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Abstract

Nonparametric contextual bandit is an impor-
tant model of sequential decision making prob-
lems. Under a-Tsybakov margin condition, ex-

isting research has established a regret bound of
O <Tl_%> for bounded supports. However,

the optimal regret with unbounded contexts has
not been analyzed. The challenge of solving con-
textual bandit problems with unbounded support
is to achieve both exploration-exploitation trade-
off and bias-variance tradeoff simultaneously. In
this paper, we solve the nonparametric contex-
tual bandit problem with unbounded contexts.
We propose two nearest neighbor methods com-
bined with UCB exploration. The first method
uses a fixed k. Our analysis shows that this
method achieves minimax optimal regret under a
weak margin condition and relatively light-tailed
context distributions. The second method uses
adaptive k. By a proper data-driven selection
of k, this method achieves an expected regret of
0] (Tl_% + T8, in which f3 is a pa-
rameter describing the tail strength. This bound
matches the minimax lower bound up to loga-

rithm factors, indicating that the second method
is approximately optimal.

1. Introduction

Multi-armed bandit (Robbins, 1952; Lai & Robbins, 1985)
is an important sequential decision problem that has been ex-
tensively studied (Agrawal, 1995; Auer et al., 2002; Garivier
& Cappé, 2011). In many practical applications such as rec-
ommender systems and information retrieval in healthcare
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and finance (Bouneffouf et al., 2020), decision problems are
usually modeled as contextual bandits (Woodroofe, 1979),
in which the reward depends on some side information,
called contexts. At the ¢-th iteration, the decision maker ob-
serves the context X, and then pulls an arm A; € A based
on X, and the previous trajectory (X;, A;),i =1,...,t—1.
Many research assume linear rewards (Abbasi-Yadkori et al.,
2011; Bastani & Bayati, 2020; Bastani et al., 2021; Qian
et al., 2023; Langford & Zhang, 2007; Dudik et al., 2011;
Chu et al., 2011; Li et al., 2010), which is restrictive and
may not fit well into practical scenarios. Consequently, in re-
cent years, nonparametric contextual bandits have received
significant attention, which does not make any parametric
assumption about the reward functions (Perchet & Rigollet,
2013; Guan & Jiang, 2018; Gur et al., 2022; Blanchard et al.,
2023; Suk & Kpotufe, 2023; Suk, 2024; Cai et al., 2024).

Despite significant progress on nonparametric contextual
bandits, existing studies focus only on the case with bounded
contexts, and the probability density functions (pdf) of the
contexts are required to be bounded away from zero. How-
ever, many practical applications often involve unbounded
contexts, such as healthcare (Durand et al., 2018), dynamic
pricing (Misra et al., 2019) and recommender systems (Zhou
et al., 2017). In particular, the contexts may follow a heavy-
tailed distribution (Zangerle & Bauer, 2022), which is sig-
nificantly different from bounded contexts. Therefore, to
bridge the gap between theoretical studies and practical
applications of contextual bandits, an in-depth theoretical
study of unbounded contexts is crucially needed. Com-
pared with bounded contexts, heavy-tailed context distri-
bution requires the learning method to be adaptive to the
pdf of contexts, in order to balance the bias and variance
of the estimation of reward functions. On the other hand,
compared with existing works on nonparametric classifi-
cation and regression with identically and independently
distributed (i.i.d) data, bandit problems require us to achieve
a good balance between exploration and exploitation, thus
the learning method needs to be adaptive to the subopti-
mality gap of reward functions. Therefore, the main chal-
lenge of solving nonparametric contextual bandit problems
with unbounded contexts is to achieve both bias-variance
tradeoff and exploration-exploitation tradeoff using a single
algorithm.

In this paper, we solve the nonparametric contextual ban-
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Method Bounded cont]i:?(ltmd i expecﬁi:fffte;ﬂed context
(Rigollet & Zeevi, 2010) UCBogram 0 (Tl—mi“{%vd%}) None
(Perchet & Rigollet, 2013) ABSE o(r I-§h None
(Gur et al., 2022) SACB ol(r None
(Guan & Jiang, 2018) KNN-UCB O (Tﬁ% None
(Reeve et al., 2018) KNN-UCB O (Tl—%) None

This work KNN-UCB' o (Tma"{l— %?}) o (Tl_ a1 ) (1 77725
This work Adaptive KNN-UCB O (1!~ #%) J min{ 5 8}
Minimax lower bound Q (Tl_%> Q (Tl mm{aﬂﬁ?@ﬁ’ﬁ})

Table 1. Comparison of the T'-step expected cumulative regrets of learning algorithms for nonparametric contextual bandits with Lipschitz
reward function under a-Tsybakov margin condition and tail parameter 8 (Assumption 1(a) and (b)).

dit problem with heavy-tailed contexts. To begin with, we
derive a minimax lower bound that characterizes the theo-
retical limits of contextual bandit learning. We then propose
a relatively simple method that uses fixed k£ combined with
upper confidence bound (UCB) exploration and derive the
bound of expected regret. Even for bounded contexts, our
method improves over an existing nearest neighbor method
(Guan & Jiang, 2018) for large margin parameter «, since
our method uses an improved UCB calculation which is
more adaptive to the suboptimality gap of reward functions.
Despite such progress, there is still some gap between the
regret bound and the minimax lower bound, indicating room
for further improvement. To close such a gap, we further
propose a new adaptive nearest neighbor approach, which
selects k adaptively based on the density of samples and the
suboptimality gap of reward functions. Our analysis shows
that the regret bound of this new method nearly matches the
minimax lower bound up to logarithmic factors, indicating
that this method is approximately minimax optimal.

The general guidelines of our adaptive kNN method are
summarized as follows. Firstly, with higher context pdf,
we use larger k, and vice versa. Secondly, given a specific
context, if the value of an action is far away from optimal
(i.e. large suboptimality gap), then we use smaller k, and
vice versa. Such a choice of k achieves a good tradeoff
between estimation bias and variance. With a lower pdf or
larger suboptimality gap, the samples are relatively more
sparse. As a result, a large bias may happen due to large
kNN distances. Therefore, we use smaller k to control
the bias. On the contrary, with a higher pdf or smaller
suboptimality gap, the samples are dense and thus we can
use larger k to reduce the variance. Note that the pdf and the

"Despite that the name kNN-UCB is the same as (Guan &
Jiang, 2018) and (Reeve et al., 2018), the calculations of UCB
are different between these methods. See details in the ”Nearest
neighbor method with fixed k™ section.

suboptimality gap are unknown to the learner. Therefore,
we design a method, such that the value of k is selected
by a data-driven manner, based on the density of existing
samples.

1.1. Contribution

The contributions of this paper are summarized as follows.

* We derive the minimax lower bound of nonparametric
contextual bandits with heavy-tailed context distribu-
tions.

* We propose a simple kNN method with UCB explo-
ration. The regret bound matches the minimax lower
bound with small « and large 5.

* We propose an adaptive kNN method, such that & is
selected based on previous steps. The regret bound
matches the minimax lower bound under all parameter
regimes.

Our results and the comparison with related works are sum-
marized in Table 1. In general, to the best of our knowledge,
our work is the first attempt to handle heavy-tailed context
distribution in contextual bandit problems. In particular, our
new proposed adaptive kNN method achieves the minimax
lower bound for the first time. The proofs of all theoretical
results in the paper are shown in the supplementary material.

2. Related Work

In this section, we briefly review the related works about
contextual bandits and nearest neighbor methods.

Nonparametric contextual bandits with bounded con-
texts. (Yang & Zhu, 2002) first introduced the nonpara-
metric contextual bandit problem, proposed an e-greedy ap-
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proach and proved the consistency. (Rigollet & Zeevi, 2010)
derived a minimax lower bound on the regret, and showed
that this bound is achievable by a UCB method. (Perchet
& Rigollet, 2013) proposed Adaptively Binned Successive
Elimination (ABSE), which adapts to the unknown margin
parameter. (Qian & Yang, 2016) proposed a kernel estima-
tion method. (Hu et al., 2020) analyzed nonparametric ban-
dit problem under general Holder smoothness assumption.
(Gur et al., 2022) proposed Smoothness-Adaptive Contex-
tual Bandits (SACB), which is adaptive to the smoothness
parameter. (Slivkins, 2014; Suk & Kpotufe, 2023; Akhavan
et al., 2024; Ghosh et al., 2024; Komiyama et al., 2024; Suk,
2024) analyzed the problem of dynamic regret. Furthermore,
(Wanigasekara & Yu, 2019; Locatelli & Carpentier, 2018;
Krishnamurthy et al., 2020; Zhu et al., 2022) discussed the
case with continuous actions.

Nearest neighbor methods. Nearest neighbor classification
has been analyzed in (Chaudhuri & Dasgupta, 2014; Doring
et al., 2018) for bounded support of features. (Gadat et al.,
2016; Kpotufe, 2011; Cannings et al., 2020; Zhao & Lai,
2021b;a) proposed adaptive nearest neighbor methods for
heavy-tailed feature distributions. (Guan & Jiang, 2018) pro-
posed kNN-UCB method for contextual bandits and proved

a regret bound O(T;ﬁl ).

Compared with existing methods on nonparametric contex-
tual bandits, for unbounded contexts, the methods need to
adapt to different density levels of contexts and achieve a
better bias and variance tradeoff in the estimation of reward
functions. Moreover, existing works on nonparametric clas-
sification can not be easily extended here, since the samples
are no longer i.i.d and we now need to bound the regret
instead of the estimation error. These factors introduce new
technical difficulties in theoretical analysis. In this work,
to address these challenges, we design new algorithms that
are adaptive to both the pdf and the suboptimality of reward
functions and provide a corresponding theoretical analysis.

3. Preliminaries

Denote X" as the space of contexts, and A as the space
of actions. Throughout this paper, we discuss the case
with infinite X and finite A. At the ¢-th step, the context
X, is a random variable drawn from a distribution with
probability density function (pdf) f. Then the agent takes
action A; € A and receive reward Y;:

Y =14, (Xy) + Wa, (D

in which 7,(x) for a € A and x € X is an unknown
expected reward function, and W; denotes the noise, with
E[Wt|X1:t>A1:t] =0.

Throughout this paper, define
n*(x) = max N (%) 2)

as the maximum expected reward of context x. For any
suboptimal action a, 1,(x) < n*(x). Correspondingly,
7*(x) — 1q(x) is called suboptimality gap.

The performance of an algorithm is evaluated by the ex-
pected regret

R=E

t

T
(" (Xe) — 14, (X)) | - (3)

=1

We then present the assumptions needed for the analysis. To

begin with, we state some basic conditions in Assumption

1.

Assumption 1. There exists some constants C,, o, L, such
that

(a) (Tsybakov margin condition) For some o < d, for all
a€ Aandu >0, P(0 < n*(X) = ne(X) < u) < Cou®;

(b) Wy is subgaussian with parameter o2, i.e. E[e’Wi] <
e%AQUZ’.
(c) For all a, 0, is Lipschitz with constant L, i.e. for any x
and X', (%) — a(x)] < L|jx — x'|,

Now we comment on these assumptions. (a) is the Tsybakov
margin condition, which was first introduced in (Audibert
& Tsybakov, 2007) for classification problems, and then
used in contextual bandit problems (Perchet & Rigollet,
2013). Note that P(0 < n*(X) — n.(X) < t) < 1 al-
ways hold, thus for any 7,, (a) holds with C', = 1 and
o = 0. Therefore, this assumption is nontrivial only if it
holds with some a > 0. Moreover, we only consider the
case with a < d here. If o« > d, then an arm is either
always or never optimal, thus it is easy to achieve loga-
rithmic regret (see (Perchet & Rigollet, 2013), Proposition
3.1). An additional remark is that in (Perchet & Rigol-
let, 2013; Reeve et al., 2018), the margin assumption is
P(0 < n*(X)—ns(X) < t) < ¢, in which 7,(x) is the sec-
ond largest one among {7,(x)|a € A}. Our assumption (a)
is slightly weaker than existing ones since we only impose
margin conditions on the suboptimality gap n*(x) — 74 (x)
for each a separately, instead of on the minimum subopti-
mality gap. In (b), following existing works (Reeve et al.,
2018), we assume that the noise has light tails. (c) is a com-
mon assumption for various literatures on nonparametric
estimation (Mai & Johansson, 2021). It is possible to extend
this work to a more general Holder smoothness assump-
tion by adaptive nearest neighbor weights (Cannings et al.,
2020). In this paper, we focus only on Lipschitz continuity
for convenience.

Assumption 2 is designed for the case that the contexts have
bounded support.

Assumption 2. f(x) > cforall x € X, in which [ is the
pdf of contexts.
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In Assumption 2, the pdf f is required to be bounded away
from zero, which is also made in (Perchet & Rigollet, 2013;
Guan & Jiang, 2018; Reeve et al., 2018). Note that even
for estimation with i.i.d data, this assumption is common
(Audibert & Tsybakov, 2007; Déring et al., 2018; Gao et al.,
2018).

We then show some assumptions for heavy-tailed distribu-
tions.

Assumption 3. (a) For any u > 0, P(f(X) < u) < Cpu?
for some constants Cg and j;

(b) The difference of regret function 1 among all actions are
bounded, i.e. Sup,¢ »(n*(x) —ming 74(x)) < M for some
constant M.

(a) is a common tail assumption for nonparametric statis-
tics, which has been made in (Gadat et al., 2016; Zhao &
Lai, 2021b). /3 describes the tail strength. Smaller 3 indi-
cates that the context distribution has heavy tails, and vice
versa. To further illustrate this assumption, we show several
examples.

Example 1. If f has bounded support X, then Assumption
3(a) holds with Cg = V(X)) and 8 = 1, in which V (X) is
the volume of the support set X.

Example 2. If f has p-th bounded moment, i.e. E[||X||”] <
o0, then for all § < p/(p + d), there exists a constant Cg
such that Assumption 3(a) holds. In particular, for subgaus-

sian or subexponential random variables, Assumption 3(a)
holds for all 8 < 1.

Proof. The analysis of these examples and other related
discussions are shown in the supplementary material. [

It worths mentioning that although the growth rate of the
regret is affected by the value of 3, our proposed algorithms
including both fixed and adaptive methods do not require
knowing S3.

(b) restricts the suboptimality gap of each action. This is
not necessary if the support is bounded. However, with
unbounded support, without assumption (b), n*(x) — 1, (x)
can increase appropriately with the decrease of f(x), such
that the regret of suboptimal action is large, and the identifi-
cation of best action is hard.

Finally, we clarify notations as follows. Throughout this
paper, ||-|| denotes ¢3 norm. a < b denotes a < Cb for
some constant C', which may depend on the constants in
Assumption 2. The notation 2 is defined conversely.

4. Minimax Analysis

In this section, we show the minimax lower bound, which
characterizes the theoretical limit of regrets of contextual

bandits. Throughout this section, denote 7 : X' x X*~! x
R!~! — A as the policy, such that each action is selected
according to policy 7. To be more precise,

Ay = (X Xizp—1, Yie—1), @

which indicates that the action A, at time ¢ depends on the
current context and the records of contexts and rewards in
previous ¢ — 1 steps.

The minimax lower bound for the case with bounded support
has been shown in Theorem 4.1 in (Rigollet & Zeevi, 2010).
For completeness and notation consistency, we state the
results below and provide a simplified proof.

Theorem 1. ((Rigollet & Zeevi, 2010), Theorem 4.1) Denote
Fa as the set of pairs (f,n) that satisfy Assumption 1 and
2 (which means that the contexts have bounded support).
Then
inf sup R>T' T 5)
T (fmEFa

We then show the minimax regret bounds for unbounded
support, which is a new result that has not been obtained
before.

Theorem 2. Denote Fg as the set of pairs ( f,n) that satisfy
Assumption 1 and 3 (which means that the contexts have
unbounded support). Then
(a+1)8
inf sup RZ T' " ar@rns 4 T8, 6)
T (fmeEFn

From the results above, with § — oo, (6) reduces to (5).

Proof. (Outline) For bounded support, we just derive the
lower bound of regret by analyzing the minimax optimal
number of suboptimal actions first. Define

T
S=E|D 1na,(Xe) <n"(X0)|- O

t=1

S can be lower bounded using standard tools in nonparamet-
ric statistics (Tsybakov, 2009), which constructs multiple
hypotheses and bounds the minimum error probability. As
shown in (Rigollet & Zeevi, 2010), the lower bound of S
can then be transformed to the lower bound of R.

The minimax analysis becomes more complex with un-
bounded support. Firstly, the heavy-tailed context distri-
bution requires different hypotheses construction. Secondly,
the transformation from the lower bound of S to R does
not yield tight lower bounds. We design new approaches
to construct a set of candidate functions 7 and derive lower
bounds of R directly. O
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For bounded context support, regret comes mainly from the
region with 7*(x) — 14 (x) < T /(@+2) (which is the clas-
sical rate for nonparametric estimation (Tsybakov, 2009)),
in which the identification of best action is not guaranteed
to be correct. However, with heavy-tailed contexts, regret
may also come from the tail, i.e. the region with small f(x),
where the number of samples around x is not enough to
yield a reliable best action identification. For heavy-tailed
cases, i.e. [ is small, the regret caused by the tail region
may dominate. This also explains why we need to use dif-
ferent techniques to derive the minimax lower bound for
heavy-tailed contexts.

In the remainder of this paper, we claim that a method is
nearly minimax optimal if the dependence of expected regret
on T matches (5) or (6). Following conventions in existing
works (Rigollet & Zeevi, 2010; Perchet & Rigollet, 2013;
Hu et al., 2020; Gur et al., 2022), currently, the minimax
lower bounds are derived for contextual bandit problems
with only two actions, thus we do not consider the minimax
optimality of regrets with respect to the number of actions

Al

5. Nearest Neighbor Method with Fixed &

To begin with, we propose and analyze a simple nearest
neighbor method with fixed k. We make the following
definitions first.

Denote n,(t) = |[{i < t|A; = a}| as the number of steps
with action a before time step ¢. Let N;(x, a) be the set of
k nearest neighbors among {i < t|A; = a}. Define

X — x| (8

max

a,t\X) =
P 't( ) i€Ny(x,a)

as the k nearest neighbor distance, i.e. the distance from x
to its k-th nearest neighbor among all previous steps with
action a.

With the above notations, we describe the fixed & nearest
neighbor method as follows. If n,(t) > k, then

. 1
Na,t (X) = % Z Y; + b+ Lpa’t(X), (9)
iE€ENL(x,a)

in which b has a fixed value

2
b= \/22 In(dT2H+2| A]), (10)

If ng(t) < k, then

Ta,t(X) = 00. (11)

Here we explain our design. If n,(t) > k, then it is possible
to give a UCB estimate of 7,(x), shown in (9). Lp, (x)

bounds the estimation bias, while b is an upper bound of the
error caused by random noise that holds with high probabil-
ity. In Lemma 5 in Appendix E, we show that 7, ,(x) is a
valid UCB estimate of 1, ¢(X), i.€. flq,1(X) > 7g,(x) holds
with high probability. If n,(t) < k, then it is impossible to
give a UCB estimate. In this case, we just let 7, ,(x) to be
infinite.

Finally, the algorithm selects the action A; with the maxi-
mum UCB value:

A, = arg maxi, 1 (X,). (12)
a

According to (11), as long as an action has not been taken
for at least k times, the UCB estimate of 1, will be infinite.
Note that the selection rule (12) ensures that the actions with
infinite UCB values will be taken first. Therefore, the first
k|.A| steps are used for pure exploration. In this stage, the
agent takes each action « for k times. After k|.4| steps, the
UCB values for all x € X and a € A become finite. Since
then, at each step, the action is selected with the maximum
UCB value specified in (9).

Algorithm 1 Adaptive nearest neighbor with UCB explo-
ration
fort=1,...,T do
Receive context Xy;
for a € Ado
Calculate n,(t) = [{i < t|A; = a};
if n,(t) > k then
Calculate 7, +(X;) using (9);
else
Let 74+ (X¢) = 003
end if
end for
Ay = argmax, ﬁa,t(Xt);
Pull Ay;
end for

The procedures above are summarized in Algorithm 1. Com-

pared with (Guan & Jiang, 2018), our method constructs

the UCB differently. In (Guan & Jiang, 2018), the UCB

is % Nz(: )Yi + o(T,(t — 1)), in which o (T, (¢t — 1)) is
1€EN(X,a

uniform among all x with fixed action a.

Therefore, the method (Guan & Jiang, 2018) is not adaptive
to the suboptimality gap n*(x) — 74(x). On the contrary,
our method has a term Lp, .(x) that varies for different x,
and thus adapts better to the suboptimality gap. The bound
of regret is shown in Theorem 3.

Theorem 3. Under Assumption 1 and 2, the regret of the
simple nearest neighbor method with UCB exploration is
bounded as follows:
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(1) Ifd > o+ 1, then with k ~ T@+2,

R < TV 2| A|In™ (dT22)A)); (13)

(2)Ifd < o + 1, then with k ~ T3,

R < T3 A" (dT2442)A)). (14)

We compare our result with (Guan & Jiang, 2018), which
proposes a similar nearest neighbor method. The analysis
in (Guan & Jiang, 2018) does not make Tsybakov mar-
gin assumption (Assumption 1(a)), and the regret bound is
O(T%é ). Without any restriction on 7, Assumption 1(a)
holds with C, = 1 and o = 0, under which (13) reduces
to O(T% ). Therefore, our result matches (Guan & Jiang,
2018) with o« = 0. If « > 0, which indicates that a small
optimality gap only happens with small probability, then
the regret of the method in (Guan & Jiang, 2018) is still
O(T% ), while our result improves it to O(Tl_% ). As
discussed earlier, compared with (Guan & Jiang, 2018),
our method improves the UCB calculation in (17), and is
thus more adaptive to the suboptimalilty gap n*(x) — 7, (x).
With o« > 0, our method achieves smaller regret due to a
better tradeoff between exploration and exploitation.

Compared with the minimax lower bound shown in The-
orem 1, it can be found that the kNN method with fixed
k is not completely optimal. With d > « + 1, the upper
bound matches the lower bound derived in Theorem 1. How-
ever, with d < « + 1, the regret is significantly higher than
the minimax lower bound, indicating that there is room for
further improvement.

We then analyze the performance for heavy-tailed context
distribution. The result is shown in the following theorem.

Theorem 4. Under Assumption 1 and 3, the regret of the
simple nearest neighbor method with UCB exploration is
bounded as follows:

B min(d,a+1)
min(d—1,o)+max(1,dB)+28 |A|

R < T
ln% IIlaX(d,(X+1)(dT2d+2|A|). (15)

From (15), there are two phase transitions. The first one
is at d = a + 1, while the second one is at d3 = 1. In-
tuitively, the phase transition occurs because the regret is
dominated by different regions depending on the settings «
and 8. Compared with the minimax lower bound shown in
Theorem 2, it can be found that the kKNN method with fixed
k achieves nearly minimax optimal regret up to logarithm
factors if d > o+ 1 and 8 > 1/d, otherwise the regret
bound is suboptimal. Here we provide an intuition of the
reason why the kNN method with fixed & achieves subopti-
mal regrets. In the region where the context pdf f(x) is low,

or the suboptimality gap n*(x) — 1, (x) is large, the samples
with action a are relatively sparse. In this case, with fixed
k, the nearest neighbor distances are too large, resulting
in a large estimation bias. On the contrary, if f(x) is high
or 1*(x) — 14(x) is small, then samples with action ¢ are
relatively dense, thus the bias is small, and we can increase
k to achieve a better bias and variance tradeoff. Therefore,
if k is fixed throughout the support set, then the algorithm
estimates the reward function 7, (x) in an inefficient way,
resulting in suboptimal regrets. Apart from suboptimal re-
gret, another drawback is that with d < « + 1, the optimal
selection of k depends on the margin parameter «, which is
usually unknown in practice. In the next section, we propose
an adaptive nearest neighbor method to address these issues
mentioned above.

6. Nearest Neighbor Method with Adaptive &

In the previous section, we have shown that the standard
kNN method with fixed & is suboptimal with d < o + 1
or f < 1/d. The intuition is that the standard nearest
neighbor method does not adjust k based on the pdf and the
suboptimality gap. In this section, we propose an adaptive
nearest neighbor approach. To achieve a good exploration-
exploitation tradeoff and bias-variance tradeoff, k needs to
be smaller for small pdf f(x) or large suboptimality gap
n*(x) — ny(x), and vice versa. However, as both f(x) and
7*(x) —ne(x) are unknown to the learner, we need to decide
k based entirely on existing samples. The guideline of our
design is that given a context X at time ¢, we use large k if
previous samples are relatively dense around X, and vice
versa. To be more precise, for all x € &, let

InT
k:(x) = max {ija’t’j(X) < ”r}}’ (16)

in which p, ¢ j(x) is the distance from z to its j-th near-
est neighbors among existing samples with action a, i.e.
{i < t|4; = a}. Such selection of k£ makes the bias
term Lp, . ;(x) matches the variance term /InT'/j, thus
(16) achieves a good tradeoff between bias and variance.
The exploration-exploitation tradeoff is also desirable as
Pa,t,j(x) is large with large n*(x) — 7,(x), which yields
smaller k. Note that (16) can be calculated only if Lp, +1 <
v/InT, which means that the 1-nearest neighbor distance
can not be too large. At some time step ¢, for some action a,
if there is no existing samples, or X; is more than v/InT/L
far away from any existing samples X, ..., X;_1, then we
can just let the UCB estimate to be infinite, i.e. 7j, ¢(x) = o0.
Otherwise, we calculate the upper confidence bound as fol-
lows:

1
ka,t(x)

a1 (X) = > Vit ba(x) + Lpas(x), (17)

1ENG (x,a)
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in which \V;(x, a) is the set of k, ¢ (x) neighbors of x among
{i < t|4; = a}, pa,+(x) is the corresponding k, ¢+ (x) neigh-
bor distance of X, i.e. pq.t(X) = pa,t.k, . (x)(X), and

20° 2d+3
bt (x) = Fa e (%) In(dT lA|). (18)

Similar to the fixed nearest neighbor method, the last two
terms in (17) cover the uncertainty of reward function esti-
mation. The term b, ;(x) gives a high probability bound of
random error, and Lp, ;+(x) bounds the bias. With the UCB
calculation in (17), the ), +(x) is an upper bound of n(x)
that holds with high probability, so that the exploration and
exploitation can be balanced well. The complete description
of the newly proposed adaptive nearest neighbor method is
shown in Algorithm 2.

Algorithm 2 Adaptive nearest neighbor with UCB explo-
ration
fort=1,...,Tdo
Receive context X;;
for a € Ado
if Lp,i1(X¢) > vInT then
ﬁa,t(Xt) = 005
else
Calculate k;(X;) using (16);
Calculate 7, ¢(X;) using (17);
end if
end for
A; = argmax, g+ (X4);
Pull A;;
end for

We then analyze the regret of the adaptive method for both
bounded and unbounded supports of contexts.

Theorem 5. Under Assumption 1 and 2, the regret of the
adaptive nearest neighbor method with UCB exploration is
bounded by

InT (19

— i

R<TIA| ( ! ) .
By comparing Theorem 5 with Theorem 3, it can be found
that for the case with bounded support, the adaptive method
improves over the fixed k nearest neighbor method. From
the minimax bound in Theorem 1, the fixed £ method is
only optimal for d > « + 1, while the adaptive method is
also optimal for d < « + 1, up to logarithm factors. An
intuitive explanation is that with large «, the suboptimality
gap n*(x) — 1,(x) is small only in a small region, and
the exploration-exploitation tradeoff becomes harder, thus
the advantage of the adaptive method over the fixed one
becomes more obvious.

We then analyze the performance of the adaptive nearest
neighbor method for heavy-tailed distribution. The result is
shown in the following theorem.

Theorem 6. Under Assumption 1 and Assumption 3, the
regret of the adaptive nearest neighbor method with UCB
exploration is bounded by
1— IIllIl{ a+(d+2)ﬁ ,B}
R< T Al InT if 57Ed+2 20)
T |A| In®>T if 8= d+2

Compared with the minimax lower bound shown in The-
orem 2, it can be found that our method achieves nearly
minimax optimal regret up to a logarithm factor. Regarding
this result, we have some additional remarks.
Remark 1. It can be found that with B — oo, the regret
bound in (20) reduces to (19). As discussed earlier, the case
that contexts have bounded support and f is bounded away
from zero can be viewed as a special case with 3 — oc.
Remark 2. In (Zhao & Lai, 2021Db), it is shown that the op-
timal rate of the excess risk of nonparametric classification
~ _ (at1)8
is O ( af(d+2)8 )2 From (20), the average regret over
(a41)B

all T steps is O (T a(d+2)B

the nonparametric classification problem.

) which has the same rate as

7. Numerical Experiments

To begin with, to validate our theoretical analysis, we run
experiments using some synthesized data. We then move on
to experiments with the MNIST dataset (LeCun, 1998).

7.1. Synthesized Data

To begin with, we conduct experiments with d = 1. In
each experiment, we run 7" = 1, 000 steps and compare the
performance of the adaptive nearest neighbor method with
the UCBogram (Rigollet & Zeevi, 2010), ABSE (Perchet &
Rigollet, 2013) and fixed k nearest neighbor method. For a
fair comparison, for UCBogram and ABSE, we try different
numbers of bins and only pick the one with the best perfor-
mance. The results are shown in Figure 1. In (a), (b), (c),
and (d), the contexts follow uniform distribution in [—1, 1],
standard Gaussian distribution, ¢4 distribution, and Cauchy
distribution, respectively. The uniform distribution is an
example of distributions with bounded support. The Gaus-
sian, t4 and Cauchy distribution satisfy the tail assumption
(Assumption 3(a)) with 8 = 1, 0.8 and 0.5, respectively. In
each experiment, there are two actions. For uniform and
Gaussian distribution, we have 7y () = x and 2 (x) = —=.

’The analysis in (Zhao & Lai, 2021b) is under a general smooth-
ness assumption with parameter p. p = 1 corresponds to the Lips-
chitz assumption (Assumption 1(c) in this paper). Therefore, here
we replace the bounds in (Zhao & Lai, 2021b) with p = 1.
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Figure 1. Comparison of cumulative regrets of different methods
for one dimensional distributions.

For ¢, and Cauchy distribution, since they are heavy-tailed,
to ensure that Assumption 3(b) is satisfied, we do not use the
linear reward function. Instead, we let ; () = sin(x) and
12(x) = cos(z). To make the comparison more reliable, the
values in each curve in Figure 1 are averaged over m = 100
random and independent trials.

We then run experiments for two dimensional distributions.
In these experiments, the context distributions are just Carte-
sian products of two one dimensional distributions. The two
dimensional Gaussian distribution still satisfies Assumption
3(a) with 8 = 1, and the two dimensional ¢, and Cauchy
distribution satisfy Assumption 3(a) with § = 2/3 and 1/3,
respectively, which are lower than the one dimensional case.
The results are shown in Figure 2.

From these experiments, it can be observed that the adaptive
nearest neighbor method significantly outperforms the other
baselines.

7.2. Real Data

Now we run experiments using the MNIST dataset (LeCun,
1998), which contains 60, 000 images of handwritten digits
with size 28 x 28. Following the settings in (Guan & Jiang,
2018), the images are regarded as contexts, and there are 10
actions from 0 to 9. The reward is 1 if the selected action
equals the true label, and 0 otherwise. The results are shown
in Figure 3. Image data have high dimensionality but low
intrinsic dimensionality. Compared with bin splitting based
methods (Rigollet & Zeevi, 2010; Perchet & Rigollet, 2013),
nearest neighbor methods are more adaptive to local intrinsic
dimension (Kpotufe, 2011). Therefore, in this experiment,
we do not compare with the bin splitting based methods.

Figure 2. Comparison of cumulative regrets of different methods
for one dimensional distributions.

3000

Cumulative regret
b
w
o
o

° —— adaptive

o 1000 2000 3000 4000 5000
Steps

Figure 3. Cumulative regrets for MNIST dataset.

From Figure 3, the adaptive kNN method performs better
than the standard kNN method with various values of k.

8. Conclusion

This paper analyzes the contextual bandit problem that al-
lows the context distribution to be heavy-tailed. To begin
with, we have derived the minimax lower bound of the ex-
pected cumulative regret. We then show that the expected
cumulative regret of the fixed k nearest neighbor method is
suboptimal compared with the minimax lower bound. To
close the gap, we have proposed an adaptive nearest neigh-
bor approach, which significantly improves the performance,
and the bound of expected regret matches the minimax lower
bound up to logarithm factors. Finally, we have conducted
numerical experiments to validate our results.

In the future, this work can be extended in the following
ways. Firstly, following existing analysis in (Gur et al.,
2022), it may be meaningful to design a smoothness adap-
tive method that can handle any Holder smoothness parame-
ters. Secondly, it is worth extending current work to handle
dynamic regret functions. Finally, the theories developed in
this paper can be extended to more complicated tasks, such
as reinforcement learning (Zhao & Lai, 2024).
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A. Examples of Heavy-tailed Distributions

This section explains Example 1 and 2 in the paper. For Example 1,

P(f(X) <) / f(x ) < t)dx < tV(X). 20

For Example 2, from Holder’s inequality,

[ = [ P00+ Ik

< ([ reou+ ||x||”>¢ﬂdx)16 (fa~ ||x||”>—édx)6.

(22)
L \1-8
Let v = p(l — B), then (ff 1+||x||ﬂ’)mdx) < oo. If B < p/(p+ d), then v/8 > d, thus
1 B
(f(l + HXHFY)_T’CZX) < 0o. Hence [ f17#(x)dx < 0o, and
P(F(X) < 1) = P/ P(X) > ¢7) < €BIF P00 = [ 11 Gajax 23)

Therefore for all 3 < p/(p + d), Assumption 3(a) holds with some finite Cg.

For subgaussian or subexponential random variables, E[||X||”] < oo holds for any p, thus Assumption 3(a) holds for /3
arbitrarily close to 1.

B. Expected Sample Density

In this section, we define expected sample density, which is then used in the later analysis. Throughout this section, denote
x(4) as the value of j-th component of vector x.

Definition 1. (expected sample density) q, : X — R is defined as the function such that for all S C X,

T
E Z 1(X, €8, A = a)] = / da(x)dx. (24)
t=1 S
To show the existence of ¢q,, define
T
E > 1(X € {ulu(l) <z(1),...,u(d) < a(d)}, A = a)] . (25)
t=1
Then let
9"Qa
oX) = s~ 75| 26
) = o), (26)
and then (24) is satisfied for all S C X.
Then we show the following basic lemmas.
Lemma 1. Regardless of 1, q, satisfies
a(x) < Tf(x) 27)

foralmostall x € X.

12
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Proof. Note that P(X; € S) = [ f s f(x)dx. Therefore for all set S,

T
E lz 1(X; €54 =a)| < T/ f(x)dx. (28)
t=1 s
From (24) and (28), [ qa(x)dx < T [ f(x)dx for all S. Therefore g, (x) < T f(x) for almost all x € X. O
Lemma2. R= ) _, Rq, inwhich R, is defined as
Rai= [ (0760 = () (). (29)
Proof.
T
R = EY ((Xe)—na, (X»)]
t=1
T
= D E|D (0 (Xe) = ma(Xe)L(Ar = a)}
a€A t=1
= Y [ 0709~ ) i (30)
acA’X
The proof is complete. O
C. Proof of Theorem 1
Recall that
T
E|> m(xt))] : (31)
t=1
Now we define
T
=E Z 1(na, (Xy) < U*(Xt))] (32)
t=1

as the expected number of steps with suboptimal actions.

The following lemma characterizes the relationship between S and R.
Lemma 3. There exists a constant Cy, such that

1

R> COS a T e, (33)

Proof. The proof of Lemma 3 follows the proof of Lemma 3.1 in (Rigollet & Zeevi, 2010). For completeness and consistency
of notations, we show the proof in Appendix I.10. O

From now on, we only discuss the case with only two actions, such that A = {1, —1}. Construct B disjoint balls with
centers cq, ..., cp and radius h. Let

B
~Y 1(xe By) (34)
j=1

in which B; = {x'| ||x’ — ¢;|| < h} is the j-th ball. To ensure that the pdf defined above is normalized (i.e. [ f(x)dx = 1),
B and h need to satisfy

Bugh® =1, (35)

13
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in which vy is the volume of d dimensional unit ball.
Let 71 (x) = n(x) and 72(x) = 0, with

K

x) = Y _w;hl(x € B(c;, h)), (36)
j=1
in whichv; € {—1,1} for j = 1,..., K. To satisfy the margin assumption (Assumption 1(a)), note that
Kuvgh? if t>h
Po<lx)| <0< { K2 G7)

Note that for any suboptimal action a, n*(x) — 1, (x) = |n(x)|. Assumption 1(a) requires that P(0 < |n(X)| <t) < Cyt®.
Therefore, it suffices to ensure that

Kugh® = Coh®. (38)
Then
K T
S = > Y P(Xi€Bj, A #a"(Xy))
=1 t=1
JK T
> ZZ/ F(X)P(A; # a* (x)|X; = x)dx
j=11=1"D5j
K T
= 330 [ SGP(A A vy = )i
j=11=1"DBj
kT
- YD) E Bf m(@; Xuip—1, Yiie—1) # vj)dx 1 (39)
j=1t=1 3
Define
t) = sign </ f(x)ﬂ(z;Xlzt_l,Yl:t_l)dx> . (40)
Bj
Then
/B L ( X1, Vi 1) — 05 (6))dx > /B OO (2 X1, Vi 1) = —05(1)) dix. (1)
Since
/ F(x)1 (7(2; Xy, Yi—1) — 04(t)) dx +/ J(x)1 (m(2; Xyp—1, Yiu—1) = —05(t)) dx
B, B,
:/ f(x)dx, (42)
B
we have
/ FOOL (1@ X1, Yiar) = 65(1)) dx > ;/B F(x)dx. 43)

If’[}j(t) =+ vj,then
/ f Z‘Xlt 1,}/115 1)7éUJ)dX> / f (44)

14
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Therefore, from (39),

o
|V

M=
M=
N =

P(0,(t #vj/f

<.

Il
-
o~

Il
N

> Udth(f}j (t) #+ Uj). 45)

M=
gﬂj

<

Il
-
~

I
=

Note that the error probability of hypothesis testing between distance p and ¢ is at least (1 — TV (p, ¢))/2, in which TV
denotes the total variation distance. Let (V3, ..., Vi) be a vector of K random variables taking values from {—1,1}%
randomly. In other words, P(V; = 1) = P(V; = —1) = 1/2, and V; for different j are i.i.d. Denote Pxy|y,—,, as the
distribution of X and Y conditional on V; = v;. Moreover, P, , , means the distribution of X' and Y" of the first # — 1
samples conditional on V; = v;. Then

XY|V

P(0;(t) # v;)

v

L (T (Pt )
1

2 (1 - \/2D (Pgnlw —1||]PXYV—1)> ’ (46)

in which the second step uses Pinsker’s inequality (Fedotov et al., 2003), and D(p||q) denotes the Kullback-Leibler (KL)
divergence between distributions p and g. Note that the KL divergence between the conditional distribution is bounded by

Y

1 1 1
D(Pyx,v,=1|/Py|x,v;=—1) < 5071( x) —12(x))* < 5772(?() = §h2 (47)

for x € B;. Therefore

D(Pxyv,=1lPxyv,=—1) = /f(X)D(PY\X,Vj:1||PY\X,VJ-:—1)dX

1
/ Zh2dx
B, 2

J

= %udhd“. (48)

(1 — i(t — 1)Udhd+2>

(1 _ ;\/Tvdhd“) . (49)

IN

Hence, from (46),

IV
= N

Recall (45),

1 1
_ Lorme (1 _ 2\/Tvdhd+2> , (50)

in which the last step comes from (38).
Let h ~ T_d%r?, then

S >Tla, (51)
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From Lemma 3,
R Z T(l_diz) T_E ~ T d+2
~ Tl EE (52)

D. Proof of Theorem 2

In this section, we derive the minimax lower bound of the expected regret with unbounded support. Recall that in the case
with bounded support of contexts (Proof of Theorem 1 in Appendix C), we construct B disjoint balls with pdf f(x) = 1 for
all x € X. Now for the case with unbounded support, the distribution of context has tails, on which the pdf f(x) is small.

Therefore, we modify the construction of balls as follows. We now construct B + 1 disjoint balls with center cg, ..., cp,
such that
By = {X|[x —col <o}, (53)
By = {xX||x —cll <h}. (54)
Let
K
= wihl(x € B(c;, h)), (55)
j=1

in which v; € {0, 1} is unknown, and

B
f(x)=1(x € By) + Y _ml(x € By), (56)
j=1
in which m < 1 will be determined later. Here we construct one ball that denotes the center region which has the most of
probability mass, as well as B balls that denotes the tail region. For simplicity, we let (x) = 0 at the largest ball By, and
only

To satisfy the margin condition (i.e. Assumption 1(a)), note that now

mKuvgh® if t>h
PO <[n(X)|<t) < { o it t<h (57)

The right hand side of (57) can not exceed C,t*, which requires
mKuvgh® < Coh®. (58)
Moreover, to satisfy the tail assumption (Assumption 3(a)), note that

mKuvght if t>m
P <o < { e (59)

The right hand side of (59) can not exceed C’gtﬁ , which requires
mKvgh? < CamP. (60)

P(9;(t #vj/ f(x

mugh™P(0;(t) # vj)

Following (45), S can be lower bounded by

52 33 n

w\»—*

K T

DO =

1

~

=1

T
1
> mogh? (1 - \/2D(nyvj—1llpxy|w—1)>

1t=1

T
1
vadhd (1 — E\/ vadhd+2) . (61)

1t=1

<.
Il

IV
RNy

J

WV
=
™M=

J
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From (61), we pick m and h to ensure that

vadhd+2 < %

Then under three conditions (58), (60) and (62),
S > KTmh?.
It remains to determine the value of m, h and K based on these three conditions. Let

h~ (Tm)~ %2,

m ~ T_m’
and
K~ h=4/m,
then
S > The ~ T' " avsiars
Based on Lemma 3,

1+ 1 __(e+1)B
R> S« T a ~T'  as@iy,

(62)

(63)

(64)

(65)

(66)

(67)

(68)

It remains to show that R 2> TP Leth~1, K ~T'" % andm ~ 1/T, the conditions (58), (60) and (62) are still

satisfied. In this case,

S>TF,

(69)

Direct transformation using Lemma 3 yields suboptimal bound. Intuitively, for the case with heavy tails (i.e. 5 is small), the

regret mainly occur at the tail of the context distribution. Therefore, we bound the expected regret again.

R = E

Z(n* (Xt) = na, (Xt))]

S
=

T
Z h1 (na,(X¢) < W*(Xt))l

—~
=

= S>T'P.
(a) comes from the construction of 7 in (55). (b) holds since we set h = 1 here.

Combine (68) and (70),
R > T\ w5y 4 718,

E. Proof of Theorem 3

To begin with, we show the following lemma.

Lemma 4. Forall u > 0,

1 2
P | sup z Z Wil >u §dT2d\A|6_§7.
PN N (x,0)

17
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Proof. The proof is shown in Appendix I.1. O
From Lemma 4, recall the definition of b in (10),

1 1
P (sup | Y Wi >b] < T (73)
ie/\/'t(xm,)

Therefore, with probability 1 — 1/7, forallx € X, a € Aandt =1,...,T, | Zie./\ft(x,a) W;|/k < b. Denote E as the
event such that | }=,c v, (x.a) Wil /k < b, V2, a,t, then

(x,a

1
P(E) = PN/, {sup|+ Z Wil <b
LAY GeN, (x,a)

1
_ T .
= 1-P|Nj_;{sup % Z Wil >b
i€Ny(x,a)
> 1-T—=2>1-—. (74)
Recall the calculation of UCB in (9). Based on Lemma 4, we then show some properties of the UCB in (9).

Lemma 5. Under E, if |{i < t|A; = a}| > k, then

Na(t) < flat(X) < Ne(x) + 20+ 2Lpg (x). (75)
Proof. The proof is shown in Appendix 1.2. O

We then bound the number of steps with suboptimal action a. Define
n(z,a,r) =Y 1(|X;—x| <7 A =a). (76)
t=1

Then the following lemma holds.
Lemma 6. Under E, foranyx € X, a € A, if n*(x) — 1o(x) > 2b, define

n*(x) — 1a(x) — 2b

" = , 77
ra(x) e )
then

n(z,a,7q(x)) < k. (78)
Proof. The proof is shown in Appendix I.3. O
From Lemma 6, the expectation of n(z, a, 7, (x)) can be bounded as follows.

E[n(z,a,7.(x))] = P(E)E[n(z,a,r.(x))|E]+P(E)T
< ko1, (79)

in which the first step holds since even if F does not hold, the number of steps in n(x, a, r,(x)) is no more than the total
sample size T". The second step uses (74). From (79) and the definition of expected sample density in (24),

/ ga(u)du < k + 1. (80)
B(x.ra(x))
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It bounds the average value of ¢, over the neighborhood of x. However, it does not bound ¢, (x) directly. To bound R,, we
introduce a new random variable Z, with pdf

1
z) = ; 81)
) My [(n*(2) = na(2)) V )

in which e = 4b, with b defined in (10). Mz is the constant for normalization. We then bound R, defined in (29). R, can
be split into two terms:

R, = / (0" (%) = 1a(%))qa (%) 1(0" (%) = 10 (%) > €)dx
X
+ / (" (%) = 1a(%))qa (%) 1(0" (%) = 70 (%) < €)dx. (82)
X

To begin with, we bound the first term in (82). We show the following lemma.

Lemma 7. There exists a constant C, such that

/X (07 (%) = 1a(%))¢a (%) 1(07 (%) = 10 (%) > €)dx < CLMzE

/ o () (1 (1) — ma(w))du |
B(Z,r.(Z))

(83)
in which e = 4b.
Proof. The proof of Lemma 7 is shown in Appendix 1.4. O
Now we bound the right hand side of (83). We show the following lemma.
Lemma 8.
Tt i d>a+l
e| [ G (W) — me()du| <{ dml i d=a-+1 (84)
B(Z,ra(2)) Mch if d<a+1,
in which c is the lower bound of pdf of contexts, which comes from Assumption 2.
Proof. The proof of Lemma 8 is shown in Appendix L.5. O

From Lemma 7 and 8,

keotl=d §f d>a+1

/ (M (x) = Na(x))ga (X)L(7*(X) — N (x) > €)dx < k:ln% if d=a+1 (85)
X k if d<a+1.

Now we bound the second term in (82). From Lemma 1, g,(x) < T f(x) for almost all x € X". Thus

IN
P
s

/ (77 (%) — 10(2)) e (17" (X) — 7a(x) < )dx < T / (7" (%) — 7 () F L0 (%) — 70 (%) < )
TeP (n*(X) — na(X) <€)

CoTe* . (86)

INIA

Therefore, from (82), (85) and (86),
Teott fket=d if d>a+1

Ro${ Tet 4kl if d=a+1 87)
Tetl + k if d<oa+1.
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Recall that

202
e = b= 4/ = In(dT2+2  A)) (88)

Ifd>a+1,letk ~T#2, then

€ ~ T~ 77 [In(dT24+2| A|), (89)

and
R, < TV In™% (dT2%+2]4)). (90)
Ifd<a+1,leth ~ T3, then
€ ~ T~ w75 /In(dT24+2| A|), 91)
and
R, ST+ In™ (dT(2d + 2)| A)). (92)

Theorem 3 can then be proved usingby R = . 4 R, stated in Lemma 2.

F. Proof of Theorem 4

Recall the expression of regret shown in Lemma 2. We decompose R,, as follows.

R = A(n* (X) - na(x))qa(X)l(’ﬂ*(X) — a(X) < G)dx

n
k
#0760 =m0t (760 = o) > 1) > 717 ) e
X
060 = ma0)an 1 (760 = ) >
#0760 = 1) 1 (760~ ) > 100 < 7. ) e
X

= I+ Iy + I3+ Iy, (93)

in which € is the same as the proof of Theorem 3 in Appendix 5, i.e. € = 4b.

Bound of ;. From Lemma 1, ¢(x) < T f(x) for almost all x € X’. Hence

L < T /X (7 (%) — 1)) 1077 (%) — 10 (%) < €)dx

TeP(n*(X) —14(X) <€)
C,Tete, (94)

ININ A

Bound of I5. The regret of the high density region can be bounded similarly as the regret for pdf bounded away from zero.
Follow the proof of Theorem 3 in Appendix 5, define

k
Similar to Lemma 5,

I < MZ/ ga(u)(n* (1) — ne(u))du. (96)
B(Z,r4(2Z))
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Similar to Lemma 6, now we replace ¢ with k/(Te?). Then

d .
TCeoti=d if d>a+1

da()(r" (W) —ma(w)du < { FEml i d=a+1 ©7)
zZ
B(Z,r.(Z)) Ted :
N, if d<a+1.

Therefore

Tedertl=d if d>aq+1
Ir < Te ln% if d=a+1 (98)
Ted if d<a+1.

Bound of /5. Here we introduce the following lemma.
Lemma 9. (Restated from Lemma 6 in (Zhao & Lai, 2021b)) For any 0 < a < b,
VP if p>p
Ef X< fX)<blsq g i p=p (99)
a7 P if p<p.

Proof. The proof of Lemma 9 can follow that of Lemma 6 in (Zhao & Lai, 2021b). For completeness, we show the proof in

Appendix 1.9. O

Based on Lemma 9, I3 can be bounded by

I; = /X(U*(X) = 1a(X))qa(x)1 <77*(X) — Na(x) > Q% < f(x) <

m&‘ >~
~——
Iy
»

Eo\2 . k k
< [ () 100 (760 - mb > e < 160 < 15 ) ax
) ol (o)
T i g<i
S S T(E)Tmloif p=1
T(£) =48 if g> 1
Bound of 1.
L o< TM f(x)l(f(x)gf,)dx
< TMP((X) < 7))
< k ’
< T(T> . (100)

Now we bound R, by selecting k£ to minimize the sum of Iy, I, I3, I,. Recall that € = 4b, in which b is defined in (10),
thus € ~ \/In(dT24+2| A]) /K.

(1)Ifd >+ 1and 8 > 1/d, then with & ~ T a5

R < T<61+a+(k>ﬁeldﬁ>
~ T

Blatl) o
~ Tl EraDs 1n%(dT2d+2\A|). (101)
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2)Ifd < o+ 1and 8 > 1/d, then with k ~ T 7155,

R < T<6d+<k>ﬂeld5>
~ T

~ TV TS Ind (AT A)).
(3)Ifd > o+ 1 and 8 < 1/d, then with k ~ TTa+27

B
R < Téte4T k
~ N
+1)

~ T In (AT A)).

@ 1Ifd < a+1and f < 1/d, then with k ~ T#5%5

d k ’
R < Teéd+T (L
~ T3 In% (72442 A)).

Combine all these cases, we conclude that

B min(d,a+1

R< Tl_min(d—1,a)+max(1,)dﬂ)+2ﬁ |Al In? max(d’a+1)(dT2d+2‘A|).

The proof of Theorem 4 is complete.

G. Proof of Theorem 5

To begin with, similar to Lemma 4 and Lemma 5, we show the following lemmas.

Lemma 10.

11/2
P | sup N Z Wil >u | <dT? 1 Ale™ 2.7,
z,ak 1€ENY k(x,a)

with N 1.(s, a) being the set of k neighbors among {X;|i < t, A; = a}.

Proof. From Lemma 4,

1 'U/2
P | sup|— Z Wil > u | <dT?¥|Ale” 2.7,
x,a ‘\/E .
zGN:,k(X,a)

Lemma 10 can then be proved by taking a union bound over all k.

Lemma 11. Define event E, such that E = 1 if

1
— Wil < 4/2021In(dT24+3| A
\/% iEN%x,a) \/ ( | |)

forall x,a,k,t, then P(E) > 1 —1/T. Moreover, under E,

Na(x) < fa,t(x) < Na (%) + 2bq,¢ (x) + 2Lpa,t(X)-

22
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Proof. The proof is similar to the proof of Lemma 5.

[7)a,t(%) = (11a(%) + ba,t (%) + Lpa,t(%))]

1
< Yi —na(x
Foa ) iejg(;m)( (x))
1 1
< > (Y- na(Xa)| + > a(Xi) = na(x)|
ka’t(x) ieN:(x,a) ka’t(x) ieNy(x,a)

< Lpgt(x) + ba i (x).

(110)

O

With these preparations, we then bound the number of steps around each x in the next lemma, which is crucially different
with Lemma 6. Here we keep the definition n(z,a,r) = Zle 1 (X — x|| < r, At = a) to be the same as (76), but

change the definition of r, and n, as follows.
Lemma 12. Define

Pals) = 5= (%) = 0)
and
na () = CiInT 7
07 () = 1aG6))?
in which
Cy = max{4, 320%(2d + 3 + In(d|.A|))}.
Then under E,

n(z,a,r,(x)) < ng(x).
Proof. The proof of Lemma 12 is shown in Appendix I.6.

From Lemma 12,

Eln(z,a,ra(x))] < P(E)E[n(z,a,rq(x))|E] + P(E)E[n(z, a,74(x))| E]
< ng(x) + 1.
From the definition of ¢, in (24),
qa(n)du < ng(x) + 1.
B(z,7a(x))

Now we bound R,,. Similar to (81), let random variable Z follows a distribution with pdf g:

1
- Mz [(*(2) — 1a(2)) V €]

9(2)

(111)

(112)

(113)

(114)

(115)

(116)

(117)

The difference with the case with fixed k is that in (81), ¢ = 4b. However, now b, ;(x) varies among x, thus we do not
determine e based on b. Instead, for the adaptive nearest neighbor method, € will be determined after we get the final bound

of R,.

We show the following lemma.
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Lemma 13. There exists a constant Cs, such that

[ 0760 = ma0)au (17" ) = ) > e < CabtzE | [ G0 (W)~ m(W)du| . (118)
X B(Z,rq(Z))
Proof. The proof of Lemma 13 is shown in Appendix 1.7. O
We then bound the right hand side of (118).
Lemma 14.
1
E / ga(0)(n*(u) = ne(u))du| < — (eo‘_d_l InT + Te'te). (119)
B(Z,r4(Z)) My
Proof. The proof of Lemma 14 is shown in Appendix L.8. O
From Lemma 13 and 14,
/ (%) = Na(%))ga(X)L(N*(x) — N (x) > €)dx < =1 In T 4+ Te' T, (120)
X
Moreover,
J 069 =m0 1077 () = o) < hix < Te [ 07 (6) ) < )i
< Telte (121)
Therefore
Ry S e 4 InT + Tel e, (122)

Note that we have not specified the value of ¢ earlier. Therefore, in (122), € can take any values. We can then select € to
minimize the right hand side of (122). Therefore, let

1
InT 4+2
~ [ = 123
T .
then
T\ T
R, ST | — . 124
<7 (o) (120
The overall regret can then be bounded by summation over a:
1+a
rR<mia (L) 7 125
ST nT : (125)
H. Proof of Theorem 6
Define
(2 : (760 > 1) = (o) > ) (126
g\z) = " Z) 2 =N \Z) — Na\Z €\xX 5
Mz (n*(z) —1a(2))? T
in which
e(x) = (Tf(x))" ™=, (127)
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and M is the normalization constant, which ensures that [ g(z)dz = 1. Let Z be a random variable with pdf g. We then

bound R,, for the case with unbounded support on the contexts, under Assumption 2 and 3.
. = () — 1a (X)) qa(x)dx
Ro = [ 0r6o—mx)a.
= [ 060 =m0 (1769 = ) > e, 1) = 7 ) ax
+/X(U*(X) — 7a(X))¢a(x)1 <77*(X) () < €0, f) >

+ /X (1 (%) — 7 (x))ga ()1 (f<x> - T) ix
= L+ 1+ 1s.

Now we bound three terms in (128) separately.

Bound of /;. Following Lemma 7 and 13, it can be shown that for some constant C's, such that

/X (7 (%) = 10 (3))4a () L(7* (%) — 7a(3) > €(x))dx < C3ME

The right hand side of (129) can be bounded as follows.

/ 4o () (" () — na(u))dU]
B(Z,rq(Z))

=

3 *
< ’g [ Lo gy 1002~ na(Z))dU]
< SR [00(Z) + )0 (2) — 1a(2)
< oo [+ D0 @) - @)yt
3 CiInT ) 1 N> o). fla
< o, [ (0 2+~ 0) G et (192 000
< 2 0@ () 1 (46a) 2 ) 100) 2 1)

Hence

I < lnT/(n*(x) — na(X))f(dH)l <77(X) > e(x), f(x)

vV
Nl
~
S8
»

Let ¢ € R that will be determined later.

To bound the integration of the other side, i.e. 1/T < f(x) < ¢, we use Lemma 9.

25
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[0 = o)1 () 2 et 7. < ) < ) ax

< [eumpor (<0 <c)ax
_ 7 /f%(xu (1 < f(x) < c) dx

N

From (132) and (133),
L { T T [(Tc)*i%% y T TR AT +Tﬂ it B
te TWT [(Te) 5 + -2 (Te)|  if f= 7k
To minimize (134), let
c= T7m7
then
L< { TSHES T+ TP InT i B4 7

T#2 T it 5=t

Bound of I». We still discuss f(x) > cand 1/T < f(x) < ¢ separately. For f(x) > c,

< T [0 00 ~ m)1 (1709~ malx) < (T) 757 fxix
< T(Te) TP (7' (X) = a(X) < (Te) 7
< T(Te)y 7.

For 1/T < f(x) < ¢,

IN

T/e(x)f(x)l (;, < flx) < c) dx

d41

— 78 [ 01 (4 < 00 <) ax

_ H(TTE oy ATy i 4
~ T In(Te) R

Similar to Iy, pick ¢ = T—/(a+(d+2)5),
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Bound of 3. From Assumption 3(b), n*(x) — 1, (x) < M. Moreover, from Lemma 1, g(x) < T f(x) for almost all x € X'
Hence

[0 =m0t (760 < 1 ) ax < 0 [ 61 (100 < 7 ) ax 139)
Combine I, I and I3,

T a5 58 T + TV A InT if 8 # -
R. < a2 (140)

TT2 In? T it 8= 5.
Theorem 6 can then proved by R =) _ 4 Ra.

I. Proof of Lemmas
I.1. Proof of Lemma 4

From Assumption 2(c), W; is subgaussian with parameter 2. Therefore for any fixed set I C {1,..., T} with |I| = k,

E lexp (AZ W)] < exp <I;>\202) , (141)

el
and
1 e A
P EZW1>U < H){fe E [exp EZW’
iel iel
)\2 2
< ir){f e M exp < 22 )
ku?
= exp <_%r2> . (142)

Now we need to give a union bound?®. Let A;;j be d — 1 dimensional hyperplane that bisects X,;, X ;. Then the number of

planes is at most N, = T'(T — 1)/2. Note that N, planes divide a d dimensional space into at most N, = Zj:o (Ajfp)
regions. Therefore

d 1 d
N, <Y (2T(:§ a 1>) <d (;T(T - 1)) <dr*, (143)
j=0

The k nearest neighbors for all x within a region should be the same. Combining with the action space .4, there are at most
N, |A] regions. Hence

H{Ni(x,a)|x € X,a € A} < dT??| Al (144)
Therefore

k

w2
37 (145)

1
P UxeX UaeA E Z Wl > U S dT2d|A|€_
i€EN:(x,a)

The proof is complete.

3The construction of hyperplanes follows the proof of Lemma 3 in (Jiang, 2019) and Appendix H.5 in (Zhao & Wan, 2024).

27



Contextual Bandits for Unbounded Context Distributions

L.2. Proof of Lemma 5
From (9), with |{i < t|A; = a}| > K,

R 1
na,t(x) - E Z Y;-i‘b-I—LPaJ(X)
1EN:(x,a)
1 1
= 7 2 MKt g Y Witbt Lpg(x). (146)
i€N(x,a) i€EN(x,a)
Hence
A 1 1
[70.6(x) = (Ma(x) + b0+ Lpar(x))] < & > na(Xi) = na(x)] + z > oW
iENt(X,a) iENt(x,a)
< Lpai(x) +0b, (147)

which comes from Assumption 2(d) and Lemma 4. Lemma 5 can then be proved using (147).

1.3. Proof of Lemma 6

We prove Lemma 6 by contradiction. If n(z, a, r,(x)) > k, then let
t = max{7|[|X,; — x|| < ry(x),A; = a} (148)

be the last step falling in B(z, r,(x)) with action a. Then B(z,7,(x)) < B(Xy, 2r,(x)), and thus there are at least & points
in B(X¢,2r,(x)). Therefore,

Pa.t(X) < 2rq(x) (149)
Denote

a*(x) = arg maxn, (x) (150)

as the best action at context x. A; = a is selected only if the UCB of action a is not less than the UCB of action a*(x), i.e.

Tat(Xt) = Nax ().t (Xt)- (151)
From Lemma 5,
Na,t(Xt) < 1a(Xt) + 20+ 2Lpa ¢ (Xy), (152)
and
’f}a*(x),t(Xt) 2 Mo~ (x) (Xt) = T]* (Xf) (153)
From (151), (152) and (153),
Na(X¢) +2b 4 2Lp, +(Xy) > 0" (Xy), (154)
which yields
n*(Xe) — 1a(Xe) — 2b
X >
pa,t( t) = o,
> 77* (X) B na(x) —2b— QLTU, (X)
- 2L
= 2r.(x), (155)

in which the last step comes from the definition of r, in (77). Note that (155) contradicts (149). Therefore n(z, a,r,(x)) < k.
The proof of Lemma 6 is complete.
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1.4. Proof of Lemma 7

E

/ o) (" () — na<u>>du]
B(Z,r.(Z))

B / otz) Um a(2)) () = na(u»dul *

/ ga(0)(n*(0) — na(u))dzdu
fel-

(u, ruu

/
el () ) () () (1) = 1)l
< (3 _;a( e (O 2 ) i
¢ ) ML/ >0 e () 0~
- (2) P / (07" () — 70 (W) L(" (1) — () > e (156)
Based on (156), Lemma 7 holds with
C, = (;)d(mL)d. (157)

Now we explain some key steps in (156).

In (a), the order of integration is swapped. Note that if u € B(z,7,(z)), then ||u — z|| < r4(z). From Assumption 2(d),

[N (1) — ne(z)| < Lrq(z). Then from (77),
n*(u) — na(u) — 20
6L
7*(z) — na(z2) + 2Lry(2z) — 2b
6L
1

= rq(z)+ gra(z)

ro(u) =

= gra(z),

thus ||z — u|| < 3r,(u)/4 implies ||u — z|| < r4(z). Therefore (a) holds.

For (b) in (156), note that for ||z — u|| < 3r,(u)/4, using Assumption 2(d) again,

1) nola) < ") — () + £ L ) ) 4 D ),
Then
o) (07 (w) —maw) v o]
o)~ (07 e v
(" () — ) v

Y

[(7*(0) = na(0) + 3Lra(w) v ]
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in which the last step comes from the definition of r, in (77).
(c) uses (77) and the definition of g in (81).

For (d), recall the statement of Lemma 7, ¢ = 4b. Therefore, if n*(u) — n,(u) > €, then n*(u) — n,(u) — 2b >

(" (u) = na(u))/2.

I.5. Proof of Lemma 8

. l~/B(Z,TQ(Z)) qa(U)(n*(u) - 77a(“))d’l;|

(a) 4 *
< ZE /B RIS na(Z))dU]
¢ g(k + DE[(n"(Z) — n4(2Z))]

- e+ /X (0 (2) = na(2))g(2)d=

Ak+1) [, 1
sir, 1) ) 07 (@ —ma@) v i
Ak +1)

T T3My |:/X(7]*(Z) —1a(2)) V10" (2) = na(2) > €)dz

+€id /X(n*(Z) —14(2))1(n"(2) — na(z) < €)dz| . (161)

For (a), from Assumption 2(d),

n"(u) —na(u) < 7°(z) = na(2z) + 2Lrq(z)
R n*(2z) —na(z) —2b
= n"(z) — n.(z) + 2L oL
< S0@) - n(a)) (162

(b) comes from (80).
The first term in the bracket in (161) can be bounded by

/X (1(2) — 1a(2)) " V1(" (2) — 10 (2) > €)d=

(%) %/ (" (2) = 1a(2) " V1" (2) = 1a(2) > €) f(2)d2
X
® 1

2 CE |07 (%)~ 1a(X) 10 (X) — ma(X) > )]

- %/OO P(e < 7" (X) — 1a(X) < ¢777)dt
0

o (d-1)

S e ) < (163)

(a) comes from Assumption 2, which requires that f(x) > c all over the support. In (b), the random variable X follows a
distribution with pdf f.
If d > a + 1, then from Assumption 2(b),

—(d-1)

(163) < %/ imazr g~ Cald=1) apia
0

c(d—1—a) (164)
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Ifd = o+ 1, then

—(d-1)

1 [t Co [€ o 1 Cud—1). 1
(163)37/ dt+—/ patrgp = L4 Celd=D ) 1 (165)
C 0 C 1 C C €
Ifd < a+1, then
R o N 1 Cu(d—1)
163) < — dt + — tTaTdt < - f ———— . 166
( )_c/o Jrc/l o _chc(a—&—l—d) (166)
Now it remains to bound the second term in (161):
* * 1 * *
/X(n (2) = 1a(2))1(1"(2) = 1a(2) < €)dz < “E[(0"(X) = na(X)) 10" (X) = 1a(X) < €)]
< Caanr (167)
c
Therefore, from (161), (164), (165), (166) and (167),
Mk etl=d if d>a+1
zc
E l/ ga(u)(n* (1) = na(u))du| < Mkzc ln% if d=a+1 (168)
B(Z,r.(Z)) Mk if d<a+1
zcC

I.6. Proof of Lemma 12
We prove Lemma 12 by contradiction. Suppose now that n(x, a,7,(x)) > n4(x). Let ¢t be the last sample falling in
B(xz,r.(x)), ie.

t:=max{j| |X; — x| <rq(x),4; =a}. (169)
We first show that pg +(x) < 2r4(x). From (169) and the condition n(x, a,7,(x)) > n.(x), before time step ¢, there
are already at least n,(x) steps in B(z,7,(x)). Note that || X; — x| < rq(x), thus B(z,r,(x)) C B(X,2r.(x)).

Therefore, there are already at least n, (x) samples with action a in B(Xy, 274(x)). Recall that p, +(X) = pa,t i, , (x)(X). If
Pa,t(X) > 2ry(x), then k, 4(x) > ng(x). From (16),

InT InT
Lpa,t(x) = Lpa,tﬁka_’t(x)(x) < \/k < \/ = QLTa(X), (170)

a,t(X) 14 ()
then contradiction occurs. Therefore p, ¢ (x) < 27,(x).

From Lemma 11, under F,

252
flat(x) < 1a(x) + 2\/ (Z ) In(dT20+3| A|) + 2Lr,(x). (171)
Ng(x
Since action a is selected at time ¢, from Lemma 11,
ﬁa,t(x) > 77(1*(X),t(x) > 77* (X) (172)
Combining (171) and (172) yields
202 ) ,
2 =) In(dT2d+3|A]) + 2Lry (x) > 7 (x) — 74(%). (173)
Ng (X

We now derive an inequality that contradicts with (173). From (112) and (113),

2\/ 202)1n(dT2d+3|A|) = 2\/ 2 (AT A o ()~ 7))

na(X CiInT
1 In(dT24+3| Al) .
= 2\/(2d + 3+ In(d|A])) g (1 (%) = 1a(x))
< 06— mal), .
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From (111),

From (174) and (175),

2\/ 202) In(dT24+3| A]) + 2Lrq(x) < 1" (X) — 1a(X).

ng(x
(176) contradicts (173). Hence

n(z,a,74(x)) < na(x).

1.7. Proof of Lemma 13

E |:/B(Z’Ta(z)) Qa(u)(n*(u) — na(u))du‘|
- /X /B(u,2m(U)/3) 9(2)ga (W) (7" (0) = 17a(w))dzdu

o [ () (2) o e -
2 2) () [ sttt o -

_ 1 1 e () — 1 (e
- 2dMZ/X G (w) — o qa)) v o] e (Waa (W (7" (W) = 1a(w)d

* u) — o d
< gy [, 100 = > e G )

m /X o (@) (7" (1) = 16 (0))1(1* (1) = 74 () > €)du.

IN

For (a), if ||u — z|| < r4(2), then from the definition of 7, in (111),

raW)  7"(0) (W) _ 7°(2) —ma(z) + 2Lra(m) . 1 _3
@ @ @ - 7@ -mE Vo2
For (b),
gz [ (W) — na(w) v e
o)~ (7 (@) — (@) v e
(07" (w) — () v

Y

[(7(w) = () + & Lrg () V ]

vV
N
= w
~_
a
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1.8. Proof of Lemma 14

E l/B(Z,ra(Z)) go(u)(n*(u) — ﬁa(u))du]

@ 3 )

£ 5|y 0 —na(Z))dU]

< SE[(na(2) + 1) A (TFZ)E) (" (2) — na(Z)]

= 5 [l + ) A @@ @) 0 (0) = o) e

_ 3 C’11nT " 2) — ” ; . " , s
= oy | (e 7000 09 o) >

S B[00 - (@)U () - 0u(2) > )] T
FLE [((2) — 1u(Z) 1" (2) ~ () < )]
1 a—d—1 1+«
< M—Z(e UInT + Te't). (181)
For (a),
7w —na(w) < 0 (2) — 7a(z) + 2Lra(2)
< '(2) - a(e) + \/lcﬂn*(z) — a(2))
< 207 @) - ala)) (182)
L.9. Proof of Lemma 9
E[f7(X)1(a < £(X) <b)] — / TPUX) < ha< [(X) < bt
= /bp P(f(X) <b)dt+/ap P(f(X) <t #)dt
0 b—p
< CpbPP 4 Oy /a =7 dt. (183)
b—p

If p > f,i.e. B/p < 1, then

(183) < CbP P + : _Cg/p(ap)l—ﬁ ~alP, (184)
If p < 3, then
* s C
(183) < Cgb® P + Cg/ t™rdt = Cgb’ P + WTﬁlbﬂ—P ~ P (185)
b—P -
If p = 3, then
S—p a”P b
(183) < Cyb +Cﬁ1nbfp ~1ng. (186)
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I.10. Proof of Lemma 3
Our proof follows the proof of Lemma 3.1 in (Rigollet & Zeevi, 2010).

U =

t

(" (X¢) = na,(X4)),

T
=1

and

V=3 1(na,(Xs) <n'(Xy)).

t=1

Then R = E[U] and S = E[V]. For any ¢ > 0,

M=

u > ¢

t

I
—

Take expectations, we have
R>6S —TC,6%T".

Now we minimize the right hand side of (190). By making the derivative to be zero, let

5:<<a+f>zﬂca>i'

Then

Q=

= S(mim) TCQ(W>Q

_aS S g
 a+1 \(a+1)TC,

a+1 1

CoS o T =,

The proof is complete.
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1(na, (Xe) <0 (Xe))1(In"(Xe) =14, (X4)[ > 0)

V=3 1(A# a"(Xe), 77 (Xe) = na, (Xe)| < 6)| -

(187)

(188)

(189)

(190)

(191)

(192)



