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Abstract

Pre-training has become a fundamental paradigm in modern machine learning, with one
of its key empirical benefits being reduced downstream sample complexity as the scale of
pre-training data increases. In this paper, we introduce complexity minimization, a novel
meta-representation learning framework designed to enable theoretical analysis of this scaling
behavior. Our end-to-end theoretical analysis proves that an explicitly constructed algorithm
within this framework achieves a downstream convergence rate whose exponent improves
with pre-training data size, providing a rigorous proof of achievability for scaling-law-type
behavior. Empirically, we demonstrate that incorporating complexity regularization into
existing meta-learning methods consistently improves downstream sample efficiency.

1. Introduction

Pre-training, encompassing self-supervised learning, representation learning, and meta-
learning, is now a fundamental component of modern machine learning, as demonstrated
by the recent success of foundation models, large models pre-trained on massive datasets.
Applications include natural language processing [17, 23], computer vision and vision—
language modeling [45, 68], robotics [16], and biomedicine [41, 75].

The theoretical study of pre-training, including analyses for few-shot learning [26], in-
context learning [7, 44, 50|, and meta-learning [1, 13, 22, 24, 38, 89|, has revealed the
advantage of pre-training in terms of the sample complexity of the downstream learning task.
For example, Du et al. [26] showed that the existence of a common linear representation
shared across source and downstream tasks yields a reduction in sample complexity. Pre-
training has also been shown to reduce downstream sample complexity in in-context learning
under generalized linear models [7], nonparametric regression models [44], and a hypothesis
class with bounded algorithmic stability [50]. Furthermore, many researchers have shown
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that the meta-learning algorithms provably reduce the downstream sample complexity [1,
13, 22, 24, 38, 89].

These results, however, are inconsistent with the empirical phenomenon known as the
scaling law, first introduced by Kaplan et al. [42]. The data scaling law for pre-trained
models, in particular, shows that pre-training on more data leads to better error rate of the
downstream learning task [31, 56]. The aforementioned theoretical results cannot explain
this empirical finding, since the downstream error rates they establish are independent of
the pre-training data size.

Recently, Fukuchi et al. [28] has provided a theoretical framework that can explain the
data scaling law for pre-trained models. Their framework, caulking, adapts the pre-trained
model to the downstream task by inserting an adapter, as in parameter-efficient fine-tuning
(PEFT) methods. Their analysis establishes that training the pre-trained model so that the
complexity of the adapter decreases as the pre-training data size grows provably reduces the
sample complexity of the downstream task.

However, their results lack an end-to-end analysis from pre-training to downstream
learning, leaving unclear the training strategy that achieves the data scaling law. Developing
a pre-training algorithm that provably achieves the data scaling law is important not only for
the theoretical understanding of recent advances in foundation models, but also for guiding
the practical development of pre-trained models.

Our contributions The main contribution of this paper is a meta-representation learning
algorithm together with its theoretical analysis, proving the achievability of the data scaling
law. Our contributions are summarized as follows:

e We propose complexity minimization, a novel meta representation learning framework
that selects a feature extractor by minimizing the worst-case best model complexity
across observed source domains. The best model complexity serves as a proxy for the
convergence rate of the downstream excess error: for instance, when the underlying
regression function is sparse, the sparsity level governs the downstream convergence rate,
so minimizing it directly reduces downstream sample complexity.

o To instantiate complexity minimization, we construct a novel estimator of the best model
complexity using Lepski’s method [49], a principled adaptive model selection procedure
that identifies the optimal complexity level from a sample without prior knowledge of the
underlying complexity parameters.

o We provide an end-to-end theoretical analysis spanning meta-training through downstream
learning and prove that the downstream convergence rate of our explicitly constructed
algorithm improves with pre-training sample size.

Theorem 1 (informal) Let m and n be the meta-learning and downstream sample
sizes, respectively, 5* > 0 is the ideal downstream convergence exponent, and v > 0 is a
constant. Under some assumptions, there exist the meta-learning and downstream-learning
algorithms such that the downstream excess error achieves the rate

(n/Inp)~ A +O"7m) (1)

The exponent in Eq. (1) approaches f* as m — 0o, meaning the downstream error decays
faster with n as the meta-training sample size grows, which is the same behavior as the
data scaling law.
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Figure 1: Conceptual diagram of complexity minimization.

e We empirically verify that adding a norm-based complexity regularizer to standard meta-
learning algorithms consistently improves downstream sample efficiency across multiple
baselines and datasets.

2. Problem Formulation

Notation For a positive integer m, let [m] = {1,...,m}. We write P and IE for probability
and expectation. For a measurable function f: X — R and a random variable X taking
values in X', we define || f||zr(x) = (E[|f(X)[P])V/P for p € [1, 00).

Meta representation learning problem Consider a representation learning problem
with samples from multiple domains. Let P* be the set of all pairs (X,Y’) of random
variables, where X € X C R% is a feature and Y € R is an outcome. Throughout, we
assume E[Y'|X] € [0, 1] almost surely. Let P C P* denote the subset of feature-outcome
pairs associated with all domains of interest, and let 8 C 27" be the collection of all possible
realizations of P. The learner knows P* but not P. Let (XM, YW, ... (X(P) yP))cp
be the feature-outcome pairs for D observed domains, drawn i.i.d. from a distribution over P.
The learner observes m i.i.d. copies of each (X(d), Y(d)), denoted (Xl(d)7 Yl(d‘))7 e (X,(#), Yn(ld)).
The goal is to learn a feature extractor ¢: X — RP that minimizes the sample complexity
of learning a regressor of the form f o ¢ for some f: RP — [0, 1] from an additional sample
drawn from some (X,Y’) € P, which we refer to as the downstream learning task.

Downstream regression problem In the downstream task, the learner receives an
additional sample from some (X,Y) € P and a pre-trained feature extractor ¢: X — RP,
and finds a head function f: RP — [0, 1] such that f o ¢ is an accurate regressor for (X,Y).
Let (X1,Y7),...,(Xn, Ys) be n ii.d. copies of (X,Y). The quality of f is measured by the
expected squared error

Eo(f3 X, Y) = E[((f 0 6)(X) = V)°].

Equivalently, f minimizes the excess error E4(f; X,Y) = ||[fo ¢ — E[Y|X]H%2(X), where
E[Y|X] is the Bayes optimal regressor for (X,Y). Let f, denote the head function learned
from the sample. The sample complexity of the downstream task is characterized by the
rate at which Ey(fn; X,Y) decreases as n grows.

3. Complexity Minimization

We propose complexity minimization (Fig. 1), a meta-representation learning framework
following the meta-learner/base-learner architecture of existing approaches [24, 27, 36, 89].
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The meta-learner maintains the feature extractor ¢ as its meta-parameter (Fig. 1 top); each
base-learner is associated with one observed domain and evaluates ¢ by a domain-specific
criterion (Fig. 1 bottom). Many existing meta-learning algorithms, including MAML [27],
instantiate this criterion as the downstream regression error.

Our key departure is to replace the regression error with the best model complexity of the
head function, which serves as a proxy for the convergence rate of the downstream excess
error. Formally, let F; be a sequence of increasing classes of head functions f: RP — [0, 1],
indexed by a complexity parameter J € N, where model complexity (e.g., the number of
non-zero weights) increases with J. Letting f, ; denote the head function learned over F
from a downstream sample of size n, the best model complexity for domain d under ¢ is

J;E(d)(qb) = arg min E_1¢(fn’J; X(d), Y(d)).
JeN
When, for instance, the head function is truly sparse, the minimal sufficient sparsity level
governs the downstream convergence rate; a smaller best model complexity therefore implies
faster downstream learning.
The meta-learner collects these criteria from every base-learner and selects ¢ to minimize
the worst-case value across all observed domains:

: t(d)
min max Iy (#), (2)

where @ is a class of feature extractors. Because JJL(d)(qb) depends on the unknown down-
stream distribution, it must be estimated from pre-training samples in practice. This
estimation step is precisely what connects complexity minimization to the data scaling law:
larger pre-training samples yield more accurate complexity estimates, resulting in a smaller
selected model complexity and therefore a faster downstream convergence rate across all
domains in P.

4. Provable Data Scaling Laws via Complexity Minimization

In this section, we provide an overview of our meta-learning algorithm that achieves the rate
in Thm. 1. The detailed assumptions, main theorem, and construction of the meta-learning
and downstream learning algorithms are left to Appendix C.

Meta-learning algorithm To instantiate the complexity minimization framework, we
need to estimate the best model complexity J,Tn(d) (¢) using the pre-training samples. As
mentioned in the introduction, we leverage Lepski’s method [49] to accomplish this esti-
mation. Lepski’s method is a model selection procedure that identifies the optimal model
complexity adaptively, without knowledge of the underlying complexity parameters. Given
an intermediate feature extractor ¢, the best model complexity of the head function appended
to ¢ serves as a proxy for ,Trfd) (¢); we denote this estimate by jy(,fl )(qb).

We construct the feature extractor ¢ based on Eq. (2) while utilizing the estimated best

model complexity jr(ﬁl )(¢). Specifically, the learned feature extractor gg is obtained as

5 = arg min max .J (@ .
¢ %@b de[g] (@)
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Figure 2: Regularizing model complexity (parameter spectral norms) improves
downstream sample efficiency as the pre-training episodes m increase.
Test error rate on CIFAR-10 (log scale) vs. training set size (log scale) for four
meta-learning algorithms trained on Mini-ImageNet in the 5-way 1-shot setting.

Minimizing the worst case ensures that ngS simultaneously reduces the estimated downstream
complexity across all observed domains, yielding a feature extractor whose downstream
performance generalizes uniformly over P.

Downstream algorithm Given the learned feature extractor q@ produced by the meta-
learning algorithm, the learner observes the downstream sample and applies Lepski’s method
to select the model complexity. The resulting regressor automatically inherits the downstream
convergence rate determined by ngS

5. Experiments

We empirically validate complexity minimization by adding a complexity regularization term
to meta-learning algorithms. Four representative meta-learning algorithms are adopted,
which are discussed in Appendix A: first- and second-order MAML [27], Prototypical
Networks [77], and R2-D2 [12]. The meta losses of these algorithms are augmented with a
spectral norm-based regularizer on the model parameters.

Fig. 2 reports the downstream test error rates on CIFAR-10 [47] for a Conv-4 CNN
model with the pre-training sample episode size m. Its feature extractor is pre-trained with
each meta-learning algorithm on Mini-ImageNet [70] in the 5-way 1-shot setting and then
finetuned on a subset CIFAR-10 training dataset with size n. Regularizing the spectral
norm of the parameters as a measure of model complexity yields a clear improvement in
downstream performance as the number of pre-training episodes m increases. Together,
these algorithm-agnostic results provide empirical support for our theoretical claims.

6. Conclusion

We introduced a novel meta-representation learning framework and proved that an explicitly
constructed algorithm within it achieves a downstream convergence rate whose exponent
improves with pre-training sample size, providing a rigorous proof of achievability for
scaling-law-type behavior in meta-learning.
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Appendix A. Related Work

In this section, we briefly review prior works closely related to our study. A more compre-
hensive literature survey is provided in Appendix F.

Meta-Learning Methodologies Meta-learning aims to acquire a learning procedure that
can rapidly adapt to unseen tasks from limited samples by exploiting experiences from a
collection of past tasks drawn from a task distribution [37, 86]. A standard taxonomy divides
meta-learning methods into metric-based, optimization-based, and model-based approaches.
Metric-based methods classify queries by proximity, attention, or comparison in an
embedding space. Representative examples include Matching Networks, which introduced
one-shot classification via attention over a support set and formalized episodic training [85];
Prototypical Networks, which classify queries by distances to class-wise mean embeddings
and provide a clear view of meta-representation learning [77]; and Relation Networks, which
learn the comparison function itself using a neural network [79]. Optimization-based
methods learn an initialization, update rule, or inner-loop adaptation mechanism such that
a few optimization steps on a new task yield strong performance. MAML established a
model-agnostic framework based on inner-loop gradient descent and outer-loop optimization
of post-adaptation performance [27]. Meta-SGD further learns the initialization, update
directions, and learning rates [51]. R2-D2 replaces iterative inner-loop adaptation with
a differentiable closed-form ridge-regression base learner on top of learned embeddings,
occupying an intermediate position between metric-based classifiers and gradient-based
adaptation methods [12]. Model-based methods implement adaptation within the network
architecture itself, using memory, hypernetworks, or learned optimizers. Memory-Augmented
Neural Networks use external memory for rapid one/few-shot adaptation [72], while learning-
to-learn approaches such as Optimization as a Model learn update rules using recurrent
architectures [4, 34, 70]. SNAIL further combines temporal convolutions and attention as a
general-purpose meta-learner across supervised and reinforcement learning domains [57].

Meta-Representation Learning: Sharing Representations Across Tasks Meta-
learning is closely related to transfer learning, since both transfer information from previous
tasks to unseen ones [66]. Representation learning motivates the acquisition of shared latent
features that facilitate learning across tasks [11], and meta-representation learning specializes
such shared representations for few-shot task adaptation with statistical and computational
efficiency. Classically, Baxter’s inductive bias learning model formalized meta-generalization
as learning a good hypothesis space from multiple tasks sampled from a task environment [9)].
Subsequent work on Multi-Task Representation Learning established generalization bounds
showing the benefit of learning low-dimensional dictionaries or feature maps shared across
tasks [53, 54]. More recent theory studies sample-efficient estimation and transfer of shared
low-dimensional linear representations across linear regression tasks [84], as well as the role
of overparameterization in enabling few-shot adaptation with large-scale models [78].

Learning Theory of (Deep) Meta-Learning Learning theory for meta-learning must
handle a dual-sampling structure: tasks are sampled from a task distribution, and data
points are sampled within each task [9, 37]. Recent studies typically decompose excess
risk into statistical estimation, optimization, and approximation errors, often through
the meta-generalization gap between the expected risk on unseen tasks and the empirical
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meta-objective [71, 87]. This line of work has clarified how representation sharing and the
number of inner-loop adaptation steps affect sample efficiency and stability [18, 38]. Several
theoretical frameworks have been developed. Algorithmic stability, including meta-stability
for both inner and outer loops, yields realistic bounds for gradient-based and non-convex
meta-learning algorithms [15, 87]. PAC-Bayes theory introduces hierarchical meta-priors
and task-specific posteriors to obtain bounds depending on both the number of tasks and
within-task sample size [3, 67, 71]. Information-theoretic analyses bound generalization via
mutual information between algorithm outputs and data [20]. Uniform convergence remains
a classical approach, but its bounds are often loose for deep learning and meta-learning,
motivating the recent shift toward data-dependent analyses [58]. Crucially, these results
may not explain the data scaling law for pre-training, as their error rates with respect to
the downstream sample size are independent of the pre-training sample size.

Appendix B. Additional Notations and Remark

Additional notations For sequences a, and b,, we write a, < b, (resp. a, 2 by) if
an < Cby, (resp. a, > Cb,,) for some C' > 0 and all n; a,, =< b, means both hold. For a
vector x € R? and a function f: X — R, we write ||z||, for the P-norm and || f||.» for the
LP-norm. For a set A endowed with a metric p and € > 0, N(e, A, p) denotes the e-covering

number of A; for A endowed with a norm || - ||, we write N(e, A, || - ||) = N(e, 4, pj.|) where
o, y) = llz =yl
Remark for P* and P

Remark 2 (Intuition behind P* and P) The distinction between P* and P is central
to characterizing the conditions for successful meta representation learning. We assume
that a single common feature representation performs well for all domains in P, so that
obtaining such a representation minimizes the sample complexity of the downstream task.
In other words, P shares a common feature representation, whereas P* encompasses all
possible feature-outcome distributions over a variety of representations. Since the learner
does not know P, they do not know this common representation either. Identifying P from
pre-training data is therefore valuable for reducing downstream sample complezity.

Appendix C. Provable Scaling Laws via Complexity Minimization

In this section, we present a concrete instantiation of the complexity minimization framework
and establish scaling-law-type convergence rates for the resulting algorithm.

Downstream rate We employ a specific characterization of the downstream error rate
E¢( fn,7; X,Y) to build the concrete algorithm. Specifically, the downstream error is
characterized by two quantities: the approximation error and the Minkowski—Bouligand
dimension. This characterization is applicable to deep neural network based estima-
tors [19, 30, 39, 46, 63, 74, 80] and hence covers modern machine learning algorithms.

We first introduce these two quantities and then present the characterization on the
downstream error. Given ¢ € ® and (X,Y) € P*, the approximation error of the regression
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function under ¢ is
N _— 1 ]E Y X 2 .
JlJ(QZ)a;()) ) fIJnel]__nJ”fJO¢ [ | ]||L2(X)

The Minkowski-Bouligand dimension of a set S with respect to a norm || - || is defined as
In N(e, S, || )
In(1/€)
Building from these definitions, we have the following theorem.
Theorem 3 (Based on Hayakawa and Suzuki [30], Schmidt-Hieber [74]) Fiz(X,Y) €
P* and ¢ € ®. Let Fj be a sequence of increasing classes of functions f : RP — [0,1] such

that dvs(Fr; ||l o) < J for any J € N. Then, there is a learning algorithm f, j such that
with high probability,

dyg (S5 [|-]]) = lim sup
e—0

E¢(fn,J§X7Y)S,AJ(¢;X’Y)+Jh,rll(n)' 3)

The convergence rate induced from Thm. 3 is determined by the decreasing rate of the
approximation error as J grows. For example, if A;(¢;X,Y) < J~2¢ for some a > 0,
then the convergence rate is < (n/Inn)~2%/Cotl) with J =< (n/Inn)Y/ e+t derived by
optimizing the right hand side of Eq. (3) for J. As the choice of J depends on the unknown
parameter «, we refer to this rate as the oracle rate.

Ideal downstream rate We introduce the ideal decreasing rate of the downstream error.
In our analysis, we focus only on the polynomial decreasing rate of A;.

Assumption 1 (Polynomial decreasing rate of A;) There exists a functional a(¢; X,Y) €
(0,00) for (X,Y) € P* and ¢ € ® such that Ay(¢; X,Y) = J~20&XY) - Additionally, there
exists a constant & < oo such that a(¢; X,Y) < & for any ¢ € © and (X,Y) € P*.

We write 8(¢; X,Y) = 2a(¢; X,Y)/(2a(¢; X,Y) + 1) and B = 2a/(2a + 1). From Thm. 3,
Ey(fn.7; X,Y) < (n/Inn)~P&XY) with appropriately chosen J for fixed ¢ and (X,Y) € P.
The ideal convergence exponent for a given P € B is therefore

5 =sup inf : X)Y).
Bp d)eg (va)epﬁ(fb )

Technical assumptions For our main theorem, we need several technical assumptions.
First, we introduce an assumption about the complexity of the class of feature extractors, .

Assumption 2 (Complexity of ®) There exist Sy > 0 with fo + 3 < 1 and v € (0, 1]
such that for any P € B, for all m > 1,

S NV, ®,py) < mlm/mm,
Je[m]:J< 2

—lInm

and

InN(In™7"m,®, pgp) SInm,
where pj(¢,¢') = supser, [|f 0o ¢ — fo¢|lLe and psp(¢,¢') = supx yyep |B(d; X,Y) —
B¢ X, Y)I.
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Asm. 2 requires that two types of metric entropy conditions on ® hold simultaneously.
Constructing concrete families ® satisfying Asm. 2 is an important open problem.
Next, we introduce an assumption about the distribution over the domains.

Assumption 3 (Uniform domain sampling) For each P € B, (X,Y) € P is dis-
tributed by the domain distribution. There exists v > 0 such that for any § > 0 and
any ¢ € @, the domain-distributed (X', Y") satisfies |8(¢; X,Y) — B(d; X', Y")| < § with
probability at least C§” for some universal constant C' > 0.

Since the learner observes samples from only finitely many domains, these domains must
collectively represent all of P for the meta-learned representation to generalize. Asm. 3
imposes a near-uniform condition on the domain distribution, ensuring that the observed
domains approximately cover P in terms of 8 when D is sufficiently large.

Lastly, we introduce a mild assumption about the noise in Y.

Assumption 4 (Sub-gaussian noise) For any (X,Y) € P*, conditioned on X, Y —
E[Y|X] is sub-gaussian with variance prozy at most o; namely, for all X € R, Elexp(A(Y —
E[Y|X])|X] < /2 almost surely.

Asm. 4 is a standard assumption employed in a broad literature [19, 30, 39, 46, 63, 74, 80].

Main result We present our main theoretical result, exhibiting meta-learning and down-
stream algorithms that provably achieve scaling-law-type convergence rates.

Theorem 4 (Main theorem) Assume asm. 1 to j. There exist a meta-learning algorithm
and a downstream learning algorithm such that, if In'™7m < D and In D < Inm, then with
probability at least 1 — O(m~1) — O(n™1),

n >—ﬁ;+0(m%7n)

The error rate in Thm. 4 is consistent with the data scaling law: the rate at which the
downstream error decreases in n improves as the meta-learning sample size m grows. To
the best of our knowledge, this is the first end-to-end theoretical analysis proving the
achievability of such scaling-law-type rates in meta-learning. We stress that our result
establishes achievability via an explicitly constructed algorithm under specific assumptions,
rather than providing an explanation of why the data scaling law holds for standard pre-
training in practice. The proof constructs concrete meta-learning and downstream algorithms
and establishes that both achieve the rate stated in Thm. 4. The analyses of our meta-learning
and downstream algorithms for proving Thm. 4 are found in Appendix D.

C.1. Base-learner

Our meta-learning algorithm consists of interacting base-learner and meta-learner as de-
scribed in Section 3, and in this subsection, we describe the concrete construction of the
base-learner. In the complexity minimization framework, the base-learner assesses the best
model complexity ib(d)(qb). Because this quantity depends on the unknown downstream
distribution, each base-learner must estimate it from pre-training samples. Our idea in
estimating the best model complexity is to employ Lepski’s method [49], which selects the

model complexity adaptively without knowledge of the underlying complexity parameters.
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Lepski’s method Lepski’s method [49] is a powerful tool for adaptive model selection in
nonparametric statistics and can automatically find the optimal model complexity from a
sample without prior knowledge of the underlying complexity parameters. For example, it
builds estimators for nonparametric regression within smooth function classes such as Holder,
Sobolev, and Besov spaces, achieving convergence rates determined by the smoothness
parameter without prior knowledge of it [48, 49].

We now instantiate the Lepski method using the oracle rate from Thm. 3 with fixed ¢
and (X,Y) € P*. The idea is to estimate A;(¢; X,Y") and select J so that the estimated

Ay and the term %(")

where f;‘,l X6, 15 an arbitrary one if the tie occurs. We omit the first and second subscripts

to denote f} if (X,Y) and ¢ are clear from the context. Then, the algorithm selects J
following Lepski’s rule, defined as

T@iX.Y) = minfJ € ) s < 7' < 1[50 6= fi0 e < Vo b (@)

where V,, ; = Jlr;(") is referred to as a variance term or a majorant, and p > 0 is a constant

chosen as specified in the analyses. The intuition behind Lepski’s rule is that if f7 sufficiently
approximates the regression function, then increasing J does not significantly deviate f7 up

to the variance.

are balanced. Let f;‘,‘ X.6.7 be the best regressor in F; such that

2
Fixos oo —EVIX]|, o

— mi —ElY|X]|?
firéljrflJHfJOQS YIXT72(x)

Empirical estimation The base-learner for domain d estimates the Lepski rule value
T (6, X9 YD) from Eq. (4) as a proxy for the best model complexity J,Tl(d)(qb) from Eq. (2).
For each J, a sieved least-squares estimator is computed, yielding the regressor

m

£ = angmin - Y- (50 0)(X) - ¥,

foer; M4

Then, the estimated complexity is obtained as

7(d) () — m . P M
J Y () —mm{JE [m] :VJ < J < o’
1 & a R 2
(U o (X) 00 (X)) < Vo |
=1

C.2. Meta-learner

The meta-learner collects the estimated complexity .J (@) (¢) from all D base-learners and
selects ¢ to minimize the worst-case estimated complexity, forming the empirical counterpart
of Eq. (2). Specifically, the estimated feature extractor is defined as

~

= i JD (). 5
¢ arg min max (¢) (5)

Minimizing the worst case ensures that ¢3 simultaneously reduces the estimated downstream
complexity across all observed domains, yielding a feature extractor whose downstream
performance generalizes uniformly over P.
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C.3. Downstream Algorithm

At the downstream time, we again apply Lepski’s method to construct the learned regressor.
Specifically, define

n

for = argmin = 3" ((£708)(X) Vi) .

foeF; M i=1
Then, the complexity is estimated as

A

1 N A ~ 2
Jn = min{J € [n] VJ < J, < L, ﬁ <(fn,J o ¢>(Xz) — (fn“]/ o ¢)(Xz)) < an,J’}-
Consequently, the learned regressor is given by fn = fn R

Appendix D. Analyses

Additional notations We fix a common probability space (€2, F,u) and identify all
random variables with measurable maps on it. For a random variable X : Q — R, we set
1X |, = (B[ X[P)YP for p € [1,00) and || X||ee = inf{C > 0 : P[|X| < C] = 1}. For a
measurable function f: X — R and a random variable X on X, we set || f|| Lo (x) = inf{C >
0:P[|f(X)] < C]=1}. For a set A, |A| denotes its cardinality; 1 denotes the indicator
function. For real values a,b, define a V b = max{a,b} and a A b = min{a, b}.

We write oy = supyeq inf(x yyep a(¢; X, Y), ap(¢) = inf(x y)ep a($; X, V), and Bp(¢) =
inf xyyep B(¢: X, Y).

Given a function h : X — R and k € N, define the empirical LP(X) norm of h for
p € [1,00) and a random variable X € X by

Hhng(X) = %th(Xi)y

where Xi,..., X are i.i.d. copies of X. Given two random variables X,Y € R and k € N,
we use the empirical inner product and the empirical LP norm of X for p € [1, 00| defined as

k k
1 1
(X.Y) = 1 XY and X7, = 1Y XY,

i=1 i=1
where (X1,Y1),..., (X, Yy) are i.i.d. copies of (X,Y). Let

2

Biy(@:X.Y) = |f50 6 = £ 0 0ltaix) amd Bup(: X.Y) = || froo—frodl, .

where we refer to these quantities as bias terms. Given a feature extractor ¢ and k € N, the
ideal and empirical best complexities are defined as

Ji(@) = sup Ji(¢;X,Y) and Ji(¢) = max Ji(¢; XD, V(D).
(X,Y)eP de[D]
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Here, Ji.(¢; X,Y) (two arguments) denotes the empirical Lepski complexity for a specific
domain (X,Y) and sample size k, as in Thm. 7, while J;(¢) (one argument) is its worst-case
value over the observed domains. The ideal feature extractor ¢* is such that J% (¢*) =
infycq J;i, (¢) and the estimated extractor ¢ satisfies J,,(¢) = minged Jm (), consistent with
Eq. (5). We define the empirical counterpart of f3*’| X.p.J B8

k
Frieps = mgmin 1Y ((f5 0 6)(X:) — V)

JEF i=1

where (X1,Y1),..., (X, Yy) are i.i.d. copies of (X,Y’). We also omit the first and second

subscripts in fY‘X7¢7k7J if (X,Y) and ¢ are clear from the context.

Meta-learning and downstream learning analyses We analyze the proposed meta-
learning and downstream learning algorithms and reveal the performance guarantees. Specif-
ically, we show the following two theorems corresponding to meta-learning and downstream
learning, respectively.

Theorem 5 (Meta-learning performance guarantee) Assume asm. 1 to 4. Suppose
that n*™ ' m < D and InD < Inm. For any P € B, the feature extractor ¢ in Eq. (5)
satisfies that there exists a constant C > 0 such that with probability at least 1 — O(m™1),

Bp(3) > B3 — ——

In?"m’
Theorem 6 (Downstream learning performance guarantee) Let P € P be targeted
distribution. Suppose that the learned feature extractor ¢ is independent of the downstream
sample. Assume Asm. 1. Then, the learned regressor f, in Appendiz C.3 satisfies that with
probability at least 1 —n~1,

Ey(fa) < (n/In)~P#@).

Combining Thm. 5 and Thm. 6 immediately leads to the main theorem Thm. 4.

To prove thm. 5 and 6, we first derive an error bound on the best complexity estimator
J,n, with a fixed feature extractor ¢ in Appendix D.1. Then, we extend it to the learned
feature extractor qg in Appendix D.3. Building from these analyses, we prove thm. 5 and 6
in Appendix D.4 by appropriately handling the effect of finite observation of domains.

D.1. Best Complexity Estimation with Fixed Feature Extractor and
Distribution

In this subsection, we analyze the best complexity estimator jm(qb; X,Y) with a fixed feature
extractor ¢ and a fixed distribution (X,Y") € P. Specifically, we prove the following theorem.

Theorem 7 Fir ¢ and (X,Y) € P. Suppose that Aj(¢; X,Y) < J~2 for some a > 0.
Assume Asm. 4. If p > 0 is a sufficiently large constant, there exist constants ¢,C > 0 such
that with probability at least 1 — m~(m/ lnm)l/(2a+l)),

or equivalently, jm(¢; X,Y) = (m/Inm)t/@at1),
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Thm. 7 states that while the learner does not use the unknown parameter o in the complexity
estimation, the resulting best complexity estimator jm(gzﬁ; X,Y) is equivalent to the ideal
complexity depending on a up to multiplicative constants.

The key ingredient to prove Thm. 7 is the upper and lower bounds on B J,¢ via the
approximation error A;(¢; X,Y).

Theorem 8 Fiz ¢, (X,Y) € P, and J,J' € [m] such that J' > J. Assume Asm. 4. Then,
with probability at least 1 — e~ ¢,

~ t
By X,Y) S A XY )+ Vi + pong

Moreover, with probability at least 1 — e™?,

~ t
By X,Y) 2 Aj(¢; X,Y) = Ap(9; X, Y ) — Vi g — g

Thm. 8 shows that the empirical bias term B 7,0 is characterized dominantly by the approxi-
mation error Ay for a small complexity J. In particular, when A; =< J~2%, the empirical
comparison B 7. between regressors at complexity levels J and J' faithfully reflects the
underlying approximation structure: it is large when A is large (meaning complexity J
is insufficient) and small when Ay <V}, ; (meaning the Lepski stopping criterion is met).
This fidelity is what enables the Lepski method to identify the optimal complexity from
data without prior knowledge of «.
We also use the following property of the approximation error.

Lemma 9 For fized ¢ and (X,Y) € P, assume Aj(¢; X,Y) < J 2% for some o € (0, 00).
Then, we have

Aj = Vm,J* -~ (m/ lnm)—2o¢/(2a+1) and J* = (m/ h”n)l/(Qoz—i-l)7
where J* = J} (¢; X,Y).

Lem. 9 states that J* achieves the ideal complexity of (m/Inm)"/ (o) and A« and V;, s«
are equivalent up to multiplicative constants.

Now, we prove Thm. 7.
Proof [Proof of Thm. 7] Let J* = J%(¢; X,Y), J = Jn(¢; X,Y), Byy = Byp(6; X,Y),
and Ay = A;(¢; X,Y). Applying the union bound over J, J' € [m] into Thm. 8 gives that
with probability at least 1 — e~ for all J, J" € [m] where J' > J,

~ t
Biy SAr+ Vi + — (6)

and

A t
Brpz2Ar—Apy =V gy — p (7)

where we use lnﬁm S Ving S Vin,yr. Let & be this event; hence, P{&} > 1 —e".
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Upper bound. Let Jy, € [m] such that CJ* > Jy, > CJ* — 1 for some C' > 1. Suppose
that & occurs. Assume that J > Jup. Then, J,, must fail the empirical Lepski condition;
hence, for some J' > Jup, we have

Bopsr > pVin,sr-
By Eq. (6), there exist constants C,Cy > 0 such that

t
PVin,gr < C1(Agyy + Vi) + 02%-
By Lem. 9, we have
Asy T Age S Vg < Vi

Hence, there are constants C7,Co > 0 such that
Cat
— > (p—C1)Vr,
m
where the sufficiently large p ensures p — C1 > 0. The above inequality is contradicting if
m(p — C1) Vi, s
Cy ’

<

For such t, J < Jy, under the event &. Choosing t = Inm - k(m/Inm)Vy, s« for k =
(p — C1)/Cy yields the contradictory t. Consequently, with probability at least P{&} >
1-— m_“(m/lnm)vm»J*, we have J < Jyp, < CJ*.

Lower bound. Let Ji, € [m] such that ¢J* +1 > Jj, > ¢J* for some ¢ € (0,1). Suppose
that & occurs. Assume that J < Ji,. Then, since J satisfies the empirical Lepski condition,
we have

A

Bj7J* S mev‘]*'
By Eq. (7), there exist constants C, Cy, C3 > 0 such that
Cst
PVin,gx > C1A; — Co(Ags + Ving) — %

By the assumption of A; =< J 2% and Lem. 9, we have
A; 22 Age 2 ¢ Vo e,
and Ay S Vi, . Hence, there exist constants C1, Ca, C3 > 0 such that

% Z (Clc—2a — CQ — p)VmJ*.

A sufficiently small ¢ ensures Cic=2* — Cy — p > 0. The above inequality is contradicting if
L < m(Crc™2% — Cy — P)Vm,J*.
< s
For such ¢, J > J,, under the event &. Choosing t = Inm - k(m/Inm)Vy, j~ for K =
(C1e72® — Oy — p)/C3 yields the contradictory t. Consequently, with probability at least
P{&} > 1 —m r/mm)Vin e wwe have J > Jy, > eJ*.
By Lem. 9, we have (m/Ilnm)V,, j« 2 (m/Inm)Y e+ which gives the claim. [ |
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D.2. Bias Analysis with Fixed Feature Extractor

In this subsection, we investigate the empirical bias term B 7,0+ to prove Thm. 8. To derive
bounds on B 7,J¢, we first derive the error upper and lower bounds on the sieved least-square

estimator fy, ;.
Sieved least-squares estimator

Lemma 10 Fiz ¢, J, and (X,Y) € P. Assume Asm. 4. Then, there erists universal
constants c1,ca > 0 such that for any n € (0,1), with probability at least 1 — 3e™¢,

HfJ °0¢— E[Y|X]‘

2
<
L2,(x) =

1ffn<2m~+nwax¢;ny>

2 2
net ) 1 2v20c;  60%  5(1+n) t
+ (2\/21n(2)001 + g )m + <lnl/2(2) + s + P

Lemma 11 Fix ¢, J, and (X,Y) € P. Assume Asm. 4. Then, there exists universal

constants c1,ca > 0 such that with probability at least 1 — e ¢,

602coJ Inm
+ - -
nm

2
L2,(X

2coJInm  3c2 2t
3m 2m?2  3m’

fro6—ElY|X] > Layeixy) -
) 4

Remark 12 Lem. 10 implies that, with probability at least 1 — e~ ¢,

Hf"o‘ﬁ_EmX]‘ SAJ(¢;X7Y)+Vm7]+%.

2
L3,(X)

Also, Lem. 11 implies that, with probability at least 1 — e~ !,

t

[iroo—BYIX|[], 2 A6 XY)~ Vs -

2
L7 (X)

Now, we prove Thm. 8.
Proof [Proof of Thm. 8] For shorthands, let By = By y(¢; X,Y) and Ay = A;(¢; X,Y).
By the triangle and reverse triangle inequalities, we have

2
o)

o+ [Fmr o0~ EYIX)

- Hfm,J' 0¢— E[Y\X]’

< By <

(Hfm.] °¢— E[Y’X]’

L3, (X)

L%<X>)2' (®)

([[#ms 06~ EIV1x]

2
Lm

We now prove the upper and lower bounds separately.
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Upper bound Application of Lem. 10 to both terms on the right-hand side of Eq. (8)
yields that with probability at least 1 — 2e~?,

HfmJ o¢— E[Y|X]H;n(x) <Ay + Vg + %
Hfm,J/ °0p— E[Y|X]Hi$n()() <Ayt Vg + %

Noting that Ay is decreasing in J, V;, ; is increasing in J, and V;,, ; 2 %, we have with
probability at least 1 — e,

~ t
BJyJ/SJAJ—FVm’J/—i—*.
m

Lower bound Respectively applying Lem. 11 and Lem. 10 to the first and second terms
on the left-hand side of Eq. (8) gives that with probability at least 1 — 2e™¢,

Hfm,J o¢p— E[Y|X]‘ ;n(X) >Ay— Vg — %
Hfm,J/ o¢— E[Y|X]‘ i%,,(X) <Ay + Vg + %

Again, using the facts that Ay is decreasing in J, V;, s is increasing in J, and V,,, j 2 %, we
have with probability at least 1 — e™¢,

~ t
Bry 2 A=Ay =V p— —.
m

D.3. Best Complexity Estimator with Learned Feature Extractor

In this subsection, we prove Thm. 5. To this end, we extend Thm. 7 for the learned feature
extractor ¢. Specifically, we prove the following theorem.

Theorem 13 Fiz (X,Y) € P. Let q@ be the learned feature extractor depending on the
pre-training samples. Assume asm. 1 and 2. If p > 0 is a sufficiently large constant,
there exist constants ¢,C > 0 such that for some € > 0, with probability at least 1 —

ZJ,J’E[W]:J/ZJ N(Vm,Ja (I)a PJ)N(VmJ’, (D7 le)m—Q((m/ lnm)l/(2a+1>)}
eI (3 X,Y) < Jin(6; X, Y) and Jin (63 X, Y) < CJT5 (45 X, Y),

or equivalently, Jp(¢; X,Y) = (m/In m)l/(2a(<f3;X7Y)+1)'

Thm. 13 is an analogy of Thm. 7 with learned ®.
Following the analyses with the fixed ¢ case, we derive bounds on the bias terms with ¢
to prove Thm. 13.
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Theorem 14 Fiz ¢, (X,Y) € P, and J,J' € [m] such that J' > J. Let ¢ be the learned
feature extractor depending on the pre-training samples. Assume asm. 2 and 4. Then, with
probability at least 1 — N (Vi 7, @, pg)N Vin,r, @, pyr)e ™,

~ N N t
By X,Y) S A XY )+ Vi + g

Moreover, with probability at least 1 — N (Vy 7, @, pg)N (Vi gy, @, pyr)e,

N ~ ~ ~ t
By X,Y) 2 Aj(0:; X,Y) = Ap(: X,Y) = Vi — pg

Based on Thm. 14, we prove Thm. 13.
Proof [Proof of Thm. 13] We invoke the same proof of Thm. 7 except leveraging Thm. 14
and choosing ¢ as

t=Inm - k(m/Inm)/CatD),

where & is an appropriate constant leading to the contradictory ¢. Noting that m/Inm > 1,
such a choice of ¢ gives contradictory ¢ for any ¢ and (X,Y) € P*. [ |

D.4. Meta-Learning and Downstream Learning Analyses

Now, we prove Thm. 5.
Proof [Proof of Thm. 5] By the definition of ¢, we have

X@ vy < o (¢%; X (@) y (d)y,
Q%J(¢ ) Q%J(¢7 , Y1)

Application of the union bound into Thm. 13 over d € [D] yields that with probability
at least 1 — D EJ,J/G[m]:J/EJ N(Vm,J7 o, pJ)N(Vm,le P, pJ/)miﬂ((m/ lnm)l/(2a+1))’

1 1/(2a($X DY @D)+1) < d) y@d)y < J (¢; X @ y(d)
ﬁﬁ@ﬂnm) Q%J(Q : )NQ%J(¢ YY)

Also, the application of the union bound into Thm. 7 into ¢* for some d € [D] gives that
with probability at least 1 — Dm~((m/ lnm)l/(QaH)),

e (675 XD, YD) S mae J7,(6% XD, Y @) < 72 (67) S (m/ In )1/ 2o,
de[D] de[D]

Note that 1/(2a(¢; X,Y)+1) = 1—-6(¢; X,Y). Consequently, there exists a constant C' > )
1 such that with probability at least 1=2D 3" ; yicim). > NVin,g, 2, 05)N (Vi g0, @, pJ/)m_Q((m/ In m)l/(mﬂ)),

(o s i B YO < )5,
Taking the logarithm of both sides and dividing by In(m/Inm), we have

InC
@ yys gy O
521{71]5@ X )2 8 In(m/Inm)’
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Fix an arbitrary ¢ € ®. Let (XU, YI) .. (X[/ell yI/€lly be such that for any (X,Y) €
P, there exists i satisfying |5(¢; X1, Y0)) — B(¢; X,Y)| < e. By Asm. 3, there exists d € [D]
such that | min; B(¢; X4, Y ) — 8(¢; X @, Y(D)| < € with probability at least 1 — (1 —Ce”)P
for some universal constant C' > 0. Hence, with probability at least 1 — (1 — Ce¥)P

XD y@dy < jpf X, Y) 4 2.
;g[m]ﬂ(qﬁ, )f(X}g)epﬁ(@ ,Y) + 2e¢

For t > 0, taking ¢ = t/CD yields with probability at least 1 — e,

t 14
x@ y@ f X,Y 2( ) :
min B(¢; ) < anf s Bl X.Y)+2( 75
Consider a In™7 m-cover of ® in Asm. 2, denoted as ¢1, ..., ¢n,,, where Np, = N(In"7"m, ®, pg p).

Let qgm be the closest ¢; to g% in terms of pgp. Then, we have with probability at least
1 — Nye

~ 1
@) vy < i . x (@) y(d)
(;Iel[lgﬁwx VI9) < i B(0m; X0, YD) + 5
~ t \V 1
< i :
- (X,lir/l)fepﬁ((bm’X’ Y)+ 2<CD> T Tm

<Bp(4) + 2<CtD)V + hjm

By Asm. 2 and D > In'*"7m, with t = In N,,, + Inm, we have with probability at least
1—m™,

min 5($; X@, Y <d>>s&>(¢3)+0< ! )

de[D] In" m

By the union bound, we have with probability at least 1—m~!—2m©® EJ gretml:g>g NVings @, p1)N(Vin g, @, 1

59(8) 2 B~ O (1)

In"m

By Asm. 2, we have

- o)1/ (26+1)
Z N(Vm,J7 (1)7 ,OJ)N(VWLJ/, cI), pJ/)m Q((m/Inm) +1)
JJ'em]:J'>JT
< = U(m/lnm)V/ a0y 1

which gives the desired result. |

Next, we prove Thm. 6.
Proof [Proof of Thm. 6] Let J* = Ji(¢; X,Y) and J = Jy(; X,Y). Let f/, ; be the closest
function among Q(l /m)-net of F; to fn, 7 in L*-norm. Application of the union bound over
O(1/n)-net and J and Lem. 18 yields that with probability at least 1 — e,
2
L2(X)

A~

foiod—ElY|X]
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1
job- E[Y|X]‘L2(X)+ﬁ
ges—EYX,
Vit ol g o= BYIX)| , AV g
n,J n L2(X) nJ n n’

By AM-GM inequality, with probability at least 1 — e~?,

_ t
Ey(fn anJoqb E[Y’X]‘Lz(X)JFV”:jJFE'
If J < J*, the empirical Lepski’s rule ensures that
t
5 o6 BN Vo4

By Lem. 10, we get with probability at least 1 — e,

. ~ t
Eq}(fn) 5 AJ* (¢7 X7Y) + Vn,]* + E
From Lem. 9, we have with probability at least 1 — e,
N ;. t
By(fa) S (n/lam) 650 4 L
n
If J > J*, there exists J' > J* such that J* fails the empirical Lepski condition, i.e.,
Bye g (¢35 X,Y) > pVy .
By Thm. 8 (upper bound), with probability at least 1 —e™?,
N A A t
BJ*,J’(¢; X7 Y) S AJ* (¢7 X7Y) + VTL,J’ + g
From Lem. 9, Ay« SV, g+ <V, 5, so there exist constants Cy,Co > 0 such that
t
PV, g < C1Vi g + C’zﬁ-
Rearranging gives (p — C1)V,, ;v < Cot/n. Choosing p > Cy + Cy and t = Inn, this is
contradicted since V,, y» > V;, 1 = In(n)/n implies (p — C1)In(n)/n < CyIn(n)/n. Hence, by

choosing p sufficiently large, the event J > J* occurs with probability at most e™t = 1/n.
Combining both cases with a union bound, we have with probability at least 1 — 2/n,

Edg(fn) < (n/Inn)~PP@ 4 Inn < (n/Inn)~Pr@,
n

where the last step uses 8p(¢) € (0,1). [ |
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D.5. Bias Analysis with Learned Feature Extractor

Here, we analyze B 7,g¢ for the learned feature extractor (;AS We follow similar steps to those
in Appendix D.2 but introduce an approximation and the union bound due to the covering
of ®. First, we reveal the error upper and lower bounds on the sieved least-square estimator.

Lemma 15 Fiz (X,Y) e P, J € [m], and ¢ > 0. Let ¢ be the learned feature extractor
depending on the pre-training samples. Assume asm. 2 and 4. Then, there exist universal con-
stants c1,ca > 0 such that for any n € (0,1), with probability at least 1 —(1+2N (e, ®, ps))e”t,

|fs06-EIYIX]]

2
<
Ly(X) —

1 N 602coJ 1
<4@—+3nﬁid¢;X;Yd+-”(QI””

1—7n nm

3nci\ 1 2v20c;  60%  5(1+mn))\ t
24/21In(2 — | — 4+3 —+——=— .
+ ( n( )001 + m )m + ( + 77)6 + (1111/2(2) + n + 6 m

Lemma 16 Fiz (X,Y) e P, J € [m], and € > 0. Let ¢ be the learned feature extractor
depending on the pre-training samples. Assume asm. 1 and 2. Then, there exist universal
constants c1,ca > 0 such that with probability at least 1 — N (e, ®,py)et,

2
L3,(X)

2coJInm 32 3c} 2t

HfJqu—lE[YyX]] > %AJ(QB;X,Y)_i _____ 2

We now give a proof of Thm. 14.
Proof [Proof of Thm. 14] We follow the proof of Thm. 8 with lem. 15 and 16. For
shorthands, let BJ,J/ = BJ”]/((ZAS; X,Y)and Ay = AJ(qAﬁ; X,Y). By the triangle and reverse
triangle inequalities, we have

) ) A ) 2
(Hfm,J 0¢— ]E[Y!X]’ 2 (x) Hfm,J’ °¢— E[Y‘X” Lgn(x)>

L7,(X)

< B,y <

R R 2
(£ 06— BV ) - ©

x) + Hfm,J/ o¢— E[Y|X]‘

L3,
We now prove the upper and lower bounds separately.

Upper bound Application of Lem. 15 to both terms on the right-hand side of Eq. (9)
yields that with probability at least 1 — N (V,,, s, ®, ps)N(Vpy yr, @, pyr)e,

HfmJ o 523 - E[Y|X]H;n(x) <Ay + Vis + %

Hfm,J/ °0¢— E[Y|X]‘

2 t
< / ’ —_—
L2.(X) SAy + Voo + -

Noting that Ay is decreasing in J, V;, ; is increasing in J, and V;,, ; 2 %, we have with
probability at least 1 — N (Vp, 7, @, py)N (Vingr, ®, pyr)e?,

. t
Bry SA;+ Vi +—.
m
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Lower bound Respectively applying Lem. 16 and Lem. 15 to the first and second terms on
the left-hand side of Eq. (9) gives that with probability at least 1—N(Vy, 7, @, pg)N (Vin v, @, pyr)e?,

2 t

a0 d=BYIXI[L, o 245~ Vins = &

o ~ 2 t
/ — < / / —_
| om0 6= BIVIXY||, ) SAD A+ Vi o
Again, using the facts that A is decreasing in J, V;, s is increasing in J, and V,,, 5 2 %, we
have with probability at least 1 — N (V;,,7, @, pg)N (Vi v, @, pyr)e ™,

R t
By 2 Ar—Ap =V gy ——.
m

Appendix E. Proofs of Analyses
E.1. Proofs for Bias Analyses

Properties of Lepski’s method To prove Lem. 9, we leverage the following lemma.

Lemma 17 Fizr ¢ and (X,Y) € P. Assume that Aj(¢; X,Y) =< J~2%. For any constant
¢ > 1, there exists C > 0 such that for any J,J' € N where J' > CJ,

BJ,J/(¢; Xa Y) < CAJ(QS; Xv Y)

Furthermore, for ¢ > 4, this inequality is satisfied with C = 1. Moreover, there exists a
constant ¢ > 0 such that for any constant C > 0 and for any J,J' € N where J > CJ,

Byy(¢; X,Y) > (1—cC™®) As(¢; X, Y).

Proof [Proof of Lem. 17] We use the shorthands B;y = Bjy(¢;X,Y) and Ay =

Upper bound. By the triangle inequality, for any J, J’ € N,

4L/ 2
BJJ,gAJ<1+ 1J’ > )
) A/2

J

By the assumption of Ay < J~2, there exists a constant C’ > 0 such that

AYE (TN
< — < -,
A%‘C(J’) =c¢

Since ¢ > 1, we can choose C' > 0 such that 1+ C'C~* < /¢, confirming the upper bound.
The further statement follows from the fact that for any J' > J, Ay < Aj.
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Lower bound. By the reverse triangle inequality, for any J, J' € N,

1/2\ 2
By y ZAJ<1— A{}2> .
AJ

By the same argument as the upper bound, there exists a constant ¢ > 0 such that
BJ’J/ Z AJ(l - cC_O‘/2)2.

For C' > 0 such that 1 — cC~%/2 € (0,1), we have (1 — cC~%/2)2 < 1 — cC~®, confirming
the lower bound. |

Now, we prove Lem. 9.
Proof [Proof of Lem. 9] Write A for A;(¢; X,Y) throughout. By assumption, there exist
constants 0 < ¢y < ¢, < oo such that

coJ 2 < Ay < e, J % for all J € N.

Define Jy = (m/Inm)/ e+, a direct computation gives Vy,. 5, = JoIln(m)/m = J5*.
Hence, with this Jy, we have V,,, j, < Aj, due to assumption.
By Lem. 17, for some constant ¢ > 4, for any J' > J,

By <cAy < ceuJ 22,

We can choose J such that cc,J2¢ < Jy 2o — Vin, Jo, satisfying the Lepski condition. Hence,
for such a J, we have J (¢; X,Y) < J < Jo.

By Lem. 17, for some constant ¢ € (0, 1), there exists C' > 0 such that for any J, J' € N
where J > CJ,

BJJ/ > CAJ > CC@J_QQ.
We can choose J such that cc,J 2% > J; 2% =V}, j,, breaking the Lepski condition. Hence,

for such a J, we have J (¢; X,Y) > J = Jo. [ |

Proofs for sieved least-squares estimator We use three concentration inequalities for

the empirical L?-norm || - ||%2( Xy the empirical inner product to the noise (-, €),, and the
k
absolute sum of the noise ¢ Sk el

Lemma 18 Let X be a random variable on X. For any fized measurable function h: X —
[—1,1] and any t > 0, with probability at least 1 — e ¢,

lZ2 ) = Mol ey < EHhHLQ(X) +ar

Moreover, with probability at least 1 — e ¢,

2t t
2 2 9
Il Z2x) = ”hHLg(X) < EHh”L%X) + 3
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Lemma 19 Let X € R be a random variable. Let € be sub-gaussian and mean-zero
independent random wariables such that their variance proxy is at most o> > 0. Then,
conditioned on X, with probability at least 1 — e~ ¢,

20
(X, e)), < HXHL2

Lemma 20 Let €q,..., € be sub-gaussian and mean-zero independent random variables

such that their variance prozy is at most o> > 0. Then, with probability at least 1 — e,

1/2
—Z\ez] < 0( —|—21n2> .

From the definition of the Minkowski-Bouligand dimension, for co > 1, there is a
sufficiently small ¢; > 0 such that with €, = &, In N(€y,, F7, | - [|z) < c2J In(m) for any
m > 1. Let Ny g = N(em, Fs, | - ||z) and fi1,..., fn,, , be an ep-cover of Fy in || - || .
Let fkm be the closest function from these to f; in |+ [l zoe-

We now prove lem. 10 and 11.

Proof [Proof of Lem. 10] We can decompose the squared error as

|00 -mvix)|

= |f10¢ —EY|X]|72 x)

2

L3(X)

/N

+ 25 ((r00) X0 — (11 0 9)(X0)es
1 m

b (e - ) - ;fj (1 0 0)(X:) — Vi),

m
=1

where ¢; = Y; — E[Y|X]. Since f 7 is an empirical minimizer over F; and f; € Fj, we have

[res—EIX]|, , <

1506 = BIYIX]IRs ) + = - ((Fr 0 0)(X0) — (f30 9)(X0))er

For the second term on the right-hand side, we have
1 &
— Xi) — Xi) )& <
— ;(m 0 §)(X:) — (f106)(Xi))e

DS el S ((Fren 0 B)XD — (£ 0 B)(X))er.
=1 =1

By Lem. 20, Lem. 19, union bound over the €,,-covers, and triangle inequality, we have with
probability at least 1 — 2e7¢,

m 21 1/2
E—mZ]e,] §06m<+2ln2> ,
m = m
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and
; Zm ((ﬁkm 0 ¢)(Xi) = (fso ¢)(Xi)>€i <
i=1
\/202(1n(];[n (HfJ ed—Jre ¢‘ L2,(X) m)

Consequently, we have with probability at least 1 — 2e~¢,

[#re0 BRI}, <

ot 1/2
If7 06— EYIX]I2: +2aem< +21n2>

+\/802(02J1n( (Hfj0¢ o qb‘

m

L2,(X) m)

By the triangle inequality, the AM-GM inequality, and the fact that /1 +x < 1+ zx for
x >0, for any n € (0,1), we have

(1- 77)HfJ °0¢— ]E[Y|X]’ i?n(X) <

60%coJ 1
L o7 n(m)
nm

fom(@oe + 1T\ L, (2V20e | 607 ¢
+<2 2In(2)ocy + m>m+<ln1/2(2)+ ) (10)

Application of Lem. 18 to the first term in the right-hand side of Eq. (10) yields with
probability at least 1 — e,

(L+m)lfsed—EYIX]Zz x)

Ifr0¢—EY|X]|Z: x) <

t

2t
£ 0 ¢ —BY[X][Z20x) + \/meJ 0 ¢ — E[Y|X]||72x) + 3

The AM-GM inequality \/2tv/m < v+ t/(2m) yields with probability at least 1 — e,

5t
— 11
6m (11)

Combining Eq. (10) and Eq. (11) yields the claim. |

Ly

Ifr0¢—BYIX]|22 x) < 2llfr0 ¢ —EBY|X]|72(x) +

Proof [Proof of Lem. 11] By the triangle and reverse triangle inequalities, we have

- HfJ 0 ¢ — frem©

2
L3,(X)

[#ro0 =B X[}, 2(|Fren o0~ E

Z<HfJ,em °0¢— E[Y|X]‘
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2
— Em’

Z%Hﬁ],em °0¢— E[Y|X]‘

2
L3(X)

Application of the union bound to Lem. 18 gives with probability at least 1 — e~ ¢,

R 2 R 2
Hf‘]’e*” °¢ - E[Y‘X]’ I2,(X) 2 Hf‘]’Em °¢ - E[Y’X}’ L2(X)
QIHNm,J+2t N 4111va‘] t
A HfJ,em°¢—E[Y\X]’L2(X)—73m 30
The AM-GM inequality yields with probability at least 1 —e™?,
o 2 1y 4 2 4In N, j 4t
_ > = _ 0 me 7
[Fremoo—EWIX|, 25| fsen oo —BYVIX][ ,  — =5~ oo
By the definition of f Jem» We have
R 2 L/, 2 4N,y 4t
_ > - _ _ 7
[fsen 00— B}, 2 5 (|Fro0— B, —en) - 50l - 2
Noting that f 7 € Fj almost surely, we have
. 2
HfJ o¢— ]E[Y]X}‘ Jo) 2 As(9:X,Y) almost surely.
By the triangle inequality, we have
1
(As(6: X,Y) = em)” = S A (6 X,Y) = €.
Consequently, we have with probability at least 1 — e?,
5 2 1 3¢2, 2N, 2t
— > = . _m _ ml =7
HfJ °¢ ]E[Y|X]‘ L2,(X) — 4AJ(¢’ X,Y) 3m 3m

Using the upper bound on In Ny, ; and the definition of ¢,,, we get the desired result. H

E.2. Proofs for Bias Analyses with Learned Feature Extractor

Proofs for sieved least-squares estimator Consider an e-cover of @ in Af.m. 2, denoted
as @1,...,on,, where N, = N (e, ®, ps). Let i = arg minge ) P (¢, ¢i) and ge = ¢; .

From the definition of the Minkowski-Bouligand dimension, for ¢ > 1, there is a
sufficiently small ¢; > 0 such that with e, = &, In N (€&, Fr, | - [|zec) < coJ In(m) for any
m > 1. Let Ny, g = N(e, Fy, || - L) and fi,..., fN,, , be an ep-cover of Fy in || - |[p. Let
fre, be the closest function from these functions to f; in || - || ze.

Proof [Proof of Lem. 15] We can decompose the squared error as

HfJ °0¢— E[Y|X]‘

;ﬂ = |fr00-BIYIX]

2
L3 (X)
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n ;i((ﬁ] 0 $)(X;) — Yi>2 —;i((f]oﬁg)(Xi) —Yi)2,

i=1 i=1

where ¢, = Y; — E[Y|X]. Since f; is an empirical minimizer over F; and f; € Fy, we have

|06 -ElYiX]|

<
Ly (X) ™

|fr00 -]

m
Z( fro3)(Xi) = (f70 B)(X))es.
For the second term on the right-hand side, we have

li((ﬁ] 0 9)(X:) = (fr0 Qg)(Xz')>€i <

m =1

€m + 26 &

Sl 4 =3 ((Frem 0 3(X0) — (£ 0 ) (X))
=1 =1

By Lem. 20, Lem. 19, union bound over the e-covers, and triangle inequality, we have with
probability at least 1 — (1 + N¢)e ™

e & 2t 1/2
— E lei| < a(em+26)<+21n2> ,
m “ m

=1
and

m

%Z((fle o Qge)(Xl) - (fJ o q@e)(xz))el <

i=1
\/202(ln(]jr;nJ) 2 <HfJ o (;3 —fro </Be

Consequently, we have with probability at least 1 — (1 + N¢)e™*

L0 6m> '

HfJ 0¢— E[Y|X]‘ . <
HfJ °¢- E[Y‘XH L2,(X) + 20 (€m + 2¢) (f; +2In 2) i
+ \/802(ch2(771) +1) <Hfj 0 — fro o L2y Tem T €>,

By the triangle inequality, the AM-GM inequality, and the fact that /1 +x < 1+ z for
x >0, for any n € (0,1), we have
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(-nfses-BriX, <
602coJ In(m)

2
L3(X) nm
3nct\ 1 2v20c1 602\ t
/21 il N i St PE G PG
+<2 2In(2)oc; + - >m+(2+3n)e+<lnl/2(2)+ 0 )m (12)

Application of Lem. 18 with union bound over e-cover of ® to the first term in the
right-hand side of Eq. (12) yields with probability at least 1 — Nee™?,

(2+30)|| £ 0 b — B[Y|X]|

2

|fro0-BYIX], <

2
L2(

t
+ —

X" \/ZHfJ ° e — E[Y|X]‘ 2LZ(X) 3m’

|£506c - BlY|X]|

The AM-GM inequality /2tv/m < v+ t/(2m) yields with probability at least 1 — N.e ™,
ot

- 2 . 2 o, Bt
|15 0 6 — BlY|X]| . 4|50 6 - B[Y]X)| oo T2 G (13)
Combining Eq. (12) and Eq. (13) yields the claim. [ ]

Proof [Proof of Lem. 16] By the reverse triangle and triangle inequalities, we have

PN 2 P 2
|75 0 - BlY|X]| b 2( fro b E[Y|X]] oo e)
2
> ([[fren o b~ BN, —em )
Lz 2 2 2 _ 2
25| Frem 0 b~ BIVIX|, \ — e

Application of the union bound to Lem. 18 gives with probability at least 1 — N.e™?,

~ ~ 2 ~ ~ 2
Frem o be = BYIX| 2 |fren o de—EVIXI[ ,
2In Ny, g+ 2t 4 ~ In Ny, 5 t
S B LU L — . —E[YIX - my 7
Vo fre 0 b~ BIYIX]| = 5 = o
The AM-GM inequality yields with probability at least 1 — N.e™¢,
. . 2 1y » . 2 4InN,,; 4t
— > — -
Fremo be=BYIX]|, > 5 Frn 0 b= BYIX]|, ==~ o

By the definitions of f Jem and qge, we have

A N 2
frem 0 be = E[Y|X]|

Ly(X) —
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41n Nm,J 41

1 R R 2
2(HfJo¢—]E[Y|X]‘L2(X) —em—e> . B

Noting that f 7 € Fj almost surely, we have

Hf(]odA)—IE[Y]X}‘ > AJ(qg; X,Y) almost surely.

2
L2(X)
By the triangle inequality, we have

A

~ 2 1
(A XY) —en—c) > A (GXY)— €~

2
™€

Consequently, we have with probability at least 1 — N.e ™,

2
L2,(X

3(2,+€) 2Ny, 2t
2 3m 3m’

HfJ ¢ — E[Y|X]’

1 ~
> — : —
)y = 4AJ(¢7X3Y)

Using the upper bound on In Ny, ; and the definition of ¢,,, we get the desired result. H

E.3. Proofs for Concentration Inequalities

Proof [Proof of Lem. 18] Let X7,..., X}, be i.i.d. copies of X and set g = h?: X — [0, 1].
Then

1113 00y = 0By = 7 D-(9(X) ~ Elg(X))).

The summands g(X;) — E[g(X)] are i.i.d., bounded in [—1,1], and satisfy
Vig(X)] < Blg(X)?] = ER(X)Y] < BIRX)) = [0,

where h* < h? holds pointwise since |h| < 1. Applying Bernstein’s inequality to the i.i.d.
summands ¢g(X;) — E[g(X)] yields, with probability at least 1 — e,

1 2V[g(X)|t ¢ 2t t
p 20X~ Bla(0) <\ ==+ g <yl + 5

The same derivation is valid even if we exchange |/Al| and HhH%Q( X)- [ |

2
L(X)

Proof [Proof of Lem. 19|

wlon( )
§

E |:eXp (Ahzez)]
=1 k
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i N2o2h?
e (5)
A202 1 & 2
—exp< T %;hl .
By the Chernoff bound, we have

-1
1 , 202 1L, 2k (1,

i=1 =1
Choosing t appropriately yields the claim. |

Proof [Proof of Lem. 20] For any A > 0 and z € R, the inequality e?*| < e** 4 ¢=** holds,
so the sub-gaussian assumption gives

By independence,

B[Nl < Bl + Bl < 207"/2,
E [exp(i zk: |ez|>
i=1

A2g2
< 2k .
< exp( o )
The Chernoff bound then gives, for any s > 0,

1 & k\%0?
P(k;]q >s> S/i\r;%exp(—)\ks+kln2+ 20 )

The infimum over A > 0 is attained at \* = s/02, yielding

k

1 ks*
P %Z|€Z‘>S Sexp —T‘Q—I—kln2 .

i=1

: 2t /2 . ks? ; ; —t
Setting s = a(? 4+ 2In 2) gives 573 =t + kIn 2, so the right-hand side equals e™". |

Appendix F. Comprehensive survey of related work

F.1. Meta-Learning Methodologies

Meta-learning is a framework that seeks to acquire a learning procedure capable of adapting
to future unseen tasks using limited samples. Rather than focusing on generalization
within a single task, it leverages experiences from a collection of past tasks drawn from
a task distribution [37, 86]. A widely adopted taxonomy for these methods consists of a
tripartite classification: (i) metric-based methods, which rely on distances and similarities;
(ii) optimization-based methods, which incorporate gradient updates in an inner loop; and
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(iii) model-based methods, which construct the learner itself using mechanisms such as
memory or hypernetworks.

Metric-based approaches. The metric-based family employs a framework for classify-
ing queries based on proximity, attention, or comparison within an embedding space. As a
representative example, Matching Networks proposed one-shot classification via attention
between a support set and a query, formalizing the episodic training regime [85]. Prototypical
Networks introduced a concise classifier based on distances to class-specific “prototypes”
(mean embeddings), providing a clear perspective on meta-representation learning [77].
Relation Networks enable more expressive comparisons by learning the distance function
itself using a neural network [79].

Optimization-based approaches. The optimization-based family views meta-learning
as “learning an initial parameter set or update rule such that a few steps of optimization on
an unseen task lead to high performance.” MAML established a model-agnostic framework
by adapting to task-specific parameters via K-step gradient descent in the inner loop and
optimizing the post-adaptation performance in the outer loop [27]. First-order methods such
as FO-MAML and Reptile are categorized as algorithms that avoid second-order derivative
computations while shifting initial values in a direction that makes “simultaneous learning
from the same starting point” easier across tasks [61]. Meta-SGD further parameterizes not
only the initial values but also the update directions and learning rates, thereby learning a
higher-capacity “way to learn” [51]. Another line of work replaces the iterative inner-loop
adaptation with differentiable closed-form or rapidly convergent solvers. R2-D2 introduced
a differentiable ridge-regression base learner that constructs task-specific classifiers on top
of learned embeddings, allowing the meta-objective to be optimized by backpropagating
through the solver itself [12]. This approach occupies an intermediate position between
metric-based methods, which often rely on fixed nearest-neighbor or prototype rules after
representation learning, and gradient-based methods such as MAML, which perform explicit
iterative parameter adaptation. Additionally, iMAML, which computes meta-gradients using
implicit gradients without explicitly unrolling the inner loop, is a representative example of
scaling these methods by treating them as bilevel optimization problems [69].

Model-based approaches. The model-based family implements intra-task adaptation
as part of the network’s computation using external memory, hypernetworks, or architectures
designed to learn the optimizer. Memory-Augmented Neural Networks (MANN) demon-
strated rapid one/few-shot adaptation by using external memory to quickly write and read
new information, providing a foundation for meta-learning via model design [72]. Further-
more, the classical lineage of “learning to learn” such as “Optimization as a Model” (which
uses LSTMs to learn update rules), can be understood as a bridge between model-based and
optimization-based approaches [4, 34, 70]. SNAIL demonstrated high performance across
multiple domains (supervised and reinforcement learning) as a general-purpose meta-learner
combining temporal convolutions with attention [57].

F.2. Meta-Representation Learning: Sharing Representations Across Tasks

Meta-learning is closely related to transfer learning in that it transfers experiences from
numerous tasks to an unseen task [66]. Representation learning naturally motivates the
acquisition of shared representations in transfer and multi-task learning, based on the
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general principle that mapping inputs to useful latent representations facilitates learning [11].
Meta-representation learning is characterized by specializing these shared representations for
few-shot adaptation within a task, aiming for both statistical and computational efficiency
simultaneously.

Classically, Baxter’s model of inductive bias learning clarified the concept of meta-
generalization, namely learning a good hypothesis space by observing multiple tasks from a
task environment, and served as the starting point for subsequent formalizations [9]. In more
recent learning theory, Multi-Task Representation Learning (MTRL) has emerged, showing
the benefits of learning low-dimensional representations such as dictionaries or feature maps
from multiple tasks through generalization error bounds; this provides theoretical support
for the acquisition of shared representations in meta-representation learning [53, 54].

As a theory dealing more explicitly with meta-representation learning, research has
provided algorithms and lower bounds for achieving sample-efficient representation estimation
and transfer to unseen tasks in settings where a group of linear regression tasks shares
a common low-dimensional linear representation [84]. Additionally, some studies analyze
the effects of overparameterization on the sample efficiency of meta-representation learning
using linear regression sequences, beginning to explain the phenomena observed in deep
meta-learning where few-shot adaptation is possible even with large-scale models [78].

F.3. Learning Theory of Meta-Learning

Learning theory for meta-learning must account for a dual-sampling structure: the extraction
of tasks from a task distribution and the sampling of data points within each individual
task [9, 37]. Recent theoretical studies commonly employ a framework that decomposes
excess risk into statistical estimation error, optimization error, and model approximation
error, centered around the meta-generalization gap, the discrepancy between the expected
risk on unseen tasks and the empirical meta-objective [71, 87]. In particular, significant
progress has been made in precisely analyzing the effects of representation sharing across
tasks and how the number of adaptation steps (the inner loop) influences the overall stability
of the algorithm [18, 38].

Algorithmic Stability. This measures the sensitivity of the output to the replacement
of a single data point in the training set. By introducing the concept of “meta-stability”
which accounts for the stability of both the inner and outer loops, this framework provides
realistic bounds even for gradient-based methods involving non-convex optimization [15, 87].

PAC-Bayes Theory. By introducing a hierarchy of meta-priors and task-specific
posteriors, this approach derives bounds dependent on both the task count and sample
size [3, 67, T1].

Information-Theoretic Approach. This approach evaluates generalization error
using the mutual information between the algorithm’s output and the input data, thereby
quantifying the dependency on the underlying data distribution [20].

Uniform Convergence. Although this framework utilizes traditional complexity
measures, the resulting bounds tend to be loose in the context of deep learning and meta-
learning. Consequently, data-dependent analyses have become the mainstream approach in
recent years [58].
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F.4. Deep Learning Theory

Theoretical understanding of deep learning has been developed from several complemen-
tary perspectives, including approximation theory, statistical generalization, optimization,
representation learning, and scaling laws. A classical line of work studies the expressive
power and statistical estimation properties of neural networks. Deep ReLU networks are
known to approximate rich function classes with rates depending on smoothness, sparsity,
compositionality, or intrinsic dimension [74, 90]. Particularly relevant to our work is the
theory of adaptive approximation and estimation by deep networks. Suzuki [81] showed that
deep ReLU networks achieve minimax optimal rates over Besov and mixed-smooth Besov
spaces and can adapt to spatially inhomogeneous smoothness. Hayakawa and Suzuki [30]
further established minimax optimality and the superiority of deep neural network learning
over sparse parameter spaces. These results clarify an important statistical mechanism
behind deep learning: deep nonlinear architectures can exploit hidden structural regularities
that are difficult for non-adaptive linear or kernel methods to capture. This adaptivity
perspective has also been extended to modern architectures, including convolutional and
ResNet-type networks, Transformers, and diffusion models [64, 65, 83].

Another major line of work studies generalization in overparameterized neural networks.
Since classical capacity bounds based on the raw number of parameters are too pessimistic
for modern deep learning, refined analyses have been developed using norms, margins, PAC-
Bayes bounds, compression, and algorithm-dependent complexity measures. For example,
Bartlett et al. [8] derived spectrally-normalized margin bounds, and Neyshabur et al. [60]
developed PAC-Bayesian spectrally-normalized bounds. At the same time, empirical and
theoretical studies of interpolation, benign overfitting, and double descent have shown
that the classical bias—variance trade-off does not fully explain modern neural network
generalization [10, 59, 91]. These studies mainly concern single-task learning, whereas
our work studies how representations learned from multiple source tasks affect the sample
complexity of future tasks.

Optimization theory provides another perspective. The neural tangent kernel (NTK)
theory shows that infinitely wide neural networks trained by gradient descent can behave like
kernel methods [40], and related overparameterization analyses establish global convergence
of gradient-based methods under suitable assumptions [2, 25]. However, NTK analyses
typically describe a lazy-training regime in which features remain nearly fixed during
training [21]. This perspective alone is insufficient to explain representation learning, where
the features themselves are learned. Mean-field analyses provide an alternative view in which
the distribution of neurons evolves during training and feature learning can occur [55, 76, 88].

Recent work has therefore focused on feature learning beyond fixed-kernel or lazy-training
regimes. Ba et al. [5] showed that even a single gradient step on the first-layer weights
of a two-layer network can improve the learned representation over random features and
outperform broad classes of fixed-kernel methods. Suzuki et al. [82] analyzed feature learning
via mean-field Langevin dynamics and showed that mean-field neural networks can achieve
sample-complexity improvements over kernel methods for structured problems such as sparse
parity learning. More recently, Nishikawa et al. [62] showed that nonlinear Transformers
can perform inference-time feature learning in in-context learning. These works are closely
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aligned with our motivation: the statistical advantage of deep learning comes not only from
large model capacity, but also from the ability to learn task-relevant representations.

The success of large pre-trained models has also motivated theoretical studies of repre-
sentation learning and scaling laws. Contrastive and self-supervised representation learning
have been analyzed as mechanisms for extracting downstream-useful features from auxil-
iary or unlabeled data [29, 73]. Empirical scaling laws have shown that loss often follows
predictable power-law behavior as data, model size, or compute increases [33, 35, 43], and
recent theoretical work has attempted to explain such laws through variance-limited regimes,
data geometry, kernel spectra, and feature learning [6, 14]. Scaling laws have also been
studied in transfer and downstream settings [32, 52|, where the relation between source data
and target tasks becomes essential.

Our work is situated at the intersection of these theories and the theory of meta-
learning. Classical and modern meta-learning theory shows that multiple related tasks
can reduce the sample complexity of future tasks by learning a shared inductive bias
or representation [9, 54, 84]. In contrast to most general deep learning theory, which
primarily studies single-task approximation, optimization, or generalization, we analyze a
meta representation learning algorithm and prove the achievability of a data scaling law.
Thus, our result connects the adaptivity and feature-learning viewpoint of deep learning
theory with the statistical theory of meta-learning, making explicit how the number of source
tasks and the number of samples per task jointly determine downstream sample efficiency.
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