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Abstract

The kernel thinning (KT) algorithm of Dwivedi and Mackey (2021) compresses a probability dis-
tribution more effectively than independent sampling by targeting a reproducing kernel Hilbert
space (RKHS) and leveraging a less smooth square-root kernel. Here we provide four improve-
ments. First, we show that KT applied directly to the target RKHS yields tighter, dimension-free
guarantees for any kernel, any distribution, and any fixed function in the RKHS. Second, we show
that, for analytic kernels like Gaussian, inverse multiquadric, and sinc, target KT admits maximum
mean discrepancy (MMD) guarantees comparable to or better than those of square-root KT without
making explicit use of a square-root kernel. Third, we prove that KT with a fractional power kernel
yields better-than-Monte-Carlo MMD guarantees for non-smooth kernels, like Laplace and Matérn,
that do not have square-roots. Fourth, we establish that KT applied to a sum of the target and power
kernels (a procedure we call KT+) simultaneously inherits the improved MMD guarantees of power
KT and the tighter individual function guarantees of target KT. In our experiments with target KT
and KT+, we witness significant improvements in integration error even in 100 dimensions and
when compressing challenging differential equation posteriors.

1. Introduction

A core task in probabilistic inference is learning a compact representation of a probability dis-
tribution P. This problem is usually solved by sampling points z1, ..., x, independently from
P or, if direct sampling is intractable, generating n points from a Markov chain converging to
P. The benefit of these approaches is that they provide asymptotically exact sample estimates
P f £ % S | f(=;) for intractable expectations Pf £ Ex.p[f(X)]. However, they also suffer
from a serious drawback: the learned representations are unnecessarily large, requiring n points to
achieve |Pf — P, f| = @(n_%) integration error. These inefficient representations quickly become
prohibitive for expensive downstream tasks and function evaluations: for example, in computational
cardiology, each function evaluation f(z;) initiates a heart or tissue simulation that consumes 1000s
of CPU hours (Niederer et al., 2011; Augustin et al., 2016; Strocchi et al., 2020).

To reduce the downstream computational burden, a standard practice is to thin the initial sample
by discarding every t-th sample point (Owen, 2017). Unfortunately, standard thinning often results
in a substantial loss of accuracy: for example, thinning an i.i.d. or fast-mixing Markov chain sample
from n points to n2 points increases integration error from G)(nfé) to @(nfé).

The recent kernel thinning (KT) algorithm of Dwivedi and Mackey (2021) addresses this issue
by producing thinned coresets with better-than-i.i.d. integration error in a reproducing kernel Hilbert
space (RKHS, Berlinet and Thomas-Agnan, 2011). Given a target kernel' k and a suitable sequence

1. A kernel k is any function that yields positive semi-definite matrices (k(zi, 2;))} j—; for all inputs (z;)i—;. See
Tab. 1 in App. B for expressions of popular kernels.
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of input points Si, = ()}, approximating [P, KT returns a subsequence Sy of /1 points with
better-than-i.i.d. maximum mean discrepancy (MMD, Gretton et al., 2012),2

MMDy (P, Pou) £ SUPHf\|k§1|Pf — Pouf| for Poy = ﬁ ersom 0z, 1

where ||-||x denotes the norm for the RKHS # associated with k. That is, the KT output admits
o(n~1) worst-case integration error across the unit ball of 7{. KT achieves its improvement with
high probability using non-uniform randomness and a less smooth square-root kernel ky satisfying

k(fE, y) = fRd krt(xv Z)krt(z’ y)dZ (2)

When the input points are sampled i.i.d. or from a fast-mixing Markov chain on R¢, Dwivedi and
Mackey prove that the KT output has, with high probability, Od(nfé V1og n)-MMDy, error for P
and k, with bounded support, Od(n_% (log?*! nloglogn) 2 )-MMDy, error for P and ky with light
tails, and (n%, Od(n_%+% Vlognloglogn))-MMDy error for P and k2 with p > 2d moments.
Meanwhile, an i.i.d. coreset of the same size suffers Q(n‘i) MMDy. We refer to the original KT
algorithm as ROOT KT hereafter.

Our contributions In this work, we offer four improvements over the original KT algorithm.
First, we show in Thm. 1 that a generalization of KT that uses only the target kernel k, henceforth
called TARGET KT, provides a tighter O(n_% v/log n) integration error guarantee for each function
f in the RKHS. This TARGET KT guarantee (a) applies to any kernel k on any domain (even
kernels that do not admit a square-root and kernels defined on non-Euclidean spaces), (b) applies
to any target distribution P (even heavy-tailed IP not covered by ROOT KT guarantees), and (c) is
dimension-free, eliminating the exponential dimension dependence and (log n)d/ 2 factors of prior
ROOT KT guarantees.

Second, we prove in Thm. 2 that, for analytic kernels, like Gaussian, inverse multiquadric
(IMQ), and sinc, TARGET KT admits MMD guarantees comparable to or better than those of
Dwivedi and Mackey (2021) without making explicit use of a square-root kernel. Third, we es-
tablish in Thm. 3 that generalized KT with a fractional a-power kernel k,, yields improved MMD
guarantees for kernels that do not admit a square-root, like Laplace and non-smooth Matérn. Fourth,
we show in Thm. 4 that, remarkably, applying generalized KT to a sum of k and k,—a procedure
we call kernel thinning+ (KT+)—simultaneously inherits the improved MMD of POWER KT and
the dimension-free individual function guarantees of TARGET KT.

In Sec. 4, we use our new tools to generate substantially compressed representations of both
i.i.d. samples in dimensions d = 2 through 100 and Markov chain Monte Carlo samples targeting
challenging differential equation posteriors. In line with our theory, we find that TARGET KT and
KT+ significantly improve both single function integration error and MMD, even for kernels without
fast-decaying square-roots.

Related work For bounded k, both i.i.d. samples (Tolstikhin et al., 2017, Prop. A.1) and thinned
geometrically ergodic Markov chains (Dwivedi and Mackey, 2021, Prop. 1) deliver nt points with
O(nfi) MMD with high probability. The online Haar strategy of Dwivedi et al. (2019) and low dis-
crepancy quasi-Monte Carlo methods (see, e.g., Hickernell, 1998; Novak and Wozniakowski, 2010;

2. MMD is a metric for characteristic k, like those in Tab. 1, and controls integration error for all bounded continuous
f when k determines convergence, like each k in Tab. 1 except SINC (Simon-Gabriel et al., 2020).
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Dick et al., 2013) provide improved (’)d(n_% log? n) MMD guarantees but are tailored specifically
to the uniform distribution on [0, 1]%. Alternative coreset constructions for more general IP include
kernel herding (Chen et al., 2010), discrepancy herding (Harvey and Samadi, 2014), super-sampling
with a reservoir (Paige et al., 2016), support points convex-concave procedures (Mak and Joseph,
2018), greedy sign selection (Karnin and Liberty, 2019, Sec. 3.1), Stein point MCMC (Chen et al.,
2019), and Stein thinning (Riabiz et al., 2020a). While some admit better-than-i.i.d. MMD guar-
antees for finite-dimensional kernels on R¢ (Chen et al., 2010; Harvey and Samadi, 2014), none
apart from KT are known to provide better-than-i.i.d. MMD or integration error for the infinite-
dimensional kernels covered in this work. The minimax lower bounds of Phillips and Tai (2020,
Thm. 3.1) and Tolstikhin et al. (2017, Thm. 1) respectively establish that any procedure outputting
n2-sized coresets and any procedure estimating [P based only on 7 i.i.d. sample points must in-
cur Q(n_%) MMD in the worst case. Our guarantees in Sec. 2 match these lower bounds up to
logarithmic factors.

Notation We define the norm |k||,, = sup,, |k(z,y)| and the shorthand [n] = {1,...,n},
Ry £{zeR:2>0},No=NU{0}, Bk 2 {f € H: [|f]lx <1}, and Bo(r) = {y € R?: [Jyl, < r}.
We write ¢ 2 band a 77 bto mean a = O(b) and a = Q(b), use X4 when masking constants
dependent on d, and write a = O),(b) to mean a/b is bounded in probability. For any distribu-
tion Q and point sequences S, S’ with empirical distributions Q,,, Q/,, we define MMDy (Q, S) £
MMDy(Q, Q,,) and MMDy (S, S’) & MMDy(Q,,, Q).

2. Generalized Kernel Thinning

Our generalized kernel thinning algorithm (Alg. 1) for compressing an input point sequence S, =
(x;)I_, proceeds in two steps: KT-SPLIT and KT-SWAP detailed in App. A. First, given a thinning
parameter m and an auxiliary kernel Kgpji, KT-SPLIT divides the input sequence into 2™ candidate
coresets of size /2" using non-uniform randomness. Next, given a target kernel k, KT-SWAP
selects a candidate coreset with smallest MMDy to Si, and iteratively improves that coreset by
exchanging coreset points for input points whenever the swap leads to reduced MMDy.. When k¢
is a square-root kernel ky (2) of the target kernel k, generalized KT recovers the original ROOT KT
algorithm of Dwivedi and Mackey (2021). In this section, we establish performance guarantees for
more general kg with special emphasis on the practical choice of kgyj;c = k. Like ROOT KT, for
any m, generalized KT has time complexity dominated by ((n?) evaluations of kqpiic and k and
O(nmin(d, n)) space complexity from storing either Sj, or the kernel matrices.

Algorithm 1: Generalized Kernel Thinning — Return coreset of size |n/2™ | with small MMDy

Input: split kernel kg, target kernel k, point sequence S;, = (x;)P_,, thinning parameter m € N,
babilities (5,):"1*
probabilities (d;);_]

(S(m’e)ﬁ:l < KT-SPLIT (Kspiit, Sin, m, (51)}24%) // Split S, into 2" candidate coresets of size | 57 |

Skt — KT-SWAP (k, iy, (S™9)27 ) /I Select best coreset and iteratively refine

return coreset Skt of size [n/2™ |

Our first main result, proved in App. C, bounds the KT-SPLIT integration error for any fixed
function in the RKHS Hgji generated by k. Throughout, the term oblivious indicates that a
sequence is generated independently of any randomness in KT.
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Theorem 1 (Single function guarantees for KT-SPLIT) Consider KT-SPLIT (Alg. 1a) with obliv-
ious Si, and (51)?:% and 6* & min; §;. If 2% i €N, then, for any fixed f € Hgplir, index € [2™], and
scalar &' € (0,1), the output coreset ST with ngﬁn = n/lzm Y zesime) Og satisfies

Pinf = B f1 < Wl - oma/2108(2) for om 2 22 fllkpillooin - log (%)

spllt
with probability at least pe = 1— Z] 1 Zn/2J 6; — 0. Here, || Ksplit||co,in = maxzes, Ksplit(T, 7).

To ensure that the success probability pyg is at least 1—0, we can set ¢’ = § % and §; = m for
a stopping time n known a priori or §; = § /(4m(i+1) log?(i+1)) for an arbitrary oblivious stop-
ping time n. When compressing heavily from n to \/n points, Thm. 1 guarantees (’)(nfé Viogn)
integration error with high probability for any fixed function f € Hgy;. This represents a near-
quadratic improvement over the Q(n_i) integration error of y/n i.i.d. points.

Our second main result bounds the MMDy, (1)—the worst-case integration error across the unit
ball of H—for generalized KT applied to the target kernel, i.e., kg = k. The proof of this result in
App. D is based on Thm. 1 and an appropriate covering number for the unit ball By of the k RKHS.

Definition 1 (k covering number) For a set A and scalar € > 0, we define the k covering number
Nk (A, €) with My (A, ) £ log Nk (A, €) as the minimum cardinality of a set C C By satisfying
Bi € Unectg € Bi = supgea |h(z) — g(x)] < e} 3)

Theorem 2 (MMD guarantee for TARGET KT) Consider generalized KT (Alg. 1) with Ky =
k, oblivious Sy, and (51')}2{%, and §* £ min; §;. If 5= €N, then for any &' € (0,1), the output
coreset S is of size 55 and satisfies

. : 4y, 1
MMD“(S‘“’SKT)Sse(ojffsm@\ 2 + 2~ \/ 1]loo,in log(5%) - [log(5) + Mi(Ae)] 4

with probability at least psg, where ||K|| oo in and psg were defined in Thm. 1.
When compressing heavily from n to y/n points, Thm. 2 with & = 4/ HkHT‘”‘“ and A = By (Riy) for

Rin £ maxes, |||, guarantee

MMDy (Sin, Skt) Zs \/km’: 5T My (Bo(Rin), \/ 7”1(”;0’1") )

with high probability, thereby giving an MMD guarantee for any kernel k with a covering number
bound and a comparable guarantee for P since MMDy (P, Skr) < MMDy (P, Sis HMMDy (Sin, Sk)-
We unpack the results further in Tabs. 2 and 3 in App. B for a range of P and k.

3. Kernel Thinning+

We next introduce and analyze two new generalized KT variants: (i) POWER KT which leverages a
power kernel k,, that interpolates between k and k;; to improve upon the MMD guarantees of target
KT even when Kk is not available and (ii) KT+ which uses a sum of k and k,, to retain both the
improved MMD guarantee of k,, and the superior single function guarantees of k. R

First, we define a generalization of the square-root kernel (2) for shift-invariant k. Let f denote
the generalized Fourier transform (GFT, Wendland, 2004, Def. 8.9) of order 0 of f : RY — R.



GENERALIZED KERNEL THINNING

Definition 2 (a-power kernel) Define ki £ k. We say a kernel k1 is a %—power kernel for k if
2
k(z,y) = (2m)~ Y2 Jraki(z, 2)ki(z,y)dz. For o € (3,1), a kernel ko(z,y) =Ko (z—y) on RY
2 2
is an a-power kernel for k(x,y)=k(z—y) if ko = K.
By design, k1 matches ky (2) up to an immaterial constant rescaling. Given a power kernel k,,
2

we define POWER KT as generalized KT with kg,jie = k. Our next result (with proof in App. E)
provides an MMD guarantee for POWER KT.

Theorem 3 (MMD guarantee for POWER KT) Consider generalized KT (Alg. 1) with kg =

Kq for some € [5,1], oblivious sequences Siy and (0 )Ln/ 2! and 5 £ min; 6;. If 9 €N, then
for any &' € (0, 1), the output coreset Sk is of size o and satisfies

2m 36 (9. M Y- @2 0§ ot
MMDk(SimSKT) < (THkaHOO) “ (2 ’ E)ﬁoz) 2a | 2+ r(411) - Rihax - Ma ) (6)
2
with probability at least pss (defined in Thm. 1), where the parameters ﬁa and R ax are defined in
App. E. When each §; = % these parameters satisfy M, = Oy(v/1ogn) and Riax = O4(1) for P

and k,, with compact support and M, = O4(v/lognloglogn) and Riyax = Ogq(logn) for P and
k., with subexponential tails.

Thm. 3 reproduces the ROOT KT guarantee of Dwivedi and Mackey (2021, Thm. 1) when o = %
and more generally accommodates any power kernel via an MMD interpolation result (Prop. 1) that
may be of independent interest. This generalization is especially valuable for less-smooth kernels
like LAPLACE and MATERN(v,v) with v € (4, d] that have no square-root kernel. Our TARGET
KT MMD guarantees are no better than i.i.d. for these kernels, but, as shown in App. J, these kernels
have MATERN kernels as a-power kernels, which yield o(nfi) MMD in conjunction with Thm. 3.

Our final KT variant, kernel thinning+, runs KT-SPLIT with a scaled sum of the target and
power kernels, k! £ k/| k||, + ka/|/ka/|.- Remarkably, this choice simultaneously provides the

improved MMD guarantees of Thm. 3 and the dimension-free single function guarantees of Thm. 1.

Theorem 4 (Single function & MMD guarantees for KT+) Consider generalized KT (Alg. 1) with
Koplic = k', oblivious S, and (5; )Ln/ 2 5r 2 min; 0;, and 5 € N. For any fixed function f € H,
index { € [Qm] and scalar &' € (0, 1), the KT-SPLIT coreset SU™Y) satisfies

Pinf — P f1 < 25 - /% log(3) loa(2)]flhev/Tlloo; @)

defined in Thm. 1). Moreover,

with probability at least psg (for psg and ]P split

MMDk(Sin; SKT) < min [\/§ : Mtau"getKT (k>7 2% : MpowerKT (ka)] ®)

with probability at least psg where MtargetKT(k) denotes the right hand side of (4) with ||k||sc in
replaced by |/k|| oo, and MyowerkT (Ko ) denotes the right hand side of (6).

As shown in Tab. 3 in App. B, KT+ provides better-than-i.i.d. MMD guarantees for several
popular kernels—even the Laplace, non-smooth Matérn, and odd B-spline kernels neglected by
prior analyses—while matching or improving upon the guarantees of TARGET KT and ROOT KT in
each case.
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4. Experiments

Dwivedi and Mackey (2021) illustrated the MMD benefits of ROOT KT over i.i.d. sampling and
standard MCMC thinning with a series of vignettes focused on the Gaussian kernel. We revisit those
vignettes with the broader range of kernels covered by generalized KT and demonstrate significant
improvements in both MMD and single-function integration error. We let Py, and Py, denote the
empirical distribution of each input and output coreset respectively and set output size as y/n given n,
input points. Besides MMD error, we evaluate the integration error for four test functions both inside
and outside of H, (a) a random element of the target kernel RKHS (f(x) = k(X’, z)), (b) moments
(f(x) = 71 and f(x) = z?), and (c) a standard numerical integration benchmark test function from
the continuous integrand family (CIF, Genz, 1984), fcir(z) = exp(—3 Z;l:l\:cj —uj|). App. H
provides additional details besides several other experiments with other MCMC and i.i.d. targets.

In Fig. 1, we evaluate results for three MCMC chains targeting the posteriors of three distinct
coupled ordinary differential equation model: the Goodwin (1965) model of oscillatory enzymatic
control (d = 4), the Lotka (1925) model of oscillatory predator-prey evolution (d = 4), the Hinch
et al. (2004) model of calcium signalling in cardiac cells (d = 38), and a tempered Hinch posterior.
We employ KT+ (o = 0.81) with LAPLACE k for Goodwin and Lotka-Volterra and KT+ (o = 0.5)
with IMQ k (v = 0.5) for Hinch. Notably, neither kernel has a square-root with fast-decaying tails.
We observe that KT+ uniformly improves upon the MMD error of standard thinning (ST), even
when ST exhibits better-than-i.i.d. accuracy. In nearly every setting, KT+ provides significantly
smaller integration error for functions inside of the RKHS (like k(X’, -)) and outside of the RKHS
(like the first and second moments and the benchmark CIF function).
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Figure 1: Kernel thinning+ (KT+) vs. standard MCMC thinning (ST). For kernels without fast-decaying
square-roots, KT+ improves both MMD and integration error decay rates in each inference task.
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Appendix A. Details of KT-SPLIT and KT-SWAP

Algorithm 1a: KT-SPLIT — Divide points into candidate coresets of size |n /2™ |

Input: kernel kg, point sequence Sy, = (z;);, thinning parameter m € N, probabilities (¢;) ElJ

SUH « {}for0<j<mandl<¢<2 //Empty coresets: SU-*) has size | & | after round i
oj0¢ 0forl <j<mandl<¢<2~! //Swapping parameters
fori=1,...,|n/2]| do
SO append(x;); SV . append(wa;)
// Every 27 rounds, add one point from parent coreset S+ to each child coreset S-2¢1) | §0:26)
for(j=1; j<mandi/2"' €N; j=j+1)do
for/=1,....,27" 1 do
(S,8") + (SU-1H SG:2-1)).  (z %) + get_last_two_points(S)
// Compute swapping threshold a
a,04¢ <get_swap_params (o;,b, 6‘3|/2%) with
b2 = ksplit(xa x) + kspm(f, z) — 2ksplit($, )
/I Assign one point to each child after probabilistic swapping
a4
kopiic(Z, &) —kpiie (@, ) + gy es (Kspiie (Y, ©) —kspiie (¥, £)) =2 257 (Kspiie (2, ) —kepiic (2, T))
(z,%) + (T
SU2=1) append(z); SU?Y) . append(%)

,x) with probability min(1, %(1 —2).)

end

end
end
return (S("9)2" candidate coresets of size [1n/2™ |

function get _swap_params (0,b,6) :
a « max(bov2log(2/4), b?)
o+ o+b%(1+(b2—2a)0?/a?) 4
return (a,0)

Algorithm 1b: KT-SWAP — Identify and refine the best candidate coreset

om
=

Input: kernel k, point sequence Si, = (2;)7_1, candidate coresets (S(™9)2",

S(Mm9  paseline_thinning(Si,size = |n/2™]) // Compare to baseline

/I Swap out each point in Skr for best alternative in Siy
fori=1,...,|n/2™] do

| Stli] < argmin_ ¢ MMDy(Si, Sr with Sgrli] = 2)
end
return Skr, refined coreset of size |n/2™ |

Appendix B. Consequences of Thm. 2 and Thm. 4

Tab. 2 summarizes the MMD guarantees of Thm. 2 under common growth conditions on the log
covering number My and the input point radius Rs, = maxes, ||7|l,. In Props. 2 and 3 of

11
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GAUSS(0)  LAPLACE(o)  MATERN(v,7) IMQ(v, ) SINC(9) B-SPLINE(28+1,7)
o>0 c>0 v>%9>0 v>0,7>0 0+40 BeN

d
[EE ll2I c,_a(Vllzlly)" 2 1 d sin(0z) -d 17d ,
on(-5k) ew(-1) VNG, wwmer T B h0a)
-

Table 1: Common kernels k(z,y) on R? with = = 2 — y. In each case, |k||__ = 1. Here, ¢, = %, K,
is the modified Bessel function of the third kind of order a (Wendland, 2004, Def. 5.10), hg is the

recursive convolution of 23 + 2 copies of 1_1 1y, and B 5= 50y, Z}i{fj (-1)7 (f) (2551

App. I, we show that analytic kernels, like Gaussian, inverse multiquadric (IMQ), and sinc, have
LOGGROWTH My (i.e., My(Ba(r),e) Za rlog” (1)) while finitely differentiable kernels (like
Matérn and B-spline) have POLYGROWTH My (i.e., My (Ba(7),€) Zq rie™).

Our conditions on R, arise from four forms of target distribution tail decay: (1) COMPACT
(Rs, Za 1), (2) SUBGAUSS (Rs, 24 vIogn), (3) SUBEXP (Rs, =4 logn),and (4) HEAVYTAIL
(Ms, Zan'/P). The first setting arises with a compactly supported P (e.g., on the unit cube [0, 1]%),
and the other three settings arise in expectation and with high probability when S;, is generated i.i.d.
from P with sub-Gaussian tails, sub-exponential tails, or p moments respectively.

Substituting these conditions into (5) yields the eight entries of Tab. 2. We find that, for LOG-
GROWTH M), TARGET KT MMD is within log factors of the Q(n~'/2) lower bounds of Sec. 1
for light-tailed IP and is o(n /%) (i.e., better than i.i.d.) for any distribution with p > 4d moments.
Meanwhile, for POLYGROWTH My, TARGET KT MMD is o(n~/*) whenever w < 3 for light-
tailed P or whenever P has p > 2d/(3 — w) moments.

Next, for each of the popular convergence-determining kernels of Tab. 1, we compare the ROOT
KT MMD guarantees of Dwivedi and Mackey (2021) with the TARGET KT guarantees of Thm. 2
combined with covering number bounds derived in Apps. I and J. We see in Tab. 3 that Thm. 2
provides better-than-i.i.d. and better-than-ROOT KT guarantees for kernels with slowly decaying or
non-existent square-roots (e.g., IMQ with v < %, sinc, and B-spline) and nearly matches known
ROOT KT guarantees for analytic kernels like Gauss and IMQ with v > %, even though TARGET
KT makes no explicit use of a square-root kernel.

CoMPACTIP SUBGAUSS P SUBEXxp P HEAVYTAIL P
Rin éd 1 Rin jd V 10gn Rin jd IOgn Rin jd nl/p

LOGGROWTH M \/(log n)w+1 \/(log n)d+w+1 \/(1og n)2d+w+1 (logn)«+!
My (By(r),e) Zq1¢ log“(é) n n n nl=2d/p

~

POLYGROWTH My logn (log n)d+1 / (log n)2d+1 logn
My (Ba(r),e) Zqrie™ nt=e ni-e ntme ni—w—2d/p

~

Table 2: MMD guarantees for TARGET KT under My (3) growth and P tail decay. We report the
MMDy (Sin, Skr) bound (5) for target KT with n input points and y/n output points, up to constants
depending on d and ||k|| oo in. Here Rin £ max,es, || 7|,-

12
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Kernel k TARGET KT Root KT KT+
GAUSS() (logn) € ! (log n) jj* Ven (log n) \;j* Ny
A /n-c;’i n n
LAPLACE(U) n—i N/A (cn(log nzll-‘er(l—a) )ﬁ
MAT:‘R(Ij(IZi} 7) n 1 N/A ( ¢n (log n)112d(0—) )i
v bR n
MATERN(v, ) . log ) 252 dt1 d1
v>d mln(n_i, ,E(,(ji)l/)(zj—d)) {log n) Z Ven (ogn) ,Z Y%n
IMQ<(1/(71’Y) (10g\;12d+1 nfi (10g\7/’bld+1
14 E n n
HVII/Q>(V&,V) (log;ld+1 (log n)dTH\/a (log n)dTJrl\/a
Z 5 n n n
SINC() (log n)* n—% (log n)*
Vn vn
B-SPLINE(26 + 1,7) I log 12
B € 2N V nzﬁ;)(gng) N/A n
B-SPLINE(25 +1,7) Tog log 1 logn
b€ 2Ng+1 2B/ (2B+D) n n

Table 3: MMDy (Sin, Skr) guarantees for commonly used kernels. For n input points and /n thinned
points, we report the MMD bounds from Thm. 2 for TARGET KT, from Dwivedi and Mackey (2021,
Thm. 1) for ROOT KT, and from Thm. 4 for KT+ (with o = % wherever feasible). We assume a
SUBGAUSS P for the GAUSS kernel, a COMPACT P for the B-SPLINE kernel, and a SUBEXP PP for
all other kernels (see Tab. 2 for a definition of each PP class). Here, ¢,, = loglogn, §; = 2%, 0 = g,
and error is reported up to constants depending on (k, d, d, a). The KT+ guarantee for LAPLACE
applies with o > ﬁL and for MATERN with > - The TARGET KT guarantee for MATERN with
v > 3d/2 assumes v—d/2 € N to simplify the presentation (see (45) for a more explicit expression).

The best rate is highlighted in blue.

Appendix C. Proof of Thm. 1: Single function guarantees for KT-SPLIT

The proof is identical for each index ¢, so, without loss of generality, we prove the result for the
case £ = 1. Define

Wm £ Wl,m = Pk — ]P)(()}lzk = % Zme&n k(x7 ) - n/l2m Z:L"ES(’“’I) k($’ )

Next, we use the results about an intermediate algorithm, kernel halving (Dwivedi and Mackey,
2021, Alg. 3) that was introduced for the analysis of kernel thinning. Using the arguments from
Dwivedi and Mackey (2021, Sec. 5.2), we conclude that KT-SPLIT with ki set as k and thinning
parameter m, is equivalent to repeated kernel halving with kernel k for m rounds (withnoFailure
in any rounds of kernel halving). On this event of equivalence, denoted by Eeqyi, Dwivedi and
Mackey (2021, Eqns. (50, 51)) imply that the function VNVm € H is equal in distribution to another
random function W,,, where W,,, is unconditionally sub-Gaussian with parameter

om = 22 Ik los(5%),

13
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that is,

Elexp((Wm, f)x)] < exp(502|Ifl2) forall feH, )

where we note that the analysis of Dwivedi and Mackey (2021) remains unaffected when we re-
place |/k||,, by ||k||oc,in in all the arguments. Applying the sub-Gaussian Hoeffding inequality
(Wainwright, 2019, Prop. 2.5) along with (9), we obtain that

P| (W, fixl > ] < 2exp(—5t%/ (07, FIIR)) < & for t £ o] flliy/21og(5)-

Call this event &,. As noted above, conditional to the event &qyi, we also have
d o d
Wi £ Wi = Wi, i £ Pinf — BQS,

where < denotes equality in distribution. Furthermore, Dwivedi and Mackey (2021, Egn. 48) im-
plies that

P(Eequi) = 1=, 2252 5,

Putting the pieces together, we have

P[|Pinf — ]P)out | <t] > P<Sequ1 N &g ) (gequi) - P<58g) 2 1_25’1:1 o Z?:/?J 6;—d’ = DPsg;

m

as claimed. The proof is now complete.

Appendix D. Proof of Thm. 2: MMD guarantee for TARGET KT

First, we note that by design, KT-SWAP ensures

MMDk(Sina SKT) S MMDk(Sin, S(mvl))’

where S(™1) denotes the first coreset returned by KT-SPLIT. Thus it suffices to show that MMDy (S, S(™

out

. . . 1
is bounded by the term stated on the right hand side of (4). Let pll) 2 n/% Y zes(m) 0z. By de-
sign of KT-SPLIT, supp(}P’((,HZ) C supp(Pjy). Recall the set A is such that supp(Pi,) C A.

Proof of (4) Let C £ Ci.(A) denote the cover of minimum cardinality satisfying (3). Fix any
f € By. By the triangle inequality and the covering property (3) of C, we have

(Pin — PG| < infyec| (P~ PO = 9)| + | (i — P (9)]
< infyeclPun(f = 9)] + [PRA(S — 9) (Pin — PS) 9)|
< infyec 25upea | (@) — 9(w)| + supyec| (P — PL) (9)|

(P — PL)(9)]. (10)

+ Supgec

< 2e + Supgee

Applying Thm. 1, we have

(Pin = P (9)| < Z- g/ i - og(35) log () (an

14
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m 2i—1

with probability at least 1—§'—>" i1 5m Z?:/ ?j 0; = psg — 0'. A standard union bound then yields

that

1 m
subgec| (Pin — P (9)] < 2 supyec llgly/ 3 1K llooin - lom(3) [log €] + log ()]

probability at least ps; — ¢'. Since f € By was arbitrary, and C C By and thus supgcc [lgllk < 1,
we therefore have

(m,1) )y | 9 1)
MMDy(Sin, S™D) = supy 1| P —BWD S| < 26+ supgec|(Pu—PL) (9)]

- 2€+\/@. 2t log(3) [log €] + log(#)],

with probability at least ps — 0’ as claimed.

Appendix E. Proof of Thm. 3: MMD guarantee for POWER KT
Definition of 90, and R, Define the k,, tail radii,

. Ka 1
Q{Lmnémln{r DTk, (1) < %}, where 7 (R) = (sup, nyIIQZR K2 (2,7 —y)dy)?,
Ricon = MIN{r :5UP| 4y >, [Ka (7, y)| < Mol y, (12)

and the S;, tail radii

. 1 1
%SinémaxweginHwHQ, and %Simka,némm (S)%gm,n“rdiﬁkmn+nd||ka||oo/Lka). (13)

Furthermore, define the inflation factor

My, (n,m, d,0,6',R) = 37\/10g(%) [\/Iog(é) + 5\/dlog(2 + Zﬁ(%kmn + R))J,

where Ly, denotes a Lipschitz constant satisfying |kq(z,y) — kq (2, 2)| < Ly, |y — 2|, for all
x,y, 2 € R With the notations in place, we can define the quantities appearing in Thm. 3:

el

Mo £ M, (n,m, d,0*0' R, ko) and  Ruay £ max(Rg,, R o).

in?

(14)

The scaling of these two parameters depends on the tail behavior of k,, and the growth of the radii
NRs,, (which in turn would typically depend on the tail behavior of IP). The scaling of 91, and Ryax
stated in Thm. 3 under the compactly supported or subexponential tail conditions follows directly
from Dwivedi and Mackey (2021, Tab. 2, App. D).

Proof of Thm.3 The KT-SWAP step ensures that
MMDy(Sin, Saxt) < MMDj(Sin, S™V),
where Sc(ym’l) denotes the first coreset output by KT-SPLIT with kg, = k. Next, we state a key

interpolation result for MMDy, that relates it to the MMD of its power kernels (Def. 2) (see App. G
for the proof).

15
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Proposition 1 (An interpolation result for MMD) Consider a shift-invariant kernel k that ad-
mits valid a and 2a-power kernels K, and ko, respectively for some o € [%, 1]. Then for any two
discrete measures P and Q supported on finitely many points, we have

MMD(P, Q) < (MMDy, (P, Q))*~a - (MMDy,, (P, Q)= . (15)

Given Prop. 1, it remains to establish suitable upper bounds on MMDs of k,, and ka,. To this
end, first we note that for any reproducing kernel k and any two distributions P and Q, Holder’s
inequality implies that

MMDE(P, Q) = [|(P — QX = (P~ Q)(P - Qk < [P~ Q|| |(P ~ Q)kl|
< 2[|(P — Q)kl|oo-

Now, let P;, and P&m’l) denote the empirical distributions of S, and S&m’l)

and Mackey (2021, Thm. 4(b)), we find that

. Now applying Dwivedi

MMDk (Smas " 1 \/2” m - IP) m1) k ||o<>1n < \/2 ||ka||oo,inﬁka (16)

with probability pse — o', where ﬁka was defined in (14). We note that while Dwivedi and Mackey
(2021, Thm. 4(b)) uses |/ kq || in their bounds, we can replace it by ||kq||co,in. and verifying that
all the steps of the proof continue to be valid (noting that ||kq||oc,in is deterministic given Sjy).
Furthermore, Dwivedi and Mackey (2021, Thm. 4(b)) yields that

MMDig,, (Sin, S8™) < 22 [kl (2+ U R s?ﬁa) , (17)
with probability pse — ¢, where we have once again replaced the term ||kq ||oo With ||Kq||sc,in for
the same reasons as stated above. We note that the two bounds (16) and (17) apply under the same
high probability event as noted in Dwivedi and Mackey (2021, proof of Thm. 1, eqn. (18)). Putting
together the pieces, we find that

(15)
< (MMDy, (Sin, SS™ )24 - (MMDy, (Sin, S&™))a~

,_.

MMDy (Sin, ST™)

16,17) m —~ 1173 [om R R
<[ B ol |2 Kl (2 S T )|

R
1 d l—].
m —_— = _ 1 d/g a — a
= (% kallocin) > (2 - M)~ 20 <2+ w2 ‘%%axﬂﬁa) ,
as claimed. The proof is now complete.

Appendix F. Proof of Thm. 4: Single function & MMD guarantees for KT+

Proof of (7) First, we note that the RKHS A of k is contained in the RKHS A of k Berlinet
and Thomas-Agnan (2011, Thm. 5). Now, applying Thm. 1 with kg = k' for any fixed function
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feH cHband ¢’ € (0,1), we obtain that

4 m
Pinf — Pt f] < 1 flhet - S 2/t oo in - log(532%)y /2 log(2)

(2) m
< W fllt - 21/ 5 log(gmg) log(5),

(i2)
< Nl - 251/ 5 klloc log () log (7).

with probability at least ps,. Here step (i) follows from the inequality ||k'||oc < 2, and step (ii)
follows from the inequality || f|,.+ < \/|/k||oc||f|x, Which in turn follows from the standard facts
that

le

(i)
1 fllae = }kv and ||f||>\k+ka < |fl for A>0,f€eH,

see, e.g., Zhang and Zhao (2013, Proof of Prop. 2.5) for a proof of step (iii), Berlinet and Thomas-
Agnan (2011, Thm. 5) for step (iv). The proof for the bound (7) is now complete. ]

Proof of (8) Repeating the proof of Thm. 2 with the bound (11) replaced by (7) yields that

MMDy (Sin, Skr+) < infe s, ca26+2 1/ 28| k|lo log (522 ) - [log(5)+Mi(A, )]
< \/E : MtargetKT(k) (18)

with probability at least ps,. Let us denote this event by £7.
To establish the other bound, first we note that KT-SWAP step ensures that

MMDy(Sin, Sicr+) < MMDy(Sin, SER1), (19)

where SI(<T ) denotes the first coreset output by KT-SPLIT with kg = k'. We can now repeat
the proof of Thm. 3, using the sub-Gaussian tail bound (7), and with a minor substitution, namely,

|l ke ||oo.in replaced by 2||kq ||oo. Putting it together with (19), we conclude that

~—1
m 1~ 1 /2 d —~ @
MMDk(SinaSKT+) < (%Qchx”oo,in) 2o (2m )1 <2+ (Iil(iﬂ) . 9{I%ax . ma)
2

T
= 22a - MpowerKT(ka)7 e

with probability at least ps,. Let us denote this event by &5.

Note that the quantities on the right hand side of the bounds (18) and (20) are deterministic
given Sj,, and thus can be computed apriori. Consequently, we apply the high probability bound
only for one of the two events £; or £ depending on which of the two quantities (deterministically)
attains the minimum. Thus, the bound (8) holds with probability at least ps, as claimed. (|
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Appendix G. Proof of Prop. 1: An interpolation result for MMD

For two arbitrary distributions IP and Q, and any reproducing kernel k, Gretton et al. (2012, Lem. 4)
yields that

MMD; (P,Q) = ||(P — Q)k|[3. Q1)

Let F denote the generalized Fourier transform (GFT) operator (Wendland (2004, Def. 8.9)). Since
k(z,y) = k(z — y), Wendland (2004, Thm. 10.21) yields that

£l = 2m) sa7z Jma I(Q(t)) dw, for feH. (22)

Let® = F(k), and consider a discrete measure D = >, w;4,, supported on finitely many points,
and let Dk(z) = > wik(x, ;) = > wik(x — ;). Now using the linearity of the GFT operator F,
we find that for any w € R,

F(Dk)(w) = F(im, wir(-—a:)) = Yy wilF (5(-—a) = (i, wie™ @70) - B(w)
= D(w)R(w) (23)

where we used the time-shifting property of GFT that F(k(- —z;))(w) = e ~(W@) % (w) (proven
for completeness in Lem. 1), and used the shorthand D(w) 2 (37, w;e™(“®) in the last step.
Putting together (21) to (23) with D = P — Q, we find that

MMDE(P, Q) = iz Ja D*(w)R(w)dw (24)
N e e oo
= @7z Jra D (W)RY () (R (w)) = dw
— 1 2 DR (W) (o))
T (@m)i Jra DR @) [ Jra D2 (W) (W )dw! (R (w)) e duw

1—a

—~~

) N ~a D2 (w)R® (w ~a R
< s e DR o B R )

D " 2y D2 (w)R2% (w =
- W <fRd DQ(W/)“Q(W/)dw/) <fRd Ww)

R R 2_% 2 w ;,32(1 w 1?701
_ (W Jra D2(w’)f€a(W')d‘*}') ((27r a7z fRd Do) )
(i) (

MMDZ_(P,Q))* « - (MMDZ, (P,Q))«"

where step (i) makes use of Jensen’s inequality and the fact that the function ¢ — ta" for t >0
is concave for o € [2, 1], and step (ii) follows by applying (24) for kernels k,, and ko, and noting
that by definition F(k,) = &%, and F (ko) = %2*. Noting MMD is a non-negative quantity, and
taking square-root establishes the claim (15).

Lemma 1 (Shifting property of the generalized Fourier transform) If K denotes the general-

ized Fourier transform (GFT) (Wendland, 2004, Def. 8.9) of the function k. : R% — R, then e~ ("#)%
denotes the GFT of the shifted function k(- — x;), for any x; € RY

18
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Proof Note that by definition of the GFT k (Wendland, 2004, Def. 8.9), we have

[ (x)y(z)dz = [R(w)y(w)dw, (25)

for all suitable Schwartz functions v (Wendland, 2004, Def. 5.17), where 7 denotes the Fourier
transform (Wendland, 2004, Def. 5.15) of ~ since GFT and FT coincide for these functions (as
noted in the discussion after Wendland (2004, Def. 8.9)). Thus to prove the lemma, we need to
verify that

[ K(x — z)Y(x)de = [ e~ @mIR(w)y(w)dw, (26)
for all suitable Schwartz functions . Starting with the right hand side of the display (26), we have

J e @mIR W (w)dw = [ R@) (e yw)de D [ s@)Ae +a)de 2 [ k(z - x)3(=)dz,
where step (i) follows from the shifting property of the FT (Wendland, 2004, Thm. 5.16(4)), and
the fact that the GFT condition (25) holds for the shifted function (- + x;) function as well since it
is still a Schwartz function (recall that 7 is the FT), and step (ii) follows from a change of variable.
We have thus established (26), and the proof is complete. |

Appendix H. Additional experimental results
This section provides additional experimental details and results deferred from Sec. 4.

Details for target distributions and kernels We consider three classes of target distributions on
R?: (i) mixture of Gaussians (MoG) P = ﬁ Z;‘il N (15, I2) with M component means j; € R?
defined in (27), (ii) Gaussian P = N (0,1,) for d € {2,10,20, 50,100}, and (iii) the posteriors
of four distinct coupled ordinary differential equation models: the Goodwin (1965) model of os-
cillatory enzymatic control (d = 4), the Lotka (1925) model of oscillatory predator-prey evolution
(d = 4), the Hinch et al. (2004) model of calcium signalling in cardiac cells (d = 38), and a tem-
pered Hinch posterior. For settings (i) and (ii), we use an i.i.d. input sequence S, from P and kernel
bandwidths o = 1/y = v/2d. For setting (iii), we use MCMC input sequences Si, from 12 poste-
rior inference experiments of Riabiz et al. (2020a) and set the bandwidths o = 1/ as specified by
Dwivedi and Mackey (2021, Sec. K.2).

Details of test functions For fcrr, the shift parameters u; are drawn i.i.d. and uniformly from
[0, 1] (once and then fixed across all experiments). Furthermore, we note the following: (a) For
Gaussian targets, the error with CIF function and i.i.d. input is measured across the sample mean
over the n input points and /7 output points obtained by standard thinning the input sequence,
since P fcir does not admit a closed form. (b) To define the function f : x — k(X' x), first we
draw a sample X ~ PP, independent of the input, and then set X’ = 2X. For the MCMC targets,
we draw a point uniformly from a held out data point not used as input for KT. For each target, the
sample is drawn exactly once and then fixed throughout all sample sizes and repetions.
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Common settings and error computation To obtain an output coreset of size n2 with n input
points, we (a) take every n%—th point for standard thinning (ST) and (b) run KT with m = % logy n
using an ST coreset as the base coreset in KT-SWAP. For Gaussian and MoG target we use i.i.d.
points as input, and for MCMC targets we use an ST coreset after burn-in as the input. We compute
errors with respect to P whenever available in closed form and otherwise use Py,. For each input
sample size n € {24, 20 .., 214} with §; = %, we report the mean MMD or function integration
error 1 standard error across 10 independent replications of the experiment (the standard errors
are too small to be visible in all experiments). We also plot the ordinary least squares fit (for log
mean error vs log coreset size), with the slope of the fit denoted as the empirical decay rate, e.g., for
an OLS fit with slope —0.25, we display the decay rate of n =025,

H.1. TARGET KT vs. i.i.d. sampling

For Gaussian P and Gaussian k, Fig. 2 quantifies the improvements in distributional approximation
obtained when using TARGET KT in place of a more typical i.i.d. summary. Remarkably, TARGET
KT significantly improves the rate of decay and order of magnitude of mean MMDy (P, Poy ), even
in d = 100 dimensions with as few as 4 output points. Moreover, in line with our theory, TARGET
KT MMD closely tracks that of ROOT KT without using k. Finally, TARGET KT delivers improved
single-function integration error, both of functions in the RKHS (like k(X’,-)) and those outside
(like the first moment and CIF benchmark function), even with large d and relatively small sample
sizes.

H.2. Mixture of Gaussians Experiments

Our mixture of Gaussians target is given by P = - >~ jj\il N (pj,14) for M € {4,6,8} where

pr=1[-3,3]", po=1[-3,3]T, p3=1[-3,-3]T, ps=13,-3]T, 27)
Hs = [076]T7 He = [_6a0]T7 K7 = [670]T7 Hs = [07 _G]T

For an 8-component mixture of Gaussians target [P, the top row of Fig. 3 highlights the visual
differences between i.i.d. coresets and coresets generated using generalized KT. We consider ROOT
KT with GAUSS k, TARGET KT with GAUSS k, and KT+ (o = 0.7) with LAPLACE k, KT+ (o =
1) with IMQ k (v = 0.5), and KT+(ev = ) with B-SPLINE(5) k, and note that the B-SPLINE(S)
and LAPLACE k do not admit square-root kernels. In each case, even for small n, generalized KT
provides a more even distribution of points across components with fewer within-component gaps
and clumps. Moreover, as suggested by our theory, TARGET KT and ROOT KT coresets for GAUSS
k have similar quality despite TARGET KT making no explicit use of a square-root kernel. The
MMD error plots in the bottom row of Fig. 3 provide a similar conclusion quantitatively, where we
observe that for both variants of KT, the MMD error decays as n_%, a significant improvement over
the n~ 1 rate of i.i.d. sampling. We also observe that the empirical MMD decay rates are in close
agreement with the rates guaranteed by our theory in Tab. 3 (n_% for GAUSS, B-SPLINE, and IMQ
and n~1a = n~036 for LAPLACE).

Finally, we display mean MMD (41 standard error across ten independent experiment repli-
cates) as a function of coreset size in Fig. 4 for M = 4,6 component MoG targets. The conclusions
from Fig. 4 are identical to those from the bottom row of Fig. 3: TARGET KT and ROOT KT provide
similar MMD errors with GAUSS k, and all variants of KT provide a significant improvement over
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Figure 2: MMD and single-function integration error for Gaussian k and standard Gaussian P in R?.
Without using a square-root kernel, TARGET KT matches the MMD performance of ROOT KT and
improves upon i.i.d. MMD and single-function integration error, even in d = 100 dimensions.

i.i.d. sampling both in terms of magnitude and decay rate with input size. Morever the observed
decay rates for KT+ closely match the rates guaranteed by our theory in Tab. 3.

H.3. MCMC experiments

Our set-up for MCMC experiments follows closely that of Dwivedi and Mackey (2021). For com-
plete details on the targets and sampling algorithms we refer the reader to Riabiz et al. (2020a, Sec.
4).

Goodwin and Lotka-Volterra experiments From Riabiz et al. (2020b), we use the output of four
distinct MCMC procedures targeting each of two d = 4-dimensional posterior distributions P: (1)
a posterior over the parameters of the Goodwin model of oscillatory enzymatic control (Goodwin,
1965) and (2) a posterior over the parameters of the Lotka-Volterra model of oscillatory predator-
prey evolution (Lotka, 1925; Volterra, 1926). For each of these targets, Riabiz et al. (2020b) provide
2 x 10° sample points from the following four MCMC algorithms: Gaussian random walk (RW),
adaptive Gaussian random walk (adaRW, Haario et al., 1999), Metropolis-adjusted Langevin algo-
rithm (MALA, Roberts and Tweedie, 1996), and pre-conditioned MALA (pMALA, Girolami and
Calderhead, 2011).
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Figure 3: Generalized kernel thinning (KT) vs i.i.d. sampling for various kernels k and an 8-component
mixture of Gaussian target IP: Scatter plots of various coresets with equidensity contours underlaid
in the top row and the MMD errors for the respective coresets versus the input size on the bottom
row.

Hinch experiments Riabiz et al. (2020b) also provide the output of two independent Gaussian
random walk MCMC chains targeting each of two d = 38-dimensional posterior distributions P:
(1) a posterior over the parameters of the Hinch model of calcium signalling in cardiac cells (Hinch
et al., 2004) and (2) a tempered version of the same posterior, as defined by Riabiz et al. (2020a,
App. S5.4).

In total we run 12 MCMC experimets. While Fig. 1 provided results for 3 of these experiments,
the results for the other 9 MCMC settings are available in Fig. 5.

Burn-in and standard thinning We discard the initial burn-in points of each chain using the
maximum burn-in period reported in Riabiz et al. (2020a, Tabs. S4 & S6, App. S5.4). Furthermore,
we also normalize each Hinch chain by subtracting the post-burn-in sample mean and dividing each
coordinate by its post-burn-in sample standard deviation. To obtain an input sequence Sj, of length
n to be fed into a thinning algorithm, we downsample the remaining even indices of points using
standard thinning (odd indices are held out). When applying standard thinning to any Markov chain
output, we adopt the convention of keeping the final sample point.

The selected burn-in periods for the Goodwin task were 820,000 for RW; 824,000 for adaRW;
1,615,000 for MALA; and 1,475,000 for pMALA. The respective numbers for the Lotka-Volterra
task were 1,512,000 for RW; 1,797,000 for adaRW; 1,573,000 for MALA; and 1,251,000 for pMALA.
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Figure 4: Kernel thinning versus i.i.d. sampling. For mixture of Gaussians P with M € {4,6} com-
ponents and the kernel choices of Sec. 4, the TARGET KT with GAUSS k provides comparable
MMDy (P, Pyy) error to the ROOT KT, and both provide an n2 decay rate improving signifi-
cantly over the ni decay rate from i.i.d. sampling. For the other kernels, KT+ provides a decay
rate close to n~2 for IMQ and B-SPLINE k, and n~93% for LAPLACE k, providing an excellent
agreement with the MMD guarantees provided by our theory. See Sec. 4 for further discussion.

Appendix I. Upper bounds on RKHS covering numbers

In this section, we state several results on covering bounds for RKHSes for both generic and specific
kernels. We then use these bounds with Thm. 2 (or Tab. 2) to establish MMD guarantees for the
output of generalized kernel thinning as summarized in Tab. 3.

We first state covering number bounds for RKHS associated with generic kernels, that are either
(a) analytic, or (b) finitely many times differentiable. These results follow essentially from Sun and
Zhou (2008); Steinwart and Christmann (2008), but we provide a proof in App. 1.2 for completeness.

Proposition 2 (Covering numbers for analytic and differentiable kernels) The following results
hold true.

(a) Analytic kernels: Suppose that k(x,y) = k(|| — yHg) for k : Ry — R real-analytic with
convergence radius Ry, that is,

‘;m(j)(o)‘gcﬁ(zmﬁ)ﬂ' forall jeN, (28)

7!
for some constant C\;,, where fsg) denotes the right-sided j-th derivative of k. Then for any set
A CR¥and any e € (0, 3), we have
Muc(A,€) < No(A4,r1/2) - (4log(1/€) + 2 + 410g(16/Ty, + 1)), (29)

where T £ min(@, v/ R + DJ24 — DA), and D4 & maxy ye Al — ylly- (30)
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(b) Differentiable kernels: Suppose that for X C RY the kernel k : X x X — R is s-times
continuously differentiable, i.e., all partial derivatives 0%k : X x X — R exist and are
continuous for all multi-indices o € Ng with |a| < s. Then, for any closed Euclidean ball
Ba(r) contained in X and any & > 0, we have

My (Ba(r),e) < csax -1 (1/e)Ye, (31
for some constant c, g i that depends only on on s, d and k.

Next, we state several explicit bounds on covering numbers for several popular kernels. See
App. 1.3 for the proof.

Proposition 3 (Covering numbers for specific kernels) The following statements hold true.
(a) When k = GAUSS(0), we have

1

when r < NoTL (32)

o d 1
Mk(B2(T);€) S CGauss,d : <%> 10g(1/€) : {(3\&7’0)

d otherwise,

where CGauss.d = (463"1)6_‘1 <

4.3679 d=1
{ for <30foralld>1. (33)

0.05 - d*¢e~ for d > 2
(b) When k = MATERN(v, ), v > g + 1, then for some constant Cyjsrggrn, v, W€ have
d
Mi(Ba(r),€) < Crisagrn a7 (/€)1 (34)

(c) Whenk = IMQ(v,~), we have

Muc(Ba(r), ) < (14 %) (41log(1/2) + 2 + Crmquy) ", (35)
v v+l ~ .
where CivQ,u, £ 4log<16%+1>, andr 2 mln(;—d, V2 + 47”2—27'). (36)

(d) When'k = SINC(0), then for € € (0, 3), we have
My ([—r,r]4e) < d-(1+ ;‘;—’9") - (41og(d/e) + 2 + 41og 17)?, 37)

where Ty = min(%?, \/% +4r? — 27“). (38)

(e) When k = B-SPLINE(2(3 + 1,~), then for some universal constant Cg_gpy xg, We have

1

Mic([—34, 319, e) < d-max(v,1) - Cp_gpune - (d/2)*F2. (39)
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I.1. Auxiliary results about RKHS and Euclidean covering numbers

In this section, we collect several results regarding the covering numbers of Euclidean and RKHS
spaces that come in handy for our proofs. These results can also be of independent interest.

We start by defining the notion of restricted kernel and its unit ball (Rudi et al. (2020, Prop. 8)).
For X C R?, let | v denotes the restriction operator. That is, for any function f : R? — R, we have
flx : & = Rsuch that f|4(z) = f(x) forz € X.

Definition 3 (Restricted kernel and its RKHS) Consider a kernel k defined on R? x R? with the
corresponding RKHS H, any set X C R%. The restricted kernel k| x is defined as

klv: X xX =R suchthat k|x(z,y) 2 Kk|xxx(z,y) = k(z,y) forall z,ycX,
and H| x denotes its RKHS. For f € H

X, the restricted RKHS norm is defined as follows:

1/l = infren ||l suchthat  hlx = f.
Furthermore, we use By, 2 {f € H|x : 1fllkj, < 1} to denote the unit ball of the RKHS
corresponding to this restricted kernel.

In this notation, the unit ball of unrestricted kernel satisfies By, = Bk\R .- Now, recall the RKHS

covering number definition from Def. 1. In the sequel, we also use the covering number of the
restricted kernel defined as follows:

Ni(X,e) = Nig o (X, ), (40)

that is Nli(X ,€) denotes the minimum cardinality over all possible covers C C Bkl , that satisfy

Bix © Unee{ 96 Bicy isupac Ih(@) —g(a)| <e }.

With this notation in place, we now state a result that relates the covering numbers A/ t (40) and
N Def. 1.

Lemma 2 (Relation between restricted and unrestricted RKHS covering numbers) We have
Nie(X) <N (%)

Proof Rudi et al. (2020, Prop. 8(d.f)) imply that there exists a bounded linear extension operator
E : H|x — H with operator norm bounded by 1, which when combined with Steinwart and
Christmann (2008, eqns. (A.38), (A.39)) yields the claim. |

Next, we state results that relate RKHS covering numbers for a change of domain for a shift-
invariant kernel. We use By (z;7) £ {y € R?: |lz — y|| < r} to denote the r radius ball in R?
defined by the metric induced by a norm ||-|.

Definition 4 (Euclidean covering numbers) Given a set X C RY, a norm |||, and a scalar ¢ >
0, we use N|.||(X,¢) to denote the c-covering number of X with respect to ||-||-norm. That is,
MHI (X, ) denotes the minimum cardinality over all possible covers C C X that satisfy

X C UzeCBH-H(Z; £).

When ||-|| = ||-[|,, for some q € [1, 00], we use the shorthand Ny £ MI'\\q'
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Lemma 3 (Relation between RKHS covering numbers on different domains) Given a shift-invariant
kernel k, a norm ||-|| on RY, and any set X C R%, we have

N (X,1)
M@ < M@

Proof LetC C X denote the cover of minimum cardinality such that

X C U.ee Byi(2, 1)
‘We then have

t (4) ; (47) ! + c|
N (X,2) < TLee By (5 1).€) < TLee MByy2) < [MBy.9)]

where step (i) follows by applying Steinwart and Fischer (2021, Lem. 3.11),® and step (ii) follows
by applying Steinwart and Fischer (2021, Lem. 3.10). The claim follows by noting that C denotes a
cover of minimum cardinality, and hence by definition |C| = N} (X, 1). [ |

Lemma 4 (Covering number for product kernel) Given X C R and a reproducing kernel k :
X x X — R, consider the product kernel k = x® : X924 4 R defined as

k(z,y) = H‘Z-izl k(zi,y;) for xz,ye X212 X x X.. . x X CcRL
N———
d times
Then the covering numbers of the two kernels are related as follows:
d—1 d

M o) < M, e/(dl|sl|o2 )] - (41)

Proof Let H denote the RKHS corresponding to . Then the RKHS corresponding to the kernel k
is given by the tensor product Hy = H x H x ... x H Berlinet and Thomas-Agnan (2011, Sec. 4.6),
i.e., for any f € Hy, there exists f1, fo, ..., fq € H such that

flx) =TIL, fi(z;) forall ze x®d, (42)

Let C,(X,e) C B, denote an e-cover of B, in L>°-norm (Def. 1). Then for each f; € H, we have
fi € C(X, ) such that

sup,cx|fi(2) — fi(z)| < e. (43)

Now, we claim that for every f € By, there exists g € Cx = (Cyo(X,¢))®? such that

d—1

supexed|f () — g(2)| < defliod (44)

3. Steinwart and Fischer (2021, Lem. 3.11) is stated for disjoint partition of X" in two sets, but the argument can be
repeated for any finite cover of .

26



GENERALIZED KERNEL THINNING

which immediately implies the claimed bound (41) on the covering number. We now prove the
claim (44). For any fixed f € Hy, let f;, f; denote the functions satisfying (42) and (43) re-
spectively. Then, we prove our claim (44) with g = Hle fi € Cx. Using the convention
-, fi(xr) = 1, we find that

£(@) = g(@)] = [T, fila) =TT, Fia)
< i filws) = fila) | [Tz £5(2) T2y Fr(a)

43) d1 a1
< de - suppeg, ||BIlS T < dellr]lod

where in the last step we have used the following argument:

sup,ex h(x) = sup,ex h, k(2,-),, < ||h||ﬁ\//i(z,z) < \/||/1HOO forany h € B,.

The proof is now complete. n

Lemma 5 (Relation between Euclidean covering numbers) We have

d
Noo(Ba(r),1) < \/% (14 %) 27T€:| forall d>1.

Proof We apply Wainwright (2019, Lem. 5.7) with B = Ba(r) and B’ = Bo(1) to conclude that

0 T o /2
Noo(82(7”)7 1) < Vi 1(2\18(5((8())(?"([13)) 1)) < VOI(BQ(QT’ + ﬁ)) < F(%+1) . (27« + \/g)d’

where Vol(X) denotes the d-dimensional Euclidean volume of X C R¢, and I'(a) denotes the
Gamma function. Next, we apply the following bounds on the Gamma function from Batir (2017,
Thm. 2.2):

T(b+1) > (b/e)’v2rbforany b > 1, and T(b+ 1) < (b/e)’Ve2bforany b > 1.1.
Thus, we have
rd/2 r a
Noo(Bar). 1) < s - (2r 4 V) < o (1 2)ver ]

as claimed, and we are done. [ |

I.2. Proof of Prop. 2: Covering numbers for analytic and differentiable kernels
First we apply Lem. 2 so that it remains to establish the stated bounds simply on log Nli(X LE).

Proof of bound (29) in part (a) The bound (29) for the real-analytic kernel is a restatement of
Sun and Zhou (2008, Thm. 2) in our notation (in particular, after making the following substitutions
in their notation: R «— 1,Cp < Cy, 7 + R, X + A, 7+ 11, n«¢e,D + D%, n «+ d). O
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Proof of bound (31) for part (b): Under these assumptions, Steinwart and Christmann (2008,
Thm. 6.26) states that the i-th dyadic entropy number Steinwart and Christmann (2008, Def. 6.20)
of the identity inclusion mapping from | Ba(r) tO LB r) is bounded by c’s’ Ak’ %~/ for some con-
stant c;, 4. independent of € and 7. Given this bound on the entropy number, and applying Steinwart
and Christmann (2008, Lem. 6.21), we conclude that the log-covering number log NII(BQ(T'), g) is

bounded by In4 - (c{ ; W) = e qxr® - (1/€)%# as claimed. O

L.3. Proof of Prop. 3: Covering numbers for specific kernels

First we apply Lem. 2 so that it remains to establish the stated bounds in each part on the corre-
sponding log V.

Proof for GAUSS kernel: Part (a) The bound (32) for the Gaussian kernel follows directly from
Steinwart and Fischer (2021, Eqn. 11) along with the discussion stated just before it. Furthermore,
the bound (33) for Cgauss,q are established in Steinwart and Fischer (2021, Eqn. 6), and in the dis-
cussion around it. ]

Proof for MATERN kernel: Part (b) We claim that MATERN(v, ) is |v — %J—times continu-
ously differentiable which immediately implies the bound (34) using Prop. 2(b).

To prove the differentiability, we use Fourier transform of Matérn kernels. For k = MATERN(v, 7),
let 5 : R? — R denote the function such that noting that k(x, ) = (2 —y). Then using the Fourier
transform of x from Wendland (2004, Thm 8.15), and noting that « is real-valued, we can write

k(z,y) = cia [ cos(w (z —9))(3” + [|wllz) ™ dw

for some constant cy 4 depending only on the kernel parameter, and d (due to the normalization of
the kernel, and the Fourier transform convention). Next, for any multi-index a € N g, we have

QZd_l aj
(00T 2 2 < lwll,™
6 cos(w (¢ = 1)(1? + [wl3) | < T ;™ (72 + wlly) ~ < Ml
where 0%® denotes the partial derivative of order a. Moreover, we have
f H""'H2 ] 19 dw — rdilr22?z1 aj dr < ¢ f rd—l-‘rQZ?:l a;—2v (i) 0
(2 +|w|2) = & Jr>0 (v2+r2)v = & Jr>0 ’

where step (i) holds whenever
d—1+22;-l:1aj -v< -1 = Z;-l:laj <v-4¢

Then applying Newey and McFadden (1994, Lemma 3.6), we conclude that for all multi-indices a
such that Z?Zl a; < |v-— %J, the partial derivative 0%“k exists and is given by

cia [ 0 cos(w! (& =) (7 + |lwl3) ¥ dw,

and we are done. O
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Proof for IMQ kernel: Part (¢) The bounds (35) and (36) follow from Sun and Zhou (2008,
Ex. 3), and noting that N5 (Ba(r), 7/2) is bounded by (1 + 4)¢ (Wainwright, 2019, Lem. 5.7). O

Proof for SINC kernel: Part (d) For k = SINC(0), we can write k(z,y) = H‘le ko(zi — ;)

for kg : R — R defined as ky(t) = Sine(ft) ) Sm‘gf‘t'), where step (i) follows from the fact that
t — sint/t is an even function. Thus, we can apply Lem. 4. Given the bound (41), and noting that

lkglloo = 1, it suffices to establish the univariate version of the bound (37), namely,

Muc([=r,7r),e) < (1+2) - (4log(1/e) + 2 +4log 17)%.

To do so, we claim that univariate SINC kernel is an analytic kernel that satisfies the condition (28)
of Prop. 2(a) with k(t) = SINC(6+/1), R, = é—g, and C,; = 1; and thus applying the bounds (29)
and (30) from Prop. 2(a) with A = Bg(r) yields the claimed bound (37) and (38). To verify the
condition (28) with the stated parameters, we note that

k(t) = SINC(0V/T) = 0 T Sk (VP = Y b 0V

oo 9 L
_ijom'ej't]

which implies
[K9(0)| = by - 093 < (2/RIY for Re & -infyea((2+ 1)) = B,

and we are done. OJ

Proof for B-SPLINE kernel: Part (¢) For k = B-SPLINE(2/ + 1,7), we can write k(z,y) =
1%, kg ((zi — i) for kg : R — R defined as ks, (t) = %2—51% ®20+2 11 1y(y - 1), and thus
we can apply Lem. 4. Given the bound (41), and noting that ||rg -|cc < 1 (Dwivedi and Mackey
(2021, Eqn. 107)), it suffices to establish the univariate version of the bound (39). Abusing notation
and using kg - to denote the univariate B-SPLINE(2/ + 1, ) kernel, we find that

()
log VoL, ([=3: 3].€) < M1([0,9], 1) - Tog L, ([ 3, 5], €)

(i1) 1
< maX(% 1) - CB-spLINE ° (1/5) fta )

where step (i) follows from Steinwart and Fischer (2021, Thm. 2.4, Sec. 3.3), and for step (ii) we
use the fact that the unit-covering number of [0, ] is bounded by max(y, 1), and apply the cov-
ering number bound for the univariate B-SPLINEkernel from Zhou (2003, Ex. 4) (by substituting
m = 2 + 2 in their notation) along with the fact that logN,IB’I([—%, le) = log/\f,;rﬁ,1 ([0,1],¢)
since kg is shift-invariant. ([l

Appendix J. Proof of Tab. 3 results

In Tab. 3, the stated results for all the entries in the TARGET KT column follow directly by substi-
tuting the covering number bounds from Prop. 3 in the corresponding entry along with the stated
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radii growth conditions for the target P. (We substitute m = %logQ n since we thin to \/n output
size.) For the KT+ column, the stated result follows by either taking the minimum of the first two
columns (whenever the ROOT KT guarantee applies) or using the POWER KT guarantee. First we
remark how to always ensure a rate of at least (’)(nfi) even when the guarantee from our theorems
are larger, using a suitable baseline procedure and then proceed with our proofs.

Remark 1 (Improvement over baseline thinning) First we note that the KT-SWAP step ensures
that, deterministically, MMDy (Sin, Skr) < MMDy(Sin, Spase) and MMDy (P, Skt) < 2 MMDy (P, Sin)+
MMDy (P, Spase) for Svase a baseline thinned coreset of size 5 and any target P. For example
if the input and baseline coresets are drawn i.i.d. and k is bounded, then MMDy (S, Skt) and
MMDy (P, Skr) are O(\/2™/n) with high probability (Tolstikhin et al., 2017, Thm. A.1), even if
the guarantee of Thm. 2 is larger. As a consequence, in all well-defined KT variants, we can guar-
antee a rate of n=i for MMDy (Sin, Skt) when the output size is \/n simply by using baseline as

i.i.d. thinning in the KT-SWAP step.

GAUSS kernel The TARGET KT guarantee follows by substituting the covering number bound
for the Gaussian kernel from Prop. 3(a) in (5), and the ROOT KT guarantee follows directly from
Dwivedi and Mackey (2021, Tab. 2). Putting the guarantees for the ROOT KT and TARGET KT
together (and taking the minimum of the two) yields the guarantee for KT+.

IMQ kernel The TARGET KT guarantee follows by putting together the covering bound Prop. 3(c)
and the MMD bounds (5).

For the ROOT KT guarantee, we use a square-root dominating kernel Ert IMQ(v/,+") Dwivedi
and Mackey (2021, Def.2) as suggested by Dwivedi and Mackey (2021). Dwivedi and Mackey
(2021, Eqn.(117)) shows that Ert is always defined for appropriate choices of v/,7’. The best
ROOT KT guarantees are obtained by choosing largest possible v/ (to allow the most rapid decay of
tails), and Dwivedi and Mackey (2021, Eqn.(117)) implies with v < %l, the best possible parameter

. / d v . ] - 1/2v
satisfies ' < 7 + 5. For this parameter, some algebra shows that max(%ﬁrt’nfﬁkmn) Sduy N /2v

leading to a guarantee worse than n_%, so that the guarantee degenerates to n=i using Rem. 1 for
ROOT KT. When v > %, we can use a MATERN kernel as a square-root dominating kernel from
Dwivedi and Mackey (2021, Prop. 3), and then applying the bounds for the kernel radii (12), and the
inflation factor (14) for a generic Matérn kernel from Dwivedi and Mackey (2021, Tab. 3) leads to
the entry for the ROOT KT stated in Tab. 2. The guarantee for KT+ follows by taking the minimum

of the two.

MATERN kernel For TARGET KT, substituting the covering number bound from Prop. 3(b) in (5)
with R = logn yields the MMD bound of order

log n-(log n)d-nQLl’f%J

\/ n ) (45)
which is better than 1~ 1 only when v > 3d/2, and simplified to the entry in the Tab. 3 when we
assume v — % is an integer. When v < 3d/2, we can simply use baseline as i.i.d. thinning to obtain

an order n~4 MMD error as in Rem. 1.
The ROOT KT (and thereby KT+) guarantees for v > d follow from Dwivedi and Mackey
(2021, Tab. 2).

30



GENERALIZED KERNEL THINNING

When v € (4,d], we use POWER KT with a suitable o to establish the KT+ guarantee For
MATERN(v,y) kernel, the a-power kernel is given by MATERN(av, ) if av > § 4 (a proof of
this follows from Def. 2 and Dwivedi and Mackey (2021, Eqns (71-72))). Since LAPLACE(0) =
MATERN(CH'1 o~1), we conclude that its a-power kernel is defined for o > d-(ii-l And using the
various tail radii (12), and the inflation factor (14) for a generic Matérn kernel from Dwivedi and
Mackey (2021, Tab. 3), we conclude that Dﬁa Sdka,s Viognloglogn,and max(iﬁk 2Bkan ) Ddka
log n, so that Rax = Ok, (logn) (13) for SUBEXP PP setting. Thus for this case, the MMD guar-

antee for y/n thinning with POWER KT (tracking only scaling with n) is

n L_q

(3 o) 2 )5 (2 0 8, )
cn(logn H2d(l—o) 1
Sakas <ﬁ>%<ﬁcnlogn> = aogn) 2 /o)t = (eelloBm 5

where ¢, = loglogn; and we thus obtain the corresponding entry (for KT+) stated in Tab. 3.

SINC kernel The guarantee for TARGET KT follows directly from substituting the covering num-
ber bounds from Prop. 3(d) in (5).

For the ROOT KT guarantee, we note that the square-root kernel construction of Dwivedi and
Mackey (2021, Prop.2) implies that SINC(6) itself is a square-root of SINC(#) since the Fourier
transform of SINC is a rectangle function on a bounded domain. However, the tail of the SINC
kernel does not decay fast enough for the guarantee of Dwivedi and Mackey (2021, Thm. 1) to
improve beyond the n~1 bound of Dwivedi and Mackey (2021, Rem. 2) obtained when running
ROOT KT with i.i.d. baseline thinning.

In this case, TARGET KT and KT+ are identical since k, = k.

B-SPLINE kernel The guarantee for TARGET KT follows directly from substituting the covering
number bounds from Prop. 3(d) in (5).

For B-SPLINE(2 + 1,7) kernel, using arguments similar to that in Dwivedi and Mackey
(2021, Tab.4), we conclude that (up to a constant scaling) the a-power kernel is defined to be
B-SPLINE(A+1, ) whenever A = 2a3+2a—2 € 2Ny. For odd 3 we can always take o = % and
B-SPLINE(S + 1,7) is a valid (up to a constant scaling) square-root kernel (Dwivedi and Mackey,
2021). For even 3, we have to choose o = gﬁ € (3,1) by taking p € N suitably, and the
smallest suitable choice is p = [%} = 2 € N, which is feasible as long as § > 2. And, thus
B-SPLINE(+1, ) is a suitable k,, for B-SPLINE(23+ 1) foreven 5 > 2 with a« = 2%%22 € (3,1).
Whenever the a-power kernel is defined, we can then apply the various tail radii (12), and the infla-
tion factor (14) for the power B-SPLINE kernel from Dwivedi and Mackey (2021, Tab. 3) to obtain
the MMD rates for POWER KT from Dwivedi and Mackey (2021, Tab. 2) (which remains the same
as ROOT KT upto factors depending on «v and (3).

The guarantee for KT+ follows by taking the minimum MMD error for TARGET KT and ROOT
KT for even 3, and a-POWER KT for odd .
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Figure 5: Kernel thinning+ (KT+) vs. standard MCMC thinning (ST). For kernels without fast-decaying
square-roots, KT+ improves MMD and integration error decay rates in each inference task.
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