HiLD 2026: 4th Workshop on High-dimensional Learning Dynamics

Deriving Hyperparameter Scaling Laws
via Modern Optimization Theory

author names withheld

Under Review for the Workshop on High-dimensional Learning Dynamics, 2026

Abstract

Hyperparameter transfer has become an important component of modern large-scale training recipes.
Existing methods, such as P, primarily focus on transfer between model sizes, with transfer across
batch sizes and training horizons often relying on empirical scaling rules informed by insights
from timescale preservation, quadratic proxies, and continuous-time approximations. We study
hyperparameter scaling laws for modern first-order optimizers through the lens of recent convergence
bounds for methods based on the Linear Minimization Oracle (LMO), a framework that includes
normalized SGD, signSGD (approximating Adam), and Muon. Treating bounds in recent literature
as a proxy and minimizing them across different tuning regimes yields closed-form power-law
schedules for learning rate, momentum, and batch size as functions of the iteration or token budget.
Our analysis, holding model size fixed, recovers several recurring empirical trends under a unified
and principled perspective, with clear directions open for future research. Our results draw particular
attention to the interaction between momentum and batch-size scaling, suggesting that optimal
performance may be achieved with several scaling strategies.

1. Introduction

Scaling has become crucial in modern deep learning, with state-of-the-art performance often driven by
massive compute: Large language models (LLMs) have reached training budgets of 5 x 10?¢ FLOPs,
with a projected growth of 5x per year [16]. Given the substantial cost, accurately predicting model
performance before training begins is of critical importance. Historically, scaling laws based on
empirical observations have been relied upon to predict the final performance for a given model and
dataset size, as well as optimality trends in key hyperparameters, such as batch size and learning rate
[7, 24, 25, 30, 34]. Still, training at scale is often more art than science, and many recommendations
remain poorly understood or mutually contradictory.

Given the high cost and practical limitations of deriving empirical scaling rules, hyperparameter
transfer informed by theory has become a research area of keen interest, with the most prominent
method, P [54], enabling learning rate transfer across model sizes. However, these results typically
require a fixed batch size, momentum, and training horizon, leading practitioners to revert to
empirical scaling rules, often guided by quadratic analyses [40], stochastic differential equation (SDE)
approximations [14, 35, 38], timescale preservation arguments [4, 39], or norm-based views [18].
In this theoretical study, inspired by recent empirical work on optimal hyperparameter scaling as the
token budget increases [41, 42, 47, 56], we reexamine scaling laws using performance bounds from
optimization theory, leveraging recent advances that extend beyond convex settings and Euclidean
geometry [33]. Compared to Bu et al. [11], Schaipp et al. [45], who demonstrate surprising agreement
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between SGD performance on convex problems and LLM training, our LMO framework aligns
theory more closely with modern optimization practice, employing Adam [32] and Muon [29].

We study how learning rate, batch size, and momentum determine the best achievable perfor-
mance across training horizons and compute budgets at a fixed model size. Our analysis yields
explicit scaling predictions for key hyperparameters across training horizons, which have previously
been observed only empirically or were not motivated by a unified, theoretically principled setup.

Methodologically, we use a standard optimization-theoretic idea—minimizing convergence
bounds over algorithmic parameters—and apply it systematically to hyperparameter transfer for
LMO-based optimizers.

(i) With fixed momentum, the proxy recovers square-root learning-rate scaling with batch size
and predicts 7% (b, T) o< b'/2T~1/2. Jointly tuning (7, b) yields a non-trivial token-optimal batch size
by oc T 1/2 unlike the analogous classical SGD proxy, where the leading dependence on b cancels.

(ii) With fixed batch size, the same T~/4 proxy rate can be recovered by tuning momentum
and learning rate. The resulting schedules, o.(b) oc b7~/ and n%.(b) o< bT~3/4, align with recent
momentum-scaling and timescale-preservation perspectives.

(iii) When (1, a, b) are tuned jointly, the exact proxy selects b%. oc T'/6, a oc T71/3, and
np o< T-7/12 However, this batch law is selected by lower-order terms: many batch-growth paths
remain asymptotically near-optimal once (7, «) are retuned.

On the practical side, our results provide insights along the promising direction of momentum
scaling, explored in the contemporary literature [17, 39]. On the theoretical side, our work (espe-
cially point (iii) above) opens up several directions for research on scaling theory under modified
initialization and gradient noise assumptions (App. C). More directly, revised rates and insights can
be derived by incorporating weight decay, learning-rate scheduling, and warmup into our analysis.

A note on statistical generalization. Our analysis assumes an unbiased stochastic gradient
oracle for the population objective and therefore does not model finite-sample generalization. The
proxy should be read as an optimization/stationarity proxy; in small-epoch language-model training,
optimization improvements are often empirically correlated with downstream performance [2].

2. Preliminaries
Consider the optimization problem min s f(x), where we assume access to mini-batch estimates
g of the gradient V f(-) [10], with f potentially being non-convex.

Optimizers. Let b € Ny be the batch size. We denote by g;, the stochastic gradient of loss f.
Fix the stepsize (learning rate) > 0 and momentum parameter § := 1 — « € [0, 1). Following [44],

consider a norm || - ||, and the Linear Minimization Oracle (LMO)' method?:
mh = (1 - a)m* 4+ a gf, e* =2k o arg Hglllin (mF L d). (1)
<1
Choosing ||-|| recovers: (i) Euclidean ||-|| = ||-||2: normalized SGD with momentum; (ii) ||-|| = ||| oo

signSGD with momentum [6]; (iii) spectral norm: Muon (orthogonalized update) [5, 12, 29].
SignSGD can be easily linked to Adam [32], both theoretically [3, 5] and performance-wise [43,

58]. Many works (e.g. uP derivations; 54) directly derive results using this approximation.
Convergence bounds. Consider a fixed momentum 3 = 1 — «, batch size b and step size 7, and

run the algorithm for K iterations. We assume that (1) the gradient noise variance E| g, — V f||3

1. With a slight abuse of notation for arg min denoting any element from the set.
2. Also known as Unconstrained Stochastic Conditional Gradient method [13, 19, 22, 27, 44]
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is upper bounded by a constant o2 /b, (2) the loss f has L-Lipschitz gradients, with respect to the
general || - || norm, (3) f is lower bounded by f* and Ay = f(2%) — fif.

Let || - || be any norm, with dual norm || - ||+, Kovalev [33, Theorem 2] proves that under the
LMO method (equation 1),
) Ap 2pc @ 7Ln 2Ln
E[ k } < 20 200 S 4 L0 220 2
min E[IVA@OI] < 20+ 22 s porfa s T2 g

where p > 1 is a norm equivalence constant (defined from ||v||, < p||v||2 which always holds in
finite dimensional spaces), dependent on the chosen norm. The right-hand side contains: (i) a purely
deterministic optimization term A /(1K ); (ii) momentum “burn-in” / averaging term 2po /(av/bK);
(iii) a noise floor term 2po \/% ; (iv) smoothness/trust-region error terms proportional to 7, including

an 7/« coupling.

Relation to the loss. Our proxy controls a dual-gradient norm and should therefore be interpreted
primarily as a stationarity proxy in the general non-convex setting. Under additional structure, such
as star-convexity in Kovalev [33] or the p-KL condition p(f(z) — f*) < ||V f(2)]|« studied by
Islamov et al. [26], dual-gradient-norm control can be converted into function-value control, linking
the proxy to training loss. Islamov et al. [26] empirically validate this relation during NanoGPT
training by comparing train loss and dual gradient norm. Thus, while our main derivations remain in
the general non-convex stationarity setting, their work provides evidence that the same type of proxy
can be meaningfully related to loss in structured large-model training regimes.

We focus on the LMO/normalized-gradient framework because it captures norm-based optimizers
directly relevant to modern practice, including sign-based abstractions of Adam and Muon/Scion-
style operator-norm updates [5, 18, 29, 44]. It is also a setting where momentum has a provably
nontrivial role: stochastic normalized updates can require a minimal mini-batch size to converge [23],
whereas momentum can remove this requirement [15]. This contrasts with vanilla SGD, where
momentum is not known to improve worst-case rates beyond constants [36]; we return to this
comparison in Appendix E.

3. Derivation of Scaling Laws

We now treat the right-hand side of equation 2 as a finite-horizon stationarity proxy and minimize
it over (1, a, b). Write Cy :== Ay, Co = 2po, and C5 = 4L, so that %77 + %n S COsn(l+1/a).
For token budget 7' = bk, substituting K = T'/b in the K-horizon proxy gives

b Cyb+ 2T 1
RatET(T], «, b) = Cl?’]iT + %T + 037’] <]. + a) . (3)

3.1. Optimization of the Proxy Objective

We first consider a fixed momentum, independent of (b, 7, K). In the large-horizon regime BPK >
1, the burn-in part of the stochastic term is dominated, and we can use a simplified proxy:

1 ~ 1 ~ b ~ 1 ~
Ratex (n,b) =~ Cln—K + 02% + Csn, Ratep(n,b) ~ C’ln—T + 02% +Csn, (4)
where Cy := Cy+/a and Cs:=C4 (1 + é) We have the following result, proved in Appendix B.1.

Theorem 1 (Fixed momentum, large-horizon proxy) Fix o € (0, 1] and consider equation 4.
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1. (Iteration scaling.) For fixed (K ,b), with K large, the proxy is minimized by
i (b) oc K12, Rate’; (b) o« K12 4 p71/2, 3)
Thus at fixed K (ignoring token cost), the optimal learning rate is batch size independent, and
increasing b improves the bound.

2. (Token-budget scaling.) For fixed large T, at a fixed batch size b, the optimal learning rate
scales as 175 (b) oc bY/2T =12 Moreover; the joint minimizer (1%, b%.) satisfies

Voo TV2, pa(b%) o (05)V2T7 Y2 o« 7714 Ratel o« T4, (6)

In particular, under a fixed token budget we find a non-trivial token-optimal batch size.

Note that equation 5 shows that for fixed batch size b, optimization can saturate. As shown
in equation 6, one can scale b with 7 to fix this issue. However, there is another option: as discussed
in Cutkosky and Mehta [15] and Shulgin et al. [48] — scaling momentum has a similar effect.

Theorem 2 (Fixed batch size, large horizon proxy) Ar a fixed batch size b and momentum 3 =
1 — «, the optimal learning rate scales with T as 075 (b, o) o b2 212 A subsequent
minimization w.r.t. « (at a fixed T and b) then leads to

(b)) o b-T7Y2 () = (b, o (b)) x b- T34 Rateh x T7Y4 (7

The proof can be found in Appendix B.2. Our last result considers tuning learning rate, momentum
and batch size jointly at a given token budget. The proof, to be found in Appendix B.3, is substantially
more involved, since the stochastic burn-in term in equation 3 cannot be dropped.

Theorem 3 (Jointly tuned (77, o, b) under a fixed token budget) For large T, minimizing equa-
tion 3 overn > 0, a € (0,1], and b > 1 yields the asymptotic scalings

by x T/, np X T-7/12, ap X T3 Rater o T4, (8)

Moreover, these schedules are consistent with equation 7 after plugging in b = b%..

The exponent 1/6 should be read as the batch-growth law selected by lower-order terms; at
leading order, several batch-growth paths remain asymptotically equivalent once («, 1) are re-tuned.

3.2. Optimal asymptotics

While Theorem 3 gives the asymptotic minimizer of the exact proxy Rater, all three tuning regimes
attain the same Rate} T—1/4 rate. The practical question is therefore whether following Theorem 3
materially improves over simpler scaling rules.

The answer is negative. Appendix B.4 makes this tradeoff precise. If batch size can be scaled
freely, retuning « changes the fixed-momentum proxy only by a constant factor: Rater(a) o
(1+ oz)l/ 47-1/4 50 the maximal gain is at most 2'/4. If batch size is capped, however, fixed a
leaves a non-vanishing noise floor < 1/ /bmax, while the scaling a}(b) o bT~1/2 from Theorem 2
removes this floor.

Next, since both scaling b like 7'/ and T"*/2 lead to optimal asymptotics (up to a constant < 1.2),
it is natural to ask whether other batch-size scaling laws can still achieve the optimal rate. The answer
is positive, with the caveat that some choices may lead to extremely fast (and likely numerically
unstable) scaling of momentum or learning rates. The next result is shown in Appendix B.5.



HYPERPARAMETER SCALING LAWS

Corollary 4 (Several batch size scalings are near-optimal) For large T, consider minimizing equa-
tion 3 under the choice b(T) = T?. If ¢ < 1/2, then the choice o(b) o< b(T)T /% n(T) o
b(T)T—3/* proposed in Theorem 2 leads to a rate T—'/*. If instead ¢ € (1/2,1), then the maximum
achievable rate is Rater o< b(T)'/2T~1/2, slower than T~/*.

Finally, we ask: Why does minimizing Rater in Theorem 3 predict such a specific scaling?
What is special about it? The answer relies on the particular nature of equation 3, comprising terms
evolving at different speeds even after optimal tuning: the suboptimality landscape with respect to
the variable b, once learning rate and momentum are tuned, is flat, as shown in Appendix C.2.

Numerical minimizations of the proxy, including the regimes of Theorems 1-3, are reported in
Appendix F.

4. Discussion

Fixed momentum is practically relevant because momentum is often fixed in modern training
pipelines, while batch size is constrained by throughput and hardware. The fixed-batch and fixed-
momentum regimes therefore give complementary transfer rules: one describes what can still be
achieved when batch growth is capped, and the other describes how to scale batch size and learning
rate when momentum is held fixed.

The proxy recovers square-root learning-rate scaling with batch size and decreasing learning
rates with longer token horizons at fixed batch size. It also explains why momentum tuning matters
when batch growth is capped: decreasing o with the token budget removes the fixed-batch noise
floor.

Empirical studies sometimes report positive learning-rate exponents when batch size and token
budget are increased together. This is a path-conditioned quantity, not an intrinsic 7*(7") exponent.
Detailed comparisons are in Appendix D, and the path-conditioned mechanism is discussed in
Appendix C.3.

5. Conclusion and limitations

We developed an optimization-theoretic framework for deriving hyperparameter scaling laws at
fixed model size. By treating recent LMO convergence bounds as a finite-horizon stationarity proxy,
we obtained explicit schedules for learning rate, batch size, and momentum across token budgets.
The analysis recovers several recurring empirical trends, including square-root learning-rate scaling
with batch size, non-trivial token-optimal batch growth under fixed momentum, and the ability of
momentum tuning to substitute for batch growth when batch size is constrained.

Several limitations remain. The theory uses a constant-learning-rate proxy, assumes matched
momentum initialization, and does not model warmup, annealing, weight decay, or finite-sample gen-
eralization. The results are proxy-optimal rather than direct loss-optimal, and the exponents depend
on the assumed b~ /2 noise scaling. Extending the framework to include model-size dependence,
schedules, weight decay, sharper loss proxies, and a clearer account of assumption mismatch and
protocol-dependence is the most direct next step.
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Appendix A. Budget transfer summary

In this section, we give a practical summary of the takeaways provided by Theorems 1, 2, and 3.

It is often feasible to tune hyperparameters only at a relatively small token budget 7p, but then
one wishes to run a much longer training at 77 > Tp. Since the proxy bound Rater in equation 3
depends explicitly on the horizon T' = bK, a naive reuse of the short-run optimum (7, v, bg) at Ty
is generally suboptimal. A simple alternative is to (i) tune at Ty (e.g. by grid search) within a chosen
hyperparameter family, and (ii) extrapolate the best configuration to 77 using the power-law scalings
suggested by the proxy analysis. We consider four natural transfer regimes depending on whether
batch size b and momentum « are tuned.

Regime Tuned at 7y  Transfer rule to 7} Comments
(A) fixed b, fixed « n by = by, a1 = «p, Safest; only rescales stepsize.
1/2
m ="To (%)
1/2
(B) fixed b, tuned @ (1, ) b1 = by, a1 = (%’) ,  Fixed-batch large-horizon scal-

ing (n o< K—3/% a oxc K—1/2),

1/2

(C) tuned b, fixed @ (1, b) o1 = ag, b1 = by (%) / , Token-optimal b under fixed
o\ /4 o proxy (aggressive batch

m ="o (ﬁ) growth).

1/6

(D) tuned b, tuned @ (1, a, b) b1 = bo (%) , Joint token-optimal proxy (burn-
AN in term retained); milder batch

a = Qo ( T ) , growth.

Table 1: Budget transfer rules for LMO methods under token budget 7' = bK. Here (19, cvg, bp)
is the best configuration found at 7Ty within the chosen regime (e.g. via grid search), and
(m1, a1, b1) is the extrapolated configuration for 77;. All scalings are asymptotic and should
be combined with feasibility constraints (e.g. b1 > 1 integer, hardware caps, o; € (0, 1],
and stepsize stability limits).

In terms of the more common momentum coefficient 5 = 1 — «, decreasing « as 1" grows
corresponds to increasing momentum 3 1 1. Regime (B) corresponds to the standard fixed-batch
large-horizon tuning where the dominant terms of the proxy bound are balanced (see, e.g., [15, 48]
for related large-horizon momentum scalings). Regimes (C)—(D) additionally allow batch size to
change with 7', which is what pins down a token-optimal b(T").

12
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Setting

Calibrated invariants at (7, by) Extrapolation to (77, b,)

LMO, fixed o (Regime A)

LMO, tuned o (Regime B)

SGD

— . [T _ by _ b /T,
Cy = N0y Bo m=cop\/ 7 = Mo\ g\ 70

_ by _ bil To
al—cam—a()bo T:

3/4
— V1o — Ty
Cqo = O bo ’ Cp =10 bo b 3/4
’I’} = C 7})1 = ’r] —1 (E>
1 n3/A 0 bo \T1
— . VTo — b _— b /T
Cn =Tl bo mn==:¢y Vi Mo bo T

Table 2: Budget transfer when batch size changes between short-run tuning at (7p, by) and long-run
training at (77, by ). Here (10, ap) are obtained by tuning at (Tp, bp) in the specified setting,
and then extrapolated to (77, by ). All formulas are asymptotic and should be combined with
feasibility constraints (e.g. a; € (0, 1], integer batch sizes, hardware limits, and stepsize

stability caps).

Contrast to SGD.  For non-convex Euclidean SGD, the classical bound yields n*(T,b) o< b/v/T

(before stability caps), so a simple budget transfer is 77 = 1702—(1) % (and if by = by, then 1y =

0 @). In this bound, batch size mainly trades iterations for parallelism [40], whereas the LMO
T

bound contains additional batch-dependent terms that can induce a non-trivial token-optimal b(7).

Changing batch size between tuning and the long run. Table 1 assumes the batch size is held
fixed between tuning at 7y and the long run at 7. If instead the available hardware increases and one
runs the long run with a larger batch, Table 2 summarizes the corresponding transfer rules (obtained
by re-expressing the K -optimal schedules under K (7") = T'/b(T")).

Appendix B. Proofs

We provide here proofs for the results in Section 3.

B.1. Fixed momentum, large budget

For a fixed K,

Minimizing w.r.t.  gives

Thus

1 ~ 1 ~
RateK(n, b) ~ 01777[( + CQ% + Csn.
* Cl
K C’gK
. CiCs = 1
Ratejp ~ 2 % + be,
Q.
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For a fixed 7',
b ~ 1 ~
Rat b) ~ C1— + Ca—= + Cin.
ater(n,b) 177T+ 2\/B+ 37
Minimizing w.r.t. 7:
C1b
T(b) =4/ =——.
7 (D) CaT
Plugging in and minimizing w.r.t. b yields
5 1/4 ~1/2
br, — & \/T ,,7* _ Cl 02 1
T — — ) T — = —<~2/4 /4"
21/C, Cs Nolo Gl s

Moreover,

2 1
Rate} ~ 2\[(0103)1/4021/ T

B.2. Fixed batch size, large budget
Write Ratey in expanded form:
Rat b)=C C Cay/ C

aeK(nvaa ) 1 + 20{\[ + C2 b+ 37

In the large-horizon regime and at the optlmlzer (where « is small), we con51der the leading proxy
1 « n
Rated(n, a,b) = C1— + Cay [ — + C3—.
ate™(n, a, b) 177K+ 2 b+ 37,

We check that this proxy is asymptotically correct at the end of the proof.
For fixed (a, b), minimization w.r.t. ) leads to

1+a

1 n Cra
Ci—+C3— = (o, b, K) = .
an"i_ 3@ "7(047 9 ) C3K
Substituting this gives
C.C
min Ratel®d = \/ 3 02\/
n>0
Next, we minimize w.r.t. . Letp = 2 C}?’ and ¢ = % Then we minimize pa /2 + ga'/?,
whose minimizer is &« = p/q, hence
ol (b) = 2/C1C3 Vb
K C, VK

Plugging back yields

lead _ _ 1/2 a1

ml%l Rate = 2,/pg = 22 C,/*(C1C3) DR

Cla

Finally, using n* (e, b, K) =\ / gl with a = o (b) gives

05/4 b1/4

i (b) = V2 1/2 /4 173/4°
02/03/ K3/

For b = 1 this recovers a o< K ~1/2 and ) o« K—3/4.

14
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Consistency of dropping lower-order terms. At (7}, o), the dropped burn-in term scales as

1 1
Co——=0| —% |,
“aVh K (b K1/2>
while the dropped additive smoothness term C3n scales as O(bl/ A3/ 4), both lower order than the
leading O(b~'/*K~/*) term for large K.

Remark 5 (Continuum of feasible batch-growth paths under Theorem 2) Although Theorem 2
is stated for fixed b, the schedules are explicit in b: a%(b) oc bT /% and n%(b) o< b¥T~3/* with
Rate} oc T~4. Therefore, along any path b(T) such that o2 (b(T)) < 1 (equivalently b(T) < V/T),
one retains the same token exponent T4 while the induced scalings of o and 1 depend on the
chosen b(T). This “continuum” is broken (and a specific b is selected) once the burn-in term is
retained, as in Theorem 3.

B.3. Full Tuning, large budget

The following discussion is self-contained and general enough to also describe the results we
presented in simpler settings, as we show after the proof.

Convergence bound. We start from the non-convex bound (up to universal constants)

. Ag 2po o 7Ln 2Ln
E DR E— opoy )%+ Ty =
1£I]1€1§IIK IV )] < K + o + 2po 2 + 5 + S 9)

=: U(a,m;b,K)
Here 1 > 0 is the step size, a € (0, 1] is the momentum “update” parameter (5 = 1 — «), b is the
batch size, and K is the number of iterations.

Token budget. Fix a total budget 7" = bK. Substitute K = T'/b into U (v, ; b, K') and define
bAy  2pov/b o TLnp 2Ly
;0) = 30, T/b) = — 2 -4 —+ —. 10

We now minimize equation 10 over (7, «, b) (treating b as a continuous variable; in practice b is an
integer and must respect hardware caps).

Step 1: minimize over 7 (for fixed «, b). For fixed («a, b), the n-dependent part of equation 10 is
bAy 1 7T 2
—2.- 4 L<f—i——)n.

T n 2 «
This function, with respect to 7, is easy to minimize. The minimizer is
ph(anb) = (PR BT min{é + Bn} — 2VAB 11
Hed) SN TIgen <V G, |
Plugging equation 11 into equation 10 yields the n-optimized bound
) bAGL /7 2 2p5\V'b «
,1;0) =2 (f f) 2p04 | — =: Pp(a,b). 12
mintr(a, ; b) \/T sto )t T2y (e, b) (12)

Step 2: minimize ®1(c, b) over b (for fixed a). Let s := v/b > 0. Then equation 12 can be

written as
B
Dr(a,b) = Ar(a) s + 2, (13)

15
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where

=2,/ AOL, 5 ! 2‘”’ B(a) = 2po/a. (14)

Since As + B/s is minimized at s* = \/B/A /A we obtaln

N @) 5 (a Va
N ,/ATa b _AT) 2\/?%2\;%#/”_ (15)

The corresponding minimized value (for fixed «) is

rgl>i(r]1 O (a,b) = 24/ Ar(a) B(a). (16)

Using \/a\/% +2 = \/za + 2, we can simplify:

[AogL /
Iggl@Ta b) —4\/ 0 T\F s Up(a). (17)

Step 3: minimize Y1 () over o (exact cublc condition). Because the outer square-root in
equation 17 is monotone, minimizing U7 («) is equlvalent to m1n1m1z1ng the inner expression

—pU\/AO ,/ at+2+ 1 pa (18)

(PU)2 10[—3/2'

) [AL u
T 9 /tat2 r 2

Setting ¢/-(cv) = 0 and rearranging gives

7
e [BoL 3 _ (,00)20[,3/2.
T Jia+2 T

Squaring both sides (valid for o > 0) yields the exact cubic:

This equation has a unique positive real root; denote it by a7.. Then a7, is the unique positive root of

equation 19, b} = b}.(o}) from equation 15, 77 = nj.(a%,, b}.) from equation 11, K7, = %

Differentiate:

a7 = the unique positive root of equation 19,
7 = bp(a) from equation 15,
ny = np(ap, by) from equation 11, K7 = T/by.

Asymptotic scalings for large 7. We now extract an explicit approximation for a7, from equa-
tion 19. Write the cubic in the condensed form

ATA® — Ba — C =0, A= (;)QAOL, B:= (;)(pa)2, C:=20po)%  (20)

Step (a): identify the correct exponent. Assume « decays polynomially, & oc T~P. Then the three
terms scale as

ATo? o T12P, Bax TP, C o T°.

16
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To balance the constant term C with the leading term AT a3 we require 1 — 3p = 0, hence p = %
This predicts % = ©(T~1/3).
Step (b): compute the leading constant. Set the rescaled variable v := o T/3,i.e. « = wT~1/3.
Plugging into equation 20 gives

AT (WBT™Y) — BwI™3) — C =0 <« Ad — C = BuT™ '3

As T — o0, the right-hand side vanishes, so u converges to the unique positive root of Au? — C = 0,
i.e. ug = (C/A)Y/3. Therefore,

O\ 13 23pr2 \"* 2 (po)2/?
o~ ug T = ()T = (g’ ) TV =~ PT_pls ()
A (1)?A0L 723 (AoL)Y/3
First correction term. The same rescaling gives Au? — C = BuT~'/3, so one may expand
U= ug + ulT_l/3 + O(T‘2/3). Keeping the order-T~1/3 terms yields 3Au[2)u1 = Buyg, hence
B B
T 3Aug  3A2BCB

Step (c): induced batch size and step-size scalings. Using equation 15 and the fact that o, — 0,

Uy and thus o = ugT ™3 4, 7723 1 O(T7Y).

we have % + % ~ %, and also the term 2@%‘3 in Ar(a) becomes lower order at v = .. A short
calculation then yields the scalings
bp =0, K=", anp=eT ), (22)

and substituting the optimized parameters back into equation 17 gives the rate

in _E[|[V/(@")]l.] = O((AoL)"* s T7/4) .
Jpin IV £ ()]l (AoL)V"\/po
Recovering earlier regimes as special cases. All previously discussed tuning regimes are obtained
by restricting the optimization above:

* Fixed b (no batch tuning): keep b fixed in equation 10 and optimize only over (7, &) (equiv-
alently, apply Steps 1 and 3 but without Step 2). This recovers the familiar large-horizon
schedules o« o« K~%/2 and n o« K—3/* (up to b-dependent constants) once one rewrites
K =T/b.

* Fixed « (no momentum tuning): keep « fixed and optimize over (n,b). Then Step 3 is
skipped and the minimizer in Step 2 yields the “fixed-a” token-optimal batch scaling (typically
b5 = O(V/T) in the simplified proxy).

* Fixed K: setb =T /K (are-parameterization) and optimize over (7, c).

B.4. Should you tune momentum?

Corollary 6 (Momentum tuning and batch size constraints) As the token budget T — oo, we
have the following properties following directly from the proofs of Theorems I and 2.

1. Assume optimal tuning of batch size and learning rate for a fixed arbitrary momentum 3 =
1 — . We have that Rate’(a) o (14 a)'/*T~1/4, Hence, re-tuning o can only lead to a
21/4 ~ 1.19 improvement in the rate constant.

17
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2. Ifinstead the batch size is capped by hardware, b < byax, then optimal tuning of the learning
rate at an arbitrary momentum 3 = 1 — « leads to Rater x al/ QbI;;f(z — a non-vanishing
noise floor. Allowing « to decrease with T' (Theorem 2) removes this floor and restores

Rate}, o« T/ even at fixed batch size.

Our results show that a rate of 7~1/4 can be achieved both with and without momentum tuning.
This naturally raises the question: if we keep « fixed when moving from 7y to 71 > Tp, how far
are we from the token-optimal performance that one would obtain by re-tuning the momentum
parameter «? We develop this in a few points, proving Corollary 6.

(1) Performance gap at the proxy level is only a constant factor (when b can scale). In the
fixed-momentum large-horizon proxy,
b ~ 1 ~ ~ ~ 1
Rater(n, b;a) ~ C1— + Co(a)—= + Cs(a)n,  Cola) = Cov/a, C: :c(1 f).
ater (n, b; ) vt 2(04)\/5 + Cs(a)n 2(0) = Cav/a, C(a) = Os( 1+

Optimizing over (7, b) for fixed « yields (App. B.1):
b(a) = —29D 23)

24/ C1Cs(a)

_ GG

ny(a) = V2 Co(a) 3 : 24
RateX-(o) = 2v/2 (C1Cs(a)) 4 Cy () /2 T~ H/4, (25)

Substituting Cy,Cs gives the explicit a-dependence of the constant:
Rate}(a) = 2v/2 (C1C3) 40 (1 + a)/A T~ V/4, (26)

Thus, in this proxy regime, keeping « fixed does not change the exponent in 7" (it remains 7~ /%),
and re-tuning « can only improve the constant factor. In fact, since o € (0, 1], one has

(1+a)/* e 1,2,

so the maximal improvement from changing a fixed « is at most a factor 21/4 ~1.19in performance.
Equivalently, since T enters as 7~/4, this constant-factor improvement corresponds to at most a
factor of 2 in token budget to reach a fixed target tolerance e:

Treq(a;e) oc (14 a) -4

For typical momentum values (e.g. 8 = 0.9 = a = 0.1), this predicts only a mild potential gain in
the proxy bound from re-tuning « at larger budgets.

(2) The gap can be huge under a batch-size cap: fixed o causes saturation. The previous
conclusion assumes one can scale b with 7" as in equation 23. If instead the batch size is capped by
hardware, b < by, then the fixed-a proxy optimized over 7 satisfies
. 1 03(04) bmax ~ 1
Rat , bmax; A2 ———— C .
i Rater 1 i) b e
As T — oo, the first term vanishes but the second term remains:

lim inf min Rater(n, bpax; &) = Ca(a) = C2\/a,
T'—00 77>0 \/bmax \/bmax

18
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That is, with fixed o and capped batch size, the proxy exhibits a non-vanishing noise floor. By
contrast, allowing « to decrease with 7' (Regime (B) / Theorem 2 in the main text) removes this floor
and restores Rate’ oc 71/ even at fixed b.

(3) What is left on the table is primarily batch growth (Regime (C) vs (D)). Comparing the
token-optimal batch scaling under fixed o (Theorem 1: b7, T'/2) to the jointly tuned scaling
(Theorem 3 : b} o T1/6) shows that re-tuning o mostly reduces the required batch growth with
budget. A convenient way to quantify this is via the maximal budget that can be run near-optimally
under a batch-size cap b < byax:

Regime (C): b4 o TV/? = T < O(b?

max )

Regime (D): b5 o TY¢ = T < O(1°

max)
(up to constant factors hidden in the proxy). Hence, even though both regimes achieve the same
proxy exponent T-Y%in principle, tuning momentum can dramatically extend the range of token
budgets that remain feasible before hitting batch-size saturation.

B.5. General power-law scaling under a fixed budget

In this section, we prove Corollary 4. Recall that under the token (samples) budget 7' = bK we can
rewrite the bound as

T bAy  2pov/b a TLn 2Ln
U ;0):=U b, — )| = — 2 —+ —. 27
T(ct, ;) (a,n, ’b) T e Tyt T, @27
Power-law schedules. Assume that the algorithmic parameters follow power laws in 7"
b(T)=0O(T"), aT)=6(T"), n(T)=6("), (28)

with 5 € [0,1] (since 1 < b < T)and~,d € R. Note that here (3 is not the momentum parameter!
Then the five terms in equation 27 scale as

o1 ) o),
2051{:®<T5/21+7) 6<T (1-B/2— 7))
20 \/f = o1 +r2),
o).
% @< m) :@<T—(5—7))' (29)

Equivalently, defining the decay exponents

Tl::1—5—57 TQ::1—§—77 ’]"3:/8—"—,7

5 — ry: =90, r5:=0—71, (30)

we have (up to absolute constants)
Ur(a(T), n(T); b(T)) = @(T*Tl ST T T T*’“S) - @(T* min; ’“) 31)

provided all ; > 0 (i.e., each term decays).
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Guaranteeing a 7~ '/* bound for a prescribed batch scaling. A convenient way to enforce a
T4 rate is to equalize the three coupled terms 77%, \/% , g Specifically, for any batch schedule
b(T) satisfying

bT) < VT (equivalently 8 < 1), (32)
choose
b(T) b(T)
a(T) o= () < . (33)
Then
b Q
v T-1/4 a T-1/4 no_ T-1/4 4
and the remaining terms satisfy
Vb 1 . b
Y _el—) < —-1/2 —0l— ) < —-1/4 i
T @( %bT) <O(T ), n @<T3/4) <Oe(T ) (by equation 32). (35)
Consequently,
Ur(a(T),n(T);b(T)) S CLT~* + Co(6T)7? = O(T~*), (36)

for constants C7, Cy depending only on A, L, p, o (and the hidden constants in equation 33).

Remark (batch-size scaling b = T/K). If b(T) = ©(T"), then K(T) = T/b(T) = ©(T*F)
and T/K = b = ©(T?). Condition equation 32 is precisely 3 < % (i.e., b cannot grow faster than
v/T) to maintain the 7 1/4 guarantee under power-law tuning.

Aggressive batch-size growth: 7 < 3 < 1. Assume the power-law batch schedule b(T") = ©(T")
with 3 < 3 < 1 (hence K(T) = T/b(T) = ©(T"'~7)). In this regime, the bound cannot in general

maintain the 7—1/4

decay: the two terms n% and 7 already impose a hard rate ceiling. Indeed, writing
n(T) = @(T*‘S), their decay exponents are 11 = 1 — 8 — ¢ and r4 = 4, so for any ¢,

1-p

min{ry,ry} < mgmxmin{l —p—=4,0} = —5 (37)
with equality achieved by balancing them at
5t = # — (1) =e(T1-"), (38)
Taking, e.g., a(T") = ©(1) and n(7") as in equation 38 yields
Ur (a(T), (1) B(T)) = ©(T~1-7/2), % <B<1, (39)

since the remaining terms decay strictly faster:

Vb « n

A —(1-8/2) g —B/2 b —-(1-8)/2

=0 ) s p=e(rr). f=e(r ).
Equivalently, using K (T) = T/b(T) = ©(T'~#), the achievable rate can be written as

@(T—(l—ﬂm) _ e(K—1/2) = @( ;) (40)

highlighting that when b grows faster than v/7", the bound becomes iteration-limited.
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Appendix C. How modified assumptions can change the exponents

C.1. Dependency on Initialization

Matched initialization and the burn-in term. We assume matched initialization, namely that the
momentum buffer is initialized from a stochastic mini-batch gradient of the same batch size b as used
during training, e.g. m® = 919- Under the bounded-variance model, this implies

po
Ey = Elllgy — Vf(2).] < 7
1 3

and this is exactly what yields the T burn-in” dependence in the non-convex LMO bound below.

If m? is not matched, this term changes; see next paragraph.

On non-matched initialization. If mP is not initialized from a stochastic batch-b gradient, the burn-

in term can change from o< m/lg = o 5—[% with an FE that may not decay as 1/v/b. Under a fixed

budget ' = bK this changes the v/b /(aT) structure in equation 10 and can alter the token-optimal
b(T') scaling.

C.2. Noise Model and Flatness of the batch size landscape

The power-law exponents obtained by optimizing convergence upper bounds are not universal: they
are a direct consequence of (i) the functional form of the bound and (ii) how the stochastic error
term scales with mini-batching, geometry, and moment assumptions. We record a simple sensitivity
analysis that makes the dependence explicit.

L. A one-parameter model for how noise shrinks with batch size. The equation 2 bound assumes a
finite-variance (sub-Gaussian/sub-exponential) scaling, where the typical noise magnitude decreases
as b~1/2. To capture deviations (e.g. correlations or heavy tails), we introduce a generic exponent q:

Assumption 7 (Effective mini-batch noise scaling) There exist q € (0, 1] and a scale parameter
o4 > 0 such that the mini-batch gradient satisfies
9q

E(llgn(@) - VI @)l] S 5

The bounded-variance/i.i.d. setting corresponds to q = % Correlations or other inefficiencies can
lead to q < %

(uniformly over x).

Under Assumption 7, the two “noise” terms in the LMO bound scale as
1 o
q

i and N

.94
ba’
rather than with b=1/2,

I1. Why the leading-order bound can become “flat” in b (and when it does not). To isolate the
mechanism, consider the dominant three-term proxy (dropping constants and the burn-in term for the

moment)
Ao n (o}
i0,K) ~ — + L- + —21y/a. 41
Z/[(OL, 7 0, ) nK + o + ba \/a ( )

Optimizing equation 41 over 7 gives

JAYY® AN n AoL

*
-0 =0 Lf} =0~ /2.
) <\ T %S{nKJF of SNV TEK
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Then the a-problem becomes c1a™ /2 + ey (b)al/? with ca(b) o o,/b9, hence

be pa/2 p—a/2
a*(b,K) \/—K, n* (b, K) e rgln%ll/{ o Sas (42)
Now impose a fixed token budget 7' = bK (so K = T'/b). Plugging into equation 42 yields
minif o T-VApl/A=a2, (43)

Interpretation of equation 43.

o Ifg = % (bounded variance, i.i.d. mini-batching), then 1/4 — q/2 = 0 and the leading-order
dependence on b cancels. This is precisely the “flatness in b phenomenon: once 7 and « are
retuned for each b, the dominant term depends primarily on 7" = bK rather than on b itself.

« If ¢ < £ (noise shrinks slower than b=1/2), then 1/4 — ¢/2 > 0 and the leading term increases
with b; the token-optimal batch size is pushed toward the smallest feasible b.

e If g > % (noise shrinks faster than b='/2), then 1 /4 — q/2 < 0 and larger batches become
beneficial already at leading order.

Therefore, the existence (and scaling) of an interior token-optimal batch size is not robust: it
relies on the finite-variance g = % law, plus lower-order terms (e.g. burn-in) that break the leading-
order cancellation. This explains why the joint optimum b%. = O(T' 1/ 6) should not be read as the
only viable scaling: for bounded-variance noise, many choices of b(7") remain near-optimal once
a(T) is tuned (momentum compensates for smaller batches), and the burn-in term selects b%. only
through lower-order effects.

Batch size versus sequence length. In our main proxy we write the mini-batch size as a single
scalar b, implicitly treating it as the number of tokens or samples used to estimate the stochastic
gradient. In language-model training, however, the per-step token count typically factors as

btok = BSa

where B is the number of sequences and S is the sequence length. The standard bounded-variance
model corresponds to

Var(gp,s) or equivalently lgp.s — V| ~ (BS)~1/2.

1
BS’
Recent work by Islamov et al. [26] explicitly studies this distinction. They assume o2 =
02/(BS), and empirically fit gradient-variance power laws separately in B and S, finding exponents

close to, but not exactly, one. This suggests the more general model

Var(gp,s) o lgp.s — Vf|| o BAB/2g-As/2.

1
BA3SAs’
Repeating the leading-order calculation from equation 43 with ' = K BS yields

minU o« T~/4 p-2s)/4 g(1-As)/4,

o
Thus, when A = Ag = 1, the leading dependence on the split between B and S cancels, matching
the usual 1/(BS) variance model. If Ap # Ag, however, the theory can prefer increasing batch
size and sequence length at different rates. This provides another mechanism by which empirical
batch-size exponents can differ from the scalar-b predictions in the main text.
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II1. Heavy-tailed noise: both the b-law and the T-exponent can change. A common empirical
observation in deep learning is that stochastic gradient noise can be heavy-tailed, often modeled via
a-stable laws [49, 57]; in such regimes the variance may be infinite and the classical b1/2 scaling
can fail. In a stylized p-moment model with p € (1, 2), a typical scaling for sample averages is

1 1
noise magnitude oc b~ 171/P) je g=1-— » <3

Plugging into equation 43 gives

min¥f o« T4 b_1/4+1/(2p),

O‘7"7
which increases with b for any p < 2, again pushing the token-optimal b toward small batches.

Moreover, under heavy-tailed noise the optimal convergence rate in T can itself differ from

T—1/4 (the finite-variance case), and depends on p. This indicates that mismatches between empirical
scaling-law fits and finite-variance theory can reflect a genuinely different regime rather than just
loose constants.

IV, “Variance” in non-Euclidean methods: which norm matters. For LMO/Muon, the stochastic
terms are naturally expressed in the dual norm || - ||,. Accordingly, a more intrinsic noise proxy is

ol = sng[llg(w)—Vf(x)llf],

rather than an ¢5-variance. Using norm compatibility one can always upper bound ||v||, < p||v]|2
and therefore o, < poa, but this can be loose and may hide dimension/model-size dependence in
p (or in o, itself). Hence, changing the noise model from an ¢y variance bound to a || - ||.-variance
bound can change effective constants and, when combined with model-size scaling, can affect fitted
exponents.

V. Parameter constraints also change apparent exponents. All of the above assumes 7 and « can
be freely retuned as 7" varies. In practice, hyperparameters are constrained (e.g. « fixed, n capped for
stability, discrete grids). Such constraints remove the cancellation behind equation 43 and can lead
to different effective power laws (e.g. a “critical batch size” beyond which increasing b is harmful
because n cannot be increased accordingly).

C.3. Why can empirical fits show an optimal learning rate increasing with token budget?

Several empirical works report a one-dimensional fit n*(7") o< T'7 while scaling the token budget via
T = bK. In contrast, our proxy bound is multi-variate and depends on (b, K, v, 17), so an “n vs. T
exponent is not intrinsic: it is conditional on the scaling path T — (b(T), K(T), «(T),n(T)).

A protocol identity for effective exponents. Assume that over the (finite) range probed in practice,
the tuned constant step size can be approximated by a separable power law
7(b,K) x WK k>0 A>0. (44)

Along any batch-growth path b(T") o< TP (hence K (T') = T/b(T) o< T'~P), equation 44 implies an
effective token exponent

n*(T) oc T, Geft = kp — N1 —p). (45)
In particular,

Gt >0 <= p>

K+ (46)
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Thus, even if n* decreases with the horizon at fixed batch (A > 0), a positive fitted exponent in T’ can
arise if the batch-growth effect dominates.

Instantiations for our LMO proxy. (i) Fixed momentum proxy. Optimizing the proxy over 7 at
fixed (b, K, &) gives n*(b, K) oc K~1/2,i.e. (1, A) = (0, 1). Hence geg = —(1 — p)/2 < 0 for any
p: in the fixed-momentum proxy, n*(7") cannot increase with 7.

(ii) Fixed-b K-optimal schedules evaluated along T = bK. Minimizing the LMO proxy at fixed
b yields (up to constants / lower-order terms)

(b, K) o bYAKT3Y of (b, K) « \/b/K.
Thus (k, ) = (4, 2) and equation 45 gives

Got =P — §- (47)
Therefore, a positive fitted exponent is possible under batch-heavy paths p > 3/4.

Caveat: saturation of « < 1. The schedule above also implies a*(T") o b/+/T. Along b(T)  T?,
we have o*(T') < T P=1/2 5o forp > 1 /2 one eventually reaches a regime where « saturates at 1,
and the effective ) scaling transitions away from equation 47.

Connection to empirical scaling laws. This “path-conditioning” mechanism can explain why
a study may report 1* increasing with 1" even though the globally token-optimal schedules in our
analysis yield a decreasing n* (7).

However, it does not guarantee matching exponents. For example, StepLaw reports (at fixed
model size) b*(T') oc T and n*(T') oc T%397 [34],i.e. p ~ 0.571 < 3/4 but ¢ ~ 0.307 > 0 [34].
This cannot be explained by the LMO K -optimal proxy exponent geg = p — % unless the effective
exponents (x, A) in equation 44 differ substantially from (%, %), or the proxy assumptions fail.

As another reference point, von Riitte et al. [53] report b*(T") oc T822% and n* o< (5*)°-342 for
diffusion LMs, implying n*(T') oc T°-?8 over their explored range [53]. The batch exponent p > 3/4
falls in the batch-heavy regime where positive geg is possible, but the magnitude still differs from the
LMO proxy, suggesting additional effects. So p — 3/4 is best viewed as one concrete mechanism
(under a specific proxy + tuning protocol), not a general prediction for empirical scaling.
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Appendix D. Detailed connections with empirical scaling laws

Among our analyses, fixed momentum is the most practically relevant, as momentum is usually set
to a standard value and rarely tuned in modern training pipelines [8, 24, 47], though such practice is
slowly changing [39, 42, 56]. On the other hand, batch size is often chosen for hardware efficiency
and throughput rather than optimization performance. In these settings, our fixed-batch-size scaling
laws can provide the appropriate theoretical description of achievable performance (see App. A).

Scaling learning rate with batch size and token transfer at a fixed batch size. Bjorck et
al. [9] provide perhaps the closest empirical counterpart to our fixed-batch horizon scaling: at a fixed
batch size of 0.5M tokens, and across model sizes from 50M to 2.7B parameters, they find that the
optimal peak learning rate decreases 7* oc 79 (with § varying from 0.32 to 0.71 across model sizes)
as the token horizon increases. Their observation is directionally consistent with Theorem 1, which
predicts 17*(T") oc T~'/? for fixed momentum and fixed batch size.

Malladi et al. [38] and Compagnoni et al. [14] provide theoretical evidence for the well-known
square root scaling law: for adaptive methods, at a fixed token budget, scaling b — kb requires
n kl/ 27]. Recently, Mlodozeniec et al. [42] verified this law at scale, and also noted that (at a
fixed batch size) the compute-budget (token-horizon) transfer requires scaling the learning rate down
as 1 — nr~1/2 when the number of training tokens is increased by a factor . The same law is
discussed by [11] in the context of convex problems trained with SGD. We note that both these
trends are predicted by our Theorem 1: at a given token budget 7', the optimal learning rate scales as
pl/27—1/2.

Further, note that our work complements the SDE viewpoint [14, 38] in a crucial way. SDE
analyses were first motivated by intuition around sharp minima, generalization, and critical batch
size [28, 31, 46, 50]. They derive scalings by matching statistical properties of the iterate distributions,
and they also provide practical tools that are not captured by our bound-based proxy, such as
SVAG [35] diagnostics for testing whether the SDE approximation is valid in a given training setting
and predictions for when batch-size scaling should break down. Here we ask a complementary
question: which batch size, learning rate, and momentum minimize a finite-horizon convergence
proxy? Our comparisons, though recovering their scalings as a special case, concern the expected
gradient-norm “performance” (connected to the loss) and capture a finite training horizon.

Although our contribution is theoretical, Appendix F.1 reports a small constant-learning-rate
language-model sanity check. It is directionally consistent with the proxy: at fixed batch size the
best learning rate decreases with the token horizon, while at a fixed horizon the best learning rate
increases with batch size.

Optimal batch size scaling with token budget. Empirically, with fixed momentum, the optimal
batch size scaling is found to be anywhere between 79327 and 708225 (Appendix Table 3, first
column), which is reasonably’ consistent with our result 7'7/2. Several works instead discuss the
notion of critical batch size: the threshold at which further increasing batch size no longer gives
near-linear speedup in optimization steps. Zhang et al. [56] show empirically that the critical batch
size scales primarily with data size rather than model size. In addition, they show theoretically (for
SGD on linear regression) that in the bias-dominated, early-training regime, the critical batch size
is b = 1; as training progresses and variance becomes dominant, the critical/efficient batch size

3. Note that differences in exact exponents may arise from the indirect relationship between gradient norm-based metrics
and loss. See Appendix C for a simple sensitivity analysis showing how deviations from the i.i.d. bounded-variance
mini-batch model and other constraints can shift the predicted exponents.
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increases. A similar behavior can also be seen in Appendix Figure 2 for LMOs, where we see that
the optimal, rather than critical, batch size ramps up at around 10° tokens*, and is initially one (see
third panel).

SGD: optimal batch size and linear learning rate scaling. The framework of Kovalev [33]
covers normalized steepest descent (LMO) methods, not vanilla SGD. However, it is possible to
extend our methodology to SGD and derive scaling results from well-known bounds [20]. We
presented this in Appendix E: a simple argument yields that at a fixed batch size the optimal
learning rate scales as n*(b,T) = bT—1/2, in perfect agreement with the linear scaling suggestion
by Jastrzebski et al. [28], Smith et al. [50]. Next, our results suggest that, in contrast to LMO methods
such as Muon or SignSGD with momentum, SGD does not have a non-trivial token-optimal batch size
(given an optimal step size). This is in agreement with recent empirical results, suggesting SGD (in
contrast to Adam) always profits from an increased iteration budget at low token count [39, 52].

Relation between batch size and step count. Our scaling rules also predict that, under fixed
momentum, achieving a certain target performance requires both a minimum batch size (Appendix
Figure 9) and a minimum step count (Appendix Figure 11). Indeed, von Riitte et al. [53] report a
hyperbolic relation between step count and batch size that closely resembles our theoretical results,
suggesting this may be a fundamental property of LMO optimizers. We build on this and derive
this hyperbolic relationship, clear from Appendix Figure 10. Notably, a similar relation exists for
standard SGD, as empirically reported by McCandlish et al. [40], where a minimum step count
and token budget are required to achieve a certain target performance, but no minimum batch size
requirement exists.

Momentum scaling with batch size. A practical implementation of the idea of momentum
adaptation as the batch size is scaled appears only in very recent work. Marek et al. [39] propose
to scale the o momentum parameter in Adam as follows: b — kb requires 3o — (5. At the
same time, Ferbach et al. [17], Orvieto and Gower [43] suggest that the choice 5; = (2 in Adam
leads (after tuning) to near-optimal performance, drawing a direct link to SignSGD with momentum
parameter 3. Our scaling result in Theorem 2 shows that, at a fixed token budget 1" and a fixed batch
size b, the optimal momentum 8 = 1 — a ~ 1 — bT~1/2. Hence, if b is scaled by a factor x, we get
B~ 1— kbT~1/2. Our result is deeply connected to the strategy by Marek et al. [39], indeed note
that as " — oo we have 5" ~ (1 — Z)T*1/2)"i =1—rbT Y24 (’)(Tﬁl). A decreasing optimal
momentum as the batch size increases is also found to be effective by Zhang et al. [56].

Relation to norm-transfer scaling. The most direct empirical counterpart to our joint LR/batch
discussion is the norm-transfer study of Filatov et al. [18]. Using the norm-based Scion optimizer,
they find b*(T") oc TO45F007 and n*(T') oc T0-28%0:07 ¢lose to our fixed-momentum prediction
b*(T) o< TV2, *(T) oc T~/%. They also identify a low-sensitivity region where several (7, b)
choices behave similarly, which is qualitatively aligned with our conclusion that, after retuning
momentum and learning rate, multiple batch-growth paths can be asymptotically near-optimal and
the T/ law is selected only by lower-order terms.

Learning rate scaling under jointly increasing batch and token budget. To start, we recall
(see first paragraph in this section) that our results align with observations that, at a fixed batch size,
the optimal learning rate should decrease as the training horizon grows (Theorem 1; Mlodozeniec
et al. [42]). Yet, how does the optimal learning rate change as the batch size is chosen to scale with

4. The precise value for this phase transition crucially depends on momentum, see App. F, and on the values of C1, C2, C3
in equation 3.
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Table 3: Empirical batch-size and learning-rate scaling across representative studies. Optimizers,
model-size protocols, learning-rate schedules, and other fixed hyperparameters differ across
works; the table summarizes reported exponents rather than a strictly like-for-like compari-
son. N denotes the number of non-embedding parameters. & [9] varies from 0.32 to 0.71
across models.

Batch Size Learning Rate Optimizer
DeepSeek [7] b* oc 703271 n* oc T—0:1250 AdamW [32, 37]
Bjorck et al. [9] fixed n* x T—on AdamW [32, 37]
StepLaw [34] b* o 79571 n* x N—0.713 70307 AdamW [32, 37]
von Riitte et al. [53]  b* oc 708225 n* oc 02806 LaProp [59]
Filatov et al. [18] b* oc TOA5E007  ppx o 7 —0.28+0.07 Scion [44]

the token budget? The empirical picture is mixed. Bjorck et al. [9] study the closest fixed-batch
token-horizon setting and find that longer horizons require smaller learning rates, in agreement with
Theorem 1. In contrast, StepLaw [34] and von Riitte et al. [53] report positive fitted learning-rate
exponents® when batch size is also scaled with the token budget.

Meanwhile, Theorem 1 predicts that if b oc 7%/2, then n* = T—Y/4. Appendix C.3 shows that
a positive fitted exponent can arise without contradicting Theorem 1 when one measures 1* along
a batch-scaling path b(T") (hence K (T') = T/b(T)), e.g. when the budget is increased mainly via
larger batches (fewer additional steps) or when hyperparameters are transferred across budgets.
Further, note that the bound in equation 2 rules out n*(7") — oo for the constant-step proxy because
of the O(n) term, independent of batch size and momentum.
Appendix C additionally discusses how deviations from the idealized assumptions behind the proxy
(e.g., non-b—1/2 noise scaling, heavy tails, or norm-mismatched variance for LMO methods) can
change the predicted exponents. Overall, this points to a clear direction for future investigation:
determine which part of the remaining mismatch is due to (i) protocol constraints vs. (ii) assumption
mismatch vs. (iii) looseness of the bound in equation 2 for modern large model training regimes.

5. Note that the comparison with empirical learning-rate scaling is subtle and influenced by factors such as model size.
DeepSeek [7] reports a decrease in optimal learning rate as the token budget increases. However, since DeepSeek
also scales model size with training horizon, this effect may largely reflect the lower learning rates required by
larger models. In contrast, Li et al. [34] explicitly models the role of model size, and von Riitte et al. [53] uses uP
initialization to decouple size from learning rate. Both decoupled analyses find a positive correlation between the
token horizon and the learning rate.
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Appendix E. Comparison with SGD

In contrast to LMO-based optimizers, vanilla SGD does not exhibit a non-trivial token-optimal batch
size. Under a fixed token budget T" = bK, the classical bounds balance the optimization and variance
terms so that, after tuning, the resulting performance depends only on 7" and becomes independent
of b. Consequently, batch size mainly trades off variance reduction against the number of steps,
unlike LMO methods, where additional momentum- and normalization-induced terms break this
cancellation and induce a genuine optimal batch-size scaling.

To see this, with the same notation as equation 2 consider the classical non-convex guarantee [20]:

A Lno?
: kN |12 < 70 n
min BV < ~2 +

Here we consider SGD without momentum. Adding or tuning momentum does not improve the
asymptotic rate for SGD: see [21] (Theorem 3) and [55] (Theorem 3). The novelty in modern
analysis of adaptive methods after Cutkosky and Mehta [15] was to show that indeed momentum has
instead a crucial role in adaptive methods. Optimizing equation 48 over 7 yields

v VBE, min BIVFE)3 < /20T
1<k<K ~ bK
Thus, at a fixed iteration budget K, increasing b improves the bound (as in many stochastic methods).
Instead, substituting K = T'/b into equation 48 gives, optimizing over 7
Agb n LnaQ} < A()LO'Q’
nT b ~ T
which is independent of b at the level of this proxy bound. In other words, under a fixed token budget,

the classical SGD analysis does not predict a non-trivial token-optimal batch size: after optimizing
7, b largely trades off iterations vs. variance reduction in a way that cancels.

. (48)

77* x bT—1/2

in EIVF(z)2 < mi
min B[V S mnm{

Summary. The LMO bound used in the paper (equation 2) differs structurally: (i) it controls
IV f(*)||« (not squared), and (ii) it contains additional terms coupling (7, &) and mini-batching,
including a noise-floor term o< o\/cm and a burn-in / initialization term that can scale as
o /(av/bK) under matched stochastic initialization (Appendix C.1). As a consequence,

* with fixed «, the proxy retains a decreasing-in-b contribution under 7' = bK (e.g. o< 1/ V/b), leading
to a genuinely non-trivial token-optimal batch size (Theorem 1: b7, o< VT);

* with funed «, the leading-order cancellation in b under 7' = b/ becomes more similar in spirit to
SGD, and b*(T') is pinned only by lower-order terms (Theorem 3; see also App. C.2).
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Figure 1: Sanity-check experiment for our analysis. We perform a constant-7 training experiment

on a 160M transformer (PlainLM implementation [1]), trained with a language modeling
objective for up to 5B tokens from SlimPajama [51]. The setup is the same as in Theorem 1
and Appendix Figure 2. With 8% warmup + constant learning rate (Adam betas fixed to
(0.9,0.95)), grid-searching 7 across batch sizes shows clear structure: (i) at fixed batch
size, the optimal 7 decreases over training time (e.g., b = 32 shifts from 0.003 to 0.001
after 2.5B tokens); (ii) this trend appears similarly for b = 128, albeit the switching point
is not yet reached at 5B tokens; and (iii) the optimal 7 increases with batch size (atT' = 5B
tokens, n = 0.001 at b = 32, n = 0.003 at b = 128, n = 0.01 at b = 512). Constant
1 allows finite-time comparisons that reveal both token-dependent and batch-dependent
optimal 7s.

Rater for each b (n tuned at each T, =10.999) Rater for each n (b tuned at each T, 8 =0.999) Optimal b (n tuned for each T) Optimal n (b tuned for each T)
10% 5 14.8 10! 5 3.8 10* 5
0 J 0 J ..
10 12.7 10 1.1 10° ] 10-4]
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Figure 2: Verification of Theorem 1. Shown are the trends of equation 3 (Cy; = Cy = C'5 = 1) under

the choice § = 1 — o = 0.999. Additional as can be found in App. F. In the two plots
on the left, we show in magenta performance at the best value of (7, b) for each token
budget, following O(T‘l/ 4). Plotted in blue are also performances for a fixed batch size,
minimizing over 7 at each token budget, and in green performances for a fixed learning
rate, minimizing b at each token budget. In the two plots on the right, we show how the
optimal batch size and learning rate scale with tokens. The trends predicted by Theorem 1
hold after a burn-in phase, where the optimal batch size is b = 1.

Appendix F. Additional Plots

F.1. Empirical sanity check

Scaling plots. We provide here numerical scaling plots.
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Figure 3: Numerical verification of Theorem 2 for b = 1072. The setting is the same as in Figure 2.

1015 7.9 -21 3 -0.1
—— Numerical
100 4 ——- O(T9%) 6.8 -4.1 -1.2
107t 5.7 -6.1 -2.3
I
10-2 45 @ 81 & 35 2
g 3 5
© o
g 1073 34 2 -101 2 -46 3
[ 8 2
1074 23 -12.0 -5.7
1075 11 -14.0 -6.9
\\
1076 ‘ : . : —Lloo ‘ : : : — Ll 160 ‘ : : : — Ll g0
102 10° 10 10 10'® 10?2 102 10°® 10 10 10%® 10% 102 10° 10'° 10 10%® 102
tokens tokens tokens
10° 4 . . 0 4 .
Numerical 10-3 Numerical 10 Numerical
— O(TY®) — O(T7112) 101 — O(T"13)
104<
-5 |
10 1072
o 1034 Q -7 ] Q _
& g 10 g 1079
g g o 2 104
N 102 4 & 10794 S 10744
£ £ £
< IS £ 105
E o] £ 107 4 g10
6]
Q S o3 s 10
100 4 107 4
102 10° 101° 10 10 10?2 102 10° 10'° 10 10'® 102 102 10° 101° 10 10 1022
tokens tokens tokens

Figure 4: Numerical verification of Theorem 3. Oscillations are due to the numerical issues caused
by extremely similar performance among hyperparameter choices — see Corollary 4. See
Appendix C.2 for further comments.

Iso-loss curves. As shown in Figure 9, under fixed momentum, achieving a certain target per-
formance requires a minimum batch size. We identify a trend of b7, oc T'/2 as predicted by our
theory. The saturation of the near-optimal line in the left panel indicates that, at large token budgets,
performance becomes less sensitive to batch size scaling when the learning rate 7 is lower bounded,
since smaller momentum requires proportionally smaller 7.

Three regimes and a hyperbolic (K, v/b) tradeoff (iso-performance curves). Fix a target level
¢ and let ¢ := £ — const > 0 absorb terms independent of (b, K'). Assuming the learning rate is
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Figure 5: Numerical verification of Theorem 1 for 5 = 0.934.
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Figure 6: Numerical verification of Theorem 1 for 5 = 0.9999.

well tuned for each (b, K) (i.e., n minimizes the Ag/(nK) + Ln(Z + 2) part of the bound), the
remaining dependence on (b, K') can be summarized as
Cdet Cburn Cﬂoor

un(b,K)%\/EjLK\/E—I-\/B,

where Cyot, 1= 2\/A0L(% + %), Churn 1= 2’%‘7, Chioor 1= 2po/a.

Setting u, (b, K') = c reveals three regimes:

1. Tteration-limited (b — 00) with Kyyin = (Caet/c)%;
2. Batch-limited (K — 00) With byin = (Choor/c)%;

3. An intermediate tradeoff region where the burn-in term dominates, yielding K Vb =~ Chym /c,
ie. vVbox1/K.

We can also rearrange the equation into:

K
where Ky denotes a representative iteration scale used to approximate the slowly varying 1/ K
term. This mirrors the shifted-hyperbola iso-loss law reported by von Riitte et al. [53] (see their
equation (7)), up to our use of v/b induced by the 1 / /b noise scaling.

C urn C urn C urn
(C\/E - Cdet) <C\/I; - <Cﬂoor + b )) = Cdet <Cﬂ00r + };{ ) ~ Cyet (Cﬂoor + Ib{(] >
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Figure 7: Numerical verification of Theorem 2 for b = 32.
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When momentum is fixed, and learning rate is tuned, the hyperbolic relationship between batch
size and iterations is shown in the middle panel of Figure 11. Note that on the left panel, if o and
1 can be unrestrictedly tuned, the final proxy value achieved is lower than that of the middle and
right panels. This is because a larger batch size requires a much smaller learning rate, which is often
not realistic. If the 7 grid is lower bounded, then there is no significant difference in the achievable
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Figure 8: Numerical verification of Theorem 2 for b = 35111.

performance between fixed o (middle) and jointly tuned « (right).
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Figure 9: Contours of best achievable performance versus batch size and number of tokens. Fixed «
at different values, tuned 1 € [1.7e — 6, 1]. The red curve denotes the near-optimal (99%
performance) batch size as a function of the number of tokens.
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Figure 10: Contours of best achievable performance versus batch size and training iterations for a
fixed o and tuned 7.
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Figure 11: Contours of best achievable performance versus batch size and training iterations. Fixed
« at various values, and tuned 1 € [1.07e — 7, 1]. The red curve denotes the near-optimal
(99% performance) batch size as a function of the number of iterations.
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