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ABSTRACT

The advent of the set transformer (ST) brought about a new method of permuta-
tion equivariant modeling by leveraging cross-element interactions. However, ST
is still subject to the fundamental challenge of transformers: scaling efficiently
with large input sizes. Mini-batch consistent (MBC) methods were developed
to address this problem by maintaining permutation equivariance while alleviat-
ing context fragmentation when processing partitioned sets. However, current
MBC methods limit expressiveness and render the models incapable of producing
element-wise contextualized representations and attention scores for prediction
explainability. Therefore, the choice between ST or MBC methods results in a
tradeoff between expressiveness and large set processing. To reconcile this trade-
off we propose the Universal Set Transformer (UST), a generalization of ST which
is mini-batch consistent without sacrificing expressiveness. Additionally, we in-
troduce multiset attention which leverages the MBC property to significantly re-
duce the computational cost of processing multisets while maintaining mathemat-
ical equivalence with standard multi-head attention. We show that UST is com-
petitive with ST’s performance while using less memory and outperforms other
MBC methods in various benchmark tasks. Finally, we show that UST is capable
of producing both whole-set and element-wise representations and demonstrate
prediction explainability via attention scores.

1 INTRODUCTION

Modeling unstructured data with deep learning poses challenges as most common architectures are
designed for ordered data. Extending deep learning to unordered data naively requires training on
all possible permutations of the input which has complexity O(n!). Pooling methods like Deep
Sets (Zaheer et al.l 2017) and FSPool (Zhang et al., 2020) circumvent this intractable complexity
by processing each element of the set independently, aggregating the results with an order-agnostic
pooling mechanism, and then passing the aggregated result downstream, yielding a complexity of
O(n). However, by processing each element independently, the model is ignorant of higher order
interactions between elements in the set and how each element behaves in context of the whole set.

Set transformer (ST) (Lee et al.l [2019) improved on this idea by recognizing that transformers are
permutation equivariant without positional encodings and exploit the transformer’s multi-headed
self-attention to capture the higher order interactions between set elements that pooling-based ap-
proaches lack. However, self-attention also imposes a quadratic computational complexity of O(n?).
ST attempts to mitigate this by proposing an approximation to the full self-attention through induced
attention (Lee et al.| 2019). Although this reduces the complexity to O(kn), ST still requires access
to the full set at once, which may still not fit into memory becoming intractable.

One possible solution to the large set size problem is to shard the set, processing each shard indi-
vidually and then aggregating the result together. However, this breaks permutation-equivariance
in transformer-based architectures and leads to context fragmentation as each partition is processed
independently without awareness of the rest of the set which can cause key interactions to be missed.
Set Transformer XL (STrXL) by |Givens et al.| (2024)) attempts to mitigate this through the use of a
memory mechanism while approximating permutation-equivariance. [Rabe & Staats|(2022) and Jang
et al. (2019) proposed a modification to attention that solves the context-fragmentation by allowing
permutation-invariant processing of the input in shards without affecting the result. Mini-batch con-



sistent (MBC) methods for transformer-based architectures were proposed by |Andreis et al.[(2021)
and |Willette et al.| (2023)) to enable permutation-invariant processing of a sharded set leveraging
this modification. However, they incur the cost of expressivity as these models can only produce
set-summary representations. Furthermore, these methods limit the natural interpretability of self-
attention scores that can be used to identify factors that drive model predictions.

Recent examples where contextualized element representations and element-wise attention inter-
pretability are needed is in the field of bioinformatics (Cui et al., 2025} |Ruffolo et al., [2021; |[Lud-
wig II & Phillips, 2025} [Ludwig et al.l 2025). The recent SetBERT next-generation sequencing
foundation model proposed by|Ludwig II & Phillips| (2025) relies on subsampling (i.e. using only a
portion of the DNA sequences) in order to achieve these goals. Thus, to our knowledge, there is no
known architecture capable of meeting all of these requirements.

In this work, we demonstrate the limitations and tradeoffs of each set modeling approach described
above, and propose a unified architecture that fully addresses all of these issues, which we call
Universal Set Transformer (UST). UST introduces the U-ISAB, a highly-scalable ST-based archi-
tecture that achieves MBC processing without sacrificing performance or expressivity. Additionally,
UST also introduces Multiset Attention (MSA) that leverages the MBC property for efficient mul-
tiset processing that is mathematically equivalent to standard multi-head attention (MHA) with a
reduced computational footprint. We demonstrate across a diverse set of tasks that UST represents
the new state-of-the-art transformer architecture for MBC processing.

2 BACKGROUND

2.1 SET TRANSFORMERS

The transformer by [Vaswani et al.|(2017) is the state-of-the-art deep learning architecture in nearly
all domains. The authors of Set Transformer (Lee et al.,[2019) recognized that by simply removing
position encodings, the transformer becomes a powerful permutation-equivariant architecture that
naturally handles unordered data. Unlike prior pooling methods (Zaheer et al., |2017; [Willette et al.,
2023;|Zhang et al.| [2020), ST is able to capture higher-order interactions between set elements.

The ST framework defines several components: the set attention block (SAB), the induced set atten-
tion block (ISAB) and pooling by multi-head attention (PMA). The SAB is a simplified version of
the standard self-attention transformer block by|Vaswani et al.|(2017)). However, the authors realized
that the O(n?) complexity of the SAB severely limited the scalability of the model and proposed the
ISAB as a solution. This block uses induced attention (also known as slot-attention) to approximate
full self-attention by using a fixed set of learned inducing points to function as a bottleneck, reduc-
ing the complexity down to O(kn) where k is a tuneable hyperparameter. Finally, they leverage
the induced attention idea to define the PMA operation, a permutation-invariant pooling strategy
utilizing multi-head attention to obtain a fixed size set representation. While the ISAB can handle
larger sets, fragmented processing may still be required resulting in context-fragmentation effects
(Andreis et al., [2021; [Willette et al.| 2023 /Givens et al., [2024).

2.1.1 MINI-BATCH CONSISTENT METHODS

Andreis et al.|(2021) and [Willette et al.| (2023) proposed mini-batch consistent (MBC) methods
for transformers as a solution to context fragmentation for sharded processing. MBC processing
guarantees that splitting a set into random shards (i.e. mini-batches) and processing each mini-
batch separately yields exactly the same result and gradients as processing the full set at once
Andreis et al| (2021). Concretely, given a set X split into shards X7, ..., Xy, a function f is
MBC if there exists a permutation-invariant aggregator g (e.g. sum, mean, or max) such that

The Slot Set Encoder (SSE) by|Andreis et al.|(2021) is a transformer-based architecture that is MBC.
The SSE is roughly equivalent to the PMA block from ST. However, the authors recognized that
by replacing softmax with sigmoid within the attention function, the block naturally becomes
MBC. SSEs can be stacked to create the Hierarchical SSE to model more complex sets. but the lack
of element-wise interactions result in poor performance (Willette et al.| 2023)).



Table 1: Feature comparisons between models and frameworks.
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Universal MBC (UMBC) was proposed by |Willette et al.[(2023)) to address the issues of SSE. The
authors realized that a single SSE can be used to first pool the input set into a fixed size representation
of k elements in an MBC manner, and then process the rest of the set with non-MBC ST blocks.
This combination of the SSE and ST architecture enables indirect modeling of element interactions
resulting in a notable improvement. Additionally, the authors also recognized that the softmax
function can be decomposed to be made MBC, alleviating the need for sigmoid attention. While
UMBC can truly scale to sets of any size, it comes with a significant restriction in expressivity as
UMBC can only produce set-summary representations.

2.2  ON THE INTERPRETABILITY OF SET TRANSFORMER-BASED METHODS

Unlike most deep-learning architectures that are effectively "black boxes’, it has been demonstrated
that the attention scores computed within transformers can be mined to explain predictions (Hao
et al., 2021; [Dosovitskiy et al., 2021; |Abnar & Zuidemal [2020; [Vig & Belinkov, [2019). Self-
Attention Attribution by [Hao et al.[|(2021) has been demonstrated with ST to identify microorgan-
isms that drive predictions from DNA samples (Ludwig et al.|[2025)). While theoretically compatible
with nearly all transformer-based architectures, the reliance on element-wise interactions in these
methods suggest that the interpretability of current MBC methods would be inherently limited since
the hierarchical SSE and UMBC models never compute cross-element interactions.

3 UNIVERSAL SET TRANSFORMER

We now present Universal Set Transformer (UST), an extension of the ST framework that provides
MBC set processing for high-scalability without the loss of expressivity or attention interpretability.
Table [T|compares the features between UST and other architectures/frameworks.

3.1 MULTISET ATTENTION

Multisets are a special case of sets where duplicate elements are present. Standard scaled dot-
product attention requires operating over the dense multiset obtained by repeating each element m;
times. Since scaled dot-product attention is a set-equivariant operation (Zhang et al., [2022b), these
duplicate elements are transformed identically, resulting in many redundant calculations. This is
different than multiset-equivariant methods such as (Zhang et al.l 2022b) or Zhang et al.| (2023)
that aim to transform duplicate elements non-identically. When set-equivariance is desired, we can
significantly reduce memory and computation when many duplicates are present by representing the
dense set as a sparse multiset via a set of unique elements with corresponding multiplicities. This
processing method results in very little overhead, even when few-to-no duplicates are present.

We propose Multiset Attention, a modification to scaled dot-product attention (Vaswani et al.| 2017)
that incorporates per-element key multiplicities m,, € Ng* directly into the softmax weighting:

MultisetAttention(Q, K, V, my) = softmax(% &) log(m;))V (D

where ‘@’ denotes row-wise addition of the vector log(m/ ). The key insight is that adding log(m;)
inside the softmax is algebraically equivalent to replicating the i-th key m; times in the dense mul-
tiset (shown in Equation . For a multiset of size nj, with multiplicities {m }, Multiset Attention



reduces the computational complexity of full self-attention from O((>", m;)?) down to O(n?). We
demonstrate memory utilization of Multiset Attention in Figure Furthermore, this formula-
tion naturally handles zero-multiplicity elements as attention masks. Since log(0) = —o0, any key
with m; = 0 contributes —oo to its softmax input and thus receives zero weight in the attention
output. Likewise, large multiplicity values grow logarithmically, making it numerically stable with
out-of-the-box softmax implementations in frameworks like PyTorch and Tensorflow.

Lastly, Multiset Attention requires either MBC or full-set processing. This is due to the fact that in
dense multiset scenarios, duplicate elements are scattered across mini-batches, so each mini-batch
approximates the overall distribution of the set. This allows non-MBC models to often overcome
context-fragmentation effects (Ludwig II & Phillips}, 2025} |Givens et al.,[2024; |Andreis et al., 2021}
Willette et al., [2023)). However, the sparse multiset representation inherently assigns all duplicates
to the same mini-batch, resulting in each mini-batch no longer resembling the global distribution.
Therefore, MBC or full-set processing is required to guarantee reliable performance.

3.2 MINI-BATCH CONSISTENT MULTISET ATTENTION

As mentioned previously, Willette et al.| (2023) realized that the softmax function in traditional
scaled dot-product attention can be decomposed to enable MBC processing. We can therefore incor-
porate this same decomposition trick into our Multiset Attention function to make it MBC. Given
a set of queries € R™ % and a set of sharded keys K = {K), ..., K(™)} with corresponding
values V = {V ... V("} and key multiplicities m = {m"), ..., m(} where K(P) € Rm»xd,
V(®) ¢ R xdv and m®) € N['”, we redefine Multiset Attention a
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This can be adapted to multiple attention heads with learned projections VVZ-Q7 WHE € Rimoderxdi
WY € Ridmoaerxdv and WO ¢ RdvXdmodel gligning with standard multi-head attention:

Multiset Attention(Q, K, V, m) =

@ logm(”)> € R™a*"»,

MultiHeadMSA(Q, K, V,m) = Concat(heady, ..., head;, )W ©°
where head; = MultisetAttention(QWiQ, KWE VWY m)

K2
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3.3 MINI-BATCH CONSISTENT SET ATTENTION BLOCKS

The primary limitation of current MBC methods is the reliance on pooling the input set which results
in no cross-element interactions and the inability to produce transformed element representations.
In slot-attention, cross-attention is computed between the slots (queries) and the input set (keys and
values). However, we recognize that since the queries are computed independently, the original
input set can be sharded and used as the queries directly, resulting in no set pooling. That is:

Concat(MSA(QW, K, V,m),MSA(QY, K, V,m)) = MSA(Concat(Q®,QW), K, V,m) (4)

where MSA is MultiHeadMSA. With this realization, we can define transformer blocks capable of
computing full self attention in a manner that is MBC. We start by defining our primary transformer
block, the Multiset Attention Block, following the modern standard transformer block implementa-
tion which incorporates pre-layer normalization (Xiong et al.| 2020):

MSAB(X,Y,my) = H + FFN(LayerNorm(H))
where H = X + MultiHeadMSA (LayerNorm(X), Y15, Yin, my) )
and Y}, = LayerNorm(Y)
where LayerNorm is layer normalization (Ba et al., 2016) and FFN is a two-layer MLP with a

ReLU activation. It is important to note that ST and SSE/UMBC both deviate from the typical
transformer implementation (Vaswani et al., 2017 and use a row-wise linear projection instead of

"We provide a numerically-stable algorithm for computing MBC Multiset Attention in Algorithm [A.1



the FFN. While [Zhang et al.| (2022a)) has shown that pre-layer normalization for set transformers
performs better, we provide a brief ablation study in Section covering the performance impact
when incorporating pre-layer normalization and the FFN.

We can now leverage the same induced attention idea proposed by ST to derive the Universal In-
duced Set Attention Block (U-ISAB) with O(nk) computational complexity:

U—ISABk(X, m) = {}/(1)7 .“’Y(P)} € R™Xmodel

, , (6)
where Y (¥ = MSAB(X () MSAB(I, X, m), 1) € R"»*dmode
Using U-ISABs results in an architecture that is scalable to large set sizes while remaining immune
to context fragmentation and compatible with existing attention explainability methodologies.

4 EXPERIMENTS

We evaluate and compare ST, STrXL, UMBC, and UST across a variety of experiments targeting
different capabilities of the architectures. The full data processing and training/evaluation details for
experiment are provided in Section|[A.3] For each experiment, we independently train each model
architecture in two settings: full set access, and sharded set access via mini-batching. Models trained
with the full set also have the full gradient. Models trained with mini-batching only receive gradients
from the first mini-batch. STrXL is an exception since it has its own gradient stopping method. Non-
MBC models trained with mini-batching average the pooled representations immediately after the
PMA layers. After training a model, the parameters that resulted in the lowest validation loss are
chosen for benchmarking. 10 independent models for each configuration are trained and evaluated
in order to obtain 95% confidence intervals. The UMBC models are trained with their full unbiased
gradient correction scheme (Willette et al. [2023). This scheme is theoretically incompatible with
the UST architecture; thus, we resort to solely using St opGrad to stop gradient flow of subsequent
mini-batches as proposed by |Andreis et al.| (2021)).

In order to provide fair comparisons between the different model concepts, we apply the same pre-
layer normalization technique to all models and use an FFN in place of the rFF layers. This ensures
that the differences we observe are a result of the fundamental designs. We provide a brief ablation
experiment in Section [A.2] which demonstrates a significant improvement in all architectures with
these modifications. Furthermore, since STrXL has an additional memory length hyperparameter,
we set it to be enough to contain one full mini-batch unless stated otherwise. Lastly, we note that
ST (ISAB), STrXL, and UST are equivalent architectures when operating on the full sets.

4.1 MNIST POINT CLOUD CLASSIFICATION

We train and evaluate 2D point cloud classification using the MNIST dataset (Li Deng, |2012). Each
point cloud consists of points randomly sampled from the pixels of the MNIST digits. Each model
is trained on point clouds of fixed cardinality consisting of 512 points and evaluated on point clouds
consisting of 1024 points. We also analyze training and evaluating on variable-cardinality sets in
Section [A3.1] After training, we evaluated each model varying the mini-batch size. We plot the
results of models trained on the full set and 8-point mini-batches in Figure [T] and summarize the
extrapolated accuracies in Table|[2| We find that ST, STrXL, and UST are all comparable in the full-
set training context where each model obtained a high degree of accuracy. UMBC’s compressed
representation limits the information that can be stored and underperforms as a result. Moreover,
the non-MBC models can only perform well when enough points are provided simultaneously in a
given mini-batch as shown in Figure[I] Mini-batches containing few points cause non-MBC models
to suffer from context fragmentation and are unable to effectively leverage neighbor interactions to
make reliable predictions.

When trained on mini-batches, the non-MBC models do not reach the same level of accuracy as
training on the full set. This is due to the combination of context fragmentation, the very small
mini-batch size, and limited gradients. Furthermore, the non-MBC models degrade in performance
when extrapolating beyond the 8 pt mini-batches they were trained on. This is likely due to the
averaging of the pooled mini-batch representations not being representative of the digit. The MBC
models do not obtain the same level of performance as training on the full set because we only allow
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Figure 1: Test accuracy by model for the MNIST point cloud classification task averaged across 10
independent runs with different mini-batch sizes. Each model is evaluated on point clouds consist-
ing of 1024 points. The left plot corresponds to models that had access to the full set (and gradient)
during training. The right plot corresponds to models trained with 8-point mini-batches with gradi-
ents only computed for one mini-batch. The shaded regions represent 95% confidence intervals.

Table 2: MNIST point cloud classification average test accuracy across 10 independent models
trained on the full set and 8-point mini-batches with 95% confidence intervals.

Mini-batch Size

Full Set
8 Points

ST (SAB) ST (ISAB) STrXL UMBC UST (Ours)

95.81+£0.23 9524+0.26 9522+0.26 86.32+0.79 95.17+0.31
7476 £2.81 76.55+2.35 81.37+253 8351+133 91.35+1.35

gradients for the first mini-batch. If gradients present in all mini-batches, the total gradients of the
MBC models would be equivalent to training on the full set.

Lastly, we examine the sensitivity to the training mini-batch size by reporting the extrapolated test
accuracies in Table 3] of MBC models trained with different mini-batch sizes. We observe that
UMBC continues to underperform compared to UST in all configurations. Both models improve
performance as the mini-batch size increases since more information is captured in the gradients.

Table 3: Mini-batch size sensitivity for training: Average performance across 10 independent runs
with 95% confidence intervals for MNIST point cloud classification and mixture of Gaussians tasks.

MNIST Point Cloud Classification (Accuracy %) Mixture of Gaussians (NLL)

Mini-batch Size UMBC UST UMBC (MSA) UST (MSA)

1 2.465+0.143 2.507 £0.140
2 5.714+1.297 6.161+1.183
4 4.581 £3.431 2.873+£0.516
8 83.594 £1.325 91.333 £1.328 2.114 +£0.014 2.065 + 0.019
16 84.752 £ 1.492 92.330 £ 0.836 2.035 £ 0.007 2.004 + 0.006
32 85.529 £ 1.064 92.920 £ 0.621 2.001 £ 0.004 1.972 4+ 0.006
64 85.657 £1.172 93.668 £ 0.545 1.998 £ 0.004 1.968 +0.003
128 85.471 £ 0.906 94.221 £0.291 2.005 £ 0.003 1.968 + 0.005
256 86.164 £ 1.045 94.633 £ 0.290 2.009 + 0.008 1.968 £+ 0.006
512 85.797 £1.014 95.024 £ 0.280 2.002+£0.007 1.968 + 0.004

4.2 MIXTURE OF GAUSSIAN DENSITY-BASED CLUSTERING

We explore multiset attention by evaluating the MBC models on a modified version of the Mixture
of Gaussians task presented by Willette et al.| (2023). In this task, 1024 points are sampled from a
random weighted mixture of four 2D multivariate Gaussian distributions. We utilize the DBSCAN
algorithm (Ester et al.,|1996) to cluster points that are close-by to represent them as single points with
corresponding multiplicities. The models are then tasked with predicting the cluster parameters.
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Figure 2: The predicted clusters from UST with multiplicity-weighted multiset attention (MSA) and
UMBC using standard muli-head attention (MHA).

Table 4: The mean NLL of each model over 10 runs with 95% confidence intervals.

UMBC (MHA) UST (MHA) UMBC (MSA) UST (MSA)
3.514 £0.031 3.680£0.156  2.114+£0.014  2.065 + 0.019

Willette et al| (2023) has thoroughly demonstrated the failure of non-MBC models to learn this
task, so here we focus only on comparing MBC models. We train UST and UMBC on this task
for 50 epochs following the same training protocol and model structure as described in the original
manuscript (Willette et all 2023)), replacing the standard ST ISAB with ours. The models were
provided mini-batches of a fixed number of cluster points each and corresponding multiplicities.
Only in the cases where MSA was used was multiplicity factored in. For the standard MHA models,
only the representative cluster points were used.

We show the average negative log-likelihood (NLL) resulting from the models trained on 8§ cluster
points in Table [d We also visualize the clustering in Figure 2] showcasing the difference between
UST with MSA and vanilla UMBC. As expected, the models using standard MHA are not capable
of factoring in multiplicity bias into the elements, causing them to underperform. The integration
of MSA enables them to significantly improve their abilities to predict the cluster parameters. We
further analyze the effect of varying the training mini-batch size with MSA in Table 3] We find
that UST and UMBC perform similarly for very small mini-batches since the models only receive
gradients for a single point. However, as the mini-batch size increases, UST outperforms UMBC.

4.3 TAXONOMY CLASSIFICATION VIA CONTEXTUALIZED ELEMENT REPRESENTATIONS

In order to demonstrate UST’s relevance and scalability in a real-world application, we explore
the models’ abilities to produce contextualized element representations by predicting genus-level
taxa of DNA sequences in context to a microbiome. In this task, the models are presented with a
DNA sample from some microbiome consisting of a large number of DNA sequences. In a sample
context, the models can leverage information from neighboring DNA sequences in order to more
reliably resolve the taxonomies for each DNA sequence. Next generation sequencing technologies
such as high-throughput sequencing can yield over 100,000 DNA sequences per sample ([llumina,
Inc.,|2023)). Since the UMBC models rely on an initial pooling of the set, they cannot output element
representations and are therefore not applicable to this task. This leaves UST as the only architecture
that is both MBC and capable of producing contextualized element representations.

We trained the models for taxonomy classification by drawing 1024 sequences at random from
taxonomy profile replicate distributions. Each of the DNA sequences were embedded using
DNABERT-S (Zhou et al.| |2024). Since each batch is processed i.i.d. for the non-MBC models,
and since a full set doesn’t exist, we train all models on the 1024-sequence subsamples without any
mini-batching. However, we train (and evaluate) STrXL using mini-batches of 512 sequences so
that its transformer blocks observe 1024 sequences at a time in order to match the other models.
Lastly, because duplicate sequences can naturally occur in this domain, and often make up a signif-



Table 5: The mean taxonomy classification accuracies across 10 runs with 95% confidence intervals.

Test Size ST (SAB) ST (ISAB) STrXL UST

1024 96.531 £0.138  97.740 £ 0.100  97.735+ 0.105  97.824 + 0.088
2048  95.995+0.121 97.401 +£0.097 97.675+0.081 97.762 + 0.088
4096  95.289 +£0.094 96.760 +0.083  97.320 £ 0.062  97.440 + 0.064
8192 94.429+0.136 96.109+0.088 97.061 +0.050 97.220 + 0.047
16384  93.242+0.139 95483 £0.096 96.676 £ 0.049  96.845 + 0.043
32768  91.472+0.168 94.600+0.110 95.992+0.058 96.308 + 0.033
65536  89.219+0.201 93.608 £0.127 95268 +0.050  95.596 = 0.030
131072 86.427 +£0.218  92.547£0.135 94.528 £0.051  94.769 £ 0.034
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Figure 3: Target input identification accuracies (left) and normalized target scores (right) for max-
regression (top) and anomaly detection (bottom) across 10 independent runs. The left plots show
the mean percentage of evaluations where the targets were among the top-k highest scores. The
right plots show the mean (normalized) score of the targets when identified in the top-k. The shaded
regions represent 95% confidence intervals.

icant portion of the reads, we employ MSA in all of the models to improve efficiency by removing
duplicates and supplying multiplicity information instead.

We evaluate on increasingly large subsamples comprised of mini-batches consisting of 1024 se-
quences each. The results are displayed in Table [5] We find that each of the models are able
to achieve very high classification accuracy. However, we find that UST and STrXL are able to
extrapolate to larger set sizes far more effectively than standard ST. ST SAB achieves the lowest
performance, likely having to deal with a lot of noise in the sample as a result of computing full
attention. We hypothesize that the induced attention within the ISAB architectures works as a gating
mechanism to filter out noise so that more meaningful information is retained when unpacked on the

other side. This behavior was also observed by [Lee et al.|(2019) and |Givens et al.[(2024).

4.4 INTERPRETING PREDICTIONS THROUGH ATTENTION SCORES

In this section, we aim to demonstrate the limitation of attention score interpretability of current
MBC methods and show that UST is compatible with existing interpretation methodologies while
being MBC. For each of the following experiments, we employ the gradient-based Self-Attention

Attribution method by (2021)) to score the important input elements.



4.4.1 MAXIMUM-VALUE REGRESSION

We demonstrate the interpretability of full set predictions by training the models to regress against
the maximum value in a set of 10 integers. The values of each set are chosen from a random uniform
distribution in the range of [0, 1000] without any modifications. We found that all but the UMBC
models were able learn the task with similar performance as shown in Table [6] The initial pooling
of the model appears to severely limit its representation power, and as a result, it cannot produce
reasonable predictions. We consistently observed this with other architectural hyperparameters.

We then provided each trained model with 100 sets and mined the attention scores. In Figure 3| we
plot the top-k identification accuracies (left) and corresponding mean scores (right). As hypothe-
sized, all but the UMBC models were able to comparatively score the maximum value in the set.
The lack of cross-element interactions in UMBC resulted in it being much more unlikely to identify
associate the anomalous image with the highest score.

Table 6: The average max-value regression MAE 10 runs with 95% confidence intervals.

ST (SAB) ST (ISAB) STrXL UMBC UST
5489 +£1.754 7.076 £1.771 7.076 £1.771 159.104 +27.674  6.972 + 1.463

4.4.2 SET ANOMALY DETECTION

We evaluate each model’s ability to explain predictions from attention scores using a modified ver-
sion of the set anomaly task from |[Lee et al.|(2019) using the CelebA dataset (Liu et al., [2015). In
this task, a model is presented with a set of 10 images of celebrity faces, each sharing two common
attributes (e.g. black hair & mustache) with a 50/50 chance that 1 of the 10 images in the set will
be anomalous by sharing neither of these two attributes. The objective of the model is to deter-
mine whether or not an anomaly exists in the set (i.e. binary classification). We trained the models
with access to the full sets and with mini-batching where each mini-batch contains only one image.
The images were pre-embedded using a fine-tuned ViT encoder pre-trained on ImageNet-21k (Deng
et al.,[2009; [Wu et al., 2020). The classification performance results are described in Table

Table 7: The mean set anomaly detection accuracies across 10 runs with 95% confidence intervals.

Trained On... ST (SAB) ST (ISAB) STrXL UMBC UST

Full Set 095+0.01 096+0.01 0.96+0.01 089+0.01 0.95+0.01
Mini-batches  0.57+0.02 0.56+0.02 0.58+0.01 0.81+£0.02 0.81+0.02

We found that all models with access to the full set were able to learn the task with high accuracy.
However, UMBC underperformed in comparison to the other models, which we again associate with
the limited information in the pooled representation. In the mini-batch setting, the non-MBC models
were unable to learn the task due to catastrophic context fragmentation. Even under these extreme
conditions, however, the MBC models were still able to learn the task.

After, we again provided each trained model with 100 sets containing an anomalous image and
analyzed the attention scores shown in Figure 3| Like the max-value regression task, we observed
that all but the UMBC models were able to associate the anomalous image among the highest scores
when trained on the full set. In the mini-batched training context, UST was able to significantly
outperform all other models in identifying the anomaly through attention analysis.

These results of these attention-interpretability experiments conclude that previous MBC methods
(UMBC) are severely limited in attention interpretability compared the other models. When trained
with access to the full set, UMBC cannot overcome the lack of cross-element interactions to pro-
vide meaningful interpretability. When trained in the mini-batch setting, the non-MBC models are
severely hindered by context fragmentation and also cannot leverage cross-element interactions ef-
fectively, causing them to perform worse. UMBC performs better than non-MBC models in this
case since it is not affected by mini-batching. However, UST significantly outperforms the other
models in this scenario since it is able to fully leverage cross-element interactions without context-
fragmentation.



5 DISCUSSION

In this work, we demonstrated the limits of current ST-based and MBC architectures and proposed
Universal Set Transformer to address all of the issues presented. We demonstrated that UST achieves
MBC processing while having better performance and more expressive power than previous MBC
methods, representing the new state-of-the-art for transformer-based MBC processing. Moreover,
we introduced Multiset Attention that leverages the MBC property to process sparse multisets equiv-
alently to dense representations with a reduced computational footprint. Lastly, we showed that pre-
vious MBC methods have limited interpretability via attention scores compared to UST and others.

While UST achieves state-of-the-art performance, it is important to note that, unlike UMBC where
mini-batches are immediately discarded after use, the U-ISAB must maintain one full instance of
the set prior to pooling. However, unlike ST’s ISAB, since our U-ISAB is MBC, we can offload
the unused intermediate mini-batches to another storage medium (i.e. CPU RAM, disk, etc.). This
enables UST to scale far beyond what ST’s ISAB is capable of.

Multiset attention is our approach of further reducing both computation and memory when working
with multisets. However, it comes at the cost of being strictly limited to set-equivariant processing
(Zhang et al., |2022b) and requires knowing element multiplicity information which may not always
be known ahead of time. The true multiplicity of multisets can be determined through sorting or
hash-based approaches, and the approximate multiplicity sets with similar items can be computed
through clustering algorithms such as voxelization, DBSCAN (Ester et al.| [1996)), etc. One can
determine when computing such multiplicities using a particular method is beneficial through com-
plexity analysis. Given the O(nk) complexity the U-ISAB, and the computational complexity of a
particular multiset identification/approximation algorithm O(C,,), the algorithm is beneficial when
OCp+n(l—r)k) <O(nk) = r> % where r is the redundancy rate of the multiset.

When working with multisets that have few-to-no duplicates present in the set, multiset attention
cannot be used to improve memory utilization. Therefore, if MBC processing of UST is not enough
fit within memory constraints, it may be reasonable to relax the MBC requirement and opt for non-
MBC optimizations. STrXL by|Givens et al.[(2024)), along with the results of our experiments, show
that approximately-permutation-equivariant models can still learn and perform well. Therefore, it is
reasonable to suggest that incorporating methods such as sparse-attention into UST as an alternative
means of reducing memory utilization at the cost of MBC processing would still result in performant
models. However, it is worth noting that, due to the complete removal of cross-element interactions
in sparse-attention methods, they are not compatible with multiset-attention.

We would like to emphasize the significance of our taxonomy classification experiment. The number
of input tokens supplied in one set exceeds the previous largest (to our knowledge) by one order of
magnitude (Willette et al.|[2023)). Also to our knowledge, UST is the only MBC architecture capable
of producing contextualized representations, fully addressing the current limitations of recent next-
generation sequencing models (Ludwig II & Phillips| [2025; [Ludwig et al.l 2025]).

REFERENCES

Samira Abnar and Willem Zuidema. Quantifying Attention Flow in Transformers.
arXiv:2005.00928 [cs], May 2020. URL http://arxiv.org/abs/2005.00928. arXiv:
2005.00928.

Bruno Andreis, Jeffrey Willette, Juho Lee, and Sung Ju Hwang. Mini-Batch Consistent Slot Set
Encoder for Scalable Set Encoding, October 2021. URL http://arxiv.org/abs/2103.
01615, arXiv:2103.01615 [cs].

Jimmy Lei Ba, Jamie Ryan Kiros, and Geoffrey E. Hinton. Layer Normalization, July 2016. URL
http://arxiv.org/abs/1607.06450. Number: arXiv:1607.06450 arXiv:1607.06450
[cs, stat].

Evan Bolyen, Jai Ram Rideout, Matthew R. Dillon, Nicholas A. Bokulich, Christian C. Abnet,
Gabriel A. Al-Ghalith, Harriet Alexander, Eric J. Alm, Manimozhiyan Arumugam, Francesco
Asnicar, Yang Bai, Jordan E. Bisanz, Kyle Bittinger, Asker Brejnrod, Colin J. Brislawn, C. Ti-
tus Brown, Benjamin J. Callahan, Andrés Mauricio Caraballo-Rodriguez, John Chase, Emily K.

10


http://arxiv.org/abs/2005.00928
http://arxiv.org/abs/2103.01615
http://arxiv.org/abs/2103.01615
http://arxiv.org/abs/1607.06450

Cope, Ricardo Da Silva, Christian Diener, Pieter C. Dorrestein, Gavin M. Douglas, Daniel M.
Durall, Claire Duvallet, Christian F. Edwardson, Madeleine Ernst, Mehrbod Estaki, Jennifer
Fouquier, Julia M. Gauglitz, Sean M. Gibbons, Deanna L. Gibson, Antonio Gonzalez, Kestrel
Gorlick, Jiarong Guo, Benjamin Hillmann, Susan Holmes, Hannes Holste, Curtis Huttenhower,
Gavin A. Huttley, Stefan Janssen, Alan K. Jarmusch, Lingjing Jiang, Benjamin D. Kaehler,
Kyo Bin Kang, Christopher R. Keefe, Paul Keim, Scott T. Kelley, Dan Knights, Irina Koester,
Tomasz Kosciolek, Jorden Kreps, Morgan G. I. Langille, Joslynn Lee, Ruth Ley, Yong-Xin Liu,
Erikka Loftfield, Catherine Lozupone, Massoud Maher, Clarisse Marotz, Bryan D. Martin, Daniel
McDonald, Lauren J. Mclver, Alexey V. Melnik, Jessica L. Metcalf, Sydney C. Morgan, Jamie T.
Morton, Ahmad Turan Naimey, Jose A. Navas-Molina, Louis Felix Nothias, Stephanie B. Or-
chanian, Talima Pearson, Samuel L. Peoples, Daniel Petras, Mary Lai Preuss, Elmar Pruesse,
Lasse Buur Rasmussen, Adam Rivers, Michael S. Robeson, Patrick Rosenthal, Nicola Segata,
Michael Shaffer, Arron Shiffer, Rashmi Sinha, Se Jin Song, John R. Spear, Austin D. Swafford,
Luke R. Thompson, Pedro J. Torres, Pauline Trinh, Anupriya Tripathi, Peter J. Turnbaugh, Sabah
Ul-Hasan, Justin J. J. van der Hooft, Fernando Vargas, Yoshiki Vazquez-Baeza, Emily Vogtmann,
Max von Hippel, William Walters, Yunhu Wan, Mingxun Wang, Jonathan Warren, Kyle C. We-
ber, Charles H. D. Williamson, Amy D. Willis, Zhenjiang Zech Xu, Jesse R. Zaneveld, Yilong
Zhang, Qiyun Zhu, Rob Knight, and J. Gregory Caporaso. Reproducible, interactive, scalable
and extensible microbiome data science using QIIME 2. Nature Biotechnology, 37(8):852—-857,
August 2019. ISSN 1546-1696. doi: 10.1038/s41587-019-0209-9.

Haotian Cui, Alejandro Tejada-Lapuerta, Maria Brbi¢, Julio Saez-Rodriguez, Simona Cristea, Hani
Goodarzi, Mohammad Lotfollahi, Fabian J. Theis, and Bo Wang. Towards multimodal founda-
tion models in molecular cell biology. Nature, 640(8059):623-633, April 2025. ISSN 0028-
0836, 1476-4687. doi: 10.1038/s41586-025-08710-y. URL https://www.nature.com/
articles/s41586-025-08710-vy.

Jia Deng, Wei Dong, Richard Socher, Li-Jia Li, Kai Li, and Li Fei-Fei. ImageNet: A large-
scale hierarchical image database. In 2009 IEEE Conference on Computer Vision and Pat-
tern Recognition, pp. 248-255, June 2009. doi: 10.1109/CVPR.2009.5206848. URL https:
//ieeexplore.ieee.org/document/5206848L ISSN: 1063-6919.

Jacob Devlin, Ming-Wei Chang, Kenton Lee, and Kristina Toutanova. BERT: Pre-training of Deep
Bidirectional Transformers for Language Understanding, May 2019. URL http://arxiv.
org/abs/1810.04805. arXiv:1810.04805 [cs].

Alexey Dosovitskiy, Lucas Beyer, Alexander Kolesnikov, Dirk Weissenborn, Xiaohua Zhai, Thomas
Unterthiner, Mostafa Dehghani, Matthias Minderer, Georg Heigold, Sylvain Gelly, Jakob Uszko-
reit, and Neil Houlsby. An Image is Worth 16x16 Words: Transformers for Image Recognition at
Scale, June 2021. URL http://arxiv.org/abs/2010.11929 arXiv:2010.11929 [cs].

Martin Ester, Hans-Peter Kriegel, Jorg Sander, and Xiaowei Xu. A density-based algorithm for dis-
covering clusters in large spatial databases with noise. In Proceedings of the Second International
Conference on Knowledge Discovery and Data Mining, KDD’96, pp. 226-231, Portland, Oregon,
August 1996. AAAI Press.

Adrian Fritz, Peter Hofmann, Stephan Majda, Eik Dahms, Johannes Droge, Jessika Fiedler, Till R.
Lesker, Peter Belmann, Matthew Z. DeMaere, Aaron E. Darling, Alexander Sczyrba, Andreas
Bremges, and Alice C. McHardy. CAMISIM: simulating metagenomes and microbial communi-
ties. Microbiome, 7(1):17, February 2019. ISSN 2049-2618. doi: 10.1186/s40168-019-0633-6.
URL https://doi.org/10.1186/s40168-019-0633-6.

Kendra Givens, David Ludwig, and Joshua Phillips. STrXL: Approximating Permutation In-
variance/Equivariance to Model Arbitrary Cardinality Sets. The International FLAIRS Confer-
ence Proceedings, 37, May 2024. ISSN 2334-0762. doi: 10.32473/flairs.37.1.135568. URL
https://journals.flvc.org/FLAIRS/article/view/135568.

Yaru Hao, Li Dong, Furu Wei, and Ke Xu. Self-Attention Attribution: Interpreting Information Inter-

actions Inside Transformer, February 2021. URL http://arxiv.org/abs/2004.11207.
Number: arXiv:2004.11207 arXiv:2004.11207 [cs].

11


https://www.nature.com/articles/s41586-025-08710-y
https://www.nature.com/articles/s41586-025-08710-y
https://ieeexplore.ieee.org/document/5206848
https://ieeexplore.ieee.org/document/5206848
http://arxiv.org/abs/1810.04805
http://arxiv.org/abs/1810.04805
http://arxiv.org/abs/2010.11929
https://doi.org/10.1186/s40168-019-0633-6
https://journals.flvc.org/FLAIRS/article/view/135568
http://arxiv.org/abs/2004.11207

Ilumina, Inc. 16S Metagenomic Sequencing Library Preparation Guide. Illumina, 2023. URL
https://support.illumina.com/documents/documentation/chemistry_
documentation/l16s/l6s—-metagenomic—-library-prep—guide—-15044223-b.
pdfl. Version Number: Rev. B.

Hanhwi Jang, Joonsung Kim, Jae-Eon Jo, Jaewon Lee, and Jangwoo Kim. MnnFast: a fast and
scalable system architecture for memory-augmented neural networks. In Proceedings of the 46th
International Symposium on Computer Architecture, ISCA ’19, pp. 250-263, New York, NY,
USA, June 2019. Association for Computing Machinery. ISBN 978-1-4503-6669-4. doi: 10.
1145/3307650.3322214. URL https://doi.org/10.1145/3307650.3322214.

Juho Lee, Yoonho Lee, Jungtaek Kim, Adam Kosiorek, Seungjin Choi, and Yee Whye Teh. Set
Transformer: A Framework for Attention-based Permutation-Invariant Neural Networks. In Pro-
ceedings of the 36th International Conference on Machine Learning, pp. 3744-3753. PMLR, May
2019. URL https://proceedings.mlr.press/v97/leel9d.html, ISSN: 2640-
3498.

Li Deng. The MNIST Database of Handwritten Digit Images for Machine Learning Research
[Best of the Web]. IEEE Signal Processing Magazine, 29(6):141-142, November 2012. ISSN
1053-5888. doi: 10.1109/MSP.2012.2211477. URL http://ieeexplore.ieee.org/
document/6296535/l

Ziwei Liu, Ping Luo, Xiaogang Wang, and Xiaoou Tang. Deep Learning Face Attributes in the Wild,
September 2015. URL http://arxiv.org/abs/1411.7766. arXiv:1411.7766 [cs].

David W Ludwig, II, Christopher Guptil, Nicholas R Alexander, Kateryna Zhalnina, Edi M L
Wipf, Albina Khasanova, Nicholas A Barber, Wesley Swingley, Donald M Walker, and Joshua L
Phillips. SetBERT: the deep learning platform for contextualized embeddings and explainable
predictions from high-throughput sequencing. Bioinformatics, 41(7):btaf370, July 2025. ISSN
1367-4811. doi: 10.1093/bioinformatics/btaf370. URL https://doi.org/10.1093/
bioinformatics/btaf370.

David W. Ludwig II and Joshua L. Phillips. DNAGAST: Generative Adversarial Set Transformers
for High-throughput Sequencing. The International FLAIRS Conference Proceedings, 38, May
2025. ISSN 2334-0762. doi: 10.32473/flairs.38.1.139043. URL https://journals.flvc.
org/FLAIRS/article/view/139043.

Christian Quast, Elmar Pruesse, Pelin Yilmaz, Jan Gerken, Timmy Schweer, Pablo Yarza, Jorg
Peplies, and Frank Oliver Glockner. The SILVA ribosomal RNA gene database project: improved
data processing and web-based tools. Nucleic Acids Research, 41(D1):D590-D596, January 2013.
ISSN 0305-1048. doi: 10.1093/nar/gks1219. URL https://doi.org/10.1093/nar/
gks1219.

Markus N. Rabe and Charles Staats. Self-attention Does Not Need $O(n"2)$ Memory, October
2022. URL http://arxiv.org/abs/2112.05682. arXiv:2112.05682 [cs].

Jeffrey A. Ruffolo, Jeffrey J. Gray, and Jeremias Sulam. Deciphering antibody affinity maturation
with language models and weakly supervised learning, December 2021. URL http://arxiv.
org/abs/2112.07782. arXiv:2112.07782 [cs, g-bio].

Ashish Vaswani, Noam Shazeer, Niki Parmar, Jakob Uszkoreit, Llion Jones, Aidan N

Gomez, lukasz Kaiser, and Illia Polosukhin. Attention is All you Need. In
Advances in Neural Information Processing Systems, volume 30. Curran Asso-
ciates, Inc., 2017. URL |https://papers.nips.cc/paper/2017/hash/

3f5ee243547dee91fbd053clcd4da845aa-Abstract.html.

Jesse Vig and Yonatan Belinkov. Analyzing the Structure of Attention in a Transformer Language
Model, June 2019. URL http://arxiv.org/abs/1906.04284. arXiv:1906.04284 [cs].

Jeffrey Willette, Seanie Lee, Bruno Andreis, Kenji Kawaguchi, Juho Lee, and Sung Ju Hwang. Scal-
able Set Encoding with Universal Mini-Batch Consistency and Unbiased Full Set Gradient Ap-
proximation, June 2023. URL http://arxiv.org/abs/2208.12401, arXiv:2208.12401
[cs].

12


https://support.illumina.com/documents/documentation/chemistry_documentation/16s/16s-metagenomic-library-prep-guide-15044223-b.pdf
https://support.illumina.com/documents/documentation/chemistry_documentation/16s/16s-metagenomic-library-prep-guide-15044223-b.pdf
https://support.illumina.com/documents/documentation/chemistry_documentation/16s/16s-metagenomic-library-prep-guide-15044223-b.pdf
https://doi.org/10.1145/3307650.3322214
https://proceedings.mlr.press/v97/lee19d.html
http://ieeexplore.ieee.org/document/6296535/
http://ieeexplore.ieee.org/document/6296535/
http://arxiv.org/abs/1411.7766
https://doi.org/10.1093/bioinformatics/btaf370
https://doi.org/10.1093/bioinformatics/btaf370
https://journals.flvc.org/FLAIRS/article/view/139043
https://journals.flvc.org/FLAIRS/article/view/139043
https://doi.org/10.1093/nar/gks1219
https://doi.org/10.1093/nar/gks1219
http://arxiv.org/abs/2112.05682
http://arxiv.org/abs/2112.07782
http://arxiv.org/abs/2112.07782
https://papers.nips.cc/paper/2017/hash/3f5ee243547dee91fbd053c1c4a845aa-Abstract.html
https://papers.nips.cc/paper/2017/hash/3f5ee243547dee91fbd053c1c4a845aa-Abstract.html
http://arxiv.org/abs/1906.04284
http://arxiv.org/abs/2208.12401

Bichen Wu, Chenfeng Xu, Xiaoliang Dai, Alvin Wan, Peizhao Zhang, Zhicheng Yan, Masayoshi
Tomizuka, Joseph Gonzalez, Kurt Keutzer, and Peter Vajda. Visual Transformers: Token-based
Image Representation and Processing for Computer Vision, November 2020. URL http://
arxiv.org/abs/2006.03677. arXiv:2006.03677 [cs].

Ruibin Xiong, Yunchang Yang, Di He, Kai Zheng, Shuxin Zheng, Chen Xing, Huishuai Zhang,
Yanyan Lan, Liwei Wang, and Tie-Yan Liu. On Layer Normalization in the Transformer Archi-
tecture, June 2020. URL http://arxiv.org/abs/2002.04745. arXiv:2002.04745 [cs,
stat].

Manzil Zaheer, Satwik Kottur, Siamak Ravanbakhsh, Barnabas Poczos, Ruslan Salakhutdinov, and
Alexander Smola. Deep Sets. March 2017. URL https://arxiv.org/abs/1703.
06114v3L

Lily Zhang, Veronica Tozzo, John Higgins, and Rajesh Ranganath. Set Norm and Equivariant Skip
Connections: Putting the Deep in Deep Sets. In Proceedings of the 39th International Conference
on Machine Learning, pp. 26559-26574. PMLR, June 2022a. URL https://proceedings.
mlr.press/v162/zhang22ac.html. ISSN: 2640-3498.

Yan Zhang, Jonathon Hare, and Adam Priigel-Bennett. FSPool: Learning Set Representations
with Featurewise Sort Pooling, May 2020. URL http://arxiv.org/abs/1906.02795.
arXiv:1906.02795 [cs].

Yan Zhang, David W. Zhang, Simon Lacoste-Julien, Gertjan J. Burghouts, and Cees G. M. Snoek.
Multiset-Equivariant Set Prediction with Approximate Implicit Differentiation, February 2022b.
URL http://arxiv.org/abs/2111.12193) arXiv:2111.12193 [cs].

Yan Zhang, David W. Zhang, Simon Lacoste-Julien, Gertjan J. Burghouts, and Cees G. M. Snoek.
Unlocking Slot Attention by Changing Optimal Transport Costs, May 2023. URL http://
arxiv.org/abs/2301.13197. arXiv:2301.13197 [cs].

Zhihan Zhou, Weimin Wu, Harrison Ho, Jiayi Wang, Lizhen Shi, Ramana V. Davuluri, Zhong Wang,
and Han Liu. DNABERT-S: Pioneering Species Differentiation with Species-Aware DNA Em-
beddings, October 2024. URL http://arxiv.org/abs/2402.08777. arXiv:2402.08777
[g-bio].

13


http://arxiv.org/abs/2006.03677
http://arxiv.org/abs/2006.03677
http://arxiv.org/abs/2002.04745
https://arxiv.org/abs/1703.06114v3
https://arxiv.org/abs/1703.06114v3
https://proceedings.mlr.press/v162/zhang22ac.html
https://proceedings.mlr.press/v162/zhang22ac.html
http://arxiv.org/abs/1906.02795
http://arxiv.org/abs/2111.12193
http://arxiv.org/abs/2301.13197
http://arxiv.org/abs/2301.13197
http://arxiv.org/abs/2402.08777

A APPENDIX

A.1 MULTISET ATTENTION

For any logit vector x of length n and multiplicities m, the following shows the exact equivalence
to the dense-multiset formulation without any explicit replication of logits:

ex,i+log m; mie”“

= = soft i (%, A.l
Ej oz logm; Zj - softmax; (x, m) (A1)

softmax;(x + logm) =

A.1.1 MEMORY EFFICIENCY & SCALABILITY

We show the raw memory usage of multiset attention with vanilla ST’s SAB and ISAB blocks in
Figure for a multiset consisting of 232 = 4,194, 304 elements by varying the number of unique
items. Peak memory usage is reported as observed from Pytorch. Since we are not mini-batching in
this benchmark, our U-ISAB is equivalent to ST’s ISAB in terms of memory usage.
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Figure A.1: The peak memory usage for a single SAB and ISAB using multiset attention when
processing a fixed size multiset consisting of 232 = 4,194, 304 elements. The number of unique
elements is varied from 1 (all duplicates) to 232 (no duplicates), incrementing by powers of 2. The
SAB and ISAB both have 4 attention heads, d;,oqe1 = 32, and the ISAB has ngjots = 4.

A.1.2 NUMERICALLY-STABLE MBC MULTISET ATTENTION IMPLEMENTATION

Algorithm [A.T| below provides a numerically stable implementation of MBC Multiset Attention in
PyTorch. This algorithm makes use of the max-shift trick to make softmax numerically stable, and

uses an additional down-scaling trick to fit the current mini-batch and running sums into the same
frame of reference.

A.2 TRANSFORMER MODIFICATION ABLATION STUDY

Here we perform a brief ablation study on the incorporation of pre-layer normalization and FFN in
the Set Transformer architectures used in this work. We trained each model 10 different times on
the MNIST point cloud classification task and evaluated them on the held-out test set. The results

are shown it Table [A.T] Since STrXL model already incorporates these changes in its architecture,
we only show ST, UMBC, and UST.
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Algorithm A.1 Numerically-stable MBC Multiset Attention (PyTorch Implementation).

def mbc_multiset_attention(Q, kvm_mini_batches) :

mmn

Q: Tensor[b, n_q, d]

K: Tensor[b, n_k, dJ

V: Tensor[b, n_k, dJ

m: Tensor[b, n_k]

global_attention = 0.0

global_norm = 0.0

global_max = None

for (K, V, m) in kvm_mini_batches:
# Compute multiset attention (numerator)
log_m = torch.log(m) .unsqueeze (1)

local_attention = Q @ K.transpose(l, 2) / math.sqgrt(d) + log_m

# Scale attention before exponentiating for numerical stability

local_max = attention.amax(dim=-1, keepdim=True)

local_attention = torch.exp(local_attention - local_max)

# Zero out NaNs (i.e. from empty sets) and compute running sum
local_attention = attention.mask_fill (torch.isnan (attention), 0.0)

local_norm = attention.sum(dim=-1, keepdim=True)

# Assign global_max if currently unassigned
if global_max is None:
global_max = local_max

# Scale down each state to fit in the same frame of reference
delta_global = torch.exp(torch.clamp(global_max - local_max,

— max=0.0))

delta_local = torch.exp(torch.clamp(local_max - global_max, max=0.0))
global_attention = global_attentionxdelta_global + (local_attention @

— V)=+delta_local

global_norm = global_normxdelta_global + local_normxdelta_local

# Update global max

global_max = torch.maximum(global_max, local_max)

# Compute the output. Zero out NaNs from empty sets

output = global_attention / global_norm
output .masked_fill (output.isnan(), 0.0)
return output

Table A.1: MNIST point cloud classification average test accuracy across 10 independent runs with
95% confidence intervals. The models here were trained with full access to the set and gradient
and evaluated on the full 512 pt point clouds. The ablation study compares the effect of using pre-
layer normalization and replacing the row-wise feed-forward layer with the standard feed-forward

network in the models.

Model Vanilla Pre-Layer Norm FFN

Pre-Layer Norm + FFN

ST (SAB)  0.938 +0.004 0.939 + 0.004 0.941 +0.002
ST ISAB) 0.932 +0.004 0.928 +0.005 0.937 £ 0.005
UMBC 0.772 £ 0.034 0.845 + 0.009 0.760 = 0.017
UST 0.932 £ 0.004 0.928 + 0.004 0.937 £ 0.005

0.955 + 0.003
0.949 + 0.002
0.856 + 0.009
0.948 + 0.004

A.3 EXPERIMENTS

The following subsections describe the complete architecture, training, and evaluation details for

each of the experiments presented in the main manuscript.
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For each model configuration, 10 independent models were trained in every experiment. During
mini-batched training, gradients were only computed for the first mini-batch. St opGrad was used
on subsequent mini-batches immediately before pooling. All UMBC models were trained with
their proposed unbiased gradient correction technique, while all other models were trained without
it. For non-MBC models, the average of the pooled representation resulting from PMA across the
mini-batches is used for the downstream layers. For MBC models, we utilize the same tricks to allow
PMA to be MBC. Lastly, all models utilized 4 attention heads in each transformer-based component.

A.3.1 MNIST POINT CLOUD CLASSIFICATION

BRIV ENNE]

': X K 2%
1

5 0 4 1 9 2

s
-i-fl“?lﬁ'

R

Figure A.2: Example 2D point clouds sampled from MNIST digits.

The MNIST dataset comes pre-split with 60,000 training examples and 10,000 testing examples.
Each image example is 28x28 pixels in size. Points were sampled via pixel coordinates following a
multinomial distribution weighted by pixel brightness. Random jitter sampled from ~ A(0, 0.5) for
each point and added Finally, the points were normalized roughly to the range of [—1, 1] by dividing
each point coordinate by 13.5 and subtracting 1. Examples point clouds are shown in Figure[A.2]

The architectural details of the models used in this experiment are shown in Tables and
Each model was trained for 10 epochs with a batch size of 128 with a random 90/10 train/validation
split. Models were trained with fixed cardinalities consisting of 512 points and variable cardinalities
sampled uniformly in the range [32-512]. For each configuration, 10 models were trained indepen-
dently with access to the full set and gradient, and another 10 models were trained independently
with mini-batch access to the set and only the gradients from the first mini-batch. For mini-batch
training, the input sets were randomly sharded into 8-point mini-batches. The Adam optimizer was
used with a constant learning rate of 1e-4.

Table A.2: The MNIST point cloud classification architecture for ST, STrXL, and UST. Set Encoder
corresponds to SAB for ST (SAB), ISABg for ST (ISAB) and STrXL, and U-ISABg for UST.

Output Size Layer Amount
N; x 2 Input x1
N; x 32 Linear(2, 32) x1
N; x 32 Set Encoder x4
1x32 PMA; x1
1 x 10 Linear(32, 10), Softmax x1

Table A.3: The MNIST point cloud classification architecture for UMBC.

Output Size Layer Amount
N; x 2 Input x1
N; x 32 Linear(2, 32) x1
8 x 32 SSEg x1
8 x 32 SAB x3
1x 32 PMA, x1
1x10 Linear(32, 10), Softmax  x1

16



After training, each of the models were evaluated on the pre-split test examples. The models trained
on fixed-cardinality sets were evaluated with 1,024 points per example, and models trained on
variable-cardinality sets were evaluated with examples whose cardinalities were sampled uniformly
from [32-1,024]. The expansion of the range to 1,024 points is used to test the models’ abilities to
extrapolate. All models were evaluated via mini-batches, varying the number of points from 1 to
1,024, incrementing by powers of 2. A mini-batch of 1 is the most extreme scenario where non-MBC
models like ST cannot leverage any interactions between neighbors. We plot the fixed-cardinality
results for all models in Figure[I]and provide the accuracy values in Tables [A.4]and [A.3]

Next, we evaluate the variable-cardinality version of task by analyzing the accuracies in Figure

The numeral values are provided in Tables [A.6 and [A77] For the models trained on the full set,
we find that, with the exception of UMBC, they all perform similarly when given access to the
full set at once. However, during mini-batching, the non-MBC models quickly break down as they
were not previously required to aggregate mini-batches to form a single prediction. Surprisingly,
UMBC seems to perform poorly for this task. When trained on 8-point mini-batches, we again see
the same behavior where the models tend to perform their best when the mini-batches consist of 8
points. UST consistently outperforms the other models with the exception of STrXL for small point
mini-batches. This is due to the fact that STrXL’s memory mechanism provides each mini-batch
with additional points, effectively scaling the mini-batch size which improve prediction over other
models. However, it does not generalize to all mini-batch sizes and breaks down once the mini-batch
size becomes large enough.

100 Trained on Full Set Trained on Mini-batches

80 -
60 - . /
40 1 b / ]
A/// /
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1 2 4 8 16 32 64 128 256 512 1024 1 2 4 8 16 32 64 128 256 512 1024
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—e— ST (SAB) ST(ISAB) —@— STIXL —e— UMBC —e— UST

Figure A.3: Test accuracy by model for the MNIST point cloud classification task using variable-
cardinality sets averaged across 10 independent runs with different mini-batch sizes. Each model is
evaluated on point clouds whose cardinality is sampled uniformly in the range [32-1024]. The left
plot corresponds to the models that had access to the full set (and gradient) during training. The
right plot corresponds to models trained with 8-point mini-batches with gradients only computed for
one mini-batch. The shaded regions represent 95% confidence intervals.

A.3.2 MIXTURE OF GAUSSIAN DENSITY-BASED CLUSTERING

This task requires the models to predict the parameters of four different 2D multivariate Gaussian
distributions. A random categorical distribution is drawn from a Dirichlet distribution to weight
which Gaussian to sample points from. Each Gaussian mean is sampled uniformly in the range
of [—4, 4] with random variance diagonals in the range [0.1,0.6]. After sampling 1,024 points, we
employ the DBSCAN algorithm (Ester et al.,|1996) with e = 0.2 to cluster the points that are close
together. We then provide the cluster points to the model as multisets with the multiplicities being
the number of points that make up the cluster. The models predict five values for each cluster: it’s
weight, 2D mean, and 2D diagonal variance.

We trained 10 independent models for each configuration on. The model architectures follow the
design proposed by [Willette et al.| (2023) and are shown in Tables [A.8and [A:9] The models were
trained for 50,000 steps with a batch size of 10 using the Adam optimizer with a scheduled learning
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Table A.4: MNIST point cloud classification average test accuracy across 10 independent runs with
95% confidence intervals. The models here were trained with full access to the set and gradient.

MB Size ST (SAB) ST (ISAB) STrXL UMBC UST
1 1193+1.76 1267+1.69 3730+£7.36 86.32+0.79 95.17+0.31
2 1431+330 23.16+298 49.82+8.61 86.32+0.79 95.17 +0.31
4 33.07+470 4090+520 6573+9.22 8632+£0.79 95.17+0.31
8 6396+320 6628+3.77 82.77+£5.11 86.32+0.79 95.17 +0.31

16 87.35+2.07 86.69+£190 92.00+1.25 86.32+0.79 95.17+0.31
32 9415+0.61 93.69+0.54 9437+0.33 86.32+£0.79 95.17+0.31
64 9545+0.26 9497025 9490+0.24 8632+0.79 95.17+0.31
128 95.75+£0.22 9523+0.25 95.07+0.25 86.32+0.79 95.17+0.31
256 9578 £0.22 9527+0.25 95.13+0.26 86.32+0.79 95.17+0.31
512 9581+£0.23 9526+£025 95.19+0.24 86.32+0.79 95.17+0.31
1024  95.81+0.23 9524+026 9522+026 86.32+0.79 95.17+0.31

Table A.5: MNIST point cloud classification average test accuracy across 10 independent runs with
95% confidence intervals. The models here were trained with mini-batches consisting of 8 points
each and access to the gradient of only the first mini-batch.

MB Size ST (SAB) ST (ISAB) STrXL UMBC UST

1 1723+3.07 2427+5.15 4396+7.04 83.51+133 91.35+1.35

2 3478+585 4624+698 67.13+£5.68 83.51+x133 91.35+1.35

4 7446+6.10 81.11+x240 86.74+250 83.51+1.33 91.35+1.35

8 91.86+0.35 91.40+0.22 91.75+040 83.51+133 91.35+1.35
16 8891+1.24 8822+0.79 8940+£0.92 83.51+1.33 91.35+1.35
32 83.87+239 8396+148 86.24+1.53 8351133 91.35+1.35
64 80.00+2.66 80.69+1.87 8398+202 83.51+133 91.35+1.35
128  77.64+£278 78.70+2.15 82.66+228 8351+133 91.35+1.35
256 76.11+2.80 77.57+223 81.98+240 83.51+1.33 91.35+1.35
512 7525+£280 7692+230 81.62+248 8351+1.33 91.35+1.35
1024 7476 £2.81 76.55+235 81.37+£253 83.51+1.33 91.35+1.35

rate of le-3 for the first 35,000 steps and le-4 for the last 15,000. The models trained with mini-
batching had access to 8 cluster points a time.

A.3.3 TAXONOMY CLASSIFICATION VIA CONTEXTUALIZED ELEMENT REPRESENTATIONS

We generated 10 de novo community profiles following the gold standard methodology from
CAMISIM (Fritz et al.,|2019) utilizing DNA sequences and taxonomy labels from the SILVA dataset
(Quast et al., 2013). We use the version of SILVA provided by the QIIME 2 platform (Bolyen et al.,

Table A.6: MNIST variable-cardinality point cloud classification average test accuracy across 10
independent runs with 95% confidence intervals. The models here were trained with full access to
the set and gradient.

MB Size ST (SAB) ST (ISAB) STrXL UMBC UST

1 1148 +£0.60 11.55+0.70 23.44+2.80 57.64+4.11 92.54+0.52
2 12.10+0.82 13.14+1.58 2939+3.83 57.64+4.11 92.54+0.52
4 1642 +191 1824+2.04 37.18+4.15 57.64+£4.11 92.54+0.52
8 2994 +4.07 2844+1.87 4577+£4.08 57.65+4.11 92.54+0.52
16 43.07+£4.53 3993172 5298+4.08 57.65+4.11 92.54+0.52
32 51.88+4.69 47.60+1.28 57.03+4.14 57.65+4.11 92.54+0.52
64 5698 +4.86 51.70£123 59.66+4.11 57.65+4.11 92.54+0.52
128 61.05+498 5540+1.25 6259+4.12 57.65+4.11 92.54+0.52
256 66.39+496 60.80 159 67.52+3.80 57.65+4.11 92.54+0.52
512 75.74+£552 6849+273 76.13+£426 57.64+x4.11 92.54+0.52
1024 92.39+0.44 92.62+0.56 92.59+0.61 57.65+4.11 92.54+0.52
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Table A.7: MNIST variable-cardinality point cloud classification average test accuracy across 10
independent runs with 95% confidence intervals. The models here were trained with mini-batches
and access to the gradient of only the first mini-batch.

MB Size ST (SAB) ST (ISAB) STrXL UMBC UST

1 16.50+2.69 19.17+3.89 76.85+2.55 77.16+2.06 80.28 +0.94
2 40.52+4.78 41.88+5.16 82.68+1.92 77.16+2.06 80.28 +0.94
4 69.85+298 71.20+3.97 87.13+0.87 77.16+x2.06 80.28+0.94
8 80.17+1.67 81.12+1.77 88.86+0.81 77.16+2.06 80.28 +0.94
16 80.79+£1.32 8021 £2.08 88.51+1.22 77.16+2.06 80.28+0.94
32 7893+139 7697+238 87.09+1.72 77.16+2.06 80.28+0.94
64 7597+1.49 73.17+259 8526+2.19 77.16+2.06 80.28+0.94
128 7126 +1.72 6827+2.64 8270+245 77.16+2.06 80.28 +0.94
256 62.83+2.44 60.06+2.68 78.40+2.53 77.16+2.06 80.28 +0.94
512 50.70 +3.04 49.14+3.11 69.68+271 77.16+2.06 80.28 +0.94
1024 38.72+3.82 3891+3.76 5457+4.12 77.16+£2.06 80.28 +0.94

Table A.8: The mixture of Gaussians model architecture for UST.

Output Size Layer Amount
N; x 2 Input x1
N; x 128 Linear(2, 128), ReLU  x1
N; x 128 Linear(128, 128) x1
N; x 128 U-ISAB4 x1
4 x 128 PMA,4 x1
4 %128 SAB x3
4x5 Linear(128, 5) x1

2019) where the sequences have been trimmed to the hypervariable V3-V4 region of 16S rRNA. For
this task, we truncated the taxonomy labels to the genus level. This dataset contains 313,734 unique
DNA sequences and 8,415 unique taxonomy labels in this configuration. Each base community
profile was sampled from a random log-normal distribution with ¢ = 1.0 and 0 = 2.0. Then, for
each base profile, we produced 100 training and 10 testing replicates by adding relative Gaussian
noise. Noise was sampled for each replicate via ~ N(0, o;), where o; is sampled uniformly from
the range [0.5, 0.8) for the ith base profile.

We pre-embedded all of the DNA sequences without truncation using the official pre-trained
DNABERT-S (|{Zhou et al.| (2024)) model. This model embeds sequences of any length into 768D
representations. Each DNA sequence embedding was obtained by computing the mean of all of the
transformed token representations (Zhou et al., [2024]).

Because samples are generated on the fly following the taxonomy distributions, there is no concept
of a full set. Thus, we trained the models on random fixed-size samples consisting of 1,024 DNA
sequence embeddings per sample without mini-batching generated from the training replicates. A
batch of sequences is produced by randomly sampling taxa and corresponding DNA sequences
according to a replicate distribution. This forms a contextualized sample. A learnable class token
embedding is also appended to the sample before passing through the model in order capture sample-
level information (Wu et al., [2020; |Devlin et al.,|2019).

10 independent models were trained for each configuration for 50 epochs with a batch size of 8 using
the Adam optimizer with a fixed learning rate of 1e-4. The model details are shown in Table

Each model was evaluated on the test replicates in mini-batches consisting of 1,024 DNA sequences.
The number of mini-batches per sample was varied by powers of 2. The corresponding accuracies
and confidence intervals are shown in Table[A.T1l
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Table A.9: The mixture of Gaussians model architecture for UMBC.

Output Size Layer Amount
N; x 2 Input x1
N; x 128 Linear(2, 128), ReLU x1
N; x 128 Linear(128, 128) x1
4 %128 SSE, x1
4 %128 SAB x3
4x5 Linear(128, 5) x1

Table A.10: The taxonomy classification architecture for ST, STrXL, and UST. Set Encoder corre-
sponds to SAB for ST (SAB), ISAB4 for ST (ISAB) and STrXL, and U-ISAB;¢4 for UST.

Output Size Layer Amount
N; x 768 Input x1
N; x 256 Linear(768, 256) x1
N; x 256 Set Encoder x4
N; x N, Linear(256, N;), Softmax x1

A.3.4 MAXIMUM VALUE REGRESSION

For this experiment, we trained the models to predict the maximum value in a set of [ = 10 integers.
For a given set X, each element z; is drawn i.i.d. from Uniform (0, vi,ax ), where the upper bound
itself is randomly chosen as vy,ax ~ Uniform(0,1000). 10 independent models were trained for
each configuration for 50 epochs with a batch size of 32, where each epoch consists of 1,000 random
sets. Loss was computed with mean-squaed error and the Adam optimizer was used with a constant
learning rate of 1e — 3. The architectures for the models are shown in Tables[A.12]and [A.T3]

The models were evaluated using a fixed testing set of 100 sets of 10 integers. Regression per-
formance was computed for each model across all sets using mean-squared error. For prediction
explainability, attention attribution scores were computed across the test sets with the self-attention
attribution (Hao et al., [2021) method using 20 integration steps on all of the transformer layers.
The models were provided the full sets for this analysis. For ISAB layers, we only utilized the first
inner MAB/MSAB layer to compute the scores. The attribution scores were clipped to the range of
[0, 00) and then aggregated across heads, layers, and rows via summation. Finally, the scores were
normalized to the range of [0, 1]. This yields a single vector for a set of inputs where the value of
each element indicates the importance of the corresponding input element.

A.3.5 SET ANOMALY DETECTION

This experiment utilized the CelebA dataset. This dataset consists of 202,599 cropped and aligned
images of celebrities. Each image has a corresponding binary feature vector indicating the presence
or absence of 40 different possible features. The CelebA dataset comes pre-split into three partitions:
training, validation, and testing. We only utilized the training and testing splits in this work.

We pre-embedded all of the CelebA images for this task using a fine-tuned a vision
transformer (ViT) (Dosovitskiy et al., [2021) pre-trained on ImageNet-21k (Deng et al.,
2009).  This model and its image processor was pulled directly from Huggingface via
google/vit-base-patchl6-224-in21k. We fine-tuned this model by predicting the bi-
nary features of the images using the training split of the data. It was trained for 10 epochs with
a batch size of 128 using the Adam optimizer with a fixed learning rate of le-4. The images were
scaled to 224x224 and pixel values were normalized to the range of [—1, 1].

10 independent models for each configuration were trained on this task to predict the binary presence
of an anomaly image in a set. The architectures are described in Tables and Each set
consists of 10 images drawn uniformly, all sharing two common features. However, there is a 50%
chance that one of the images shares neither of the two common features. In this case, the set should
be classified as anomalous. Figure [A.4] provides some example anomalous sets. The models trained
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Table A.11: The mean taxonomy classification accuracies across 10 runs with 95% confidence in-

tervals.

Test Size ST (SAB) ST (ISAB) STrXL UST
1024 96531 +£0.138 97.740 £ 0.100 97.735+0.105 97.824 + 0.088
2048 95.995+0.121 97.401+0.097 97.675+0.081 97.762 + 0.088
4096 95.289 £0.094 96.760 +0.083  97.320 £ 0.062 97.440 = 0.064
8192 94.429+0.136  96.109 +0.088 97.061 +0.050 97.220 + 0.047

16384 93.242+0.139 95483 £0.096 96.676 + 0.049  96.845 + 0.043
32768 91.472+0.168 94.600+0.110 95.992 £0.058 96.308 + 0.033
65536  89.219 +£0.201 93.608 +0.127 95.268 £ 0.050  95.596 = 0.030
131072 86.427 +0.218 92.547 £0.135 94.528 +0.051  94.769 + 0.034

Table A.12: The maximum-value regression architecture for UST.

Output Size Layer Amount
N; x 1 Input x1
N; x 64 Linear(1, 64) x1
N; x 64 U-ISAB4 X2
1 x64 PMA; x1
1x1 Linear(64, 1) x1

on the pre-embedded images for 7,500,000 steps with a batch size of 128 using the Adam optimizer
with a constant learning rate of 1le — 3.

The models were evaluated using the pre-embedded testing split of the CelebA dataset. Classifi-
cation accuracy was computed for each model across 5,000 sets. For prediction explainability, at-
tention attribution scores were computed across 100 different anomalous sets with the self-attention
attribution (Hao et al.| 2021) method using 20 integration steps on all of the transformer layers.
The models were provided the full sets for this analysis. For ISAB layers, we only utilized the first
inner MAB/MSAB layer to compute the scores. The attribution scores were clipped to the range of
[0, 00) and then aggregated across heads, layers, and rows via summation. Finally, the scores were
normalized to the range of [0, 1]. This yields a single vector for a set of inputs where the value of
each element indicates the importance of the corresponding input element.
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Table A.13: The maximum-value regression architecture for UMBC.

Output Size Layer Amount
N; x 1 Input x1
N; x 64 Linear(1, 64) x1
4 x 64 SSE4 x1
4 x 64 SAB x1
1 x 64 PMA; x1
1x1 Linear(32,1) x1

Evyeglasses & Arched Eyebrows

Figure A.4: Example sets containing an anomalous image.

Table A.14: The set anomaly classification architecture for ST, STrXL, and UST. Set Encoder cor-
responds to SAB for ST (SAB), ISAB,4 for ST (ISAB) and STrXL, and U-ISAB, for UST.

Output Size Layer Amount
N; x 768 Input x1
N; x 32 Linear(768, 32) x1
N; x 32 Set Encoder x4
1x 32 PMA; x1
1x1 Linear(32, 1), Sigmoid  x1

Table A.15: The set anomaly classification architecture for UMBC.

Output Size Layer Amount
N; x 768 Input x1
N; x 32 Linear(768, 32) x1
4 x 32 SSE4 x1
4 x 32 SAB x3
1x 32 PMA; x1
1x1 Linear(32, 1), Sigmoid  x1
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