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Abstract

We investigate the test risk of a continuous time
stochastic gradient flow dynamics in learning the-
ory. Using a path integral formulation we provide,
in the regime of small learning rate, a general for-
mula for computing the difference between test
risk curves of pure gradient and stochastic gradi-
ent flows. We apply the general theory to a sim-
ple model of weak features, which displays the
double descent phenomenon, and explicitly com-
pute the corrections brought about by the added
stochastic term in the dynamics, as a function
of time and model parameters. The analytical
results are compared to simulations of discrete
time stochastic gradient descent and show good
agreement.

1. Introduction

In supervised learning of neural networks and regression
models, understanding the dynamics of optimization algo-
rithms, and in particular stochastic gradient descent (SGD),
is of utmost importance. However, despite much progress
in a number of directions, this still remains a highly chal-
lenging theoretical problem. A fruitful approach that allows
making analytical progress consists of suitably approximat-
ing SGD by a continuous time approximation, henceforth
called stochastic gradient flow (SGF). In this contribution,
we build up on this approach, to develop a general formalism
characterizing the dynamics of the stochastic process, and
apply it to the investigation of the test risk (or generalization
error) as a function of time.

As is well known, the classical bias-variance trade-off has
been challenged in a number of models displaying the dou-
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ble descent phenomenon (Belkin et al., 2019; 2020; Belkin,
2021). Analytical derivations of double descent curves have
been achieved for relatively simple models, but are limited
to the use of least squares estimators (no dynamics) and pure
gradient flow (GF) approximations of gradient descent (GD).
The present work goes one step further by investigating the
effects of stochasticity on the double descent curve.

Main contributions — Our main contributions are sum-

marized as follows:

C1 We consider a general It6 stochastic differential equa-
tion (SDE) and represent the Markovian transition prob-
ability as a path integral, Eq. (11). A general ‘explicit’
formula for the transition probability, Eq. (17), is derived
in the limit of a small learning rate by using a Laplace ap-
proximation. This constitutes one of the main results of
this paper: suppose that w°%(¢) is the deterministic solu-
tion of pure GF (with no stochastic term), then by repre-
senting the large deviation of the It6 diffusion of SGF as
w®*(t) 4+ \/7z(t) we provide a general formula for the co-
variance € (t) = E[z(t)z(t) T]. The formula is confronted
against a simple rigorously solvable SDE and we find exact
agreement.

C2 We use the simplest relevant SGF approximation of
SGD in a learning theory setting, which is known to come
with a first-order guarantee with respect to small learning
rates (Li et al., 2019). We use our general theory to express
the covariance €(¢) in terms of the data matrix, training
cost and its Hessian, and the deterministic GF trajectory.

C3 This general theoretical framework is applied to a par-
ticular random weak features model, displaying the dou-
ble descent phenomenon, first discussed by (Breiman &
Freedman, 1983) and revisited in (Belkin et al., 2020). We
explicitly compute the corrections brought about by the
added stochastic term in the whole learning dynamics. For
ii.d. Gaussian data, and in a suitable large-size asymptotic
regime, the formula for the test risk of SGF is given ex-
plicitly by an expression involving only single and double
integrals over the Marchenko-Pastur distribution, Egs. (29)
and (30). We check our analytical predictions against nu-
merical simulations of SGD and find good agreement.
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Relation to previous work — Approximating discrete
time stochastic processes by continuous time dynamics
has been studied for more than three decades (see Kush-
ner & Yin 2003 for a comprehensive monograph). In par-
ticular, many works have attempted to approximate SGD
by considering continuous time Ornstein-Uhlenbeck pro-
cesses (Mandt et al., 2016; 2017; Jastrzegbski et al., 2018;
Fan et al., 2018; Wang & Wu, 2020) assuming constant
covariance in the continuous time limit; however this is
not necessarily a good approximation (Ali et al., 2020).
In (Mandt & Blei, 2015; Li et al., 2015) the authors heuristi-
cally proposed ‘better’ SDEs with a non-trivial covariance.
This framework is a stochastic version of the method of mod-
ified equations in the analysis of classical finite difference
methods (Warming & Hyett, 1974). Further developments
are found in (Li et al., 2017; 2019) where rigorous approx-
imation results, in the sense of convergence in probability,
are proved.

The case of regularized least squares in high-dimensions is
discussed in (Paquette et al., 2022b;a) where the dynamics
of the so-called homogenized SGD (Paquette & Paquette,
2021) is characterized with rigorous guarantees in terms
of Volterra integral equations. We expect the solution of
these equations to agree with ours when applied to the weak
features model in the limit of a small learning rate. Nev-
ertheless, the saddle point calculation of the path integral
employed here circumvents the need to solve Volterra inte-
gral equations, which is itself a non-trivial task.

Other interesting formulations of SGF were also analyzed
in (Mignacco et al., 2020; 2021) through Dynamical Mean-
Field Theory (DMFT) in the contexts of high-dimensional
Gaussian mixture classification and phase retrieval. Rig-
orous advances along this line of work were recently ob-
tained (Gerbelot et al., 2024). Furthermore, the role of
stochasticity in escaping flat directions near initialization
is discussed in (Arnaboldi et al., 2023) in the context of
two-layer neural networks.

The path integral formulation used here remains at a heuris-
tic level. We point out that for more restricted SDEs (with
constant covariance and small noise) there exist rigorous for-
mulations belonging to the Freidlin-Wentzell large deviation
theory (see Freidlin & Wentzell 2012 and Dembo & Zeitouni
2010, Chapter 5.6). Extending the Freidlin-Wentzell large
deviation theory with state-dependent covariances is, to the
best of our knowledge, an open mathematical problem.

The complete time dependence of training and generaliza-
tion errors of GF has been calculated for the random features
and Gaussian covariate models in (Bodin & Macris, 2021;
2022) using advanced random matrix machinery. However,
the corresponding curves for SGF have not been investi-
gated within these models. Here, as our main focus is on
SGF dynamics, we limit ourselves to the simplest possible

weak features model which requires minimal random matrix
theory, and postpone the harder calculation for other models
to later work.

An interesting study of SGF, and notably its implicit bias,
has been initiated for diagonal networks in a recent series
of papers (Pesme et al., 2021; Pesme & Flammarion, 2023),
where the benefit of the stochasticity for large training times
has been uncovered, provided that the weights are prop-
erly initialized. Additionally, we mention the decoupling
approximation near local minima proposed in (Mori et al.,
2022), making the noise contribution additive near these
minima and considerably simplifying the stochastic dynam-
ics. These perspectives could also constitute an interesting
test lab for the present approach, with which one could ana-
lyze the effects of stochasticity over the whole dynamics.

Outline — The simplest relevant SGF approximation of
SGD is briefly described in Section 2. The general path
integral is formulated in Section 3, where we also derive
the Laplace approximation, test the theory against a simple
solvable model, and apply it to a general learning theory
setting. In Section 3.1 we compute the whole time evolution
of the test risk under SGF for the weak features model, and
compare the theoretical predictions to numerical simulations
of SGD.

Reproducibility —  Github repository.

2. Stochastic modeling of SGD

Consider a data set composed of n pairs (", y*) e €
R ~ P(a,y) iid. and a model parametrized by 3 €
R?. Starting with BO, the usual full-batch GD update is
Bl = BY — VL (8% X, y), where Z(8; X,y)=
LS 1(B; &, y¥) is the total training loss, with X =
[@1]...]zn]T € R"™? being the data matrix, y =
[Y1,...,yn]" € R™ the target vector and l(ﬁ; mk,yk) a
penalization function. The parameter v > 0 is the learning
rate and v = 0,1,2,.... The GD rule can be thought of
as a discretization of the continuous ordinary differential
equation (ODE):

%ﬂ =-VZL(B(t):; X,y), M

with 8 (0) = 3°, known as gradient flow (GF).

Stochastic gradient descent (SGD), on the other hand, does
not make use of the whole training set at each optimiza-
tion step. In its single batch form, it can be written as
Bl = gv — 'yVl(B”;a:k”,yk") with k, sampled uni-
formly in {1, n}. In general, one could perform batch SGD
by sampling a set B” of pairs, and replace the gradient
above by (1/18°1) Y45 (875 ¥, y*). Conceptually, the
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general path-integral approach we introduce in Section 3
does not change with the batch size. Therefore, for the sake
of simplicity in the exposition, we adopt single batch SGD
in the mathematical formulation. The expressions can be
straightforwardly extended to the batch case by replacing
the single sample gradient by the average gradient over the
batch.

Summing and subtracting the total training loss gradient
YV.Z(B"; X,y) on the SGD update makes the effective
noise explicit:

Bt =B V.L(8": X, y) &, (B(1): X.y) , @)

Full-bath GD

Stochastic perturbation

where the stochastic perturbation is by definition:

VI(B(t);xh g ) -VL (Bt X y) . 3
Since k, is sampled uniformly in {1,n}, the
stochastic perturbation is a zero mean vector,

Bk, ~ae(10) |65, (B0 X, y)| = 0.
gradient flow, Eq. (2) can be thought of as a discretization
of a stochastic differential equation (SDE), which we will
call stochastic gradient flow (SGF), in the continuous-time
limit. Here we choose the simplest representation proposed
in (Mandt & Blei, 2015) and (Li et al., 2015):

dB(t) = -V.Z(B(t); X, y)dt

/7 =(8(t); X, y) db(t), @

where db(t) = b(t+dt)—b(t) € R™ is the forward It6 incre-
ment associated to a standard n-dimensional Wiener process
with b(0) = 0, E[b(7)] = 0, E[b(t)b(t') '] = I, min(t, '),
with I,, as the n X n identity matrix. The matrix X is
matched to the covariance matrix of the stochastic perturba-
tion in (3):

2(B(t); X,y)=
Ex, €k, (B(0): X, 9)ér, (B0 X,9) "] . )

This is a d x d positive semi-definite matrix and its "square-
. . T
root" is defined as the d x n matrix such that vV3v3¥ = 3.

In the spirit of

Solving the SGF (4) can be far from trivial, since a priori
both the drift vector V. (,B(t); X, y) and the diffusion ma-

trix E(B(t); X, y) depend on the stochastic process 3 (t)
and on the data (X, y). We provide in the next section
a general method to compute the fluctuations around the
deterministic trajectory when the learning rate is small.

3. General path integral formulation

Inspired by Eq. (4), we consider the following general SDE
for a process w(7) € RY, sampled between to and ¢ > tg:

dw(r) = f (r,w(r))dr + /7 G (1, w(7))dn(r) , (6)

where dn(7) = n(r + dr) — n(r) € R" is the forward
Itd6 increment of a standard n-dimensional Wiener pro-
cess (as defined previously). We assume this SDE has a
unique solution. Standard conditions ensuring existence
and uniqueness are Lipshitzness and linear growth of f
and G w.r.t w uniformly in 7 (see for example Evans
2012, Section 5.B.3). The explicit expressions of the
drift vector f (1,w(7)) € R? and the diffusion matrix
G (1,w(7)) € R?™ in the learning theory context will
depend on the model (data distribution, architecture and
loss function). However, the method discussed here is not
restricted to machine learning models: it can be viewed as
a general approximation scheme to solve SDEs for small
~v. To stress that fact, we generically named the stochastic
process as w(7) in this section, which in the learning theory
context is the estimator 3(7) itself or some parametrization
of it. The general path integral formulation is outlined in
this section; the complete detailed derivation is contained in
Appendix A.

Let P, (w, t|wo, to) be the transition probability of the pro-
cess associated to Eq. (6) to go from wy at time ¢y to w at
time ¢. If v = 0 the SDE (6) becomes a first-order ODE:

dw(7)
dr

= f(r,w(7)) . @)
The solution of this ODE with initial condition w®%(¢) =
wp (we assume a unique global solution here) is de-
noted by w°®(7). In such case: P,_o(w,t|wy,t) =
§ (w — w(t)). Our goal is to study the fluctuations
around the deterministic trajectories w°*(7) when 7 is
small.

The continuous-time Itd SDE (6) must be understood accord-
ing to its discrete-time companion process wy, = w(kAT):

Wr+1 = Wi + f(ka ’lUk)AT + ﬁ G(kvwk)AT’k B (8)

where the time interval [tg,t] has been discretized into
N slices of length At = 2o with 7, = to + kAT for
k =0,...,N and 7y = t. The discrete quantities Any,
are sampled independently at each step k from a Gaussian
with E[Ang] = 0, E[Ang(An) "] = A7 1,,. In general
the covariance matrix G(k, wy,)G (k,wy,) T is only positive
semi-definite, and in particular when d > n it certainly has
zero eigenvalues. Thus the process might become singu-
lar in sub-manifolds of R%. This is cured by introducing a
regularization parameter € > 0 and replacing Eq. (8) by

Awp=wpy1—wi~N (AT, YAT (GkG,I +€lq))
)
with f, = f(k,wy) and Gy, = G(k, wy,).

In order to compute the continuous time limiting transi-
tion probability and associated expected values, the correct
prescription is to take the limit e — 0 after N — +o0.
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The one-step propagator Pa, (wg+1, Tk+1|wk, Tk) associ-
ated with Eq. (8) is known from Eq. (9). Then from the
Chapman-Kolmogorov equation, P~ (w, t|wy, to) equals:

N-1 N-1
lim lim H dwy H Par(Wkt1, Tht1| W, Tk)
e—=0 N—oo P Pl

which yields

N-1
dwk/

P, (w, t|wo, to) = lim i

k,:1(27T’yAT)d/2 (det 92)1/2

Ar = [Awy T i Awy,
()

exp y

(10)

where Qf = G, G; + €lly is the regularized covariance.

In the continuous-time limit, the expression above becomes
a path integral over all possible trajectories w(7) € R?
connecting wg and w from time ¢ to t:

Py (w, t{wo, to) =

' w(t)=w 1 . .
The action functional is defined as
5 [w(~)]5/f dr £ (r,w(r)(r) . (12)
with the Lagrangian:
£ (rw(r), (1) = 3 (w(r) — f (7, 0(r)))"
Q (1, w(r)) ! (w(r) - f(r,w(7))) , (13)
with w(r) = 20 Q(rw(r) =

G (r,w(7)) G (r,w(r))" + €ely and D[w(-)] as de-
fined in Eq. (42) of the Appendix A.

The path measure and action functional are to be understood
under the Itd discretization (10). If the SDE had been for-
mulated with Stratonovich or other intermediate Brownian
increments, the path integral would have to be understood
accordingly (de Pirey et al., 2023).

Laplace approximation — For small enough -, the path
integral (11) is dominated by trajectories minimizing the
action S€ [w(-)]. This is the path given by Hamilton’s ac-
tion principle (e.g., like in classical analytical mechanics)
dS¢€ [w(+)] = 0 for variations over paths satisfying the two
boundary conditions w(ty) = wo, w(t) = w. A path is a

stationary point of the action if and only if it satisfies the
Euler-Lagrange equations:

(d7’0w7 — ) LE (r,w(r),w(r)) =0 (14)
forj =1,...,d, supplemented by the two boundary condi-
tions. Replacing (13) into the Euler-Lagrange equations (14)
renders a complicated set of second-order differential equa-
tions. However, it is not very difficult to prove that (see
Appendix A.2):

e If the terminal point w at time ¢ is on the trajec-
tory w°®(-) i.e., it is on the unique solution of the
first-order initial value problem w(7) = f(7,w(7)),
with w(0) = wy, then the solution of the Euler-
Lagrange equation (14) is precisely w°*(7) and
L (T, w(T),w(r)) =0.

* If the terminal point w at time ¢ is not on the trajec-
tory w°%(-), then the solution of the Euler-Lagrange
equation cannot satisfy exactly the first order ODE i.e.,

w(r) # f(r,w(r)) and LE (1, w(7),w(r)) > 0.
In particular, we conclude that for small ~y’s:

* When the terminal condition is away from the trajec-
tory w°®(-) by an amount |w(t) — w°*(t)| = (1),
then P, (w, t|wy, ty) = O(e~/7) is an exponentially
small probability.

* When the terminal condition is close enough to the tra-
jectory w(-) in the sense |w(t) — w°*(t)| = O(,/7),
then the P, (w, t|wo, to) is given by the fluctuations
around the stationary point of the action functional.
This picture is schematically illustrated in Fig. 1.

w(T)

T

to t

Figure 1. The solution w®®(7) of the first order ODE (1) =
f(r,w(7)), w(0) = wo yields a minimum vanishing action.
The dominant contributions to the path integral for small v are
fluctuations of order O(,/7) around this trajectory.

To find the probability distribution of these fluctuations,
we set w(7) = w°®(7) + /7 z(7) with z(0) = 0" and

'At time ¢ we have w = w°*(t) + ,/72(t) and because w is
‘random’ we should not constrain the terminal condition 2(¢).
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expand the action functional (12) to second order in /72 (-).
The zero-th order term vanishes because w°¥(7) satisfies
the first order ODE, and the first order term also vanishes
because it satisfies the Euler-Lagrange equation. Thus we
find:

5 [w()] ~ ;‘A:dv-(d3§

Q°(r, w*(r)) (dzg_)_/ (7, w** (7 ))z(T)) , (15)

]
/’Twm(wdﬂ>

where _#y is the Jacobian matrix of f along the trajectory

w°e(.) (see Eq. (49) for an explicit definition). Eq. (15)
gives us the Gaussian probability distributions of fluctua-
tions 2(+) around the trajectory w®¥(-) (see Fig. 1). This has
zero mean E[z(-)] = 0 and covariance €(-) = E[z(-)z(-) "]
given by

t
@) = / dr U™ (t,7) Q°(7, w* (7)) U*(¢,7)T ,
to (162)
where

U*e(t,7) = T{@f I dsﬁ(&w"dﬂ(s))} 7

with 7{---} denoting the time-ordered exponential (see
Appendix B). The complete derivation of the covariance is
found in the Appendix A.

(16b)

Using Wick’s theorem, this covariance allows to com-
pute any expectation that reduces to multinomials of
z(t1),2(t2),...,2(ty). In particular, we will see below
that the generalization error involves the simplest such poly-
nomial z(¢) " z(¢) at the terminal time.

Finally, within our approximate theory, we have:
e~ 5 (w—w (1) E(t)"
(27)4/2(det € (t))1/2

1(1D7w0dc(t))

IP’,Y(w, t|w0, t()) ~
(17)

We note that for d > n the d x d covariance matrix has zero
eigenvalues and this expression is somewhat formal. This
means that the probability distribution has its support in an
n-dimensional subspace of R?. In the context of machine
learning, d > n represents the over-parameterized regime.

3.1. An exactly solvable example

In this short section, we verify the above result for a sim-
ple SDE which is exactly solvable. Consider the one-
dimensional stochastic process {w(7), T > to} defined by

dw(r) = h(7)(y — w(r))dr + /o (r)dn(r)

with initial condition w(tp) = wg. The functions h and o
are real valued continuous for 7 € [0,1), y € R, and 7 is

(18)

a standard one dimensional Brownian motion. One checks
explicitly that the solution is:

w(T) = ¢(T)wo + (1 — o(7))y + V/7o(T) /tT dn(s) ;8
(19)

where ¢(7) = exp (— ftTO ds h(s)). This equation im-
plies that the process is Gaussian with transition probability
P, (w, tlwo, to) with mean and variance:

Efu(t)] = y+ (wo —y)e o™ 200)
¢

Var[w(t)] = fy/ du o(u)?e™? Jidsh(s) (20b)
to

It is an exercise to check that (20a) coincides with w®(t),
the solution of the first order ODE d’ggt) =h(t)(y —w(t))
and (20b) coincides with (16). We conclude that our general
theory is exact for the simple linear SDE (18) .

In (Hildebrandt & Reelly, 2020) the authors discuss in detail
a pinning phenomenon which is of relevance to us. Suppose
h and o satisfy (i) h > 0; (i) limys o0 [, ds h(s) =
+o0; (iii) [ dso(s)® is finite. Then we have for
t — +oo, Elw(t)] — vy and Var[w(t)] — 0 (the
later point can be shown by noticing that Var[w(t)] <
~y f+ du o(u)?e? Jidsh(s) and applying the dominated
convergence theorem to the right hand side; for more details
we refer to Hildebrandt & Reelly 2020). These diffusion
processes become ‘pinned’ onto y as t — +-o00. For a simple
picture, one may keep in mind two continuous functions,
such that for r — “+o00, on one hand h does not tend to
zero fast enough and on the other hand o(r) tends to zero
fast enough. Roughly speaking for large times the process
fluctuates around the gradient flow path for a ‘loss func-
tion’ $/(7)(y — w)? and for large times, as the fluctuations
become smaller, it tends to the minimum.

Note that if o(s)? is not integrable, pinning does not
necessarily occur. For example, suppose o(s) = b and
h(s) = a > 0 two constants. Then an explicit computation
shows E[w(t)] — y and Var[w(t)] — vb?/2a.

3.2. Test risk of SGF

We now come back to the setting of learning theory.
Comparing equatlons (4) and (5), we have the correspon-
dence w(t) — B(t), f(t,w(t)) — V.i”(,@( ) X, y),

G(t,w(t)) — /Z(B(t): X,y) and dn(t) — db(t).

Therefore, we approximate the solution of (4) by 3(t) =
B + /72 (t) with 3°F the solution of (1) and the Gaussian
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process z(t) has covariance (setting now to = 0):

t
S(1) = / du USF (1, u) B (u, B9 (u)) U (t,u)T
0 (21a)
where now
USF(t,u) = T {e fiare@ L 1)

with H o = V ® V.Z the d x d Hessian matrix of the loss
function (see also A.4 for a slightly more general setting).

From these formulas, we may expect a set of qualitative be-
haviors for the generalization error, which we now discuss.
We stress, however, that these are by no means necessar-
ily universal and their validity should be checked for each
model. For d < n, below the interpolation threshold, X is
generically full rank, so the covariance is also expected to be
full rank. In other words, we expect the stochastic process
to fluctuate in parts of R? of ‘full measure’ even for large
times. The difference between the generalization errors
of GF and SGF should be non-trivial. On the other hand,
above the interpolation threshold, 3(7, 39F (7)) certainly
has d — n zero eigenvalues (and possibly more). Therefore,
we expect the process to fluctuate in a ‘submanifold’ of R.
Such submanifold can be quite complicated as it will in
general depend on time and on the GF trajectory. For large
times we furthermore expect that 3 tends to zero altogether.
Indeed, for linear networks this matrix is proportional to
the loss (see next section), which tends to zero above the
interpolation threshold; and more generally if the number
of data points is much less than the number of parameters,
the data points are seen many times and there should not be
a major difference between a full batch and a mini batch.
Consequently, for large times we expect that the diffusion is
pinned on the minima of the loss, and that there should be
no essential difference between generalization error of GF
and SGF. These considerations are corroborated in the next
section by an explicit analysis of a simple model.

4. Application to a weak features model
4.1. Setting

We consider a special regression model with random projec-
tions, first studied by (Breiman & Freedman, 1983) in the
underparametrized regime, and later extended by (Belkin
et al., 2020) to the overparametrized regime. Despite its sim-
plicity, the test risk displays the double descent shape, calcu-
lated explicitly in (Belkin et al., 2020) for the least-squares
estimator.” The model is a suitable laboratory to apply our
formalism and compute the whole time-dependence of the
test risk for SGF, and compare with the GF solution.

Here the least-squares estimator equals the GF estimator for
infinite times.

Agaln the data set is composed of n pairs (¥, y*) € R4+,

€ [n] =A{1,...,n} sampled i.i.d. from ]P’(a:, y). The dis-
tribution generating the data features is Gaussian, P(x) =
N(0,1,), while P(y|z) is modeled by a linear function of
B eRL|B| =1,y* = BTx* + pe* with k € [n]. The
constant iz > 0 controls the strength of the additive Gaus-
sian noise € ~ AN(0,1). The feature matrix is denoted
X = [z!]...|z"]T € R"*d,

The weights B € R? are learned using only a subset
A C [d = {1,...,d} of p = |A| components. For a
vector v € RY, we denote v4 = (v;:j € A) € RP its
subvector of entries from A; besides, we denote A°¢ =
[d]\A to be the complement of .A. Then, the training loss
is defined as .2 (3; X, y; A)= L 30 1(B; 2, yF; A)=
A 2 A
FOE (yk - ﬂ;w’j\) . Only components 34 € R?
are learned, while ﬁ Ae € RI-P are set to zero. Besides,

T .
we denote X 4 = [xy4|...[x%] € R™*? as the matrix of
features used for regression.

The SGD process associated with training of the regres-
sion leads to the SDE modeling of Eq. (4). From (5) we
approximate the diffusion matrix with (see Appendix C.2):

2(B(t): X, y; A= =2 (B(t): X, y; A) X X4, (22)

which results in the SGF:

dBa=~ XT(?J XAﬂA)dHny X aB4|X }d
(23)

For v = 0 this becomes the respective pure GF equation.
Setting to = 0 and assuming the initial condition 3.4(0) =
ﬁ&, we obtain in Appendix C.3 the exact GF trajectory:

B3 (1) = e XA 4 X (I = e XXy
(24)
where 1 denotes Moore-Penrose inverse. Note that this
tends to the usual least-squares estimator for ¢ — 4-o00.
Translating to the general setting of Section 3, the solution
of SGF will have the form 35°F(t) = BSF(t) + \/72(t),
with 2(0) = 0 and z(t) being a zero mean Gaussian process

with the covariance matrix €(t).

4.2. Test risk of GF and SGF

We are particularly interested in the test risk provided by
GF and SGF and how they compare. Let A be a uniformly
random subset of [d] of cardinality p. If (z,y) is a new
sample from distribution P(x, y), the test risk on it is defined
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as:
1 2
() = 3 axa | (- 285 0) |

2
= *]EAX ysb {H,BA 5SGF(t)H + BAC”Q} +

(25)
As E3SF (1) ‘,on = ESE (t) and, for any fixed training data
and choice of features, Ep [2(¢)] = 0, we get
g
Ert (1) = Eie () + SEA X b [zT(t)z(t)]

2

= X0 + JBaxy [MEMY . Q6)

Therefore, inclusion of the perturbation has an additive ef-
fect on the test risk proportional to the learning rate .

Let A, € R™" with r = min(n, p) be a diagonal matrix
consisting of the r highest singular values of X 4; with
probability 1 they are all strictly positive. Besides, all other
singular values of X 4 are zero. From the GF solution, the
test risk can be expressed as (see Appendix C.4 for a detailed
derivation and Appendix E for plots of the GF test risk):

I8 - 8°I1?

2 gtcélszt( ) d

Y.
max(0,p — n)+Ep, Tre ™=

# (1= ) 117 + ) [1+Ba, A0 - 5]
27

When ¢ — o0, this expression becomes exactly the one
from (Belkin et al., 2020) (deduced directly form least-
squares and can also be computed for finite n, p, d).

For the second term in (26), giving the correction to the test
error coming from the stochastic term, we obtain:

_ 302
TEaxy M€} = 2 - w.

t 2 2 2 2
A z A H
/ dr ]EAT |:TI'{ T 72A (t— T)}TI'{T€2[:LT}:|
0 n n
i p 2 2
2122 .
+3((1-5 1P+
— 2
. l <max (O, np) -Ena, [Tr{]lr — eQ%tH
n 2
t 2 2 2
A H 7
+/ d7 Ea, {Tr{TeQI'\n(tT)} Tr{te'\nTH ) .
0 n

(28)

In the remaining part of this paragraph, we discuss the
asymptotic regime n,d,p — oo with p/n — «, d/n —
1 with a and 1) fixed positive numerical constants. Note

that p < d hence @ < 1. At the same time, in order to
obtain a well defined limit for (28), one should rescale the
learning rate in SGF as follows: v = ~'/d with ' fixed.
Indeed, in (6) the order of magnitude of the diffusion term
is EH V7 dn(r H = ~yndr and the scaling ensures that it
is of the same order dr as the drift. This sort of scaling
has been discussed in (Veiga et al., 2022; Ben Arous et al.,
2022). We observe that the diffusion contribution vanishes
if v goes to zero faster than 1/d.

With our normalizations the empirical distribution
n~'#{eigenvalues of A2/n € [a,b]} tends weakly to the
(a.c part of) Marchenko-Pastur law

ab/

with ax = (1 + /a)?; from which we can express the
expectations of traces in (27) in the limit n,d,p — oo
(noting that |3 — 8°||2 — 2 for two random vectors on the
high dimensional unit sphere):

+; ((1—w) b u ) [1+a/pa(do—)(1_zat)1 .

(29)

V(g —o)( U—a,)]l

2mao

(0 €la,ay])

lim ESF, (1) = max (O

Using the concentration of expressions n=! Tr{x(AZ/n)}
for any ‘reasonable’ function ¢, we can compute the limit
for n, p,d — oo using again the Marchenko-Pastur distri-
bution. With the scaling v = 7' /d, we get the well-defined
limit (again note |3 — 3°[|> — 2 for two random vectors
on the high dimensional unit sphere):

lim ZEA-X y (Tr{€ )} =

2 o ,
21/} L/JFl(a t)+<1—w+u )
. (a Fg(a,t)+max(1—0470)/ pa(do) l_zm)] )
(30
where

Fi(a,t) = //pa(dal)pa(dag)alozK(t,01,02) ,

Fy(a,t) //pa (do1)pa(do2) (o1 + 02) K (t, 01,02) ,
and 2011 202t
e 71t — T2
Kt =
( a01a02) 2(0_270_1)

4.3. Discussion and comparison with simulations

Egs. (29) and (30) give the complete time dependence of
the test risk (or average generalization error) under SGF
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dynamics for small learning rate. To interpret these formulas
correctly, one should recall that « € [0, ] and ¢ > 0.

The dominant contribution is given by (29). The ¢t — 400
limit of this expression agrees with the well known double
descent curve obtained by the least-squares estimator. Such
finite time dependencies have been obtained and discussed
in detail in (Bodin & Macris, 2021; 2022) for the random
features and Gaussian covariate models.

Here we concentrate on the correction term which is our
main interest, i.e., ES5F (t) — ECE (¢) or Eq. (30). It can be
computed for t — +oo after the large size limit n, p, d —
00, and we find:

/
VZ% ((1 - :;) +u2> max(l —«,0), a<. (32
For a@ < 1 this is a cubic polynomial (in «)) with roots at
a1 =0,y = 1and ag = (1+p2)v. The last root is always
‘unphysical’ since g > 1. The root as = 1 (the interpola-
tion threshold) is present only for ¢ > 1. For infinitely large
times the correction to GF brought about by the stochastic
term in SGF is present only in the underparametrized regime
a < 1. In the overparametrized regime o« > 1 (hence also
1 > 1) there is no such correction for infinite time. This re-
sult is compared with numerical simulations of the discrete
time stochastic gradient descent in Fig. 2. The agreement
is satisfying given that (i) the continuous time dynamics
is a heuristic approximation of stochastic gradient descent
and, (ii) the analysis of the stochastic process uses a Laplace
approximation of the path integral.

e ®  Simulation

—— Theory

0.020

0.015

GF
- stest

0.010

SGF
gtest

0.005

0.000

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
a=p/n

Figure 2. Continuous curve: difference between SGF and GF test

risks for ¢ — 400 according to Eq. (32). Dots: difference of SGD

and GD test risks obtained from numerical simulations (averaged

over 1000 different random subsets .4). Simulation parameters:

d = 1000, n = 400, such that ¢y = 2.5, and v = 1073 (hence
/

~v" = 1). Vectors 3, Bo are taken at random on the unit 1000-
dimensional sphere and here ||3 — Bol|* ~ 2.11.

Figs. 3 and 4 show various aspects of the finite time be-
havior of £3SF () — £SE (¢). In Fig. 3 we observe that (for

1 = 2.5) the maximum difference between the test risk
curves occurs above the interpolation threshold for ‘early’
times and this maximum moves below the interpolation
threshold at ‘later’ times. For intermediate times, however,
our analytical theory underestimates the difference in test
risks (see Appendix E for more details).

tly R A
" S

0.03

0.01

0.00

0.0 0.2 0.4 0.6 0.8 1.0 1.2 14 1.6
a=p/n

Figure 3. Continuous curves: difference between test risk of SGF
and GF for various times ¢ € [10™3, 10®] according to (30). Dots:
difference of test risk of SGD and GD obtained from numerical
simulations with same parameters as in Fig 2. Asymptotic analyti-
cal theory underestimates SGD quantities for intermediate times
1 5 ¢ 5 10 but works well for small and large times.

In Fig. 4 the difference in test risks of GF and SGF shows
a knee structure. This bending occurs roughly at times
corresponding to the onset of double descent.

2.5

2.0 A

1.5 4

1.0

0.5 .
0.0025 0.00

1 10! 10° 10° 10 10° 10°
t/y

a=p/n
SGF GF
test Stest

S

Figure 4. Theoretical prediction for the difference between test risk
of SGF and GF in the (¢, &) plane. Here we fix 1) = 2.5.

5. Conclusion

The general framework developed here gives concrete
means to compute the whole-time evolution of the gen-
eralization error under stochastic gradient flow dynamics.
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In particular, we provide general formulas, Egs. (21), for
the covariance of the fluctuations around the deterministic
pure gradient flow.

In this work the formalism is applied only to a situation
where the dynamics is very simple. It will be interesting
to investigate to what extent one can apply it beyond the
weak features model for more complicated landscapes with
many minima and saddles. Random features with non-linear
activation, diagonal linear networks, generalized linear or
multi-index models might still be tractable. More broadly, it
is of interest to further develop the theory extracting general
properties from the covariance formula by leveraging statis-
tical analysis of the data matrix and of the Hessian. Recent
activity in the literature connects the eigenvalues of the Hes-
sian to the optimization landscape, see e.g., (Gur-Ari et al.,
2018; Sagun et al., 2018; Xie et al., 2022; Sabanayagam
etal., 2023).

There exist more sophisticated SGFs yielding better approx-
imations of SGD (Li et al., 2019). The analysis is then more
complicated as there are new correction terms in the path
integral. In the same vein, it would be desirable to investi-
gate the use of alternative processes, other than Brownian
motion, to model the SGD fluctuations.

We plan to come back to these issues in forthcoming works.
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A. General Path Integral Formulation

In this appendix, we provide the details on the general path integral framework and on the derivation of the covariance
matrix. For easy readability and to make this section as self-contained as possible, some equations from the main part are
rewritten here.

Consider the following general stochastic differential equation (SDE) for a process w(7) € R¢, sampled between t, and
t > to:
dw(r) = f (r,w(r))dr + /v G (1,w(r))dn(7) , (33)

where f (7,w(7)) € R% and G (7, w(7)) € R¥*™ are the drift vector and the diffusion matrix, respectively; while n(7) is
a standard n-dimensional Wiener process, with dn(7) = (7 + d7) — n(t) € R™ as its forward increment. The initial and
terminal conditions are w(ty) = wo and w(t) = w, respectively. We assume that this SDE has a unique solution. Standard
conditions ensuring existence and uniqueness are Lipshitzness and linear growth of f and G w.r.t w uniformly in 7 (see for
example Evans 2012, Section 5.B.3).

The continuous-time equation Eq. (33) must be understood according to its discrete-time companion process wy, = w(kAT):
Wg4+1 = W + f(kawk)AT + ﬁ G(kawk)Ank ) (34)

where the time interval [t(, t] has been discretized into N slices of length AT = ¢ ]\;50 with 7, = tg+ kAT fork=0,...,N
and 7y = t. The drift and the diffusion functions are evaluated at the point

wy = wi + cAwy, (35)

with 0 < o < 1 and Awy, = wg1 — wg. The choice of « fully determines the discretization scheme and o # 0
introduces additional contributions to the drift on the path-integral (de Pirey et al., 2023). Such contributions are also
related to different SDEs as studied in (Li et al., 2019). In the present work, we adopt the simplest [t6 discretization, o = 0,
Wy, = wyg. The discrete quantities Any, are sampled independently at each step k from a Gaussian with E[An] = 0,
E[Ank(Ank)T] = AT Hn

The matrix G(k,wy,)G(k,wy,) " is positive semi-definite, and in particular when d > n it certainly has zero eigenvalues?,
which can make the process singular in sub-manifolds of R%. A regularization parameter € > 0 is then introduced, allowing
us to write:

Awg =wis1 —wi~N (frAT, VAT (GRG + ely)) | (36)

with fr, = f(k, wy) and G, = G(k, wy,).

Let P, (w, tlwy,to) be the probability of the process to be at w at time ¢ given it starts from wy at time ¢y. And
Par(wgt1, Th+1|wk, 7) the one-step propagator associated with Eq. (33). Since the process is Markovian, the Chap-
man-Kolmogorov equation holds over the intermediate time windows [ty, tx+1]:

P, (w, t|wo, to) = hH(l) A}gnoo/knl dwyy H PAr(Wit1, Thg1 | We, Tr) - (37)

The transition probability over each intermediate time window [7y, Tx1] is known from Eq.(36). Replacing in Eq.(37), we

have:
p ﬁ;; (A“”“ fk) @) <A“”“fk)] ,

(3%)

N-1
dwk/

P, (w, t|wg, tp) = lim lim , ex
i >0 N—oo kl;ll (2myAT)"7? (det )72

where Qf = G\, G| + €l is the regularized covariance.

In the continuous-time limit, the expression above becomes a path integral over all possible trajectories w(7) € R¢ for the
process to be in w at time ¢ given the process starts in wy at time ¢:

w(t)=w
P, (w, tlwo, to) = lim D [w(+)] exp (-ise [w(-)]) . (39)

e—0 w(to)=wo

*In the learning theory context, d > n means overpametrization.
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The action functional is defined as .
S lw()] = / dr L (1,w(7),w(r)) , (40)
to
where the continuous-time Lagrangian function is given by

. . 1 (dw(r) "o 1 ((dw(7)

£ (ryw(r), (7)) = 5 —Frw()) @ w(r)) — f(rw(r) 41)

2 dr dr

with Q¢(7, w(7)) = G (r,w(7)) G (7, 'w(T))T + € I4. The path measure is expressed as

N-1 dw
Dw()] = lim M — (42)
= Jim kl;ll (2myAT) 72 (det Q)2
and the integrals must be understood under the Itd discretization. For example
k dw(T) = Awy,

[ o (57 - £t = Jim, > Ar (2 - f () @3)

We observe that, by construction, G(7, w(7))G (r,w(7)) " is positive semi-definite, then the pseudo-inverse Q¢(7, w())~*

is well-defined and also positive semi-definite. Therefore, for any point 7 in the time-interval [to, t]:
L (r,w(r),w(r)) >0, (44)
which allows us to write:

S lw()] = 0. (45)

Realizing that the action is non-negative will play an important role on identifying the high-probability paths in the limit
v — 0.

A.1. Laplace approximation

If ~y is small enough, the path integral in Eq. (39) is dominated by the paths minimizing the action S¢ [w(-)]. This is
equivalent to the variational statement of classical mechanics known as the Hamilton’s action principle (Fetter & Walecka,
2003), which requires the vanishing of the first order variation of the action functional,

§Slw()] =46 | dr L (r,w(r),w(r)) , (46)

to

satisfying the two boundary conditions w(ty) = wop, w(t) = w. The path is a stationary point of the action if and only if it
satisfies the Euler-Lagrange equations

d 9 9\ . o
(drawj - 811)]) LE (1, w(7),w(r)) =0, 47)

forj=1,...,d.

Writing £ (7, w(7),w(7)) explicitly as sum over the components,

d
. . 1 dw; (1) . _ dw,, (T)
LE(r,w(T),w(r)) = 3 Z < 0 — filr,w(7)) (Q (1, w(7)) l)lm 07 — fm(Tyw(7)) | . (48)
I,m=1
and the Jacobian matrix of f along the trajectory w(7):
Ohirw@) Ohta() | ()
VAEwE)T| | optwe)  sptwe) o)
Fs(rw(r) = : = e fer™ (@)
T : : . :
V fa(7, (7)) Afa(rw(r))  Ofaltw(r) O fa(raw(r))
w1 Ows e Owgq
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the derivatives of the Lagrangian with respect to the components of w and w are given by

;;jﬁe (ryw(r g (dwl - fl(T,'w(T))) (QG(T,'w(T))*l)U , (50a)
d
%[ﬁ (T,w(T),’lb(’T)) = — Z (du()ilf-T) _ fz(T,’w(T))> (QE(T w - )lm /f T, w .
J l,m—1

+ - Z (d“” l(T,w(T))) (aawj (Qe(r,w(r)rl)lm) (dwgfﬂ —fm(r,w(r))> ;

l m=1
(50b)
where we have used the fact that Q¢(7, w(7)) is symmetric.

Reverting to matrix notation, the set of Euler-Lagrange equations (47) can then be represented by:
d [(dw(r "o _
™D i) @ wm)
dr dr
dw(T T . _
(M ) @) Fr ) 61

(D gey) PO (W) <o,

where 7‘90((75:’1,(7))71

is defined as the tensor with components

c(r . —1\ Im
(W)J = £ (Q(rw(r)™), . 2

Similarly to the covariant formulation of classical electromagnetism and special relativity, we assumed that upper indices
are the ones to be contracted on vector-tensor multiplication.
A.2. Dominant paths

Egs. (51) constitute an intricate set of second order differential equations. Nevertheless, we recall that w¥(7) is assumed
to be the unique global solution of the initial value problem:
dw(7)
dr

= f(rw(r) , w(to) = wo . (53)

If the terminal condition w°®¥(t) = w is also satisfied, then w°%(-) is also a solution of the Euler-Lagrange equations for
all 7 in the interval [to, t]. Moreover, the action would vanish for this solution:

S [w ()] / dr L€ (7, w**(7),w°*(1)) = 0. (54)

From Eq. (45), we know that S [w(-)] is non-negative. Thus, for any solution of the initial value problem (53) with

terminal condition w°¥(t) # w, the action is greater than zero. Since the P.,(w, t|wo, ) o € —3S w0l paths w(7)
not satisfying both initial w°%*(¢y) = wq and terminal conditions w°%(¢) = w are exponentially less probable in the limit
v — 0. Henceforth, we will refer to the paths w°%(7) satisfying both initial and terminal conditions,

ode —
{w (to) = wop , (55)

w®(t) =w,
as the dominant paths.
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A.3. Fluctuations around dominant paths

Consider now a small time-dependent stochastic perturbation z(7) around a dominant path such that the trajectory w(7)
satisfying Eq. (33) can be written as
w(r) = w*(r) + 72(7) | (56)

where w®¥(7) is the high-probability path satisfying the initial and terminal conditions w°¥(¢y) = wq and w°*(t) = w,
respectively. The random perturbation z(7) is constrained to satisfy the boundary conditions z(¢g) = z(t — co) = 0. For
intermediate times, there is no constrain on the fluctuations.

In order to study the fluctuations effects on the probability measure, the key quantity is the covariance matrix:
€(7) = E [w(r) — E[w(n)]]E [w(r) - E[w(7)]]" , (57)

where E[-| stands for the expectation over all sources of randomness. For w(7) = w(7), the only stochasticity is the
perturbation and the covariance reduces to

€(r) = (B [2(0)2(1)T] — Ea (D) Ex [2(7)]T) (58)

where E,[-] stands for the expectation over the perturbation z(-). Up to now, the probability distribution for 2 is unknown.
Assuming v — 0, we will construct a measure for 2z in order to compute the covariance. We first Taylor expand the elements
of f (r,w(7)) and Q¢(7,w(7)) ! around w°*(7):

fulr, (7)) = filr,w* (1)) + 7 2(7) "V filr,w™ (7)) + O(v) , (59a)
(QE (7, w(T))‘l)lm = (Qe (T, 'w(’de(T))il)lm +V72(1)'V (QE (T, w"de(T))il)lm +0(y) . (59b)
for I,m = 1,...,d. Additionally, since by assumption w°¥(7) is the solution of d1§£7) = f(r,w(7)) satisfying the

boundary conditions (55):

dwy; (7‘)

“a filr,w(7))

_dz(r)

P 2(1) "V fi (1, w* (7)) . (60)

Plugging it into the Lagrangian together with Egs. (59) and retaining contributions up to order two on z(-), we obtain:

(
-1 zd: <dzl(7) —2(r) TV fi(r, wode(f))> (@ (rwm) ) (dZ;"T(T) —2(r) TV o, w"de(r)))

- s o)an) 2wt o) (B - o) |

(61)
where in the second line we have used the Jacobian matrix defined in (49). Therefore, the measure governing the fluctuations
z(t) in the limit v — 0 is given by

_ z(t)=z _ t ~
P(z,t]0,tp) o lim D [z(-)] exp (—/ dr L¢ (T,2(7’),2(T))> , (62)
€0 J2(to)=0 to
where
e . 1 (d=(7 ode T B ode -1 (dz(t ode
£ (i) = 5 (B2 - gt miam) @ (o) (B - gl wt@e0) 6
The diffusion matrix appearing on the path-measure,
N-1
= . Azk/
D[Z()} = 1\/151100 730 (64)

k=1 (2mAr)" (det Q)
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is now calculated on the discretized dominant trajectory: 025°° = G/(k, w{*)G (k, w{*) " + € I,.

For the purpose of simplifying the Lagrangian (63), we perform the change of variables:
2(7) = T { el b FOw™O 50 (65)

where the object inside the brackets is a matrix in R?*?. The exponential of a matrix is, as usual, defined via Taylor series.
The symbol 7 indicates time-ordering in the sense that the exponential is understood as a Dyson series (Weinberg, 1995).
For the convenience of the reader, we review the time-ordered exponential for time dependent non-commutative matrices in
Appendix B.

Under the change of variables, the time derivative of z(t) is written as

) — /f(T, ’dee(T)) T{ fto ds Zs (s, wcde(b))} ( ) + 7‘{ ftTO ds ff(svwl)de(s))} dE(T)

d3(r) dT (66)
_ ode f:o ds £ (s,w"(s)) T
= Fr(rw()2(r) + T {e S
so that the Lagrangian (63), in terms of Z(7), is written as
~e = z _ 1 dE(T) T € ode di(T)
£ (ra(r).2(n) = 3592 T ws(n) S (67a)
with
e (7_ wode( )) = 7-{ ffo ds #5(s,w’ (s ))} Q¢ (T, ,wode(,r))—l 7-{ ffo ds Z5 (5,0 (s ))} . (67b)

Let us mention in passing an analogy that can be made with techniques from quantum mechanics at this point. One could
interpret (67b) as a kind of transformation from a mix of Schrodinger and Heisenberg pictures to the interaction picture, with
F(s,w°%(s)) and (7, w** (7)) playing the role of time-dependent Hamiltonian and potential, respectively (Sakurai &
Napolitano, 2020).

With the intention of computing the expectations in (58), which are over the original coordinates z(-), we consider the quan-
1 dz(r) T w®e dz( )
tities E; [2(-)] and E [2(-)Z(-) '], where E; indicates expectation over the measure o e~ 2 e e

At this point, it is convenient to return to the discretized form and to define a new discrete variable:

k—1 k—1
=D Evn—E) =) ue, (68)
k’=0 k’=0

as the assumption Z(to) = 0 implies that Z(¢o) = 2o = 0. Similarly, the discretized derivative in terms of the variable uy is
given by:

N
B

Az Zppr— 2k ug

AT AT T AT (69)
The discretized measure then reads:
dz(r) " dz(r) 1% Az T Az,
dr e ode __ A we(k ode
eXp[ 2/t0 A e kzzo T VR
N-1
1 AT
_ ot \IJE k ode 70
exp[ 5 2 B 5 U (k, wy)uy, (70)

where € (k, w?®) means the discretization of ¥¢(7,w**(7)) on the discretized dominant path. We then conclude that the
first and second moments of uy, are given by:

Euy] =0, (71a)
E [upuy, | = A7 T (k,wp®) ", (71b)
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respectively. From Eq. (71a), we immediately conclude that E [2(7)] = E [2(7)] = 0. With respect to the second moment,
we observe that:

k-1 k—1
Elazl] = Y Elwul] = Eluu]]
k', k''=0 k'=0
k-1 (72)
= > AT (k,wp*)
k'=0
where we have used the Markovian property. In the continuous-time limit:
t
E[zt)zt)'] = / dr O (1, w** (7)) " . (73)
to
Returning to the original coordinates:
t ode t ode T
E[2(0)2(t) 7] = T {elio®® F1w R [3(1)3(0)T] T {efua e SO <
t ode t t ode T (74)
= 7 Sy to Sl / dr W (rw™e(r)) T el 4 Sl 0L
to
Hitherto, the covariance matrix can then be expressed as
t ode t t ode
€(t) = lim T {efo OO [ ar we(r ae(r) 7 T {elin b ST (75)
€— to
with T ode  \\T —1 T ode
U (1, w* (1)) = T{effo ds Fr (s,w™(s) } Q (r,w(r)) T {efto ds Fr(sw (3))} , (76)
and T
Q(r,w*(7)) = G (T, ’dee(T)) G (r,w* (7)) +ely. (77)

We continue by explicitly inverting W€,
1116(7—7 wode(T))—l _
T ode -1 T ode T —1
— (T {e.fto ds s (s,w (S))}) Q° (7_7 dee(T)) (T{e‘fto ds Zr(s,w*(s)) }) (78)

= (T{effo ds ﬁ(aw"“(s))})*l (G (1w (7)) G (7, w™(r)) +€Hd) (T{effo ds f;«(aw“‘%@f})‘l

and replacing it in the expression (75) for the covariance matrix, which leads to:
t ode t T ode -1
G(1) = T { it SO0} / ar (T {ela® FETIN) TG (rw(7) G (rw(r))
to (79
(7 {efde At o [eFiydo SlewrtonT
where we have already computed the limit ¢ — 0. Since, for any 7 such that {y, < 7 < ¢:
T {effo ds ff“’wm(s))} —T {ef: ds ff(s:dee(S))} T {ef;o ds ff<s,w°de<s>>} 7 (80)

we have the final expression for the covariance matrix:

t
€)= / ar T {el? 4 Frew™ DL G (r,0(7)) G (r,w(r)) | T {ela Frew™TH 1)

to

Setting U°*(t,7) = T {eff dsff(svw"de(s))} and observing that Q°(7, w** (7)) = G (1,w°*(7)) G (T, dee(T))T, we

obtain: .
() = 7/ dr UOdC(t,T) QO(T7 deC(T)) UOde(t,T)T , (82)

to
which is exactly the same expression as in Eqgs. (16) presented in the main text.

17



SGF Dynamics of Test Risk and its Exact Solution for Weak Features

A.4. Special cases
A.4.1. CONSERVATIVE DRIFTS
If there exists a scalar function ®(7,w(7)) such that the drift f(7,w(7)) € R? is given by:
f(r,w(r)) = =Vo(r,w(r)), (83)

we say that the drift is conservative, in analogy with the conservative forces in classical mechanics (Fetter & Walecka, 2003).
In this case, the Jacobian matrix of f is nothing but the negative of the Hessian of ®:

jf (T7 w(T)) =—Ho (T, w(T)) ’ (84)
where
OP (T, w(7)) OP (T, w(t)) OP(T,w(T))
8w% Owi Ows T Ow10wg
Ho(r,w(1)) =V VO(r,w(t)) = € R¥x? (85)
0P (T, w(r)) OP(T,w(T)) OP(T,w(T))
Owq 0wy Owq0ws e awg

A.4.2. CHOLESKY-LIKE DIFFUSIONS
If the diffusion matrix G(7, w(7)) € R%*™ is such that there exists a matrix Z(7,w(7)) € R¥*9 given by

2(r,w(r)) = G(t,w(7))G(1,w(T)) ", (86)
we say that G(7,w(7)) is a Cholesky-like diffusion matrix. In this case, we use the convention G(1,w(7)) =
VE(T,w(T)).
A.5. Machine learning realm

We consider now the particular case of the stochastic gradient flow modelling of SGD:

dB(t) = -V.Z(B(t); X,y)dt + /7 S(B(t); X, y) db(t) , (87)

which is Eq. (4) in the main text (where all the quantities are defined). Clearly, the drift is conservative with the Jacobian
equal to minus the Hessian of the loss. The diffusion matrix is also Cholesky-like. Additionally, if v = 0, the SDE is
reduced to the gradient flow equation, and this is why we term the solution of the ODE in this context as 35 (7).

In summary, for SGF the covariance (82) reduces to
t
E(0) = [ dr U (e,r) BEV () X.y) U ) (850)
to

with .
UGF(t’ =T {e_ 1! ds’Hz(BGF(S);Xﬂ)} , (88b)

which are equivalent to Egs. (21) in the main text.

A.6. Discrete to continuous-time approximation guarantees

If the drift is conservative and the diffusion Cholesky-like, we have:

dw(r) = =V (r,w(r))dr + /v E(r,w(7)) dn(7) . (89)
From Corollary 10 in (Li et al., 2019):
max_[E [} (wy)] — E[h (w(kA7)]| < Cy ©0)

for a suitable set of ‘smooth’ functions h with ‘polynomial growth’.
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Let us also mention that one may look at an ‘improved’ SGF modelling:

dw(r) = -V (‘I)( w(T)) + 7||V‘I>(T w(T ) dr + /7 E(1,w(7)) dn(r 1)

where the convergence is improved to (Theorem 9 in (Li et al., 2019)):

max [ [h(wy)] — E[h (w(kA7))]| < CH?, 92)

.....

again for a suitable set of ‘smooth’ functions h with ‘polynomial growth’.

B. Time-ordered exponential

The concept of time-ordering integrals was first introduced by Dyson (Dyson, 1949) in the context of time-dependent
perturbation theory applied to scattering problems in quantum mechanics. Let B(¢) and A(t) be two time-dependent square
real matrices of the same dimension. Consider the following first order differential equation:

dB(t)
dt

= A(t)B(t) 93)

with initial condition B(tp) = I. In quantum-mechanics, both matrices could be complex with B(t) representing the
time-evolution operator and A(t) a potential in the interaction picture.

Observe that Eq. (93) (with initial condition) can be reformulated as an integral equation:
t
B(t)=1- / dr A(7)B(1) . (94)
to

Iterating the expression above:

()—]I—/ dr A(my) /d7'1/ dry A(71)A(72) /dTl/ de/ drs A(11)A(T3)A(13) + ... . (95)

The time-ordered product T{-} of any time-dependent matrix is defined as the product with factors arranged in such a way
that the factor latest in time takes the leftmost position, the next-latest next to the leftmost, and so on. For example:

T{A(7)} = A(7) , (96a)
T{A(1)A(m2)} = O(11 — 72) A(T1) A(72) + O(72 — T1) A(T2) A(71) , (96b)

where ©(7) is the Heaviside step function equal to 1 for 7 > 0 and to zero for 7 < 0. This definition generalizes to the time

ordered product of A’s for ‘n time instants’ as a sum over all n! permutations. Each permutation gives the same integral
Over Ty, T2, . . . , Tn. EQ. (95) can then be written as

B(t) =1, / dn/ dry.. /T" Cdr T{A(M)A(r) .. A(m)} ©97)

which in the context of quantum mechanics is referred to as the Dyson series.

t
If the A(7)’s would be commuting matrices for all 7, one could simply represent the series (97) by eio ATAM), Nevertheless,
since commutation in time is not guaranteed in general, we introduce the notation for the time-ordered exponential:

T {e I dTA<T>}

/to dn /0 drz.. /T" 1 dr, T{A(T1)A(72) ... A(1n)} (98)

for any square time-dependent real matrix A(7).
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C. Application to the weak features model: details of derivations
C.1. Preliminaries

For arbitrary nq,ns € N, we use notation 0,,, ., for all-zero ny X ne matrix, I,,, «,, for ny X ng matrix with elements
’ 1 2 1 2
L: s )is = 054. (A)T € R™X™ denotes Moore-Penrose inverse of a matrix A € R™ *"2_ We use Unif to denote uniform
1X1N2 /45 J
(Haar) measure over a group.

We will find SVD’s useful for our derivations. Suppose r = rank X 4 < min(n, p). Now, let
X4=UAV' UeR™" ARV ¢ RP*P (99a)
be a ‘full’ singular value decomposition, and
X4 =UA V", U. e R"™" A, € RV, € RPX" (99b)

be ‘truncated’ the one. We also denote columns of U as {u;}?_, of V as {v;})_; and positive singular values as {\; }7_;.
For convenience, we also utilize thenotation \; = 0 for i > r. Besides, we make use of U,. := [u,41 |-+ | u,] €
R and V,i = [v,41 | -+ | vp] € RPX(P~") _je, U,. and V,. consist of columns of U and V respectively
which are not included in U,. and V..

Let us state some useful properties. We keep in mind that UTT U, = VTTVT =1,, Ul U,. =1,_,and VTI Ve =1,_,,
and U,.T U,. =04 and V,.T V.1 = 0px(p—r)- Besides, the Moore-Penrose inverse of X 4 can be written as

(X' =v,AT'U] . (100)

Using properties of matrix exponentials,
e XaXat — e w AT = Ue AU +ULUTL CF ULLUL (101a)
e XaXat Z yemaATAYT e n Ay T Ly v IEY V,ﬂ/,l . (101b)

In the model we look at, elements of X 4 € R"*? are sampled independently from a standard normal distribution. This
has several consequences. First, with probability 1, X 4 is a full rank matrix, i.e. 7 = rank X 4 = min(n, p). Second, this
allows us to characterize some properties of distribution of SVD components from Eq. (99) — we can consider U, A,V to
be mutually independent; in addition, U and V are distributed uniformly on orthogonal groups of unitary matrices O (n)
and O (p) of size n and p and respectively.

C.2. SDE modeling
We apply SDE modeling of Eq. (4) to the simple regression model. To do this, we first find the drift vector

VLB X,y A)= — X] (v XaBa(t) (102)

and then the diffusion matrix. For the latter, we define, according to Eq. (3), stochastic perturbation

&, (B; X, y; A) = VI(B; 2™, y*; A)-V.L(8; X, y; A)

1 N
k T
= Ty ey + =X -X
( - B4 ,4) A+ - Xaly — XaBa) (103)
1 n
(- Aot 3 (- BRe3)as]
Let {e;}""_, be a set of vectors composing the standard orthonormal basis in R™: e e; = 0;;. The random variable £ can
then be rewrltten as
3 T,k 3T .k N Tk
&k, (ﬁ%Xﬁy;A): —X4 (Z/ Y= ﬁAmAV) er, — ” Z (y - ﬁAwA) . (104)
k=1
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Additionally, since the samples are picked uniformly at random, we can replace the sum in the second term with the
expectation:

&, (B: X,y A)= =X 1 [ (v - Bhaly ) er, = Eqparin | (v — Bha) e, ]] - (105)

The first moment is zero: A
Bk, ity [€r, (B: X, y:4)] = 0. (106)

We now aim to compute the covariance matrix

2(8; X, y; A) = Ep i1 [ﬁk,, (B; X, y; A) &, (B;X,y;A)T] =

n

1 < AT k)2 1 O .
= X; ﬁ Z (yku — IB:K:E_AV) ekue;’/ — ﬁ Z (yku — /@;:E.AV) (qu — IBI:L’Z{’) ekue; XA
ku,qu=1

o

<
Il
—

2SN > 1 ¢ 3 3
=X) | = D 1Bty Aerel, — — D (v = Blaly) (7 Blati ) ey, | Xa

=1 kv,qu=1
Bzl yl; A) 0 0
0 1

0 0 o 1(Bas Y A)

107)

We neglect O (n*2) contributions and assume that the individual loss function l(,é’ P AR TR .A) is equal to its average
&z (B, X, y; A) . Indeed, the result is then

~ 2 ~
BB X,y A)~ —Z(B(1): X,y A) X 4 X, (108)
which matches Eq. (22). Along with Eq. (102), we obtain Eq. (23).

C.3. Solving gradient flow equation

We assume initial condition ,C:] 4(0) = B&. When v = 0, SDE (23) becomes the following ODE:

B4 1 .
Wi X7 Xaba). (109)

This is a first-order matrix differential equation. Applying (99), we can write it as:

dg 1 . 1
dBa _ ——VATAV B4+ -VATUy. (110)
dt n n

Now, we can transform it to a system of independent linear ODEs by multiplying both sides by V' T, which is full-rank:

dVvTa 1 X 1
AV _Ba) _ —ATAVTIBA)+ =AUy, (111)
de n n
i.e., we solve: R
dBa _ —EATA,BA + lATUTy 7 (112)
dt n n

where B4 = VT 34. Let B4(t) = (Bl (t),... ,Bp(t)) be its component representation. Then, the system can be written
as:

(113)

_J
de

dBi  [-IN2Bi+ihuly fori<r;
0 for ¢ >1r.
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with initial condition 3 A(0)=VT B A(0)=VT 331 The solution of the system is then:

) e (3i0) - 22) + 22 fori<r,
Bit) = Bil0) = =57 ) + 7 forisr; (114)
5:(0) for ¢ >r.
In vector form it can be written as:
Bat) = e FAABL(0) + Ly, AT (L — e FA) Uy (115)
Multiplying by V', we get back to the original basis
Balt) = Ve A MYTR4(0) + VoAU (L~ Upe 540 )y (116)
or ~ 15T ~ 2
Balt) = e+ XAXat3,(0) + X1, (]1,, —Uye = fUT) (117)
Note that, using Eq. (101):
Xje W XXA VAU U AT = VAT (U AT 4 UL UL ) = L)
— VAU Use w200, = XL Uemn M) |
which leads us to the concluding form of the GF trajectory solution shown in Eq. (24):
BiF(t) _ e—%XIXAtBA(O) + XL <]In _ e—%XAXIt) y. (119)
When ¢ — oo, we can observe using Eq. (101):
B () T Vo VL BA(0) + XN (L U UL) y = V.o V1 Ba(0) + Xy - (120)

Therefore, GF converges to the minimum norm solution of the least-squares problem min BACRP £ (B, X, v; A) with one

caveat — when r < p the problem is overparametrized and therefore the solution includes the projection of B 4 (0) onto the
subspace orthogonal to row space of X 4. In the Gaussian setting, aside of cases with probability 0, this happens iff n < p.

C.4. Evaluating the generalization error for gradient flow

Our goal is to compute:

W new 1 new new T 2
EE() = Eaxy [Eamr o [1(BF (1 2"™,y™) || = SEax giamr o [(y (@) BT ) } . a2
where "V, y"*" ~ P(z"", y"*V) is a new sample from the distribution described in Section 4.

First, we look at the expectation over a new sample; as ™" = BT z"Y + pe" = Blw“jw + B} e The + e

Y ~ N(x%%0,1,), 2% ~ N (2% [0,1q—p), €Y ~ N (€"7]0, 1) are mutually independent,

new d

]Eznew Jyhew

(- @) 6% 0) | -

(84— p@) o)

= (B4~ BF®) Eag [ @25)7] (B4 - BFW®) + BhEarg [0 @5)7] Bac +4°
=184 = BL W)+ 1Bac|® + 12 .

= Eyp +EBarg [(8323?)”| + B ()] (122)

We then continue deriving expression for Eq. (121) by taking the expectation over (X, y). Only the first term of the resulting
sum of Eq. (122) depends on it, therefore our goal now is to compute Ex ,, {H,@ 4 — B Hz} .
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We denote € := (el, e e") € R™ as a vector of additive Gaussian noises. Then, we can write target vector as:
Y =XaBa+ XacBac+ pe. (123)
The vector of differences between true value of parameter and GF estimate from Eq. (119) is:
B = BY (1) = Ba — e 1 XAXAB4(0) = Xy (T, — e #¥aXar) y
_ (Hp - x1 (]In — e*%XAXIt) XA) B — e ¥ XAXatg, (0) - XT, (]In _ e*%XAXIt) (X a-Bac + pe) . (124)
As X gcB4c + e is zero-mean vector independent from X 4, we can write:

A _i T _i T A
Ex.y 184 = BFOIB] = Exu [ (Tp — XJy (1o — e #X4%30) X4} Ba — 77 XAX413,4(0) 2

) (125)
B xaese [ (T — e XAX0) (X Bac + pe) 2] -
Using Egs. (99), (100), (101), we can simplify the first term, because:
(1, = X, (T = e XX X4 ) Ba =
= (1, - v,AZ'U) (]In U #NtUT _ U, UL) UTA,,VTT) Ba= 5y
(126)

(
(

—LlxT Xt
e nTATAT B 0

I, - V.V, + Vre*%AitVrT) Ba= (Vre’%Aitvf VT Ba—

and, therefore:
Excy [l (1 = X[y (I — e 7 X4X30) X 1) B — e+ XaXat3,(0) 2] =

= Ex, e H XX (4~ BaO)IF] = (B4~ Bal0)) Ex, [ XA (84— Ba) . 27

Going back to representation of Eq. (101), we can rewrite it in terms of the singular values of the matrix X 4. Indeed,
applying trace trick (again, A and V' are independent):

Exc [l (1p = X[y (I = e FX4X50) X4) Ba = e 3 XA%418,0(0) 2] =
- Tr{EA,v [(vT (Ba—Ba0)) e A AMVT (84— Ba(0 } } - (128)
- Tr{EA [0 A By [VT (B4=B4) (84— Bal0 ] }
As V. ~ Unif (O (p)), if a € R is arbitrary vector of dimensionality p, then

V'a ~ Unif (87! (|lal)) , (129a)

where S?~! (1) denotes d-dimensional sphere with radius 7, and thus

Ev[VTa] =0, Ev [VTa(VTa)'| = ]%HaHQ 1, (129b)

This results in: N N
1 1 ~
Ex [l (Ip = Xy (L — e #X4%530) X 0) B — e 7 X3 %413,(0) 2] =

= 184 = BaO) P Te{Ea [ 4]}
~ 184~ BalO -3 Te{Ea o301 (p -]} -
— 184~ BaO)] (; To{Ea [ 445} 4 max <0,1 . Z)) |
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For the second term of Eq. (125), we can apply trace trick again:
T
Exaxaese |1 X0 (In — € #XAXA0) (X 4B + pee) |2] =
-
—Ex, X [Tr{(XAU,aAC + pe)’ (Xj4 (]In - e*%XAXIt)) X1, (]In - e*%XAXIt) (X a-Bae + ue)H -
T
- Tr{EXA [(Hn - e*%XAXATt) (XL) x1, (]In - eiXAXIt)] Ex . c [(XACQAC + pi€) (XacPBac + ue)T}
We note that the vector X 4c3.4c + pe is distributed as:
XacBac + pe~ N (0, (I1Bac | + %) L) (132)
and that on the other hand,
x1, (Hn - e—%XAXIt) = V,AS'U) (]In U, e MU — UL UL) =
= VoA (U = e ) = VAS (L— e ) U5 (33)
thus it follows from Eq. (131):
1 T
ExaXacse ||X0y (Tn = e XAXA0) (Xpe Bac + pue) |2] =
= (18> +#2) Te{Boay [U; (I — e 78 AZWVTVAH (L — e 38 U] = (139)

L 2
= (1B ]l* + p*) ’IY{EA [A;Q (]17, - e—zAit) ] } .
Gathering expressions from (130) and (134) back to (125), we obtain:

Ex.y |18~ B OI3] = 184~ BAO)*- (max (o, - Z) + ]13 To{Ba [ #0%] }) N

+ (/1Bac|* + 12) Tr{EA {Arz (HT - eiA?‘-t)Q} } ., (135)

which can be used to obtain average test error over X, y by taking the expectation over both first and last equal expressions
of Eq. (122) and substituting one of the terms with this one.

We return to test error Eq. (121) and average over A. The only terms depending on A are ||8.4 — B.4(0)||2 and || B4 2. As
A in our model is a uniformly random subset of [d] of cardinality p,

Ea[1184 = BaOI] = 518 -8, Ea [18:17] = (1= Z) 1812 (136)
Finally, we obtain:
1 R
EE (D) = 5Ea [Exy [1Ba = BT O] + 18ac2 + 2] =
1 A p—n 1 242
E (”ﬂ o <max <0’ d > + g Tr{Ba [m37] }> * (137)

(-5 o) [omfes ey )

which matches expression (27).
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C.5. Evaluating train error for gradient flow

In this section, we compute the average train error for GF solution:

A 1 A
Ein(t) = Eaxy [ Z (BT (0: X y: A)| = 5-Eaxy [ly -~ XaBF 1)) - (138)

While in this paper we do not insist on the properties of the train error, the derivation itself will prove useful in C.6. This is
not surprising, as the train error is involved in modeling of diffusion matrix.

First, we look at the ’vector of train errors’; we substitute the gradient flow estimator with the solution from Eq. (119):
Y= XaBT (1) = [I = Xa X[, (1n - e # XX [y = X et XaXa15,4(0) (139)
The multiplier in the first term can be simplified utilizing Eqs. (133), (101):
I, — XX, (]In - e*%XAXIf) =1, - U A, V. VA (]Ir - e*%Aff) Ul =
=UU + U, U, —UU] +Ue #NUT =U,e »MUT 1 U,LU], = e nX4Xal; (140)
with this and the explicit form of y from Eq. (123), we obtain:

y — XaBY (1) = e #FAXAX B — Xuem W XAXABL(0) e XAKA (X e +pe) . (141)
Now, using properties of SVD of X 4, we can see that:

e HXAXUX = (U U] 1 ULUL ) U VT = UpAe 785V
(142)
XAB—%XIXAI‘/ — UTATVrT (We—%AftVr—l— + ‘/;aL ‘/;I) — UrAre_%AitVrT )

Then, the vector of train errors can be split into two terms — one depending on 34 — B 4(0), another on X 4¢3 4c + pe:

Y= XaBG (1) = UpAre #8VT (B = Ba(0)) + " 5 X4XA! (X se Bac + pre) - (143)

Now, we would like to take expectation of ||y — X 4 ,é'ff(t) ||? over X, y, or, equivalently, over X 4, X 4, €. We start with

the latter two. Again X 4¢3 4 + (1€ is zero-mean vector independent from X 4, so we can write:

~ 2 A~ T
Exae.c [y = XaBTOI2] = 1U:Ape™ #A5VT (B4 = Ba(0)) |2 + Ex pe e [Jle” #¥4%A (X eBac + pe) ] -
(144)
The first term can be reduced to:

(U A eSSy T (ﬁA B BA(O)) 2 = (5,4 B BA(O))T Ve w AN UTU A e Ay T (ﬁA - BA(O)) (145)
= (Ba- ﬁA(()))T VoAZe TV (B4 - Ba0))

To take the expectation in the second one, along the lines of Eq. (131), we use again use trace trick and the covariance of
vector X 4cB.4c + e (see Eq. (132)):

Ex e [H@_%X*‘X;t (XaeBac + pe) HQ} - TY{]EXAC’S [(XA°5AC +pe) e R XAXAY (X 4B + Me)} } -
= Tr{ef%X*‘XATt "Ex e [(XAcﬁAu + p€) (XaeBae +M€)T}} = ([1Bac® + 1?) Tr{ef%x"‘xlt} . (146)
We write this result in terms of SVD’s of matrices (noting that in fact the expectation over U is not necessary here):
Tr{e_%XAXj‘t} = Tr{Ue_%AATtUT} = Tr{e_%AATt} = Tr{e_%Aﬁt} +n—r. (147)
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All in all, we collect everything back into Eq. (144):

Ex e [y~ XaBT (07 =

= (B~ Ba0) ViAZe BNV (B Ba0)) + (18

i) (Tr{e*%"ft} tn— r) (148

Now, to average over X 4, we start with the expectation over U and V first, because the result would be convenient to
employ in section C.6. U is not present at all, and V is found only in the first term. With an application of trace trick,

Ev [(VJ (Ba—Ba0)) A2 22V (34 - BA(O))} =
— Tr{Aze—iA'itEV {VTT (ﬁA _ng(o)) (V}T (ﬁA _gA(o)))TH . (149)

We discussed distribution of the vector V' T (BA - BA(O)) in Eq. (129); then, we can see that V" (ﬂA - ﬁA( )) are

simply first 7 components of it, and, therefore, the new vector is also zero-mean with covariance matrix is - || Ba—PB4(0)]2L,.
This leads us to:

2

Bu.v e [l = XaBS O] = 184 - BaO)5 Tr{Azem 302} 4 (a4 42) (1507} 4 n—r)
(150)

At last, the whole expectation of square of train error over X, y is found to be

Exy |y = XaBELO12] = Exuixae.e [Ily = XaBF O] =

= 18 = Ba(*~ Te{En [A2e 28]}t (a4 %) (Tr{Ba [ F0H] 4 max(o.n—p) 15D

and, by taking average over feature set A (sampled as in Eq. (136)) we obtain the final expression for Eq. (138):
EdEn() = 5 (IIﬁ o7~ te{mn [AZe 307 Ly
1
+((1=2) 1817 + 12) - ( Te{Ex [ #4%] } + max (0,1 - p)) ) . (152)
d n n

C.6. Evaluating generalization error for stochastic gradient flow

Now, we would like to evaluate stochastic gradient flow test error, i.e. error for estimator BiGF(t) = BS"F (t) +y/72(t), with
z(0) = 0 and z(t) being a mean-zero Gaussian process with the covariance matrix € (t).

First of all, it is easy to see that the derivations in Eq. (122) are still valid if we replace ,é’ with ,BSGF and therefore:

S0~ B e (B

= %E.A;X,y;b []Ewnew’ynew [(y“ew (z neW) BSGF( )) ” (153)
= %EA [Ex,y, [IIﬂA Bt )||2} + (|84 |2 +u2} 7

so we can easily obtain equality from Eq. (25).

26



SGF Dynamics of Test Risk and its Exact Solution for Weak Features

Now, as we can decompose:

By (184 - BT (0)]%] = o

[(84- 6% 0) - v=to)]
= |oa= 850 - 27 (Ba- BF W) Eole] + 1B BT We0] (159

= oa—8F 0| 2wy

we can see that £5F(¢) indeed can be split into sum of test error EL, (t) of deterministic gradient flow and a term coming
from perturbation and proportional to learning rate v as in Eq. (26):

ERSF () = EED + JEax,y [T{EW)}] - (155)

Evaluation of the first term was done in Section C.4. To complete it for the second term, we refer to Eq. (21a). In our setting,
Z(B; X, y; A)= 2 |ly — X4B.4|?, and its Hessian is

2n

Ho (8 X,y; A)=V,, 0V, Z(3; X, y; A)= %XATXA € RP¥P (156)

Then, the term in Eq. (21b) in our model becomes:

F

U (t, 7 X,y;A) = T{e_ J7dsHe (B«G‘\ (t)?X’y?A) } = ’T{e*% :dSXIXA} — e w XA Xa(t-T) (157)
On the other hand, the diffusion matrix is, as stated in Eq. (22):
~ 1 ~
DB Xy A~ 5 XA XA Iy — XaBa@®)]? - (158)

This results in the following covariance matrix of the process:

t
E(t) =/ dr U (t, 7 X, y; A) (B (7); X, 4;A) U (t,7; X,y A) T
0
t
- / dr emnXAXAUTT . XA X -y = XaBT ()| - e XaXatmn (159)
n= Jo

1t X
= 7/ dr |ly — X485 (7)|12 - X[ X 4 e~ #XaXalt=)
n=Jo

As |ly — X485 (7)||? is scalar and with Eq. (101),

T { X X4 e PXAXA) el VATUTUAV T Ve IATAY T

_ Tr{ATAe_%ATA(t_T)} _ Tr{Aze—%A3<t—T)} . (160)

we obtain the following expression for trace of covariance matrix:
1 [t . a2,
TH{E ()} = — / ar [y = XAB% (7)) - Te{AZem 2AM=T ] (161)
0

Now, we would like to compute E 4. x  [Tr{%(t)}]. Expectation over X,y is the same as expectation over
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U,A,V, X 4,€, and thus, following Eq. (150),
1 ¢ )
Ex y [Tr{€(t)}] = EEA {/ d7 Eu v, x 4c.e [Hy — XAﬁjF(T)H?} 'Tr{ 2o 2AT(- T)}}
0

/Ot dr (HﬂA - ﬂAA<Q)H2% TT{AQe_%ATT}_i_

1

(18l + %) (T 3857} o = r) ) - Te{AZe RAR0 ”}]
:/‘”['B" B0 Ea [Tr{A2e #4720} b (B0 4 12)-

(Ea [m{e b m{AZem 20D o max (0,0 — p) Ea [Tr{ AZe™ 747D} ])
(162)

We avoid taking integral of time over product of traces right now as it makes further approximation complicated; however,
the term below is easy to simplify:

t
/ dr Ea {Tr{iAEe_iAﬁ(t T H Ea lz —\? / dr enXi(T= t] =
0

T

S0t (1 )| < jma [ (1) < Jma [ 4] am
i=1 i

=1

:]EA

With averaging over feature set .A sampling as in Eq. (136) and substituting as above, we get the expression:

By TEOH = 11881 [ arma [m{1az b nflaz camienl]y
+ ((1 — S) 1811? +/42) . (:L /Ot dr Ep [Tr{e‘iAzT}Tr{TlLAf . e‘iAi(t_T)H +  (164)
+ %max (O, 1-— %) Ea [Tr{]lr — e_%Ath > ,

which matches Eq. (28).

D. Asymptotic generalization error

In Appendix C, we derived precise formulas for generalization errors of GF and SGF solutions. However, to analyze these
results, we need to find expectation for several functions of A.

D.1. Reformulation with empirical distribution of eigenvalues

We consider p x p matrlx 1 - X I‘ X 4. As elements of X 4 are i.i.d. standard normal, the former matrix follows the Wishart
distribution W, ( H ) w1th n degrees of freedom. Let v(;,,,) be empirical distribution of eigenvalues of L X X 4. As
X4 = UAVT, the spectral decomposition is

1 1
~“XIX4=V (ATA> v, (165)
n n
i.e., eigenvalues are values on the diagonal of AT A. Following that, the measure V(pxn) can be defined as:
1 1.5 R
V(pxn) (A):E# SAiedlielp,, ACR. (166)
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If p < n, with probability 1, all eigenvalues are positive; {0} is a set of measure 0, and v/, ,,) is an absolutely continuous
distribution. Otherwise, it has measure 1 — 7/p.

Let ¢ : R — R be a pointwise function. For arbitrary diagonal m x m matrix D = diag(di1, ..., dmm), we define
o(D) := diag (¢(d11), - - -, (dmm)) € R™>™ . Then,

Eomniy [9(0)] = ;EEA o (32)| = 5Ea e (5a7a) }] -

— e 1o (2a2) b+ - 0] mmax (0.1-2) g0+ LEa [1de (242) ] aen

Thus, when p < n, we can express % Ea [Tr{go (%Af) }] in terms of expected value of absolutely continuous measure.
When p > n, we can repeat our line of thought for v/, ,), which is an empirical distribution of eigenvalues of n X n matrix

%X AX ). %X 4X ) also has Wishart distribution — W, (p, %]In>, — and spectral decomposition

1 1
XX, =U (AAT> Uu', (168)
p p
and obtain: ) )
_ p 2
Egmn,.,,, [p(0)] = max (o, 1— ﬁ) #(0)+ = Ex [Tk{ga (pAT> H . (169)
Now, let ¢’ : R — R be such function that Vo € R : ¢'(x) = ¢ (%x) Then, ¢’ (£A2) = ¢ (%AE), and we can write:
1 1 1 1
yen [ ()] =5 e [l ()
p n n p
p
= 2 (Egnigyyy [pl0)] —max (0,1 = 2 o(0)) (170)

TVISIS BISITIS

tinen, [gp’ (%a)} — max (0, % - 1) 0(0) .

To sum up, for ¢ : R — R, we can use the following representations:

L Ea {Tr{<p <1A72~) H = {E"N”@xm [p(o)] ) for p<n; (171)
p n

% ]ng,(nxp) [gp (EJ)] for p>n.

D.2. Asymptotic approximation with Marchenko-Pastur distribution

Unfortunately, to our knowledge, there is no explicit expression for probability density of v/(;, .,y which would be convenient
to use for analysis of generalization error of solutions for finite sizes. However, for high enough values of n, d, p we can
approximate the results asymptotically.

More precisely, as mentioned in Section 4.2, we consider n, d, p — oo such that P/n — «, 4/n — 1), where « and ¢ are
fixed positive values. As p must be less or equal than d, o < . Under these conditions, as X 4 has i.i.d. standard normal
elements, empirical distribution v, ) of eigenvalues of %X I X 4 weakly converges to well-known Marchenko-Pastur law
V.. Its measure can be written as

1-4HH1 A A 1
va(d)= L 1= 2)1OEA +pa(4), o> . ACR, (172)
where p,, is a following measure:
pal(do) = Viar —o)o—a) 1(o € [a_,a.])do, where ay = (1+ va)?. (173)

2rao
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We remark that p,, is not a probability measure when o > 1 as po(R) # 1. Likewise t0 (,xn)s V(nxp) CONverges to v, .

Then, we derive from Eq. (171) that if ¢ : R +— R is a pointwise function,

n 00, p/n—a Esev s <1
e e T

iEUN,,l/a [¢(ao)] , a>1.

Now, when o < 1,
By, [0(0)] = / 2(0) paldo), s

and when o > 1,

e (o), = 0) (o0 = () )

1 1 1
- Eoruy,, [¢ (ao)] = - / e(ao) py,(do) = - /(1/(1) o(ao) Sm0 /0 do . (176)
We can transform the latter expression; as
1y _ 1ii 2—3(1i¢a>2—1 a (177)
o), NV T T
we continue
1 ot/ V(ay —ao) (ac —a-) ¢ = ao;
S Bl = [ plan M ado = | (70
ot . —
= / (<) Vier —0 (¢ ST / ) pa(dC) . (178)
o 2ma
Combining results from Egs. (175) and (178) with Eq. (174), we can state for any « € (0, 9] that
1 1 2 n,p—o0, p/n—a
EIEA Trq e EAT ———— [ ¢(0) pa(do) . (179)

D.2.1. GRADIENT FLOW TEST ERROR

With findings above, we can give approximate estimate for GF and SGF generalization error. Starting with the former, i.e.,

Eq. (137), we can provide asymptotic limits:
p/n 1 A? oo, / -2 th
=Y ZEA T -r 7" pa(do) 180
e [rleCoY 2 5w

éTr{EA [671&’% }} = ‘w(o) = 2"
and
Tr{Ea A7 (1~ #8) " | < foto) = (-
<f> H :/iio: 0‘/ (1_Z_Ut)2 pa(do), (181)

lim EE (1) = ;(;H,@ - B (max 0, a—1)+ 04/672‘” pa(d0)> +

SRS
|
=
>
=
—
AN

which results in

n,d,p—oo

d/n—, p/n—a (182)

+((1-5) 1ae ) 1+a/“‘j_”>2pa<da>D ;
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this coincides with Eq. (29) when ||3]| = 1 and ||8 — 8°||2 — 2.

To obtain an infinite-time limit for the test error, we can see that for o # 1,

/e*%t pa(do) < e 2ot (/ pa(dg)) Lmas NI

(183)

—kot

/6 pa(do) < e kot (/ pa(d”) 2% 0, keN.
ag

g

Therefore, the first integral term of Eq. (182) will go away, and in the integral second term, we can set aside a part
independent of ¢:
2

1— —ot 1 —20t __ 2 —ot
a/ A=) Pa(do) = a/ — pa(do) —|—a/ €T pa(do) (184)
o o o
which will be the only one remaining when ¢ — +o00 and can be simplified as
1 a4 _ — a_ 1 <1 1 9 <1
a/—pa(da):a~ Vioy U)(Z )iy —a. Tar o OSh_dTa T @S (g5
o o 2rao -5, a>1. 1 a>1.
Now, as
1 =, a<l1 1
1 — d = 1-a - ’ = -— 186
+Oé/o_p04( U) {aal’ OZ>]. l—min(a,l/a)’ ( )

we retrieve a GF test error limit when ¢ — +o00:

t—+o0 n,d,p—oo o 2 —min (a, Ya
d/n—, p/n—a w ( ’ / )

lim  Jm 5&&@)1<;||ﬁﬁ°||2max<o,a1>+((1O‘) ||ﬂ||2+u2)11>.
(187)

D.2.2. STOCHASTIC GRADIENT FLOW TEST ERROR

Now, we are going to SGF, i.e., the stochastic component additive to GF error from Eq. (164). There, however, we have to
deal with expressions of form Ex [Tr{¢1 (2A2)} Tr{ps (1 A2)}] for o1, ¢ : R — R. However, for large n, p, we can
assume that the (normalized) traces concentrate so that:

o () () o o (o)1) o

5B [Tf{ A ei“?f} Tr{ La2.o-2a20-n) H
p n n

Then

20(t—7)

= ‘<p1(0 = 0e 2T py(0) := oe”

~ ;%EA Eﬁ{% (:LAg) H '%EA [Tr{tpz (iAf) H (189)

pzreo, /016*2017 pa(doy) - /02672"2“77) pa(dos) .

p/n—a
Similarly, by taking @1 (0) := e 7277, py(0) := ge 27(7) we get:
1 2 1 2 n oo
A {Tr{eiw} Tr{nA’% e H P / 2717 po(don) - / 272720 po(don) . (190)
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We can now integrate over 7 by changing order of integration:

t
iz/ dr Ea {T& e—i‘lA?T}ﬂ{1A3-e—3A3<t—T)H
P n

np—)oo / dT/Ule 2017— (dUl)/UQ@ 205 (t— 7') (d(fz)

p/n—a
t

:/01 Pa(dm)/e_%?tagpa(doz)/ dr e 2(o1=02)7 (191)
0
—2(o1—02)t __ 1

— /01 pa(dal)/e*%zt@pa(dag) ¢

—2(0’1 — 0'2)

720‘1t 720’2t
//pa (do1) pa d02)0'10'2 ,

2(o2 —01)

In the same way:

I 1 2 A2 1 2 A2
—2/ dr Ea {Tr{Af e TT} Tr{Af e T(tT)H
p n

2 [Jar [Tty [ oot
t

:/pa(dUl)/€7202t02f)a(d02)/ dr e=2(o1=02)7 (192)
0

672(01702)25 -1
:/pa(dal)/edgi’tagpa(dag) _—

—2(01 — 02)

—20’1t 6_202t
//pa do1) pa(doz) o2 .
C 2(02—01)

Finally, Ep {Tr{]lr — e n A }] can be treated as seen before in Eq. (179):

1 AE n,p—00 —20t
el (B [ o a9
p n p/n—a

1
—Ea {Tr{]lr - e_%AitH = ‘gp(a) =1—e 2!
p

Then, if we denote

Fila,t) = / / paldon)pa(dos)oras K (t o1, 09) | (194)
Fala,t) = / / pa(d0)pa(dos) o K (, 01, 72)

- %//pa(dal)pa(dag)(al +02)K(t01,0) (195)

K(t,01,00) = m , (196)
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we obtain an asymptotic result for stochastic component of SGF error:

. 1 _ . P’ 20112
dm B, [BEO) = Jm {dn 8- B0 Fy(ont)+
d/n—y, p/n—a d/n—Y, p/n—a

+ ((1 - g) 181 —|—u2> . (iZFg(a,t) + %max (0,1 — %) : %/ (1—e2) pa(da)) }

197)
o . @
—alS 18- 8P Rt + ((1-5) 18I +2)
(G ¥
1— —20t
. <a - Fy(a,t) + max (0,1 — «) - / % pa(dd)) 1 )
or, with scaling
r_2_
A S 198
2 2d 2yn’ (198)
the expression is
~ gl el g gz ECANPTENIEAS
i JE e, HE0) = 5 [ Sl B Fian) + (15 ) 1812 + 2)
d/n—y, p/n—a (199)
(1 _ 672Ut)
. oz-Fg(oz,t)—i—max(O,l—a)-/fpa(da) )
which matches Eq. (30) when ||3]| = 1 and |3 — 8°||2 — 2.
Now, we obtain infinite-time limit. With argument similar to Eq. (183), we can write for a # 1:
tilgrnoo Fi(a,t) = O’tllfﬂ“oo Fy(a,t) =0; (200)
besides, from Eq. (172) we can see:
1
/ Pa(do) = min <1, a) , (201)
and as
1
max (0,1 — @) - min <1, ) =max (0,1 — a), (202)
@
the infinite-time limit of difference between test errors of SGF and GF is:
. . v 7« a 2 2
g g JEa, @) =55 (1-2) 18 42) max 01 -a) . oy

d/n—Y, p/n—a

E. Additional numerics for the weak features model

Gradient flow — Plots for the test risk of deterministic gradient flow estimator are found in Fig. 5. Fig. 5(a) focuses on the
risk dependence on a.. One can see a limiting double descent picture (with degenerate first descent) described in (Belkin
et al., 2020). Besides, our derivations, particularly Eq. (29), also allows to see the emergence of the double descent with
time. This is illustrated by Fig. 5(b) which depicts the time evolution of the test risk for GF estimator. We observe that under
our choice of model parameters early stopping is beneficial for most values of «. The gradient descent simulations come
very close to our prediction. The discrepancy between the theoretical and empirical predictions is slightly more pronounced
for values of « close to 1, which we hypothesize to be caused by a lower rate of convergence of the empirical distribution of
eigenvalues of AZ/n to Marchenko-Pastur distribution for such ’s.
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(@) (b)

Figure 5. Plots depicting £G4, (t) for ¢ = 2.5. Solid lines represent theoretical asymptotic estimation. Markers on 5(b) represent the

results of numerical simulations of GD (averaged over 1000 different random subsets .A). Simulation parameters: d = 1000, v = 10~3;
vectors 3, B are taken at random on the unit 1000-dimensional sphere and here ||3 — Bo||* ~ 2.11

Difference between SGF and GF — We illustrate the time-evolution of the difference £59F — ESE, and its numerical
simulation counterpart £55P — £8D " as well as finite-size effects. These differences are presented in Fig. 6 as a function of
t/~ for different values of «, below and above the interpolation threshold. Note that ¢/~ can be interpreted as teh number of
iterations in gradient descent. Fig. 6(a) depicts the comparison with simulations for d = 100 and Fig. 6(b) with simulations

for d = 1000.
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(a) Simulations with d = 100 (b) Simulations with d = 1000
Figure 6. Time-evolution of £S5 — £3F, with ¢ = 2.5 for different values of . Markers represent simulations while lines represent the

theoretical predictions. The learning rate is scaled as v = 1/4. Vectors 3, 3o are taken at random on the unit d-dimensional sphere. Here
18 — Bol|*> ~ 1.78 for d = 100 and || 3 — Bo||* ~ 2.11 for d = 1000.

We note pronounced finite-size effects when comparing Figs. 6(a) (with d = 100) and Figs. 6(b) (with d = 1000), particularly
below the interpolation threshold and high values of /.

Additionally, for finite-times, we observe that the theoretical results are less accurate for times of order ¢ ~ 1 (corresponding
to roughly 1/v = d GD iterations). That is already apparent from the ‘red curve’ in Fig. 3 in the main text. To further
investigate this point, we define AEY = £5GF _ gGF and AESMUl = £56D _ £GD and compare the difference between
AEMY _ AESMUL (for the same setting as that of Fig. 6). These differences are presented in Fig. 7 for different values of
o, and with d = 100, d = 1000.

For values of o well below the interpolation threshold, the finite size effects are clearly visible in the whole time-evolution
and go away as d increases. Above the threshold, the discrepancy is more pronounced around ¢ ~ 1 and there is no clear
evidence that this is a finite size effect. It remains to be seen if better continuous time modelling (for example second order
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Figure 7. Time-evolution of the difference between the theory and simulation (d = 100, 1000 and ) = 2.5) results for A& — AESm

(defined in the text) for different values of «, below and above the interpolation threshold. The time scaling is adjusted according to the
fine size simulation: vq = 1/a.

SDE modelling) would be tractable and make the discrepancy disappear.
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