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ABSTRACT

Recent advances in large language models(LLMs) have demonstrated impressive
performance on a wide range of mathematical benchmarks. Yet a critical challenge
remains: systematic generalization, which is the ability to correctly reason about
novel combinations and unseen contexts. True systematic generalization goes be-
yond memorization or pattern matching, requiring models to internalize underlying
rules. We present a formal methods-based evaluation framework called FORGE for
rigorously probing the systematic generalization abilities of LLMs. Our approach
automatically synthesizes formal benchmarks from traditional datasets, ensuring
that evaluation instances are both novel and valid. Each formal benchmark is
verified for correctness and well-posedness through formal methods. We further
introduce a formally grounded difficulty metric and a stepwise prompting method
to enhance the rigorous evaluation. Finally, we perform online evaluation multiple
times and generate multiple benchmarks, ensuring novel combinations and unseen
contexts for every run. Experimental results reveal a dramatic accuracy drop in
top-performing LLMs, highlighting critical weaknesses of LLMs. Moreover, our
analysis shows that this decline persists after controlling for problem hardness
and multiple randomization, indicating that our framework not only mitigates
contamination but also provides a principled scale for reasoning difficulty.

1 INTRODUCTION

The rapid advancement of large language models has led to impressive performance on mathematical
benchmarks, from arithmetic to Olympiad-level problems (Wang et al., | 2024). Despite these advances,
a fundamental challenge persists: systematic generalization (Bahdanau et al.| |2019). Systematic
generalization refers to the ability of a model to correctly reason about novel combinations and
unseen contexts by recomposing known elements. Unlike simple memorization or pattern matching,
true systematic generalization requires models to internalize underlying rules and apply them flexibly
to new situations. This ability lies at the heart of robust reasoning and compositional learning, yet it
remains an open problem for current LLMs.

Why existing evaluations fall short. Benchmarks such as GSM8K (Cobbe et al.| 2021) and
MATH (Hendrycks et al.l 2021)) have become cornerstones for evaluating, yet their static and publicly
released nature makes them highly susceptible to contamination. Prior efforts (Zhang et al., [2024;
Zhu et al., [2024a; Mirzadeh et al., |2025; [Fan et al., [2024; |Zhu et al., [2024b) attempted to resist
contamination through manually designed templates or parameter randomization. However, they
introduce new challenges: templates are in limited numbers; template-driven distributions often drift
in uncontrolled ways, weakening comparability; evaluations typically focus only on mathematics;
natural-language prompts may admit multiple valid solutions, leaving correctness ill-defined; and
difficulty is rarely quantified. A detailed comparison is shown in

Other approaches, such as (White et al.,|2025), continuously update and release new datasets. Yet
newly released benchmarks inevitably risk future contamination, while structural diversity across
datasets hinders cross-benchmark comparability. Indeed, in 2024 alone, more than fifteen math-related
datasets were published (Lookeng|, 2024), further fragmenting the evaluation landscape.

Our perspective: formalization as a remedy. We advocate evaluating systematic generalization
through formalized tasks that are synthesizable, machine-checkable, and difficulty-calibrated. We
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introduce our framework Formalized Generalization Evaluation(FORGE). Concretely, we auto-
formalize seed instances from existing benchmarks into executable formal artifacts and generate
fresh instances at test time via parameter randomization. Formal solvers then prove correctness or
produce counterexamples, ensuring that each instance is well-posed, i.e., with guaranteed existence,
uniqueness, and absence of ambiguity.

To ensure the correctness of the autoformalized benchmarks, we integrate three complementary layers
of verification. First, static verification ensures that every formalized instance compiles as formal
code, with all symbols resolving and types checking. Second, dynamic verification validates concrete
parameterizations through solver execution and cross-checks across different formal methods on
randomized test inputs. Finally, semantic verification employs a judge LLM to check the formal
artifacts, detecting hallucinated or off-spec reasoning even when final answers appear correct.

FORGE further introduces a difficulty metric that characterizes problem hardness along four or-
thogonal dimensions: expression complexity, capturing the syntactic and structural intricacy of the
problem statement; reasoning complexity, reflecting the minimal reasoning steps required to reach a
solution; space and time complexity, measuring the computational effort to obtain a verified answer.

Finally, we further incorporate stepwise prompting by decomposing formal code into step-by-step
prompts and building natural-language subquestions, thereby constructing explicit chains of thought.
This design highlights the dual role of our framework: it functions as a rigorous evaluation protocol
and as a potential training resource by supervising each reasoning hop with verified subgoals, which
is largely absent in current LLM training pipelines.

Experimental results reveal a dramatic accuracy drop in top-performing LLMs, from approximately
95% to 60%, highlighting critical weaknesses of LLMs. Moreover, our difficulty-aware analysis
shows that this decline persists even after controlling for problem hardness, indicating that our
framework mitigates contamination and provides a principled scale for reasoning difficulty.

In summary, our work makes the following key contributions:
* We introduce a formal methods-based framework FORGE for evaluating LLM systematic

generalization, synthesizing formal and fresh benchmarks while certifying correctness and
well-posedness.

* We propose Tri-Verify (static, dynamic, semantic) to increase reliability and build stepwise
prompting datasets for step-by-step training or testing.

* We develop a formally grounded difficulty metric integrating time and space complexity,
expression complexity, and reasoning complexity, enabling controlled test construction and
principled comparisons.

* We present experiments showing a substantial accuracy drop for strong LLMs under our
settings, indicating persistent gaps in systematic generalization.

2  MOTIVATING EXAMPLES

To illustrate the core idea of our framework, we present two representative problems from different
scientific domains.

2.1 N-PRIMABLE NUMBERS

A positive number is called n-primable if it is divisible by n and all of its digits are one-digit prime
numbers. The question is ”How many 3-primable positive integers are there less than 100?”

Formal-Natural Coupling. We abstract the natural prompt into a parametric template: ”How many
X2-primable numbers are there less than X1?” The LLM encodes this with Z3 as:
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s.add (number % X2 == 0)

In cvc5, the formal code is:

n 0))
n X1))
(mod n X2) 0))

(assert (
(assert (
(assert (

AV

For X1 = 100, X2 = 3, all the solvers yield exactly six valid numbers.

Difficulty Coefficient. We define a difficulty score D by combining multiple indicators:
D=a- C‘expr + 5 . Cvreason + v Cspace + J- Ctime;

where Cexpy is the symbolic expression size, Creason the minimal reasoning steps, Cypace the size of the
memory space, and Cyipe the solver runtime. The indicators are normalized across all the benchmarks.
For the original case (X1 = 100, X2 = 3): Cexpr = 3 constraints. Cproof = 6 reasoning steps.
Cmem = 0.09. Cyove = 0.01s. This yields a moderate difficulty score D ~ 0.42 (normalized).

Controlled Randomization. We perturb parameters within a bounded range to generate fresh but
structurally equivalent tasks. For example, the query: ”"How many 7-primable numbers are there
less than 200?” All the solvers find: {7, 35, 77} = 3. This randomized case (X1 = 200, X2 = 7)
doubles the search space, raising the difficulty score to D ~ 0.67. However, GPT-40 incorrectly
enumerates {7, 35, 73, 77} = 4, showing a reasoning slip.

Triple Validation. Our framework applies three layers of verification:

* Static: Each formal program parses and loads without errors.

* Dynamic: For each (X1, X2), the enumerated solution sets across different formal solvers
are strictly equal.

* Semantic: An independent judge LLM audits the formal encodings.

2.2 FROM A WRONG COT TO A VERIFIED STEPWISE CHAIN

The question is Two ice pucks collide head-on on a frictionless surface. Puck A has mass 0.691 kg
and moves at 3 m/s toward stationary puck B of mass 1 kg. After the collision, puck A reverses and
moves at 3 m/s opposite its original direction. Determine the impulse on puck A and on puck B.

LLM’s Incorrect Answer. GPT-40 produces a long chain of thoughts shown in the
but outputs a wrong final answer {—4.146, 2.073} N - s, incorrectly halving puck B’s impulse and
violating momentum conservation at the system level.

Formal Decomposition and Stepwise Reasoning. Instead of one-shot generation, our formal
benchmark can factor the solution into atomic, machine-checkable steps (units, signs, laws). Each
step yields a local verdict (pass/fail) and an interpretable artifact (number, symbol, or equation).
Table 1|shows the formalized code in our benchmark and the questions generated. GPT-40 will answer
these questions one by one and finally output the final answer. The pipeline is: (i) extract givens; (ii)
compute momenta; (iii) apply impulse definition Ap; (iv) enforce system-level conservation as a hard
constraint; (v) re-compose the final answer only if all checks pass.

This example illustrates that FORGE’s formalized, stepwise, and verified reasoning can serve two
roles: (i) a stronger test (detecting globally inconsistent CoT), and (ii) training resource (supervising
each reasoning hop), thereby supplying correct chains that current training pipelines lack.
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Table 1: Stepwise reasoning on a 1D ice—puck collision: code, question, and answer aligned for
verified chain-of-thoughts that can be used in training or testing.

Formal Code Generated Question LLM’s Answer
initial VelocityA = 3; Q1: Initial velocity of A? 3m/s

final VelocityA = -3; Q2: Final velocity of A? —3m/s

massA =0.691; Q3: Mass of A? 0.691 kg

massB = 1; Q4: Mass of B? 1kg
initialMomentumA = massA*initial VelocityA; | QS5: Initial momentum of A? 2.073kg - m/s
finalMomentumA = massA*final VelocityA; QO6: Final momentum of A? —2.073kg - m/s
impulseA = finalMomentumA - initialMomen- | Q7: Impulse on A? —4.146 N - s
tumaA;

initialMomentumB = massB*0; Q8: Initial momentum of B? 0
finalMomentumB = initialMomentumA + initial- | Q9: Final momentum of B? 4.146kg - m/s
MomentumB - finalMomentumA;

velocityB = finalMomentumB / massB; Q10: Velocity of B after? 4.146 m/s
impulseB = finalMomentumB - initialMomen- | Q11: Impulse on B? +4.146 N - s
tumB;

answer = {impulseA, impulseB}; Q12: Impulses on A and B? {—4.146, +4.146} N - s

3 APPROACH

We propose FORGE (Formalized Generalization Evaluation), a novel benchmarking pipeline de-
signed to transform static datasets into dynamic, verifiable, and difficulty-calibrated evaluation
benchmarks. FORGE consists of six modules: (1) formal-natural coupling, (2) controlled randomiza-
tion, (3) formal reasoning and verification, (4) difficulty quantification, (5) stepwise prompting, and
(6) online evaluation.

Formal-Natural Coupling Given a natural language problem Py, FORGE employs an LLM to
generate a corresponding formal artifact Pcoge. The Peoge should (i) encode the complete solution
logic, (ii) maintain a one-to-one correspondence between natural language entities and formal
variables, and (iii) be executable by a reasoning engine (e.g., Z3, cvc5, Mathematica). We define a
binding map
B:VnL < Veode,

where Yy is the set of identifiable quantities in natural language and Vcoqe the corresponding formal
variables.

Controlled Randomization To mitigate contamination and test generalization, FORGE replaces
constants with symbolic variables {x1, z2, ..., 2, }, sampled from constrained distributions D, at
test time: ) _
'PISI]L), Pg)?ie = Perturb(PNL, PCode, {xz ~ 'ow})
Each D, respects type and constraint annotations,
x; ~ Dy, CTT(x;), st d(zr,...,Tn),

where T (z;) is the semantic type (e.g., integer, set of digits) and ¢ enforces domain invariants. The
randomization are controlled by the following difficulty quantification and the benchmarks are further
filtered by formal verification.

Formal Reasoning and Verification Given ’Pg)zje, FORGE employs formal solvers to compute the

canonical answer y; and enforce well-posedness including:
(Existence) Jy; : Pg)lle(ajl, Ce X)) = Y,

(Uniqueness) vylv Y2, (P((:i))de — Y1 N Péi))de — y2) = Y1 = Y2,

We model verification as a composite operator

V = Vitatic © denamic ° Viemantic;
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where Vyaiic: checks well-formedness by requiring that ®(b) compiles with all symbols resolved and
types checked, Viynamic: €xecutes solver runs on randomized parameterizations, enforcing existence
and uniqueness of solutions, optionally cross-validated across independent solvers, Vsemantic: €mploys
an auxiliary LLM judge to detect hallucinated or misaligned encodings even when solver outputs
appear correct. An instance f = ®(b) is admitted into the benchmark iff V(f) = true.

Difficulty Quantification Each admitted instance f receives a difficulty vector

D(f) = (Cexpr(f)a Creason(f)a Cspace(f)a Ctime(f>)7

where Ceypr measures syntactic complexity, Creason the minimal reasoning depth, and (Cipace, Ctime)
the solver resources required.

For aggregated analysis, we define a scalar difficulty score D by weighting multiple indicators:
D=a- C’expr + 6 : Creason + v Cvspace + - Ctimm

where «a, 3,7, § are tunable coefficients reflecting the relative importance of syntactic complexity,
reasoning steps, memory footprint, and runtime.

Stepwise Prompting To elicit interpretable and verifiable reasoning, FORGE introduces a decom-
position operator

v f = <(gla q1)7 (927 QQ)7 LR} (gka qk‘)>a
where each pair (g;, ;) consists of a formal subgoal g; derived from the structure of f and a
corresponding natural-language subquestion ¢g;. We extract subgoals by traversing the formal code
Pcode and identifying verification checkpoints such as:

* algebraic simplifications or intermediate variable definitions,
* branching conditions in case analysis,

¢ inductive or iterative invariants,

* existential witnesses or constructive lemmas.

These are then ordered according to their logical dependencies, forming a directed acyclic graph that
defines the sequence of subproblems. For each g;, we generate a corresponding g; that verbalizes the
subgoal while preserving the binding B between natural-language entities and formal variables.

Online Evaluation We now present the new problem PIEI]L) to the target LLM, which returns a
prediction y;. We compare this to the canonical answer y and collect multiple evaluation results:
Exact Match:  1[j; = yj]
Generalization Drop: A := AcCoriginal — ACCrandomized
Multi-Level Cost:  Generation Cost, Reasoning Cost, Token-level Cost

4 EXPERIMENT

To systematically evaluate FORGE, we propose the following research questions:

RQ1: How do LLMs perform on the dynamically generated dataset?
This question evaluates the reasoning capabilities of state-of-the-art LLMs when tested on benchmarks
dynamically generated by FORGE.

RQ2: What is the performance of LL.LMs with stepwise prompting? The experiment shows the
performance change of LLM with stepwise prompting generated from our benchmarks. This analysis
provides insights into the feasibility of deploying FORGE to train or test LLM reasoning.

RQ3: What is the success rate of generating formal benchmarks?

We investigate what percentage of problems are valid, correct, well-posed, and solvable by the formal
verification tool. This metric assesses the scalability of FORGE generation mechanism in producing
high-quality, uncontaminated benchmarks.

RQ4: What are the time and cost of the FORGE framework?
We examine the computational resources required to implement FORGE, including the time needed
for benchmark generation, formal verification, and model testing.
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Table 2: Performance of models on GSM8K and MATH(%)

M \ GSMSK \ MATH
odel

| Gap  Orig R1 R2 R3 Std | Gap  Orig R1 R2 R3 Std
Claude-3.5 26.75 98.05 71.55 70.12 7222 1.07 | 2446 8535 6227 61.80 58.61 1.99
DeepSeek-V3 26.84 98.10 71.27 70.03 7250 1.27 | 34.07 98.17 66.12 64.10 62.08 2.02
GPT-40 31.10 9744 66.55 6562 66.85 0.64 | 28.14 85.16 58.88 56.78 5540 1.75
04-mini 17.15 98.66 82.28 77.04 82.21 3.01 | 29.60 98.71 7143 68.13 67.76 2.02
Qwen-Plus 29.59 9840 69.88 6683 69.73 1.71 | 31.69 9231 6227 59.80 59.80 1.14
Qwen2-MATH | 29.63 98.13 71.16 67.30 67.13 228 | 2874 91.94 6420 6290 6254 0.87
QwQ 20.61 9856 78.28 76.19 79.38 1.65 | 40.83 97.00 50.75 52.66 67.10 7.81

4.1 EXPERIMENTAL SETTINGS

Datasets. We sample seed problems in the following datasets: GSM8K (Cobbe et al., 2021)) is a
dataset of grade-school math word problems requiring multi-step reasoning. MATH (Hendrycks
et al., 2021) is a more challenging dataset covering advanced high school mathematics topics.
PHYSICS (a Tron, 2023) is a public dataset of high school-level physics problems. CHEM-
ISTRY (Wei et al.,[2021)is a public dataset of high school-level chemistry problems.

We automatically and successfully formalize 5876 problems in the GSM8K dataset. For the other
datasets, we generate 1,000 samples from each to demonstrate the generalizability of our framework
across domains and problem types. Our framework is scalable, and larger formalized datasets can be
constructed in future work with increased resources and funding.

Baselines. We tested FORGE with several state-of-the-art LLMs, including:

- GPT-40 (OpenAl) (Achiam et al., [2023)): is a multilingual, multimodal generative pre-trained
transformer developed by OpenAl and released in May 2024.

- 04-mini (OpenAl): is a compact, cost-efficient language model from OpenAl, optimized for fast and
accurate reasoning, released in April 2025.

- Qwen-Plus-2025-04-28 (Alibaba) (Bai et al., 2023): is a large-scale open-source language model
developed by Alibaba Cloud that supports both thinking and non-thinking modes.

- Qwen2-MATH (Alibaba) (Yang et al.,[2024)): supports using Chain-of-Thught (CoT) to solve English
math problems.

- QwQ (Alibaba) (Team, |2025) is the reasoning-specialized model within the Qwen series. QwQ
leverages advanced reasoning and critical thinking abilities to achieve superior performance on
downstream tasks.

- Claude-3.5 Sonnet (Anthropic) (Anthropicl 2024): is an instruction-tuned LLM developed under
Anthropic’s constitutional Al framework and is well known for its reasoning ability.

- DeepSeek-V3 (DeepSeek) (Liu et al., [2024)): We have conducted another test on DeepSeek-R1,
but it takes three days for one test dataset. Due to the large deviation in the time cost, we select the
DeepSeek-V3 as a more comparable baseline.

Formal Verification Tool. For formal verification, we employ Z3, CVCS5, and Mathematica 14.0,
which ensure the correctness, uniqueness, and well-posedness of generated problems.

4.2 RQ1: LLMS PERFORMANCE

We test each dataset three times with different randomization noted as R1, R2, and R3. The
performance is summarized in Table Zand[3] The Gap metric shows the average performance decrease
between the original dataset and the three dynamically generated benchmarks. The Std metric shows
the standard deviation across the benchmark, indicating the stability and robustness of our framework.

Most LLMs exhibit high original accuracy but suffer the largest degradation in scientific domains,
with accuracy gaps exceeding 35% in Physics and Chemistry. Qwen-MATH performs strongly in
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Table 3: Performance of models on PHYSICS and CHEMISTRY (%)

Model ‘ PHYSICS ‘ CHEMISTRY

| Gap  Orig R1 R2 R3 Std | Gap  Orig R1 R2 R3 Std
Claude-3.5 43.45 8891 43.10 4590 4739 2.18 | 4050 89.72 4840 49.74 4952 0.72
DeepSeek-V3 23.01 79.71 60.75 54.52 5483 3.51 | 2782 8749 61.13 59.12 5875 1.28
GPT-40 3231 76.10 4279 4548 43.10 1.47 | 37.52 81.38 44.08 44.68 4281 0.95
04-mini 10.15 7956 6846 6894 7084 1.26 | 439 80.19 7520 76.77 7543 0.85
Qwen-Plus 46.21 88.27 4247 4410 39.60 228 | 3569 79.97 4490 4393 4401 0.54
Qwen2-MATH | 27.81 69.09 4137 4247 40.01 1.23 | 22.83 66.71 4527 4281 4356 1.26
QwQ 18.59 79.23 61.72 59.77 6042 1.02 | 870 83.69 7470 75.15 74.11 0.24

Table 4: Performance (%) comparison of single-shot and stepwise prompting across four domains.

GSMS8K MATH PHYSICS CHEMISTRY
Single-shot ~ Step-wise  Single-shot  Step-wise  Single-shot  Step-wise  Single-shot  Step-wise
R1 82.28 84.23 71.43 70.23 68.46 63.19 75.20 72.61
R2 77.04 79.86 68.13 67.71 68.94 66.28 76.77 72.76
R3 82.21 84.25 67.76 69.54 70.84 67.42 7543 72.69

mathematics but generalizes poorly to physics and chemistry, revealing domain-specific limitations.
QwQ shows a large decrease (40%) on MATH datasets but a relatively small decrease on the other
three datasets. By contrast, 04-mini demonstrates superior robustness and retains high accuracy on all
the datasets after randomization. It validates the strong performance of o4-mini in multiple domains
and benchmarks. further shows the difficulty metrics across different domains.

Detailed error analysis revealed that LLMs struggled with algebraic reasoning, especially when
symbolic structure conflicted with learned patterns. In particular, some models incorrectly treated
linear expressions as quadratics, leading to invalid root-based answers. Additionally, misinterpretation
of randomized numerical variables was a common failure mode. For instance, values representing
proportions were sometimes mistaken for absolute quantities, producing incorrect equations. These
issues highlight reasoning gaps in symbolic parsing and context-dependent numerical understanding.

4.3 RQ2: STEPWISE PROMPTING

We next evaluate the impact of stepwise prompting on 04-mini, where formal code is decomposed
into intermediate reasoning steps and translated into natural language sub-questions. As shown in
Table[d] stepwise prompting shows slightly improved performance on GSM8K. However, its effect is
mixed in scientific domains: accuracy drops in PHYSICS and CHEMISTRY. Decomposition lengthens
the output; with per-step error rate e, the chance the entire chain is correct shrinks roughly as (1 —¢€)”
with more steps 7', unless strong verification and consistency checks are present. Besides, LLM may
not be explicitly trained to follow strict step-by-step reasoning. Without step-supervised training,
models may treat steps as stylistic rather than semantic constraints. The results show that stepwise
prompting is a useful probe for analyzing reasoning behavior.

4.4 RQ3: SUCCESS RATE OF AUTOMATIC FORMAL BENCHMARK GENERATION

This experiment measures how reliably FORGE can generate valid and well-posed benchmarks. For
each domain, we conduct tri-verify to check whether they (i) compile into executable formal code,
(i1) dynamically execute the formal code and verify with the ground truth and cross-check across
different formal methods if they exist, and (iii) employ a judge LLM to confirm the semantics. Results
in Table [5] report the success rate as the fraction of problems that pass three verification. Overall,
the tri-verification pipeline ensures that only high-quality problems are retained, maintaining both
syntactic validity and semantic faithfulness.

4.5 RQ4: COMPUTATIONAL COSTS

We measure the time and token costs of implementing FORGE, covering three main stages: (i)
code generation, where LLMs produce formalized code; (ii) problem randomization and formal
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Table 5: Success rate (%) of automatic formal benchmark generation after tri-verification.

Domain Static Check Dynamic Check Semantic Check

GSMB8K 97.62 91.42 96.29
MATH 85.01 89.78 91.30
Physics 91.23 83.17 97.30
Chemistry 84.47 81.54 95.97

Table 6: Per-sample token cost and time cost of LLMs on four datasets.
Model GSMSK \ MATH
R1 R2 R3 Time \ R1 R2 R3 Time

Claude-3.5 13294 13339 130.76  4.40s | 239.13 23855 231.65 4.83s
DeepSeek-V3  176.82 177.28 180.27 10.50s | 534.95 541.54 521.38 20.30s
GPT-40 202.11 20323 206.16 3.48s | 40435 400.33 40830  6.25s
04-mini 25.05 23.65 23.53 5.45s | 161.14  30.09 29.60  12.11s
Qwen-Plus 184.23 17478 159.14 11.42s | 503.00 49030 505.80 26.67s
Qwen2-Math 17242 173.62 173.60 7.32s | 52631 52526 524.67 13.21s

QwQ 44.41 46.43 49.48 18.85s | 277.27 238.70 244.82 30.85s
Model PHYSICS ‘ CHEMISTRY
R1 R2 R3 Time | Rl R2 R3 Time

Claude-3.5 191.50 190.63 191.10  3.52s | 167.99 168.01 168.70  4.13s
DeepSeek-V3 32533  321.12 329.19 12.55s | 26991 269.49 268.68 13.10s
GPT-40 34750 319.27 340.39 5.85s | 296.50 29440 296.30  6.50s
04-mini 129.31  38.42 34779 15.88s | 32.15 31.99 31.60  15.15s
Qwen-Plus 388.10 380.70 389.70 18.29s | 294.10 291.40 290.30 17.14s
Qwen2-Math  426.74 42498 418.45 10.88s | 316.85 317.59 317.55 15.30s
QwQ 25344 223.08 234.17 16.81s | 198.76 181.07 203.38 16.32s

verification, where formal tools solve or validate problems under varied settings; and (iii) model
testing, where LLMs are evaluated on three randomized datasets.

Token per instance of formal code remains modest across tasks, averaging around 55.69 tokens for
GSMSK and 52.72 MATH, and slightly higher for Physics (64.82) and Chemistry (65.90). The cost of
tokens of LLMs is listed in Table[6] During online testing, we observed noticeable variation in token
consumption across models and domains. On GSMS8K, token usage was relatively low and consistent,
while tasks like MATH, Physics, and Chemistry exhibited significantly higher usage, particularly
for models like ChatGPT-40 and Qwen-Plus. While MATH problems are symbolically simpler to
formalize, they incur significantly higher LLM inference cost in both token consumption and latency.
Such findings further motivate the need for symbolic supervision in benchmarking and the use of
formally verified outputs as ground truth. Finally, randomization and formal verification added about
0.9 seconds per problem. It indicates that although FORGE introduces additional computational
demands, its scalability and benefits outweigh the costs.

5 DISCUSSION

Beyond correctness: broader benefits of Formalization Formalization not only mitigates con-
tamination but also brings broader benefits for evaluation and pedagogy. It enforces rigor, as
machine-checked proofs prevent hand-waving and expose ambiguity early. It enhances transparency,
since proof scripts are replayable, intermediate states are inspectable, and counterexamples surface
incorrect claims. Moreover, difficulty becomes quantifiable: proof length, state-space size, and
solver runtime provide principled metrics beyond heuristic labels. Finally, formal structures naturally
support taxonomy and well-posedness, grouping problems by type and filtering degenerate cases,
while parameterized generation yields fresh uncontaminated instances for every run.

Limitations While FORGE shows great significance, several limitations remain. First, solver-based
verification introduces a modest computational overhead (approximately 0.1-1s per problem), though
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Table 7: Comparison of recent related evaluation methods

Title Mutation Validation Templates Amount
MPA LLM/Human LLM/Human about 15000
DYVAL Predefined rules DAG Algorithm -

GSM-Symbolic  Predefined rules Human and Algorithm 50

NPHardEval Monthly update Algorithm 900

LIVEBENCH Monthly update Automated scoring tools about 1000
FORGE (ours) Difficulty-aware Formal Verification about 9000

this cost is negligible compared to the typical inference latency of modern LLMs. Second, our current
implementation leverages only three formal tools, which limits the coverage of certain domains,
particularly those requiring open-ended or higher-order reasoning. Expanding support for richer
formal systems is ongoing work. Furthermore, due to time and budget constraints, we conduct
experiments on about 9k test instances, and our evaluation focuses on five widely used LLMs. The
overall cost is about 3673 USD. We are committed to scaling both the dataset and model coverage in
future iterations, contingent on additional resources and funding.

6 RELATED WORK

Dataset Generation Recently, several dynamic or contamination-limited benchmarks have been
introduced. Meta Probing Agents (MPA) (Zhu et al.,|2024b) reformulate benchmark questions by
paraphrasing and inserting distractors, with verification performed by judge agents and human anno-
tators. DY VAL (Zhu et al., 2024a) generates reasoning tasks through Directed Acyclic Graph(DAG)
structures, adjusting difficulty by controlling depth and width, with about 500 instances per task.
GSM-Symbolic (Mirzadeh et al.l 2025)) constructs 100 symbolic templates from GSMS8K, each
expanded into 50 variants, diversified by name and number substitutions and clause modifications.
NPHardEval (Fan et al.;[2024) builds 900 problems across three complexity classes and verifies them
using established algorithms. LiveBench (White et al.,|2025) focuses on contamination-resistance,
sourcing problems from newly released competitions, news, and datasets, refreshing one-sixth of its
tasks monthly. shows a summary of these related methods. Unlike these earlier pipelines, our
method ensures structural and semantic rigor, promoting fair and reproducible assessment. Beyond
mathematics, our framework is general and has been extended to physics and chemistry.

Mathematics Benchmarks Many datasets have been proposed to evaluate LLMs’ mathematical
reasoning abilities, such as MATH (Hendrycks et al.,|2021) and GSMS8K (Cobbe et al., [2021). As
model accuracy has risen, e.g., 87.9% on MATH (Lei et al.,[2024) and 97.1% on GSMS8K (Zhong et al.|
2025)), these benchmarks are becoming saturated and less effective at differentiating models. Newer
datasets like ARB (Sawada et al., 2023)), OlympiadBench (He et al., [2024), and SciBench (Wang
et al.;[2024) aim to increase difficulty, but often include tasks that require human evaluation. Attempts
to automate this using rubric-guided LLMs have proven unreliable. Putnam-AXIOM (Gulati et al.,
2024) offers a curated benchmark with standardized boxed answers for automatic evaluation.

Data Contamination Contamination, where evaluation data appears in pretraining, has been
highlighted by Brown et al. (Brown et al. 2020) and further analyzed by Carlini et al. (Carlini
et al.| 2023)) and Kandpal et al. (Kandpal et al.;|2022). Razeghi et al. (Razeghi et al.,[2022)) showed
performance improves with exposure frequency in pretraining corpora. Unlike these retrospective
studies, our method avoids contamination by generating fresh problems with formal verification.

7 CONCLUSION

In this work, we introduced a formal method-based framework FORGE for evaluating the systematic
generalization of LLMs. By synthesizing fresh and formal benchmarks and validating them through
multi-level verification, our approach ensures that evaluations remain robust and reflective of genuine
generalization ability. Beyond mathematics, the framework is general and can be extended to other
domains, opening the door to richer evaluations and broader scientific impact.



Under review as a conference paper at ICLR 2026

REFERENCES

Think a Tron. Pocket Physics Dataset. Hugging Face Datasets, 2023. URL fhttps://
huggingface.co/datasets/think—-a—-tron/pocket—-physicsl

Josh Achiam, Steven Adler, Sandhini Agarwal, Lama Ahmad, Ilge Akkaya, Florencia Leoni Aleman,
Diogo Almeida, Janko Altenschmidt, Sam Altman, Shyamal Anadkat, et al. Gpt-4 technical report.
arXiv preprint arXiv:2303.08774, 2023.

anonymous. anonymous website, 2025. URL https://sites.google.com/view/
formalbenchl

Anthropic. Claude 3.5 Sonnet: Faster, More Capable, and Now Broadly Available. Anthropic Blog,
2024. URL https://www.anthropic.com/news/claude—3-5-sonnet.

Dzmitry Bahdanau, Shikhar Murty, Michael Noukhovitch, Thien Huu Nguyen, Harm de Vries,
and Aaron Courville. Systematic generalization: What is required and can it be learned? In
International Conference on Learning Representations, 2019. URL https://openreview!
net/forum?id=HkezXnA9YX.

Jinze Bai, Shuai Bai, Yunfei Chu, Zeyu Cui, Kai Dang, Xiaodong Deng, Yang Fan, Wenbin Ge,
Yu Han, Fei Huang, et al. Qwen technical report. arXiv preprint arXiv:2309.16609, 2023.

Tom Brown, Benjamin Mann, Nick Ryder, Melanie Subbiah, Jared D Kaplan, Prafulla Dhari-
wal, Arvind Neelakantan, Pranav Shyam, Girish Sastry, Amanda Askell, Sandhini Agar-
wal, Ariel Herbert-Voss, Gretchen Krueger, Tom Henighan, Rewon Child, Aditya Ramesh,
Daniel Ziegler, Jeffrey Wu, Clemens Winter, Chris Hesse, Mark Chen, Eric Sigler, Ma-
teusz Litwin, Scott Gray, Benjamin Chess, Jack Clark, Christopher Berner, Sam McCan-
dlish, Alec Radford, Ilya Sutskever, and Dario Amodei. Language models are few-shot
learners. In H. Larochelle, M. Ranzato, R. Hadsell, M.F. Balcan, and H. Lin (eds.), Ad-
vances in Neural Information Processing Systems, volume 33, pp. 1877-1901. Curran Asso-
ciates, Inc., 2020. URL https://proceedings.neurips.cc/paper_files/paper/
2020/file/1457c0d6bfcb4967418bfb8acli2fo64a-Paper.pdf.

Nicholas Carlini, Daphne Ippolito, Matthew Jagielski, Katherine Lee, Florian Tramer, and Chiyuan
Zhang. Quantifying memorization across neural language models. In The Eleventh International
Conference on Learning Representations, 2023. URL https://openreview.net/forum?
id=TatRHT_1cKl

Karl Cobbe, Vineet Kosaraju, Mohammad Bavarian, Mark Chen, Heewoo Jun, Lukasz Kaiser, John
Miller, Matthias Plappert, Jerry Tworek, Jacob Hilton, John Schulman, and Matthew Knight.
Training verifiers to solve math word problems. arXiv preprint arXiv:2110.14168, 2021.

Lizhou Fan, Wenyue Hua, Lingyao Li, Haoyang Ling, and Yongfeng Zhang. Nphardeval: Dynamic
benchmark on reasoning ability of large language models via complexity classes, 2024. URL
https://arxiv.org/abs/2312.14890.

Aryan Gulati, Brando Miranda, Eric Chen, Emily Xia, Kai Fronsdal, Bruno de Moraes Dumont, and
Sanmi Koyejo. Putnam-AXIOM: A Functional and Static Benchmark for Measuring Higher Level
Mathematical Reasoning. In The 4th Workshop on Mathematical Reasoning and Al at NeurIPS’24,
2024. URL https://openreview.net/forum?id=YXnwlZzeOyf.

Chaoqun He, Renjie Luo, Yuzhuo Bai, Shengding Hu, Zhen Leng Thai, Junhao Shen, Jinyi Hu,
Xu Han, Yujie Huang, Yuxiang Zhang, Jie Liu, Lei Qi, Zhiyuan Liu, and Maosong Sun. Olympiad-
bench: A challenging benchmark for promoting agi with olympiad-level bilingual multimodal
scientific problems, 2024. URL https://arxiv.org/abs/2402.14008.

Dan Hendrycks, Collin Burns, Saurav Kadavath, Akul Arora, Steven Basart, Dawn Zou, Mantas

Mazeika, Dawn Song, and Jacob Steinhardt. Measuring mathematical problem solving with the
math dataset. arXiv preprint arXiv:2103.03874, 2021.

10


https://huggingface.co/datasets/think-a-tron/pocket-physics
https://huggingface.co/datasets/think-a-tron/pocket-physics
https://sites.google.com/view/formalbench
https://sites.google.com/view/formalbench
https://www.anthropic.com/news/claude-3-5-sonnet
https://openreview.net/forum?id=HkezXnA9YX
https://openreview.net/forum?id=HkezXnA9YX
https://proceedings.neurips.cc/paper_files/paper/2020/file/1457c0d6bfcb4967418bfb8ac142f64a-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2020/file/1457c0d6bfcb4967418bfb8ac142f64a-Paper.pdf
https://openreview.net/forum?id=TatRHT_1cK
https://openreview.net/forum?id=TatRHT_1cK
https://arxiv.org/abs/2312.14890
https://openreview.net/forum?id=YXnwlZe0yf
https://arxiv.org/abs/2402.14008

Under review as a conference paper at ICLR 2026

Nikhil Kandpal, Eric Wallace, and Colin Raffel. Deduplicating training data mitigates privacy risks in
language models. In Kamalika Chaudhuri, Stefanie Jegelka, Le Song, Csaba Szepesvari, Gang Niu,
and Sivan Sabato (eds.), Proceedings of the 39th International Conference on Machine Learning,
volume 162 of Proceedings of Machine Learning Research, pp. 10697-10707. PMLR, 17-23 Jul
2022. URL https://proceedings.mlr.press/vl162/kandpal22a.html.

Bin Lei, Yi Zhang, Shan Zuo, Ali Payani, and Caiwen Ding. Macm: Utilizing a multi-agent
system for condition mining in solving complex mathematical problems, 2024. URL https
//arxiv.org/abs/2404.04735.

Aixin Liu, Bei Feng, Bing Xue, Bingxuan Wang, Bochao Wu, Chengda Lu, Chenggang Zhao,
Chengqi Deng, Chenyu Zhang, Chong Ruan, et al. Deepseek-v3 technical report. arXiv preprint
arXiv:2412.19437, 2024.

Lookeng. ICLR 2024 - Formal Proof Lean. Lookeng.cn, 2024. URL https://www.lookeng,
cn/2024/10/15/1lean/iclr2024-formal-proof-lean/. Accessed: May 16, 2025.

Iman Mirzadeh, Keivan Alizadeh, Hooman Shahrokhi, Oncel Tuzel, Samy Bengio, and Mehrdad
Farajtabar. Gsm-symbolic: Understanding the limitations of mathematical reasoning in large
language models, 2025. URL https://arxiv.org/abs/2410.05229,

Yasaman Razeghi, Adam Roberts, Katherine Lee, and Colin Raffel. The impact of memorization on
the effectiveness of retrieval-augmented language models. arXiv preprint arXiv:2202.07646, 2022.

Tomohiro Sawada, Daniel Paleka, Alexander Havrilla, Pranav Tadepalli, Paula Vidas, Alexander
Kranias, John J. Nay, Kshitij Gupta, and Aran Komatsuzaki. Arb: Advanced reasoning benchmark
for large language models, 2023. URL https://arxiv.org/abs/2307.13692,

Qwen Team. Qwq-32b: Embracing the power of reinforcement learning, March 2025. URL
https://qwenlm.github.io/blog/qwg—-32b/.

Xiaoxuan Wang, Ziniu Hu, Pan Lu, Yanqgiao Zhu, Jieyu Zhang, Satyen Subramaniam, Arjun R.
Loomba, Shichang Zhang, Yizhou Sun, and Wei Wang. Scibench: Evaluating college-level
scientific problem-solving abilities of large language models, 2024. URL https://arxivl
org/abs/2307.10635.

Zhuoyu Wei, Wei Ji, Xiubo Geng, Yining Chen, Baihua Chen, Tao Qin, and Daxin Jiang. Chem-
istry{QA}: A Complex Question Answering Dataset from Chemistry, 2021. URL https:
//openreview.net/forum?id=o0eHTRAehiFF.

Colin White, Samuel Dooley, Manley Roberts, Arka Pal, Ben Feuer, Siddhartha Jain, Ravid Shwartz-
Ziv, Neel Jain, Khalid Saifullah, Sreemanti Dey, Shubh-Agrawal, Sandeep Singh Sandha, Siddartha
Naidu, Chinmay Hegde, Yann LeCun, Tom Goldstein, Willie Neiswanger, and Micah Goldblum.
Livebench: A challenging, contamination-limited 1lm benchmark, 2025. URL https://arxiv,
org/abs/2406.19314.

An Yang, Beichen Zhang, Binyuan Hui, Bofei Gao, Bowen Yu, Chengpeng Li, Dayiheng Liu,
Jianhong Tu, Jingren Zhou, Junyang Lin, Keming Lu, Mingfeng Xue, Runji Lin, Tianyu Liu,
Xingzhang Ren, and Zhenru Zhang. Qwen2.5-math technical report: Toward mathematical expert
model via self-improvement, 2024. URL https://arxiv.org/abs/2409.12122|

Yifan Zhang, Yifan Luo, Yang Yuan, and Andrew Chi-Chih Yao. Training and evaluating language
models with template-based data generation, 2024.

Qihuang Zhong, Kang Wang, Ziyang Xu, Juhua Liu, Liang Ding, and Bo Du. Achieving ;97% on
gsm8k: Deeply understanding the problems makes llms better solvers for math word problems,
2025. URL https://arxiv.org/abs/2404.14963.

Kaijie Zhu, Jiaao Chen, Jindong Wang, Neil Zhenqiang Gong, Diyi Yang, and Xing Xie. Dyval:
Dynamic evaluation of large language models for reasoning tasks, 2024a. URL https://
arxiv.org/abs/2309.17167.

Kaijie Zhu, Jindong Wang, Qinlin Zhao, Ruochen Xu, and Xing Xie. Dynamic evaluation of large
language models by meta probing agents, 2024b. URL https://arxiv.org/abs/2402,
14865.

11


https://proceedings.mlr.press/v162/kandpal22a.html
https://arxiv.org/abs/2404.04735
https://arxiv.org/abs/2404.04735
https://www.lookeng.cn/2024/10/15/lean/iclr2024-formal-proof-lean/
https://www.lookeng.cn/2024/10/15/lean/iclr2024-formal-proof-lean/
https://arxiv.org/abs/2410.05229
https://arxiv.org/abs/2307.13692
https://qwenlm.github.io/blog/qwq-32b/
https://arxiv.org/abs/2307.10635
https://arxiv.org/abs/2307.10635
https://openreview.net/forum?id=oeHTRAehiFF
https://openreview.net/forum?id=oeHTRAehiFF
https://arxiv.org/abs/2406.19314
https://arxiv.org/abs/2406.19314
https://arxiv.org/abs/2409.12122
https://arxiv.org/abs/2404.14963
https://arxiv.org/abs/2309.17167
https://arxiv.org/abs/2309.17167
https://arxiv.org/abs/2402.14865
https://arxiv.org/abs/2402.14865

Under review as a conference paper at ICLR 2026

A REPRODUCIBILITY STATEMENT

We publish our framework and the dataset on the anonymous website(anonymous, [2025)).

B ETHICS STATEMENT

Our work aims to improve the reliability and transparency of LLM evaluation through formal verifica-
tion. The datasets used in this paper are either publicly available benchmarks (e.g., GSM8K, MATH,
Physics) or are automatically generated through controlled randomization and formal verification,
without involving any personally identifiable or sensitive information. The research does not pose
foreseeable risks to individuals or groups. Potential misuse, such as applying our benchmark genera-
tion pipeline to create adversarial test sets for misleading model evaluation, should be mitigated by
releasing both the methodology and verification artifacts for reproducibility and transparency. We
encourage responsible use of our framework in scientific and educational contexts.

C USE OF LLMsS

We employed LLMs as components of our pipeline, specifically for translating natural language
problems into formal code. The models used such as OpenAI’s GPT and Alibaba’s Qwen, accessed
through publicly available APIs. LLMs were not used to write the main body of this paper; instead,
they were limited to experimental components described above. All outputs generated by LLMs were
subject to human verification or formal reasoning checks before inclusion in our study.

D MOTIVATING EXAMPLE

The origin output of GPT-40 is

To find the impulse on each puck, we’ll use the principles of conservation of
momentum and the definition of impulse.

1. Conservation of Momentum:
Before the collision:
* The momentum of puck A=m4 X v4 = 0.691kg x 3m/s = 2.073 kg m/s
* The momentum of puck B = 0 kg m/s (since it is stationary).

After the collision:

* The momentum of puck A = my x (—v4) = 0.691kg x (=3)m/s =
—2.073kg m/s

2. Impulse Calculation:

The impulse on an object is the change in momentum of the object.

Impulse on puck A:

¢ Change in momentum of puck A = final momentum — initial momentum
= —2.073kg m/s — 2.073 kg m/s

* Change in momentum for puck A = —4.146 kg m/s

Therefore, the impulse on puck A is —4.146 kg m/s.
3. Impulse on puck B:

By conservation of momentum, the total initial momentum (2.073 kg m/s for the
system) is equal to the total final momentum of the system.

The total momentum after the collision should be zero because puck A’s momen-
tum is —2.073 kg m/s.

Therefore, puck B’s momentum would be 2.073 kg m/s to balance the negative
momentum of puck A.

Since puck B started with zero momentum and ended with 2.073 kg m/s, the
impulse experienced by puck B is:
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Table 8: Difficulty metrics (avg/std) across domains.

GSM MATH
time space expr reason time space expr reason
origin 0.12/0.12  0.11/0.13  0.17/0.14  0.15/0.10  0.16/0.05 0.09/0.09 0.16/0.09 0.18/0.12

random-1 0.58/0.06 0.12/0.15 0.16/0.14 0.15/0.10 0.27/0.14 0.03/0.10 0.15/0.18 0.14/0.19
random2 0.47/0.05 0.15/0.18 0.13/0.10 0.09/0.05 0.26/0.04 0.03/0.09 0.15/0.09 0.17/0.10
random_3  0.59/0.07 0.12/0.13 0.11/0.09 0.11/0.07 0.28/0.13 0.13/0.13  0.14/0.18 0.14/0.19

Physics Chemistry
time space expr reason time space expr reason
origin 0.01/0.05 0.04/0.07 0.21/0.14 0.23/0.14 0.06/0.20 0.14/0.20 0.14/0.16  0.22/0.18

random_1  0.06/0.16 0.32/0.15 0.16/0.23 0.19/0.21 0.05/0.19 0.14/0.19 0.13/0.16 0.21/0.18
random 2 0.06/0.15 0.22/0.08 0.15/0.24 0.17/0.22 0.05/0.19 0.06/0.21 0.15/0.15 0.17/0.17
random-3  0.07/0.16 0.26/0.12 0.16/0.23 0.19/0.21 0.04/0.20 0.06/0.20 0.14/0.15 0.21/0.18

* Ap =2.073kg m/s

The impulses are equal in magnitude but opposite in direction, which aligns with
Newton’s third law.

The answer is: —4.146,2.073.

E DIFFICULTY CALIBRATION

We show the difficulty analysis of all the generated benchmarks tested in the experiment section
in Across all four domains, different randomization within the same dataset yield similar
difficulty metrics, while showing similar values compared to the original problems.

F CASE STUDIES

Example 1 Find the 2 distinct solutions to the equation x*> — 6x — 60 = —5.
Ground Truth: z; = —5,z5 = 11
LLM Output: The answer is: x1 = —5, x5 = 11

Formalized Code:

solutions = Solve[x"2 - 6 x — 60 == -5, x];
answer = x /. solutions;
Randomized Version: Find the I distinct solution to the equation x* — 7x — 54 = —3.

Ground Truth: — 17

LLM Output: The answer to this equation is “-Y25% and 7=253

Formalized Code:

solutions = Solve[x"1l - 7 x — 54 == -3, x];
answer = x /. solutions;

Example 2 Mathilda is determined to pay back the money she owes a friend, so she decides to pay
an initial installment of $60. If she still has 0.4 left to pay, how much did she owe originally?

Ground Truth:100

13
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LLM Output: Assuming that the money she owed is x,The solution is x — 60 = 0.4x,which means
the answer is $100

Formalized Code:

(» Let X be the total amount Mathilda owed =)

eqn = x — 60 == 0.4 x;
solution = Solveleqn, x];
answer = x /. solution[[1]]

Randomized Version: Mathilda is determined to pay back the money she owes a friend, so she
decides to pay an initial installment of $72. If she still has 0.537 left to pay, how much did she owe
originally?

Ground Truth: 155.51
LLM Output: The answer is: x = 72 4 0.537 = 72.537

Formalized Code:

(» Let x be the total amount Mathilda owed =)

eqn = x — 72 == 0.537 x;
solution = Solveleqn, x];
answer = x /. solution[[1l]]

Example 3 A proposal will make years that end in double zeroes a leap year only if the year leaves
a remainder of 200 or 600 when divided by 900. Under this proposal, how many leap years will there
be that end in double zeroes between 1996 and 4096?

Ground Truth: 5
LLM Output: The answer is: 5

Formalized Code:

years = Range[2000, 4096, 100];

leapYears = Select[years, Mod[#, 900] == 200 || Mod[#, 900] == 600 &];
answer = Length[leapYears];
answer

Randomized Version: A proposal will make years that end in double zeroes a leap year only if the
year leaves a remainder of 286 or 469 when divided by 494. Under this proposal, how many leap
years will there be that end in double zeroes between 1996 and 5750?

Ground Truth: 0

LLM Output: To solve the problem, we need to determine how many years ending in double zeroes
between 1996 and 5750 satisfy the condition of leaving a remainder of 286 or 469 when divided
by 494. 1. Determine the range of years ending in double zeroes from 1996 to 5750. These years
are: 2000, 2100, 2200, ..., 5700. 2. Verify if these years are divisible by 100. Since we’re only
considering years ending in double zeroes, this step is satisfied. 3. For each year y in the list, calculate
y mod 494. We need:

y =286 (mod 494) or y =469 (mod 494)

4. The sequence of years ending in double zeroes starting from 2000 is an arithmetic sequence
defined as 2000 + 100k where k is a non-negative integer. 5. Calculate the values of k£ such

14
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that the above congruence conditions are satisfied: - 2000 + 100k = 286 (mod 494) - Simplify:
100k = 286 — 2000 = 286 = —240 (mod 494) - Solve for k: 100k = 254 (mod 494)

- The inverse of 100 modulo 494 can be determined using the Extended Euclidean Algorithm: -
494 =100 x44+94-100 =94 x14+6-94=6x15+4-6=4x1+2-4=2x2+40-
2 = 2 x 1 - Work backwards to find coefficients - Inverse is found to be 198

- Therefore, multiplying both sides of 100k = 254 (mod 494) by 198 gives: - k = 254 x 198 =4
(mod 494) 6. Now form concrete values of years: - 2000 + 100 x 4 = 2400 - Continue adding
values for satisfying condition £ = 4: - Using a similar method, find values for second condition.

Create list:

* Evaluate for years: 2400, 2894, 3388, ..., 5626

* Length of sequence: Using the arithmetic sequence formula, find total number years satisfy-
ing each congruence.

Count these years for condition k = 240.

The answer is: 6

Formalized Code:

years = Range[2000, 5750, 100];

leapYears = Select[years, Mod[#, 494] == 286 || Mod[#, 494] == 469
answer = Length[leapYears];
answer

Example 4 Let m be the smallest positive, three-digit integer congruent to 5 (mod 11). Let n be the
smallest positive, four-digit integer congruent to 5 (mod 11). What isn — m?

Ground Truth: 902
LLM Output: Let me solve this step by step:

1) For m, we need: * The smallest three-digit number (100) to find where to start * Numbers
congruent to 5 (mod 11) have the form 11k + 5, where k is a non-negative integer

2) Let’s find m: * Starting with k =9: 11(9) + 5 = 104 (this is our first three-digit number) * Therefore,
m = 104

3) For n, we need: * The smallest four-digit number (1000) to find where to start * Same form: 11k +
5

4) Let’s find n: * We need the first value of 11k + 5 > 1000 * k = 90: 11(90) + 5 = 995 (too small) *
k=91: 11(91) + 5 = 1006 (this is our number) * Therefore, n = 1006

5) Calculate n — m: * 1006 - 104 = 902

The answer is: 902

Formalized Code:

m = Min[Select[Table[i, {i, 100, 199}], Mod[#, 11] == 5 &1];

n = Min[Select[Table[i, {i, 1000, 1999}]1, Mod[#, 11] == 5 &]];
answer = n - m;

answer

Randomized Version: Let m be the smallest positive, three-digit integer congruent to 2 (mod 12).
Let n be the smallest positive, four-digit integer congruent to 2 (mod 12). What isn — m?

Ground Truth: 900
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LLM Output: To solve the problem, we need to find two specific integers, m and n, based on their
congruence properties and then calculate n — m.

1. **Finding m:**
We want the smallest positive three-digit integer m such that m = 2 (mod 12).
Start with the smallest three-digit number, which is 100.

Check 100 mod 12:
100 - 12 =8 remainder: 100 — 8 x 12 =100 — 96 = 4

S0, 100 =4 (mod 12).
To get m = 2, we need:

m =100 — 442 =98 (but this is not a three-digit number)

Let’s try adding multiples of 12 to 100 until we achieve a congruence of 2 modulo 12:
104 =100+ 4, 104=8 (mod 12)
106 =104 +2, 106 =10 (mod 12)
108 =106 +2, 108=0 (mod 12)
110 =108 +2, 110=2 (mod 12)
Thus, m = 110.
2. **Finding n:**
We want the smallest positive four-digit integer n such that n = 2 (mod 12).
Start with the smallest four-digit number, which is 1000.
Check 1000 mod 12:
1000 + 12 =83 remainder: 1000 — 83 x 12 = 1000 — 996 = 4

So, 1000 = 4 (mod 12).
To get n = 2, we need:

n = 1000 —4 4+ 2 =998 (but this is not a four-digit number)

Let’s try adding multiples of 12 to 1000 until we achieve a congruence of 2 modulo 12:
1004 = 1000 + 4, 1004 =8 (mod 12)
1006 = 1004 + 2, 1006 =2 (mod 12)

Thus, n = 1006.
3. **Calculating n — m:**

We find:
n—m = 1006 — 110 = 894

Formalized Code:

m = Min[Select[Table[i, {i, 100, 199}]1, Mod[#, 12] == 2 &]]1;

n = Min[Select[Table[i, {i, 1000, 1999}], Mod[#, 12] == 2 &11];
answer = n — m;

answer
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Example 5 When simplified, what is the value of \/3 x 37 412+3x2—43?
Ground Truth: 3

LLM Output: Let me solve this step by step:

1) First, let’s simplify v/3 x 32 * Note that 32 = /3 * So this becomes v/3 x /3 = 3
2) Next, let’s simplify 4% * 43 = (22)2 = 23 =8

3) For 12 + 3 x 2 * Going from left to right: 12 +-3 =4 * Then4 x 2 =8

4) Now we have: *3+8 — 8

5) Final calculation: * 3 +8 — 8 =3

The answer is: 3
Formalized Code:

answer = N[Sqrt[3] « 37 (1/2) + 12 / 3 » 2 — 47 (3/2)]

Randomized Version: When simplified, what is the value of /3 x 8% + 70 8 x 7 — 637 ?
Ground Truth: —47.4912
LLM Output: ach part of the expression step by step:
1. Simplify v/8 x 87: - /8 = 82. - So, we have 82 x 87. - When multiplying powers with the same
base, we add the exponents:
1 2

8277,

- Find a common denominator for % and % which is 14:

1 7 2 4

2 14 7 14

- Add the exponents:
7,41
14 14 14
- Thus, 877,
2. Evaluate 70 <+ 8 x 7: - First, divide 70 by 8:
w0 _ 3
8 4
- Then, multiply by 7:
35 245
— X T=—.
4 4

=

3. Simplify 637 : - Rewrite 637 as (637)8. - Notice that 63 = 72 x 3. - So, 637 = (72 x 3)
7% x 37. - Evaluate (77 x 37)%:

To pause here on simplification, since it’s potentially reducible further but conforms to our problem
scope, we will execute the main expression:

Bring together:
Then, expression becomes:

Move to completion on expression: Expression results before further combination, primary constants
handled as 245, 7%, 3%")

Combining we have 814 + 235 — 637.
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Therefore, we stop simplification, representation of exact values:

combined assessment yields: The answer is: 810 + % — 637 which is 0.

Finally establish: The answer is: 0
Formalized Code:

answer = N[Sqrt[8]x8~(2/7) + 70/8%7 - 63°(8/7)]
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