ/8)

We can absorb the oracle noise to the second term as in Lemma 3.

Concentration of attention scores. Taking η = n2+ϵ/16η0, the updated weight becomes

w
(t+1)
j,m (t+ 1) = −η∇̃

w
(t+1)
j,m
L(t+1) = 2cη0

n2+ϵ/16

(nt+1 − 1)2
1(p[j + 1] = m+ 1) +O(n−ϵ/16)

Similar to Lemma 3, we choose η0 such that the leading terms are not half-integers. For any
j /∈ {c1[m+ 1], c2[m+ 1]}, we have

w
(t+1)
j,m = q

(
O(n−ϵ/16)

)
= 0.

Conversely, for the indices corresponding to the signal, the coefficient is bounded as n ≤ nt+1 < 2n

cη0
2
≤ 2cη0

n2

(nt+1 − 1)2
≤ 2cη0.
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Let ct = 2cη0
n2

(nt+1−1)2 = Θ(1). The weight concentrates as

w
(t+1)
c1[m+1],m = w

(t+1)
c2[m+1],m = q

(
ctn

ϵ/16
)
.

The softmax scores for the noise terms can thus be upper bounded by

σj(w
(t+1)
m ) ≤ 1

exp (w
(t+1)
c1[m+1],m) + exp (w

(t+1)
c2[m+1],m) + n− 2

≤ exp(−Cnϵ/16).

Since the softmax scores must sum to 1, it holds that
1− n exp(−Cnϵ/16)

2
≤ σc1[m+1](w

(t+1)
m ), σc2[m+1](w

(t+1)
m ) ≤ 1

2
.

Evaluating the forward pass. To bound the prediction loss, we define the following increasing
sequence

ϵt = max
1≤τ≤t

max
m∈[Nτ+1,Nτ+1]

∥x(τ)
m,[τ+1] − bm+1∥∞, ϵ0 = 0.

Thus
∥x(t)

c1[m+1],[t+1] − bc1[m+1]+1∥∞, ∥x(t)
c2[m+1],[t+1] − bc2[m+1]+1∥∞ ≤ ϵt,

and for the intermediate state ẑ
(t+1)
m,[t+1] we have

∥∥∥∥ẑ
(t+1)
m,[t+1] −

bc1[m+1] + bc2[m+1]

2

∥∥∥∥
∞

≤

∥∥∥∥∥∥
ẑ
(t+1)
m,[t+1] −

x
(t)
c1[m+1]−1,[t+1] + x

(t)
c2[m+1]−1,[t+1]

2

∥∥∥∥∥∥
∞

+ ϵt

≤
∑

p[j+1]̸=m+1

σj(w
(t+1)
m ) +

∣∣∣∣σc1[m+1]−1(w
(t+1)
m )− 1

2

∣∣∣∣+
∣∣∣∣σc2[m+1]−1(w

(t+1)
m )− 1

2

∣∣∣∣+ ϵt

≤ 2(n− 1) exp(−Cnϵ/16) + ϵt. (13)
We first use this characterization to bound the connection weights, for nt+1 ≤ m ≤ nt+2 − 1,
we have Ψ⊤

t ẑ
(t+1)
m = ẑ

(t+1)
m,[t+1] =

1
2 (x

(t)
c1[m+1]−1,[t+1] + x

(t)
c2[m+1]−1,[t+1]) + exp(−Cnϵ/16), which

passes the filter. thus we have g
(t+1)
m = 1 on this range. In contrast, for n ≤ m ≤ nt+1 − 1, the

weights w(t+1)
j,m remains zero, so the attention is uniform and the corresponding states collapse to

−1B by Lemma 1. Moreover, by construction g
(t+1)
m = 0 for m ≤ n − 1. Putting these cases

together, we obtain

g(t+1)
m =

{
0 m ≤ nt+1 − 1

1 nt+1 ≤ m ≤ nt+2 − 1
.

Next, we bound ϵt . Using the Taylor expansion of ϕ,

ϵt+1 = ∥x(t+1)
m,[t+2] − bm+1∥∞ =

∥∥∥∥∥∥
ϕ(ẑ

(t+1)
m,[t+1])− ϕ


x

(t)
c1[m+1],[t+1] + x

(t)
c2[m+1],[t+1]

2



∥∥∥∥∥∥
∞

≤ C2(2(n− 1) exp(−Cnϵ/16) + ϵt)
2,

for some constant C2 depending on ϕ only. We can inductively show that ϵt ≤ δ = exp(−Cnϵ/16).
When t = 1, this is true by Lemma 3. Assume ϵt ≤ δ, then

ϵt+1 ≤ C2(2(n− 1)δ + δ)2 ≤ 4C2n
2δ2.

To conclude ϵt+1 ≤ δ, it suffice to have:
4C2n

2δ2 ≤ δ ⇔ 4C2n
2δ ≤ 1.

Since δ = exp(−Cnϵ/16) decays faster than any polynomial, for any fixed constant C2, there exists
n0 such that for all n ≥ n0,

4C2n
2δ ≤ 1.

Thus we have ϵt ≤ δ inductively for all t ≤ log2 k. We can conclude that

∥f̂(Dtest)− ytest∥∞ ≤ exp(−Cnϵ/16).
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A.3 GRADIENT UPPER BOUND FOR TRAINED LAYERS

Lemma 6. Suppose the trainig is in stage t+ 1 and for all ℓ′ ≤ t, nℓ′ ≤ m ≤ nℓ′+1 − 1, we have

1− n exp(−Cnϵ/16)

2
≤ σc1[m+1](w

(ℓ′)
m ), σc2[m+1](w

(ℓ′)
m ) ≤ 1

2
,

and for ℓ′ ≥ t+ 1, ∥W (ℓ′)
KQ ∥2 = 0. Then for any ℓ′ ≤ t, we have

∣∣∣∣∣
∂L(t+1)

∂w
(ℓ′)
j,m

∣∣∣∣∣ ≤ O(exp(−Cnϵ/16)).

Consequently, with step size η = n2+ϵ/16η0, the weights in all previously trained layers ℓ′ ≤ t remain
unchanged

w
(ℓ′)
j,m(t+ 1) = w

(ℓ′)
j,m(t).

Proof. We define the gradient error:

ζ
(ℓ)
j,m,ℓ′ := max

1≤α≤nℓ+1−1

∥∥∥∥∥∥
∂ϕ(ẑ

(ℓ)
α,[ℓ])

∂w
(ℓ′)
j,m

∥∥∥∥∥∥
∞

.

We will prove by induction that for all ℓ′ ≤ ℓ ≤ t , nℓ′ ≤ m ≤ nℓ′+1 − 1 and 1 ≤ j ≤ nℓ′ − 1.

ζ
(ℓ)
j,m,ℓ′ ≤ O(exp(−Cnϵ/16)).

Recall that for all nℓ′ ≤ m ≤ nℓ′+1 − 1, we have
∥∥∥∥ẑ

(ℓ′)
m,[ℓ′] −

bc1[m+1] + bc2[m+1]

2

∥∥∥∥
∞
≤ 2n exp(−Cnϵ/16).

Since bc1[m+1], bc2[m+1] ∈ {−1, 1}, their average lies in {−1, 0, 1}. We consider two cases. If
bc1[m+1] = bc2[m+1], we can consider taylor expansion of ϕ′ around ±1 as ϕ′(±1) = ϕ′(0) = 0

respectively: ϕ′(t) = 2c′(1 − t) + O((1 − t)2) around 1 and ϕ′(t) = 2c′(−1 − t) + O((1 + t)2)
near −1 for some constant c′ > 0. Then

∥ϕ′(ẑ
(ℓ′)
m,[ℓ′])∥∞ = O(exp(−C ′nϵ/16)),

for some constant C ′. Similarly, when bc1[m+1] = −bc2[m+1], we use the taylor expansion around 0,
giving

∥ϕ′(ẑ
(ℓ′)
m,[ℓ′])∥∞ = O(exp(−C ′nϵ/16)).

Put together, we have
∥∥∥∥∥∥
∂ϕ(ẑ

(ℓ′)
α,[ℓ′])

∂w
(ℓ′)
j,m

∥∥∥∥∥∥
∞

≤ ∥diag(ϕ′(ẑ
(ℓ′)
m,[ℓ′]))(x

(ℓ′−1)
j,[ℓ′] − ẑ

(ℓ′)
m,[ℓ′])∥∞σj(w

(ℓ′)
m )

≤ 2∥ϕ′(ẑ
(ℓ′)
m,[ℓ′])∥∞σj(w

(ℓ′)
m )

≤ O(exp(−C ′nϵ/16)).

Now for any ℓ′ < ℓ ≤ t, we have
∥∥∥∥∥∥
∂ϕ(ẑ

(ℓ)
α,[ℓ])

∂w
(ℓ′)
j,m

∥∥∥∥∥∥
∞

≤ ∥ϕ′(ẑ
(ℓ)
m,[ℓ])∥∞

nℓ−1∑

α=1

σα(w
(ℓ)
m )

∥∥∥∥∥∥
∂x

(ℓ−1)
α,[ℓ]

∂w
(ℓ′)
j,m

∥∥∥∥∥∥
∞

≤ O(exp(−Cnϵ/16)) max
α∈[nℓ−1]

∥∥∥∥∥∥
∂x

(ℓ−1)
α,[ℓ]

∂w
(ℓ′)
j,m

∥∥∥∥∥∥
∞

(a)

≤ O(exp(−Cnϵ/16))ζ
(ℓ−1)
j,m,ℓ′ ,
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where (a) follows the fact that for α ∈ [nℓ−1], we have g(ℓ−1)
α = 1 that leads to x

(ℓ−1)
α,[ℓ] = ϕ(ẑ

(ℓ−1)
α,[ℓ−1]).

Thus, we can inductively show that ζ(t)j,m,ℓ′ = ζ
(t−1)
j,m,ℓ′ = · · · = ζ

(ℓ′)
j,m,ℓ′ ≤ O(exp(−Cnϵ/16)). Now

when ℓ = t+ 1, we have
∥∥∥∥∥∥
∂ϕ(ẑ

(t+1)
α,[t+1])

∂w
(ℓ′)
j,m

∥∥∥∥∥∥
∞

≤ ∥ϕ′(ẑ
(t+1)
m,[t+1])∥∞

nt+1−1∑

α=1

σα(w
(t+1)
m )

∥∥∥∥∥
∂x

(t)
α

∂w
(ℓ′)
j,m

∥∥∥∥∥
∞

(a)

≤ O(∥ϕ′||∞n)ζ
(t)
j,m,ℓ′

≤ O(exp(−Cnϵ/16)),

where ∥ϕ′∥∞ is the Lipschitz constant for ϕ on [−1, 1]. Consequently, for any ℓ′ ≤ t, we get
∣∣∣∣∣
∂L(t+1)

∂w
(ℓ′)
j,m

∣∣∣∣∣ =

∣∣∣∣∣∣

nt+2−1∑

α=nt+1

1

B

(
P⊤

t+1 (Pt+1ϕ(ẑα)− bα+1)
)⊤ ∂ϕ(ẑ

(t+1)
α )

∂w
(ℓ′)
j,m

∣∣∣∣∣∣

(a)
=

∣∣∣∣∣∣

nℓ+2−1∑

α=nℓ+1

1

B
(Pt+1ϕ(ẑα)− bα+1)

⊤
∂
(
ϕ(ẑ

(t+1)
α,[t+1])

)

∂w
(ℓ′)
j,m

∣∣∣∣∣∣

(b)

≤
nℓ+2−1∑

α=nℓ+1

1

B
∥Pt+1ϕ(ẑα)− bα+1∥1

∥∥∥∥∥∥
∂ϕ(ẑ

(t+1)
α,[t+1])

∂w
(ℓ′)
j,m

∥∥∥∥∥∥
∞

(c)

≤ 2

nℓ+2−1∑

α=nℓ+1

∥∥∥∥∥∥
∂ϕ(ẑ

(t+1)
α,[t+1])

∂w
(ℓ′)
j,m

∥∥∥∥∥∥
∞

≤ O(exp(−Cnϵ/16)),

where (a) follows the definition of Pℓ as a block-selection matrix, (b) applies Holder’s inequality and
(c) uses the fact that Pt+1ϕ(ẑα), bα+1 ∈ [−1, 1]B . As a result, with η = n2+ϵ/16η0, the weights in
layer ℓ′ ≤ t stays the same

w
(ℓ′)
j,m(t+ 1) = q

(
w

(ℓ′)
j,m(t)− ηO(exp(−Cnϵ/16))

)
= w

(ℓ′)
j,m(t)
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