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Abstract001

Parallel thinking offers a promising avenue002
for scaling test-time compute in Large Lan-003
guage Models (LLMs), enabling them to ex-004
plore diverse solution paths simultaneously be-005
fore aggregating them into a final answer. How-006
ever, coordinating the exploration and aggre-007
gation stages remains challenging, as simple008
aggregation techniques often incur information009
loss, failing to preserve the subtle, decision-010
relevant signals generated during exploration.011
To overcome this, we propose Rhombus, a par-012
allel thinking framework that explicitly incen-013
tivizes coordination between components via014
end-to-end reinforcement learning. Rhombus015
employs multiple parallel Proposers to gener-016
ate compact, decision-focused reasoning cues017
and a central Synthesizer to integrate them018
into final predictions, utilizing co-training un-019
der a shared task reward to align their interac-020
tion. Across challenging mathematical reason-021
ing benchmarks, Rhombus improves accuracy022
by 6.0% over long chain-of-thought baselines023
while reducing wall-clock latency by 39.4% un-024
der matched token budgets. Our work demon-025
strates that explicit communication optimiza-026
tion is essential for realizing the accuracy and027
efficiency gains of parallel reasoning.028

1 Introduction029

Scaling test-time compute has emerged as a pivotal030

frontier for enhancing the reasoning capabilities031

of Large Language Models (LLMs) (Jaech et al.,032

2024; Guo et al., 2025b). The prevailing paradigm,033

exemplified by Long Chain-of-Thought (CoT) (Wei034

et al., 2022) prompting, primarily scales compute035

along the axis of depth: a single model is tasked036

with generating an extended, sequential reasoning037

trajectory. While effective, this serial approach is038

inherently brittle, as local errors committed early039

in the chain often accumulate without correction040

(Ghosal et al., 2025; Cuadron et al., 2025; Sui et al.,041

2025), and the computational cost scales quadrati-042

Figure 1: Impact of Communication. While uncoordi-
nated agents submit implicit proposals that bury critical
reasoning steps and lead to Synthesizer failure due to
missing information, Rhombus optimizes the commu-
nication to generate explicit, verifiable cues that enable
the Synthesizer to accurately aggregate the prediction.

cally with reasoning depth. To mitigate these lim- 043

itations, parallel thinking offers a compelling al- 044

ternative: decoupling the reasoning process into 045

concurrent exploration followed by centralized ag- 046

gregation (Wen et al., 2025; Zhao et al., 2025). 047

However, the efficacy of parallel thinking is cur- 048

rently constrained by a fundamental coordination 049

gap. In this paradigm, which typically consists of 050

multiple Proposers exploring diverse solution paths 051

and a Synthesizer aggregating the results, the two 052

stages are traditionally treated as disjoint processes. 053

Proposers generate reasoning proposals indepen- 054

dently, unaware of the downstream Synthesizer’s 055

requirements. Consequently, aggregation relies on 056

heuristic methods that incur severe information loss. 057

As illustrated in Figure 1, uncoordinated Proposers 058

submit implicit, unstructured proposals, obscuring 059

critical reasoning steps. In such decoupled sys- 060

tems, these subtle, decision-relevant signals are 061

frequently lost during the hand-off, preventing the 062

Synthesizer from accurately verifying and aggre- 063

gating the results. 064
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To scale test-time compute effectively, we re-065

formulate parallel reasoning as a communication066

optimization problem. We posit that simply in-067

creasing the breadth of exploration is insufficient,068

as uncoordinated agents lack the intrinsic capability069

to format reasoning for downstream aggregation.070

Consequently, employing Reinforcement Learning071

to explicitly optimize the communication channel072

is essential to minimize information loss and real-073

ize the theoretical gains of parallel computation.074

To this end, we introduce Rhombus, a parallel075

thinking framework designed to incentivize coor-076

dination through end-to-end reinforcement learn-077

ing. Rhombus unifies the inference pipeline into078

a coherent "propose-and-synthesize" architecture,079

where multiple parallel Proposers generate com-080

pact, decision-focused reasoning cues for a central081

Synthesizer. Crucially, these components are co-082

adapted via joint optimization rather than prompted083

in isolation. To resolve the credit assignment chal-084

lenge and drive effective communication, we de-085

sign a hybrid reward structure that incentivizes Pro-086

posers for both individual correctness and collec-087

tive system success. Supported by a role-level ad-088

vantage normalization scheme that balances reward089

scales to stabilize training, this joint optimization090

process aligns the Proposers with the Synthesizer,091

teaching them to structure their reasoning into ex-092

plicit, high-signal proposals.093

Contributions.094

1. We highlight information loss in disjoint095

exploration-aggregation pipelines as a signifi-096

cant challenge for parallel reasoning. To ad-097

dress this, we propose Rhombus, which refor-098

mulates parallel thinking as a communication099

optimization problem to minimize the coordi-100

nation gap through a learned interface.101

2. We develop an end-to-end reinforcement102

learning algorithm that co-adapts Proposer103

and Synthesizer. We address the credit assign-104

ment challenge via a hybrid reward structure105

that incentivizes cooperative behavior, em-106

ploying Role-Level Advantage Normalization107

to ensure stable multi-role training.108

3. We empirically demonstrate superior effi-109

ciency in scaling test-time compute. Rhombus110

outperforms budget-matched LongCoT base-111

lines by 6.0% in accuracy and 39.4% in la-112

tency, while demonstrating robust generaliza-113

tion to larger parallel ensembles at inference 114

time. 115

2 Related Work 116

2.1 Reinforcement Learning for Reasoning 117

Reinforcement learning with outcome-based re- 118

wards has become the standard for enhancing LLM 119

reasoning, primarily by optimizing Long Chain- 120

of-Thought (LongCoT). This dominant paradigm 121

trains models to generate single, extended trajecto- 122

ries, achieving strong results in math (Yu et al., 123

2025; Hu et al., 2025; Luo et al., 2025b), cod- 124

ing (Luo et al., 2025a), and logic (Stojanovski 125

et al., 2025). Recent advancements have further im- 126

proved the efficacy and scaling of these algorithms 127

(Zheng et al., 2025a; Chen et al., 2025; Wang et al., 128

2025), yet they largely adhere to the single-path as- 129

sumption. Rhombus fundamentally diverges from 130

this serial constraint. Instead of refining a sequen- 131

tial chain, we apply RL to optimize a parallel infer- 132

ence system. By training the model to coordinate 133

parallel exploration and aggregation, we achieve su- 134

perior accuracy and latency compared to standard 135

LongCoT baselines under identical token budgets. 136

2.2 Parallel Thinking 137

Parallel thinking strategies enhance LLM reason- 138

ing by exploring multiple solution paths concur- 139

rently prior to final aggregation. Early approaches 140

framed this as structured search (Yao et al., 2023; 141

Wang et al., 2024), typically relying on heuristic 142

consensus mechanisms (Wang et al., 2022; Li et al., 143

2022a). Recent adaptations extend this to reason- 144

ing models via parallel decoding (Yang et al., 2025; 145

Zheng et al., 2025b) or multi-agent architectures 146

(Zhao et al., 2025; Estornell et al., 2025). Rhom- 147

bus differentiates itself by targeting the coordina- 148

tion gap and information loss inherent in these un- 149

aligned processes. Unlike prior works that treat 150

generation and aggregation as disjoint phases, we 151

employ end-to-end reinforcement learning to align 152

the communication interface. This ensures interme- 153

diate signals are explicitly optimized for synthesis, 154

allowing the system to robustly surpass serial base- 155

lines through fully learned coordination. 156

3 Methodology 157

In this section, we describe how Rhombus opti- 158

mizes parallel thinking by treating the generation 159

and aggregation of reasoning trajectories as a sin- 160

gle, end-to-end trainable process. Section 3.1 for- 161
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Figure 2: Overview of Rhombus versus Long Chain-of-Thought (LongCoT). The top section illustrates the serial
LongCoT baseline, which relies on a single, monolithic reasoning trajectory. The bottom section depicts Rhombus,
which decouples inference into Stage 1 (Exploration), where parallel Proposers generate diverse solution paths
to cover the reasoning space, and Stage 2 (Aggregation), where a central Synthesizer unifies these proposals. By
replacing one extended chain with multiple shorter, concurrent segments, this architecture mitigates the quadratic
cost of self-attention, significantly reducing inference latency.

malizes the problem setting and presents the archi-162

tecture: multiple parallel Proposers generate com-163

pact, decision-focused reasoning cues, which are164

then integrated by a central Synthesizer to produce165

the final answer. Section 3.2 details the training166

methodology, specifying the reinforcement learn-167

ing objective, the credit assignment strategy, and168

the joint optimization procedure used to align the169

Proposers and Synthesizer for maximum down-170

stream accuracy.171

3.1 Framework Overview172

Rhombus operates as a two-stage parallel reason-173

ing framework designed to maximize the efficacy174

of test-time compute. Given a question q with a175

ground-truth answer agt, the system’s objective is176

to produce a final answer afinal via a process of177

parallel trajectory exploration followed by central-178

ized integration.179

Architecture. The framework is powered by a180

single, shared backbone language model, πθ. The181

model operates in one of two distinct modes,182

controlled by specific system prompts: r ∈183

{proposer, synthesizer}. The inference workflow184

proceeds sequentially: a parallel exploration phase185

involving multiple Proposers, followed by a single186

aggregation phase by the Synthesizer. The com-187

plete workflow is illustrated in Figure 2, with spe-188

cific prompts provided in Table 3.189

Proposer. The exploration stage employs N par-
allel Proposer instances. To ensure coverage of

the solution space, each Proposer is executed with
the same prompt but utilizes stochastic sampling.
Each instance i generates a distinct reasoning path,
producing a raw reasoning trace ti and a specific
output proposal pi.

(ti, pi)← πθ(q; r = proposer)

The proposal pi functions as a compressed reason- 190

ing cue, concluding with a preliminary answer ai. 191

By explicitly distilling the raw trace into this com- 192

pact format, the agent filters out the accumulated er- 193

rors often found in extended reasoning chains, pro- 194

ducing a high-fidelity signal optimized for down- 195

stream verification and synthesis. 196

Synthesizer. The Synthesizer functions as the
central aggregation module. Its role is to process
the set of generated cues {p1, . . . , pN} to derive the
final prediction. Crucially, the Synthesizer does not
access the full reasoning traces (ti); it consumes
only the extracted proposals. To enforce a bounded
context window and prioritize high-signal infor-
mation, we apply a strict protocol: proposals are
extracted from the raw Proposer output and trun-
cated to a maximum length Lp, with invalid outputs
excluded from the set. This structured interface
ensures the Synthesizer operates on a consistent,
noise-reduced input, allowing it to effectively adju-
dicate between conflicting signals and consolidate
valid reasoning into a final answer, afinal.

afinal ← πθ(q, {pi}; r = synthesizer)
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Inference Efficiency and Dynamics. We define197

the computational cost in terms of the total token198

budget Bsystem = N · Lp + Ls, where Lp and199

Ls represent the maximum token limits for the200

Proposer and Synthesizer, respectively. We align201

this budget with a serial baseline (BLongCoT ) to202

ensure fair comparison. Despite using an iden-203

tical total number of tokens, Rhombus achieves204

significantly faster inference through two struc-205

tural advantages. First, due to the quadratic O(L2)206

complexity of self-attention, processing multiple207

short sequences is computationally cheaper than208

processing a single monolithic sequence. This re-209

duces the total calculation load even before con-210

sidering hardware parallelism. Second, given suf-211

ficient compute resources, the Proposer instances212

execute concurrently. This parallelization reduces213

the end-to-end wall-clock latency to the sum of the214

individual stages, Tsystem ≈ T (Lp) + T (Ls), ef-215

fectively decoupling the user’s wait time from the216

total reasoning budget.217

3.2 Co-Training with Reinforcement Learning218

We co-train the Proposer and Synthesizer end-to-219

end to explicitly optimize their interaction. Our220

goal is to adapt the shared backbone πθ to generate221

Proposals that are maximally useful for the Syn-222

thesizer, and to train the Synthesizer to effectively223

integrate these cues. We achieve this via a joint224

optimization framework guided by a shared task225

reward.226

3.2.1 Reinforcement Learning Objective227

We adapt Group Relative Policy Optimization228

(GRPO) (Shao et al., 2024b) to co-optimize the229

Proposer and Synthesizer. For a given question q,230

we sample G trajectories. Since each trajectory231

contains N parallel proposals and one final synthe-232

sis, the system generates a total of G × (N + 1)233

distinct sequences per optimization step. We treat234

all sequences as trainable outputs under the shared235

policy πθ. The core objective is to maximize:236

J (θ) = Eq∼P (Q)
1

|Oq|
∑
o∈Oq

|o|∑
t=1[

min
(
ρt(θ)Ât, clip(ρt(θ), 1± ϵ)Ât

)] (1)237

where Oq represents the set of all generated se-238

quences for question q, and ρt is the probability239

ratio between the new and old policies.240

Role-Level Advantage Normalization. A stan- 241

dard GRPO implementation would normalize ad- 242

vantages across the entire set Oq. However, Pro- 243

posers and Synthesizers operate in different state 244

spaces with distinct reward scales. To ensure stable 245

joint training, we decouple the normalization pro- 246

cess by constructing two distinct groups for each 247

question: 248

1. Proposer Group (GP ): Aggregates all G×N 249

proposal sequences generated across the G 250

trajectories. 251

2. Synthesizer Group (GS): Aggregates all G 252

synthesis sequences. 253

We compute the mean µr and standard deviation σr 254

independently for each group r ∈ {GP ,GS}. The 255

normalized advantage Âr,i for the i-th sequence in 256

group r is then calculated as: 257

Âr,i =
Ar,i − µr

σr + ϵnorm
(2) 258

This ensures that the Proposer and Synthesizer up- 259

dates are scaled relative to their own peers, prevent- 260

ing one role from dominating the gradient. 261

3.2.2 Reward Modeling 262

Credit Assignment Strategy. A central chal- 263

lenge is balancing a Proposer’s local correctness 264

with its downstream utility. Relying solely on in- 265

dividual accuracy causes agents to consume their 266

token budget for internal reasoning, producing terse 267

outputs that starve the Synthesizer of context. Con- 268

versely, relying purely on global system rewards 269

generates misleading feedback: an agent receives 270

credit for the team’s success even if its own spe- 271

cific answer was wrong. This noisy signal obscures 272

the link between action and reward, significantly 273

slowing down training. To resolve this, we adopt 274

a hybrid reward structure that combines individual 275

correctness with system correctness. This balance 276

ensures agents remain competent reasoners while 277

explicitly optimizing for communication with the 278

Synthesizer. 279

Proposer Reward. To balance local accuracy 280

with global system performance, each Proposer 281

i receives a composite reward Rpi : 282

Rpi = c ·RC
i + (1− c) ·RC

sys ·RF
i (3) 283

where: 284
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• RC
i is the local correctness reward (1 if ai =285

agt, else 0). This dense signal ensures the286

model retains basic problem-solving capabili-287

ties.288

• RC
sys is the system correctness reward (1 if289

afinal = agt, else 0). This shared signal prop-290

agates the Synthesizer’s success back to the291

Proposers, encouraging the generation of cues292

that actually aid integration.293

• RF
i is a binary format reward. It acts as a294

gating function: Proposers only share in the295

system credit if they successfully adhere to296

the extractable proposal format.297

• c ∈ [0, 1] controls the trade-off between opti-298

mizing for independent accuracy versus down-299

stream helpfulness.300

Synthesizer Reward. The Synthesizer is respon-301

sible solely for the final aggregation. Its reward Rs302

is determined entirely by the system output:303

Rs = RC
sys (4)304

This asymmetric structure aligns the distinct roles:305

Proposers maximize a mixture of validity and util-306

ity, while the Synthesizer focuses exclusively on307

accurate aggregation.308

4 Experiments309

4.1 Experimental Setup310

Configuration. We evaluate Rhombus using two311

open-weight architectures. Our primary analysis312

employs Qwen3-4B-Instruct-2507 (Team,313

2025), optimized on a 22k-sample subset314

of the POLARIS dataset1. To assess cross-315

model generalization, we additionally train316

DeepSeek-R1-Distilled-1.5B (Guo et al.,317

2025b) on the DeepScaleR dataset2. In both318

settings, a single shared checkpoint executes both319

Proposer and Synthesizer roles, conditioned via320

role-specific system prompts (Table 3). The system321

is optimized end-to-end using on-policy Group322

Relative Policy Optimization (GRPO) (Shao et al.,323

2024a) with N = 3 parallel Proposers. Full324

implementation details, including token budgets325

and hyperparameters, are provided in Appendix A.326

1https://github.com/ChenxinAn-fdu/POLARIS/
blob/main/parquet/stage1/qwen3-4b-s1.parquet

2https://huggingface.co/datasets/agentica-org/
DeepScaleR-Preview-Dataset

Evaluation. To track training dynamics, we 327

monitor the Macro Average Score across AIME 328

2024 (MAA, 2024), AIME 2025 (MAA, 2025), 329

and OlympiadBench (He et al., 2024). For fi- 330

nal evaluation, we report performance on these 331

three benchmarks plus BeyondAIME ([ByteDance- 332

Seed], 2025). We utilize the Pass@k metric (Chen 333

et al., 2021), employing the unbiased estimator to 334

calculate the probability of generating at least one 335

correct solution: 336

Pass@k = 1−
(
n−c
k

)(
n
k

) (5) 337

where n is the total number of samples and c is the 338

number of correct solutions. Answer correctness is 339

automatically verified via the Math-Verify library3. 340

4.2 Main Results 341

Figure 3: Comparison of Rhombus and LongCoT
macro-average scores throughout training.

Baselines and Comparison Setup. We evaluate 342

Rhombus against a Long-Chain-of-Thought (Long- 343

CoT) baseline. To ensure a fair comparison, all ex- 344

periments are conducted under a matched computa- 345

tional budget. Specifically, the total token budget of 346

the Rhombus system (N ×Lp+Ls) is constrained 347

to be equal to the token budget of the corresponding 348

serial LongCoT baseline. This allows us to isolate 349

the architectural benefits of our framework from 350

the effects of simply using more compute. 351

3https://github.com/huggingface/Math-Verify
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Model
AIME 2024 AIME 2025 BeyondAIME Olympiad Average

Pass@1 Pass@8 Pass@1 Pass@8 Pass@1 Pass@8 Pass@1 Pass@1

Base Model: DeepSeek-R1-Distilled-1.5B
Base 27.2 58.1 22.8 42.3 8.6 25.6 49.8 27.1
LongCoT 32.5 59.8 25.4 43.4 10.8 28.2 54.2 30.7
Rhombus 41.0 67.9 29.0 43.4 14.2 31.4 60.4 36.2

Base Model: Qwen3-4B-instruct-2507
Base 62.2 84.0 47.0 69.0 30.8 53.3 72.1 53.0
LongCoT 70.7 89.4 64.1 79.1 43.3 60.4 76.1 63.6
Rhombus 80.6 90.5 71.3 79.5 48.2 60.6 78.5 69.6

Table 1: Performance comparison between Rhombus and baselines on mathematical benchmarks.

Main Results. As detailed in Table 1, Rhom-352

bus consistently outperforms the LongCoT353

baseline across all evaluated benchmarks354

and model scales. On our primary model,355

Qwen3-4B-Instruct-2507, Rhombus achieves a356

macro-average Pass@1 of 69.6%, a +6.0% abso-357

lute improvement over an equivalent LongCoT-RL358

baseline. This advantage holds on the smaller359

DeepSeek-R1-Distilled-1.5B model, where360

Rhombus obtains a +5.5% absolute gain. These361

results validate that our approach is a more362

effective use of a fixed compute budget than363

serial generation, and this performance gap is364

maintained consistently throughout the training365

process (Figure 3).366

Generalization to Code Generation. To assess367

the versatility of Rhombus beyond mathematical368

reasoning, we extend our evaluation to code gen-369

eration using the same Qwen3-4B-Instruct-2507370

backbone and training recipe. We train on data371

sourced from inclusionAI (2025) and Luo et al.372

(2025a) and evaluate on the validation split of the373

PRIME benchmark (Cui et al., 2025), which en-374

compasses diverse algorithmic tasks from APPS375

(Hendrycks et al., 2021), CodeContests (Li et al.,376

2022b), Codeforces (MatrixStudio, 2024), and377

TACO (Li et al., 2023). As shown in Table 2, Rhom-378

bus consistently surpasses the LongCoT baseline379

across all four benchmarks, achieving a macro-380

average accuracy gain of 2.4%. This confirms381

that our parallel reasoning mechanism is domain-382

agnostic and generalizes robustly to algorithmic383

programming challenges.384

Inference Efficiency. Rhombus accelerates in-385

ference by decomposing single long trajectories386

into multiple shorter segments, thereby mitigating387

Model
APPS CodeContests Codeforces TACO Average

Pass@1 Pass@1 Pass@1 Pass@1 Pass@1

Base Model: Qwen3-4B-instruct-2507
Base 45.0 42.1 38.2 24.3 37.4
LongCoT 58.4 53.9 51.6 32.6 49.1
Rhombus 59.1 55.5 56.3 34.9 51.5

Table 2: Performance comparison between Rhombus
and baselines on code benchmarks.

quadratic attention costs. As illustrated in Figure 4, 388

benchmarks on a single H20 GPU demonstrate that 389

Rhombus reduces macro-average inference time 390

from 129.17s to 78.26s. This constitutes a 39.4% 391

speedup over the budget-matched LongCoT base- 392

line. We provide the full experimental setup and 393

analysis in Appendix B. 394

Figure 4: End-to-End Latency on a Single H20 GPU.
Rhombus achieves a 39.4% speedup over the budget-
matched LongCoT baseline by reducing the sequence
length overhead.

4.3 Scaling Test-Time Compute 395

A defining characteristic of Rhombus is its ability 396

to modulate the computational budget at test time 397

by adjusting the number of Proposer agents (N ). 398

Figure 5 illustrates the performance scaling across 399

our benchmark suite as we increase N from 0 to 400

8. Here, the N = 0 setting denotes the model 401

answering directly without parallel proposals. 402
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Figure 5: Test-time scaling dynamics. We plot the av-
erage Pass@1 accuracy against the number of parallel
Proposers (N ) across the mathematical benchmarks.

Generalization to Varying Agent Counts. We403

first evaluate the scalability of Rhombus in isola-404

tion. The results demonstrate a consistent perfor-405

mance improvement as the number of Proposers406

increases from 1 to 8, with no signs of saturation.407

Crucially, this scaling holds even though the system408

was trained with a fixed configuration of N = 3.409

This indicates that the Synthesizer has not overfit-410

ted to a specific input size but has instead learned411

a robust integration mechanism that generalizes412

effectively to larger ensembles at inference time.413

Comparative Scaling Efficiency. To rigorously414

assess the efficiency of this scaling, we compare415

our specialized Rhombus model against the Long-416

CoT baseline, employing the Rhombus framework417

for both. We select a baseline checkpoint with418

comparable initial performance, though slightly419

stronger than our model: at N = 0, the LongCoT420

baseline outperforms Rhombus by approximately421

2.7%. However, despite this initial disadvantage,422

Rhombus exhibits a significantly superior scaling423

coefficient. As the number of parallel agents in-424

creases, our framework rapidly overtakes the base-425

line, ultimately achieving a +4.1% improvement426

at N = 8. This crossover confirms that the per-427

formance gains are driven by the Rhombus archi-428

tecture’s ability to effectively aggregate parallel429

computation, rather than the underlying strength430

of the base model. Finally, we demonstrate in Ap-431

pendix C that Rhombus significantly outperforms432

a Majority Voting baseline, confirming the efficacy433

of learned synthesis over heuristic consensus.434

4.4 Analysis and Ablations435

We conduct ablation studies to verify that Rhom-436

bus achieves its gains by explicitly optimizing the437

Figure 6: Training dynamics tracking Proposer accu-
racy, Synthesizer accuracy, and Communication Cost
(Proposal Length).

communication between exploration and aggrega- 438

tion. We demonstrate that simply having strong 439

reasoners is insufficient; the system must minimize 440

information loss during the hand-off. 441

Analysis of Credit Assignment Strategies. We 442

analyze how the reward weighting hyperparame- 443

ter c impacts the system’s ability to learn effec- 444

tive communication. This parameter balances the 445

Proposer’s internal reasoning quality against its 446

downstream utility. To quantify the information 447

flow, we track the Communication Cost, defined 448

as the total accumulated token count of all propos- 449

als transmitted to the Synthesizer. We compare 450

three distinct regimes: 451

• Individual-Only (c = 1) rewards Proposers 452

solely for local correctness, mimicking inde- 453

pendent sampling. 454

• System-Only (c = 0) rewards Proposers 455

solely for the final system outcome, ignoring 456

intrinsic validity. 457

• Balanced (c = 1/3) represents the Rhombus 458

setting, incentivizing both individual and sys- 459

tem correctness. 460

As shown in Figure 6, the Individual-Only set- 461

ting reveals a critical failure mode known as Com- 462

munication Collapse. We observe that the Commu- 463

nication Cost drops precipitously, indicating that 464

agents consume their token budget for internal rea- 465

soning while producing terse outputs. This behav- 466

ior starves the Synthesizer of context, resulting in 467

severe information loss at the interface. 468
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In contrast, the System-Only setting suffers469

from Misleading Feedback. Since agents receive470

credit for the system’s success even if their spe-471

cific answer is wrong, the learning signal becomes472

noisy. This ambiguity reduces training efficiency473

and causes Proposer accuracy to stagnate, as agents474

struggle to distinguish between effective reasoning475

and merely benefiting from the group’s success.476

Only the Balanced approach sustains effective in-477

formation transfer. It ensures Proposers remain478

competent reasoners while maintaining a sufficient479

Communication Cost, explicitly encoding their rea-480

soning into the detailed cues required for accurate481

aggregation.482

Unlocking Exploration Potential. To demon-483

strate that Rhombus achieves its gains by optimiz-484

ing the communication between Proposers and Syn-485

thesizers, we introduce a metric serve as a proxy486

for Coordination Gap (∆). This metric quanti-487

fies communication efficiency by measuring the488

divergence between the exploration potential of the489

Proposers and the realized performance of the fi-490

nal system. We define exploration potential as the491

Proposer’s Pass@3 metric (the probability that a492

correct solution exists in the pool) and realized per-493

formance as the system’s final Pass@1 accuracy.494

The gap is defined as:495

∆ = Pass@3Proposer − Pass@1System (6)496

A minimized ∆ indicates an efficient integration497

process where the Synthesizer successfully re-498

trieves and utilizes the correct reasoning present in499

the candidate pool.500

We compare the fully co-adapted Rhombus sys-501

tem against a Baseline configuration that pairs stan-502

dard LongCoT-trained Proposers with the fixed503

Rhombus Synthesizer. To ensure a rigorous eval-504

uation, we selected a LongCoT model with explo-505

ration potential comparable to the Rhombus model506

(72.1% vs. 70.3%).507

As shown in Figure 7, the Baseline suffers from508

a significant coordination gap (∆ = 4.6%). Al-509

though valid solutions exist in the pool with high510

probability (72.1%), the unoptimized communica-511

tion prevent effective aggregation, limiting realized512

accuracy to 67.5%. In contrast, Rhombus mini-513

mizes this gap to a negligible ∆ = 0.7%. By514

bridging the communication disconnect, Rhombus515

achieves a final accuracy of 69.6%, representing516

a +2.1% system-level gain over the Baseline de-517

spite starting with lower intrinsic potential. This518

Figure 7: Analysis of the Coordination Gap (∆). We
compare exploration potential (Pass@3) vs. realized
accuracy (Pass@1). Rhombus minimizes this gap (∆ =
0.7%), achieving superior final accuracy (69.6%).

demonstrates that jointly optimizing the communi- 519

cation interface is a prerequisite for unlocking the 520

full potential of parallel thinking, bridging the gap 521

between latent generation capability and realized 522

system performance. 523

5 Limitations 524

First, the centralized Synthesizer imposes a context 525

window bottleneck, potentially limiting continuous 526

scaling as the number of parallel agents increases 527

significantly. Second, our joint optimization frame- 528

work relies on verifiable outcome-based rewards, 529

which currently restricts applicability to domains 530

with objective ground truth, leaving open-ended 531

tasks for future exploration. 532

6 Conclusion 533

We presented Rhombus, a parallel reasoning frame- 534

work designed to resolve the critical information 535

loss bottleneck inherent in uncoordinated aggre- 536

gation. To bridge the gap between uncoordinated 537

parallel thinking and coherent reasoning, Rhombus 538

employs reinforcement learning to optimize the 539

interaction between Proposers and a Synthesizer, 540

ensuring diverse trajectories are effectively coordi- 541

nated and integrated. Empirically, this alignment 542

yields a +6.0% accuracy improvement over budget- 543

matched LongCoT baselines. Furthermore, Rhom- 544

bus demonstrates robust test-time scaling capabili- 545

ties, allowing users to reliably unlock greater rea- 546

soning performance by increasing parallel breadth. 547

Future work will focus on enhancing the diversity 548

of the Proposer’s exploration strategies. 549
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A Implementation Details749

Token Budget Allocation. We aligned the750

computational resources for both DeepSeek-R1-751

Distilled-1.5B and Qwen3-4B-Instruct-2507 by752

matching the total inference budget for each model753

family:754

• DeepSeek-R1-Distilled-1.5B: We allocated a755

budget of 8,192 tokens per agent. With N = 3756

Proposers and 1 Synthesizer, this results in a757

total system budget of 32,768 tokens, which758

matches the single-context limit used for its759

LongCoT baseline.760

• Qwen3-4B-Instruct-2507: We increased the761

per-agent budget to 12,288 tokens, resulting in762

a total system capacity of 49,152 tokens. This763

expansion was necessary to accommodate the764

base model’s tendency to generate highly ex-765

tensive reasoning traces when addressing chal-766

lenging mathematical benchmarks. For the767

corresponding LongCoT baseline, we adopted768

a two-stage training strategy following estab-769

lished practices for long-context optimization770

(Guo et al., 2025a; Luo et al., 2025b). Specifi-771

cally, we initiated training with a 32k context772

window and transitioned to the full context773

length after 300 steps.774

Hyperparameters. Models are optimized via on-775

policy reinforcement learning without KL regu-776

larization, utilizing the AdamW optimizer with a777

constant learning rate of 1× 10−6 and (β1, β2) =778

(0.9, 0.95). We employ a global batch size of 128779

with 8 rollouts per prompt. To promote explo-780

ration during training, we set the sampling tem-781

perature to 1.0 with top-k/p truncation disabled.782

For final evaluation, we adopt a more stable decod-783

ing strategy with temperature 0.6, top_p = 0.95,784

and top_k = 20. We estimate performance us-785

ing n = 32 samples for all benchmarks, with the786

exception of OlympiadBench (n = 1).787

B Performance Analysis Details788

To quantify the efficiency gains of the Rhombus789

framework, we conducted controlled benchmarks790

on a single NVIDIA H20 GPU using the vLLM791

inference engine with a system-level batch size of792

1. We recorded both total token consumption (Fig-793

ure 8) and end-to-end wall-clock latency (Figure 4794

in the main text). Rhombus achieves a 39.4% reduc-795

tion in wall-clock time, despite a higher aggregate796

Figure 8: Comparison of token consumption between
Rhombus and LongCoT. Although Rhombus generates a
higher total volume of tokens, it distributes them across
shorter, concurrent contexts, avoiding the high compu-
tational cost of long-context generation.

token count. This efficiency stems from distribut- 797

ing reasoning across shorter, parallel chains rather 798

than a single extended sequence. Consequently, 799

Rhombus avoids the latency bottlenecks of long 800

sequential contexts, enabling faster inference even 801

with increased total generation volume. 802

C Comparison with Majority Voting 803

Figure 9: Scaling efficiency of Rhombus versus Major-
ity Voting. We plot Pass@1 accuracy as a function of
the number of Proposers (N ). Rhombus consistently
outperforms the voting baseline, indicating that the Syn-
thesizer extracts signal more effectively than heuristic
consensus.

To validate the utility of the learned Synthesizer, 804

we compare Rhombus against a Majority Voting 805

(Self-Consistency) baseline. We implement the 806

baseline by extracting Proposer outputs via the 807

Math-Verify library and selecting the most fre- 808

quent answer. As shown in Figure 9, Rhombus 809

consistently outperforms Majority Voting across 810

all ensemble sizes. This performance gap confirms 811

that the Synthesizer provides superior integration: 812

instead of discarding the reasoning rationale to 813

simply count votes, it leverages the semantic cues 814

within the proposals to identify correct reasoning, 815

11



Role Prompt

Proposer Please reason step by step, and put your final answer within \boxed{}.
Respond using this exact format:
### Thought
Provide a detailed, step-by-step thought process.
### Solution
Present a clear step-by-step solution. This should be the "polished" version of your
reasoning, formatted for easy understanding.
### Final Answer
State the final, correct answer.

Synthesizer Your task is to analyze previous answers to a question and provide one definitive,
improved answer.
Please reason step by step, and put your final answer within \boxed{}.
Respond using this exact format:
### Thought
Provide a detailed, step-by-step thought process.
### Final Answer
State the final, correct answer.

Table 3: Prompts used for evaluating Rhombus with the Qwen3-4B-Instruct-2507.

even when it is not the plurality consensus.816

Furthermore, Rhombus offers superior gener-817

ality. Majority Voting relies on rigid, domain-818

specific normalizers (e.g., math equivalence check-819

ers) which are inapplicable to open-ended tasks. In820

contrast, Rhombus aggregates via natural language821

processing, making it a domain-agnostic frame-822

work suitable for fields like general QA where rigid823

answer matching is intractable.824

D Qualitative Case Study825

Here we present a detailed comparison between the826

uncoordinated baseline and Rhombus.827

Problem Statement
Question: A sequence is defined by the recurrence relation an+1 = 1 +

1
1+an

. Given that a3 = 41
29

, find the value of a1 .

828

Baseline (Uncoordinated Proposer)

We are given the recurrence: an+1 = 1 + 1
1+an

We are given a3 = 41
29

, and we want a1 .

We reverse the recurrence by finding the inverse function. Let y = 1 + 1
1+x

.
Solving for x:
- y − 1 = 1

1+x
- 1 + x = 1

y−1
- x = 1

y−1
− 1 = 2−y

y−1

So an =
2−an+1
an+1−1

Now compute backwards:

1. a2 =
2− 41

29
41
29

−1
=

17
29
12
29

= 17
12

2. a1 =
2− 17

12
17
12

−1
=

7
12
5
12

= 7
5

829

Final Answer
7

5

Analysis: While the answer is correct, the
reasoning is unstructured and critical inter-
mediate steps are buried in paragraphs. The
Synthesizer receives a noisy signal.

830

Rhombus

We are given a recurrence:

an+1 = 1 +
1

1 + an

and that a3 = 41
29

. We are to find a1 .
Step 1: Invert the recurrence to express an in terms of an+1 .
Let y = an+1 , x = an . Then:

y = 1 +
1

1 + x

⇒ y − 1 =
1

1 + x

⇒ 1 + x =
1

y − 1

⇒ x =
1

y − 1
− 1 =

1 − (y − 1)

y − 1
=

2 − y

y − 1

So:

an =
2 − an+1

an+1 − 1

Step 2: Compute a2 from a3 = 41
29

:

a2 =
2 − 41

29
41
29

− 1
=

58−41
29

41−29
29

=
17
29
12
29

=
17

12

831
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Step 3: Compute a1 from a2 = 17
12

:

a1 =
2 − 17

12
17
12

− 1
=

24−17
12

17−12
12

=
7
12
5
12

=
7

5

Verification

- a1 = 7
5

- a2 = 1 + 1

1+ 7
5

= 1 + 1
12
5

= 1 + 5
12

= 17
12

- a3 = 1 + 1

1+ 17
12

= 1 + 1
29
12

= 1 + 12
29

= 41
29

All match.

Thus, the value of a1 is
7

5
.

Analysis: Rhombus structures the response
into Logic, Calculation, and Verification.
The explicit separation allows the Synthe-
sizer to validate the logic (a2 → a3) without
re-deriving the entire chain.

832

13


	Introduction
	Related Work
	Reinforcement Learning for Reasoning
	Parallel Thinking

	Methodology
	Framework Overview
	Co-Training with Reinforcement Learning
	Reinforcement Learning Objective
	Reward Modeling


	Experiments
	Experimental Setup
	Main Results
	Scaling Test-Time Compute
	Analysis and Ablations

	Limitations
	Conclusion
	Implementation Details
	Performance Analysis Details
	Comparison with Majority Voting
	Qualitative Case Study

