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This paper presents MetricGrids, a novel grid-based
neural representation that combines elementary metric
grids in various metric spaces to approximate complex
nonlinear signals. While grid-based representations are
widely adopted for their efficiency and scalability, the exist-
ing feature grids with linear indexing for continuous-space
points can only provide degenerate linear latent space
representations, and such representations cannot be ade-
quately compensated to represent complex nonlinear sig-
nals by the following compact decoder. To address this
problem while keeping the simplicity of a regular grid struc-
ture, our approach builds upon the standard grid-based
paradigm by constructing multiple elementary metric grids
as high-order terms to approximate complex nonlineari-
ties, following the Taylor expansion principle. Further-
more, we enhance model compactness with hash encoding
based on different sparsities of the grids to prevent detri-
mental hash collisions, and a high-order extrapolation de-
coder to reduce explicit grid storage requirements. experi-
mental results on both 2D and 3D reconstructions demon-
strate the superior fitting and rendering accuracy of the
proposed method across diverse signal types, validating
its robustness and generalizability. Code is available at
https://github.com/wangshu3 1/MetricGrids.

1. Introduction

Implicit neural representations (INRs) [49] have emerged
as a novel paradigm for signal representation, demonstrat-
ing superior performance in reconstructing various signals,
including 2D images, 3D videos, 3D shapes, and radiance
fields [9-11, 34, 48]. INRs leverage neural networks to
establish a mapping between continuous coordinates and
target outputs by employing regularly sampled signal val-
ues as training data and optimizing the network parameters.

*“Equal contributions.
Corresponding author.
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Figure 1. Illustration of the nonlinear fitting capabilities for vari-
ous type of signals using the existing INR method and our Metric-
Grids.

The original INRs utilize a fully connected network with
parameters shared across the entire input domain, resulting
in a compact model [5, 36]. However, its expressive ability
is constrained by spectral bias [3, 38, 53] and the capac-
ity of the network [20], making it challenging to fit high-
frequency and complex signals. To address this limitation,
hybrid representations have been proposed [47, 51, 52],
which store latent space features at discrete vertex coordi-
nates and use a decoder for reconstruction. Features are typ-
ically stored in grid-based structures, such as feature maps
for 2D signals and feature volumes for 3D signals [21, 28].
The input coordinates can be used to directly retrieve the
corresponding features through indexing rules.

In order to represent complex details, hybrid representa-
tions need to establish a dense feature grid in the entire sig-
nal input domain to ensure that the feature at continuous-
space points can be obtained with high accuracy based
on the stored points. Especially considering that differ-
ent signals show different complexity and sparsity among
the space, a regular grid-based representation often leads
to large storage and redundancy. Various methods have
been proposed for efficient grid structure. Early methods fo-
cused on modifying grid structures through heuristic mod-
ifications such as pruning and merging to create signal-
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specific data structures [32, 52, 61]. More recent advance-
ments have simplified grid structures to reduce storage de-
mands [7, 8, 13]. There are also methods combining the
grid with different representations, such as NeuRBF [12]
using both adaptive radial bases and grids. However, these
methods still require dense features in the complex signal
regions, and enhancing the representation accuracy of grid-
based methods remains challenging. Especially how to ef-
fectively approximate a continuous-space nonlinear signal
with a discrete grid representation has not been thoroughly
investigated yet.

This paper first investigates the mechanism of using grid
structure for signal approximation, and shows that the regu-
lar grid relying on linear interpolation implicitly constrains
the latent feature space to a linear form, which is a degener-
ate case of the nonlinear signal. Consequently, for complex
nonlinear signals, the features at continuous-space points
that are not stored in the grid cannot be accurately rep-
resented with the grid, leading to representation errors as
shown in Fig. 1. To solve this problem, we propose Met-
ricGrids, which leverages the concept of Taylor expansion
by constructing multiple elementary metric grids in vari-
ous metric spaces. Each elementary metric grid serves as a
high-order approximation of the latent feature space. Sub-
sequently, a compact representation of the elementary met-
ric grids is developed to explore the sparsity of high-order
derivatives, thereby maintaining the model compactness.
Furthermore, to reduce the number of required grids while
achieving complex nonlinear transformations in the latent
space, a high-order extrapolation decoder is used to pro-
gressively generate higher-order terms based on the learned
metric grids.

The contributions of this paper can be summarized as
follows.

* We propose a novel method, MetricGrids, to enhance the
grid-based neural representations. It approximates com-
plex nonlinearities of latent feature spaces using elemen-
tary metric grids in the form of Taylor expansion.

* A hash encoding based compact representation of the el-
ementary metric grids is provided to improve parameter
efficiency, which explores the sparsity of the high-order
derivatives.

* We propose a high-order extrapolation decoder to predict
the high-order terms based on the low-order approxima-
tion obtained from the learned elementary metric grids.

» Extensive experiments on multiple fundamental INR
tasks have been conducted and the proposed MetricGrids
achieves state-of-the-art performance while keeping the
model compactness.

2. Related Work

Implicit Neural Representations. Implicit neural repre-
sentations (also called neural fields) use neural networks to

represent signals such as the 3D shape [11, 33, 36]. INRs
typically take 3D coordinates as input and produce signed
distance function (SDF) or occupancy values. In [49], Sitz-
mann et al. introduced SIREN, extending implicit neural
representations to 2D image representation. Later Milden-
hall et al. proposed Neural Radiance Fields (NeRF) [34] to
render a complete 3D scene with INR and volumetric ren-
dering. As the complexity of represented signals increases,
many methods have been proposed to improve the represen-
tation accuracy, including using different activation func-
tions [29, 39, 43], altering the positional encoding basis
function [53, 55], or progressively increasing the positional
encoding frequency [19]. Different neural network archi-
tectures have also been developed. In [16], Multiplicative
Filter Networks (MFN) was used to represent the recon-
structed signal by multiplying together sinusoidal or Gabor
wavelet functions applied to the input. Based on this, BA-
CON [27], PNF [59], and RMFN [44] were proposed by
carefully controlling the bandwidth of each filter layer to
achieve multi-scale signal reconstruction. Fourier reparam-
eterization [45] and batch normalization [4] were further
proposed to improve the weight composition and learning
process, in order to mitigate the spectral bias of networks. A
comprehensive explanation of the fully implicit representa-
tion approach from the perspective of structured signal dic-
tionaries was presented in [62], establishing a connection
between network parameters and frequency support.

Hybrid Representations. Another approach to address
spectral bias is to localize certain network parameters by
utilizing a feature grid to capture and store local features
of specific signal coordinates. Since these features are di-
rectly related to the spatial location of the signal, this ap-
proach is also referred to as hybrid or grid-based represen-
tation [21, 37, 51]. Such methods acquire features of any
continuous point through indexing the grid with linear in-
terpolation and use them as the latent vector for MLP de-
coder. However, its expressiveness is closely tied to grid
size, often resulting in high memory consumption. Various
techniques have been developed to reduce the grid size, in-
cluding multi-resolution orthogonal planes [6, 17, 46, 65],
sparse octree structures [60, 61], hash encoding [35], tensor
decomposition [7] and wavelet transform [41], etc. Despite
these advancements, most methods only focus on reducing
grid size and lack the study on improving the fitting accu-
racy.

There are also methods investigating using different
types of local representations, instead of a regular grid.
Some methods employ MLPs to learn local structures. Kilo-
NeRF [40] proposed to directly replace the feature vectors
stored in the grid with local MLPs. In [42] and [18], a pyra-
mid structure and levels of experts were proposed to repre-
sent different scales of the local features, respectively. Dif-
ferent from using MLPs, 3DGS [22] employed explicitly
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Figure 2. Illustration of the proposed MetricGrids. Given an input coordinate x, features are indexed in multiple metric grids, representing
the different-order approximations as Taylor expansion. Hash encoding is used based on the sparsity of each metric grid to form a compact
representation. A high-order extrapolation decoder is used to further estimate the remaining high-order terms not stored in the metric grids,

thereby enhancing the nonlinear fitting capability.

learned Gaussian primitives at different locations for rep-
resentation, which has emerged as a pioneering paradigm
in the field of radiance fields and achieves remarkable out-
comes. NeuRBF [12] also proposed to use adaptive radial
basis function based representation to enhance the grid. On
the other hand, there are also methods of relaxing the grid
structures by utilizing point clouds [26, 30, 58, 64] to store
scene features. In contrast to the above methods, this pa-
per aims to improve the standard grid-based paradigm in
terms of fitting accuracy, and develops a novel MetricGrids
framework inspired by the Taylor expansion to improve the
nonlinear approximation accuracy.

3. Proposed Method

Our goal is to represent a continuous signal with a discrete
grid-based neural representation. Naturally, it is an approxi-
mation problem and in this paper, we propose MetricGrids,
by combining a series of elementary metric grids to solve
this problem.

3.1. Formulation of MetricGrids

Given a signal y with a set of observations, an implicit
neural representation is defined as a mapping from input
to output, parameterized using a neural network: y =
fo(x):R? — R where x € R? and y € R°“* denote
the input (typically coordinates) and reconstructed output,
respectively, © denotes the learnable parameters. The ob-
jective is to reconstruct the signal, ¢.e., minimize the dis-
tance | |y — y|| [31, 57]. For fully implicit representation,
a neural network like MLP is used to map the coordinates
directly to reconstruct the signal, usually exhibiting a strong

spectral biass [3, 38, 53] towards the low frequency.

The grid-based representation, also known as the hybrid
representation, mitigates this problem by localizing most of
the parameters as a feature grid. It can be expressed as a
two-stage model:

Zx = g(X7Z)7
¥ = fa(zx,0a),

where learnable parameters contain a feature grid and a de-
coder © = {Z,0,}. The grid Z € RV*C is defined on
the discrete coordinates of the input domain consisting of
learned features on the vertex. g(-) is a distance-dependent
(typically L1 distance |x — x;|) indexing function to inter-
polate the feature at any point x in the continuous signal.
The decoder f; typically utilizes a compact MLP, similar to
fully implicit methods. The grid employs an explicit geo-
metric data structure to store local information of the signal,
thereby avoiding the spectral bias problem. It also acceler-
ates the inference, since the indexing function usually does
not require network inference [15, 51, 56].

From the perspective of signal representation [54], the
grid can be considered as a discrete feature representation
of a continuous signal. The indexing process is to gener-
ate the feature at any continuous location based on the dis-
crete grid, and the linear interpolation based generation in-
dicates a linear approximation of the signal. However, nat-
ural scenes are usually complex and highly nonlinear, and
thus correspond to nonlinear feature spaces. The conven-
tional grid based paradigm only employs a feature grid con-
structed in a degenerate space that is a linear approximation
of the scene. In regions with complex signals, this degener-

ey
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ate representation presents challenges, and cannot achieve
good performance as shown in Fig. 1.

To solve the above problem, the proposed MetricGrids
uses a series of elementary metric grids to generate com-
plex nonlinear representations. In view that any point of a
continuous function can be approximated at its neighboring
point with a polynomial containing different order terms us-
ing Taylor expansion, any point in a grid can also be approx-
imated by a series of elementary metric grids. Each elemen-
tary metric grid contains the derivative-related information
as the different order terms in Taylor expansion and the dis-
tance between points are calculated with metrics of different
orders. By learning such an elementary metric grid, it can
provide a form of %(w — x;)", where x and z; rep-
resent a point and its neighboring vertex point stored in a
grid, respectively, z(") (x;) represent the n-th order derivate
at the vertex point x; and (x—x;)™ can be conveniently gen-
erated by a n-th order metric defined on the grid. For high-
dimensional space, it can be similarly deduced by approx-
imating the sum of polynomials in each direction with the

defined metric Z(WV:L(!“) (xj —zi)" = Cp || x — x4 ||
since the n-th order metric accounts for the distances of
varying orders in all dimensions j.

By summarizing the elementary metric grids, the
proposed MetricGrids can provide accurate features for
continuous-space that are not directly stored in the grid. In
order to reduce the storage of multiple grids, a hash encod-
ing based compact representation is used to fully exploit
the sparsity of high-order terms. Moreover, to further re-
duce the number of required elementary metric grids, the
high-order grids are no longer explicitly stored and instead
a high-order extrapolation decoder is designed to approxi-
mate them based on the stored lower-order grids.

In the following, Sec. 3.2 introduces the elementary
metric-defined derivative grids, Sec. 3.3 describes the hash
encoding based compact representation, and Sec. 3.4 ex-
plains the high-order extrapolation based decoding. Fig. 2
illustrates the proposed framework.

3.2. Elementary Metric Grids

To obtain a nonlinear approximation of a point in the
scene, multiple elementary grids are used in different
metric spaces, resulting in a series of elementary metric
grids. Specifically, the distances in various nonlinear metric
spaces are used as proxies of the polynomial basis (x—x;)",
while the grids are learned to store different order deriva-
tives related features.

Accordingly, a series of elementary metric grids are con-
structed with different metrics as

tri d d dy MxN
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Figure 3. Illustration of the high-order extrapolation decoder. The
‘Mul’ represents the Hadamard product.

where Z% represents a grid structure with discrete vertex
coordinate, d,,(-) represents the metric defined on the grid.
To align with the Taylor expansion, metrics that are the ex-
ponential form of the p-norm (to the power of p) can be
used.

For a point x, our method indexes the metric grids and
produces a feature based on the vertex features stored in the
grids and distance under diverse metrics as:

g(x, Zmetm’w) _ [Zil , Z;i(g, o Z;icML

(3)
where 7z = g (x, Zd’);dp(x,xi)> .

With the learning-based grid generation, a high order

L. (n) . .
derivative term ZT(,T’)(x — ;)™ in the Taylor expansion

can be directly genérated with the grids learning the dif-
ferent derivatives induced features. As a special case, the
feature zJ' extracted from the first elementary metric grid
aligns with the existing grid-based model paradigm by pro-
viding a linear approximation of the latent space. In con-
trast, zZm (m > 2) represents high-order derivative induced
features to provide a nonlinear approximation.

Together, these elementary grids enable latent space fea-
tures to approximate arbitrary nonlinearities across different
locations, thereby facilitating the representation of complex
signals. In addition to mimicking the Taylor expansion, dif-
ferent types of metric grids can also be defined as long as
the metrics provide a nonlinear distance measure. In such a
case, it can also provide a nonlinear approximation of any
point within a regularly stored feature grid.

3.3. Hash Encoding Based Compact Representation

In this section, a compact representation of the elemen-
tary metric grids is proposed to improve the efficiency of
storing and learning multiple grids. Motivated by Instant-
NGP [35], for each vertex coordinate x;, multiple fea-
ture vectors from the elementary metric grids, represent-
ing the linear approximation and high-order terms of the
latent space need to be stored. Simply taking the elemen-
tary metric grids as an extra dimension in addition to the
spatial dimensions and creating hash encoding together can
cause hash collisions not only in space but also in differ-
ent elementary metric grids. Especially considering differ-
ent elementary metric grids containing features of different
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Figure 4. Qualitative Comparison on Kodak dataset. Zoomed-in views of windows and roofs illustrate the ability of the baseline model

and our proposed MetricGrids in fitting complex details.

natures, such collision among elementary metric grids may
significantly reduce the representation accuracy. Therefore,
the elementary metric grids are encoded separately to avoid
collision among grids.

On the other hand, with the elementary metric grids
representing the information of linear approximation, and
different-order derivatives, the sparsity of the grids is dif-
ferent. In smooth regions of the signal, the different-order
derivatives are all zero, making them much sparser than
the linear first-order approximation. Therefore, the elemen-
tary metric grids are encoded differently by setting a shorter
hash table length T for higher-order metric grids to encour-
age the fusion of similar features in high-order items. Fur-
thermore, with the nonlinear representation using the ele-
mentary metric grids, the high-resolution linear grids are no
longer necessary for fitting complex signals. Consequently,
the maximum resolution of the grids is also reduced to min-
imize the number of parameters used in the final represen-
tation. For a vertex coordinate x;, the hash mapping at each
level can be expressed as:

T

H(x;) = [hh (x4, T), ..., h4 (x;, W)]’

d “)
where h" (x,T) = @:ﬂjwj mod T,
j=1

where @ denotes the bitwise XOR operation and m; are
unique, large prime numbers, as in Instant NGP [35].With
the above hash encoding based compression of the elemen-
tary metric grids, a compact representation, of the same size
as the conventional grid, can be obtained while multiple-
order features are extracted to represent each point for better
nonlinearity representation.

3.4. High-order Extrapolation Decoder

To reduce the number of learned grids and improve the rep-
resentation efficiency of the elementary metric grids, only
a few grids are explicitly learned in the experiments, three
elementary metric grids to be specific. In order to further
reduce the approximation error due to the limited number
of grids, a high-order extrapolation decoder is developed to
generate high-order terms based on the linear and relatively
lower-order terms stored in the grids,as shown in Fig. 3.

First, the linear and lower-order feature of point x
g(x, Zmeies) = [gh gd2 . 7371 which indexed
from the grid are extracted and summarized as the ini-
tial approximation of the nonlinear feature. Then a hier-
archical extrapolation decoder is developed to estimate the
higher-order terms by leveraging the initial approximation
and different-order features. Specifically, the features are
first modulated with a linear layer and then multiplied with
the Hadamard product [14, 15, 24, 27] to generate a higher-
order term, and then progressively updated the approxima-
tion. For the output features of the decoder layer /, this
process can be expressed as follows:

hepr = we(he) o ve(x), &)
we(he) = 0w (Wiehe—1 + be), (6)

“ b)), )

Ye(x) = 00 (W 2x

where hy € RY represents the gradually updated approxi-
mation, wy(-) and ~,(-) are backbone layers and modulation
layers with weight W and bias b that adjust the current ap-
proximation and higher-order terms. o, and o, represent
nonlinear activation functions, sin(-) and sin®(-) are used
in the experiments, as the sine activation function has been
demonstrated to outperform common activation functions
(e.g. ReLU) in INR tasks [49].

Without considering the activation function, the theoret-
ical highest-order term achievable after M decoder layers is
m+14+2+---+m=m-+ m(772z+1) = m(7'2’+3),duet0
the repeated multiplication operations within each layer. Fi-
nally, the reconstructed features are converted to the signal
domain through a linear layer:

y = Wsha + b,. (8)

This method hierarchically integrates features from each
derivative space and extrapolates higher-order terms based
on the approximation and lower-order terms, allowing for
more complex nonlinear transformations in the latent space.

4. Experiments

4.1. Implementation Details

The proposed MetricGrids framework are evaluated across
various Implicit Neural Representation tasks, including 2D
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Figure 5. Qualitative Comparison on Gigapixel Image. The upper-right shows the ground truth image, containing numerous intricate
details. The upper right, lower-left and lower-right images show L2 error maps for the baselines and our method, respectively. All

experiments use consistent hyperparameter settings.

image fitting, 3D signed distance function fitting, and 5D
neural radiance field reconstruction for novel view synthe-
sis. In the elementary metric grids implementation, three
grids are used with the first grid using linear metric as
a regular metric while the other two grids with nonlinear
metrics. In addition to the nonlinear metrics [x2,x3], the
other nonlinear metrics including [sin(-), arcsin(-)] and
[sin(-), cos(-)] [34] are also evaluated for 2D image and
3D SDF fitting, and for neural radiance field reconstruction,
respectively. Such nonlinear metrics can actually provide
more nonlinear properties in experiments, since they can be
further approximated with the polynomial terms. The high-
order extrapolation decoder architecture comprised five lay-
ers with 64 hidden units, with the number of layers directly
corresponding to the established Elementary Metric Grids.
More details can be found in supplementary. The training
was conducted on a single NVIDIA RTX 3090 GPU using
the Adam [23] optimizer (31 = 0.9, B2 = 0.99,¢ = 1071?)
with cosine annealing for learning rate decay. L2 loss was
employed for 2D image fitting and NeRF reconstruction,
while MAPE loss as in [35] was utilized for 3D SDF re-
construction. The same point sampling strategy as in the
Instant NGP [35] and NeuRBF [12] is adopted for SDF
fitting experiments.

4.2. 2D Image Fitting

We first evaluate the effectiveness of fitting 2D images us-
ing the Kodak dataset [1], which consists of 24 images with
a resolution of 768 x 512. PSNR(dB) and SSIM are used
to assess the reconstructed image quality. The performance
is first compared with the existing methods with a similar
model size (around 207K) and the same training iterations
(20,000 steps), the results are shown in Tab. 1. It can be
seen that the proposed MetricGrids achieves the best per-
formance compared with other methods. Moreover, it can

Method | Rep. |PSNR T SSIM 1 Params(K)

WIRE [43] |Implicit| 37.59  0.9596 373
SIREN [49] | Implicit | 38.70  0.9512 207
SCONE [24] |Implicit| 40.29  0.9690 207
I-NGP [35] | Hybrid | 37.06  0.9386 206
NFFB [56] | Hybrid | 38.77  0.9537 208
NeuRBF [12] | Hybrid | 38.70  0.9488 207

Ours(p-norm) | Hybrid | 40.63  0.9720 207
Ours Hybrid | 41.57 0.9735 207

Table 1. Result comparisons of the proposed method against the
existing methods under a similar model size, on 2D Image Fit-

ting using Kodak Dataset. Best and second best results are high-
lighted.

be seen that while MetricGrids with the p-norm based non-
linear metrics[x?,x%] improves the results, the highly non-
linear metrics [sin(-), arcsin(-)] perform even better. It is
mostly because such nonlinear metrics themselves can be
considered as a combination of different-order terms under
Taylor expansion, thus help the grid to learn nonlinear ap-
proximation. Fig. 4 further shows some visual examples.

Comparison with recent work GaussianImage [63] using
Gaussian primitives to represent images and other methods
with different numbers of parameters are also performed.
The results are shown in Tab. 2, metrics of the compari-
son methods are taken from GaussianImage [63]. It can be
seen that the proposed method with a medium size (m) and
large size (1) both significantly improve the performance
over Gaussianlmage [63], especially with the similar num-
ber of parameters.

A notable advantage of the grid-based model over the
fully implicit representation is the capacity to accommo-
date gigapixel images [32]. To evaluate this scalability, our
method is tested on the publicly available gigapixel images,
and compared with InstantNGP [35] and NeuRBF [12]
as representative state-of-the-art baselines, using the same
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Figure 6. Qualitative Comparison on 3D Signed Distance Field Reconstruction. Details are best viewed with zoom-in.

Method | Rep. |PSNR 1 MS-SSIM 1 Params(K)
I-NGP [35] Hybrid | 43.88 0.9976 300
NeuRBF [12] Hybrid | 43.78 0.9964 337
3D GS [22] Explicit| 43.69 0.9991 3540
Gaussianlmage [63]|Explicit| 44.08 0.9985 560
Ours-m Hybrid | 46.97 0.9986 335
Ours-1 Hybrid | 52.22 0.9987 533

Table 2. Result comparison with Gaussian primitive based meth-
ods, on 2D Image Fitting using Kodak Dataset.

Method ‘ IOU1T NAE | Chamfer | Params

0.99991  4.21 0.0022 10.15M
I-NGP [35] | 0.99991 3.42 0.0023 950K
NeuRBF [12] | 0.99988  3.20 0.0021 856K

Ours ‘ 0.99991  3.09 0.0021 905K

NGLODS [52]

Table 3. Result comparison on 3D Signed Distance Function Re-
construction using Stanford 3D Dataset.

number of parameters. The results are shown in Fig. 5,
with an illustration of the error map. It can be seen
that our method demonstrates superior fidelity in gigapixel
image reconstruction compared to InstantNGP [35] and
NeuRBF [12]. Moreover, the error distribution of the pro-
posed method is relatively uniform across the whole image,
indicating that the proposed method can efficiently fit com-
plex regions such as edges with the higher-order grids. Ad-
ditional results for other gigapixel images are provided in
the supplementary material.

4.3. 3D Shape Reconstruction

To assess the quality of 3D shape representation, 7 scenes
from the Stanford 3D Scanning Repository [50] are eval-
uated, following the hyperparameter configurations estab-
lished in NeuRBF [12]. The evaluation employed multi-
ple metrics: Intersection over Union (IoU), Normal Angular
Error (NAE), and Chamfer Distance (CD). The results are
demonstrated in Tab. 3, and comparative analysis against
baseline and state-of-the-art methods reveals that the pro-
posed approach achieves superior performance across all

Methods \Steps Params PSNR 1 SSIM 1 LPIPSygg |

Mip-NeRF 360 [2]| 250k 3.23M 3325  0.962 0.039
TensoRF [7] 30k 17.95M  33.14  0.963 0.047
K-Planes [17] 30k 33M 3236  0.962 0.048
I-NGP [35] 35k 1221M 3318  0.963 0.051
NerfAcc [25] 20k 122IM 3255 - 0.056
NeuRBF [12] 30k 17.74M  34.62 0975 0.034

Ours | 30k 13.11M 35.02 0.976 0.033

Table 4. Result comparison on Neural Radiance Field Reconstruc-
tion using Blender Dataset [34], the symbol “*-” indicates that spe-
cific information is unavailable in the respective paper.

metrics while maintaining comparable model compactness.
The qualitative comparisons are presented in Fig. 6. It can
be seen that our method yields a more distinct representa-
tion in intricate areas than the other methods.

4.4. Neural Radiance Field Reconstruction

In the Neural Radiance Field setting, a volumetric shape
is represented by a spatial (3D) density function and a
spatial-directional (5D) emission function. The Blender
dataset [34] which consists of eight object-centric scenes
is widely used as a standard benchmark. We explore using
NerfAcc [25] as the baseline implementation, while utiliz-
ing the same decoder as NebRBF. The experimental settings
and hyperparameter selections are outlined in NerfAcc [25].
The results are shown in Tab. 4. It can be seen that under the
same number of iterations, our method effectively enhances
the rendering quality of new viewpoints while maintaining
model compactness. Some visual comparisons are shown
in Fig. 7. It can be seen that the proposed method demon-
strates consistent improvements in both complex structures
and smooth regions.

4.5. Ablation Study

To validate the effectiveness of each proposed module, ab-
lation studies are conducted on both Kodak dataset [1] for
2D image fitting and Stanford 3D Scanning Repository [50]
for SDF reconstruction.

Evaluation on elementary metric grids. The use of
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Figure 7. Qualitative Comparison on Neural Radiance Field Reconstruction. Our method consistently outperforms baselines in capturing
both complex and fine details in scenes, as well as in smooth regions with reflections.

Decod 2D image 3D SDF
eCOder I pGNR SSIM Time Params| CD NAE

Baseline | MLP | 37.06 0.9386 195s 206k |0.0023 3.43

Settings

M=27 MLP 39.45 0.9580 336s 234k [0.0022 3.34
M=37 MLP 40.85 0.9684 385s 258k [0.0022 3.20
M=47 MLP 4191 09737 576s 279 |0.0023 3.15
M=2 MLP 38.71 0.9519 326s 206k [0.0022 3.40
M=3 MLP 38.95 0.9538 428s 206k |0.0022 3.35
M=4 MLP 38.98 0.9540 534s 206k |0.0025 3.35

Ours | w/o hierarchy
Ours Full | High-order

40.23 0.9668 1136s 212k [0.0022 3.29
41.57 0.9735 1148s 207k [0.0021 3.09

Table 5. Ablation Study. M indicates the number of elementary
metric grids, aligned with the definition in Eq. (2). The symbol
t indicates that the overall model size is not restricted with the
increase of grids.

elementary metric grids was first evaluated to show the ef-
fectiveness of nonlinear approximation. It is built upon the
baseline method, using InstantNGP [35]. We set the high-
est resolution of the metric grids to half of that used in the
I-NGP and reduced the length of the hash table to maintain
parameter counts comparable, resulting in metric grids with
lower spatial resolution and increased sparsity as described
in Sec. 3.3. The results are shown in the first section of
Tab. 5. We have evaluated the effect of different grid num-
bers (M) by selecting 2, 3, and 4 metric grids based on the
baseline. It can be seen that the elementary metric grids de-
fined in nonlinear metric spaces significantly enhance the
performance across all tasks, validating its effectiveness as
high-order term approximations. Among the different con-
figurations, M=2 yielded the largest improvement, further
underscoring the importance of introducing nonlinear met-
rics for complex signal fitting. Additionally, experiments
with restricting the total parameters when adding grids are
also conducted, as detailed in the central section of Tab. 5.
Under the same number of parameters, adding a higher-
order term grid effectively improves performance, demon-
strating that nonlinear interpolation via metric grids pro-
vides a better inductive bias compared to linear interpo-
lation in terms of representation quality. However, per-
formance gains diminish when the number of higher-order
terms exceeds three, indicating explicit storage of higher-
order terms proves computationally inefficient. Thus, Met-

ricGrids with M=3 is applied in our implementation.

Evaluation on high-order extrapolation decoder.
Based on the previous analysis, we set the order of the ele-
mentary metric grid to 3 and incorporate the proposed high-
order extrapolation decoder for the implicit estimation of
high-order terms at different positions, thereby achieving
a balance between fitting accuracy and model compactness,
which constitutes our full model. On one hand, it adds more
nonlinearity layers to the decoder, improving the decoding
accuracy. On the other hand, it generates higher-order terms
based on the initial low-order approximation and different
grids. To validate this, we masked the hierarchical structure
of different grid feature inputs in the decoder (denoted as
w/o hierarchy) and demonstrated significantly degraded de-
coder performance without hierarchical feature integration.
In contrast, the high-order extrapolation decoder effectively
leverages multiple metric grids to enhance the final perfor-
mance.

5. Conclusion

In this paper, we have proposed MetricGrids, which pro-
vides accurate neural representations for various signal
types. Our analysis reveals that the linear indexing function
used to obtain continuous-space point features in the cur-
rent grid-based neural representation leads to latent space
degradation, thus resulting in parameter inefficiency and ap-
proximation error on nonlinear signals. Drawing inspiration
from Taylor expansion, elementary metric grids defined in
nonlinear metric spaces are proposed as high-order terms to
capture complex latent space nonlinearity, thereby enhanc-
ing representation capabilities. A compact representation is
further designed using hash encoding and a high-order ex-
trapolation decoder to improve fitting accuracy without in-
creasing parameter and storage requirements. Experimental
results demonstrated that our method significantly outper-
forms baseline models and achieves state-of-the-art perfor-
mance in 2D image fitting, 3D shape fitting, and neural ra-
diance field reconstruction tasks.
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