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ABSTRACT

Reconstructing dynamics using samples from sparsely time-resolved snapshots
is an important problem in both natural sciences and machine learning. Here,
we introduce a new deep learning approach for solving regularized unbalanced
optimal transport (RUOT) and inferring continuous unbalanced stochastic dy-
namics from observed snapshots. Based on the RUOT form, our method mod-
els these dynamics without requiring prior knowledge of growth and death pro-
cesses or additional information, allowing them to be learned directly from data.
Theoretically, we explore the connections between the RUOT and Schrödinger
bridge problem and discuss the key challenges and potential solutions. The ef-
fectiveness of our method is demonstrated with a synthetic gene regulatory net-
work, high-dimensional Gaussian Mixture Model, and single-cell RNA-seq data
from blood development. Compared with other methods, our approach accu-
rately identifies growth and transition patterns, eliminates false transitions, and
constructs the Waddington developmental landscape. Our code is available at:
https://github.com/zhenyiizhang/DeepRUOT.

1 INTRODUCTION

In machine learning and natural sciences, a key challenge is coupling high-dimensional distribu-
tions from observed samples, exemplified by Variational Autoencoders (VAEs) (Kingma & Welling,
2013) which map complex data to simpler latent spaces. It is also important in multi-modal anal-
ysis for integrating diverse data types (Lahat et al., 2015), particularly in biology through aligning
multi-omics data into unified cellular state representations (Cang & Zhao, 2024; Cao et al., 2022;
Demetci et al., 2022; Gao et al., 2024b). Recently, there has been growing interest in understand-
ing the dynamics of how distributions are coupled over time, such as diffusion models (Ho et al.,
2020; Sohl-Dickstein et al., 2015) and stochastic differential equations (SDEs) (Song et al., 2021).
The task is useful for interpolating paths between arbitrary distributions and learning the underlying
dynamics (De Bortoli et al., 2021; Neklyudov et al., 2023; Tong et al., 2024b; Wang et al., 2021).

Due to the destructive nature of technology, the analysis of time series data in single-cell RNA
sequencing (scRNA-seq) provides an important application scenario for the high dimensional prob-
ability distribution coupling and dynamical inference problem (Bunne et al., 2023b; 2024; Jiang &
Wan, 2024; Jiang et al., 2022; Lavenant et al., 2024; Peng et al., 2024; Schiebinger et al., 2019; Sha
et al., 2024; Tong et al., 2023; Zhang et al., 2021). Trajectory inference in scRNA-seq data have been
extensively studied (Saelens et al., 2019), and optimal transport (OT)-based methods has emerged
as a central tool for datasets with temporal resolution (Bunne et al., 2024; Klein et al., 2023a;b;
Schiebinger et al., 2019). Often, there is a need to learn the continuous dynamics of cells over time
and fit the mechanistic model that transforms the initial cell distributions into the distributions at
later temporal points. This could be solved through the dynamical formulation of OT (Benamou
& Brenier, 2000), also known as the B-B form. However, the formulation has not fully taken the
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stochastic dynamical effects into account, especially the intrinsic noise in gene expression and cell
differentiation (Zhou et al., 2021a;b), which is prevalent in biological processes on single-cell level
(Elowitz et al., 2002).

By incorporating stochastic dynamics, the Schrödinger bridge (SB) problem aims to identify the
most likely stochastic transition path between two arbitrary distributions relative to a reference
stochastic process (Léonard, 2014), and has been applied in a wide range of contexts, including
scRNA-seq analysis and generative modeling (Liu et al., 2022a; Pariset et al., 2023). Meanwhile,
recentregularized unbalanced optimal transport (RUOT) offers a promising approach for mod-
eling both stochastic unbalanced continuous dynamics (Baradat & Lavenant, 2021; Buze & Duong,
2023; Chen et al., 2022b; Janati et al., 2020), which can be viewed as an unbalanced relaxation of the
dynamic formulation of Schrödinger bridge problem. However, computational methods for learn-
ing RUOT or such high-dimensional unbalanced stochastic dynamics from snapshots are relatively
lacking, especially when there is no prior knowledge of unbalanced effect.

Here we develop a new deep learning method (DeepRUOT) for learning general RUOT and inferring
continuous unbalanced stochastic dynamics from samples based on the derived Fisher regularization
form without requiring prior knowledge. We demonstrate the effectiveness of DeepRUOT on both
synthetic and real-world datasets. Compared to the common SB method, our approach accurately
identi�es growth and transition patterns, eliminates false transitions, and constructs the Waddington
developmental landscape of scRNA-seq data. Overall, our main contributions can be summarized
as follows:

• We reformulate RUOT with a Fisher regularization form and explore the connections be-
tween RUOT and unbalanced SB. The formulation transforms the SDE into the ordinary
differential equation (ODE), which is computationally more tractable.

• We propose DeepRUOT, the neural network algorithm for learning high dimensional un-
balanced stochastic dynamics from snapshots. Through the neural network modeling for
growth and death, our framework does not require prior knowledge of these processes.

• We validate the effectiveness of DeepRUOT on both synthetic data and real scRNA-seq
datasets, showing its promising performance compared with existing approaches.

2 RELATED WORKS

Deep Learning Solver for Dynamical OT To tackle the dynamical OT (i.e. B-B form) in high
dimensions, many methods (Albergo & Vanden-Eijnden, 2023; Cheng et al., 2024a;b; Chow et al.,
2020; Gao et al., 2024a; Huguet et al., 2022; Jiao et al., 2024b; Jin et al., 2024; Lipman et al., 2023;
Liu et al., 2021; 2022b; 2023b; Pooladian et al., 2024; Ruthotto et al., 2020; Tong et al., 2020; 2024a;
Wan et al., 2023; Wu et al., 2023; Zhang et al., 2024a) have been developed based on continuous
normalizing �ow and neural ODE formulation either in original or latent space. To account for sink
and source terms in unnormalized distributions, (Peng et al., 2024; Sha et al., 2024; Tong et al.,
2023) formulated the neural-network based solver in the unbalanced dynamical OT setup. However,
the appropriate formulation along with an effective deep learning solver tosimultaneously account
for unbalanced term and stochastic effectsin dynamical OT remains largely lacking.

Computational Methods for Schrödinger Bridge Problem Many methods have recently been
developed to solve the static SB problem (Chizat et al., 2022; De Bortoli et al., 2021; Gu et al., 2024;
Lavenant et al., 2024; Liu et al., 2022a; Pariset et al., 2023; Pooladian & Niles-Weed, 2024; Shi et al.,
2024; Ventre et al., 2023). To tackle the dynamical Schrödinger Bridge, methods based on neural
SDE solver, neural ODE solver with �sher information regularization or �ow matching (Albergo
et al., 2023; Bunne et al., 2023a; Chen et al., 2022a; Jiao et al., 2024a; Koshizuka & Sato, 2023;
Liu et al., 2023a; Maddu et al., 2024; Neklyudov et al., 2023; 2024; Tong et al., 2024b; Wang et al.,
2021; Zhang et al., 2024b; Zhou et al., 2024a;b) have been proposed. However, these methods either
fail to account forunnormalized distributions resulting from cell growth and death, or require
prior knowledge of the processes (growth/death rate) (Chizat et al., 2022; Lavenant et al., 2024;
Pariset et al., 2023; Schiebinger et al., 2019) or additional information (e.g.cell lineage) (Ventre
et al., 2023).
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Study of RUOT The RUOT has recently formulated (Chen et al., 2022b), also known as unbal-
anced Schr̈odinger Bridge. The existing studies are mostly focused onthe theoretical side. For
instance, (Janati et al., 2020) derived a closed-form formula for entropic OT between unbalanced
Gaussian measures. (Baradat & Lavenant, 2021) investigates relations between RUOT with branch-
ing Schr̈odinger bridge. (Buze & Duong, 2023) investigates different formulations of the problem.

3 PRELIMINARIES AND BACKGROUNDS

In this section, we provide an overview of stochastic effects and unbalanced forms within the dy-
namical framework. Speci�cally, considering only stochastic effects leads to the Schrödinger bridge
problem (Section 3.1), whereas addressing solely the unbalanced aspect results in unbalanced dy-
namic optimal transport (Section 3.2). By integrating these two perspectives, we motivate the for-
mulation of the Regularized Unbalanced Optimal Transport (RUOT) framework.

3.1 STOCHASTIC EFFECT: SCHRÖDINGER BRIDGE PROBLEM

The Schr̈odinger bridge problem aims to identify the most likely evolution between a given initial
distribution� 0 and a terminal distribution� 1 (assumed to have density in this paper), relative to a
given reference stochastic process. Formally, this problem can be formulated as the minimization of
the Kullback-Leibler (KL) divergence in the optimal control perspective (Dai Pra, 1991) as below:

min
� X

0 = � 0 ; � X
1 = � 1

DKL

�
� X

[0;1]k� Y
[0;1]

�
; (1)

where� X
[0;1] denotes the probability measure induced by stochastic processX t (0 � t � 1) de�ned

on the space of all continuous pathsC([0; 1]; Rd), with the distribution ofX t at given timet charac-
terized by the measure� X

t with density functionp(x ; t). In this work, we considerX t the stochastic
process characterized by the following stochastic differential equation (SDE):

dX t = b(X t ; t) dt + � (X t ; t) dW t ; (2)

and the reference measure� Y
[0;1] is chosen as the probability measure induced by the processdY t =

� (Y t ; t)dW t , whereW t 2 Rd is the standard multidimensional Brownian motion de�ned on
a probability space(
 ; F ; P) with P the Wiener measure for the coordinate processW t (! ) =
! (t), and� (x ; t) 2 Rd� d is the diffusion matrix which is typically assumed as bounded, coercive
and invertible. Under this formulation, the solution to Eq. (1) is also referred to as thediffusion
Schr̈odinger bridge. The diffusion Schr̈odinger bridge also possesses a dynamic formulation, which
can be formally stated as the following theorem.

Theorem 3.1. Consider the diffusion Schrödinger bridge problem (1) where� Y
[0;1] the reference

measure induced bydY t = � (Y t ; t)dW t . Then (1) is equivalent to

inf
(p;b)

Z 1

0

Z

Rd

�
1
2

bT (x ; t)a � 1(x ; t)b(x ; t)
�

p(x ; t)dx dt; (3)

where the in�mum is taken over all function pairs(p;b) such thatp(�; 0) = � 0, p(�; 1) = � 1, p(x ; t)
absolutely continuous, and

@t p(x ; t) = �r x � (p(x ; t)b(x ; t)) +
1
2

r 2
x : (a(x ; t)p(x ; t)) ; (4)

wherer 2
x : (a(x ; t)p(x ; t)) =

P
ij @ij (aij p) and a(x ; t) = � (x ; t)� T (x ; t), coupled with van-

ishing boundary condition: lim
j x j!1

p(x ; t) = 0 .

This theorem or its variants have been stated and proven in various forms, such as in (Chen et al.,
2016; Dai Pra, 1991; Gentil et al., 2017). Here, we provide a simple direct proof for illustration
in Appendix D.1. We note that in this dynamic formulation, it accounts for the stochastic aspects
but does not incorporate unbalanced effects. As we will discuss below, RUOT can be motivated by
incorporating unbalanced effects in the dynamic formulation of SB.

3



Published as a conference paper at ICLR 2025

3.2 UNBALANCED EFFECT: UNBALANCED DYNAMIC OPTIMAL TRANSPORT

The optimal transport problem has been extensively studied in various �elds. Given two prob-
ability distributions � 2 Rn

+ and � 2 Rm
+ , its primary goal is to �nd the optimal cou-

pling � 2 Rn � m
+ to transport a given distribution of mass (or resources) from one location

to another while minimizing the cost associated with the transportation. The static optimal
transport problem can be mathematically formulated asmin � 2 � ( � ;� ) h� ; ci , where� (� ; � ) =�

� 2 Rn � m
+ : � 1m = � ; � T 1n = � ; � � 0

	
: The cost matrixc 2 Rn � m de�nes the transporta-

tion cost between each pair of points, wherecij := c(x i ; y j ) represents the cost of moving a unit
mass from pointx i to pointy j . We refer to (Peyŕe et al., 2019) for more details. Next we brie�y
state some well-known results on the dynamical formulation of the OT.

Dynamical Optimal Transport The formulation is also known as the Benamou-Brenier formula-
tion (Benamou & Brenier, 2000), which can be stated as follows:

W (� 0; � 1) = inf
(p(x ;t ) ;b(x ;t ))

Z 1

0

Z

Rd

1
2

kb(x ; t)k2
2p(x ; t)dx dt;

s.t. @t p + r � (b(x ; t)p) = 0 ; pjt =0 = � 0; pjt =1 = � 1:

Compared to SB, in OT the distributions are connected by deterministic transport equation instead
of diffusion. It can be shown that this dynamical formulation corresponds to a static Kantorovich's
optimal transport problem with cost functionc(x ; y ) = kx � yk2

2.

Regularized Optimal Transport The regularized optimal transport is de�ned by a dynamical
form of the general Schrödinger bridge by taking diffusion rate as constant and scaled by� 2 in (3):

W (� 0; � 1) = inf
(p(x ;t ) ;b(x ;t ))

Z 1

0

Z

Rd

1
2

kb(x ; t)k2
2p(x ; t)dx dt;

s.t. @t p + r � (b(x ; t)p) �
� 2

2
� p = 0 ; pjt =0 = � 0; pjt =1 = � 1;

It can be demonstrated that as� 2 approaches zero, the solution to this problem converges to that of
the Benamou-Brenier problem (Mikami & Thieullen, 2008). And it is equivalent to the SB problem
(Baradat & Lavenant, 2021; Gentil et al., 2017; Léonard, 2014).

Unbalanced Dynamic Optimal Transport To account for unnormalized marginal distributions
and effects such as growth and death, an unbalanced optimal transport problem with Wasser-
stein–Fisher–Rao (WFR) metric has been proposed (Chizat et al., 2018a;b) or its extensions (Gangbo
et al., 2019). Here we adopt the WFR unbalanced optimal transport:

W (� 0; � 1) = inf
(p(x ;t ) ;b(x ;t ) ;g(x ;t ))

Z 1

0

Z

Rd

�
1
2

kb(x ; t)k2
2 + � jg(x ; t)j22

�
p(x ; t)dx dt;

s.t. @t p + r � (b(x ; t)p) = g(x ; t)p; pjt =0 = � 0; pjt =1 = � 1:

Hereg(x ; t) is a scalar function that denotes the growth or death rate of particles at the statex and
time t, and is also optimized in the total energy term.� is the hyperparameter of weight. We should
also note that in this case,� 0 and� 1 are not necessarily the normalized probability densities, but are
generally densities of masses.

4 REGULARIZED UNBALANCED OPTIMAL TRANSPORT

To simplify the notation and illustrate a commonly used setting, we take a special case considering
a(x ; t) = � 2(t)I , and the general case is left to Appendix D.4 for further discussions. Inspired by
unbalanced dynamic optimal transport, the dynamical formulation Theorem 3.1 suggests a natural
approach to relaxing the mass conservation constraint by introducing a growth/death termgpin Eq.
(4) as@t p = �r x � (pb)+ 1

2 r 2
x :

�
� 2(t)I p

�
+ gp:Meanwhile, we also de�ne a loss functional in Eq.

(5) which incorporates the growth penalization and Wasserstein metric considered in Eq. (3) (with
a rescaling by� 2(t)). We refer to this formulation as theregularized unbalanced optimal transport.
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De�nition 4.1 (Regularized unbalanced optimal transport). Consider

inf
(p;b;g)

Z 1

0

Z

Rd

1
2

kb(x ; t)k2
2 p(x ; t)dx dt +

Z 1

0

Z

Rd
� 	 ( g(x ; t)) p(x ; t)dx dt; (5)

where	 : R ! [0; + 1 ] corresponds to the growth penalty function, the in�mum is taken over all
pairs (p;b; g) such thatp(�; 0) = � 0; p(�; 1) = � 1; p(x ; t) absolutely continuous, and

@t p = �r x � (pb) +
1
2

r 2
x :

�
� 2(t)I p

�
+ gp (6)

with vanishing boundary condition:lim
j x j!1

p(x ; t) = 0 .

Note that in the de�nition if	( g) = + 1 unlessg = 0 and	(0) = 0 , then it impliesg(x ; t) = 0
and the RUOT degenerates to theregularized optimal transportproblem. If � (t) ! 0 and
	 ( g(x ; t)) = jg(x ; t)j2, this degenerates to theunbalanced dynamic optimal transportwith WFR
metrics. Meanwhile when� (t) is constant, it coincides with the de�nition of RUOT provided in
(Baradat & Lavenant, 2021). Then, we can reformulate De�nition 4.1 with the following Fisher
information regularization.

Theorem 4.1. The regularized unbalanced optimal transport problem(5) is equivalent to

inf
(p;v ;g)

Z 1

0

Z

Rd

�
1
2

kvk2
2 +

� 4(t)
8

kr x logpk2
2 �

� 2(t)
2

(1 + log p) g �
1
2

d� 2(t)
dt

logp + � 	 ( g)
�

pdx dt;

(7)
where the in�mum is taken over all triplets(p;v; g) such thatp(�; 0) = � 0; p(�; 1) = � 1; p(x ; t)
absolutely continuous, and

@t p = �r x � (pv(x ; t)) + g(x ; t)p (8)

with vanishing boundary condition:lim
j x j!1

p(x ; t) = 0 .

Here v(x ; t) represents a new vector �eld. The proof is left to Appendix D.2. In (Baradat &
Lavenant, 2021), they proposed another Fisher regularization form of RUOT, expressed in the for-
mula Eq. (15). In their formulation, computing the cross termhr x logp; � 2(t)v i required calcu-
lating the derivative of the functionlogp with respect tox and performing vector multiplications
with v. The formulation here is equivalent to theirs but more computationally tractable, as we avoid
differentiation and vector multiplication in our cross-term.

Remark 4.1. Wheng = 0 , 	(0) = 0 and� (t) is constant, then Eq. (7) is the same as the dynamic
entropy-regularized optimal transport form as discussed in (Bunne et al., 2023a; Gentil et al., 2017;
Léger & Li, 2021; Li et al., 2020; Neklyudov et al., 2024; Pooladian & Niles-Weed, 2024).

Remark 4.2. The termI (p) =
R

Rd kr x logp(x ; t)k2
2p(x ; t)dx in Eq. (7) is referred to as theFisher

information. Notably, when considering growth/death factors, Eq. (7) includes not only the Fisher-
Rao metric but also an additional cross-term

R
Rd � 1

2 � 2(t) (1 + log p(x ; t)) g(x ; t)p(x ; t)dx :

Remark 4.3. From the Fokker-Plank equation and the proof of Theorem 4.1, the original SDE
dX t = ( b (X t ; t)) d t + � (t) dW t can be transformed into the probability �ow ODE

dX t =
�

b (X t ; t) �
1
2

� 2(t)r x logp(X t ; t)
�

| {z }
v (X t ;t )

dt:

Conversely, if the probability �ow ODE's driftv(x ; t), the diffusion rate� (t) and thescore function
r x logp(x ; t) are known, then the the drift termb(x ; t) of the SDE can be determined byb(x ; t) =
v(x ; t) + 1

2 � 2(t)r x logp(x ; t): Thus, to specify an SDE is equivalent to specifying the probability
�ow ODE and the corresponding score functionr x logp(x ; t) (Tong et al., 2024b).

In (Buze & Duong, 2023), the authors de�ned a RUOT problem with nonlinear Fokker-Planck
equation constraints. In Appendix D.3, we show that the proposed form is indeed consistent
with the RUOT de�ned here when� (t) is constant and	 ( g(x ; t)) takes the quadratic form (i.e.,
	 ( g(x ; t)) = jg(x ; t)j22). We then explore the connections between RUOT and SB problem in
Appendix E.
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5 LEARNING RUOT THROUGH NEURAL NETWORKS

Given unnormalized distributions atT discrete time points,X i � � i for �xed timepoints i 2
f 0; : : : ; T � 1g, we aim to learn continuous stochastic dynamics satisfying the RUOT from data.
Similarly, to simplify the exposition and illustrate a commonly used case, we consider De�ni-
tion 4.1 with the stochastic dynamicsdX t = b(X t ; t) dt + � (t) dW t : As previously discussed,
we approach this by transforming the problem into learning the driftv(x ; t) of the probability ODE
and its score function12 � 2(t)r x logp(x ; t) in Theorem 4.1. We parameterizev(x ; t), g(x ; t), and
1
2 � 2(t) log p(x ; t) using neural networksv � ; g� ands� respectively (Fig. 1). To solve Theorem 4.1,
the overall loss is composed of energy loss, reconstruction loss, and the Fokker-Planck constraint:

L = L Energy+ � r L Recons+ � f L FP: (9)

TheL Energy loss promotes the least action of kinetic energy Eq. (7). The reconstruction lossL Recons
promotes the dynamics to match data distribution at later time point (i.e.p(�; 1) = � 1), and theL FP
promotes the three parameterized neural network to satisfy Fokker-Planck constraints Eq. (8).

5.1 ENERGY LOSS

To compute the integral in Eq. (7), the direct calculation is infeasible due to the high dimensionality.
Thus, we need to transform it into an equivalent form that can be evaluated using Monte Carlo
methods. Adopting the approach in (Sha et al., 2024) (see Appendix A.4), Eq. (7) is equivalent to
the following form

L Energy = Ex 0 � p0

Z T

0

�
1
2

kv � k2
2 +

1
2

kr x s� k2
2 �

�
� 2(t)

2
+ s�

�
g� �

(� 2(t))0

� 2(t)
s� + � 	 ( g� )

�
w� (t)dt;

(10)
wherew� (t) = e

Rt
0 g� (x ( t ) ;s)d s andx (t) satisfydx =dt = v(x ; t)dt. We compute through Monte

Carlo sampling and a Neural ODE solver.

5.2 RECONSTRUCTIONLOSS

Figure 1: Overview of DeepRUOT.

The reconstruction loss aims to match the �nal dis-
tribution in Theorem 4.1 (i.e.,p(�; 1) = � 1). Many
works use the balanced optimal transport to evalu-
ate the distance between two distributions. However
due to the unnormalized effect, here we aim to use
the unbalanced optimal transport instead. To realize
this we need to tackle two parts:

L Recons= � m L Mass+ � dL OT (11)

where� m and � d are hyperparameters. The mass
matching lossL Masspromotes to align the number of
cells. We then normalize the distributions according
to the matched masses. TheL OT uses these weights
to perform optimal transport matching.

For L Mass, we propose a local mass matching strategy. We denoteA i (i = 0 ; 1; � � � T � 1) as
the dataset observed at different time points, and de�ne� v

� : Rd � T ! RdjT j as the trajec-
tory mapping function of the Neural ODEdx =dt = v � , which inputs a given starting point as
the initial condition and outputs the observed particle coordinates atT following ODE dynam-
ics, with T being a set of time indices. Starting with an initial setA0, the Neural ODE function
� v

� predicts the subsequent sets of data points over the time indices inT . Speci�cally, the pre-
dicted setsbA1; : : : ; bAT � 1 are obtained by applying the Neural ODE function toA0 and the full
range of time indices from1 to T � 1, i.e., bA1; : : : ; bAT � 1 = � v

� (A0; f 1; : : : ; T � 1g) : Simi-
larly, we de�ne � g

� : R � T ! RjT j as the particle weight mapping function of the Neural ODE
d logwi (t)=dt = g� (x i (t); t), which inputs a given weight of particlei as the initial condition and
outputs the sampled weights atT following ODE dynamics. For simplicity of notation in algo-
rithm description Algorithm 1, we also usew(A) to denote the set of weights of particles in set
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A. Assume the sample sizeN0 at the initial time point, with the relative total masses at subse-
quent time points denoted asnt k = Nk =N0 for k = 0 ; 1; � � � ; T � 1. Along the trajectory, each
sampled particlei has a weightwi (t) with the initial conditionwi (0) = 1 =N0. We then estab-
lish a mappinghk from points at timetk to the sampled particles (total numberN0) predicted at
time tk , which links the real data points inAk to its closest point in sampled particles atbAk , i.e.,
hk : Ak ! bAk ; hk (x t k ) = argminy 2 bA k

kx t k � yk2
2: The mass matching error at timetk is then

de�ned asM k =
P N 0

i =1






 wi (tk ) � card

�
h� 1

k (x i (tk ))
�

1
N 0








2

2
: Here card(A) denotes the cardinal-

ity (i.e., number of elements for the �nite set) of setA. This error metric ensures the matching of
local masses. So theL Mass =

P T � 1
k=1 M k Furthermore, whenM t = 0 , we have

P N 0
i =1 wi (tk ) =

P N 0
i =1 card

�
h� 1

t (x i (tk ))
�

=N0 = Nk =N0 = nt k : So the local matching loss also encourages the
matching of total mass, since the left-hand side is the unbiased estimator of

R
Rd p(y ; tk )dy . Once

we have determined the weightswi (t), we utilize these weights to perform optimal transport match-
ing of the distributionsL OT :=

P T � 1
k=1 W2

�
ŵ k ; w (tk )

�
; whereŵ k = (1 =Nk ; 1=Nk ; :::; 1=Nk ) is

the uniform distribution ofAk at timet, w (tk ) = ( w1(tk ); w2(tk ); :::; wN 0 (tk ))=
P N 0

i =1 wi (tk ) is
the predicted weight distribution of sample particles at timetk andW2 represents the Wasserstein
distance betweenAk and bAk with normalized distribution de�ned bŷw k andw(tk ).

5.3 FOKKER-PLANCK CONSTRAINT AND TWO STAGE TRAINING

In addition to the energy loss de�ned in Eq. (10) and the reconstruction loss de�ned in Eq. (11), it
is necessary to incorporate a physics-informed loss (PINN-loss) (Raissi et al., 2019) to constrain the
relationships among the three neural networks, i.e., the Fokker-Planck constraint Eq. (8). Here we
utilize a Gaussian mixture model to estimate the initial distribution (Appendix A.3), ensuring that it
satis�es the initial conditionsp0, and the PINN-loss is de�ned as

L FP = k@t p� + r x � (p� v � ) � g� p� k + � w kp� (x ; 0) � p0k ; (12)

wherep� = exp 2
� 2 s� . Therefore, the total loss function (9) is de�ned as the weighted sum of

the energy, the reconstruction error and the Fokker-Planck loss with the loss weights as hyper-
parameters. This allows us to develop a neural network algorithm for solving the RUOT problem
(Algorithm 1 and Appendix A.1).

We adopt a two-stage training approach to deal with multiple loss terms and stabilize the training
process. For the pre-training stage, initially, we use reconstruction loss only to trainv � andg� ,
ensuring a required matching as the initial value. Subsequently, we �xv � andg� and employ �ow-
matching to learn an initial and well-optimized log density function (s� (x ; t)). Speci�cally, it is
conducted by conditional �ow matching (Lipman et al., 2023; Tong et al., 2024a;b) (Appendix A.2).
As part of this pre-training stage, we incorporate a hyperparameter scheduling strategy to further
enhance stability (Appendix C.2). Based on these warmup steps in the pre-training stage, in the
training stage, we use the obtainedv � , g� , and the optimized log density function as the starting
point, then get the �nal result by minimizing the total loss (9). In summary, by integrating all the
methodologies, we derive the Algorithm 1 for training the regularized unbalanced optimal transport
(Appendices A.2 and C.3). We discuss the loss weighting strategy and settings in Appendix C.2.

6 NUMERICAL RESULTS

This section evaluates the DeepRUOT solver's ability to recover growth and transitions accurately
and produce realistic stochastic dynamics for constructing a Waddington's developmental landscape.
We take	 ( g(x ; t)) = jg(x ; t)j22 and� (t) is constant in the following computations.

Synthetic Gene Regulatory Network Inspired by (Sha et al., 2024), we adopt the same three-gene
simulation model (Appendix B.1) to explore the stochastic dynamics of gene regulation, as illus-
trated in Fig. 2(a). The resulting gene regulatory and cellular dynamics are illustrated in Fig. 2(b),
(c), where a quiescent region and an area exhibiting both transition and growth can be observed.
We focus on the projection of these dynamics onto the two-dimensional space of(X 1; X 2) since
on X 3 it remains quiescent. In Fig. 2(d-e), we compare DeepRUOT with the balanced diffusion
Schr̈odinger bridge method as described in (Tong et al., 2024b). We �nd that neglecting the growth
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Algorithm 1 Training Regularized Unbalanced Optimal Transport
Require: DatasetsA0; : : : ; AT � 1, batch sizeN , maximum ode iterationnode, maximum log density

iterationnlog-density, initialized ODEv � , growthg� and log densitys�
Ensure: Trained neural ODEv � , growth functiong� and log density functions� .
1: Pre-Training Stage:
2: for i = 1 to node do . Distribution Reconstruction training
3: for t = 0 to T � 2 do
4: bA t +1  � v

�

�
bA t ; t + 1

�
, w( bA t +1 )  � g

�

�
w( bA t ); t + 1

�
.

5: L Recons L Recons+ � m M t + � dW2
�
ŵ t ; w (t)

�
(11), updatev � andg� w.r.t. L Recons

with hyperparameter scheduling (Appendix C.2).
6: for t = 0 to T � 2 do
7: bA t +1  � v

�

�
bA t ; t + 1

�
. Generating samples from learnedv � .

8: for i = 1 to nlog-densitydo . CFM Score matching (Tong et al., 2024b)
9: (x 0; x 1) � q(x 0; x 1); t � U (0; 1); x � p(x ; t j (x 0; x 1)) at generated datasets

bA0; � � � ; bAT � 1, L score  k � s(t)r x s� (x ; t) + � 1k2
2 (13) , updates� w.r.t. the lossL score

10: Training Stage:
11: for i = 1 to node do
12: Estimate the initial distribution through Gaussian Mixture Model (Appendix A.3).
13: for t = 0 to T � 2 do
14: bA t +1  � v

�

�
bA t ; t + 1

�
, w( bA t +1 )  � g

�

�
w( bA t ); t + 1

�

15: L Energy  Ex t � pt

Rt +1
t

h
1
2 kv � k2

2 + 1
2 kr x s� k2

2 �
�

� 2

2 + s�

�
g� � ( � 2 ( t )) 0

� 2 ( t ) s� + � 	 ( g� )
i

w(z)dz

16: L Recons L Recons+ � m M t + � dW2
�
ŵ t ; w (t)

�
(11)

17: L FP  k @t p� + r x � (p� v � (x ; t)) � g� (x ; t)p� k + � w kp� (x ; 0) � p0k (12)
18: L  L Energy+ � r L Recons+ � f L FP (9) , updatev � , g� ands� w.r.t. L

in the balanced diffusion Schrödinger bridge leads to a false transition, incorrectly attracting cells
in the quiescent state to the transition and growth region. The underlying reason is that the growth
factor causes an increase in the number of cells. If the growth factor is ignored, the regions with
increasing cell numbers will attract cells to transition into them to maintain balance. Our approach,
which explicitly incorporates growth dynamics, indeed eliminates false transitions and yields results
consistent with the ground truth dynamics Fig. 2(b). Furthermore, the growth rates inferred by Deep-
RUOT (Fig. 2(f)) closely match the ground truth after normalization, demonstrating the robustness
and accuracy of the DeepRUOT solver (Fig. 2(c)). In Table 1, we present quantitative metrics (W1
andW2, Appendix C.1) to evaluate the performance of our proposed algorithm in comparison with
several representative baseline methods (Balanced OT, Balanced SB, Unbalanced OT, Unbalanced
Action Matching (AM), Unbalanced SB). The results demonstrate that DeepRUOT is quantitatively
more accurate than the competing methods. Furthermore, we observe that our algorithm can bene-
�t from the incorporation of stochasticity, outperforming the solver without diffusion (Unbalanced
OT). We include the detail ablation studies in Appendix B.5.

Table 1: Wasserstein distance (W1 andW2) of predictions at different points across �ve runs on
gene regulatory data (Appendix C.1). We show the mean value with one standard deviation.

t = 1 t = 2 t = 3 t = 4

Model W1 W2 W1 W2 W1 W2 W1 W2

MIOFlow (Huguet et al., 2022) 0:098� 0:000 0:113� 0:000 0:250� 0:000 0:295� 0:000 0:421� 0:000 0:536� 0:000 0:614� 0:000 0:802� 0:000
SF2M (Tong et al., 2024b) 0:174� 0:010 0:303� 0:023 0:430� 0:027 0:719� 0:032 0:686� 0:054 1:050� 0:047 0:871� 0:072 1:242� 0:065
Unbalanced SB (Pariset et al., 2023)0:729� 0:009 0:846� 0:012 0:747� 0:009 0:823� 0:012 0:612� 0:012 0:725� 0:018 0:572� 0:029 0:944� 0:031
uAM (Neklyudov et al., 2023) 0:448� 0:000 0:495� 0:000 0:650� 0:000 0:691� 0:000 0:661� 0:000 0:749� 0:000 0:672� 0:000 0:864� 0:000
Unbalanced OT (Sha et al., 2024) 0:047� 0:000 0:060� 0:000 0:059� 0:000 0:088� 0:000 0:073� 0:000 0:084� 0:000 0:107� 0:000 0:124� 0:000
DeepRUOT (ours) 0:044 � 0:001 0:058 � 0:001 0:056 � 0:002 0:084 � 0:002 0:071 � 0:002 0:083 � 0:002 0:104 � 0:001 0:121 � 0:000

Learning Waddington Developmental Landscape In biophysics, Waddington's landscape
metaphor is a well-known model for representing the cell fate decision process. Constructing such
a potential landscape has been widely studied (Bian et al., 2023; 2024; Li & Wang, 2013; 2014;
Shi et al., 2022; Wang et al., 2010; Zhao et al., 2024; Zhou & Li, 2016; Zhou et al., 2024c;d),
however, it still remains a challenging problem in the single-cell omics data. The energy landscape
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Figure 2: (a) Illustration of the synthetic gene regulatory dynamics. (b) The ground truth cellular
dynamics project on(X 1; X 2). (c) The ground truth growth rates. (d) The dynamics learned by
balanced Schrödinger bridge (SF2M (Tong et al., 2024b),� = 0 :25). (e) The dynamics learned by
our DeepRUOT solver (� = 0 :25). (f) The growth rates inferred by our DeepRUOT solver. (g) The
Waddington developmental landscape learned att = 1 . (h) The constructed landscape att = 4 .

is de�ned by U = � � 2 logpss=2 wherepss is the steady-state PDF satisfying the Fokker-Planck
equation�r � (pssb) + � 2

2 � pss = gpss. In this work, leveraging our model, we can naturally in-
fer the time-varying potential energy landscape through the learned log density function, and use
� � 2(t) log p(x ; t)=2 to represent the landscape at timet. The lower energy function indicates more
stable cell fates in the landscape. In Fig. 2(g-h), we can observe the temporal evolution of the poten-
tial landscape in the synthetic gene regulation system. The quiescent cells always occupy a potential
well, indicating its stability. Interestingly, the location of potential wells belonging to the transitional
cell population is moving in a consistent direction with ground truth cell-state transition dynamics.
Overall, the results suggest the accuracy and usefulness of DeepRUOT algorithm.

Synthetic Gaussian Mixtures Inspired by (Ruthotto et al., 2020), we employed a high-
dimensional Gaussian mixture model to evaluate the scalability of DeepRUOT. Initially, we gen-
erated a 10-dimensional Gaussian mixture distribution. The initial density is represented as a Gaus-
sian mixture derived from the average of two Gaussians, with their projections onto the(x1; x2)
plane depicted in Appendix B.2. The �nal density is also modeled as a mixture of three Gaussians,
with its projection onto(x1; x2) planes. Fig. 5 (Appendix B.2) demonstrates that our model effec-
tively incorporates growth while learning the stochastic dynamics that transition from the initial to
the target distribution. We observe that the cells in the upper region exhibit proliferation without
transport. If the true cell dynamics indeed follow this pattern, models that neglect the growth fac-
tor, such as conventional balanced methods, would fail to capture these dynamics. Conversely, if
the true dynamics involve transport from the lower to the upper cells, our model can still recover
such dynamics, provided more detailed temporal resolution data is available. This highlights the
robustness of our approach in capturing complex dynamical behaviors involving both growth and
transport. Similarly, we visualized the energy landscapes at the initial and �nal time points Fig. 5
(Appendix B.2). The results reveal that the cells ultimately differentiate into three distinct fate states.

Real Single-Cell Population Dynamics Next, we evaluate our algorithm on a real scRNA-seq
dataset. We use the same dataset as in (Sha et al., 2024; Weinreb et al., 2020), which involves
mouse hematopoiesis analyzed by using a lineage tracing technique. After batch correction across
different experiments, the data was projected onto 2D reduced-dimension force-directed layouts
(SPRING plots). A clear bifurcation is observed where early-stage progenitor cells differentiate into
two distinct fates (Fig. 3(a)). Using the RUOT-based approach, we learn the underlying stochastic
dynamics of the data, along with the growth rates and developmental landscape at different times
(Fig. 3(b),(c),(d)). We similarly evaluated quantitative metrics to compare our method with several
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