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Abstract

Mapping out physical fields in continuous domain from sparse sensor data obser-
vations is a difficult challenge and an active research endeavor in many scientific
fields. Since the processes that create this data are often not fully understood, there
is increasing interest in leveraging deep neural networks to address this problem.
Despite significant progress in using deep learning methods like Implicit Neural
Representations (INRs) and Fourier Neural Operators (FNOs) for reconstructing
physical fields, there remains a notable gap in research on quantifying the un-
certainty of these reconstructions. For high-stakes applications, such as climate
modeling, it is critically important to estimate and disentangle the two types of
uncertainty: reducible Epistemic Uncertainty and irreducible Aleatoric Uncer-
tainty. Effectively quantifying and separating these uncertainties is essential for
the reliable application of deep learning models across scientific domains. We in-
troduce Flow-matching Geometry Informed Neural Operator (FlowGINQO) which
is not only capable of reconstructing continuous physical fields but also capable of
estimating both epistemic and aleatoric uncertainty in a disentangled manner.

1 Introduction

Reconstructing complex physical fields from sparse sensor networks presents a fundamental challenge
across various scientific and engineering disciplines. Despite the widespread necessity of, either
knowledge on continuous physical fields or high resolution discrete observations, in areas like
geophysics [52], astronomy [18], biochemistry [76], and fluid mechanics [11], sparse sampling still
often remains the only practical solution for data acquisition. Accurate representation of climate
variables, e.g. temperature, salinity, humidity, and wind/current velocity relies heavily on successful
reconstruction of data from a limited number of observations.

Scientific data representing complex physical systems [41} [10]] presents distinct challenges that
differentiate it from conventional image and video data, due to sensor mobility and other physical
constraints for high resolution data acquisition. Traditional physics-based methods rely on partial
differential equations (PDEs) derived from fundamental physical principles [26]. However, these
models often lack the accuracy and computational efficiency needed for complex systems like
weather [4]] and epidemiology [42], and integrating real-world data for calibration is challenging [49].
Machine learning-based approaches, specifically Implicit Neural Representations [8), 147, 44, 45|
59, 139] and Fourier Neural Operators [35, 31} 48\ [72| 137, [77, 136], have concurrently emerged as
an alternative for nonlinear field reconstruction. Multiplicative and Modulated Gabor Network
(MMGN) [39] uses INR (Implicit Neural Representation) to create a continuous representation.
Geometry-Informed Neural Operator (GINO) [37]] integrates both Graph Neural Operator [34] and
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Fourier Neural Operator [35] to reconstruct the field in a continuous space. Several variants of Fourier
Neural Operators have also been explored for similar research questions [77, [72]].

Although these approaches excel at continuous reconstruction, they lack the inherent ability to
quantify uncertainty. For mission-critical applications like weather forecasting and climate modeling,
reliable predictions are paramount. Therefore, quantifying uncertainty is essential to improve model
robustness and avoid catastrophic consequences.

The introduction of Diffusion [61} 162} 22| 63]] and Flow Matching models [38, 1] has spurred a
paradigm shift in generative modeling, driving remarkable progress in a wide range of research
areas, most notably in computer vision [[13} 153,150} 54} 38, [73} 156]]. There has also been a surge of
interest in applying diffusion and flow matching models for tasks that require robust uncertainty
quantification [9} 17,13} 28} 46].

Distinguishing between aleatoric and epistemic uncertainty is crucial for a useful uncertainty esti-
mate [29, [19]. While aleatoric uncertainty reflects the inherent noise and ambiguity of a problem,
epistemic uncertainty highlights what the model doesn’t know, which can be reduced with more
data [12} 27]. Separating these two types offers valuable insights for improving a model and can
guide practical decisions in climate modeling, such as where to place new sensors for better data
collection [6]].

We introduce Flow-matching Geometry Informed Neural Operator (FlowGINO) for continuous
reconstruction of physical fields from sparse observations. Our specific contributions are summarized
below:

* We propose a novel architecture that integrates both FNO [35] 31] and Flow-matching [38] to
achieve two different objectives simultaneously:

1. Continuous reconstruction of physical field from arbitrary and sparse observations.
2. Estimating epistemic and aleatoric uncertainty separately with one single model.

2 Problem Statement

The objective is to precisely recreate a physical field, u(z, t). This field changes over both space ()
and time (), and it can represent climate variables like temperature, velocity, or displacement. We
only have a few observations of u at specific locations (x); and at specific moments in time (¢);. We
define these observations as the training data Dyyqi, = {u((2);, (t);)} where {((z)i, (1)i)} € Tirain
consists the set of locations and timepoints for which we have the observations in the training data
Dtrain- For, any time point (¢).s; and with a few sparse observations us, = {u((2)test, (t)test)
where (x)so = {(%)1est ; consists some sparse locations, the goal is to obtain a predictive distribution:

p (u((x)c”usm (t)testa Dtrain) = /p (u<($)c)|u30, (t)test7 ¢)p(¢|Dt'razn)d¢ (1)

where u((z).) indicates a simplified representation of u((x)., (¢)test), (z). represents any loca-
tion in the coninuous Eucledian space, p (u((x).)|uso, (t)zest, ¢) represents the likelihood func-
tion, and p(¢|Dyqin) represents the posterior over model parameters ¢ for Dy;.qir,. Uncertainty in
p(u((z)e)|uso, (t)test, Dirain) stems from two distinct sources: aleatoric uncertainty and epistemic
uncertainty [15].

3 Methodology

Our proposed FlowGINO mainly consists of two components: (i) GINO(Geometry Informed Neural
Operator) [37]], go and (ii) Flow-matching UNET [38]], fo.

Given the set of sparse observations ug, at timepoint (¢)es¢, the GINO component, gy generates a
context 1, for the locations {(z).} in the high resolution frame.

ﬁlr = ge(usm (t)testa {(x)c}) (2)

With the context {i;,- and a random noise n, the Flow-matching UNET, fy obtains the high resolution
output 1y, for the locations {(x).} in the high resolution frame.

Ay, = fo({tyr,n}) 3)
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{()s0,t} are passed on to the GNO encoder layers,

which maps them to a latent regular grid. This is then passed into an Global FNO model. The output
from the FNO model is projected back onto the domain of the input geometry for each query point,
{(2)c, t} in the high resolution frame using the GNO decoder layer.

Flow-matching UNET: The Flow-matching UNET model is a standard U-shaped Neural Network
for 2D grid-like data. The concatenated context @i, and random noise n, along with the noise scale
ny is passed onto this UNET and the high resolution output iy, is extracted from this model.

3.1 Optimization of Model Weights

For probabilistic adaptation of the model, we deploy two approaches: (i) MCD (Monte-Carlo
Dropout) [19]], and (ii) VBLL (Variational Bayesian Last Layer) [21] implementation onto the GINO
component, gg. Let, us,(t) be the sparse observations for any timepoint, ¢ and u(t) be the high
resolution ground truth. The optimization objective function is to minimize:

Lim(0) = Eump) Enmnr0,1)Eny~v0,1) [[1fo ({90 (0s0), (1 = n4)n + npu}, ng) — (w—n) %]
4
where gg(us,) is a simplified representation of the low-resolution context output of gy from sparse
observations, g (s, ()0, t) With ()4, be the set of locations of those sparse observations.

Optimization of MCD Adaptation: We apply dropout layer in the FNO layers of the GINO
component gy of our model. The optimization objective is L ¢,,, mentioned in EquationE}

Optimization of VBLL Adaptation: We append an additional Variational Bayesian linear
layer [21] at the end of GINO component gy. Considering by the Bayesian Layer, the output
of the GINO component is:

a5 = bnge(usm (x)soa t) + €€~ N(Oa 2)7 bg ~ N(l_)a S) Q)
And the predictive distribution of the GINO component becomes:
p(ﬁll‘|usov l_)a Sa 90) = N(Z_)Tge(uso; ')7 gt‘)(“soa ')TSQO(usov ) + E) (6)

Following the optimization objective to minimize L,y;(gg, b, S, ) for regression problems men-
tioned in Harrison et al. [21]], the objective function to optimize the overall model is to minimize:

L pmovit = &L prm + B(Lobir) @)

where « and (3 are hyperparameters to balance the two losses.
3.2 Estimation of Epistemic & Aleatoric Uncertainty

Uncertainty is measured using variance and the law of total variance [12} |64} 155] is applied to
decompose total uncertainty (TU) across model predictions into its AU and EU components.

Var(@i) = Vargp(0/Ds050) [Eamp(ulues.0) (8] +Eonp0Dirain) [Valamp(ulua.,o) [@]  (8)

EU AU

Inspired by the HyperDiffusion method [6]], we first generate one sample of the context i;,- from the
predictive distribution and then add IV different noise samples to it to get N different predictions by
passing the noise concatenated samples to fy. We repeat this for M/ number of times by generating M
different samples of @, from the predictive distribution obtained from gg. Applying[§]to the generated



samples [d] = {--- , 0
measured.

TR 1V ~ }» the decomposed aleatoric and epistemic uncertainty can be

AU = Eicn [Var;e n [@]] ®
EU = Variey [Ejen [1]] (10)

The total uncertainty can be measured by TU = AU + EU. Also the ensemble prediction can
be computed by taking the expectation over the predicted samples as E;car [E;en [Q]]. Figure
describes the overall methodology of FlowGINO model.

4 Experiments

4.1 Experimental Setup

Dataset: We have utilized The Community Earth System Model version 2 (CESM?2) dataset [10]], a
global climate model to simulate Earth’s climate. We followed the similar processing employed in
Luo et al. [39]]. The dataset dimensions are 1212 (time), 192 (lat), and 288 (lon).

Training & Evaluation: The training dataset consists of data from 102 timepoints, evenly spaced
in the total 1212 timepoints. At test phase, we downsampled the data into a dimension of 25 (lat), 37
(lon) for input as the sparse observation, and a dimension of 97 (lat), 145 (lon) for the high resolution
frame. We set M = 32, N = 8 for both adaptations of our proposed FlowGINO model. We set
droptout rate to 0.25 for the MCD adaptation. For evaluation of the constructed high resolution field,
we employed four metrics: PSNR [23]], SSIM [67], LPIPS [74] and CRPS [43]].

Baselines: For comparative evaluation, we utilized MMGN [39]] and GINO [37] as baselines.
We also employed a VBLL-GINO method for ablation study, where we appended VBLL [21] to
GINO [37] model. For deployment of the MMGN model in the test dataset, we applied linear
interpolation of the learned latents, following the suggestions mentioned in Luo et al. [39] for
forecasting.

4.2 Results

Table [I|demonstrates the results on both the train and test dataset. Except for the LPIPS metric in test
dataset, our proposed FlowGINO with MCD adaptation performed the best among all the models.
The VBLL adaptation performed better than baselines for both PSNR and SSIM metrics in the test
dataset. All models performed much worse on the test set compared to train set, specifically the
MMGN model. In terms of the CRPS metric, the MCD adaptation of FlowGINO obtained better
results in train set and the VBLL adaptation obtained better result for test set.

Table 1: Evaluation Results

Model Train Set Test Set
PSNR (1) SSIM (1) LPIPS(J) CRPS(}) | PSNR (1) SSIM (1) LPIPS(}) CRPS()
MMGN 46.7425 0.9738 0.0259 - 28.1412 0.4236 0.1849 -
GINO 41.1518 0.9419 0.1887 - 34.2361 0.6888 0.3928
GINO-VBLL 40.3315 0.9269 0.2222 - 33.5479 0.629 0.3968 -
FlowGINO* (MCD) | 53.3361 0.9953 0.0055 0.0024 35.5939 0.7763 0.1856 0.0206
FlowGINO* (VBLL) | 47.8042 0.9824 0.0416 0.0043 35.3303 0.7543 0.2741 0.0202

5 Conclusion

In this work, we propose FlowGINO, a novel Neural Operator model integrated with Flow-matching
for continuous reconstruction of physical fields from sparse and arbitrary observations. We compared
our model with two of the most suitable existing baselines, one based on Implicit Neural Representa-
tions and the other based on Neural Operator. Empirical evaluations demonstrate the superiority of
our model over the baselines. Our model is also capable of estimating both epistemic and aleatoric
uncertainty with only one single model. We employ two Bayesian Neural Network approaches for
probabilistic adaptation of the model. We leave other sophisticated adaptation to Bayesian Neural
Networks or other probabilistic models as future work.
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A Related Works

A.1 Classical Reconstruction Methods

Physical field reconstruction resembles regression task with the objective is to predict outcomes at
unobserved locations. The simplest method involves construction of a linear model from existing
data. A common technique for incorporating non-linearity is inverse distance weighting (IDW) [57],
which performs a weighted average using a power parameter to modulate the influence of neigh-
boring observations. Recently, Gaussian Process has also become a potent alternative to classical
methods [51]. Practical application of Gaussian Processes is often limited by the computational
cost of inverting the covariance matrix, which scales with a time complexity of O(n?), making it
infeasible for large datasets [2, [71]]. Physical field reconstruction can also be considered as a model
reduction problem by approximating a continuous spatial field, u(zx, t), as a superposition of basis
functions, or modes, ¢;(x,t): u(z,t) =~ a(z,t) = Zf\il a;¢;(x,t). This is commonly extended to
reconstruct a full field from partial measurements by incorporating a mask function, defined as 1
where data is present and 0 where it is missing [[16]. To address the limitations of linear methods,
recent research works have employed deep learning to construct a nonlinear manifold, significantly
improving performance on slowly decaying Kolmogorov n—width problems [33\ 140} 30].

A.2 Deep Learning Reconstruction Methods

Super Resolution refers to a problem statement where the goal is to typically upscale a low-resolution
image u;, into a high-resolution image uy,,.. In the context of continuous field reconstruction where
the objective is to reconstruct the low-resolution u;,- into a continuous domain, such paired data is
scarce. Various deep learning methods have been implemented for continuous super-resolution [25]
60\, [7, 20, 166]], specifically based on implicit neural network. Implicit Neural Representations
(INRs) are coordinate-based neural networks used primarily for either parameterizing the sensor
domain or the density domain [69]. Multiplicative Modulated Gabor Network (MMGN) [39] proposes
a decomposition of the physical field into time(t) and space(x) dependent functions, and utilizes INR
to reconstruct the space(x)-dependent function from a time(t)-dependent learned context, z(t). For
the out-of-distribution data reconstruction scenario where the trained model does not have a learned
context, it proposes linear interpolation between time(t)-dependent learned contexts for continuous
reconstruction. Fourier Neural Operators (FNO) have emerged as an alternative for continuous
reconstruction from sparse observations by learning the underlying partial differential equation that
governs the system [35, [31]. Geometry Informed Neural Operator (GINO) [37] integrates both
Graph Neural Operator (GNO) [34] and FNO for learning the continuous physical field where
both the input and output data have arbitrary geometries. Several different variants of Fourier
Neural Operators have been explored for reconstruction and arbitrary downscaling of climate-related
physical fields [[72,[77]. While INR-based and FNO-based models have shown significant promise
for continuous reconstruction from sparse observations, the crucial task of quantifying the confidence
or uncertainty in their predictions has largely been underexplored.

A.3 Uncertainty Quantification of INR & FNO

A few studies have focused on quantifying uncertainty in INR [65] and FNO [3}68]] models, also
on uncertainty aware INR [70,[14] and FNO [75] models. UncertaINR [65] explores and compares
various Bayesian deep learning techniques in INRs for medical image reconstruction. Bayesian
Operator Learning [75]] introduces a robust, mesh-free framework that provides uncertainty estimates
for high-stakes problems like multiscale PDEs with noisy data. However, UQ for continuous
reconstruction models from sparse observations have largely been underexplored, specially models
capable of estimating both aleatoric and epistemic uncertainty with a single model. HyperDM [6]
model proposes a hyper diffusion model that introduces a novel approach for estimating both
uncertainty estimates from a single model for physical fields, however this approach is not inherently
capable of reconstructing from sparse observations.
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B Preliminaries

B.1 Uncertainty in Predictive Distribution

Uncertainty in any model’s prediction primarily originates from two distinct sources of uncertainties:
Aleatoric and Epistemic uncertainties.

Aleatoric Uncertainty: Aleatoric uncertainty (AU) stems from the intrinsic randomness of the
measurement process itself and is formally represented by the likelihood function in Equation [I]
This form of uncertainty is irreducible, meaning it cannot be decreased by acquiring more data
or improving the model [29]]. AU quantifies the inherent ill-posedness of a task in the context of
predictive modeling. It is frequently linked to noise, measurement errors, and the fundamental
unpredictability present in the observed phenomena.

Consider an inverse problem of reconstructing a physical field u from sparse observation ug,:
g, = F(u) + 1,9~ N(0,0%) an

Even with a perfect inverse mapping F !, there will be uncertainties in reconstructed u due to
randomness in 7). This randomness is measured by the variance o of 7 [27].

Epistemic Uncertainty: Epistemic uncertainty (EU) stems from a model’s lack of knowledge or
an incomplete understanding of a problem. Unlike aleatoric uncertainty, this type of uncertainty is
reducible by training the model on more data [27]]. EU essentially reflects the limitations in a model’s
ability to accurately capture the underlying patterns in the data. In practice, if we randomly initialize
M different model weights {;}},, and train them with training data in hand, discrepancies will
inevitably arise in the model weights (Epistemic Uncertainty) due to random initialization of weights.
Further addition of training data will reduce this discrepancies in model weights, effectively will
reduce EU [27,112].

B.2 Flow Matching Model

Flow Matching offers an efficient and robust alternative to traditional diffusion models for learning
continuous transformations between probability distributions [38]]. Flow Matching aims to directly
learn a velocity field that transports samples from a simple base distribution, e.g. Gaussian noise,
xo ~ p(zg) = N(0,1) to a complex target data distribution, z1 ~ p(z1).

Flow Matching defines a family of probability paths p,(x) that smoothly interpolate between a
source distribution pg(z) at time ¢ = 0 and the target data distribution p; (x) at time ¢ = 1. These
paths are deterministic and governed by an ordinary differential equation:%(xt) = vy(x), where
ve(xy) is the velocity field at time ¢ and position x;. In this work, we design this velocity field in
a context-based manner where the velocity field is conditioned on a context ¢, and the differential
equation becomes % (x¢) = vi(zt, ). The objective in Flow Matching model is to learn this velocity
field by approximating a neural network, vg. The training objective for the neural network vy is to
minimize the loss:

L(0) = Eypymn(0,1) 01 ~p(a1) t~d(0,1) [0 (1 — t)xo + tar, e,t) — (z1 — Jfo)||§] (12)

C Experimental Setup

C.1 Dataset: Simulation-based Global Surface Temperature

The dataset is derived from the pre-industrial control run of the Community Earth System Model
version 2 (CESM2), a cutting-edge climate model from the National Center for Atmospheric Research
(NCAR). This dataset, consisting of monthly averaged global surface temperature data, represents a
complex atmospheric field characterized by a wide range of spatial and temporal variability, from
turbulence to large-scale climatic patterns. Its intricate nature provides a rigorous testbed for our
methodology.

The CESM2 model, developed by NCAR, simulates Earth system interactions. Its pre-industrial
control run provides monthly averaged global surface temperature data, serving as a baseline of stable
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climate absent anthropogenic influences. This dataset, encompassing complex atmospheric variability,
offers a robust platform for testing our proposed FlowGINO model. These data are accessible via the
WCRP’s CMIP initiative, with coordinating support from PCMDI at pcmdi.llnl.gov.

C.2 Data Processing

The total number of samples in the dataset is 1212. We sampled 102 datapoints from the overall
dataset. The datapoints sampled for the training set are evenly spaced in time. For example the time
indices for datapoints in the training set are {0, 11,22, - - - , 1212}. For the primary experiment, we
downsampled each original datapoint from dimension (192 x 288) to (97 x 145) and (25 x 37) to
create a pair of high-resolution and low-resolution sample to represent the continuous physical field
and the sparse observations accrodingly.

C.3 Evaluation Metrics

Peak Signal to Noise Ratio(PSNR): PSNR evaluates the quality of the reconstructed signal by
measuring the ratio between the peak signal power and noise power present in the signal. For
a reconstructed output 4, and its corresponding gournd-truth w, the peak signal to noise ratio is
calculated using the following formula:

(MAX (1) — MIN(u))?

1 7 c)))2
e (@) — (al))

PSNR(u, @) = 10log,, (13)

Here, h x w is the dimension of the reconstructed signal.

Structural Similarity Index Measure(SSIM): SSIM assesses the perceived quality degradation
caused by processing, such as data compression or loss in digital transmission. It is a well-established
metric for evaluating the quality of images or uniform 2D grid-like data, particularly in tasks like
super-resolution, by comparing their structural resemblance. For a super resolved predicted output ,
and its corresponding gournd-truth wu, the structural similarity index measure between the window w,,
of u and window w; is calculated using the following formula:

(2 piz + €1)(2023 + c2)

SSIM Wy 9 Awr. -
(e ) = e T (02 4 2 1 )

(14)

Here,

* 1, =Sample mean of window w,

* 1z =Sample mean of window w;

e 02 =Variance of window w,

¢ 042 =Variance of window w;

¢ 0,3 =Covariance of windows w, and w;

e c1 = (k1L)?, co = (ko L)?

e k1 =0.01,k =0.03

* L is the range of values for v and &, L = 2 is chosen as the range is [—1, 1]
For evaluating the metric for the overall frame of the reconstructed field and ground truth, SSIM over
all windows are averaged.

1

SSIM(u, @) = T =T

> SSIM(u, , fiu, ) (15)

Wy, Wz

Learned Perceptual Image Patch Similarity(LPIPS): LPIPS is a perceptual similarity metric
that utilizes feature representations extracted from a pre-trained deep convolutional neural network
(CNN), such as AlexNet [32], VGG [58]], SqueezeNet [24] or a fine-tuned version of them. In this
work, we utilize the VGG [38] model for evaluating this metric.
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LPIPS compares the feature activations of two images: a reference image, u, and a test image, 1,
rather than their raw pixel values. The mathematical formulation for the LPIPS metric between two
images u and 11 is given by:

L
LPIPS(u, 1) = > " wi|éi(u) — ;i (@)]13 (16)
=1

Here, ¢;’s are the pretrained model weights and w;’s are layer specific weights.

Continuous Ranked Probability Score(CRPS): This metric computes a holistic indicator of the
quality of reconstructed field t. For the location z in space, and the reconstructed field and ground
truth at the location, u, and i, accordingly, the metric is evaluated by following location:

oo

CRPS(i1,) = / [F(i,) — la,>u,]*du,, (17)

— 00

where F' is the cumulative distribution function and 1 stands for the Heaviside step function. To
evaluate this metric for the overall reconstructed field, it is averaged over all the locations, x.

CRPS(i1) = 1}| > CRPS(i1,)) (18)

{z}|

D Additional Results

We first present some qualitative results and then present some additional experimental results
conducted in different experimental setups.

D.1 Qualitative Results

Figure [2] presents some visual results of predictions from different models. Each rows show pre-
dictions for data at timepoints {0, 1,3,5,6,7,9,11}. Among these timepoints, only data from
timepoints {0, 11} were present in the training dataset. We observe that baseline MMGN is capable
of reconstructing high frequency components on data points that existed in training set. However, its
prediction on test dataset is visually very different from the ground truth. This illustrates that even
though MMGN [39] is capable of capturing high frequency components, its reconstruction capacity
largely depends on the quality of learned latents. The MMGN [39] model learns time-specific
latents z(t) for those timepoints ¢ that are present in training dataset, and struggle on test timepoints.
FlowGINO model is capable of both accurate reconstruction and high frequency component capturing.

D.2 Uncertainy Estimation with FlowGINO

Figure [3|and 4] shows the prediction and corresponding epistemic and aleatoric uncertainty estimates
from the MCD and VBLL adaptation of FlowGINO accordingly. Each rows show predictions for
data at timepoints {0, 1, 3,5,6,7,9,11}. Among these timepoints, only data from timepoints {0, 11}
were present in the training dataset.

For the MCD adaptation of the FlowGINO model, both aleatoric and epistemic uncertainty look
visually quite similar for all timepoints. Also there is not that much visually differentiable differences
between uncertainty estimates between training and test timepoints (first and last rows correspond to
data at timepoints present in training set).

For the VBLL adaptation of the FlowGINO model, there is stark visual differences between aleatoric
and epistemic uncertainties across all the timepoints. Also the uncertainty estimates are much lower
for the train timepoints compared to test timepoints (first and last rows correspond to data at timepoints
present in training set).
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Figure 2: Predictions from different results.

Prediction EU AU Ground Truth
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Figure 3: Epistemic & Aleatoric uncertainty estimation with MCD adaptation of FlowGINO.
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Prediction EU AU Ground Truth

Figure 4: Epistemic & Aleatoric uncertainty estimation with VBLL adaptation of FlowGINO.

E Additional Tasks

We further conduct experiments in three several evaluation scenarios to evaluate the reconstruction
capacity of our model: (i) Reconstruction from Extremely Sparse Observations, (i1) Reconstruction
from Moderately Sparse Observations, and (iii) Reconstruction from Mildly Sparse Observations.

Reconstruction from Extremely Sparse Observations: We downsample the high resolution data
with dimension (192 x 288) to (8 x 8) data and then evaluate the reconstruction capabilities of our
model. We trained the models with four different scenarios with different number of data samples
at different timepoints: 16, 32, 64, 128. Table shows the evaluation results for this reconstruction
scenario. MMGN model performs best in the training set, but GINO-VBLL and FlowGINO perform
better overall for the test set. In terms of the LPIPS metric, MMGN model obtains the lowest value
for all cases. The MCD adaptation of the FlowGINO model obtains lower CRPS value across all
scenarios.

Reconstruction from Moderately Sparse Observations: We downsample the high resolution data
with dimension (192 x 288) to (16 x 16) data and then evaluate the reconstruction capabilities of our
model. We trained the models with four different scenarios with different number of data samples
at different timepoints: 16, 32, 64, 128. Table [3|shows the evaluation results for this reconstruction
scenario. MMGN model performs best in the training set, but FlowGINO performs better overall for
the test set. In terms of the LPIPS metric, MMGN model obtains the lowest value for all cases. The
MCD adaptation of the FlowGINO model obtains lower CRPS value across all scenarios.

Reconstruction from Mildly Sparse Observations: We downsample the high resolution data with
dimension (192 x 288) to (32 x 32) data and then evaluate the reconstruction capabilities of our
model. We trained the models with four different scenarios with different number of data samples
at different timepoints: 16, 32, 64, 128. Table ] shows the evaluation results for this reconstruction
scenario. MMGN model performs best in the training set, except the case for 73,4, = 128. But
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Table 2: Evaluation results for extreme sparse reconstruction task.

U(g.g) —* U(192,288)s Ltrain = 10
Model Train Set Test Set
PSNR (1) SSIM (1) LPIPS(J) CRPS(l) | PSNR (1) SSIM(1) LPIPS(}) CRPS (})
MMGN 46.6948 0.9546 0.0690 - 28.0145 0.3311 0.2288 -
GINO 42.1094 0.9239 0.1796 - 30.0127 0.3814 0.3291 -
GINO-VBLL 43.1372 0.9436 0.1475 - 30.0630 0.3857 0.3415 -
FlowGINO(MCD) 37.7819 0.8467 0.2854 0.0157 29.1762 0.3507 0.3799 0.0455
FlowGINO(VBLL) | 29.6849 0.2527 0.4718 0.0448 29.2836 0.2202 0.4706 0.0461
Ug.s) — U(192,288); L train = 32
Model Train Set Test Set
PSNR (1) SSIM (1) LPIPS(l) CRPS(}) | PSNR(1) SSIM (1) LPIPS(]) CRPS ()
MMGN 44.9331 0.9624 0.0717 - 27.5597 0.3344 0.2246 -
GINO 43.3198 0.9531 0.1540 - 30.6466 0.4339 0.3348 -
GINO-VBLL 43.8460 0.9590 0.1297 - 30.6335 0.4262 0.3314 -
FlowGINO(MCD) 43.3923 0.9474 0.2463 0.0074 30.7992 0.4594 0.3777 0.0367
FlowGINO(VBLL) | 40.6105 0.9059 0.3091 0.0106 30.3391 0.3987 0.3899 0.0400
Ugg) — U(192,288) Ltrain = 64
Model Train Set Test Set
PSNR (1) SSIM (1) LPIPS(}) CRPS(|) | PSNR({) SSIM() LPIPS()) CRPS(})
MMGN 47.4978 0.9728 0.0943 - 28.2149 0.3846 0.2388 -
GINO 43.2889 0.9533 0.1380 - 30.9415 0.4629 0.3255 -
GINO-VBLL 44.1765 0.9615 0.1115 - 31.0180 0.4662 0.3249 -
FlowGINO(MCD) 45.8433 0.9717 0.1853 0.0052 30.9085 0.4673 0.3325 0.0353
FlowGINO(VBLL) | 44.8832 0.9479 0.1724 0.0066 30.9385 0.4525 0.3536 0.0363
Ug8) — U(192,288); Ltrain = 128
Model Train Set Test Set
PSNR (1) SSIM () LPIPS () CRPS(}) | PSNR({) SSIM(+) LPIPS(}) CRPS (})
MMGN 46.9616 0.9710 0.1144 - 28.4653 0.4310 0.2481 -
GINO 43.8930 0.9573 0.1194 - 31.3444 0.4977 0.3244 -
GINO-VBLL 44.1813 0.9600 0.1140 - 31.2490 0.4858 0.3174 -
FlowGINO(MCD) | 45.8077 0.9660 0.1594 0.0056 31.1081 0.4730 0.3285 0.0347
FlowGINO(VBLL) | 44.3541 0.9568 0.1325 0.0068 30.9303 0.4556 0.3174 0.0356
Table 3: Evaluation results for moderately sparse reconstruction task.
U(16,16) — U(192,288); Ltrain = 16
Model Train Set Test Set
PSNR (1) SSIM (1) LPIPS(}) CRPS(l) | PSNR({) SSIM (1) LPIPS(}) CRPS (})
MMGN 46.6972 0.9546 0.0690 - 28.0143 0.3311 0.2288 -
GINO 42.9691 0.9468 0.1710 - 33.2471 0.5975 0.3166 -
GINO-VBLL 43.3425 0.9469 0.1291 - 33.6210 0.6110 0.3166 -
FlowGINO(MCD) 42.7737 0.9442 0.2423 0.0081 33.8617 0.6338 0.3456 0.0262
FlowGINO(VBLL) | 23.7195 -0.0224 0.3547 0.0824 23.6741 0.0165 0.3782 0.0821
U(16,16) — U(192,288); Lirain = 32
Model Train Set Test Set
PSNR (1) SSIM (1) LPIPS(}) CRPS(l) | PSNR({) SSIM (1) LPIPS(])) CRPS (})
MMGN 49.3047 0.9825 0.0696 - 27.9254 0.3459 0.2264 -
GINO 43.3134 0.9545 0.1575 - 33.6848 0.6222 0.3194 -
GINO-VBLL 43.8417 0.9575 0.1362 - 33.8904 0.6333 0.3172 -
FlowGINO(MCD) 42.5389 0.8956 0.2311 0.0097 34.0405 0.6374 0.3515 0.0259
FlowGINO(VBLL) | 41.9163 0.8559 0.2024 0.0113 34.0218 0.6306 0.3521 0.0260
U(16,16) — U(192,288); Lirain = 64
Model Train Set Test Set
PSNR (1) SSIM (1) LPIPS(J) CRPS(l) | PSNR({) SSIM (1) LPIPS(}) CRPS (})
MMGN 46.4090 0.9663 0.0965 - 28.1193 0.3839 0.2397 -
GINO 44.2540 0.9625 0.1164 - 34.0957 0.6566 0.3018 -
GINO-VBLL 44.4059 0.9642 0.1104 - 34.1569 0.6559 0.3103 -
FlowGINO(MCD) 42.9999 0.9518 0.1917 0.0075 33.9583 0.6626 0.3159 0.0250
FlowGINO(VBLL) | 30.3100 0.3822 0.4381 0.0409 29.9385 0.3511 0.4412 0.0417
U(16,16) — U(192,288), Ltrain = 128
Model Train Set Test Set
PSNR (1) SSIM (1) LPIPS(l) CRPS(}) | PSNR(1) SSIM (1) LPIPS(]) CRPS ()
MMGN 47.1473 0.9718 0.1131 - 28.4214 0.4296 0.2468 -
GINO 44.7533 0.9636 0.1036 - 34.6674 0.6922 0.2944 -
GINO-VBLL 44.6601 0.9644 0.1036 - 34.5325 0.6740 0.3036 -
FlowGINO(MCD) 46.5103 0.9774 0.1497 0.0049 34.7715 0.7003 0.3075 0.0224
FlowGINO(VBLL) | 46.4927 0.9587 0.1175 0.0055 34.6321 0.6708 0.3179 0.0231
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FlowGINO performs better overall for the test set. In terms of the LPIPS metricc MMGN model
obtains the lowest value for all cases. The MCD adaptation of the FlowGINO model obtains lower
CRPS value across all scenarios.

Table 4: Evaluation results for mildly sparse reconstruction task.

U(32,32) — U(192,288); Lirain = 16

Model Train Set Test Set
PSNR (1) SSIM (1) LPIPS(/) CRPS(}) | PSNR (1) SSIM (1) LPIPS(]) CRPS(])
MMGN 46.6935 0.9545 0.0690 - 28.0147 0.3311 0.2289 -
GINO 41.4539 0.9242 0.2242 - 34.5181 0.7042 0.3255 -

GINO-VBLL 43.9765 0.9585 0.1378 - 35.9267 0.7494 0.3187 -
FlowGINO(MCD) | 42.6504 0.9440 0.2399 0.0081 36.1245 0.7741 0.3468 0.0199
FlowGINO(VBLL) | 22.4499 -0.0306 0.3846 0.0937 22.4847 0.0006 0.4050 0.0930

U(32.32) = U(192.288), Ltrain = 32

Model Train Set Test Set
PSNR (1) SSIM (1) LPIPS(l) CRPS(}) | PSNR (1) SSIM (1) LPIPS(]) CRPS ()
MMGN 48.2583 0.9739 0.0742 - 28.0351 0.3477 0.2303 -
GINO 43.7617 0.9583 0.1414 - 35.8233 0.7506 0.3109 -

GINO-VBLL 43.9584 0.9583 0.1299 - 36.2527 0.7587 0.3156 -
FlowGINO(MCD) | 44.7964 0.9621 0.1470 0.0065 36.5041 0.7829 0.2741 0.0181
FlowGINO(VBLL) | 41.6988 0.9178 0.2922 0.0094 36.5584 0.7698 0.3609 0.0185

U(32,32) — U(192,288); Lirain = 64

Model Train Set Test Set

PSNR (1) SSIM (1) LPIPS(]) CRPS(}) | PSNR (1) SSIM (1) LPIPS(J) CRPS ()
MMGN 47.6655 0.9745 0.0954 - 28.2297 0.3858 0.2400 -
GINO 43.6803 0.9530 0.1315 - 36.0042 0.7593 0.2998 -

GINO-VBLL 44.6384 0.9652 0.1086 - 36.5408 0.7749 0.3045 -
FlowGINO(MCD) | 44.1955 0.9572 0.2295 0.0066 36.9981 0.8040 0.3332 0.0176
FlowGINO(VBLL) | 44.2772 0.9586 0.1449 0.0069 36.1194 0.7546 0.3149 0.0197

U(32,32) — U(192,288); Lirain = 128

Model Train Set Test Set
PSNR (1) SSIM (1) LPIPS(/) CRPS(}) | PSNR (1) SSIM (1) LPIPS (/) CRPS(])
MMGN 46.6480 0.9676 0.1126 - 28.4337 0.4294 0.2459 -
GINO 44.7390 0.9658 0.1060 - 36.5785 0.7883 0.2931 -

GINO-VBLL 44.7899 0.9652 0.1026 - 36.8930 0.7923 0.2976 -
FlowGINO(MCD) | 46.9878 0.9797 0.1362 0.0046 37.5084 0.8244 0.2745 0.0160
FlowGINO(VBLL) | 45.8479 0.9502 0.1199 0.0061 36.8102 0.7712 0.3144 0.0180

Result Summary: MMGN model performs best on the training dataset across all evaluation scenar-
ios. However, when data samples in training size is considerably higher and the input observations
are not extremely sparse. Our proposed FlowGINO model performs best in almost all test set scenar-
ios. However, GINO and GINO-VBLL showed better performances in some of the extreme sparse
observation scenarios where the spatial observations were extremely sparse and the number of data
samples in the training dataset was also very low. However, MMGN model obtained low LPIPS value
in almost all evaluation scenarios, even when performances over the other two metrics were very
poor. This raises the concern over applicability of LPIPS metric in NOT Real-Life Image like data
reconstruction tasks.
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