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Abstract

This work proposes a scalable probabilistic latent variable model based on Gaussian processes
(Lawrence, |2004) in the context of multiple observation spaces. We focus on an application
in astrophysics where it is typical for data sets to contain both observed spectral features
as well as scientific properties of astrophysical objects such as galaxies or exoplanets. In
our application, we study the spectra of very luminous galaxies known as quasars, and their
properties, such as the mass of their central supermassive black hole, their accretion rate
and their luminosity, and hence, there can be multiple observation spaces. A single data
point is then characterised by different classes of observations which may have different
likelihoods. Our proposed model extends the baseline stochastic variational Gaussian
process latent variable model (GPLVM) (Lalchand et al., 2022)) to this setting, proposing a
seamless generative model where the quasar spectra and the scientific labels can be generated
simultaneously when modelled with a shared latent space acting as input to different sets of
Gaussian process decoders, one for each observation space. Further, this framework allows
training in the missing data setting where a large number of dimensions per data point may
be unknown or unobserved. We demonstrate high-fidelity reconstructions of the spectra and
the scientific labels during test-time inference and briefly discuss the scientific interpretations
of the results along with the significance of such a generative model.

1 Introduction

Many challenges in the contemporary physical sciences arise from the analysis of large scale, noisy, het-
eroscedastic and high-dimensional datasets (Clarke et al., |2016]). Hence, there is increasing consensus that
addressing the challenges posed by large scale data in the experimental pipelines for discovery, forecasting
and prediction warrant scalable machine learning. Modern experiments in physics, chemistry and astronomy
are capable of producing extremely complex high-dimensional data, but it is not just the sheer volume of the
data but also the velocity, referring to the rate of production (Carleo et all 2019)) of data, which poses an
additional challenge. Further, an additional axis is the variety or heterogeneity inherent in scientific datasets
in the form of multiple outputs or observation spaces. For instance, images (pixels) can be accompanied with
attributes like illumination, pose and resolution. In addition, some of these attributes or observed features
are often unknown or unobserved, resulting in incomplete data sets with missing components. The multiple
output setting is inadequately addressed in probabilistic machine learning literature; in this work we tackle
precisely this setting proposing a multi-output scalable probabilistic model for a scientific application in
astronomy.

A preponderance of literature in unsupervised learning focuses on the setting of a single large-scale homogeneous
dataset, for instance, images, text, speech or continuous numerical values. Further, most parametric models
also assume a complete dataset where each dimension of every data point is observed. Real-world data
are often only partially observed and in some cases yield very sparse data matrices with majority of the
dimensions missing (Corduneanu & Jaakkolal [2012]). Robust unsupervised learning in these settings is a
challenge and one needs to account for sensible epistemic uncertainties. In the running application we consider
in this work, handling missing data during training is crucial as spectral pixels in real observations can be



Under review as submission to TMLR

missing due to absorption features in the Earth’s atmosphere or different wavelength coverage of the spectra
when observed with different telescopes or spectrographs.

Dimensionality reduction is a standard precursor to further analysis in scientific datasets as the intrinsic
dimensionality of the data might actually be quite low. It is usually possible to summarise the key axis of
variation in the data with very few dimensions (Facco et al., 2017)) side-stepping the curse of dimensionality
and facilitating further downstream analysis. Projection techniques like PCA, multidimensional scaling (MDS)
and independent component analysis (ICA) utilise eigenvalue decomposition (Murphy, |2012) while other
non-linear techniques like t-SNE (van der Maaten & Hinton, 2008), SNE (van der Maaten, 2009) and UMAP
(MclInnes et al., |2020) construct a probability distribution on high dimensional points and replicate a similar
distribution on low-dimensional points iteratively using the KL divergence. These methods however, are not
generative in their traditional incarnation, they cannot be used to generate instances of the high-dimensional
data points, hence, they are not very useful in many astrophysical settings where the ability to generate
points in high-dimensional data space is crucial.

Generative latent variable models of late have supplanted traditional dimensionality reduction techniques
as they offer the simultaneous benefits of a probabilistic interpretation and data generation while learning
a faithful embedding of the high-dimensional training data in low-dimensional latent space. A generative
probabilistic framework like the GPLVM (Lawrence, 2004) works by optimising the parameters of a Gaussian
process decoder from a low dimensional latent space (Z € RV *@) to high-dimensional data space (X € RV*D)
such that Q < D and points close in latent space are nearby in data space. Since the decoder is a non-
parametric Gaussian process, the kernel function controls the inductive biases of the function mapping like
smoothness and periodicity. There typically is no encoder mapping hence, these models are also called
Gaussian process decoders. It is possible to additionally incorporate a back-constraint or an encoder which
maps from the data to latent space putting GPLVMs on the same footing as variational auto-encoders (VAEs;
Lawrence & Quinionero Candela, [2006; Bui & Turner} 2015)). This amortises the cost of variational inference
in very large-scale datasets but we don’t employ this setting as it is not straightforwardly applicable to
missing data contexts.

This work proposes a novel formulation of the GPLVM based on the idea of a shared latent space. The earlier
work by [Ek| (2009)) was the first to propose the idea of a shared data generation process but precluded truly
scalable inference due to the standard O(N?) scaling. We extend this framework in two important ways.
First, we show that the shared GPLVM is compatible with stochastic variational inference (SVI) (Hoffman
et al., 2013|) where we derive a joint evidence lower bound which factorises across multiple observation spaces
due to conditional independence but share predictive strength though inducing locations and latent variables.
Secondly, we train the entire model in presence of missing dimensions in one or both of the observation spaces.

We demonstrate this scalable model in an astrophysical application using data of quasars. Quasars are the
most luminous galaxies in the universe, powered by accretion onto a central supermassive black hole (SMBH)
with millions to billions of solar masses in size. Understanding the formation, growth, and evolution across
cosmic time of quasars and their SMBHs is one of the major goals of observational cosmology today. To
this end, precise measurements of the physical properties of quasars are crucial, but they typically demand
very expensive and time-intensive observations, as multiple epochs are needed to accurately determine, for
instance, the quasar’s SMBH mass. The high-dimensional data used in this work contains ~ 22,000 quasars
from the Sloan Digital Sky Survey (SDSS; Lyke et al., |2020; Wu & Shen, [2022) with high-quality spectral
information (binned to 590 spectral dimensions/pixels) along with four scientific labels per quasar, i.e. their
black hole mass, luminosity, redshift and so-called Eddington ratio — a measure of the quasar’s accretion
rate. By modelling the spectra and scientific labels through a generative model acting on a shared latent
space we aim to reason about the physical properties of the quasars just through its “single-epoch” spectral
information, thus circumventing the time-intensive multi-epoch observations. Earlier work on applying
probabilistic generative modelling using a GPLVM to high-dimensional quasar spectra (Eilers et al.| [2022)
have been constrained on scalability and examine less than 50 astronomical objects. We demonstrate our
framework on datasets > 400x bigger. We summarise our key contributions below:

Contributions We propose a probabilistic generative framework called the Shared stochastic GPLVM
which is designed for use cases with multiple outputs/observation spaces. We seamlessly account for missing
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dimensions both at training and test time due to the probabilistic nature of the model. We demonstrate
through astrophysical experiments that we can reconstruct previously unseen spectral pixels to a high degree
of fidelity, interpolate missing or unobserved spectral regions and predict scientific labels. Crucially, we
demonstrate that it is possible to share predictive strength by learning a common latent variable space Z
across multiple-outputs (X,Y) where Y € R¥*Z is an additional observation space with L dimensions. In
this way we indirectly model the relationships and correlation structure between the different observation
spaces. We demonstrate this concretely with an experiment where we generate/predict all the scientific
attributes at test-time by using latent variables (Z) only informed by the quasar spectra (X), we can denote
this cross modal prediction as X — Z — Y. To the best of our knowledge, predicting multiple outputs with
stochastic variational GPs for scalability is methodologically novel. Further, this is the first demonstration
of a scalable probabilistic latent variable model in astrophysical settings. In Section [§ we discuss how the
development of these unsupervised learning frameworks can instigate novel insights into some of the major
open questions in astronomy today.

2 Stochastic Variational GPLVM with a Shared latent space

In this section we first describe background on the stochastic variational GPLVM (Lalchand et al., 2022)). We
then develop the idea of a shared latent space and inducing points within the stochastic variational GPLVM
framework. The fundamental contribution of this work is to develop an inference scheme to show that a
shared latent space does not preclude scalable inference through SVI.

2.1 SV-GPLVM: Stochastic Variational GPLVM

In the traditional formulation underlying GPLVMs we have a training set comprising of N D-dimensional
real valued observations X = {z,}Y_; € RV*P. These data are associated with N @Q-dimensional latent
variables, Z = {z,}Y_; € RV*Q where Q < D pr0v1des dimensionality reduction (Lawrencel 2004). The
forward mapping (Z — X) is governed by GPs independently defined across dimensions D. The sparse GP
formulation describing the data is as follows:

N
p(Z) = HN(ZTL;O’HQ)’
ngl
p(F|U, Z,6) = [[ N (f5 Knm Ky tha, Qun ) (1)
d=1

D
(X|F Z H xn dv.fd zn) 32:)7

u::]z

where Qunp = Knn — Knm Ko Kny F = {fa},, U = {ug}2_ and x4 is the d** column of X. K, is
the covariance matrix corresponding to a user chosen positive-definite kernel function kg (z, ") evaluated on
latent points {x, }»_; and parameterised by shared hyperparameters §. The inducing variables per dimension
{ug}_, are distributed with a GP prior wg|Z ~ N(ug;0, Kppm,) computed on inducing input locations
[21,... 2T = Z € RM*Q which live in latent space with Z and have dimensionality @ (matching z,,).

The crux of SVI applied to sparse variational GPs as proposed in the seminal work of [Hensman et al.| (2013)
is that we can variationally integrate out ug by learning their variational distributions q(ug) ~ N (mg, Sq)
numerically using stochastic gradient methods. Essentially, by keeping the representation of ug4 uncollapsed.
While (Hensman et al., |2013)) proposed SVI for GP regression, (Lalchand et al.| [2022) extended this work to
GPLVMs where the inputs Z to the GPs are unobserved and each dimension of the high-dimensional output
space ¢, is modelled by an independent GP f; with shared kernel hyperparameters.

Succinctly, posterior inference entails minimising the KL-divergence between the posterior over unknowns
p(F,U, Z|X) and the variational approximation ¢(F,U, Z). When the variational approximation admits the
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factorisation below as in (Titsias), 2009):

(B U, 2) = p(F|U, Z2)q(U)q(Z) = (f[lp(fdlu(z, Z)q(ua) ﬁlq(zn) (2)
the evidence lower bound (ELBO) can be derived as, 7 _
KL((F.U.2)pF,U. 21) = [ o). 2)a(0)a(2) 1o " E 2D aravaz @
_ / p(FIU. Z2)q(U)q(2) log X |%%5((%)p D) 4pavaz +10s p(X)
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Minimising the KL is tantamount to maximising the ELBO as is clear from Eq. , this yiels the evidence
lower bound,

log p(X) = Eq(,[log p(X|F, Z)] = KL(¢(2)[|p(2)) — KL(q(U)][p(U)) (4)

For brevity we suppress the conditioning over the inducing inputs Z in the prior p(U) and the kernel
hyperparameters 6 in p(F|U, Z).

If we choose to optimize the latent variables Z as point estimates rather than variationally integrate them
out (basically we do not introduce ¢(Z)) we end up with the following simplification,

p(X|F, Z)p(U)p(2)

§(3) > [ (10 2)a(0) 1o PEE DB E dray — 5)
Re-writing the lower bound as a sum of terms across data points N and outputs/dimensions D we get,
Lo =y (logp(n.alfa zn,02))q) — Y KL(a(ua)llp(ud|2)) + Y logp(zn) (6)
n,d d n

Latent point estimates {2, }"_, can be learnt along with # and variational parameters (Z, mgy, Sq) by taking
gradients of the ELBO in Eq. @ An important constraint however is that this formulation assumes a single
kernel matrix (single set of kernel hyperparameters) underlying all the D independent GPs. In the next
section, we introduce the idea of an additional observation space with L dimensions and how they can be
modelled by their own stack of independent GPs f; and learn their own set of hyperparameters for additional
flexibility but share the latent embedding Z and inducing inputs Z to model correlations between the different
output spaces.

2.2 Shared joint variational lower bound

In the astrophysical application we focus on in this work we have two observation spaces corresponding
to N quasars. We denote the quasar spectra (pixels) with the matrix X € RNV*P and the scientific
labels corresponding to the N objects with Y € RV¥*E. The GPLVM construction models each column
(pixel dimension and label dimension) with an independent GP, with the GPs corresponding to the pixel
dimensions {f;}?_, and label dimensions {f;}% +1 modelled with their own independent kernels and kernel
hyperparameters, 0, and ,. Within each observation space the kernel hyperparameters are shared, so we
learn two sets of hyperparameters corresponding to two observation spaces.

Ja~GP(0,ky,) Ji~GP(0,ke,) (7)

The priors over the function values are given by,
p(fal0z) = N (0, K1) (8)
p(fil0y) = N (0, K1) (9)
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Figure 1: The graphical model of the shared GPLVM with two sets of independent GPs and their respective
hyperparameter sets.

where K,% and K,(f,l denote the N x N kernel matrices which rely on their own set of hyperparameters. The
two observation spaces also yield two data likelihoods given by,

N N D
(X‘fl Da H wn|fd7 H H xn d7fd zn) 02) (10)
v W

p(Y|fD+1:L7 H yn|fla = H H ynlvfl zn)a 3) (11)
=D+

In the absence of sparsity the log-marginal likelihood of the joint model compartmentalises nicely due to the
assumed factorisation in the likelihoods. We marginalise out the latent function values fi.p and fpyi.. per
dimension,

PEYI00.2)= [ [ S 2 1 DI S prr (12)
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where x4 and y; denote a single column/dimension of the observation spaces X and Y. The log marginal
likelihood objective is then given by the following,

log p(X,Y10,,0,, %) = Zlog p(xa|0., Z) Z log p(y1|0y, Z) (15)
d=1 lI=D+1

In order to induce sparsity we introduce inducing variables ug and w; for each individual dimension in the
observation spaces; however, they are underpinned by shared inducing inputs Z which live in the shared latent
space Z and share the same dimensionality, ). With sparse GPs each of the terms in the decomposition
above can be bounded by £, while the inducing points Z can be shared between the terms yielding the joint
evidence lower bound.

log p(X,Y10,,0,,2) >Zlogp Tn,dl Fias 20, 02)) () ZKL (uq)||lp(uq)) (16)
n,d

d
Zn,00))a() — O KL(q(w)|[p(w)) + log p(Z)
l

n,l
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Overall we optimise the shared variaitonal lower bound w.r.t kernel hyperparameters for the two groups of
GPs, 0, and 0,, variational parameters {mg, Sq}2_, and {my, Sl}lL:D+17 and a single set of shared latent

point estimates Z and inducing inputs Z. We include the full training algorithm in Algorithm

3 Predictions & Reconstructions

High-dimensional points can arrive in different formats for the unseen data, either we observe both the
modalities {x*, y*} where z* = [27,...,25]7 and similarly for y* or only one of the modalities with the other
one missing i.e. {&*} or {y*} only. The prediction exercise then entails inferring the latent z* corresponding
to the unseen test point.

Since the GPLVM is a decoder only model, we can’t obtain the latent embedding z* deterministically, instead

we re-optimise the ELBO with the additional test data point (x*,y*) while keeping all the global and model

hyperparameters frozen at their trained values. Note that since the ELBO factorises across data points,
N+1D+L

LAzn, yn}N 12", y*) = Y. > L,.1, the gradients to derive the new latent point 2* only depends on the
n=1 h=1

respective component terms connected to the data point.

Once we infer z* we can compute the full reconstruction distributions (we may be interested in this if the

unseen data point y* had any missing dimensions, for example y* = [y}, v5,7,?,y%,...,y;]T) which are just

the GP posterior predictive for each column or dimension, without loss of generality, for dimension ;"

p(y7|=") = / (7 1w, 2°)p(Fo wilyn) dfrduy
~ / P(F | oo, 2 )p(filr) () d o (17)
- / Py, 2 (s

where p(yjlu, 2*) = N(Kum Kb, Kew — K K0 Konw + 07) and g(w) = N(mj,S;) refers to the

mm mm
optimised variational distribution. The final integral is tractable and gives the following form:

p(y/|z") = N(K*mK;zinm% K*mK;z}n(Sl* - Kmm)K;m:nKm* + 05) (18)

and similarly for any «. For cross-modal reconstruction (where we only observe one modality of unseen
data) the latent z* acts as the information bottleneck, hence, the same posterior predictive distributions can
be derived, z* — z* — p(y;|2*)VI =D +1, ...L.

4 Schematic of the Model

In Fig. [2| we present a schematic of the model architecture with two observation spaces (X,Y'), the correspond-
ing stacks of individual GPs {fq} and {f;} which model the individual columns of the spectra X and scientific
attributes Y, respectively, and the low-dimensional latent space Z. The dimensionality of the latent and
observation spaces are denoted by @, D, L, respectively, and N denotes the number of objects / data points
(quasars). Note that the correlation between the two observation spaces are not explicitly but implicitly
modelled through a shared latent space. Generating a single data point (z,,¥y,) (a row across X and Y')

entails a forward pass through the GPs, where @,, = [..., Zpnq, .. .] is generated as [f1(z,), fo(2n),. .., fp(24)]
and yp, = [...,yns, .. ] is generated as [fpy1(2n), fo+2(20), - -, fD+L(20)]-
5 Algorithm

We enclose the pseudo-code in Algorithm [I] for stochastic variational inference in the context of the shared
model for clarity. Let £, and £, denote the ELBO’s for each of the observation spaces and let E&B) and
EQB) denote the ELBOs formed with a randomly drawn mini-batch of the data (across all dimensions). For a



Under review as submission to TMLR

Single column of spectra across objects
D : L h
fd d=1 Single column of scientific labels across objects
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Figure 2: Shared GPLVM with multiple observation spaces. The blocks on the right-hand side denote the
double observation spaces (X,Y") of quasar spectra and scientific labels respectively. In the center are two
stacks of GPs, one for each observation space which control the data generation process through the shared
latent space. In the figure above we assume @ = 2 (for ease of visualisation) since we denote the GPs are two
dimensional surfaces, however, typically @ can be higher than 2 corresponding to higher dimensional GPs.

mini-batch (subset) of the data Xp C X, the mini-batch ELBO is given by,

Ly~ LP) = % > (log p(xb,alfas 26, 02))q() + > _logp(zs) | = > KL(g(ua)llp(ual 2)) (19)
b.d b d

where the scaling term is important for the mini-batch ELBO to be an estimator of the full-dataset ELBO.

5.1 Computational Cost

The training cost of the canonical stochastic variational GPLVM is dominated by the number of inducing
points O(M?3D) (free of N) where M < N and D is the data-dimensionality (we have D GP mappings f;, one
per output dimension). The practical algorithm is made further scalable with the use of mini-batched learning.
In our shared model with two sets of GPs the dynamics of the training cost are the same except that they go
up linearly in the number of additional dimensions (L), making the cost O(M?(D+ L)). The number of global
variational parameters to be updated in each step (parameters of ¢(U)) is MQ + M (D + L) + M?*(D + L),
where MQ are the M Q-dimensional inducing inputs Z (shared), M(D+ L) is the size of the mean parameters
of the inducing variables wg, u; and M?(D + L) are the full-rank covariances of the inducing variables.
The local variational parameters Z (the latent embedding shared across GPs) are of size N@Q and model
hyperparameters (kernel hyperparameters) are of size 2Q) + 4, which account for @ input lengthscales, a scalar
signal variance and noise variance per GP group {f4} and {f;}. We use the squared exponential kernel with
automatic relevance determination across both sets of GPs.

6 Related methodological work

In this section we present related work in multi-output Gaussian processes in more detail. Canonical
multi-output Gaussian processes almost always refer to the supervised framework or multi-output regression
(Alvarez et al.,2010) where the targets {x4(2)}5_, are multi-dimensional, continuous and Gaussian distributed
corresponding to inputs z € RP. The main focus is on defining a suitable cross-covariance function between
the outputs, this allows treatment of the outputs as a single GP with a suitable covariance function (Alvarez
2012). The intrinsic and linear coregionalisation models (Goovaerts|, 1993} [Journel & Huijbregts, [1976
are a popular approach where each output is modelled as a weighted sum of shared latent functions (GPs)
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Algorithm 1: Shared Stochastic GPLVM for Quasar Spectra

TRAINING FRAMEWORK

Input: ELBO objective £ = L, + L, gradient based optimiser optim(), observation spaces X (spectra) and Y (scientific
labels)

Initial model params:
0 = (0z,0y) (covariance hyperparameters for GP mappings fi.p, fp+1:1),

o2 = (02,02) (variance of the noise model for each likelihood),
Z = {zn}_; (point estimates for latent embedding)

Initial variational params:
Z € RM*Q (inducing locations),

A= {my, Sh}f;rlf“ (global variational params for inducing variables per dimension uy,),

while not converged do
e Choose a random mini-batch of the data from both the observation spaces Xgp C X,Yg C Y.

¢ Form a mini-batch estimate of the ELBO: L;B> + Lg,B)

o Gradient step for global parameters g <~ V, 2 5 )\(CgB) + E?(JB))
» Gradient step for local parameters I < V7, (EECB) + LéB)) (where Zp are the latent embeddings corresponding to
points in the mini-batch)

o Update all parameters Z,0,02,\, Zg = {zb}f:1 <— optim() using gradients g,

end
return 0,02, Z )\, Z

PREDICTION FRAMEWORK
(Predict Z* corresponding to unseen X*,Y™*)

Input: Trained global and local parameters 0,02, Z, X, Z, unseen observation spaces X * (spectra) and Y* (scientific labels).
1. Initialise latent embedding Z* = {z,* }7127::1 corresponding to unseen points.
2. Extend the joint ELBO to include terms corresponding to the N* additional data points.
Ly Lot . (logp(@nx,alfa, zne,03))q() + D, logp(zn+)
L; A L:y + Zn*,l <10gp(yn*,l Sisznx, U;))q() + Zn* 10gp(zn*)
LY=L+ Ly
3. Freeze all global and local parameters except for Z*
while not converged do

o Gradient step for Z*: [* < Vg« L*

o Update Z* < optim() using gradients [*.

end

return Z*

(Note that the gradients of Lo and Ly with respect to Z* are 0 and the only terms that are optimised are the additional
terms corresponding to the new data points.)

where typically the number of latent processes is smaller than the number of outputs enabling efficiencies. To
some extent multi-task learning with GPs can be viewed as an instance of multi-output learning where we
want to avoid tabula rasa learning for each task and evolve a framework for sharing information between
multiple tasks (Bonilla et al., |2007). Further, there is the simplistic paradigm where each output is modelled
with its own independent single-output GP and no correlation between the outputs is assumed. This approach
while easy to implement, is severely limited in its ability to jointly model the outputs.

In the unsupervised paradigm, the starting point is a high-dimensional data matrix N x D. The conventional
Gaussian process latent variable model (GPLVM) operates like a multi-output model by default where each
column of the data is modelled by an independent GP on the same shared set of inputs, kernel function
and hyperparameters. The GPLVM is a decoder only model and some of their prominent variants are the
back-constrained GPLVM (Lawrence & Quinionero Candelal 2006]), supervised GPLVM (Jiang et al., |2012),
discriminative GPLVM (Urtasun & Darrelll 2007) and the shared GPLVM (Ek| [2009). The latter considers
the task of dealing with multiple views or observation spaces (each of which is high-dimensional). This work
is built on the idea of a shared latent space underlying the multiple observation spaces similar to (Ek et al.|
2007) but adapts it for scalable inference using stochastic variational inference (SVI). Stochastic variational
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Metrics (—) RMSE

Models (—) Baseline Shared (ours)

Attributes (1) Tk \ 22k \ Tk \ 22k
Spectra 0.0731 £ 0.0020 0.1217 £ 5e-4 0.0707 £+ 0.0033 0.1210 £ 4e-4
Blackhole Mass 0.1882 £+ 0.0046 | 0.2846 + 0.0037 | 0.1765 £ 0.0054 | 0.2453 £+ 0.0014
Bolometric Luminosity | 0.1731 4 0.0043 | 0.2562 £ 0.0034 | 0.1658 £+ 0.0084 | 0.2267 + 0.0022
Eddington Ratio 0.1707 £ 0.0024 | 0.2799 £+ 0.0061 | 0.1653 + 0.0026 | 0.2336 + 0.0021

Table 1: Summary of test-time reconstruction abilities. Mean absolute error on denormalised data (+ standard
error of mean) evaluated on average of 5 splits with 75% of the data used for training in the 22k dataset and
90% of the data used for training in the 1k dataset. The shared model outperforms the baseline model in all
the reconstruction tasks for the larger dataset. In the smaller dataset the performance improvement is not
statistically significant for the spectra reconstruction and the bolometric luminosity prediction.

GPLVM was proposed in (Lalchand et al., 2022) but only considered a single observation space as in a
canonical GPLVM.

7 Experiments

In this section we demonstrate a range of experiments aimed at assessing the reconstruction quality of unseen
quasar spectra and scientific attributes, as well as the robustness of uncertainty quantification by computing
the negative log predictive density of unseen labels —log p(Y*|Z*) under the predictive distribution where
Z* has been informed by both modalities (spectra and labels) as well as just the spectra.

The data used in this work are quasar spectra observed as part of the Sloan Digital Sky Survey (SDSS)
DR16 (Lyke et all|2020). We chose all quasars with spectra that have a signal-to-noise ratio (SNR) per
pixel > 10, which results in a total of 22844 quasar spectra. The observed spectra are shifted into the
rest-frame wavelength space, re-binned onto a common wavelength grid, and flux normalized to unity at
around 2500 A. We mask strong absorption lines that might arise in the spectra due to foreground galaxies
along our line-of-sight to the quasar, and are thus not intrinsic spectral features of the quasar. The four
scientific labels for these quasars are (1) their SMBH mass, (2) their bolometric luminosity, i.e. the total
power output across all electromagnetic wavelengths, (3) their redshift which denotes the factor by which the
emitted wavelengths have been “stretched” due to the expansion of the universe, and (4) their Eddington
ratio, which is a measure of the accretion and growth rate of the SMBH. All measurements were previously
uniformly determined by Wu & Shen| (2022)). We conduct experiments across two data sets with 1k and 22k
points (as an ablation to assess the performance with a smaller dataset). The 1k dataset was also derived
from SDSS with the same SNR threshold. The "Baseline" model in the experiments refers to the canonical
stochastic variational GPLVM (Lalchand et al., 2022) which treats multiple observation spaces using the
same set of independent GPs learning a single set of kernel hyperparameters

7.1 Reconstructing Quasar spectra

We assess the quality of our probabilistic generative model in reconstructing unseen quasar spectra. At
test-time we deal with spectra and scientific labels from unseen quasars denoted by (Xz;,Yy:) (we use the
index ‘gt’ to denote ground truth). The 2-step prediction learns the low-dimensional shared latent variables
Z* (point estimate per data point) which acts as input to the GP decoder predicting the corresponding
spectra Z* — X*,. Note that the ground truth spectra contains several missing pixels (dimensions) and
the probabilistic decoder provides a reasonable reconstruction at those locations. In Fig. |3| we visualise the
reconstruction (posterior predictive mean) of four test quasars along with ground-truth measurements and 20
uncertainty intervals. We achieve a remarkably good reconstruction estimates from the latents; further, the

prediction intervals capture the ground spectra providing robust coverage at peaks and extrapolated regions.
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Spectra reconstruction
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Figure 3: Reconstruction plots of unseen quasar spectra with +2¢ predictions intervals. The blue curve
denotes the posterior predictive mean at each dimension.
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Quasar Spectra Reconstruction [from partial observations]
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Figure 4: Reconstruction of a single spectra from the latent informed by a partially observed spectrum. The
shaded orange regions denote the “observed” wavelength regions for this experiment. Note in the 3rd and 4th
panels the 20 prediction intervals are wider at the initial wavelengths as they were observed over a shorter
and less informative wavelength window.
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7.1.1 Reconstructing missing spectra

In this experiment we test the generative model’s ability to learn from massively missing chunks of the
spectra at test-time. We observe a partial window of the spectra in each plot (given by the shaded region in
Fig. , hence the latent variables corresponding to these points are only informed by the observed region.
We then reconstruct the whole spectra from the latent variables informed by the partial spectra. We enclose
our results in Fig. The reconstruction entails the inference steps: X7, .1 — Z* — X{ ;. We note
that the quality of the mean prediction deteriorates compared to the fully observed test point predictions.
However, the coverage of the prediction intervals is robust even as we move away from the shaded observed
regions. Uncertainty intervals are much higher at the unobserved regions, indicating highly sensible predictive
behaviour. Furthermore, if the model is given a spectral region with very little information (e.g. in the bottom
panel of Fig. [4] the shaded region contains only information about the quasar’s continuum, but no emission
lines are captured), the uncertainties increase significantly, as one would expect.
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Figure 5: Scientific label prediction for the quasars’ bolometric luminosity (left), black hole mass (middle)
and Eddington ratio (right) colored by the SNR of their spectra based on unseen X* only. The dashed black
line (- - -) denotes the 1-to-1 line to aid visualisation of reconstruction accuracy. The vertical and horizontal
errorbars (——) denotes posterior predictive standard deviation.

7.2 Predicting scientific labels only from spectra X*

The L dimensions corresponding to the scientific labels in the dataset governed by their own GP decoders
{ fl}lel are a critical prediction quantity. The ability to reconstruct these quantities from learnt latent
variables is an important test of the generalisation abilities of our model. Very often astronomers want
to reason about the scientific attributes of quasars just by analysing their spectra. In this experiment we
demonstrate precisely this use case where the latent variables Z* are informed only by the spectra X*,
computing the cross-modal prediction entails learning Z* from the ground-truth spectra and then using just
Z* to predict the scientific labels Y*, succinctly, we can write these steps as: X* — Z* — Y™,

In Fig. [5| we demonstrate the accuracy of our reconstructions by plotting each of the dimensions against
ground truth held-out data. We show reconstructions for 200 test points sampled randomly from the full test
set. Each point on the scatter denotes a quasar and the x-axis denotes the ground-truth measurement. The
orange vertical error bars denote 20 intervals computed by extracting the diagonals from the GP posterior
predictive for each dimension. We can observe a high-degree of prediction accuracy across the three scientific
labels and further, the reconstruction quality is robust and independent of the spectral signal-to-noise ratio
(SNR) as there is no strong pattern of correlation between prediction quality and SNR. Note that we omit
the reconstruction of the redshift label z, as we do not expect any redshift evolution in the spectral shape of
quasars, but rather the GPLVM is likely learning where spectral pixels are measured vs. missing. Since we
are using data from SDSS, all spectra have the same observed wavelength coverage, which is then shifted to
the rest-frame wavelengths by dividing by (1 + z), and thus the observed pixel dimensions in our data set
contains the redshift information, rather than any spectral differences.
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Spectra generated for simulated Black hole mass
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Figure 6: Generated quasar spectra for simulated labels for black hole mass, bolometric luminosity and

Eddington ratio.
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Experiment [ Observation — Latent — Prediction [ Black hole mass [ Luminosity [ Eddington Ratio
Fully observed (Xt Yor) > 27 = Yo 0.4428 0.3823 0.3085
Spectra observed (Xge = ZF = Y5) 0.4943 0.4339 0.3336

Table 2: Summary of test-time uncertainty quantification under the full and partial reconstruction framework.
Median negative log predictive density (lower is better) on de-normalised data across 5 train/test splits. A
higher NLPD indicates lower confidence in the predictions and the model indicates this when reconstructing
the labels of a quasar just on the basis of its spectrum.

7.3 Generating spectra corresponding to synthesised labels: an ablation study

In this experiment we demonstrate the models ability to generate spectra corresponding to synthesized
scientific labels. Concretely, we simulate artificial labels by systematically varying only one of the labels within
a reasonable range in each plot in Fig. [f] The range of variation for each label is summarised by the colorbar
in each plot, for instance in the black hole mass simulation we generate 100 spectra (X*) corresponding
to simulated labels (Y*) of black hole masses in the range log,,(M./Mg) = 7.9 — 10.0; in order to ablate
the influence of other labels (redshift, bolometric luminosity and the Eddington ratio) on the spectra we
keep their values fixed to mean values computed from the training dataset. Succinctly, we can summarise
the inference steps as the inverse of the one from the previous section: Y* — Z* — X*. The ability for
cross-modal prediction and generation is an important strength of our design.

Reassuringly, the model exhibits the expected behavior. For instance, the emission lines are broader for
quasars with higher black hole masses, and the spectral dependency with bolometric luminosity shows e.g.
in the MgII line at ~ 2800A the well known Baldwin effect (Baldwinl [1977), which indicates that quasar
spectra show a decreasing equivalent width of their UV and optical emission lines with increasing bolometric
luminosity.

Further, the grey bars denote 20 prediction intervals averaged across the 100 spectra at each dimension. The
uncertainty intervals are wider at higher wavelengths as there is a high concentration of missing pixels in the
training data at those wavelengths, hence, there is greater uncertainty about the generated spectra.

8 Scientific Interpretation and Significance

Our new generative model allows us to simultaneously model the spectral properties of quasars as well as
their scientific labels, thus opening up novel possibilities to study the evolution of quasars across cosmic time
and the formation and growth of SMBHs. In the following we will highlight just two possible and exciting
future applications of this work.

Astronomers observe SMBHs with billions of solar masses in size in the center of very distant, high-redshift
quasars, at a time when the universe is still in its infancy and only a few hundred Myr old. This rapid
growth of SMBHs in the very short amounts of available cosmic time has been an open puzzle for decades,
and it has been argued that very high accretion rates in excess of the theoretical upper limit, the so-called
Eddington limit, are required to explain the rapid black hole growth. However, obtaining precise black hole
mass measurements of quasars is challenging and time-intensive as it requires multi-epoch observations of
certain emission lines in the quasar spectra (Peterson, [1993; Barth et al., |2015). This procedure becomes
increasingly challenging for very distant, high-redshift quasars, as relativistic time-dilation effect require
longer timespans of these observations. Furthermore, the traditionally used rest-frame optical emission
lines to calibrate the black hole masses are unobservable with ground-based observatories, as these optical
wavelengths have been shifted to the infrared at larger distances, which require space-based telescopes, such
as NASA’s newly launched James Webb Space Telescope. Our new model allows us to determine the masses
of SMBHs for quasars at all redshifts from single-epoch data and does not require coverage of specific emission
lines, since it can handle missing data. This opens up the possibilities to determine precise black hole masses
and accretion rates for quasars across cosmic time to study the growth phases of SMBHs.

Additionally, we have shown that our model is able to predict also other physical properties of quasars such
as their bolometric luminosities (see Fig. . This suggests that we can obtain a measurement of the quasars’
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)

absolute luminosities from their spectra alone, which enables us to use quasars as so-called “standard candles”.
Standard candles are incredibly valuable for astronomy, as knowing the luminosity of an object allows one to
determine its distance. Famously, supernovae have been used as standard candles, which led to the Nobel
Prize winning discovery of the expansion of our universe and the existence of dark energy (Riess et al., |1998).
Our new model allows us to now also use quasars as standard candles, which are much more numerous than
supernovae and can be probed to larger distances due to their on average much higher luminosities, enabling
new constraints on the dark energy content and the Hubble constant of our universe in the future.
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A The evidence lower bound L,

In this section we explicitly show the derivation of expected log-likelihood term in Eq. @:

p(X) 2/p(F\U, Z)q(U)log p(X|F, Z)dFdU — KL(q(U)|[p(U)) + log p(Z) (20)

N D
/p(F\U, Z2)q(U)logp(X|F, Z)dFdU = /q(ud)/p(fd|ud,Z) log H HN(xn,d;fd(zn),ai)dfdud

n=1d=1
= /q(Ud)/p(fdlud,Z)ZlogN(xn,d;fd(zn),ai)dfdud
n,d
= Z<10gp(xn,d|fdaZnaai)>q(.) (21)

n,d

A.1 Tractability of the expectation term

The expectation term above is not just factorisable but also tractable, we show this explicitly below:

[ atwn [ pFalua 2) S 1o N e a0 (22)
n,d

_ 1
= /q(ud) Zlog./\f(xnyd; ]i?Z;Km}nUmO'i) — @qn,n
n,d z

ZTp,q 1S a scalar (dth dimension of point ), kf is a 1 x M matrix - the n** row of K,,,, we know that
p(filwd, Z2) = N(Kpm KL wg, Knp — Kam KL Ky ). Further, fq(z,) is a scalar, denoting the value at
index z,, of the vector fy. g, is the n!* entry in the diagonal of matrix Qn, = Knn — Knm Kok, Kinn. Next,
performing the integration w.r.t q(uq) = N (ug; mg, Sq) yields,

/q(ud) [nz(;logj\/(xn,d; ETK L wg,02) — %qn,n} dug = nz; [logj\/(xn,d; ETK L mg, 02) — %qmn
- %Tr(SdAn)} (23)
Bringing it all together, the final lower bound can be written out explicitly as,
Lo = (logp(znalfa, 2z, 03))q() — KL((U)l[p(U)) +logp(Z)
n.d
= 3 [toeNan ik il o) - 7o = gz (S0 — KL a(wp(ua)
+ Z log p(z,) (24)

where all the data dependent terms factorise enabling mini-batching of gradients. The shared model uses a
sum of ELBOs £, + £, with a shared latent embedding Z, which we call the joint evidence lower bound
(Eq. in the main paper). The additive structure ensures that the joint ELBO is also factorisable across
data points N.
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B Limitations

The primary limitation of the model arises from the fact that GPLVMs are decoder only models, they
constitute a (potentially) smooth mapping from the latent space to the data space. This means that points
close in latent space will be close in data space but not the other way round. Data space similarities can
be preserved by including a back-constraint or an encoder which additionally maps from the data to latent
space (Lawrence & Quinonero Candelal [2006; |Bui & Turner, |2015). The encoder usually takes the form of a
neural network but other choices are possible. As we emphasized earlier, the model we propose is a decoder
only model. The absence of an encoder complicates test-time inference as there is no deterministic way to
access the latent points z* corresponding to the new unseen observation (x*,y*). Inferring the latent point
corresponding to the unseen test point entails freezing the model and variational parameters post training
and re-optimizing the ELBO objective to learn z* with the new data point(s) included (see Algorithm .

This re-optimisation procedure for test-time inference ends up being too inconvenient in contrast to encoder-
decoder models like VAEs (Kingma & Welling} 2013) where inferring a latent point corresponding to an
unseen data point entails a forward pass through the trained encoder network (constant time predictions
O(1)). The main reason an extension to an auto-encoded shared stochastic GPLVM is not straightforward
is due to the presence of missing data. The encoder network needs to be capable of handling arbitrarily
missing dimensions. Methods like the partial VAE (Ma et al., 2018a3b)) address this challenge in the context
of VAEs where each observation is augmented with a column index indicating the observed dimension; the
encoder network then processes these tuples as a ‘set’ with a permutation invariant set encoding function.
A similar approach can be straightforwardly adapted our shared latent space set-up with Gaussian process
decoders. The combination of a set encoder (to process missing dimensions) and a non-parametric decoder
has not appeared in literature to the best of our knowledge. We are currently working on incorporating this
feature into our framework. Note that the presence of an encoder acts as a constraint in the model, there is
an inherent trade-off in terms of faster test inference and marginally weaker reconstructions / predictions.

C Experimental set-up

In this section we detail the configuration of the experiments in Section [7] of the main paper. For each of the
datasets we repeat every experiment with 5 random seeds yielding different splits of the training data. The
attributes of the data and sparse GP set-up are given in Table 8] We used a learning rate of 0.001 across all

Dataset | N | D | L | Num inducing M | Latent dim. Q
1K 996 590 | 4 120 10
22K 22844 | 657 | 4 250 10

Table 3: Experimental configuration to reproduce experiments in section 3 of the main paper.

parameters and ran the mini-batch loop with a batch size of 128 for 10,000 iterations on an Intel Core i7
processor with a GeForce RTX 3070 GPU with 8GB RAM memory. In order to give an estimate of the scale
of the model for the 22k dataset we enclose a summary snapshot of the number of trainable parameters in
our shared model.

D Cross-validating M and ()

The two main parameters of our shared framework which need to be fixed at the outset are: the number of
inducing points M and the latent space dimensionality (). We set M to be 250 in all the 22k experiments
after cross-validation upto M = 1000 and found that M = 250 gave the best possible trade-off in terms
of speed and accuracy. The reconstruction results with M = 1000 were only marginally better than with
M = 250 inducing points but significantly increased compute due to the cubic scaling in inducing points.

In Fig. [§| we visualise the evolution of the ELBOs across varying latent dimensionality. We notice a meaningful
improvement in increasing the dimensionality from ¢ = 2 but very marginal gains beyond @ = 10; we use this
setting in experiments. It may be important to highlight that due to automatic relevance determination of
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Figure 7: Number of trainable parameters for the 22k model where model_spectra refers to the GPs
corresponding to X and model_labels refers to the GPs corresponding to Y observation space.
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Figure 8: Sensitivity to Q: The negative ELBO objective for varying latent space dimensionality (lower is
better)

the squared exponential kernel, setting a high latent dimensionality should not degrade results as the model
automatically prunes redundant dimensions by driving the corresponding inverse lengthscales to 0. However,
they do increase the compute cost, hence, it is important to set @ at a reasonable value which is flexible
enough for structure discovery and not too constrained, while simultaneously minimising the computational
burden.
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