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Abstract

Parametric, feature-based reward models are employed by a variety of algorithms in decision-making
settings such as bandits and Markov decision processes (MDPs). The typical assumption under which
the algorithms are analysed is realizability, i.e., that the true values of actions are perfectly explained by
some parametric model in the class. We are, however, interested in the situation where the true values
are (significantly) misspecified with respect to the model class. For parameterized bandits, contextual
bandits and MDPs, we identify structural conditions, depending on the problem instance and model class,
under which basic algorithms such as e-greedy, LinUCB and fitted Q-learning provably learn optimal
policies under even highly misspecified models. This is in contrast to existing worst-case results for, say
misspecified bandits, which show regret bounds that incur a linear scaling with time horizon, and shows
that there can be a nontrivially large set of bandit instances that are robust to misspecification.

1 Introduction

Sequential optimization over a set of decisions, e.g., actions in a multi-armed bandit and policies in an MDP, is often carried
out by assuming a parametric model for the payoff of a decision that is learnt over time. Well-known instantiations of this
approach are algorithms for structured multi-armed bandits, e.g., linear bandits (Rusmevichientong & Tsitsiklis, [2010) and
generalized linear bandits (Filippi et al.,2010), linear contextual bandits (Chu et al.| 2011}, and, more generally, value function
approximation-based methods for Markov Decision Processes (Sutton & Bartol, 2018).

Learning algorithms that make decisions based on an estimated reward model are known to enjoy strong performance (e.g.,
regret) guarantees when the true rewards encountered are perfectly realizable by the model, e.g.,|Abbasi-Yadkori et al.| (2011));
Filippi et al.| (2010); Jin et al.| (2020). However, it is often the case that a parametric class of models is, at best, only an
approximation of reality, succinctly expressed by the aphorism ‘All models are wrong, but some are useful’ (Box, [1976).
But even if the rewards of, say, all arms in a multi-armed bandit are estimated with a large error, one may still hope to discern
the optimal arm if its (admittedly erroneous) estimate ends up dominating those of the other arms. This begs the natural
question: While the task of reward estimation can be fraught with (arbitrarily large) error under misspecified models, when
(if at all) can the task of optimal action learning remain immune to it?

We initiate a rigorous study of the extent to which sequential decision-making algorithms based on reward model estimation
can be robust to misspecification in the model. In particular, we are interested in characterizing the interplay between 1) the
actual (ground truth) rewards in a decision-making problem and ii) the reward model class used by the algorithm, and how
it governs whether the algorithm can still learn to play optimally if the true rewards are not realizable by the reward model.
In this respect, our specific contributions are as follows:

1. For misspecified linear bandits, we identify a new family of instances (reward vectors) that are elements of a robust
region. Reward vectors in this region are characterized by an invariance property of the greedy action that they
induce after being projected, with respect to any weighted Euclidean norm, onto the linear feature subspace. This
region, depending upon the feature subspace, can be non-trivially large, and need not be confined to within a small
deviation from the subspace.

2. We prove that for any instance (i.e., the vector of true mean arm rewards) in the robust observation region, both
(i) the e-greedy algorithm, with least-squares parameter estimation and an exploration rate of 1/+/# in each round
t, and (ii) the LinUCB (or OFUL) algorithm, achieve O(v/T") cumulative regret in time 7.
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3. We extend our characterization of robust instances to linear contextual bandits, for which we provide a generalization
of the robust observation region. We show that both the e-greedy and LinUCB algorithms for linear contextual
bandits get O(\/T) regret whenever the true, misspecified, reward vector belongs to this robust observation region.

4. We provide a structural criterion for a finite-horizon Markov Decision Process (MDP), together with a Q-value
approximation function class, for which the fitted Q-iteration algorithm provably learns a (near) optimal policy
in spite of arbitrarily large approximation error (in the co-norm sense).

We stress that our results pertain to the original algorithms (i.e., not modified to be misspecification-aware in any manner).
Our analytical approach shows that they can achieve nontrivial sublinear regret even under arbitrarily large misspecification
erroﬂ This is in contrast to, and incomparable with, existing results that argue that, in the ‘worst case’ across all reward
vectors that are a constant distance away from the feature subspace, any algorithm must incur regret that scales linearly with
the time horizon, e.g., (Lattimore et al., 2020, Thm. F.1).

Our results help lend credence, in a rigorous sense, to the observation that reinforcement learning algorithms presumably
equipped with only approximate value function models are often able to learn (near-) optimal behavior in practice across
challenging benchmarks (Mnih et al., 2013} [Lillicrap et al., | 2015). They also show the precise structure of bandit problems
that makes robustness possible in the face of significant misspecification.

Illustrative Examples This paper’s key concepts and results can be understood using two stylized examples:

Example 1: A misspecified 2-armed (non-contextual) linear bandit. Consider a 2-armed (non-contextual) bandit in which
the vector of mean rewards of the arms (the “instance") is p= [ul ,ug] = [20,3} T inR? (marked by X in Fig. . Suppose
one attempts to learn this bandit via a 1-dimensional linear reward model in which the arms’ features are assumed to be
p1=3and @y =1. It follows that (i) any (2-armed) bandit instance in this linear model is of the form ®6, where § € R and
b= [(pl ,L,OQ] = [3,1] T eR?* !, and corresponds to an element in the range space of ®, and (ii) the instance p is misspecified
as it is off this subspace’}

For ease of exposition, we also assume that there is no noise in the rewards observed by pulling arms. In this case, the
ordinary least squares estimate of 6, computed at time ¢ from 7, observations of arm 1 and ns observations of arm 2, is
0, = %. A key observation is that 6; can always be written as a convex combination of y; /o1 = 6.7 and
1 2

L2/ p2=3: 0, = __mgi (,u1 / cp1> T (ug / ¢2> , for any sampling distribution of the arms. The corresponding
ni1p;+n2p; . nip;t+n2ps;
parametric reward estimate ®6;, must thus lie in the set {[30,0] " :6 €[3,6.7]}, which appears as the hypotenuse of the right

triangle with vertex (20,3) in Fig.

Note that if a greedy rule is applied to play all subsequent actions (A4 = argmax;¢ 1.2} @I@t), then the action will be

1 since the point <I>§t will always be ‘below’ the standard diagonal j1; = po (the black line in Fig. [1(a)). Since action 1 is
optimal for the (true) rewards p, the algorithm will never incur regret in the future.

The instance above has a misspecification error significantly smaller than the reward gap (2.75 < 17). One can also find
instances at the other extreme, e.g., fi = [20,18] " (marked by o in Fig. for which the misspecification error is much
larger than the gap (8.5 > 2), that remain robust in the sense of regret. Such instances (all of them colored green) fall outside
the scope of existing work on misspecified bandits (Zhang et al.;, 2023)), and we address them in our work.

Example 2 (an extreme case of misspecification): A misspecified nonlinear bandit. A rather extreme form of robustness in
the face of arbitrary misspecification is depicted in Fig. Here, the 1-dimensional model class is a nonlinear, tube-shaped
manifold of radius 5E]in R2. Here, any bandit instance in the green-shaded region is robust. For example, for the instance
p=1[—10,10] ", the model estimate for any sampling distribution is a convex combination of the points [-10,10-+¢] " and
[10—¢,10] T, and thus a greedy strategy would result in arm 2 being pulled. One can show from similar arguments as above
that almost all instances p € R? yield sublinear regret under, say, e-greedy sampling.

IThe term ‘misspecification error” is to be understood as the distance of the arms’ reward vector to the model reward subspace.
2The I misspecification error (deviation from subspace) of g, for this example, is 2.75.
31f a connected manifold is desired, then one can replace the tube with a very thin and long ellipsoid stretched along the diagonal, with similar conclusions.
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The remainder of the paper formalizes this observation for a variety of decision problems (bandits, both contextual and
otherwise, and MDPs), and algorithms that incorporate some form of exploration (¢-greedy and optimism-based). It explicitly

characterizes the set of all (true) reward instances for which no-regret learning is possible.
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(a) Example 1: A 2-armed, noiseless bandit with 1-dimensional linear approx-
imation. Each point in the plane represents the true rewards of both arms
(the “instance"). The blue line is the set of instances expressed by the linear
approximation. The green and red regions denote the robust regions and the
non-robust regions for this linear function approximation. The misspecified
instances (20,3) and (20,18) yield no regret under greedy arm selection based
on an estimated linear model since any linear estimate of the rewards always
has arm 1 dominating arm 2.
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(b) Example 2: A function approximation class which is described as an e-
radius tube about the diagonal. We give a representative diagram for a R?
space corresponding to a bandit problem with two arms. We see that except for
a measure zero set of bandit instances on the diagonal, which can be interpreted
as both arms having the same rewards, all instances are robust.

Figure 1: Tllustration of robust regions for two bandits with function approximation

2 Related Work

Linear Bandits The text by Lattimore & Szepesvari (2020) provides a comprehensive text on the study of bandit algorithms.
The classical works on stochastic linear bandits with finitely many arms have been studied by |Auer| (2002). Algorithms
based on the principle of optimism in the face of uncertainty Dani et al.| (2008)); |]Abbasi- Yadkori et al.| (2011) and Thompson
Sampling |Agrawal & Goyal (2012); |Abeille & Lazaric| (2017) are popular choices of algorithms which enjoy sub-linear
regret even in the worst case of O(v/T'). Phased elimination with optimal design based algorithms attain a regret of O(v/dT’)
as shown in Lattimore & Szepesvari (2020).

Contextual Linear Bandits The bandit problem where the arm set changes at every time, described in the literature as
the contextual bandit setup, has also been studied extensively. We mention the classic work of |Auer| (2002); |Chu et al.| (2011).
The classic algorithms of SupLinReLAuer (2002)) and SupLinUCB |Chu et al.|(2011)) are elimination based algorithms and
enjoy a worst-case regret bound of O(\/CT ). In practice, optimism-based algorithms like LinUCB |Abbasi-Yadkori et al.
(2011) as well as Thompson Sampling |Agrawal & Goyal (2013) enjoy sub-linear regret of 5(\/?)

Misspecified Bandits With Linear Regret Model misspecification in linear bandits was first studied in (Ghosh et al.
(2017). They pointed that in the presence of model error, the worst-case regret of LinUCB |Abbasi- Yadkori et al.| (2011)
is of linear order. They further showed that in a favorable case, when one can test the linearity of the reward function, the
RLB algorithm (Ghosh et al.| (2017) can switch between the linear bandit algorithm and finite-armed bandit algorithm to
address the misspecification issue and achieve a O(min{v/K d}+/T) regret. Under the definition of uniform /., model error
g, Lattimore et al.|(2020) presented an algorithm based on the principle of phased elimination which achieves a worst case
regret of O(d\/T —|—5\/gT). They also showed that contextual linear bandits LinUCB achieve the same regret after modifying
the confidence width using knowledge of the misspecification. In the same contextual bandit settings, [Foster & Rakhlin
(2020) showed a similar linear regret. They showed that under the assumption of an oracle regressor, the algorithm SquareCB
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Foster & Rakhlin (2020) suffers a regret of O(vVdKT +€\/3T). Zanette et al.| (2020b)) has also shown a similar regret in
the contextual setting. There has also been work based on altered definitions of misspecifications. Kumar Krishnamurthy
et al.| (2021) defines the misspecification as an expected square loss between the true reward class and the approximation
function class and uses a model-based algorithm e- FALCON, which again suffers linear regret. |Foster et al.[(2020) defines
an empirical misspecification as observed by the data. However, these still suffer linear regret.

Missecified Bandits With Sub-Linear Regrets Recently, there has been some work along a positive direction: to develop
conditions and associated algorithms under which misspecified bandits can give sub-linear regret. The second type of result
is The work of |Liu et al.|(2023) analyzes the LinUCB algorithm when the sub-optimality gaps of the arms bound the mis-
specification. They show that when the misspecification is of low order, the algorithm enjoys sub-linear regret. Under a similar
condition, Zhang et al.| (2023) were able to extend the study to the contextual setting. They propose a phased arm elimination
algorithm, which performs similarly to SupLinUCB (Chu et al.| 2011} but requires knowledge of the sub-optimality gap.

Markov Decision Processes Function approximation in Reinforcement Learning has had a rich history. As a comprehensive
reference we direct the reader to the manuscript of |Bertsekas & Tsitsiklis|(1996). There has been recent interest in the finite-time
analysis of function approximation in reinforcement learning. For example Bhandari et al.|(2018) shows the convergence of
policy evaluation with linear function approximators. Control problems, i.e., problems that require both policy evaluation and
improvement, are notoriously hard to evaluate under function approximators, and well-known algorithms like ()-learning and
SARSA are known to not converge with function approximations (Bertsekas & Tsitsiklis| [1996). Theoretically, there have been
efforts to mitigate this problem, for example inZou et al.[{(2019) analyses the sample complexity of SARSA with linear function
approximators under a Lipschitz continuous policy improvement operator. On the other hand, there have been works on develop-
ing online algorithms founded on bandit literature that focus on the exploration-exploitation dynamics in an MDP. For example,
Van Roy & Wen|(2014) introduced RLSVI, a Thompson Sampling-based algorithm that has gone on to receive some attention
in the recent past (Osband et al., 2016} Zanette et al.l |2020a} |/Agrawal et al.| 2021). However, these algorithms are based on a
realizability and closedness assumption termed Linear MDPs. The framework of Linear MDPs has been popular in the recent
literature on the online learning framework of Reinforcement Learning because of its amenability to theory. It has been shown
that under the Linear MDP model algorithms enjoy sublinear regret, (Jin et al.,|2020) and has been extended to general function
classes under the realizability and closedness assumption of the Bellman Operator (Dann et al., 2022). However, without the
assumption of realizability and closedness, the theory fails, in the sense that one is not able to show the algorithm learns an
optimal policy. For example, [Jin et al.|(2020) shows that Least-Squares-Value-Iteration with UCB exploration bias suffers linear
regret if the Linear MDP assumption is removed. Similarly Zanette et al. (2020b) shows a linear regret under a misspecification
notion termed as Inherent Bellman Error. In this regard we believe our work is a first of its kind to show that standard algorithms,
like fitted (Q-learning under a behavioral policy can learn the optimal policy, even if the model is grossly misspecified.

3 Multi Armed Bandits

Problem Statement We consider a K -armed bandit with mean rewards {;;}X ;. We assume each arm i is associated
with a known feature vector (; € R%. We also have a given parametric class of functions serving to (approximately) model
the mean reward of each arm; each function in this class is of the form fj:R% — R for a parameter § € © C R%, and applying
it to arm ¢ yields the expressed reward fy(p;) ER.

Let us assume that the number of arms, K, is larger than the dimensionality of the parameter 6, that is K > d and, for
ease of analysis, consider the set of features {¢;}X | to span R%. We denote the set of true mean rewards by the vector,

n= [Mi]ie[K] € R¥ and the feature matrix ® = [-ngp;r---LE[K] cREx4,

Remark 3.1 (Linear Bandits). Our setting is rather general and covers a broad class of parametric bandits. For example,
in linear bandits (Dam et al., 2008), it is assumed that the means are linear functions of the features, that is, there exists a
0*, such that p=®6*.

Remark 3.2 (Misspecification). We allow the vector of true rewards g to be arbitrary, without imposing a realizability
condition like 1 € {fy(p;) Vi€ [K]:0€R}.

Main Result We begin by defining greedy regions in RX which characterize reward vectors that share the same optimal arm.

Definition 3.3 (Greedy Region Gy,). Define by Gy, for any k € [K], as the region in R¥ for which the k** arm is optimal,
ie, G2 {/LE]RK * bk >,LL¢V’L'7H<J}.
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For the purposes of clarity, let us fix our model class to be linear so that the least squares estimate has a closed-form
solution. Denoting the sampling frequency of arm 7 as \;, the least squares estimate 6 can be written in closed form as
(<I>TA<I>)_1<I>TA;7, where fi is the vector of estimated sample means of the rewards, A is a diagonal matrix with A;s on
its diagonal (Gopalan et al., 2016). We shall assume for the remainder of this work that ® " A® is invertible and discuss
in detail in Appendix [E|how to remove this assumption.

Definition 3.4 (Model Estimate under Sampling Distribution). For any bandit instance g in R¥, we shall denote the model
estimate of p under any sampling distribution, A = diag({\;}X ), where {\;} X | € Ak, the K — 1 dimensional simplex,
as PA () éargmin9||<1>0—,u,||Al/2.

Given a given bandit instance g, assume, without loss of generality, that it belongs to the k" greedy region Gy. If the
projection, ®PA () belongs to the same greedy region Gy, then under the sampling distribution of A, the function
approximation of p would return the optimal arm under a greedy strategy. That is, argmax;¢ . PA (1) would result
in the £*" arm being pulled. With this motivation, we define robust regions.

Definition 3.5 (Robust Parameter Region). We define the k" robust parameter region ©), as the the set of all § such that
the range space of ® restricted to @y, lies in the k*" greedy region Gy.. That is ©, = { R POCGy }, for any arm k.

Definition 3.6 (Robust Observation Region). We define the k" robust observation region Ry, as the set of all bandit instances
with optimal arm k, such that the model estimate, computed under any sampling distribution, lies in the k*" robust parameter
region, ®y. That is,

Ri={pneGr:PM(pn)eO®,VAEP(AK)},
where P(Ak) is the set of all diagonal matrices whose elements belong to Ax.

Thus, p€ Ry, is a sufficient condition that the greedy policy based on ®P () is the optimal under any algorithm-driven
sampling strategy.

Characterization of the Robust Region In the class of linear models, R, has a closed-form solution as shown in the
following Theorem This result allows us to compute robust observation regions given a feature matrix ® as illustrated

In Appendix [F1]

Theorem 3.7. p belongs to the robust observation region Ry, if and only if every d x d full rank sub-matrix of ®, denoted
by ®4, along with the corresponding d rows of u, denoted by g, satisfies the condition that @gl,ud € Oy. In other words,
HERy, if and only if @;1 g € O for every d x d full rank sub-matrices of ® and the corresponding d rows of p.

Proof. The proof uses a result of [Forsgren| (1996), presented in Lemma [[4] that for any any sampling distribution
{\}HE, € Ak, the model estimate P (1) lies in the convex hull of the basic solutions ® p14. Thus for any 1 € Gy,

PERE <= P () €0,V AcP(AK) <= conv{®, 'y V &,C P} COp <= &, 1 €O,V O,C P.

The second condition follows from Lemma|[[.4] (We abuse notation to denote d x d full rank sub-matrices of ® by &, C ®
and use conv to denote the convex hull.) The last assertion follows because ®;, is a convex set. L]

Example We return to our example [T presented at the beginning (in Figure to highlight the definitions we have made
so far. The greedy regions, G; and G», are the two half-spaces separated by the diagonal 111 = p5. From our choice of the
feature matrix ® as [3, 1] T, we note that for any parameter § more than 0, the range space of ® belong to G;. Thus, G4,
the robust parameter region corresponding to arm 1, is the set of all positive scalars. Similarly, ®s, is the set of all negative
scalars. Ry, the robust observation region, corresponding to arm 1, is given by the set, {pt € R%: y13 > 1o >0}. The robust
observation region for arm 2, Ry is given by the set {p € R?: yiy < 12 <0}. This illustrates the existence of a large class
of bandit problems, which are misspecified but robust for our model class.

3.1 Instance Dependent Zero Regret Algorithms

We analyze two well-known algorithms e-greedy (Sutton & Barto, 2018) and LinUCB (Abbasi- Yadkori et al., 2011) and
show that if the bandit instance belongs to a robust region, then the algorithms enjoy zero regrets, even under misspecification.
We assume the following conditions: that the noise of the observations is sub-Gaussian and that the instance p is an interior
point of the robust region Ry.
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Assumption 3.8 (sub-Gaussian Noise). We shall assume that the /& armed bandit instance g is 1/2 sub-GaussiaIﬂ

Assumption 3.9 (Interior Point). We shall assume that g is an interior point of Ry, that is there exists a 6 > 0, such that
the K-dimensional open rectangle, with length ¢ and centre s, is entirely contained in Ry. E]

Remark 3.10. As can be observed from Figure [I(a)] larger the separation between the arms (4;), larger the § that can be
chosen so that the open rectangle centered at p°|is contained in Rj. Thus, instances with larger sub-optimality gaps are
more interior and hence more robust. This observation leads us to consider § as a measure of robustness.

3.1.1 e-Greedy Algorithm

We show that a misspecified bandit instance enjoys sublinear regret (asymptoticaly) under the e-greedy algorithm, provided
it belongs to the robust region as defined by the feature matrix. The proof is deferred to in Appendix [A.T]

Theorem 3.11. Given a feature matrix ® and a fixed bandit instance p satisfying Assumptions 3.8 and[3.9| the =-greedy

algorithm with ¢, being varied as 1/+/t over episodes, the cumulative regret, asymptotically enjoy sub-linear regret, that

is Tlim R\‘f%e’ < Apax, Where Ao is the maximum sub-optimality gap between arms, that is, Ay =maxXe| ) (b — fi-
—00

Remark 3.12. The proof follows from the observation that since  is an interior point of the robust region, with enough sampling
the estimate & must also eventually lie in the robust region. We note from our regret guarantee that it does not depend upon
the misspecification and depends only on the suboptimality gap. Our experiments illustrated in Appendix [FI|corroborate this.

3.1.2 LinUCB Algorithm

Our notion of robust instances captures the sublinear regret enjoyed by misspecified instances under the LinUCB algorithm.
We present the result informally here, while presenting the detailed constant-dependent result in Theorem

Theorem 3.13. Given feature matrix ® and a fixed bandit instance p satisfying Assumptions 3.8 and the LinUCB
algorithm achieves a regret of O(dv/T).

Remark 3.14. The difficulty in the proof is that while it is true that sample estimates fi; must fall within robust observation
regions with high probability, we cannot trivially conclude the same for the parameter estimates ;. We resolve this by
bounding the number of times the algorithm plays suboptimally. The details are presented in Appendix

Comparison to the works of Liu et al.| (2023)  The authors study the problem of misspecification under a robustness criterion
which characterizes the misspecification to be dominated by the suboptimality gap. Under such a condition, they show that

LinUCB enjoys O(\/T) regret when the misspecification is of low order, specifically, it is of order O ( y \/117) Note that this
og

result is still non-trivial since the worst-case regret for LinUCB under uniform model error is pT" if p is the misspecification error.
However, we would like to address the following points while comparing our work : (¢) Our notion of robustness is significantly
different from theirs as we are able to show examples which achieve sub-linear regret even if the misspecification error dom-
inates the sub-optimality gap. (i) For our analysis of LinUCB we do not require the assumption of low misspecification error.

3.2 Non-Linear Function Approximation

In this subsection, we illustrate the robust conditions for parameterized function classes.

Definition 3.15 (Parameterized Function Class). We consider a real-valued function class parameterized by 0 € R?, that
takes any arm i € [K] and returns a real value, { fy:{1,2,+,K} +RVf€R?} as the feature representation. We shall denote
by fp as the K dimensional vector of { fo (i) }ic[k)-

The model estimate calculated under a sampling distribution A = diag({)\i}i €K ) , for the observation pairs ( To, u) is defined
as, P2 (u) = argmin, || fo— u‘ ’ A1/2- We define the robust regions as

Definition 3.16 (Robust Parameter Region). We define the k" robust parameter region ©), as the set of all parameters
6 € R? such that fj belongs to the k' greedy region Gy, That is, @, = {0 €R?: fo(k)> fo(i)Vi#£k}.

“4The reason for choosing 1,/2 is purely for ease of calculation and can be replaced by any other constant.
SFor the purpose of analysis we take the topology of R¥, as open rectangles instead of open balls.
6We shall denote the open rectangle with length §, centered at g1 as 15(s)
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Definition 3.17 (Robust Observation Region). We define the k™ robust observation region Ry, as the set of all bandit
instances with optimal arm k, such the model estimate calculated under any sampling distribution, lies in the &*" robust
parameter region ©y,. That is, Rj,={p € G : P* (1) €0, VA €P(Ak)}, where P(A) is the set of all diagonal matrices
whose elements belong in the K—1 dimensional simplex.

e-greedy algorithm We have the following sub-linear regret guarantee for the e-greedy algorithm. The result follows from
the analysis of the e-greedy algorithm as given in Appendix

Theorem 3.18. Given feature representation fy and any bandit instance p satisfying Assumptions[3.8and[3.9 the e-greedy

algorithm with €; being varied as 1/\/t over episodes, the cumulative regret, asymptotically enjoy sub-linear regret, that

is imp_y oo Rff%’t < Apax, Where Aoy is the maximum sub-optimality gap between arms, Ay = maX;e[K]Ha = Hi-

3.3 Robust Features in Bandits: Extension of Example [2] (extreme case of misspecification)

In this subsection, we design a feature representation using a highly nonlinear function with a provably large robust region.
The motivation for this feature representation arises from Figure[I(b)] and we develop a higher-dimensional variant of the
function. We observe that the greedy regions {G, }/ | partition R into K -disjoint partitions. Consider the subset M;(g) C G;
defined as {u ERK s.t p; > Wi +eVj# i}, for a fixed e > 0 and for any arm 7 € [K]. We define the feature-representation
F(¢) by the disjoint union of the manifolds F(g) = |_|£<:15M¢(6), where OM,;(¢) is the boundary of M;(e).

Theorem 3.19. For the feature representation defined above as F(g), the region I | M, (¢) is robust. Note that as ¢
decreases, the robust region increases, and hence we can have an arbitrarily large class of robust bandit instances.

Proof. Let us take an arbitrary p € UK | M;(g) and without loss of generality assume M, (g) for some k € [K]. This is valid
since the M (¢)-s form a disjoint set. Note that for any sampling distribution, the projection of the chosen g on F () belongs
to OM,(e) since DMy () is the boundary of the set My (). Since OMy(¢) is a subset of the greedy region Gy, we see
that the robust condition is satisfied. This completes the proof. [

Tlustration in 3-dimensions For R? we illustrate the feature representation as follows. Robust regions are described as
the disjoint union of M (€),Maz(e) and Ms3(e), expressed as { (z,y,2) stz >y+e,x>2+e}U{(z,y,2) sty>z+e,y>
z+e}U{(z,y,2) st 2>z+e,z>y+e} for afixed epsilon. Thus, the function F (¢) is defined as the union of the boundaries
{(x,y,z) st x:y+€,x:z+s} I_I{(:E,y,z) s.t y:z+5,y:x+s}l_l{(x,y,z) s.t z:x+s,z:y+s}.

3.4 <-Optimal Arms

In this subsection, we discuss the phenomenon of the robust region being large enough to ensure the greedy policy returns
an e-optimal arm. In the context of multi-armed bandits, an € optimal arm is if ¢ is larger than the minimum sub-optimal
gap of arms A ;. We shall assume that the optimal arm is & for the following discussion.

Definition 3.20 (c-optimal set). Let the arms whose rewards are at most € worse than the optimal arm be defined as
Ac(p)=fi€ [K]: 1y > pe—e}

Note that A.(u) is a nonempty set as it contains ju;, by definition. The cardinality of A, () can be more than one only if
¢ is more than A, the minimum suboptimal gap of the bandit instance gt.

Definition 3.21 (c-robust observation region). We define the k' robust observation region as R = {p € Gy, : ®PA () €

Ll GiVA €P(Ak)}, where P(Ak) is the set of all diagonal matrices whose elements belong to the simplex Ak.
i€A- ()

The above definition implies that the greedy policy based on the estimate ®P4 (1) would return an -optimal arm for any
sampling strategy A. By definition, the robust region Ry, is a subset of the e-robust region R

Characterization of Robust Region As in Theorem we can characterize the robust region in terms of the feature
matrix. The proof follows along the same line as for Theorem [3.7]

Theorem 3.22. 1 belongs to the e-robust observation region R, if and only if every d x d full rank sub-matrix of ®, denoted
by ®4, along with the corresponding d rows of u, denoted by g, satisfies the condition that <I><I);1 14 € G; for some specific
i in Ac(p). In other words, p € RS, if and only if every <I)<I)Jl a €G; for some specific i € A ()
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Remark 3.23. Since LG; is not a convex region, we require every basic solution to lie in the same greedy region.

e-Optimal Arm Identification We demonstrate polynomial sample complexity for identifying an e-optimal arm when
it belongs to an e-robust region.

Theorem 3.24. Let an arbitrary bandit instance p belong in the e-robust observation region and satisfy Assumptions
and EQI with width 6. Then, for any >0, a sampling strategy that samples each arm at least T; > ln( %) ﬁ times would
play an e-optimal arm under the greedy policy with probability at least 1 —q.

Proof. Note that because of Assumption when each arm has been sampled for at least ln(g) ﬁ, the sample estimate of
1 lies within a § open-rectangle of p with probability at least 1 — . From Assumption this implies & lies is the e-robust
region and the result follows from the definition of the robust region. O

4 Contextual Bandits

We consider the more general setting of a contextual bandit in which contexts are drawn from a finite set X', and each context
has finite arms in A giving rewards with means {/i; o } (z,a)cx x.4. We assume that each context-arm pair (,a) is associated
with a known feature ¢(z,a) in R%. We also have an available parametric class of functions that serves to (approximately)
model the mean reward of each context-arm pair; each function in this class is of the form fj : RY — R for a parameter
6 € ® CR?, and applying it to arm a at context z yields the expressed reward fy(¢(x,a)) €R.

Notation We denote the context space size and the action space size by X and A, respectively. We shall assume
that the number of arms is larger than the dimension of the parameter, that is A > d and, for ease of analysis, consider
the set of features {((7,a)}zex aca to span R We shall denote the true reward mean as a vector in XA-dimension,
p=fiz.a] ceXaed € R*4 and the feature matrix by ® = [--¢(z,a) "] 2cX.ac.4 AN clement in RXA%4 We shall denote
by @, the context specific feature matrix, as the A x d sub-matrix of ® corresponding to the features [p(x,a)],c 4 for a
fixed context x. Similarly we shall denote by g, the context specific reward vector, as the A dimensional sub-vector of

 corresponding to the rewards [(; o]qac 4 for a fixed context z.

Remark 4.1 (Linear Contextual bandits). In linear contextual bandits (Chu et al., 2011}, it is assumed that the mean rewards
for a context-action pair y  is a linear function of the features ((x,a), that is there exists a 6* such that p = ®6*. Note
that we make no such assumption.

Main Result We define analogous concepts as those introduced in the bandits setting for the contextual setting. The critical
observation is that we recover the multi-armed bandit setup for any fixed context.

Definition 4.2 (Greedy Region G for context x). Define by G, for any context x and arm a, as the region in R* for which
the ' arm is the optimal arm at context z, that is GZ = { ptg ER™ : 1, 4 > 1 5 VbF#a}.

We fix our model class to be linear, for which least square estimate can be written as 0= (®TAP)1® T Afi, where A is a diag-
onal matrix with sample frequencies of context-action pair { Az 4 } (z,a)cx x.4 On the diagonal. E}Analogous to the bandit section,
we define the model estimate as the least squares estimate calculated using observation pairs of (®, 1) under a sampling distri-
bution of A as P2 ()= argmin, H<I>(9 — u” A1z We then define the robust parameter region and robust observation region.

Definition 4.3 (Robust Parameter Region for context x). We define the a'"* robust parameter region ©2 for a context x
as the set of all parameters ¢ such that the range space of the context-specific feature matrix, ®,, restricted to % lies in
the greedy region GZ. That is, @ = {# cR*: .0 G }.

Definition 4.4 (Robust Observation Region for context x). We define the a*’* robust observation region R® for context z as the
set of all contextual bandit instances g satisfying (i) the A armed bandit problem at context x has arm a as the optimal and (ii) the
model estimate P (u) calculated under any sampling distribution belongs in the (2:,a)*"* robust parameter region ©2. That is,

RE={p: pr €GZ,PM (1) €OIVAEP(Axa)},

where P(Axa) is the set of all diagonal matrices whose elements belong to the (XA —1)-dimensional simplex Ax 4.

7Like in the bandit section, we shall assume ®A® is invertible. In Appendix@ we discuss how to remove this assumption in detail.
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In the following theorem, we show that p belonging in R defined as [, cx Ropr (I)ﬂ is a sufficient condition that the
greedy policy based on ®P (u) is the optimal strategy under any algorithm-driven sampling strategy for every context x.

Theorem 4.5 (Sufficient Condition). If p € RY then ®,PA(u) € ggpm) for any context x and under any sampling
distribution. That is, argmax,¢ 4¢(z,a) ' PA (1) =OPT(z) for every context x.

Proof. If u € RY*, then p € R%PT(I) for every context x. Thus, for every context x, we have p, € QSPT(CE) and for
every sampling distribution, the model estimate PA(u) S G)‘(")PT(m). Thus, from the definition of @gPT(I), we have that
&, PA(u)e G&pr (@) Therefore, the greedy algorithm is guaranteed to play optimally in every context. O

Characterization of Robust Region In the class of linear models R~ can be described analytically in the following
Theorem We can use this result to compute the robust region for any given feature matrix ® as illustrated in Appendix
The proof is presented in Appendix

Theorem 4.6. Define ©% £, .07 1 2+ A contextual bandit instance p belongs to the robust observation region RY
if and only if for each d x d full rank sub-matrix of ®, denoted by ®4, along with the corresponding d rows of p, denoted
as pg, satisfy @glud €O, That is p € RY if and only if @;1 La € O for every d x d full rank sub-matrices of ® and
the corresponding d rows of .

4.1 Instance Dependent No-Regret Algorithms

We analyze and prove that e-greedy and LinUCB algorithms can achieve sub-linear regret on misspecified contextual bandits,
provided they are in the robust observation regions. We assume the following settings: the noise is sub-Gaussian, each context
has a positive probability of observation, and the instance g is an interior point of the robust region.

Assumption 4.7 (sub-Gaussian Noise). We shall assume that for any context z, the A armed bandit instance f, is 1/2
sub-Gaussian.

Assumption 4.8 (Context Distribution). Each context x € X has positive probability p,. of observation.

Assumption 4.9 (Interior Point). We shall assume that g is an interior point of R¥, that is there exists a § > 0, such the
X A-dimensional open rectangle, with length § and centre p, is entirely contained in R .

4.1.1 e-Greedy Algorithm

Analogous to the bandit setting, we can show that e-greedy enjoys sub-linear regret for misspecified instances provided they
are robust, as shown in the next theorem. We present the proof in Appendix [B.1]

Theorem 4.10. Given feature matrix ® and a fixed contextual bandit instance p satisfying Assumptions
and the e-greedy algorithm with €, varied as 1/\/t, the cumulative regret, asymptotically enjoys sub-linear re-

gret. That is, limp_, o, R\efjift < Apax, Where Ay, is the maximum sub-optimality gap between context-arm rewards,

Apax = maXgexMaXge Ay, OPT(z) — Mz,a-

Remark 4.11. The proof follows the same lines as in the Bandits section. Note that our regret guarantee in Theorem {.10]
does not depend on the misspecification error and depends only on the suboptimality gap. Our experiments illustrated in
Appendix [F2] corroborate this.

4.1.2 LinUCB Algorithm

We analyze the LinUCB algorithm in the contextual setting and show that misspecified instances can enjoy sub-linear regret
under the LinUCB strategy, provided they are robust. We present the result informally here, deferring the detailed result
in Appendix [D]in Theorem [D.5]

Theorem 4.12. Given feature matrix ® and a fixed contextual bandit instance p satisfying Assumptions 4.7/ and .9 the
LinUCB algorithm achieves a regret of O(dv/T).

8Here we use the notation OPT(z) to denote the optimal arm of context
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Comparison with the results of Zhang et al. (2023) [Zhang et al.|(2023) study misspecified contextual bandits with the
misspecification dominated by the minimum sub-optimality gap. We see this characterization as being more in line with the
work of [Liu et al.| (2023). Under this robustness criterion, they develop a sophisticated algorithm (DS-OFUL) which they show
to be regret-optimal. We believe their characterization of robustness is not directly comparable to our work. For example, our
framework allows for the study of problems whose misspecification error can be (much) larger than the sub-optimality gap.

5 Markov Decision Processes (MDPs)

Problem Statement 'We consider a finite horizon episodic MDP setting where at horizon/stage, h € [H], states are drawn
from a finite set S, and each state has finite actions in .A. The reward function at any stage h € [H] is a deterministic function
of the state and action, that is, Ry, : S x. A— R. The state transition kernel at any stage h € [H| is denoted by Py (s'|s,a) and
the actions are chosen according to a behavioral policy my,: S — Aa. The optimal @}, value at any stage i € [H] is a function
of the state-action pair, that is, @7, : S x A — R and satisfies the optimal Bellman equation Q;;(s,a) =T5,Qj, , ; (s,a) where
ThQj,41(s,a) is the Bellman Operator, Ry, (s,a)+E [max, e aQ5 1 (s,a")|sn =s,an=a).

Function Approximation In RL with function approximation, we employ a parametric function class J to approximate )},

values. Consider a function class { fp, }thl, where 6, € R is a learnable parameter for {Q} }1L_ . Each fy, is a real-valued
function that takes states and actions and returns an approximate value function fy, : S x A — R. Consider the Fitted-()
learning Algorithm (Algorithm as presented in|Szepesvari (2022). At each stage (sp,ap,"n,Sh+1) transitions are observed
according to behavior policy 7, to estimate 6y,.

Algorithm 1 Fitted-Q Learning
Input: Behavioral Policy 7,
Output: Updated parameters {6, }/__ | after T rounds

1: for episode t=1to 71" do

2: Set EH—H =0

3:  for Horizon h=H to 1 do

4: Fit -function with least squares regression

~ 2
Gh:argmem Z (f@(sh,ah)—rh—m(?xf/e\hﬂ(sh+1,a))

(8h,an,Th,sn+1)E€Dn

5.  end for

6:  Sample one episode (s1,a1,r1,,SH,aH," ) using m,

7. Update the observation dataset Dy, <— Dy, U{(sp,an,rn,Sp+1)} for all he [H].
8: end for

Main Result We shall develop robust conditions and give PAC guarantees for the Fitted-() Learning algorithm without
any realizability or completeness assumption. Particularly, we do not assume @, € F, for any h, nor do we assume that
the Bellman Operator satisfies T}, fr,+1 € Fp, for all f 1 € Fpy1.

Robust Condition We note that any Q7 (s,-) is an element of R* and hence belongs to the greedy region QgPT(S). The
model estimate at stage h under the behavioral policy is defined as

2
P (¢ zargmein Z ap’(s,a,s’) (fa (8,a) —r—max fo (s’,a’)) , for any ¢'.

Here " (s,a,s") is the true distribution of observing the pair (s,a,s’) under the behavioral policy m;, at stage h given by
P {sp = s,ap =a,sp+1 =5’ }. The robust parameter region at stage h for a state s, is @, = {9 2 fo(s, ) € ggPT(S) } We

denote the robust parameter region at stage h as @y, = (") ®,. The robust condition can thus be described as
seS

P! (6),41) €O}, V11 €Oy, for all he [H]. @

10
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PAC Guarantees We assume that if a MDP M, function class { fy, }th1 and a behavior policy , satisfies the robust
condition, then any behavior policy "close" to 7, would also be robust.

Assumption 5.1 (Interior Point). Given an MDP M, a function class { fon }2{:1 , and a behavior policy 7, that satisfies the
robust condition, (1} there exists a 6 > 0 such that any policy = satisfying | (s,a,s") —a" (s,a,s")| < d for all (s,a,s”) and
at every stage h € [H], is robust, that is, satisfies P™(") (0}, 1) €®}, V0,1 €Oy, 1 forall he [H].

We present our PAC guarantee for the Fitted-() Learning algorithm for an MDP M, function class { fo, }le and behavior
policy , for which it satisfies the robust condition.

Theorem 5.2 (Sample Complexity of Fitted Q-Learning). Let an MDP M, function class { fon, }thl, and behavioral policy
Ty, satisfy the robust conditianalong with Assumption 5. I\with parameter §. Then for any € >0 and for T' >1n ( SZ?H ) ﬁ

with probability more than 1 — €, the greedy policy, defined as ﬂireedy (s) = argmax, ng(s, a) is the optimal policy

argmaxge 4Q* (s,a).

Proof. Let ny(s, a, s', t) denote the number of times the transition (s, = s, ap, = a, sp41 = &) is ob-
served till time ¢ under the behavioral policy m,. Since every trajectory is sampled independently we have

T
T - T

P{ M —ozzb(s,a,s’)‘ > 5} < 2exp(—26%T). Taking a uniform bound over all (s,a,s’) observations and all H
stages, we find that the Assumption|S.1|is not satisfied with probability less than S?A Hexp(—202T)). O

= o;"(s,a,s’). Thus, from Hoeffding’s Inequality, we get

5.1 Example of a Misspecified but Robust (Deterministic) MDP

)
10
Robust Region A
forarm 2
20 o 10
Y ‘ul
o“q}
& Robust Region
‘ \\D . forarm 1
(a) A function approximation feature class which is described (b) A 2 stage deterministic MDP with three states and each
as an e-radius tube about the diagonal. We give a representative state having two actions. The rewards are ordered as 711 >
diagram for a R? space corresponding to a bandit problem with r12, r21 >T22, 131 > 132. However, the rewards are designed
two arms. All instances are robust except for a measure zero set such that the optimal action in state s1 is ag, because r31 is
of bandit instances on the diagonal, which can be interpreted as significantly higher than 797

both arms having the same rewards.

Figure 2: An example of a MDP and a function class we designed to approximate the () value. The optimal QQ* values are
misspecified in the function class, yet we can learn the optimal policy using this function class.

In this subsection, we illustrate robust conditions for a simple two-stage deterministic MDP and a theoretical feature
representation under a uniform behavioral policy. For a stochastic MDP under an arbitrary behavioral policy, we present
an analysis of robust conditions in Appendix

MDP description We present a simple two-stage MDP, M, with three states, each having two actions as shown in Figure
The state transitions are deterministic based on the actions. At stage h = 1, the process starts at state s; and, based
on the action, gets the associated reward and moves on to either state s5 or state s3. At each of the subsequent states, one
chooses one of two available actions again, observes the reward, and the process ends. The rewards are such that 711 > 712,

11
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T91 >T22 and 131 >732. To ensure that employing a myopic greedy strategy fails, we require that the optimal policy at each
state be 7*(s1) =ag, 7*(s2) =aq and 7 (s3) =a;.

Behavior Policy We assume the behavior policy, 7, to sample uniformly across all actions at any state s. This ensures
that the approximate values are orthogonal projections to the function space.

Function Class We choose a function class that is a tube of radius ¢ about the diagonal of the RS space. At stage h=2,
the function approximation class is defined by

Fz:{[x,z,x,xﬁ—!—eﬁV’ve ([1,1,1,1]T)L VIER}, for a fixed £ > 0.
V|2

where ([1,1,1,1] )+ represents the orthogonal space to [1,1,1,1]T. At stage h=1, it is defined as
v

[l

flz{[m,x]T—l—e V’UG([LI]T)LVl‘ER},fOI‘aﬁXCdE>O.

The function class J; is shown in Figure ﬂ The figure shows that almost all 2 armed bandit instances are robust.

Condition for Robustness Stage Two At stage h =2, there are four possible state-action pairs, (s2,a1), (82,a2), (83,a1)
and (s3,a2). Thus at stage h =2, the reward vector 7o = [ra1, 722,731, 732] | is an element of R*. Thus the value function
f> is such that

fz=argjrgeufnz||f—rzllz

The function approximated () values functions for the states can be read off as

fa(s2,a1)| _ [wo € 21— fa(83,a1)| _ |70 £ 31— 20
= and =+ — :
fa(s2,a2) Zo|  ||rea—axo| [T22—T0 [, (s3,a2) Zo|  ||re—xol| |T32— %0
where 29 = (r1 +722+731+732)/4 and T = [0, T, To, Zo] | . Note that one can have a potential huge misspecification

error of I norm approximately ||ra —xol|. Observe that since ro1 > 722 and 31 > 32 we have, fo(s2,a1) > fa(s2,a2) and
fa(s3,a1) > fa(s3,a2), and thus argmax,, f2(s2,a) =7*(s2) and argmax, f2(s3,a) =7*(s3).

Stage One At stage h=1 we use the function class 7. The value function f; is such that
=argmin || f—7r
h gfeflﬂf 1ll2

€
r1tZo+ oot (121 —0)

e .
T12 +.130+ ”7.2_930” (7‘31 _JjO) .

where 71 =

r11+max, f(s2,a)
T12-+max, fo(s3,a)

Since F7 is such that almost all bandit instances are robust, to ensure argmax,, f1(s1,a) = 7*(s1), we must have r; € G;.
This is true if r1; <712+ m (r31 —721). Thus, under the uniform behavioral policy, the given MDP M, along with
the function class JF7,F2, is robust if the preceding condition is satisfied.

6 Discussion

In this work, we present a systematic study of model misspecified instances in the bandit, contextual bandit, and
Markov-decision-process settings compliant with practical algorithms. Previous theoretical works have all indicated that these
algorithms are insufficient to learn the optimal policy without the realizability assumption, despite their panacean use and often
impressive performance. In this regard, we hope to have provided some insight into explaining why such learning systems
perform as well as they do. However, we realize several limitations to our study, the primary of which is that we are uncertain
how one can better utilize the concept of robust regions to construct better feature representations or design better algorithms.
‘We can also not explain how these results might extend to settings with an exponential number of states and actions. But,
we hope to have convinced the reader that there is a natural existence of benign instances in the model misspecified setting.
We hope future research can be devoted to better explainability of function-approximated learning algorithms.

9We remove the dependency on e from the text to reduce burden of notation

12
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Algorithm 2 e-greedy algorithm
I fort=1t0oTdo
2:  With an estimate 6, play arm ¢ such that

A= argmaxap;'—@t w.p.1—¢
1€[K]

=play uniformly over K armsw.p.c;

3:  Observe the reward Y;.
4:  Update the estimate as

¢
O 1= arg;ninz [go;gs 6-Y,]?

s=1

5: end for
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in neural information processing systems, 32, 2019.

A Description of Algorithms and Proofs of Theorems in Bandits

A.1 e-Greedy Algorithm

e-greedy algorithm is a popular forced-exploration-based algorithm widely used in practice. For completeness, we describe
it in Algorithm[2] We give a detailed description and proof of the result presented in Theorem 3.11}

Theorem 3.11. Given a feature matrix ® and a fixed bandit instance p satisfying Assumptions 3.8 and[3.9| the e-greedy
algorithm with ¢, being varied as 1/+/t over episodes, the cumulative regret, asymptotically enjoy sub-linear regret, that

is Tlim % <Anax, Where Ay is the maximum sub-optimality gap between arms, that is, Ay =maxX;e| | bk — fhi-
—00

Remark A.1. The proof uses the same technique as presented in |Auer et al. (2002). The critical observation is that the least
squares estimate @t, in our notation P (fi4), is guaranteed to generate optimal play under the greedy strategy if the sample
mean estimate f1; falls inside the robust region R . The concentration of sub-Gaussian random variables ensures that given
enough samples g will fall within a J-neighbourhood of the true rewards p. The fact that g is an interior point of Ry,
ensures a that there exists 6- neighbourhood about p that is contained in the robust region Ry.

Proof. Since p is an interior point of the robust region Ry, by Assumption there exists a d-open-rectangle centred at
, denoted as 15(p) which is contained in the robust observation region Rj. We observe that the probability of choosing
a sub-optimal arm 4 at #*"* round is either due to a random play, which happens with probability St or during the greedy play
when the reward estimate fi; does not belong to 15(1), the § open-rectangle of . That is,

BA,=i] < (- )Rl £ 15(1)

Now P[pis ¢ 15(p)], from the definition of the d-open-rectangle, can be upper bounded by taking a union bound over all
arms to give

K
Plpie ¢ 15(p)] < ZP (7" — i) = 6],

i=1
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where 7i; " is the sample estimate of arm 7, having played n; ; times till time ¢. The remainder of the proof has the same flavor
as in the work of |Auer et al. (2002). We provide here for the sake of completeness. Note that each term P Uﬁ?t — il = 6]
can be bounded in the following manner,

t
R{[7" il >0 ) = > {7~ pul > =5}
s=1
t
=S {ns=sl s —pil =6 o { 7 —ul >}
s=1

t
<Y i —pul >0 }2exp(~250%),
s=1

where we use the sub-Gaussian concentration by Assumption [3.8]and Lemma L.5]

to t
<Y Pniu=slA—pil =)+ Y 2exp(-256%)
s=1

s=to+1

to
s 1
< Zp{nm =s| |15 — il = 5} + gexp(*%oﬁ) )
s=1

where we use the identity Y _;° . exp(—rt) < Lexp(—rx). Let n%, be the number of times arm i has been played randomly
till time ¢, then,

to
> B {nse=sll; —ml >}
s=1
to
<> p{nlf <7 -l >6 )
s=1

to
< ZI}?{nft <s}
s=1
<toP{nf, <to}.

(2

Now

and variance of n%, is

. t
Thus, choosing to= 5>, _,&,, we have

P{n}, <to} <exp(—to/5),

from Bernstein’s Inequality, Lemma [[.6] Thus, putting it all together, we have,

P[A;=i|< %+Ktoexp(—t0/5)-I—%exp(—?toé?).

Thus, to complete the proof, we only need to find a lower bound on #y. As per our definition,

1 t
t(): ﬁ;fs&
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Plugging the value of e =1/+/s, we get

1 <1
to===Y —
0 2K;\/§
1
> = (Vi+1-1).
K
Thus,

o1
P[4, =i] < K—\/%Jr(\/m%)exp(—

Therefore, regret at any time ¢ is

ViFI-1. K (_ 252(\/7:?—1)).

AN th K

K

Regret, :ZAiP[At =i|< Ajgx +o(1/t*), for any o> 1
i=1

where A; is the sub-optimality gap fix — p; and Apax =max;e (k) A;. The asymptotic behavior of the cumulative regret is

lim

max
T—o0

T
21— Regret, <A
T

A.2 Interior Point

The reason that we demand explicitly for p to be an interior point of Ry, is because Ryis not necessarily an open set, as
shown in Proposition [A.2}

Proposition A.2. The robust observation region Ry, is a G set that is a countable intersection of open sets.

Proof. Note that the for any arbitrary but fixed sampling distribution {\;}X | belonging in the K dimensional simplex A,
we have

{uegk:PA(u)EQk},

is an open set as the set @, is an open set, and the projection operator is continuous. Now, since any sampling distribution
{\}E | are rationals, that is {\;} X, € Q¥, we have

Rz () {uegk:PA(u)e(Bk},
{NE enx

isa Gy set. O

B Description of Algorithms and Proofs of Theorems in Contextual Bandits

B.1 e-Greedy Algorithm

The e-greedy algorithm in the contextual setup is described in Algorithm 3] for completeness. We now give a detailed
description and proof of the result presented in Theorem {.10]

Theorem 4.10. Given feature matrix ® and a fixed contextual bandit instance p satisfying Assumptions

and the e-greedy algorithm with € varied as 1/\/1, the cumulative regret, asymptotically enjoys sub-linear re-

gret. That is, limp_, Rf/gjift < Apax, Where Apax is the maximum sub-optimality gap between context-arm rewards,

Amax= maXgzexMaXqe Atz,0PT(z) — Hz,a-
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Algorithm 3 Generic e-greedy algorithm
1: fort=1to T do
2. Observe context X; at time ¢
3:  With an estimate 6;, play arm A; such that

A= argmaxgo(Xt,a)Tgt w.p.1—e;
acA

=play uniformly over A armsw.p.c;

Observe the reward Y;.
Update the estimate as

t
0,41 =argmin X, A4,)T0-Y, %
t+1 g@ Z[S@( ) ]

s=1

6: end for

Remark B.1. The proof uses the same technique for the bandits section. The key observation is that the least squares estimate
@/, in our notation P (fi¢), is guaranteed to generate optimal play under the greedy strategy if the sample mean estimate
111 falls inside the robust region R**. The concentration of sub-Gaussian random variables ensures that given enough samples
11 will fall within a 6-neighbourhood of the true rewards gt. The fact that g is an interior point of R, ensures a that there
exists 0- neighbourhood about g that is contained in the robust region R .

Proof. Since p is an interior point of the robust region R, by Assumption there exists a §-open-rectangle centred at
., defined as 15(p) which is contained in the robust observation region R<*. The probability of choosing a sub-optimal
arm a in state x at t** round is either due to a random play, which happens with probability 5 or, during the greedy play,
the reward estimate fi; € R** does not belong to the § open-rectangle of g1, 15(t). That is,

(T\

P, =a| X =a] < T+ (1- Rl ¢ 1s(w)].

Now P[pis ¢ 15(p)], from the definition of the d-open-rectangle, can be upper bounded by taking a union bound over all
arms and contexts to give

Pl ¢ 15(w)] <D Y P[nne —peal 2],

acAzeX

where 7i; %" is the sample estimate of the state-action pair (,a), having been sampled Nyg,q,¢ times till time ¢. The remainder
of the proof has the same flavor as in the work of |Auer et al.| (2002)). We provide here for the sake of completeness. Note
that each term P [|ﬁ;“a“ f— el = 5] can be bounded in the following manner,

t
Bl el >0} =D {3 0wl > 000 =5}
s=1
t
= " B{nai =57 0 t.a| 20 YR85 o~ 0l 26 |
s=1

t
< ZP{nz’a’t =s]| ’ﬁ;a —um’a’ > §}Qexp(—2s52),

s=1
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where we use the sub-Gaussian concentration by Assumption4.7)and Lemma [.5]

to t
QZP{n%a’t:ﬂ|ﬁ;7a—u%a|>5}+ Z 2exp(—2562)

s=to+1
<ZIE°{nxatfs||uma uma|>5} 5 5 exp(— 2ty0?),

where we use the identity >~ . ; exp(—rt) < Lexp(—rz). Let nff
randomly at state x till time ¢, then,

z.a, b€ the number of times arm a has been played

to
Zp{nmat SHlu’za ,Ll@a’>5}
s=1

to
<ZP{ xat\SHMz IU/1|>6}
<Z]P{nxut\

<top{nw ,a,t \tO}

Now, since states € X is chosen statistically independently with probability p,, over the state-space (Assumption{.8) and
during random play actions are chosen independently and uniformly over action space .4, we have,

t
E[nf.] =2 e
s=1

. R .
and variance of n;;, , is

Vin®, ) prss(l_pwss) I;zt:

s=1
Thus, choosing tg= %Zizlss, we have
P{ xat\t0}<exp( t0/5)7

from Bernstein’s Inequality, Lemma [[.6] Thus, putting it all together, we have,

%+XAt0exp( t0/5)+ XAexp( 262).

Thus, to complete the proof, we only need to find a lower bound on #y. As per our definition,

t
_%255

]P[At:(l,|Xt:.’E]<

Plugging the value of e, =1/+/s, we get
t
_Pan L
W2V
> %f(\/t+1—1).
Thus,

1

Vi+1- l)eXp(_@)-‘r );Aexp(— %\/m) )
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Thus, the expected regret at time ¢ at state x is
Regret,, , = ZAI,aP[At =a| X;=x]
acA

1
<A,—+0(1/t%) forany a>1,
i (1/t%) y

where A, =max,e4Qz o and Ay o = fly OPT(x) — Ha,a- Thus, the expected regret at time ¢ is
RegTett—ZRegretHIE" X = <Zpﬁ( 7 +o 1/t“)>
zeX

Amax
< +o(1/t%),

Vi

where A a.x =max,cxA;. The asymptotic behavior of the cumulative regret is, therefore,

lim <Apnax-

T—o0

T
> ;1 Regret, o
VT

B.2 Corollary of Theorem[4.5

As a corollary of Theorem we can show that the model estimate P (1) computed under any sampling distribution
{Ae,a} (z,0)ex x4 must belong to the robust parameter region G)EI;)PT(:L’) for every context x.

Corollary B.2. For any contextual bandit instance p, we have pe R if and only if the model estimate P2 (), computed
under any sampling distribution {\y o} (z.a)cx x4 € Axa, belongs to ©F, where @Y £ _,, O0pT(2)

Proof. For any p we have pt, € G5pp @) for every context x, by definition. Thus, from definition of R = MNae XR%PT(X)
we have,
PERY <= pt, €RGpy(y VEEX.
= P (1) €O pp() VT EX.

for any sampling distribution {A\; o } (z,a)cx x.4 € Ax.a. This follows from definition of R%PT( ) But this is the definition
of set intersection, that is,

= PMp)e m O6p ()
reX

for any sampling distribution {\; o }(z,a)cx x4 € AxA- O

B.3 Characterization of the Robust Observation Region in Contextual Settings

‘When the model class is chosen to be linear, the robust observation region, R, has an explicit analytic description which
was presented without proof in Theorem@.6] We provide the proof here.

Theorem 4.6. Define ©F 2N e X@%PT( )" A contextual bandit instance p belongs to the robust observation region R
if and only if for each d x d full rank sub-matrix of ®, denoted by ®4, along with the corresponding d rows of u, denoted
as pq, satisfy <I>glud € ©Y. That is p € R™ if and only if <I>;1 a € O for every d x d full rank sub-matrices of ® and
the corresponding d rows of p.

Proof. The proof uses a result of [Forsgren| (1996), presented in Lemma [[.4] that for any any sampling distribution
{Az.a}(@,a)ex x4 € Axa, the model estimate P4 (1), with A=diag({\s,q }z.a)exx.4)- lies in the convex hull of the basic

20



Under review as submission to TMLR

solutions <I>;1 ftq- Note that for any g, we have p, € ggPT (@) for any context = by definition. Therefore, we have

RERY —= PAMu)c@FVAEPAxA
= conv{®, ' gV C B} C O,
= &' pe@ VP, C P,
The first line above follows from Corollary [B.2] and the second line follows from Lemma[l.4} (We abuse notation to denote

d x d full rank sub-matrices of ® by ®; C ® and use conv to denote the convex hull.) The last assertion follows because
©% is a convex set. O

C LinUCB

LinUCB remains a canonical regret optimal bandit algorithm. In this section we show that under standard assumptions, we
retain the optimal regret of LinUCB even under misspecified settings, given that the bandit instance belongs to the robust
region. We begin by first introducing the algorithm in Algorithm [}

Algorithm 4 OFUL Algorithm
1: Forced Exploration Phase of d linearly independent features
Set V=0%*? and S =0
fori=1toddo
Play feature ; and observe noisy reward y;
Compute V =V +¢;p,
Compute S=S5+;y;
end for
Standard OFUL Phase
SetV;=V and S; =S
10: fort=1t0Tdo
11:  Estimate 0, = [VJ 71515

12:  Play arm Ay, such that @ 4, .0, :argmaxiemﬁemgojﬁ, where R; = {9 : HG—@ Hvt <\ /ﬁt(é)}
13:  Observe the reward y;.

14:  Update Vi1 =Vi+0a, 04,

15:  Update S;y1==Si+pa,y

16: end for

R AN i

We added a forced exploration of d linearly-independent features to ensure the invertibility of the design matrix. In Appendix
[E] we remove the forced exploration phase by adding a regularizer to the design matrix. The rest of the assumptions are
standard in the analysis of LinUCB (Abbasi-Yadkori et al.| 2011).

Assumption C.1 (Conditionally sub-Gaussian Noise). At any time ¢, the observation y; corresponding to the arm played
Ay, is given by

Yt :MAt +77t’

where 7, is conditionally R-sub Gaussian, that is,

22

A
E[e)‘”t | Av.em1:6—1] gexp( ) VAER.

Assumption C.2 (Bounded Features). We assume that for any arm 7 in the arm set [K], the corresponding feature ¢; is
bounded in the /% norm by 1, that is,

leill2<1 Vie[K].

Assumption C.3 (d rank feature matrix). We assume that the design matrix computed in the forced exploration phase, V,
has minimum eigenvalue A, (V) > 1.
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Remark C.4. The last assumption can be satisfied by designing ® such that the first d features from an orthonormal basis.
This ensures that sampling the first d arms in a forced exploration phase satisfies Assumption

We present the formal version of Theorem [3.13] here.

Theorem C.5. Given a feature matrix ® satisfying Assumptions [C.2| and and any bandit parameter p which is an
interior point of the robust observation region, Ropr(y) and satisfies Assumption the LinUCB algorithm achieves regret

of the order O(dv/?).

L 2 (1+t/d)%/? . e
That is, with (;(5) set as 2R°log( ~——5=— | for any 6 >0, we have with probability at least 1—§

log(1+t/d)4,

AVERA pax (1+t/d)/2
ZNOPT(M) —pa, S A log ( 5 )

s=1

where Apnin is as defined in Lemma and Anax Is defined as the worst sub-optimal gap, that Iis,
Amax = maXiG[K]MOPT(u) — M.

We define the t'™ model estimate, PA¢ () as the least squares estimate calculated using p under the sampling distribution
{A}E | of the K arms at time ¢, that is,

P2 (1 ( Z Mpip; ) > N

1€[K]

The proof of the Theorem depends on the following lemmas.

Lemma C.6 (Lower Bound of per instant Regret in the Function Space). If w is an interior point of the robust observation
region, that is, if pu € Int(Ropr(y)), then there exists a Ay >0, such that for any sampling distribution {\;) }ic|x) at
any time t > 1, we have SOSPT( ”)PAt () — ] P2 (1) = A for any sub-optimal arm i.

Lemma C.7 (Upper Bound of Sub-Optimal Plays). Given a feature matrix ® satisfying Assumptions|C.2| and and any
bandit parameter p which is an interior point of the robust observation region, Ropr () and satisfies Assumption the

LinUCB algorithm, Algorithmd, plays sub-optimally at most O(dv/t).

That is, with 8;() set as 2R210g<M) Sor any 6 >0, we have with probability at least 1—9

\ZLA\/R / 1+t/dd2 \/Tt/d

where Anin is as defined in the previous Lemma

With the above two lemmas, the regret bound is straightforward. Formally,

Proof of Theorem|C.3] The cumulative regret, defined as,

ZﬂOPT(u) —HA,

s=1
- Z (NOPT(m *uAs)Jl{As #£0PT(n)}
s=1

t
<Amax»_1{A#OPT(p)}.
s=1
The proof is completed using Lemma O
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Proof of Lemma|C.6] We observe, p € Int (ROPT(H)), if and only if, P () belongs to the robust parameter region
@OPT(H) forallt>1.

Note that, we have from Theorem that P2+ () belongs to the closed convex hull of all (Id< ) basic solutions. We denote the

convex hull by &, and note that K is contained in @ opry,,). Thus for any time ¢ > 1, and for any sub-optimal arm 7, we have

T . T . T
(oPT(w) —¢i) PAt(N)?glm(WOPT(H)—%) 0> min (popru —¢i) 0=2;>0.
ex 0€@0pT(1)

by definition of ®gpr(,), since we have restricted to instances with unique optimal arms. We take a finite minimum of
A, over K minimums to define A, =min;e g A;. O

Remark C.8. Ay, represents the minimum sub-optimality gap of the bandit instance in the model space.

The crux of the proof of Lemma is similar to the one found in|Abbasi-Yadkori et al.|(2011).

Proof of Lemma|C.7] Consider the following quantity,
TP (i)~ P (1),

for any vector 7 € R?. Recall the definitions of PAt(fi;) and PAt (), as

t ot R
P (i) = (Y eaoh,) D oea(ua,+n) 20
s=1 s=1

t ot
P () = (Zsms 99,1) > papa,,
s=1 s=1

where @ 4, is the feature of the arm played at time s and y1 4+, is the observation at time s having played arm A,. This gives

PP i) o TP ()
t ot
T (Z@Aswl) > oans
s=1 s=1
t
> eans
s=1

We can now use Lemmall. I|to write (after noting that V' = I, the Identity Matrix in d dimension),

<fllv;

vt

detV;'/? )

TP (i) —z T PA () < |z, -1 R 2log< 5

detV/?
< t
<Ry 2log : ). @)

What this means is that under any sampling distribution, the Projection under that sampling distribution ( Definition [3.4)
lies within the high confidence ellipsoid centered around the estimated least squares solution.

Thus setting ==V} (PAt (i) —PAe (u)), we have

[P i)~ P ()

with probability at least 1—6 for all ¢ > 1.

Now let us consider the regret in the function space at any time ¢ as defined by the sampling distribution A;, given by

@gPT(p)PAt (m)— ‘PL ph (1)
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The algorithm, at any time chooses (4, ,Gt) as the optimistic estimate, where 6; lies in the high confidence ellipsoid defined
by Equation I To be consistent in our notation, we shall call the optimistic estimate 6; as PA+ (fu¢). This gives,
e P (1) —oh, PN (1)
<@h P (fe) o), P ()
=0, P () 0, P () T4, P () —p 4, P (1)
=oh, (PR ()~ P () ) + 0, (PP ()~ P2 (1))
PR (1) P (fy)

<2/l llvi-1 v/ B: (),

<leallvi—

‘v +llpa, llv,—1 [P (1e) — P (fiy)

Vi

where 3;(6) =2R?lo (%) with probability at least 1 —d. Thus the cumulative regret in the function space is

Z‘PgPT(M)PAS (») *80,1 P ()

s=1

t
<D 2leallv,-1v/B:(6)
s=1

t .
ZSEZ;QH@AS |VS—1RW
t
(1+s/d)?/2
—1 \/10g(6>7

where in the last inequality we use Lemma[.2]and our Assumption [C.2)on bounded features. Thus continuing, we have,

2\/§th:||%45 llv, - \/log((lﬂgd)dﬂ)
s=1

<2vaRy g LA )an [

<2vaRy log( AT

From our assumption that || 4,

<1 and from the forced exploration start we have Ap,in (V) =1, we use Lemma to get,

st CT

s=1
/ a/2
4VtRA [log (%) v/ logdetV;

<4\/fR\/log((1_H(/;l)d/2) log(1+t/d)?
=0(dV1).
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Thus what we have shown is that the regret in the function space is of order O(dv/%). Note that from our definition of the
minimum regret in the function space, A, given by Lemma|C.6| we have

t
Z‘PgPT(“)PAS (n)— Wls P ()

s=1
t
>3 1{A#OPT(1)} Amin.
s=1
Together, this gives the result. O

Remark C.9. Note that from the results of |Abbasi-Yadkori et al.| (2011), we can also derive a logarithmic regret bound.
However, we leave that as an exercise for the reader.

D LinUCB in Contextual Bandits

We show that in the contextual setting, LinUCB achieves sub-linear regret for any contextual bandit instance lying in the
robust observation region. In particular, we give the details and the proof of Theorem [.12] presented in the main paper.

Algorithm 5 OFUL Algorithm
1: Forced Exploration Phase of d linearly independent features
2: Set V=0 and S =0
3: fori=1toddo
4:  Observe context X;
5:  Play feature ¢ x, 4, and observe noisy reward Y;
6:  Compute V=V+px, a, go;h A,
7
8
9

Compute S=S+¢x, a,Y;

. end for

. Standard OFUL Phase
10: Set V;=V and S; =S5
11: fort=1to T do
12:  Estimate 6; = [Vt} 7152
13:  Observe context X
14:  Play arm Ay, such that gaAt,ét =argmax,e 4 gec, go;r(hAQ, where C; = {0 : ||9—§t||% <\ /ﬁt(é)}
15 Observe the reward Y;.
16:  Update Vt+1:Vt+<PX,,,A,,S0;t7At
17: Update Si41==S:+pa, Yy
18: end for

We added a forced exploration phase of d linearly independent features to ensure the invertibility of the design matrix. In
Appendix [E| we remove the forced exploration phase by adding a regularizer. The rest of the assumptions are standard in
the analysis of LinUCB (Abbasi-Yadkori et al., 2011).

Assumption D.1 (Conditionally sub-Gaussian Noise). At any time ¢, the observation Y; corresponding to the arm played
Ay at context X4, is given by
Yi=px, A, +m,

where 7); is conditionally R-sub Gaussian, that is,

A2 R2
E[eM* | Apmie—1] <exp (

) VAER.

Assumption D.2 (Bounded Features). We assume that the features ¢, , is bounded in the 12 norm by 1, that is,

pz.allz <1 VzeXacA
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Assumption D.3 (d rank feature matrix). We assume that the design matrix computed in the forced exploration phase, V'
has minimum eigenvalue Ap,;, (V) > 1.

Remark D.4. The last assumption can be satisfied by designing the ®,, such that the first d features from an orthonormal
basis for every context . This ensures our forced exploration to satisfy Assumption

We present the formal version of Theorem &.12] here.

Theorem D.5. Under Assumptions and for any contextual bandit instance p lying in the robust region R
of a given feature matrix ®, we have for any t > 1, and for any 6 >0, the regret of LinUCB as,

T

AVERA max 14¢/d)%/2
Z,UXS,OPT(XS) THXLASS TN \/log(((/s)
s=1 min

) log(1+t/d)?,

with probability at least 1—0. Here Ayax =MaX(; q)ex x AHzOPT(z) — Ha,a-

We define the t*" model estimate PA¢ (1) as the least squares estimate calculated using g under a sampling distribution
{Ai,a}(a:,a)EXXA at time ¢.

The proof of the Theorem depends on the following Lemmas

Lemma D.6 (Lower Bound of per instant Regret in the Function Space). If w is an interior point of the robust observation
region, that is, if p € Int(RY), then there exists a Awin >0, such that under any sampling distribution {c(x,a,t) }aea at
any time t > 1, we have for any context x,

@;OPT(z)PAt (l"’) - sa;r:,aPAt (ll’) = Amin ’
for any sub-optimal arm a at context .

The proof follows the same line as in the proof of Lemma

Lemma D.7 (High Confidence Ellipsoids). Under Assumptions and|[D.3|\we have for any that for t > 1 and for
any 6 >0, we have,

< R\/Qlog(ﬂﬁ/d)d/?)’

[P ()P () ;

with probability at least 1—9.

Lemma D.8 (Cumulative Regret in the Model Space). Under Assumptions[D.1} [D.2]and[D.3|we have for any that for t >1
and for any 6 >0, we have,

t

1+t/d)/?
36k oproe PR )0k, 4 P () <aviRy flog (L), Jos( iy,
s=1

with probability at least 1—§

Lemma D.9 (Upper Bound on Sup-Optimal Plays). Under Assumptions and|D.3] for any contextual bandit instance
. lying in the robust region R, we have for any t > 1, and for any § >0,

ZJI{AS #O0PT(X,)}< ZLA\/IER log( (1+t(/5d)d/2 ) \/log(1+t/d)®,

with probability at least 1—9.

The proofs follow the same lines as in the Proof for Lemma|C.7] This gives us the regret for LinUCB in contextual bandits,
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Proof of Theorem|[D.3]
T
Z,UXS JOPT(X,) ~HX,,As
s=1
T
=3 1{As £OPT(X.)}Ax, .

s=1

T
< ZH{AS#OPT(XS)}Amax

s=1

_ AVIRA (1+t/d)%/?

T A Og( 5 )log(1+t/d)d.

E Weighted Ridge Regression

In our definition of the robust observation region, we have implicitly assumed the invertibility of ® " A®. For the purposes
of mathematical rigor, a consistent definition of the robust observation region would be (see Lemma|[.4),

Definition E.1 (Robust Observation Region). For a given feature matrix ®, we define the k*" robust observation region
Ry as the set of all K armed bandit instances g+ with optimal arm k, such that under any sampling distribution {\;} X | € A,
the corresponding model estimate, P (1), lies in the k" robust parameter region, ©,.

Ri= {uggk 2PA([L) € @kVAG'P(AK)} for any arm k,
where

P(Ag)= {A:diag({)\i}fil) AN AR ABTAD is invertible}.

This necessitates a forced exploration phase in our algorithms. In practice, however, one uses a regularizer A > 0 to bypass
the issue of invertibility. We discuss how our theory of robust regions extends naturally to the case when one uses a weighted
regularized least squares estimate rather than the ordinary least squares estimate. Consider the weighted regularized least
squares estimate,

~1
PA(p)2 ((I)TA<I>+)J> & Ap,
for some A\ > 0. Define the corresponding regularized robust observation region as
R = {uegk P (p) e @kVAGP(AK)} :
where

P(AK)={ A=diag(DA 1), €Ak |-

Characterizing Robust Region We can again give an explicit description of the set Rg Given a feature matrix ®, a
sampling distribution A € P(Ak) and a K dimensional element g, define the following augmented elements

R . |A 0 w_ |1
® _|:\/XId><d:|’ A _[0 Idxd] and p _[0]’

where ®* ¢ RE+dxd A* ¢ RE+dxE+d and 1* ¢ RE+9, Define the set [7(®*) as the set of row indices associated with
non-singular d x d sub-matrices of ®*, and let Z be the set of row indices corresponding to { K +1,-, K +d}.
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Theorem E.2. For any reward vector p with optimal arm k,
RER) — &% e0,
forall 7€ J(P*)\T.
Proof. For a sampling distribution A we have
~1
PA(p) = (@*TA%*) & At
Thus, from the result in Lemma we have that regularized model estimate P4 (1) to lie within the convex hull of at most
(K +d) basic solutions &% u; for any A € P(Ax). That s,

detA% det®”

P(p) = f

JeT(P*)

)(I)f}_luj, VAEA

Corresponding to the set of indices of Z, we have @}_1 pk = 0. Thus decomposing the set of row indices 7 (®*) into
J(®*)\Z and Z, we have, from Lemmal[.4]

= 2 detAsdet o
* * J J
JeT(®*) ZKGJ (I,*)detA det(I) 2

JeT(®*)\T
* «2
Z detAJdetCI)J ) A ik] H,J
* *2 )
JET(@ NI ZKEJ(‘I,x)\IdetAKdet@K

detA*]det@ 5 1
n 3 )(I)J 1253
ZKej(q,*)\IdetAj(det@}} +)\d

* *2
\ erg (g dCtA e det P

_ . . .. )\ .
where ¢ = PR RTEIY is necessarily positive for any A € P(Ak). Thus we have p € Ry, if and only

KeJ(®*)\T

if, c>‘®*J_1 w € Oy for all row indices J in J (®*)\ Z. But since O is a convex cone, this implies the result holds if
% e Oy
O

E.1 LinUCB

We now present an analysis of LinUCB (Abbasi-Yadkort et al.| 2011) without a forced exploration phase and under the
standard assumptions.

Assumption E.3 (Bounded Features). We assume that for any arm ¢ in the arm set [K], the corresponding feature ¢; is
bounded in the {2 norm by 1, that is,

pilla<L Vi€ [K].
Assumption E.4 (Regularization). We assume that the regularizer A, so chosen satisfies
A>max{1,L*},

where L is as defined in Assumption [E3]

Theorem E.5 (LinUCB Regret). Given a feature matrix ® satisfying Assumptions [E.3] any bandit parameter pu which is
an interior point of the regularized robust observation region, ROPT( ) and satisfies Assumption the LinUCB algorithm,

with regularizer chosen as according to Assumption H enjoys a regret of O(df ) on .

‘We leave the verification of these results to the reader. We note that these results could also be extended to the contextual
bandit setting.
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F Experiments
In this section, we run some simple experiments to corroborate our findings.

F.1 Bandits

In this section, we shall use Theorem [3.7|to explicitly calculate the robust observation region for a simple feature matrix.
‘We shall then sample bandit instances from the calculated robust observation region and run e-greedy algorithm on these
bandit instances.

2 3
Calculation of Robust Regions We choose an arbitrary feature matrix, ® as {4 5.
2 1

We shall start by computing the robust parameter regions. Recall from the definition of the robust parameter region ®; as
the domain of the feature matrix ® such that the range belongs to the 7* greedy region G;. Thus for any arm in [3], we have

O, = {9 cR?2 : Pl e gl-}. Thus, for each i € [3], we must solve for 2 linear inequalities in 2 unknowns. Namely for ©;
we have the following set of inequalities

o1 0—p3 0>0

which upon solving, we get the following condition 6 < —62 A6 >0 for any § = {zl} to belong to ®;. Similarly, for the
2

regions @, and ®3 we have the following set of equations,

ps 0—p] >0 3 0—p3 0>0

@3 0—p3 0>0 @3 0—p) 0>0

Upon solving, we arrive at the following descriptions of the robust parameter regions

@1:{96R2 101 <—92/\92>0}
@2:{9€R2 1(91 >0/\92>—91/2)\/(91 <0/\(92>—91)}
@32{96R2 105 <0/\92<—91/2}.

In Figure [3] as a matter of interest, we plot robust parameter regions in R?. We note that the robust parameter regions
partitions the parameter space R?; this is unsurprising since the greedy regions G; partition the R¥ space.

©, Robust Parameter Region
Corresponding to Arm 2

©; Robust Parameter

Region Corresponding

toArm 1 5

©; Robust Parameter Region| Corresponding
toArm 3
-10

Fi gure 3: The parameter space R? is partitioned into disjoint sets of the robust parameter regions corresponding to the different arms for feature matrix

o=

W
N BN
AN
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With the exact descriptions of the sets ®;, we can calculate the robust observation regions. Using Theorem @), this turns
out to be the set of all p such that $5° 1 o belongs to ©; for every 2 x 2 full rank sub-matrix of ®. Thus for the robust region,
‘R1, we have the following equations,

-1 ~1 -1
R R I R
Thus solving for 41,42 and 3 gives the description for R; as
Ri= {NERg (> pr2/2) AN (pa > p2) Az > 2p3) Az < —ps) A (> pa) A(p < —M3)} -
Similarly from the descriptions of ®, and ®3, we get the following descriptions for Ro and R respectively,
Ro= {H ER? : (1 < prg <3pn) A(—pa < iz <3pa) A (s < pro <5pa) V(g > Bpus Apao > —pis) ) }

Rzz{u6R3 H(pn < pa/2) A (i <H2/3)/\(N3>3/L1)/\(M3>M1)/\(M3>M2)/\(N3>H2/2)}-

0 B
e
T

(a) The robust region for arm one 1, shown in the blue shade, (b) The robust region for arm two R2 shown in the gray shade,
is a subset of R3. We depict the range space of the feature is a subset of R3. We depict the range space of the feature
matrix as the plane. matrix as the plane.

L AN
PR AL S

o0 e 70

(c) The robust region for arm three 7R3, shown in the green
shade, is a subset of R®. The range space of the feature matrix
is depicted as the plane.

2 3
Figure 4: Visualization of the robust observation regions for a three-armed bandit problem, calculated for the feature matrix ®= [4 5|, along with
2 1

the range space of the feature matrix ®6. Note that these are 3-dimensional plots with the robust regions 7R; shown in shaded regions of blue, gray, and
green colors. These regions are subsets of R3 whereas the range space of the feature matrix, shown in a "plasma" color, spans R2.

In Figure EL we try to visualize these regions in R®. In particular Figures and represent the regions R1,Re
and R3 respectively. Note that these images represent regions in R3. In particular, we have used a shading effect to highlight
the three-dimensional nature of the regions. The range space of the feature matrix, ®6, has also been highlighted as a
two-dimensional plane, passing through the robust regions in Figures fi(a) and f(b)] while bordering the region R in Figure
Note that we have plotted these images by restricting g to lie within a bounded region, which might give the appearance
of being bound. As could be deduced from the set theoretic descriptions of the robust observation regions these are convex
cones and are unbounded sets.
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0= 1.03, Aoy = 43.45, Apip = 4.83
p =103, Amax = 12.07, Amin = 7.24
0= 5.06, Amax = 48.28, Amin = 24.14
0= 1.44, Apax = 14.48, Dpin = 12.07
0= 8.22, Amax = 21.72, Dmin = 9.66

0 = 4.66, Dmax = 31.38, Anyin = 28.97
10000 0= 1.38, Amax = 28.97, Amin = 19.31
0 =2.24, Dmay = 16.90, Amin = 14.48
= 8000 0= 9.02, Amax = 12.07, Dmin = 4.83
TL 0 = 0.23, Amax = 50.69, Amin = 16.90

0 10000 20000 30000 40000 50000

Figure 5: The growth of the cumulative regret for 10 misspecified bandit instances sampled from the robust region of Ro
under the e-greedy algorithm with ¢, = 1/+/%. The plot represents the average of 10 trials. The Y -axis denotes the cumulative
regret 23:1 w*—pa,. The X-axis denotes the rounds 7'. We observe the sub-linear growth trend of the cumulative regret.
For each instance the values of the [, misspecification error (p), the maximum sub-optimality gap (A,,,x) and the minimum
sub-optimality gap (A,i,) are also noted. We observe that instances with higher A, suffer more regret at any time than
instances with lower A, as expected from our theorem.

Experiments with c-greedy Algorithm. We sample 10 instances from the robust region R,. We observe from Figure [5|the
mean and dispersion of the cumulative regret generated by e-greedy algorithm with £; =1/+/¢ on these sampled instances. We
also note the misspecification error (denoted by p), the maximum sub-optimality gap (denoted by A,,,.x), and the minimum
sub-optimality gap (denoted by A,;,,) for each of these instances. To demonstrate our results with high probability, we form
confidence intervals of the cumulative regret with three standard deviations. We observe that the cumulative regret grows
at a sub-linear rate with high probability.

Observations We note that instances with higher A, values tend to have higher regret than the instances with lower
Apax values. In this regard, we note that the misspecification error p does not influence the regret as much as the A ,x,
corroborating our theory. For example, note that the regret curve corresponding to misspecification error p=9.02 is lower than
the curve corresponding to p=0.23; we can explain this using the fact that the A, of the former curve is 12.07 whereas, for
the latter curve, it is 50.69. One can observe that misspecification error does not play a significant role in the near regret curves
for the instances whose A, are the same marked as 12.07; however, one has misspecification error p as 1.03 whereas
the other has 9.02. We also note the presence of one sampled instance whose Ay, is less than the misspecification error
p (The example in focus has A,;;, =4.83 while misspecification error p is 9.02); this is in sharp contrast to the type of robust
instances considered in the works of |Liu et al.| (2023)).

F.2 Contextual Bandits

In this section, we shall use Theorem [.6] to explicitly calculate the robust observation region for a simple feature matrix.
We shall then sample contextual bandit instances from the calculated robust observation region and run e-greedy algorithm
on these contextual bandit instances.

3
5].
7

Calculation of Robust Regions Let ®,,, =

DN DN
= Ot W

2
and ®,,= |4
6

The above feature matrices represent a 2 context bandit, each with a 3 arms setting. Note that the instance is in RS, and
thus the robust observation regions would be of dimension at most 6. From the definition of the robust parameter region
for context x1 we have,
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O ={0cR?:0, < —0,\05>0}
O ={0cR?: (6, >0N0:>—01/2)V (0, <ONO>—0,)}
O ={0€R? :05 <ONOy < —0,/2}.
For context x5, we can repeat the same procedure to find the robust parameter space for context x4 as
O ={0cR?:0, <0y}
O ={0cR?:0,>—0,}.
Note that for this feature matrix choice, we have found that the robust parameter region for arm two at context o, @32 is 0.

We use Theorem to evaluate the robust observation regions. Observe that a bandit instance p € R* ﬁR;c2 if and only if
the basic solutions belong to ©7" NO7*. The non empty intersections of @7 and O7* are as follows

0 Ne* =07

O NOT* ={0cR?: 0, <00, <0}
eI'ner =03

O NO ={0ER?: 0 <0,—0; <Oy < —0,/2}.

Thus R5* NR? is the set of all € R, such that the basic solutions are in @35 NO72. Solving, gives us the description of
the set R7* MR} as the set of all 1€ RS such that the following conditions are satisfied

Rg'NRY? = {M€R6 tpn > o, 1 < po /2 pn < g, i1 < — i3,

> s, i1 < s /2, 1 > g, 1 < e /3,
fho <213, o < —pu3, pha < 2 /2, 2 < fi4,
o > e, 2 < 2/3pie, pra < p3, i3 < —fla,
M5 <2413, 13 < — s, e < 3f43, 13 < — 46,
fha > s, fla < i /2, pha > i, fla < s /3,

Hs >M6,#5<2/3N6}~

Experiments with c-greedy Algorithm. We observe from Figure [f] the mean and dispersion of the cumulative regret on
10 contextual bandit instances, sampled from the robust region R N'R{?, for the e-greedy algorithm with £, = 1/+/¢ for
different context distributions. We also note the misspecification error (denoted by p), the maximum sub-optimality gap
(denoted by Ayax), and the minimum sub-optimality gap (denoted by A,;,,) for each such sampled instance. To demonstrate
our results with high probability, we form confidence intervals of the cumulative regret with three standard deviations. We
can observe that the growth of the cumulative regret is sub-linear with high probability.

Observations We note that instances with higher A, values tend to have higher regret than the instances with lower
Apax values. In this regard, we note that the misspecification error p does not influence the regret as much as the Ay,
corroborating our theory. For example, note that in Figure the regret curve corresponding to misspecification error
p=2.11 is lower than the curve corresponding to p=1.58. We can explain this observation by noting that the A, of the
former curve is 10.53, whereas, for the latter curve, it is 25.26. One can observe the fact that misspecification error does
not play a significant role by noting in the different regret curves for the instances whose misspecification error p are the
same marked as 2.11 but has different A, as 21.05, 16.84 and 10.53. We also note the presence of one sampled instance
whose A, is less than the misspecification error p (The example in focus has A,,;, = 2.11 while misspecification error
p is 2.63). This example contrasts sharply with the type of robust instances considered in the works of |[Zhang et al.| (2023).

G Robust Features for Contextual Bandits

The robust features construction for Bandits (Section [3.3) can be extended to Contextual Bandits as well. Note that any
two-context, two-armed contextual bandit instance lies in R* space and thus can be represented as an element (w,,y,2)
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0 10000 20000 30000 40000 50000 [ 10000 20000 30000 40000 50000
rounds T rounds T

(@) pz; =0.1 and pz, =0.9 (b) pz; =0.5 and pz, =0.5

—— p =158, Anax = 25.26, Amin = 4.21
—— P =053, Anax = 12.63, Ain = 4.21
—— p =105, Anax = 21.05, Amin = 6.32
—— p=2.11, Amax = 21.05, Amin = 2.11
—— P =263, Anax = 25.26, Ain = 2.11
4000 P =0.79, Amax = 14.74, Aryin = 4.21
—— p=2.11, Apax = 10.53, A = 6.32
—— =281, Anax = 25.26, Ain = 4.21
30001 — p =2.63, Amax = 14.74, Apin = 4.21

0 10000 20000 30000 40000 50000
rounds T

(©) Pz; =0.9 and pz, =0.1

Figure 6: The growth of the cumulative regret for 10 misspecified bandit instances sampled from the robust region of
R5'NR}? under the e-greedy algorithm with &, =1/+/¢ for different context distributions p,,, and p,. The plots represent
the average of 10 trials. The Y-axis denotes the cumulative regret Zle i —pa,. The X-axis denotes the rounds 7". We
observe the sub-linear growth trend of the cumulative regret. For each instance the values of the [, misspecification error
(p), the maximum sub-optimality gap (Ap,.x) and the minimum sub-optimality gap (A,;,) are also noted. we can observe
that instances with higher A, suffer more regret at any time than instances with lower A, as expected from our theorem.

in R*. Without loss of generality let any contextual bandit instance be represented by [1is, .a, s fs;.az5 Hss,ays [sy.az] | that

is the coordinates of R* represent the reward of first context first action, first context second action etc. Consider the greedy
regions which partition R*, as

{(w,x,y,z) stw>x, y>z}
Q2 = {(w,x,y,z) stw>ux, z >y}
{(w,m,y,z) stx>w, y>z}
92 = {(w,x,y,z) str>w, z>y} i
Let
Mi(e)={(w,zy.2) stw>z+e, y>z+€} (*)
Mj(e)={(w,zy,2) stw>z+e, z>y+e}
Mi(e)={(w,2y.2) stz>w+e,y>2+e}
M;(e)={(w,zy,2) stx>w+e, z>y+e}
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for a fixed ¢ be the the disjoint 4 dimensional manifolds with each Mf (e) C gf . Note that any contextual bandit px € R*
must lie in one of the greedy regions G;. We define the feature representation by the disjoint union of the manifolds

:U@Mg (e)={w=z+e,y=z+e}{w=a+e,z=y+e}{r=w+e,y=z+c}U{r=w+e,z=y+c}.

We have the following theorem, whose proof follows along the lines of Theorem

Theorem G.1. Any contextual bandit instance lying in the region L; j./\/li (€) is robust for the feature representation defined
above by the function F(¢).

H Example of a Misspecified but Robust (Stochastic) MDP

This section analyzes a stochastic MDP under an arbitrary behavioral policy. For the function class, we shall use the one
introduced in the previous Appendix [G]

MDP Description Consider the two-stage MDP, M as in Figure with three states. At stage h =1, we are at state
s1. We can take two actions depending on a behavioral policy, and move to either state so or state s3 depending on the
transition probability, P{s; | s1,a;}. We observe an associated reward of 41 or 712 respectively. At stage h =2, one can
again choose action a; or action as and get an associated reward of 121 or 729 Or 137 oOr 132 respectively. The rewards are
such that 717 > 119, 91 > 199 and 137 > r32. To ensure that employing a myopic greedy strategy fails, we require that the
optimal policy at each state be 7*(s1) =ag, 7 (s2) =aq and 7*(s3) =a1

Behavioral Policy We have an arbitrary behavioral policy 7, and denote the probability of a transition,
P™(sp, = a,ap = a,sp41 = §'), by a(s,a,s’). Thus, at stage h = 1, we have the following transition probabilities
a(s1,a1,52), a(s1,a1,83), a(s1,a2,82) and a(s1,as,s3). For stage h=2, since s’ is a terminal state, we drop the dependency
of s from the notation and have «(s2,a1), a($2,a2), a(s3,a1) and a(s3,a2).

Function Class We choose the function class F» and J; for stages two and one as the one described in Appendix [G]
Specifically, F3 is the function class introduced for the two-context-two-armed contextual bandit, described in Appendix
[Gl Fi is the two-dimensional variant of the function class as shown in Figure

Condition for Robustness Stage Two At stage i = 2, let the function approximate value be fo with elements

(121,22, 1131,432] T . The reward instance 75 is the vector of elements [r2;,799,731,732] | . Thus, based on the frequency of
observations, we solve for fo as the following least squares problem.

I :argmin(f—m)TA(f—rz)

feFs

a(s2,a1) 0 0 0

B 0 a(82,a2) 0 0

where A = 0 0. (s3,01) 0
0 0 0 a(ss,az)

Note that since 731 > 199 and r3; > 132, we have, ro € M%, where ./\/l% is the robust region as per our notation in Section
equation[f] Thus, we have

a(s2,a1)ro1 +(s2,a2)T22+u(S2,a2)e

21 =
8 a(s2,1) +0(s52,0)
_a(s2,a1)r21 +a(82,a2) 92 — (82,01 )€
H22 =
a(s2,a1)+a(s2,a2)
_a(s3,a1)r31+a(s3,az)rzat+a(ss,az)e
H31=
a(s3,a1)+a(ss3,a2)
a(s3,a1)r31+os3,a2)r32—a(s3,a1)e
32 =

aa(s3,a1)+a(s3,a2)
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It can be observed that pia1 > o2 and gy > pse. That is max, fa(s2,a) = po1 and max, fo(ss,a) = psi. Thus
angmax, fy(s2.0) =" (ss) and argmax, fo(s3,a) =1 (s5).

Stage One Let f; € F; be the value function approximation at stage 1 with elements [p11, ulg]T. Let the reward vector
be 71 be [r11,712] | . Thus we have the following regression problem.

. 2 2
1 Za;gglna(slm 52)[f(51,01) =11 —max fo(s2,a)] " +a(s1,01,83) [ f(s1,01) =111 —max fo(s3,a) ]
IS 1 a a

+a(s1,a2,52) [ f(s1,02) 712 —m(?xf2(827a)] ®fa(s1,a2,s3) [f(s1,02)—T12 —mngz(Ss,a)] ?

a(s1,a1,52) o1 +(s1,a1,53) 31 )2

= argmin (04(817(11752)-1-04(51,&1753)) (Mu—Tu— a(51,01,52) F (51,01,53)
) Y ) )

(11, p12)EFL

a(s1,a2,52) 21+ (51,02,53) 31 )2

(a(817a2,82)+04(81,a2783)) <M12—7"12— (51,02,52) -+ (51.,02,53)

Thus, for the optimal policy at state s; to be action ao, we need the following condition to hold,

a(s1,a1,82) o1 +a(s1,a1,83) a1 a(s1,a2,82) o1 +a(s1,a2,53) 31

11+ <rie+
" a(s1,a1,52)+o(s1,a1,53) 2 a(s1,a2,52)+a(s1,a2,53)

Thus, any MDP M with behavioral policy 7, that satisfies the above condition is robust.

| Technical Lemmas

Lemma L1 (Self Normalized Bound for Vector Valued Martingales |Abbasi-Yadkori et al. (2011)). Let {F;}:2, be a filtration.
Let {n;: }22, be a real valued stochastic process such that n is F;- measurable and 1 is conditionally R-sub-Gaussian for
some R>0, i.e.

Let {;}52, be a R%-valued stochastic process such that oy is F;_1-measurable. Assume V. is a d x d positive definite matrix
and for any t >0 define

N R?

YAER E[M |.7:t_1]<exp<

t t
Vi=V+Y o] Si=) nsps.
s=1 s=1
Then for any 6 >0, with probability at least 1—0, for all t >0,

detth/Qdetvl/Q)
— )

Lemma 1.2 (Determinant Trace Inequality Abbasi-Yadkori et al. (2011)). Suppose {p.}._; C R be such that
slla SLVs€Et]. Let Vi= AT+ _ psipd for some \>0. Then

IS, - <2R%log(

detV; <(A+tL?/d)?

Lemma 1.3 (Abbasi-Yadkori et al| (2011)). Let {;}:2, be a sequence in R%, V a d x d positive definite matrix and
Vi=V 43 psps . Then

tog () <Z||sas||v y

Moreover; if ||ps||2 < L for all s and if Apin (V') > max{1,L?}, then

i detV; )

2L <2l ( .
;Hw I}, <2log -7
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Lemma 1.4 (Forsgren| (1996)). Let ® be a K x d full column matrix, let pu be a K dimensional matrix. Let A be the set
of all positive semi-definite diagonal matrices such that ® " A® is invertible for any A € A, that is

A={AeRE*E . A is diagonal and positive semi-definite N® " A® is invertible}.

Then the solution to the weighted least-squares problem lies in the convex hull of the basic solutions, that is,

( detA ydet®?

—1
(pTA(I)) @TA _ )q)_l
( 8 ZKEJ(@)detAKdetCI)%( J MK,

JeT(P)
where J (D) is the is the set of column indices associated with non-singular d x d sub-matrices of ®.

Lemma L5 (sub-Gaussian Concentration). Assume {X;—u}? | are n independent o-sub-Gaussian random variables, then

2
~ ne
Pl|fin —pl > ] < 2exp(=5 ).

Zj\]:lxi

n

Lemma L6 (Bernstein inequality). Ler {T;}", be random variables in [0,1], such that

where [i, =

n

> V[T | Tioy Tig, 1] =07,

then

g2/2 }

< -
AR
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