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Abstract

Local SGD, a cornerstone algorithm in federated learning, is widely used in train-
ing deep neural networks and shown to have strong empirical performance. A
theoretical understanding of such performance on nonconvex loss landscapes is
currently lacking. Analysis of the global convergence of SGD is challenging, as
the noise depends on the model parameters. Indeed, many works narrow their
focus to GD and rely on injecting noise to enable convergence to the local or
global optimum. When expanding the focus to local SGD, existing analyses in
the nonconvex case can only guarantee finding stationary points or assume the
neural network is overparameterized so as to guarantee convergence to the global
minimum through neural tangent kernel analysis. In this work, we provide the first
global convergence analysis of the vanilla local SGD for two-layer neural networks
without overparameterization and without injecting noise, when the input data is
Gaussian. The main technical ingredients of our proof are a self-correction mecha-
nism and a new exact recursive characterization of the direction of global model
parameters. The self-correction mechanism guarantees the algorithm reaches a
good region even if the initialization is in a bad region. A good (bad) region means
updating the model by gradient descent will move closer to (away from) the optimal
solution. The main difficulty in establishing a self-correction mechanism is to cope
with the gradient dependency between two layers. To address this challenge, we
divide the landscape of the objective into several regions to carefully control the
interference of two layers during the correction process. As a result, we show that
local SGD can correct the two layers and enter the good region in polynomial time.
After that, we establish a new exact recursive characterization of the direction of
global parameters, which is the key to showing convergence to the global minimum
with linear speedup in the number of machines and reduced communication rounds.
Experiments on synthetic data confirm theoretical results.

1 Introduction

Federated learning is a prevalent framework in distributed learning to significantly reduce the
communication cost and effectively preserve the privacy of local clients [43, 27]. As the most
popular algorithm in federated learning, local SGD has shown great empirical success in training deep
neural networks (DNNGs) [43, [39]]. However, existing literature has not been able to fully explain or
characterize the convergence of local SGD in training DNNs. Recently, extensive works are devoted
to analyzing the convergence of local SGD and its variants in nonconvex optimization [39, 156, 20 |28
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32,140]. However, traditional nonconvex analysis only guarantees convergence to a stationary point,
and convergence to the global minimum is in general NP-hard [21]].

Despite the NP-hardness results for nonconvex optimization, an increasing body of research tries
to address structured nonconvex optimization by first-order methods with noise injection. For
instance, Ge et al. [[17] considered strict-saddle functions and showed that SGD with isotropic
noise can find local minima in polynomial time. This motivated several ensuing works [25 33|
20, [55! [1]] on designing different first-order algorithms to improve convergence to local minima
by injecting noise. Noise-injecting schemes and their variants (such as, for instance, broadening
from isotropic to anisotropic noise [64]) were shown to help convergence to global minima for
many problems that satisfy one of two conditions: (i) local minima are global minima, as in matrix
completion [18], dictionary learning [48]], and certain deep linear networks [29]; or (ii) neural
networks with distributional assumption, such as two-layer neural networks with the Gaussian
input [63]]. It is worth noting that there is also a rich history on noisy GD based on Langevin
dynamics (LD) [30} 44} 52} 8, 41, 9]]. For instance, recent work [[6]] proposes Exponential Family
Langevin Dynamics (EFLD) to relax the Gaussian noise assumption and include noisy sign-SGD
and variants of drop-out as special cases. When assuming the neural network is overparameterized,
neural tangent kernel (NTK) analysis [23] guarantees convergence to the global minimum for local
SGD (23} 22} 58] 10]. However, the NTK theory is far from sufficient, since neural networks
outperform their NTK counterpart in practice [4] and in theory [38].

Despite existing global convergence analyses of first-order methods for solving nonconvex opti-
mization problems such as neural networks, they either require explicitly injecting noise or assume
overparameterization such that NTK analysis can apply. Practical federated learning algorithms such
as local SGD do not inject any noise and do not belong to the NTK regime, but they can still converge
to global minima. For example, McMahan et al. [43]] shows that the local SGD algorithm can achieve
around 99% accuracy when training neural networks for an image classification task. This motivates
us to study the following question in this paper:

Is it possible to formally prove that the local SGD algorithm can find global minima for two-layer
neural networks without injecting noise and without overparameterization?

In this paper, we give a positive answer to this question under Gaussian input. We are inspired by a
line of work on neural network learning theory with Gaussian input [7} 49} 15} 37, 161} [13] and, in
particular address the distributed version of the setting in [[13]. Suppose /N local machines share the
following network:

k
f(Z,w,a) = Z a;o(Z] w),
j=1

where Z = (Zy, - -- ,Zy) € R¥F is the input matrix, w € R? is the weight, a € R is the output
weight, and o(z) = max{x,0} denotes the ReLU activation function. A good property of this
network is positive homogeneity, i.e., f(Z, cw, a/c) = f(Z,w, a) holds for any ¢ > 0. We assume
each entry of the input Z is independently sampled from a standard Gaussian distribution. Then the
response is generated by a noiseless teacher network: y = f(Z, w*, a*). Without loss of generality,

we further assume ||w™*|| = 1. We hope to learn a student network by collaboratively minimizing the
following mean square loss among N local machines:
1 1 . %
Lw,a) = 3E [(y - f(z,w,a))z] = SE [(f(z,w Ja*) — f(z,w,a))ﬂ . )

Obviously, (w*, a*) is the global minimum of the objective (I)) with zero loss. In particular, the loss
function also has a spurious local minimum; hence, minimizing loss is a nonconvex optimization
problem. Please refer to work in [13] for further details on the landscape of L(w, a).

Despite the special input distribution, to the best of our knowledge, there is currently no work demon-
strating the global convergence of vanilla SGD or vanilla local SGD without overparameterization.
Work in [[13] proved that randomly initialized GD can converge to the global minimum or the local
minimum with a constant probability. The initial region where GD can converge to the global
minimum is also called the attraction basin, where the gradients of two layers both point in the correct
directions to the ground truth. To obtain the global convergence with arbitrary initialization in the
same initial region, Zhou et al. [63]] proposed a new perturbed GD algorithm by carefully injecting
noise to the weights in two layers. Although the convergence of vanilla SGD has not been explored



theoretically, the simulation results in [13}163] show that vanilla SGD with random initialization can
converge to the global minimum with probability 1 when the ratio |17 a*|/||a*|| is large. This result
motivates us to investigate the global convergence of local SGD without injecting additional noise to
escape the local minimum.

In this paper, we analyze the global convergence of the vanilla local SGD for training a two-layer
neural network with Gaussian input, whose initialization starts from the same initial region as
in [[13}163]. Formally, our main contributions are summarized as follows:

1. We introduce a new self-correction mechanism of local SGD under a condition on a* (see
Assumption[I): the signals from two layers can be corrected in polynomial time even though
the initial point comes from a bad region where the gradients point to the wrong direction
of (w*, a*). The condition also explains the simulation results in [13]]. The self-correction
process is very difficult to analyze due to the mutual influence effect of two layers. To
address this challenge, we utilize a novel technique by carefully dividing the landscape of
the objective (I) into several regions. In each region, the negative effect from one layer to
another layer can be controlled to a negligible scale. We notice that Li and Yuan [37] also
showed the self-correction phase of SGD for the two-layer network under Gaussian input.
However, the network’s structure in [37] is different from the network studied in this paper.
In addition, Li and Yuan [37]] also required bounding the noise of stochastic gradient and so
cannot handle the vanilla SGD with Gaussian noise as in our case.

2. We show the global convergence of local SGD with linear speedup, which indicates that
the iteration complexity is divided by the number of machines /N. In addition, we also
show that the communication complexity of local SGD is reduced compared with the naive
parallel version of SGD which needs to communicate at every iteration. The analysis in
the convergence stage is very different from the GD in Du et al. [13]. We establish a
new recursive dynamic to characterize the direction of the global weight in the first layer.
Moreover, the objective is not smooth, since the gradients incorporate the angle between the
first layer’s weight and the ground truth. Therefore, conventional analysis of local SGD for
a general smooth objective [47,|54] cannot be applied in the convergence stage. Due to the
inner structure of gradients under Gaussian input, we find that the discrepancy caused by
the local updates can shrink as the angle decreases, which enables us to refine the bound of
discrepancy to be dominated by the statistical bound of noise.

3. We conduct several simulations on the two-layer neural network to verify the theoretical
results. The experiments demonstrate that local SGD indeed corrects the wrong signals from
the initial point and exhibits speedup in the convergence stage, corroborating our theoretical
results. The simulation results also verify that the condition imposed on |17 a*|/||a*| is
almost necessary to show the convergence with almost arbitrary initialization.

2 Related Work

Federated Optimization There is a wave of studies on federated optimization in different settings.
In the convex optimization setting with homogeneous data, one-shot averaging was studied [65, 42,
60], where each machine solves a local optimization problem and the average happens only at the
last iterate. Local SGD skips communication rounds, and the convergence analysis is shown for
convex [47, [11}, 34} 28| 154} 153/ 132} 131]] and nonconvex optimization problems [62, 24} |51} 39| 20|
56, 134} 128} 1451159, 132]]. There is a line of work which tried to compare minibatch SGD and local
SGD in federated learning [54} 153]]. However, these optimization algorithms only work for black-box
functions and do not utilize the property of neural networks. As neural network loss landscapes are
typically nonconvex, these federated optimization algorithm can only guarantee to find a stationary
point instead of a global minimum.

Optimization Theory for Neural Networks There is a line of work studying two layer neural
networks with Gaussian input [49, |12} 137,161, [7,]19, 5]. Li and Liang [36] studied two layer neural
networks with cross-entropy loss and showed that SGD can find the global minimum when the neural
network is overparameterized. Du et al. [16] proved that GD can find the global minimum for two
layer overparameterized neural networks under {5 loss. These results are later extended to deep neural
networks by [14} 3] 166, 2] but are not directly applicable to analyzing local SGD in the distributed
setting.



Algorithm 1 Local SGD for training two-layer neural network with Gaussian input

Initialize vy € S~ and ao € B (Lﬁ')
forr=0,...,R—1do
fori=1,...,Ndo
Synchronization: af < a;, and v < vy, .
fort=t,,...,t,11 —1do
Sample Zl from the standard Gaussian distribution and generate the response L.
Update atJr1 =a;—nVa (v, aj; Zi,yh).
Update v = v; — 1V, g(vtv ai; Ztvyt)'
end for
end for N N
Update ay, ,, = % Y  af  and v, = % >0, ) .
end for

Federated Learning on Neural Networks There is a line of work which studied federated learning
algorithms on overparameterized neural networks under the NTK regime [35} 22} [10} 58, 157]. In
contrast, our analysis does not fall in the NTK regime: we directly study the dynamics of local SGD
over neural networks without overparametrization.

3 Notations and Problem Setup

Denote || - || the Euclidean norm and (-, -) by the inner product. S¢~! denotes the d-dimensional
unit sphere and B (p) denotes the k-dimensional ball with center zero and radius p. For two vectors
v, w € R?, denote / (v, w) € [0, 7] the angle between v and w. The uniform distribution is denoted
by Unif(-). Moreover, we use O to hide logarithmic factors.

We adopt the weight-normalization technique [46] to the first layer by re-parametrizing w = v/||v||,
which leads to the following prediction model:

k
f(Z,v,a) Z ‘UH . 2)

Given any sample (Z, y), we denote the emplrlcal loss by

(v,a:2,) = 30— [(Z,0,0)° = 5 (f(Zw",0") — [(Z,0,0))". ®
In the distributed environment, suppose there are /N local machines sharing the same teacher model
f(Z,w*,a*). It means that given any local input Z¢, the response is y* = f(Z‘, w*,a*). Let
T = {to, ..., tr } be the set of synchronization time, where tg = 0, ¢tz = T and t,1 — t,- = I for any
r. The detailed procedure of local SGD is presented in Algorithm[I] where the initial point is from
the same region in Du et al. [13] and Zhou et al. [63]: vy € S*~! and ag € Bk(|1Ta*|/\f) In each
round, the i-th machine runs I steps of SGD using the stochastic gradients V ol(vi,al; 2L, yt) and
Val(vi,al; Zi yt) computed by the local input (Zi, y¢). At the end of a round, the server aggregates
local weights to obtain the global weight and then synchronizes the global weight to each machine.

4 Theoretical Analysis

We first introduce two auxiliary sequences v; = Zivzl vj/N and a; = Zf\il a;/N, which often
appears in the analysis of local SGD [47, 53] [28]]. Notice that (v, a;) = (v}, al) fori € [N]if ¢ is
the synchronization time, i.e., t € Z. Denote w} = v} /||v}|| the local normalized weight and P} =
(I — wi(w?)T)/||vi| the respective projection matrix. Now let L(w a; Z) be the empirical version
of the loss function L(w, a) defined in (I)), that is L(w, a; Z) = (f(Z w*,a*) — f(Z,w,a))>.
Since y = f(Z,w*, a*), we will hide y and write ¢(v, a; Z) = E('v a;Z,y) hereafter. Notice that
L(w,a;Z) = {(v,a;Z) for w = v/||v||. By recalling the normalized model (@), we have

Vol(vi,al; ZY) = PiVy L(w!, al; ZY), Vel(vi al:Zl) = V,L(w!, al;Zt).



According to Algorithm[I] the updates of auxiliary sequences can be written as

N N
1 . S 1 S
Vi1 =0~y > PiVyL(wi,a};Z;), a1 =a;— N > Val(wj,aj; ZY).

i=1 i=1
For ease of technical presentation, we denote the averaged noise terms by &; = % Zi\il Pi¢! and
€ = Nvale,;, where ¢! = V,L(wi, al; Zi) — Vo L(wi,al) and € = V L('wt',at',Zi)
\Y L('w,‘7 a}) are the local noises in stochastic gradients. In addition, for the iterates v} and v;, we
write ¢! = Z (v, w*) and ¢, = Z(vy, w*), respectively.

4.1 Exact Dynamic of Each Layer

In this subsection, we will give the exact dynamic of each layer in the tralnmg process of local SGD,
which is the starting point of our analysis. Denote P, = m(l w;w, ) by the global pI‘O]CCthH

matrix, where wy = v;/||v;||. The proofs of this subsection are deferred to Appendix [A.1]
Lemma 1. Let ;11 = v: — 1) (Pt% Zil VwL(wi al) + £t) and ¢y = / (0, w*). The first
layer in local SGD satisfies that

[ veg1 ]2 sin? grpq = (1 — nAg cos ¢y)” [|vg]|? sin? ¢y — 2M; ¢ + 0> My, + Hy, 4)

where A = Zz = ft (Il\tzztllg s Hy = [[vpi1|” sin® @rpr — [[0p41 ]| sin® doy1 and

N T
My, = <vt — nPt% ZVH,L(wi, ai)) (I — w*(w*)T) &, Moy = S: (I — w*(w*)T) ¢

i=1

Lemmal |T]is crucial to control the angle and show the linear speedup in further analysis. For each
local machine, Lemma 5.5 in [13] provides the dynamic of sin? ¢%, which cannot characterize the
dynamic of global quantity sin ¢, due to the nonlinearity. Here we introduce a new intermediate
variable ¥, 41 and find an equality (@) to show the recursive relation between ||v;1]|? sin? ¢, and
H’Ut||2 sin? ¢ through the global quantities, such as M; ; and M, ;. It is worthwhile noticing that
M, ¢+ is the averaged noise in local SGD, whose variance is divided by the number of clients [V,
namely linear speedup term. In fact, we can control the dynamic of sin ¢; by upper bounding the
discrepancy term Hy. Let us assume the last three terms in (@) are negligible and (ai)"a* > 0 for
any i € [N]:

(1) When ¢; sin® ¢, will continuously increase since \; cos ¢, < 0. It indicates
that ¢ can decrease to 7/2 if ||v;| is upper bounded by a constant, which also means the
first layer can be corrected and avoided converging to the spurious local minima.

(2) When ¢, sin? ¢, will continuously decrease to zero. It indicates that ¢, can
converge to zero if ||v;| is lower bounded by a constant. The initial region with ¢g < 7/2
and aOTa* > 0 is also called the attraction basin in [[13].

Through the remarks above, we can see that the positive signal of the second layer is crucial to both
the self-correction of the first layer and global convergence. Next lemma presents an exact dynamic
of the averaged weight in the second layer.

Lemma 2. Let Ay = |17a*|> — (1Ta*)(1 T ag) and g(¢) = (7 — ¢) cos ¢ + sin ¢. For local SGD
algorithm started with the initial point (vg, ag), the second layer satisfies that

1\ 1— (427;—71(76‘(+7r—)1))t 1N\
% ™ — « m—n(mr—1 ™ —
ala :(1—77277> aja* + 3 (1—7727T> Ao
t—1 t—1—s N
nlla*|? m—1 1 :
—_ 1— — B! + S(eg.t— 5
+ EZ:O N N; $+ S(en), ®)
where S(€o.t—1) (defined in Appendix@) is the noise term involving €g, - -+ , €;_1 and
s—1 s—1—1
i 0 [17a"? Tkl ,»
= -1+ = 1l—-np——7— — .
g(¢s) + om ||a*||2 Z n ot (ﬂ— g(¢l))

=0



o 1/64 1/32 1/16 1/8 /4 172
Local SGD 061 062 0.69 093 1.00 1.00
Minibatch SGD 0.60 0.62 0.69 091 1.00 1.00

Table 1: Success probabilities of converging to the global minima under different values of o =
|17 a*|?/(k||a*||?). The simulation setting is given in Section

Notice that the first term g(¢%) — 1 in B! is negative whenever ¢’ < /2, but the second term in B’
is always positive for ¢% € (0, 7). In particular, 7 — g(¢}) tends to be larger when ¢} gets closer to
7 (i.e., w! drifts away from w*). This insight provides a possibility that local SGD can correct the
signal of the second layer by itself, instead of injecting additional noise like [63]].

Through carefully inspecting the ingredients of dynamics, we have the following roadmap to show the
global convergence of local SGD: (1) For arbitrary initialization (v, ag) except for a measure zero
set, where the angle of the first layer between initialization and the global minimum is 7, show that
a, a* can turn to the positive signal in polynomial time; (2) Show that a, a* can be lower bounded
by a positive constant value and ¢; will decrease below /2. (3) After entering the attraction basin,

show that (w;, a;) will converge to the ground truth with a linear speedup guarantee.

4.2 Self-correction of Signals in Two Layers

In this subsection, we will show the iterates of local SGD can enter the attraction basin such that
a;a* > 0and ¢; < 7/2 after O(n~") steps. Before that, we introduce an assumption on a*.

Assumption 1. Define o = |17 a*|?/(k||a*||?). We assume k > 320(m — 1)? and the ground truth
satisfies [1Ta*|? < %_1)) and

7207 log(4+k?
w+k—1<1 3ﬂw—n>*

“C G-k k

(6)
The conditions on k and |1 " a*|? are imposed for technical reasons. We believe that a constant
lower bound (the right-hand side of (6)) for « is necessary to show the global convergence with
almost arbitrary initialization, which is also verified by our simulation results in Table[T} We compute
convergence probabilities of local SGD and minibatch SGD under different values of a.. The initial
points are randomly selected by vy ~ Unif(S?~!) and ag ~ Unif(B*(|17a*|/Vk)) in each trial. If
the convergence probability reaches 1, it means that local SGD or minibatch SGD can converge to
the global minima with arbitrary initialization except for a measure zero set. When o < 1/8, both
minibatch SGD and local SGD cannot converge to the global minima with probability 1.

Theorem 1 (Self-correction of the second layer). For any initial point (vg, ag) with ¢o € [0, ), we

_ R e ; _ l6(x—D[1"a"|? ;
denote 7, = inf{t > 0: a, a* > 7,} the first time, where v, = RS Under Assumption

[ i

> nk | |la*|?
ck?\/log(Ndk/8) max { n(vVIk + I),n(vTd + I), N <1, @)

1Ta" 2
for a sufficiently large constant c, then 7, < O(n~!log k) with probability at least 1 — 6.

This theorem completes the first step of the roadmap, the self-correction of the signal in the second
layer, whose proof is given in Appendix If [17a*|?/||a*||> < 1/ poly(p), Du et al. [13]] proved
GD can converge to the spurious local minima with the initial condition a] a* < 0 and ¢y > 7/2.
Therefore, our results do not contradict theirs because we assume |17 a*|?/||a*||? is large. The
simulations of [[13}[63]] show that the success probability of converging to the global optimum of SGD
increases as the ratio |1 " a*|/|la*|| increasing. Theorem|l|can potentially explain this phenomenon
since the condition (6)) will be satisfied eventually when |17 a*|/||a*| keeps increasing.

Proof sketch of Theorem The proof is very technical since the angle ¢! will affect the sign of B’
in the dynamic () of a; a*, while controlling ¢! also requires bounding the scale and controlling



the sign of a,' a*. To tackle this challenge: (1) We divide the initial region of ¢ into four regions:
(0, ¢°), [q@o 7/2), [1/2,¢*) and [¢¥, 7); (2) For each of the first three initial regions, we prove that
either a;" a* > ~, in O(1/7) steps or enter the next region in O(1/1) steps; (3) In the last region
[¢, ), we use the condition (B) to show a; a* will turn positive in O(1/n) steps. The dividing
technique enables us to control the individual angle ¢¢ in four “nice” regions where a,” a* can be
corrected with negligible disturbance. Here ¢° = arccos(1/5) is chosen for convenience to avoid
dependence on the initial value sin ¢ if ¢ < 7/2, and é“ is carefully chosen for technical reasons.

Lemma 3. Denote ¢* = arccos (— P a7 = Lla" log(4 + k’2)) and

0 = min {sin (5"]1¢0S¢;u + sin ¢01¢0>¢;u, sin [7‘( — {(QOH(I*HQ)_I A 1}} } ,

Under the same conditions of Theorem[l} If the learning rate satisfies
2

clla*||2/log(Ndk/5) Inax{ (VId+1), \/;} < ;k; ®)

for a large absolute constant c > 0, we have sin ¢, > 15% with probability at least 1 — J.

Recalling the dynamic (@), we know sin ¢; tends to decrease to 0 when ¢; > 7/2 and @/ a* < 0. It
means that the first layer moves in the direction of spurious local minima during the self-correction
process of the second layer. Lemma [3| provides a lower bound for sin ¢, to guarantee the first layer
will not converge to the local minima. The proof of Lemma[3]is deferred to Appendix @

Theorem 2 (Self-correction of the first layer). For the initial point (vo,ag) with aga* > 7,
(defined in Theoreml) and sin ¢y > 0, we denote 7, = inf{t > 0 : ¢, < ¢>l}, where cos qbl =

1447 [17a"? a |2 log(4 + k2) If the learning rate satisfies

mT+k—1
clla*||*y/log(Ndk/6) max{ (VId+1), \/>} < sin? ¢y, 9)

for a large absolute constant ¢ > 0, it holds that 7, < O (n bm’f%) and a:ﬂa* > Ya/32 with
probability at least 1 — 6.

This theorem finishes the second step of the roadmap to convergence. The detailed proof is deferred
to Appendix Now we give the iteration complexity spent for self-correction for the worst

initialization: aJ a* < 0and ¢o > max{¢*, 7 — (||a*||"2/20A1)}. Since sin ¢* = O(1), plugging
the lower bound of sin ¢., in Lemma[3] we can get

7/2
Ta+Tv<O<1 k ) (10)
7 sin® ¢y

Proof sketch of Theorem @ We divide the initial region into three regions: (éf L7, [q?)f , (;Bl) and

[0, #'], where ¢/ is adapted to the choices for ¢! and ¢*. For the first two regions, we show that ¢,
will enter the next region in polynomial time, while the last reglon is our target. The difficult part
to show the correction of ¢; falls in how to guarantee a, a* will be lower bounded by O(~,) for

any t > 0, which is divided and conquered by considering the intermediate quantities such as ¢l , ¢f

and ¢“. To better understand the choices for these quantities and -,, we rearrange B! and have the
following decomposition

;. m—1 [1Ta*|? 7—1 [1Ta*|? n(r+k—1)\°
o4 k—1 |a|? T+k—1 [a*|? 27

Ca Qa

s—1 s—1—1
o [1Ta*? T+k—1 ;
—_ 1—-n—— 1- 7)) .

Ya

+9(8%) —

=0

Due to the condition (6) in Assumption (. is positive and used to correct the sign of a;/ a* and
keep it positive. Since p, is still not negligible when s is small, we use 7, to compensate —pg,, after

enrolled summation. The uncertain part ¥, will be positive whenever q;l < gbf < ¢~)“ forl < s.



4.3 Convergence with Linear Speedup

With the correction guarantees in the previous subsection, we are ready to proceed with the conver-
gence analysis of local SGD.

Theorem 3. Suppose the initial point (vo,ao) satisfies aj a* > ~,/32 and ¢o < ¢'. For

any € > 0, we choose n = ck2\|1a*|\2 (ilog(]:ifle\//eé) for some absolute constant ¢ > 0. If
. 2,1/2 14 . .
I< % min {1, %, %} and ¢ < min{d~!,dk=2}, then {(vr,ar) < € holds with proba-

bility at least 1 — 6 where T = 0] (%)

We have the following implications about the result in Theorem 3}

(1) To the best of our knowledge, this is the first convergence result with linear speedup on the
number of machines N for two-layer neural networks. Besides, our convergence analysis
does not rely on the overparameterization of the width of the second layer (i.e., k).

(2) The dependency on e matches the best-known results of local SGD for strongly convex
objective in Woodworth et al. [S3]]. In fact, the size of the first layer d resembles the
variance of stochastic gradients o2 in the traditional optimization literature. We can show
(VaL(wy,ay),a; — a*) > Z=tla, — a*[|* — O(¢y)||a*||*. Therefore, when the first layer
converges has converged (¢, =~ 0), a; can converge to a* like the strongly convex regime.

(3) According to the condition on I, we can obtain the communication complexity in the
convergence stage as

. 2
RC(,,W:%:O <max{k4,k2\/§,]\;e}>. a1

When N < min{dk?, ¢!}, the communication complexity in this stage can be Reony =

O(k*), which is significantly reduced compared with the iteration complexity.

We show local SGD’s convergence layer by layer. Next lemma ensures that the weight of the first
layer can converge to the ground truth in polynomial time.

Lemma 4 (Convergence of the first layer). Under the settings in Theorem 3| Suppose the initial
point satisfies ¢g < QNSI and aa— a* > ~,/32. With probability at least 1 — §, we can guarantee that
sin? ¢, < € holds for any 9] (k‘277_1) <t< 6(77_2).

It is worthwhile noticing that (v, ,a.,) in Theorem [2] satisfies the conditions for initial point in
Lemmalfd] Therefore, local SGD enters the attraction basin after finishing the self-correction process.

In fact, showing the complexity 6(6_1) is not trivial based on the traditional analysis of local SGD
[47,154]. The issue comes from the inner-product noise term M; ; and the discrepancy term H;

in Lemma whose enrolled summations can only be bounded by O(+/¢/d) and O{(vVId + I)e}
respectively at the beginning of convergence stage. Thanks to the special structure of gradient, we
find that the scales of M ; and H; can shrink as sin ¢, decreases. In light of this, we can continuously

refine the bound by the following contraction: for (K + 1)T, < t < O(n~2) it holds that

1+
sin2¢t§max{(\/§+(m+l)e) ,e}.

By taking K = O(log(1/€)), we can obtain the target convergence sin” ¢, < e with high probability.
More details can be found in Appendix [E.T}

Lemma 5 (Convergence of the second layer). Under the choice for n and conditions for € in Theorem
Suppose sin® ¢, < € holds for any 0 < t < 5(77*2). With probability at least 1 — 6, we can
guarantee that ||a; — a*||2 < € holds for any O () <t< O(n~2).

The lemma stated above guarantees the convergence of the second layer after that of the first layer,
whose proof is deferred to Appendix Equipped with Lemmas ] and[5} we can prove Theorem 3]
by leveraging the closed form of the objective L(w, a) (see Lemma E])
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Figure 1: Converged trajectories of local SGD and minibatch SGD with different bad initial points.
The dimensions of the two layers are K = 10 and d = 25. The number of skipped communication is

I = 8. The batch size is 4. The two algorithms’ learning rates are n = 0.1.

The perturbed GD method in Zhou et al. [63] requires manually adjusting the scale of injected noises
and the learning rate between the transition of two phases. In local SGD, we can use a universal
learning rate in the self-correction stage and convergence stage. Considering an initial point that
is closer to spurious local minima (¢¢ > ¢") defined in Lemma conditions (7), (8) and (9) on
the learning rate can be satisfied if we choose I = O {d/(eN)}. Together with (T0) and (1), if
N < min{dk*, e~'}, we can get the total communication complexity

- k11/2
Roas =0 —— ) -
total (sin3 ¢0>

Therefore, our theory shows that local SGD can correct the signals and converge to the global minima
with almost arbitrary initialization except for the case of initializing at the local minima (¢ = 7).

5 Experiments

We now report some simulation results on synthetic data. We also compare the performance of
two algorithms: local SGD and minibatch SGD. At each round, minibatch SGD updates the model
weights by using the stochastic gradients with batch size NI in total to update the model, where each
local machine computes I gradients and communicates with other machines. Minibatch SGD and
local SGD have the same computation and communication structure [54]].

In our first simulation, we set ||w*|| = ||a*|| = 1 and |1 " a*| = v/k. The results starting from three
bad initial regions (i.e., ¢9 > 7/2 or ag a* < 0) are reported in Figure As we can see, the signals
of two layers can be both corrected to a good region (i.e., both cos(¢;) and a, a* go to 1 and the loss
goes to 0 when ¢ increases) even in the worst case when ag = —a* and ¢y > 7/2. An interesting
phenomenon is that local SGD can correct the signals faster than minibatch SGD. The reason is that
the statistical error of stochastic gradients is not dominating in the self-correction process, so the
effect of large batch size in minibatch SGD (i.e., with batch size NI for 1 iteration) is not as useful
as smaller batch size in local SGD with more iterations (i.e., batch size 1 for [ iterations on each
machine with N machines in total). These results corroborate our theoretical analysis.
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Figure 2: Trajectories of local SGD and minibatch SGD under different values of a.. The dimensions
of the two layers are kK = 64 and d = 25. The number of skipped communication is / = 8. The batch
size is 16. The two algorithms’ learning rates are np = 0.1.

In the second simulation, we plot the trajectories of local SGD and minibatch SGD under different
values of « in Figure Here we set w* = 14/V/d and a* = (144,0, . ..,0)/v/ak. The bad initial
point is fixed as vy = (—1,0,...,0) and ag = (—/a,0,...,0), where ¢y > 7/2 and a] a* < 0.
When oo = 1/32,1/16, we can see that minibatch SGD and local SGD converge to the local minima.
When « = 1/4, they can converge to the global minima with the same initial point. In this case, as
we can see from Figure 2](c), the signals of two layers can be both corrected to a good region.

In the third simulation, we calculate the probabilities that local SGD and minibatch SGD converge to
the global minimum under different values of «. The averaged results are taken over 100 independent
repeated simulations. In each trial, we generate initial points by vy ~ Unif(S%~1) and ay ~

Unif(B*(|17a*|/v/k)). The results are given in Tablem

6 Conclusion

We theoretically investigate the convergence of local SGD, a cornerstone algorithm in federated
learning with strong empirical performance. We demonstrate convergence to the global minimum
for two-layer neural networks without overparameterization, without injecting noise, and when the
input data is Gaussian. A new self-correction mechanism guarantees the algorithm reaches a good
region even if the initialization is in a bad region. The landscape of the objective is divided into
several regions to carefully control the interference of the two layers during the correction process. A
new exact recursive characterization of the direction of global parameter provides the key to show
convergence to the global minimum with linear speedup in the number of machines and reduced
communication rounds. Experiments on simulated data corroborate the theoretical results. To the
best of our knowledge, this work is the first to theoretically demonstrate the global convergence of
the vanilla local SGD for neural networks without overparameterization.
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A Preliminaries for Analysis

We write 0 = (0,...,0)T, 1 = (1,...,1)" and denote I by the identity matrix. The following
lemma gives the closed forms of the objective and gradients.

Lemma 6 (Du et al. [13]]). If every entry of Z is i.i.d. sampled from a Gaussian distribution with

mean 0 and variance 1, and ||w*|| = 1, then the population loss is
1{m—1 m—1 g(p) — 1
I _1 2 "=l a2 _9@) -1 1 .
(woa)= LT Ljaz 4 e - 12" g
+ i(1Ta,*)2 + i(1Ta)2 - l(1Ta)(1Ta) (A1)
2m 2m T ’ '

where g(¢) = (m — @) cos ¢ + sin ¢. And the the expected gradient of w and a are
T—¢
27

(117 + (7= DD)a — (117 + (9(¢) — 1)T)a*] . (A3)

VwLl(w,a) = — (a"a*) - w*, (A.2)

1

Vel(w,a) = —

(w,a) 5
Denote the noises of stochastic gradients in each local machine ¢ € [N] by

& = VwL(w},a; Z}) — Vo L(w},a}), € =VaL(w;,aj;Z;) — VoL(w},ay).

Then we write the averaged noises as

- 1 &
ﬁtZN;PK;’ Gtzﬁzlei-

Let P, = H'UltH (I — wyw," ). We introduce an auxiliary sequence ¥;, which updates by
1N
Vi1 = v, — 1 (PtN Z VwL(w!;al) + &) . (A.4)
i=1
Then it holds that
1
Vtg1 = Vi1 — T > (P; —P)Vy L(w},a})
i=1
=1 UV¢41 — ﬁhf (AS)

We define the o-filtration in the training process: Jy is the trivial filtration and
Fe=o0({€,€ i€ [N} p), fort>1.

We also write E;[-] = E[- | F].

A.1 Dynamic of the First Layer

Lemma [T restated. The first layer in local SGD satisfies that

[ves1]|? sin® @1 = (1 — ne cos ép)? [|vg||? sin® ¢y — 20My, + 0> Mo, + Hy, (A.6)

Y AN T o . . . ~
where Ay = ZzN:l B:" ((ﬁit”g , Hy = ||[vps1]|?sin® g1 — ||9441]|? sin® r41 and

N
My = (00— 1P S VoL (wfal)) T (T—w (w') ) &, Mo =& (1w (w)T) &
i=1

16



Proof. Let v, = vy — NP+ vazl V. L(w, at), then we have 9,1 = 0, — n&;. If follows that

94112 5% Grgr = o1 ]1% — (9, 07)
= (|5, — nél* — [(3] w*)? — 2n(&] w*) (3, w*) + n* (€] w*)?]
= & — (] w*)? — 205, (T — w* (w*) )& + 12€] (1 — w* (w*) g
= |0 — (8] w*)? = 2nMy 4 + 0> May. (A7)

4t iNT o o* .
From the definition A, = 4 YN | T2 (88" 444 (A7), we can write

2 floel?

N
T . « x 1 i i
o) w* = v w* — n(w )TPtN g VwL(wy,ay)

i=1
al Ta"‘
=v/ w* +nw*)" (I-ww,) Z ¢t |t'u ”
t
N
1 7 — ¢! (al)Ta*
— 1 _ 2 - t t
ol cosd + o] (1 —eost ) > T G
= [lve]| (COS ¢t + nA¢sin’ ¢t) ) (A.8)
and
1 Y ?
8] = o = nPe ;va(wi,ai)

] 2
(2 ||’U ”2 + i al iﬂ-_ (bi (ai)Ta* (w*)T (I— w wT)Qw*
k N &= 27 o] e

N .
(“) || ||2 <1 n 7T_¢%( i

(le

[oe|> (1 + n* A7 sin® ¢) (A.9)

where (i) holds since Pyv; = 0, (44) is true due to I — w;w,' is an idempotent matrix, and (4ii)

comes from ||w*|| = 1. Combining (A-8) and (A-9), we can get
l&l12 = (8 w")" = [1+n*AZsin? 6 — (cos ¢+ sin® o) ] [[or |

= [sin® ¢¢ — 20\ cos ¢y sin® ¢y + > A7 (sin® ¢y — sin? ¢y)] [|ve||?
= (sin2 by — 2n)s cos ¢y sin? ¢y + 2 A2 sin? ¢y cos? o1) ||lve 1
= (1 — 20\ cos ¢y + 1 A] cos” ¢t) [ 04| sin® ¢,
= (1= nA¢ cos ¢y)? [|vg]|? sin? ¢y. (A.10)

Plugging (A-10) into (A7) gives

[B041 1% sin® @ryr = (1= nA cos ) o] sin® ¢y — 2nMy; +1° Moy,
where E,[M; ;] = 0 since P, v, € F; and E,[£;] = 0, and M> ; > 0 because P, and I — w* (w*) "

are both semi positive definite. The result follows from the definition of H;. O

A.2 Dynamic of the Second Layer

Lemmal[2restated. Let Ay = (17a*)?> — (17 a*)(1 7 ao). For local SGD algorithm started with the
initial point (vg, ag), the second layer satisfies that

2w —n(k+m—1) ¢

-1 K 1_( 2m—n(r—1 ) —1 !
a,ja*z(l—n7T )aOTa*—i— nr=y) (1—177r )AO

2w k s
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4 Ma”|® n|\a*H2 tzi . o1\ g iBz‘ +S( ) (A.11)
— -— €0:-t— .
o "or N & 0:t=15
where
5 t—1 t—1—ss—1 s—1-1
1) = — 1-— 1-n——— 1 1
S(eni) sz( 7727r> Z( " (1Ta")(17e)
s=0 1=0
t—1 t—1—s
-1
Y (19T ) e a*
2
s=0
and

1-|— * 2 s—1 k1 —1-1 )
5= (o) -1+ 5P S (1T gt
Proof. From (A23), we have

=0
1 N 1 1 N 1 N
§ i A T 1 T 2
Nizlwa(w“at)_%r (117 (r— 11 (N 1at> “on |1 ( - 1) _1> ]

(e

Let A, = (17a*)? — (1Ta*)(1 " a;). By the definition of a; 1, we know

:%(11T+(w—1)1)at—i

N N
1 o
T . T % i I\ T % T
a; 0" = g aH_1 Ta* =a,a fnﬁg VoL(wy,a})' a* —ne; a

N ;
i=1

) ( Z (@) —1) a2 + SL A~ nel a”, (A12)
For ¢t > 0, we also have

" T+k—1 .
Ao =(07a P = (1= g™ ) 0Ta) A Tan

1NN iy _
_ nk + v 2i=19(¢) 1(1Ta*)2 n n(lTa*)(lTet)

27
m+k—1 T— Z\L ¢ . .
— <1 7]27() At+77 N 22:7(_1 g<¢t)(1Ta )2 +’I](1TCI, )(1T€t)
T4+k—1\"" n(1Ta")? < T+k—1\""* 1 :
<17727r) A0+277Z<177277) W*NZQ( $)
s=0 i=1
t t—s
T+ k—1 "
+ny (1 —n%> (1Ta*)(1"e,). (A.13)
s=0

Plugging (A:T3) into (A:12), then enrolling (A:12) from timestamp O to ¢ gives that

T * m—1 o T x fr}”a*”z - m—1 " i
a; a"=(1-n o aga +TZ 1—n o quﬁ
1
N

s=0

2t t—s s—1 —1-1
717 a*| —1 rk—1
E 1] p - _
+< 2 2 2 K T




2w —n(k+m—1)

t
t t—s 1 — (&=&=—12"T"" -/ t+1
-1 2r—n(r—1 -1
—nZ(l—nﬂ ) eja’+ ( kn( ) ) (l—nﬂ ) 4

27 2
s=0

2n—n(k+mw—1)

t
1\ 1—(7ﬂ_ — ) -1\
S

s k 2w

+77HG’*HQ§ At S M iBWS( )
2 " 2 N P s €0:4-1/-

In fact, we also used the following summation result in the first equality
t t—s s
n m—1 T+ k-1
1 1— 1lop— > =
2m =~ < T on > ( T on
n =1\ = [ 1 - nrth=t ’
:% 1=n 2 Z 1 =1
s=0 -1 27
_n(y r—1\'2r —n(r —1) 1 o —nk+7—1)\""
S or "ox nk 2r —n(w — 1)
1 _ (27r—7](k’+7r—1)

t+1
2m—n(r—1) ) (1 B 7777 — 1>t+1

k 2w

A.3 Concentration Inequalities for the Noises

A.3.1 Sub-exponential Martingale Difference

Definition A.1 (Sub-exponential and sub-gaussian random variable). The random variable x € R is
called sub-exponential with norm ||x||y, if

Il = inf {5 >0: 8 [e/s] <2}
In addition, the random variable x € R is called sub-gaussian with norm ||x ||, if
1%/l , = inf {S >0:E {e"z/s} < 2} .

Lemma 7 (Proposition 2.6.1 in [50]). Let X1, ..., X,, be independent mean-zero sub-gaussian random
variables. Then vazl x; is also a sub-gaussian random variable with

N 2 N
Sxi| sl

i=1 |y, =1

Lemma 8 (Lemma 2.6.8 in [50]). If x is a sub-gaussian random variable, then x — E[x] is sub-
gaussian too and

Ix = Ex]lly, S [y,
Lemma 9 (Lemma 2.7.7 in [30]). Let x and y be sub-gaussian random variables. Then Xy is
sub-exponential and

[y [y < 1% [ls ¥l
Lemma 10. Suppose {x;};>1 C R are sub-exponential martingale difference sequence with norm
{lIx¢|l, }t>1 adapted to the filtration {F,}i>1, that is E[x|F;] = 0 and ||x;||y, = inf{s > 0 :
E[elt|/$| F,] < 2}. Then we have

t
DX
s=1

where ¢ > 0 is an absolute constant.

t
2
log(1/8) Y " |12, + clog(1/5) pax Xy, | <26,

s=1

P

1
> -
C
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Proof. Invoking Proposition 2.7.1 in [50], we know
c

el

E[exp(Ax¢) | Fe] < exp (¢ 2N%||x¢||7,) . if[A] <

Define

t t
M; = exp {)\sz — 2\ Z x5||12ﬁl} .
s=1 s=1
It follows from (A.T4) that for any ¢ > 1,
E[M; | Fi] = My 1E [exp {Ax; — ¢ N2|Ixq|[7, } | Fe] < My
It further implies that
EM]=E[E[M | A <E[M-_1]<---<E[M]<L

Using Markov’s inequality, for 0 < A < , we have

- c
— maxi<s<¢ thle

t t
P (Z xo 2 AN sl + iloga/a)) —p (M2 ) <6
s=1 s=1

Now taking

X — min { c2log(1/9) c } 7

22:1 HXstpl , maxi<s<t \|Xs||¢1

and plugging it into (A.13)) gives

t t
1
P E X, > —, | log(1/9) E %517, + clog(1/4) 1I£lil§t|\xs||wl <4

Cc
s=1 s=1

Similarly, we can also prove

t t
1
P> %<~ |log(1/8) D lIxs]l7, — clog(1/6) max ||y, | < 0.
s=1 s=1 -

c
Then the proof is finished.

A.3.2 Scales of Sub-exponential Norm for Noises in Stochastic Gradients

For any (v, a) with w = v/||v||, we denote

k k
£ = (Z afa(ij)) <Z a; Z;1 {ZiT'w > O})
k k
<Z afcr(Zjv)) (Z a;Z1{Zw > O})] ,
i =1 . i=1
§2) = (Z a;‘o(zjw*)> (Z a;Z1{Z w > 0})
k k
(Z afJ(ZiTw*)> (Z a;Z1{Zw > 0})] ,

€)= o(Zw)(a) "o(Zw) ~ E [0(Zw)(a) "o (Zw)] .
= o(Zw) (@) o(Zw’) - E [o(Zw) (a) o(Zu")].

—E

—E

Lemma 11. Let P = % (I — 'w'wT). The following noise terms satisfy: for £ = 1,2

[v]l
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(1) For any fixed vector u € R¥, u' €y is sub-exponential with max;—1 2 |u’ €|y,
clluf max{f|al, la*|}.

AN

(2) For any fixed vector u € R?, uTPé(g) is sub-exponential with max,— 2 ||uTP£(g) Il
cllalllla*][/]|v]-

IA

Proof. Recall the definition of €(1)> then we have

(ey) "u=u"o(Zw)(a) 0(Zw) — E [u 0(Zw)(a) o(Zw)] .

Applying Lemma(7] yields
i 2
||UTO'(Z’LU) —-E [u o(Zw) ]Hw = Zuj (J(Z;’U}) —-E [J(ZT’U})])

(i) F
S [lus (o2 w) ~ E [n(z] w)) [},
j=1

(i)

k
<3 |lujoz]w);,

j=1
(éi ) )
S lullflw]

@ 2, (A.16)

where (i) and (i¢) comes from Lemma [7|and (8| respectively, (ii7) holds since J(Z;'—'w) is a half-

normal random variable with variance ||w|?/2, and (iv) holds due to ||w|| = 1. Combining (A.T6)
and Lemmal8] we can verify that

[ulo(Zw)]|,, < lull. [a"o(Zw)]|,, < lal, [(a*)'o(Z
Applying Lemma 9] gives

w)||,, < lla’]l.

||uTor(Z'w)(a)Tor(Z'w)Hw1 < ||u o(Zw) sz ||aTcr Z'w)”wz < ullllal]
luo(Zw)(a) "o (Zw)|,, < [[u"o(Zw)],, |[(a* S lulllla”

Invoking Lemmal8] we prove conclusion (1) immediately.

o(Zw)|,,

Recall the definitions P = H11}—‘|(I — wa). Notice that, for any fixed vector u € R4,

k k
u'Pg) = (Z G?U(Z?w)> (Z a;uPZ1 {2 w > 0})
1=1

i=1

~E Kg a;fa(zjw)> (Zk: au' PZ;1{Z w > 0})] :

i=1
It follows that

k k 2
e, = | (Seintein ) (Sun s 2w = 0}
i=1 i=1 1
k 2k 2
Zafo(Zl—.rw) ZaiuTPZi]l {Z]w >0}
i=1 s Ili=1 W
< lla®|P[lwlf?|al|*| [P
< lla”|*llall?/llv]I?,
where we used ||w|| = 1 and ||P|| < 1/|v||. The counterpart for u' P& s follows from similar

arguments.

O
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A.3.3 Corollaries of Lemma

Let {a; }1>0 be a sequence of real numbers. Recall that §; = 5 ZZ  Pitiand e, = ZZ €:/N,

where {&]},c(n) and {€} };c|n) are independent random variables given F;. Applying Lemman 10]and
Lemmal[T1}1), we can directly get the following results

s—1
E alal €]
=0

s—1 N
< o\ [102(2/0) 3 07 3 a2l v [laf])?
=0 i=1

log(2/6
i %(/)l ml i€[N] {alladl (la* (| v [lail]) } (A.17)

and

s—1
Zall €]

=0

s—1
< N klog(2/6) Y " a?([la*| V ai)?
=0

klog(2/6
* N (J)\%( = z<sm1 {al (||a v ”al”)} (A.18)

Specially, choosing u = e, for j € [k], we also have

klog(k/é .
Jeol < ke e < B (o v adl)?} . aa9)
hold with probability at least 1 — 4.

Similarly, using Lemma [T1[2), we also have

clla*| LS clog(2/9)
5 w* log(2/0) lat]|> + |la*|| max ||ai||, (A.20)
28w < N || 22 Nl 1
and
o _ cdlog(d/d), .o i2
s < —————||la max ||la,||”, (A.21)
€. < “mt o P max

hold with probability at least 1 — 4.

B Bound the Weight’s Norm during Training Process

B.1 The Scale of the Second Layer’s Weight

Lemma 12 (The scale of the second layer’s weight). Suppose the learning rate satisfies that

nklog(k/né) } <1

5 (B.1)

cmax {n(k v I)log(k/nd),

for a large absolute constant c. Then for any 0 < t < (n||a*||?)~2, we are guaranteed that

nlog(1/nd)
m <K,:=5 Ay > —cK ) Lo 17
E[E}\)f]”at” a la™]l, Ai>—cK, N

3

with probability at least 1 — 0.
.. 1 N i 1 N
Proof. Recall the definitiona; = > ;_, a}, € = « >, € and

Vol(w!,al) = % (117 + (r — DI) a} — %(uT +(g9(¢}) — DI)a*
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Then notice that

N
1 i i, i
NE VaolL(wi, at; &)
i=1

2

=2 iﬂ {(11T (= ha. - ;,;al* + (9(¢p) — 1) I)a*} +2 e
E+m—1)2
< (ﬂri” (lael® + la*[1?) + 2 le:*

where the last inequality holds since ||[117 + (7 — DI|| < 7 + k — 1 and g(¢!) < 7. Denote
Ay =(1Ta;)? — (17a;)(17a*). Together with the definition of a; 1, we have
2

N

1 7 i, &1

Hat—H”2 = ||at — UN ZVGL(wtvat;Et)
i=1

2
1 o
= [la|* - N Z (VaL(w}, ay),ar) — 2na e, + 1’
i€ [N]

N
N Z L(wj, af; &)

N
1 .
= |lay]|® — ga: (117 + (r = DI) a; + %N > al (117 + (9(¢) — 1)) a
=1

N

2
1 i . gd
N Z vaL<'wt7 aﬁgt)

— 2na € +n°

m—1 m—1 N
= (1_ 77()) la:|* — gAtquHatlllla | —2na/ e +n°

N
1 i il i
szaL(wwat?{t)
i=1

2m 2m
< (12T Y g+ ”“;;”Z (-2 ) fada)
Zztjo( ”_1)) SAS+2n§( W_l)) ale,
+ Z (1) (T a4 ) + ).

(B.2)
Denote the event

& = {Vs <t: _m[ax al| < 5||a*||} .
€[N

Let a; = (1 -5 ) then it holds that 37— a? < S0 oy < 2y~ Using concentration
(A.17), we have

log(1/6) , -
< deey | == aullac|(ja*]| v max [la )2

Len N
s=0

t
g asa;res
s=0

log(1/6 )
+ 16,02 oo | a* | max )
log(1/6
< 1, 10cfar Py OB, ®3)

holds with probability at least 1 — §. Applying the concentration inequality (A-T9) gives

t
cklog tk/5) . p
Le,n? Zablletll < 1e, 7722 v (la”] v max la])*
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50ckn log(tk/d)
N
holds with probability at least 1 — §. In addition, from (A.13), we know

< 1g - la™]%, B4

T4+k—1\° n(1Ta*)? 2 T+k—1\"! 1 & .
]l‘ng‘“:]l&{(l_”%> Ag+ M IS (1T =5 29

=0
s—1

s—1-1
eny (1™ (1Ta*)(1T€Z)}

1=0
s—1 s—1—1
T+k—1 T, %\ T
E 1 1 1
( " 2m > (17a")(1 )

> 1g, {—77
=0

> 1¢

— t

}

s—1 s—1-1

nklog(1/0) T+k—1 . ;

MRS S (1™ B D) () v e a2
1=0

log (1
> lg, - —5cfla”|?y/ nos /e O‘(’;S, /5), (B.5)

holds with probability at least 1 —4. Plugging (B-3), (B-4) and (B.3) into (B:2), together with ¢ < 12,
we can get

" " klog(1/né N log(1/nd
larerLe, < llaol® + 5]’ + 5eja’|2y| TOEUI) 4 g0 ey [ 11020 /10)
T+k—1 . . 50cnklog(t/0) ,, .
g™ L s far ) o+ OB g
< 9[la*||?, (B.6)

where the last inequality holds due to our assumption and ||ao|| < |la*||. By setting T =t + 1
and K, = 5||a*| in conclusion (1) of Lemma[I5] we have

N

. 1 ) )
e llairy — avnll < Le > llaiy —aly|l
j=1
< g, - 10]a” (2n1 +en kIlog(k/§))
< lg, -4la”|, (B.7)

where we used the assumption (B:I). In conjunction with (B.6)), we can verify that

P& N {llai1]l > 5lla*||}) < P (One of (B:3), (B:4), (B-3), and (B.7) does not hold)

< 40.
Therefore, we have
P(Er1) =P (& N {[lara]l < 5lla*([})

P (&) =P (& N {llarll > 5lla™|})
P (&) — 46.
Hence by induction, we can verify that P (€;) > 1 — 4t6 for any ¢t < (nK?2)~2. By adjusting the
level of 6 and P(&£y) = 1 due to |lag|| < ||a*||, we can finish the proof. O

2
2

B.2 The Scale of the First Layer’s weight

Lemma 13 (The scale of the first layer’s weight). Under the conditions of Lemmal(I2] Let K, =
5||a*||, we assume the learning rate satisfies

en (1 + \/5) VdIlog(Nd/§)K? < 1,

for a large absolute constant c. Then for any 0 < t < (800cn?(VId + I)+/log(Nd/5)K2)~1, we
are guaranteed that 1/2 < ||v¢|| < 3 with probability at least 1 — 0.
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Proof. In this proof, we suppose the event Lemma[I2] holds and hide the indicator function every-
where. To facilitate the technical presentation, denote v; = v; — nPiV,,L(w},a}). Define the
following event

Uy, = {Vs < t < (800en?(VId + I)\/log(Nd/) K™ : 1/2 < v, < 3} .

Step 1: show ||vi|| > 1/2 under the event U; 1. From v; = % Zfil viand P;_jv;_1 = 0, we have

2
N
i i 2n ~i
[oe]|? = || w1 —WNZP 1 VwL(wi_y,a;_,) _Fz<vt717£t71>+772||£t71||2
i=1
1 Cogy &
Vi-1 —nPthZVwL(wLpai 1 WZ 01, & 1> + 02 (|€-1 ]I
i=1 i=1
N N
1 4 , 1 , , ,
+4m<vp1—nPF;N§jkuwzuaznUVEJPFI—Pzﬁvawzpaza
1= i=1
N 2
Z Pi1-P,_)VyL(wi_i,a;_,)
B 2 N | X
2 ot = 3 30 (06 2081m) = oIy D2 1P = P IV i ol
i=1 i=1
XN
- 277 N Z [Pl HV L( wt 17at 1 | N Z HPtfl - PLl“ vaL(wtha;fl)H )
i=1 i=1

(B.8)

where the inequality follows from dropping positive terms and the inductive assumption ||v;—1]|| >
1/2. With probability at least 1 — 4, it holds that

1

[oi -

Py = Pl =ty (ot (w0 = o - wwl )
t—1

1 1 1 . .
<t { [ o] o) vl
' { 11 Mwalwhm}
= L o ™ Toel Foral
(@ 1, { 11 ’ vg,l v H}
S L Uil ™ Toralll T4 il ™ Toeal
snutl{] LN S R S vt1H+4h&1H‘ \}
il Toeall| T Toial T T
w {mwayvhl &wayvpl}
AT Toial

G 10en(vVId + I)+/log(Nd/8) K?
Ui 1/2 — 6en(vVId + I)\/log(Nd/6) K2

(v)

< 1y, , -40cn(VId + I)\/log(Nd/§) K2, (B.9)
where (i) holds due to ||w}_;|| = ||w;_1]| = 1; (4i) and (44i) hold due to the inductive assumption
[lvi—1]] > 1/2; (iv) follows from the conclusion (1) in Lemma and (v) is true because 6¢n(vId+
I+/log(Nd/§) < 1/4. Substituting (B.9) into (B-8)), with probability at least 1 — 24, we have

N
2n ~i
Ty, [loel|* > ]lutl{HUtlH2 - N > (&)
=1
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N
1 _ ,
—160en*(VId + I)\/1og(Nd/6) K7 - ||v 1| - N > IVwL(wi_y,a ;)

=1

N 2
~ 809 (VId + 1)y/log(Nd/5) K2 - [P (}V > ||va<wz_1,az‘_1>> }

i=1

@

N
> nutl{ (1~ 8000 (VTd + 1)/ log(Na70) K2 ) o |12~ 27 > (Bl }
—1000m* (VId + I)\/log(Nd/6)K®
(? ]1MH{ (1 — 800cn?(VId + I)s/log(Nd/d)Ki)t [lvol|

_2/,7

t—1 s
Z(1—8000n2(m+I)\/log(Nd/(S)K;l) < sz, S>‘
s=0

— 1000>(VId + I)y/log(Nd/6)K? i (1 — 800en?(VId + I)\/WKi)t_s }
s=0

(4i1) 5 =L /1 X
> 1y, {0.36 — 2K 2|y (1 — 800en?(VId + I)\/log(Nd/(S)K;L) S EE )| ¢
s=0 i=1
(B.10)
where (i) holds because ||V, L(wi, v})|| < |(ai) Ta*| < 5K?2 by using Lemma|12{and ||P;_+| <
Hvl 7 < 2 holds under the event U _1; (#4) holds due to ||vg|| = 1; and (iéi) follows from

t < (800cn*(d Vv I)K2X\/log(Nd/§))~! such that
t
(1 — 800cn*(vVTd + I)\/log(Nd/(S)K;l)
> (1= 80000 (VId + I)y/log(Nd/0) Kt ) O D VEstaris
> (1-10.01)"" > 0.36.

In fact, the bound above holds because 800cn?(v/Id + I)\/log(Nd/§)K2* < 0.01 and (1 — z)7 is
decreasing in (0, 1). According to the definition of ¥, and Lemma. we know

L i
NZ“S

Ty, =1y, , ||vi — 1= ZP’V L(w,a)| <3+ 5nK2. (B.11)

Recall that § El , Pi€. Invoking Lemmas . and. we have

i (1 — 800n2(VId + I)\/log(Nd/é)K;l)t_l_ < Zvy >‘

Ly, 41

s=0

t—1—s)

K2 K?
e

= J g(2/9) 2_% (1 — 800n2(VId + I)\/log(Nd/é)K;*)Q(

n enK2log(2/6)
N

<y { c (3 + 577K3) log(2/6) n enK? 10g(2/5)}

20+/Ilog(Nd/5) N N
c(3+5mK2)  enK2log(2/0)
<
< 1y,_, { S0V NT + N ; (B.12)
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holds with probability at least 1 — §. Plugging (B-12) into (B.I0), we get

5 c(3+5nK2)  [log(2/8) = enK2log(2/0)
vy, , > 1 0.36 — ~nK7 —2 7 L
ol Lus = B { s (20 Tog(Nd/a) VN N

1
> 1y, , - T (B.13)

where the first inequality holds since /Idlog(Nd/d) > c.

Step 2: show |[v,|| < 3 under the event U, ;. From the update rule of v} and v, = & 3™~ | i, with
probability at least 1 — §, we have

N 2

1 o
Vi1 — P15 Y VulL(wi_y,ai,)

i=1

]]‘ut—l ||Ut||2 = ]lut—l {

N
2n
NZ (Bi_1, &) + 2 [€1]?

N N
+27l<"’t 1= NP1 ZV L(wy_y,ai_y) NZPt 1 =P )V L(wi_l,a§_1)>
2}

N
1 i i
N E P, 1V L(wi_q,a; )

=1

N
1 i i i
N Z(Pt—l - P, )Vuwl(wi_y,a;_;)
i=1

2
(i) s
< Ty § loeall” 9

N
2n 1 i i i
+ gllvt—1||2ﬁ D Py =Pl Ve L(wi_y, ai_y)|
i=1
N

E t—-1VawL 'wt 17‘175 1)

=1

+2n? || =

N
NZ P,1 - P, |)VyL(w]_y,a;_ )

2

N
ZPt 1= Pt 1)Vw L(wt l’at 1)

N
21
NZ o 1, &1) + 7)€ 1||2}
(i)

< nut_l{ (14 5nE2 max [P}y = Peo ) op-1 ]2 + 2572 KL + 259 K max [P_, — Py

250K,

N
2n
maXIIPt 1= Pea|? - NZ Op_1,&—1) + 0P [|€- 1||2}

(i44)
<y, , { (14 200072 (VId + 1)/1og(Nd/3) K2 ) [[o1 || + 250K

N
+1000(1 + 10nK2)n* KS(VId + I)\/log(Nd/3) — Z B, &)+ n?)|& 1||2}
t
< MH{ (1 + 2000772(@—1—I)\/log(Nd/é)Kff) lvol|?

t—1 t—
+2000*(VId + I)\/log(Nd/3)KS S (1 +200en?(VId + I)\/log(Nd/é)K;‘)
s=0
t—1

Z(1+2OOC772(\/E+I)\/WK§)F1_(< Z Vs S>’

s=0

+ 2n
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“122 (1+200cn (VId + I)\/log(Nd/o) K4) o |55|2} (B.14)

where (i) comes from P;_jv;—; = 0 and ||v;—1|| < 3 under U;_1; (i4) comes from ||P;_1] <
1/|lvi—1|| < 2 under U;_1; and (4i7) holds due to (B.9). With probability at least 1 — &, we have the
following concentration

=1 t—1—s
Ty, 72> (1420002 (VId+ 1) log(Na/a)KL)  J& 12
s=0

t—1

2
<1y, lcn dlog( l/néK Z( + 200en( \ﬁ—kl )V 1log(Nd/H) K4)

edlog(1/ns) it (1+400er(1'v d)/log(Nd/9) K4)

N 400en2(1 V d)+/log(Nd/5) K4
celog(1/nd)
— N
where we used the assumption ¢ < (400cn?(d V I)/log(Nd/§)K2*)~1. Similar to (B:12), we can
also guarantee

t—1 t—1—s N
3 (1 + 200en(v/Td + I)\/log(Nd/é)Kff) ' <J1V S, £>‘

s=0

<1y,

<1y, , (B.15)

Le, 4m

1—s)

VN
| enk3log(2/9) }

2 2 t—1 2t
<y, { ki (34 50K5) | 1og2/5) S (14 200e52(VId + I)v/log(Nd/5) K2 ¢
s=0

N

3+ bnK? ;
. l{ce( +51K3) +00Ka10g(2/5)}7 (B.16)

IVaN N
Plugging (B.13)) and (B.16)) into (B.14)) gives that
2celog(1/n9) ce (3+5nK2)  enK2?log(2/0)
+2 +
N (IVd)N N

oy floel® < Ty, {e + 10enK?2 +

< Ty, -9,
holds with probability at least 1 — 3. Together with (B.13)), we have showed that
PUi—1n{1/2 < o] £3}) 2 PUp—1) = P U1 O {[lve]| < 1/2}) = P U1 0 {[ve]| > 3})
> P (Uy—1) — P (One of (B.9), (B.10), (B.T3), and Lemma[I2]does not hold)
— P (One of (B.14), (B.T3), (B.16), and Lemma[I2]does not hold)
> P (Up—1) — 8.

Using induction and PP (Uy) = 1 due to ||vg|| = 1, we can prove the desired conclusion by adjusting
the level of 6. O

Remark. In the following proofs, we use ¢ to denote the absolute constant, which does not depend
on any variables of the model or training process. For conciseness, we do not distinguish the specific
value of ¢ in some contexts.

C Bound the Discrepancy during Training Process
C.1 The Discrepancy in the First Layer

Lemma 14 (The discrepancy in the first layer). Denote OTT = maxy, <<7 ||V} — v]|| for
t, < T < tpy1 — 1. Suppose the learning rate satisfies the conditions in Lemmas [I2] and [I3]
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If max;e(ny ¢, <t<T—1 llai|| < K, holds, with probability at least 1 — 6, we have

max Ow < en(VId+1)\/log(Nd/§)K?>.

4,jE[N]

In addition, we also have

max_|(ai —a})"a*| < en(VEI + I)\/log(1/n0) K2,

t, <t<T

Proof. Denote the discrepancy term by
h)? =PIV, L(w!,al) — PiV,,L(w}, al)
m— ¢€ (at) a*

™ — ¢t (at)Ta*
2l

L (CH

(I—w(w])") —

(I- w;'(w;')T)] w*.  (C.1)

Since ||w*|| = 1 and ||a}|| < 5K, in Lemma we can bound h;” as

||hi’j|| <|¢g — ¢ (a@—ra* ™ — ¢ |(aj —ai)Ta*| 7T_¢J (a]) 1 _ L
2 < : L J . .
2 o3 2 v 2 ||U§§'H [[v7 ]
T — ¢} (at)T N 1
T el |l

A _ i =l vl — ]|
<3K? +|(al —al) a*| + 6K2||vl — v!|| + 5K? ( t”vth + 2”; ||||vt |
t t t

< 3K + |(ai — af) "a"| + 10K ;- o], (€2
where we also used the fact max;e |y [|I — wj(w}) || < 1 and
i)T

, , .
Jlwi (wi) T — wj (w]) Tw*| < lw](w] — w]) Tw" | + || (w] — w})(w]) Tw|

< 2Hw§ — w!

1 1
ol ol ]

From the definition of B! and BJ in Lemma 2] we know for any 4, j € [N],

) . A . 1T * s—1 7'[' + k— —1-1
B, Bl| <[0(6)) gt + £ C2E S (1™ o) - gt
3 T 2 -
77[ (1Ta*)2
ST S
2 [lax|?
where the last inequality holds due to g(¢) € [0, 7] for ¢ € [0, 7]. Using concentration (A:18)) and
t < kn_l, with probability at least 1 — §, we can guarantee

s—1 s—1—1 1-1 I—1-m
n?[1Ta*| 2n(mr — 1) T+k—-1 T
S s— S l1—————= 1—-n—"7"— 1 €y
Sl = E3 S & 3 (1t (1 en)
s—1 277(7T _ 1) s—1—j
fS (1 0y
: 7r
J=tr
log(2t/0) ., [ [|17a*| = ( 20 (m — 1))“1
<enly\| —————K; - | n 1-— +1
N G =
log(2
< 2enl W[(ﬁ. (C.3)
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Using the dynamic of @, a* in Lemma with probability at least 1 — §, we also have

P TR Y U] 0 0 W AUt & R R i
(i1 —ai_y) a 9 Z 1- UT (Bs - Bs) + S(etr:t—2) — S(€,:—2)
T = 7r
nllla*|* nl (17a") i
< o T+ 5 9 W 'S 61‘ 4o2) — S(et,‘:t—Z)‘
nl
< 0 (sl 1 + B aTa)?) + 2 AT oBa DR
< 277(\/ kI + 1)\/log(1/n6) K2, (C4)
where the second last inequality holds due to the concentration (C.3). Plugging (C4) into (C.2) gives
loi = vl <n Z R+ Z P&, — Plg]
t—1 t—1
<13 (K2 (@ - al) e+ 10K200! —odl) 4| S Pl +n |3 el
s=t, s=t, s=t,
<yl (3K§ oI + VEDK2 + 10K§Of,;jT) + deny/d og(N/3) K2, (C.5)

where we used the following concentration

t—1
ZPZS; <Vd max |(PLEL) | < e/dIlog(dN/6) K.
s=1,

max
i i€[N],L€[d]
Taking maximum on the left hand side of (C.3) over ¢, < ¢t < T, we can get

04, < (1—10TK2) [nl (3K2 +20(1 + VEDK2) + deny/dTlog(N/0) K2

<2 (4’ / m + 4c> ny/dIlog(Nd/8) K>
<5c+4\/7> v/ dllog(Nd/d) K,

where we also used the assumption (I + VkI) < 1. O

C.2 The Discrepancy in the Second Layer

Lemma 15 (The discrepancy in the second layer). Let HT’JT = max;, <i<7 ||al — al| for

tr < T < tpy1 — 1. Suppose the learning rate satisfies the conditions in Lemmas [I2] and [I3]
If max;e(ny ¢, <t<7—1 ||at]| < K, holds for K, > |la*| and enkI < 1, with probability at least
1 — 5, we have

max 2%, < 2K, (2771 +en/kT 1og(k/5)) .
1,7 ’
Proof. Recall the closed form of V, L(w, @), then for i, j € [N], we have
Val(w}.a}) = VaL(w],a]) = 5= (117 + (x = DI) (a} — a) = 5= (9(6}) —9(6))) a

Let ¢, be the previous synchronization time before ¢. Using the fact air = a{r = a.,., we have

t—1
Hat_atH <17 ZV L(w VaL(wﬁ,a{;) +n Zei—eg
s=t, s=t,
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ge—ej

s=t,

7r+k i zH
D 5™ g - agf + 2l Z\ (¢i-1) = 9(@l_0)| +n

s=t, s=t

”“Lk ZHa I Hz Wt 4 o /ATIoRe D) K, (C.6)

where the last inequality holds due to Lemma [TT(1). Taking maximum on the both sides over
t, <t <T,we get

k— 11\ "' [anl
=i < (1_<7T+27r>> [7”7 lla*|| + env/kI log(k/8) K,

< 2K, (2771 + eny/kI log(k /5)) .

O
D Self-correction of Signals
Recalling the dynamic in Lemma|2]
t
¢ 1 2r—n(k+m—1) :
% T—1 % ( 2w —n(m—1) T—1
afaz(l—n QW)aga—l— A 1—n o Ao
t—1 t—1—s N
nlla*|? m—1 1 i
1— — B: + S(€eo:— D.1
T ;) s N; s+ S(€oie-1), (D.1)

where

T g*)2 51 k1S .
=g<¢z>—1+”“)z(l—n+’“1) (r—g(é]). (D2

27 |la*||? — 2m

Using concentration (A.T8)), with probability at least 1 — ¢, we can guarantee

lTa* t—1 ol — 1 t—1—1 -1 T+ k—1 I—1—-m
maX|S(€0t 1)| M t X{ Z (1 - n(ﬂ_)> Z (]. — 77271') (1T€m)

2w
=0 m=0
t t—1—j
+n Z (1 — - ) € a }
j=0
t—1 t—1—1
nlog(2/0) . o [17a"| ( 2n(m — 1)>
< K n +1
e P ™
log(2
<2 W}(ﬁ. (D.3)

Forany 0 < s < O(n~2) and any i € [N], with probability at least 1 — 4, it holds that

| cos ¢’ — cos ¢s| = ('vg)Tw* vs W
‘ IcH
[CER I L
- [cH| T || [[vs]l
O CHtCH| lvg — sl
= losll =Mool flos ] = [[og = o]

@ 2enK2(V1d + I)+/log(Nd/s)
T 1/2 - enK2(VId + I)\/log(Nd/9)
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< 12enK2(VId + I)\/log(Nd/s), (D.4)

where (i) follows from ||w™*|| = 1 and the triangle inequality; and (iz) holds due to Lemma
Define a good event

Egood = Ni—o€e; (D.5)
where
nklog(2/0) . .
= _ < IR Oe\L/9)
& I?gg(‘s(ﬁo.t—l)| <2 N Kags
& = max ‘a;la* —(a ) a*| < en*(I + VEI)\/log(N/nd)K? }
i€[N],s<O0(n~2)
s—1 1
log(1/nd
_ max _ Z(E;w* +h] w)| < cK, " log(1/m9) ,
s<O(n=2),0<7<0(n~2) | 5= N

N
Il
—N —— —— —— —/

& = max | cos gbi — cos @] < 12077K3(\/ﬂ+ 1)\/log(Nd/é)
i€[N],s<O(n—2)
log(1/nd
Ei=d max Jal <K, min A, > —ep 108/
0<7<0(n—2) 0<7<711 N

According to Lemmas 14} [12)and relations (D3), (D-4), (A-20), we know P (£) < & for 0 < ¢ < 4.

D.1 Self-correction of the Second Layer

Theorem [1] restated. For any initial point (vo, ag) with ¢ € [0, ), we denote 7, = inf{t > 0 :

16(7r—1)]1"a*|?

a;'— a* > ~,} the first time, where 7, = . Under Assumption , if

k(m+k—1)
k2\/log(Ndk /6 VIE 4 Don(VTd+ 1)) L JatlP D
ok (VAR5 mase (VI + D).V Td+ D[ P <1 06)

for a sufficiently large constant ¢, then 7, < 5(77_2) with probability at least 1 — 4.

Proof. We first define a sequence of events as

16(r — 1)(17a*)?
k(rm+k—-1)

Ap={Vs<t:aja*<~,}, wherey,=

Notice that once we show for some 7 > 0,
P (AT,l N {aja* < %}) <4,

then we can conclude that P (A, ) < . According to the definition of 7, we can guarantee 7, < 7
with probability at least 1 — 4.

For simplicity, we introduce the following stopping time w.r.t. the angle ¢ during the training process,

T_(cé):tigg{t:qbtzqﬁ} for ¢ € [0,7].

Define ¢! and ¢* such that
1447 (1Ta*)?

cos ¢! = T k=1 & log(4 4 k?), cos¢™ = —cos ¢
Choose ¢° = arccos(1/5) such that cos ¢! < 1/5 = cos ¢° due to Assumptionsuch that
k(r+k—1)
1T *\2 < TR D.7
(e < o Togd 1 1) ©.7)
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The correction condition (6) is equivalent to

. 32(r—-1)\ 7—-1 (1Ta*)?
k T+k—1 |a*|?

> 1. (D.8)
We denote
zZ = {Tf(flgo) >T1,1 — 1};
Zy = {7’_(71'/2) > T_(ggo) + T2 — 1} ,
Z3 = {T—(é") >7_(7/2) + 73— 1},
where 71 1, 71,2 and 71 3 are deterministic and will be defined later.
Initial region: (0,$°). For any s < min {L(gfﬁo), 5(77_2)}, under the event €004, it holds that

cos ¢! > cos ¢ — | cos ¢! — cos ¢y
> cos ¢° — 12enK2(V1d + I)\/log(Nd/6)
cos 450 1
2% =1 arccos(0.46m).
Since g(-) € [0, 7] is decreasing in [0, 7], plugging it into (D:2)), we can get the following lower
bound

1 N N
NZB;’ Z (¢8) — 1] > g(0.467) — 1,
=1 i=1

Under the event Egqo4, using the lower bound of Ay in (B23), for ¢ < min {T_ ((;30), 6(77‘2) }, we
can guarantee

t—1 t—1—s s
. g0467r 1 -1 T+k—1
ala* > ylar P20 1 e (R e
¢ s

S=

o (1- 2 ) \/W
] (-5

1_ 2T — n(kJrﬂ' 1)
27— 1](71' 1)

_ (1 . %1) [9(0.467) — 1] |a*

a (1 M) e [PHEC)

1m—1 4(r—1) 1m—1
=—-——1 44— )| < ——log(4+20(7 -1 D.9
1 n 2w og( + 9(0.467) — ) —n 27 0g (4+20(r —1)), (D-9)

Here we take

where we used the fact g(0.46m) — 1 > 0.2. Since 111 — 1 < 5(77_2), under the event
{7'1,1 -1< 7:((5")} N Egood, it holds that

o a* > (9(0.46m) — 1)|la* ||2 /nklog 2t/5
1.1 2(71—1
@ 0.2(17a*) /nklog 2t/5
- 2k 71'—1
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i _ T 4%)2

(>) 32(r -1 a*)* 96 nklog(2t/9) K2
k(r+k—1) N

(43) _ T ,%)2

g 16(m —1)(1 " a®) o
E(r+k—-1)

where (i) holds due to ||a*|| > |17 a*|/V/k; (ii) follows from k > 320(m — 1)2; and (ii) holds due
to the assumption (D.6). We can conclude that

P ({71,1 -1< Tf(éo)} N {7 > 7’1,1}) <P ({7'1,1 -1< L(([ﬁo)} N {ajl’la* < ,ya})

<P ({m 1< T,(&))} N (U 5§))
<P(ESUES) < 26, (D.10)

where the second last inequality holds since

{Tlal -1< T*((ZBO) < 6(77_2)} N ggood c {aq—l 1 > 'Ya}a
such that

{7'171 —-1< T_(QZ)O)} N {a;la* < *ya} C {7’1,1 —-1< T_(QEO)} N Egood-

If 71 > 7_(¢°), we regard (v
the next region.

o (30) Br( $0)) as the new initial point and step into the analysis of

Initial region: [¢°,7/2). Denote ty = 7_(¢°). From now on, we assume the event Z¢ happens
and hide the indicator. Recalling the definition of h;, we have

N
1 . o
el < 55 D 1P = P Vo L (wi, af) |

(i) 1 < o
< 2en(VId + D)V1og(Nd/KZ - == [VwL(wi, a))|
=1

(? 24en(VId + I)\/log(Nd/§) K2, (D.11)

where (i) holds due to (B:9) and (ii) is true because |V L(wi, al)|| < [(al)Ta*| < K2. In
addition, we also have

”t+1w = v w* _WNZPV L(wi, a; Zy)

_ T
—'ut+1'w —nh, w*

N
1 ™ — ;
=/ w* + 1 E t(al)"a*sin? ¢, — nh w* —ng w*. (D.12)

Here we take

1 2 20(m + k —1)|la*|? 1
=—-——7I 4 < -
T Og( T @Ta 2 g5 =

For any to < s <t —1 < to + 71,2, under the event A;_; N Ego0d, invoking (D-12)) guarantees that,

cos¢s:m{vto —Z Z H'U ” *sin? ¢y, — nz hlw* + &' w )}

mto

— log(4 + k?). (D.13)
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() s—1 ) s—1
< 2¢08 ¢, + 25174 + 21 Z max |a a” (ain)"'a*{ +2n Z (g;';w* + h;’w*)
m=to m=tg

s—1

|2 €t )

=T

(i)
< 208 ¢ty + 271 ,2MYa + 207'1,2772(1 + vkl)\/log(l/né)Kg +2n O<m3x
_T_Tl,

(1) o 647 (1Ta*)? 9 47 5 5
< 2c0s¢° + P R log(4+ k%) + 110g(4+k )-en(I + VkI)/log(1/nd)K:
+ - 1%@+W)%WQWM+01%WW®
+mmf¢ —log(4 -+ k?) - Qgﬁ%ﬂﬁa
(iv) 128w4—D(1Taﬂ2 9 -
< ° < ° .
2cos ¢° + P T - log(4 + k%) < 3cos ¢?, (D.14)

where (i) holds due to |lvs|| > 1/2, [|v,|| > 1/2 and the definition of A;_y; (ii) comes from

to < 71,1 and &1; (ii7) follows from ¢y, > @, and &; and (iv) holds due to the assumption (D.6)).
Further, under the event A;_1 N Ego0d, We have forany ¢ € [N]andtg < s <t —1<tg+72—1

cos ¢ < 3cos ¢° 4+ 12enK 2 (VId + I)/log(Nd/d)
~ 4
<4cos¢® = E < cos(m/5).

Under the event A;_1 N Egooa N {7 (7/2) —tg > 712}, it implies that forany tp < s <t —1 <
to+ 712 — 1,

1L
N2
=1

Y

1 N ]_T %12 s—1 E_1 s—1-—1 )
NZ;(HGHQZO—U%) (m—g(41))
i=1

=0

=t e [ (o) |

Together with (D:T)) and (D-3), we can guarantee that

t—to
t—to 1— w) t
T T—1 T & ( 2w —n(m—1) T—1
a,a :(1—77 . ) a, a" + A <1—n o > Ay,
t—1 t—1—s N
nlla*|? m—1 1 ;
1-— B! + S(es,.4—
t o 2m SZ;O "or N; s+ Sew1)
>7r—g(7r/5) (17a*)? (1 r—1\""
- T—1 =w+k—1 " 27
t—to
2n—n(k+m—1
1‘( 277%(7,(?1))) L1 t_to[ (x/5)] (17a*)?
k T or TN T T
t—to
n(m —1) nklog(1/6) ..o
—5lla*|? (1 - ~—== —2c\| —————2K*.
ol (1= W) oy RO

Choosing t = tg + 712, it holds that

oT g dToa(m/s) (Ta)? okl 1/775
tot71,2 4 r-1 w+k—1
™ —
>

g(n/5) (17a*)?
Amr—1) n+k—1
0.5 (1Ta*)?

TA4r-1)7+Ek-1
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16(7 —1)(17a*)?
k(rm+k—1)

= ’yaa

where we used the assumptions (D-6) and k > 320(m — 1)2.

Recalling that Z5 = {7', (7/2) > 7_(¢°) + 1.2 }, hence we have verified that

P(Z5N 2y N {7a > 111+ T12}) <P (zlc NZyN {Ta > 7_(6°) + m})

_P(Zl ﬂZQﬂ.A —(¢°)+71,2— 1m{a;|(—)+7'1 20'* S’Ya})

<P (A N ) < 56. (D.15)

T (QBO)+T1’2 1 good

If 710 > 7_(7m/2), we regard (v;_(x/2), @r_(x/2)) as the new initial point and step into the analysis

of the next region.

Initial region: [7/2,4%). From now on, we assign to = 7_(7/2) and consider the case
{T—(qgo) < 7'1,1} N {to <7_(¢°) + 7'1,2}. Take

1 2 24(m — 1 1 2
T3 =— m log | 4 + (7T ) < - il 10g(4 + k2), (D.16)
nm—1 Ca n 1

where the inequality holds due to our assumptions k& > 320(m — 1) and (D.8). Similar to (D-T4), for
anytog <s<t—1< O( 2), under the event A;—1 N Egood, We have

s—1
_ 1 * )T T T
coch)S—”vs”{vto 27‘(‘NZ Z H'U H a*sin® ¢, — 7 Z (h,,w* + &, w )}

=1 m=to m=tg

(&) =
< 271 31170 + 2e7,90° (1 + VBV log(1/nd) K7 + 2 _max |3 (&w" + hjw)

TXT1,1 Tl,2 m=r

@) 64 17a")? 4
< 7T+kﬂ;1< Z) jllog(4+k2)-cn(I—l—\/k:I)\/log(l/né)Kg

fl log(4 + k?) - (24077K3(\/ﬁ+ 1)\/1og(Nd/6) + cK, 7710g(Nd/775)>

log(4 + k%) +

L6
T N
1287 (1Ta*)?

44K .
el i Ty log(4 + k%), (D.17)

where (i) holds due to ¢, > /2 and the definition of A;_; and (ii) holds due to s—1—7 < O(~2).

Under the event A¢—1 N Egood, We can guarantee that

max cos ¢’ < cos ¢ + max ‘cos ¢s — Cos ¢;|
K2 K3

1287 (1Ta*)? 5 9
i p log(4 + k%) + 12enKZ(VId + I)+/log(Nd/d)
T —

o an (1Ta*)?
T a+k—-1 k
= cos q@l,

log(4 + k?)

where we used the assumption (D.6). It implies that min; ¢ > ¢" under the event A;_; N Egood- In
addition, we notice that cos ¢! = — cos ¢*, which implies ¢! + ¢* = 7 and sin ¢' = sin ¢*. Under
the event A;_1 N Egooa N {t — 1 < min{7_(¢*), O(n~2)}}, forany s < ¢t — 1, we have

1 i 7 (17Ta")? & T+k—1\""" ;
NZ{ (65) ||¢1*||QZ<1_7727T> (1—g(o1))

=to
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> g(¢%) + 0 (17a")? Si:l <1 _ HW)SII (1 _ g(qgl))

21 ||a*||? 27
l=tgo

> g0+ S (1- n”;jjl)s_l_l (1- o)

l=to

— g + kSHj(_d?ll)) {1 (lnHQljrlﬂ

> g(¢*) +1—g(¢")
=(m— (Z)“) cos ¢* + sin g% — (m— qzl)cosd;l —sing! +1
= (27 — o — (;NSI)COSQNS“ +1
14472 (1Ta*)?
T+ k-1 k

log(4 + k%) +1>0, (D.18)

where the last inequality holds due to the condition (D.7). Together with the definition of BZ, we have

N T2 521 a4+k—1\""" ;
Lo ZBZ - Lh {<g<¢z> G Y (1T ) <w—g<¢%>>}

_ 21 |la*||? 2
i=1 =0
s—1 s—1—1
n (1Ta*)? T+k—1
R l—np—— -1
=21 [la*|2 ; T on (r=1)
-1 (1Ta")? 7—1 (1Ta*)? T4+k—1\°
Tt k-1 ||a*|? T+k—1 |a*? o '

Ca

We know ¢, > 0 due to the condition (D-8). Under A; 1 NEgooa N{t—1 < min{r_(¢"), 0(n~2)}},
we can guarantee

* t t
ala® > L;H‘i 1”2 [1 - <1 - 7”(”2; 1)> ] ~ 5K? (1 - L;; 1)>

t
_ (2n—n(k+7—1)
ek nlog(1/nd) 1 ( 2r—n(r—1) ) —1\' (r = 1)(1Ta*)?
—2cK; N — 1—n

k 2w T+ k—1
Calla*|? n(r =1\’ ey, Calla*]? 5 [nklog(1/nd)
> Sall® I A Sall®™ 1) _ JMS\ENY)
- r-1 1 27 Olla”(l” + T—1 2eKq N ’

where we used |a, a*| < [|a*| - K, = 5[|a*||>. Now let ¢ = to + 71,3, under A;_1 N Egooa N {to +
T13—1< 7'_(95“)}, we have

o o 3Gala*]? nklog(1/nd)
RIS e A
_ T ,,%)\2
24(r —1)(1 a*)* 2eK? nklog(1/nd)
(r+k—1) N
16(r — 1)(1Ta*)?
= D.1
kr+k—1) @ (0.19)

where we used the assumption (D-8) and (D.6). Since Z3 = to + 713 — 1 < 7_(¢"), we have
P(Zfﬂzgﬁz;gﬂ{Ta >T1’1+T1,2+T173}) < 54. (D.20)
If7_(¢*) < 7_(m/2) 4 713 (that is Z5), we regard (V. (gu)> @, (gu)) as the new initial point and

step into the analysis of the next region.
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Initial region [(5“, ). Now we assign ty = T,(QNS“) and choose 71 4 = 71 3. Recall that cos ot =

—Wlf,j”l a’ = o) log(4 + k?). Similar to what we showed in (D.I7), for any t5 < s <t —1 <
to+ 714 — 1 under the event A;_1 N Ego0a, We have,

1 LM -
Cos¢s:”v”{vto 2772 Z HU H Ta sin ¢7n n Z hT’LU +€T )}

=1 m=tg m=to
(2 1 cos¢t0+ n (I + VEI)\/1og(k/nd)K? Sil Enw* +h,),
STe | 3 et en an* (I + og(k/no)Ka +m| ) (Enw” + hyw
m=t0
1 cos ¢v 36w (1Ta*)? 2
log(4 + k

_H%H{ I
(ii) 4 (1Ta*)? 2
< _ log(4 + k?). D.21

1 % og(4 + k%) b-21)

where () holds due to ||v,,]| < 3, ¢o > 7/2 and the definition of A;_1; and (i7) holds due to
||vs < 3. Applying the bound | cos ¢ — cos ¢%| in (D-4) and the assumption[D.6} we have

max cos gbi < cos ¢s + max }cos ¢s — Cos ¢;|
K3 1
47 (1Ta*)?
T+k—1 k

which means min; (zﬁ > Z. It follows that for any s < ¢t — 1,

log(4 + k?) + 12enK2(VId + I)/log(Nd/5) < 0

N s—1 s—1—1
1 , n (17a*)? T+k—1 ,
BZ — Y — 1 A =/ 1lop—1 = _ i
N Z N Z: {( (05) =)+ 5 21 |la* |2 lzt: - (m—9(¢1))
= =to
1 n (1Ta")? & Tk -1\
— R = —1
N 2;{ 27T a2 Z; U (m=1)
= 0
7—1 (17a*)? T+k—1\°
=6Ga — 1l—n—"7—- D.22
@ TR =1 o] ( - ) (D.22)
Plugging (D-22) and (D.3) into (D.I)), under the event A;_1 N Ezo0d, We can get
* (12 _ 1) t (7‘(‘ - 1) t
roes Gl B [y =Ny
G = m—1 2m a0 o 2m
t
2r—n(k+m—1)
1- (#M) Ll (r—1)1Ta*)?
k "on T+k—1
— 2cK?2 %(1/7;5). (D.23)

Plugging ¢ = to + 714, according to (D.23) and (D.19), we can guarantee that ¢,, > /2 and

4
P (z; NZ5N 2N {Ta > ZTLq}) < 56. (D.24)
qg=1
Conclusion. Combining (D.10), (D:13), (D-20) and (D-24)), we have
4 4
P (Ta > ZTLq) <SP{{m>matNZ)+P <{7’a > ZTLq} N Zf)

q=1 q=1
4 2
<45+ P ({Ta > Zn,q} mz;m&) +P ({Ta > Zn,q} memZ§>
qg=1 q=1
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3 4
g%ﬂ@({n > Zn,q}mzngm%) +1P><{Ta >Zﬁ,q} mengng>

q=1 q=1

4
<146+ P ({T > Zn’q} memZ§mZ§>

g=1
< 194.

Therefore, we have proved 7, < 23:1 71,4 With high probability for ¢, € [0, gz~S°) The conclusion
for other initial regions can be obtained in similar arguments. From the definitions in (D.9), (D:13)

and (D-T6), we have

4

Z 1. S Hogk.
qg=1

D.2 Proof of Lemma[3

Lemmarestated. Denote ¢* = arccos (— fé“l (1 a’)® log(4 + k;2)) and

w = min {sin q~5u]l¢og¢;u +singol, - 5., sin (m— ((QOHG*‘PY1 A 1))} )

Under the same conditions of Theorem [I] If the learning rate satisfies
2

clla*||?y/log(Ndk/o) maX{ (VId+1), \/;} < fﬁk (D.25)

for a large absolute constant ¢ > 0, we have sin ¢, > ﬁ with probability at least 1 — 6.

Proof. If ¢, < (5“, the lower bound trivially holds. Next we prove the lower bound for sin ¢,

starting from the last initial region, that is ¢y € [¢*, 7). From (D.16) and |17 a*| > ||a*||, we know
that

1 16(mr — 1) 1 16(m — 1) 1
i = tos (4 ) < Diog (44 g | < loald 4%,

k(r+k—1)[la*[?

Let C = M ,then ¢2€ < (1 + 2k2)2 < 2k. Denote wy = sin ¢* Ly cgu +singoly s
From the definition of h; and (B.9), we know

N
1 : .
el < > P} — Pyl VawL(w}, a)|| < 50en(VId + I)+/log(Nd/5) K}, (D.26)

i=1
where we also used ||V, L(w{, al)| < 5K2. Recall that ¥; — v; = nh;_1, then it follows that
[l[9e]1? sin® ¢ — [[ve]|? sin® ¢
= lloe)® = [lvell* = (] w)* = (v w*)?)|
= |Uoell + lwelDloell = lwel DI+ |19, 07| = Joi w*]) (j9 w*| + v, w])|
< 7)oy — v + 7| (1 — vr) Tw* |
< n|lh— |, (D.27)

where we used [|v;|| < 3 in Lemma([[3]and ||o,]| < |lv.|| + n||h|| < 4. For any t, we define a
variable

. 1
= in ¢l <7m— | —= . .
7o) 0<egin1 {iréllllffl] o2 (20K§ : 1) } (B-28)
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If 7, (K,) does not exist, that is min;e[nj @2 > 7 — ((20K2)~' A1) holds forany 0 < s < ¢ — 1,
we let 74(K,) = 0. Then for any 7(K,) < s < t — 1, we always have min;c[yj ¢} > 7 —
((20K2)~* A1) such that

7T—¢z( J'a’

[[os]]

1—nAs cosqbs—l—nCOS(bs-NZ

N
1 1 |(a}) " a*|
>1—-n— =
= nN;%-(QOngl) Al

(44) 5K2 n
>1l-p——-—2——>1——. D.29
= T r @0K2zvI) T8 (D-29)
Without loss of generality, we assume arg min;e ) (bit( Ka) = 1. It follows that
sin? Ori(Ka) = sin? (b‘}—t(Ka) — |sin? Or(Ko) — sin? ¢!
> sin? d)}rt(Ka,) -2 ‘cos G, (K,) — COS ¢71'f,(Ka)‘
2 |'vT — UV (K, 1 1
> sin® ¢, () — V) Lol 2wz, (sl ~ ol
107, (5l lor ol o7, k)l
> sin?(m — ((2062)~1 A1) — 6en(VId + 1)\/log(Nd/5) K>
L2 2\—1
> sin® (7 ((22Ka) /\1)). (D.30)
Notice that if ¢ < 4C'/n, we have
2t s.c
(-0 2(-2) " zrzez o (D31)
8 8 2k

It holds because 1/8 < % and f(z) = (1 — x)'/* is decreasing in [0, 1]. Invoking Lemma we
know

log]|? sin? ¢y = (1 — pAe—1 cos y—1)° [[ve_1||? sin® ¢py_1 — an“ L+ Moy 1+ H,

Q] 2(t—T¢(Ka)) ) 2(t—1—s)
=(1-1) o, (e |12 s b, 10, — 21 Z (1-2) (Mi  + 7| Rs]))

s=7¢(Kq)
t—1
n 2t 1 .9 9 n 2(t—1—s)
> (1 — g) 7 nin {sin® ¢, (k). @5 } — 21 ) g(K ) (1 — g) (M5 + 7| hs]))

(i4) <1 77)215 1 {sin2 [ — (<20K3)1/\1)]7w8}

- 8 4 2
\/— e 1 n 2(t—1—s)
— 140en(VId + I)+\/log(Nd/d) K7 — 2n o ax Sz:; (1 - g) M s

(4i1) sin? [m — ((20K2)"1 A1
o1 .1min{“ [ = ((20%) )],wa}140cn(m+f>\/log<Nd/6>K2

2k 4 2
12¢K2p ) =1 n\ 2(t=1-5)
(3 4+ 5nK2), | Log(1/n0) :g (1-2)

(i>v) min {sin® [ — ((20K2)"* A1)] w3}

- 25k ’

where (i) holds due to (D27) and (D-29); (ii) follows from (D.30) and (D-26)); (iii) comes from
(D:31)) and Lemma 11} and (iv) holds due to the assumption Plugging the choice of C' =
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log(1 + 2k?) /4, together with ||v;|| < 3, we can prove the conclusion

min {sin® [ — ((20K2)"' A 1)] , @3} > w?
295k ~ 225k

sin” Gr, 2

D.3 Self-correction of the First Layer

Theorem [2| restated. For the initial point (vg, ag) with aO a* > v, and sin ¢y > 0, we denote

7y = inf{t > 0: ¢, < ¢'}, where cos ¢! = fg‘”l @Ta")? = ok log(4 + k?). If the learning rate satisfies

clla*||*v/log(Ndk/d) max{ (VId+1), \/7} < sin? ¢y, (D.32)

for a large absolute constant ¢ > 0, it holds that 7, < O ( k? ) and a;rv a* > 7,/32 with

1 sin® ¢o

probability at least 1 — 6.

Proof. Find ¢! € (7/2,) such that cos ¢/ = ——T (Ta”)? ), (4 + k?). We introduce the
: ’ = Tark—1 & & .

following stopping time w.r.t. the angle ¢ during the training process,

() =it {t: <o} for oe o)

Initial angle: ¢y € (¢, 7). Forany s < 7, (¢/), under the event Ego0a, We have
cos qﬁi < cos ¢s + |cos qﬁi — cos d)s|
~f >\ /Td
< cos¢’ +12enKz(VId+ I)+/log(Nd/d)
- T (1Ta*)2
- rn+4+k-1 k

T (1Ta*)2

log(4 + k2
g4+ k) + o

log(4 + k?) = 0.

It means that ¢ > /2 holds for any 0 < s < min{r, (¢/), O(n~2)}. As a consequence, we have

1 , 7—1 (1Ta*)? T4+ k—1\°
Bl> a 17 _—
D Bzl oy a2 T on

Notice that if t < 1 2” we have

1
m—1\' r—1\"7T 1

which holds because n%2 < 1 and (1 — 2)'/® is decreasing in [0, 1]. If ¢ > 5 7257, we also have

T—1

1 2w
-1\' —1\7 1 1
1—<1—777727r> 21—(1—77”%) >1-c' > 7,

because (1 — z)'/* < e~ ! for z € [0, 1]. Together with the dynamic (D.I) and aj a* > ~,, under
the event £go0q, We have

aa* > M {1 - (1 - W;;”)] g | 1108(2/0) o K2

2

(r—1)(1"a")? n(r -1\

+(7a_ E(rm+k—1) >(1_ 21 )
@1 32(r—1) 1 (r—1)(17a*)? nklog(1/nd) o
24k(7r+k1)+4(%_ r+k—1) )‘30 N K



@ Ya , L Ya\ o [nklog(l/nd) .,
- 2+4<7" 16) 3¢ N

(i;i) k,

-4
where () holds due to (D.8); (i7) holds since v, = % and ~(m) follows from the condition
(D-6). Under the event Ego0d, We know for any s < min{r (¢7), O(n~2)}

(D.33)

(ai)Ta* > a;—a* — ’a;ra* — (ai)Ta*
> WZ — cKan(VTk + I)\/log(k/9)
_ 4(r-1)
Ck(r+k-—1)
> Ja
- 8
holds with probability at least 1 — §. Recall that v; — v; = nh;_1, then it follows that
|91 sin® G — [Jwg]|* sin® ¢y | = [[[8:]1* = oel” = (8 w*)? = (v w*)?)]
= 200 by + 17| = 2n(v] w*) (R w*) — n? (R w*)?|
<2n |'utT (I-w*(w")") hi1| + n*h_ (I—w*(w*)") hyy
<2n || (I — w*(w*)T) 'th i1l + nzh;';l (I — w*(w*)T) hi_1
(1) %/ % 1/2 "
D oy (v (1= w* ()Y o)/ o + 2Ry (1= w* (w*) ) ey

2 1/2 R
=20 (Jlvell* = (v w*)?) " (el + 0°h{_y (T—w*(w") ") heo

— K n(VTk + I)\/log(k /)

(D.34)

9 o sin gyl orl|[Bea]| + 02l e |2 (D.35)

where (i) holds due to I — w*(w*)" is idempotent; and (i7) holds due to ||w*|| = 1. Invoking
Lemma|l|and (D.26), for any s < t — 1 < min{7, (¢), O(n~2)}, under the event Egooa, We can get

||Us||2 Sil’l2 ¢s - (1 - 77)\571 COS ¢571)2 ||'Usfl||2 Sin2 (,25571 - 277M1,571
+ 1 M5+ [[os|* sin® g5 — [|og]|” sin®

(@)
Z ||'03le2 Sin2 (bsfl - 277M1,571 - 67’]Hh571” - 772||h'571||2

s—1 s—1
> [lwol|* sin® go — 20> My —n' Y (6]|Ral| + nllhul?)
=0 =0
sin® ¢ nlog(1/9)
> - 450en(vV'Id + 1)y/1og(Nd/5) K2 — 24cK, (3 + 5nK?2) —
> sin2 ¢Q )
- 6

where (i) holds due to (D-34) and cos ¢, < 0 for s < 7, (¢/); (i) follows from assumption (D.32).
It implies that sin? ¢4 > sin? ¢ /54 for any s < t —1 < min{7, (¢/), O(~2)}. Then we can lower
bound sin? ¢¢ by

sin? gb’s > sin? ¢ — ’sim2 (;5’3 — sin? qﬁs‘

.2
sin® ¢ ;
> 2 2 |cos¢s — cos¢5|
.2
> 5”154% — 4enK2(VTd + I)\/log(Nd)9)
> Sin2 ¢0
- 64
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Together with the dynamic (D:12) and lower bound (D.34)), we can guarantee

1 t—1 1 N _— (]57' (0,7' )Ta* t—1
cosgr = v w £ Y =y e —sin® g — 1 Y (§rw” + hyw")
| NZ 2 ol

o] =

m=t0

>
el

1 Yo sin? ¢ arcsin(sin ¢g/6)
_ t- .
{ M T 27

— enK2(VId + I)\/log(Nd/d) — cK, w } (D.36)

Now we take

1 5429 1 40000 1
1= Y sin? ¢ arcsin(sin ¢g/6) = e SI0C G
where the inequality holds since arcsin(sin ¢y/6) — arcsin(0) > sin ¢ /6 due to arcsin’(x) =
\/11_7. Plugging it into (D.36), we have

1
feal

COS Pry |, > (=3+4—1) > cos ¢/,

which implies
P (7’271 < T_;,_((,Z;f)) =P ({7'2,1 —-1< T+(q~5f)} N {cos Gry, < COS qgf})

<P ({72,1 1< r+(q3f)} n good) < 50.

Initial angle: ¢ € (¢!, ¢/]. Now assign to = 7, (¢/). Denote

AS:{\#ogmgs:aLa*z%}, for s > t.
Clearly, P(A;,) > 1 — 76 due to (D-33). Similar to (D-34), we can verify that min,c|n)(a?,) " a* >

o /32 for any m < s under AN Eqood. In addition, under the event 404, for any £ > 0 we have

1 . —1 1 N T ¢z (ai )Ta* ) —1 . .
O o |t 77";0 N ; o o] M ¢ ﬁmzz;o(ﬁmw +h,w’)

> 6cos gzNSf — 2077K3(\/H+ I)\/log(Nd/d) — 2cK, w

6r  (1Ta*)? ) or  (1Ta*)? ,
= log(4 - log(4
- n4+k-1 k og(4 + %) T+k—1 k og(4 +k7)

144 17a*)? -

T L) g4 k) = cos . (D37)

= r+k-1 k
It means that ¢! < ¢, < ¢/ forany £ < s < min{r,(¢'),O(n~2)} under the event A, N Esood-

Hence we know (D-I8) holds. Consequently, the lower bound (D-22) also holds for & S™% | Bi.
Therefore, similar to (D-33)), we can further verify that

T s Sallat|P? nr -1\ [nklog(1/nd) ;.o
as+1a Z2(7‘r—1)|:1_<1_277>:|_30 TKG’

(- S -2

TYa

> )
— 16
where we used atToa* > ~,/4. This yields that for any tg < s <t —1,

As N Ego0a N {t -1< r+(&)} C {ajﬂa* > ﬁ} ,
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which implies that
As N ggood N {t -1< 7-+(¢~)l)} C As—i—l

It follows that

P(Afﬂ{t—l gu(({sl)}) :P(Af_lﬁ{tfl <7 (d })
A (

P(Agom{t—1g7+ } +53(t — to)
P (A5, ) — 53(t ~ to)
< T8+ 53(t — to). (D.38)

Similar to (D-34), we can guarantee that min;e(nj(al)"a* > ~,/64 holds for any s <t — 1 <
min{7 (¢'), O(n~2)} under the event A; N Egpoa. It follows that

; t—1
Ta* | *
cos ¢ = Torl {'vow +17 E E m (@) onl sin ¢, — 1 E (& w +h;w*)}

m= t() m=tg

1 nt Ya sin? gt — @4
> .
= ||vt||{””0”C°S¢°+ 3 64 o
log(N
— 2enK2(VId + I)\/log(Nd/8) — 2cK, "Og(Nd/”‘S)}. (D.39)
Taking

9cosg! 384w 1
N ygsin® guw— Gn

72,2 =

)

Plugging t = to + 72, into (D:39), under {to +70—-1< T+((Z~5l)} N fltoﬂw N Egood, We can get

- - log(N
COS 47y, > 6 COS ¢ +3cos @ — 2enK2(VId + I)\/log(Nd/5) — 2cK, M
N log(Nd/nd -
> 9cos ¢ — 2enK2(VTd + I)\/Tog(NdJ3) — 20K, 18N d/mo) o g

N
where we used the condition (D.6). Invoking (D:38), we can have

P (7’+(¢~>l) >ty + 7'2,2) =P ({T.}.((Z;l) >ty + To0 — 1} N {cos Bto4rs. < COS qNSl})
=P ({TJF(&) >ty + To0 — 1} N Atﬁmz N {cos Dtotrss < COS (Z)l})
+ P ({T+(q~ﬁl) >t + To2 — 1} N AtﬁTz , {cos Gtotr, < COS g?)l})

<56+ P ({u(&) >to+ 722 — 1} OA§0+72,2>
<126 + 50 - T2..

Recalling to = 7 (¢') and (D.37), we have

P(r(6) 2 720+ 7a2) <P ({7(d) 2 7 (8) + 722} 0 {7 (6) < man })
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<P (74(8) 2 74 (8)) + 722 ) + P (71 (8) 2 72
<176+ 56 - T2,2-

By adjusting the level of §, we can verify that 7, < To,1+ 72,2 such that ¢, < g?)l and aTTU a* > v,/32
with high probability. Now recalling that

16(r —1)(1Ta*)?2 - 1447 (1Ta*)? 1
.= , w1 log(4 + k2) ) > =,
B K(r+k—1) sin” ¢ P R A=
we have
N 1 { 40000 1 34657 cos ¢
T Too = - =
21 »? Ma \ sin® ¢y sin? v T — P
1/ k?
< - + log(k
~n (SiHS Po 2 ))
2
< 1L7
~ nsin® ¢
where the last inequality holds due to (D.8). O

E Convergence with Linear Speedup
E.1 Convergence of the First Layer
Lemma EI restated. Under the settings in Theoreml Suppose the initial pomt satisfies ¢y < @'

and ag a* > +,/32. With probability at least 1 — J, we can guarantee that sin ¢t < ¢ holds for any
O(k2 —1) <t<O(n?).

Proof. Denote the event C; = {a/a* > 7,/128 - (|la*||> A1) : Vs < t}. Forany s < t — 1, with
probability at least 1 — 36, we have

s—1
1c,_, aa* * *
le,_, cosps = Cio {”o w* + nz — 41 sin? ¢ — nZ(SlT’w +h] w )}

oA 2"l 2

1 s gt log(N
s Lo, {COW — 2enK2(VTd + I)\/log(Nd/d) — 2K, 77°g(d/"5)}

losll | 3 N
2(1Ta*)2
>1 e E.1
N CET ) (E.1)

. . / .
where we used the assumption / < -% min {1, kNKfl/; ; J’fﬂd } and € < dk~2. Together with (D.4),

17a

we can guarantee cos ¢¢ > k(Tki)i) holds for any ¢ € [IN] with probability at least 1 — ¢. It follows

that for any s < ¢ — 1,
1Y 1 &
ﬂctflﬁ ZBé > 1e,_, {N ;9@2) - 1}

, (lTa*)Q
> le,, {9 (m/6) |arccos r+k-1)) arccos(0)
Dy, om_(Ta)?
2 k(r+k—1)

(E.2)
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(1Ta")?
k(m+k— 1)

Assumptlon and (%) holds since arccos’ () = *ﬁ~ Using the dynamic in Lemma under

where (¢) holds since ¢'(z) = —(m — z) sin z is decreasing in (0, 7/2] and f due to

the event C;_1, we can get

T G AN [/ S VPRI ED A R I
a, a* > 1—77? apa +TZ 1—77? —ZB |S(€0:t—1)]

=1\ 74 m—1\"| 5/la*|? (1Ta*)2 nklog(1/nd) .
>(1- Jo i (1- — 9y LEO8NO) g
—< 77277)32+ ( ”27r)] 12 k(n+k—1) N

la*[PA1 . [y, 5(1Ta%)? nklog(1/nd) o
>a A Jo 22 Q) L gp /IEOBU/NO)
=4 M\ Zk(r+k-1nf N a

Ya * 12
> . 1).
> 22 (a2 A1)

By adjusting the level of §, we can guarantee

]P’(Ca(n,z)):]?(a a* zﬁg (la*|2 A1) : Vs§t> >1-4

Next we assume Cg (n=2) happens and hide the indicator.

Invoking (E-T), we have for any s < O(n2)

N . .
1 T — ¢! (al) a* 2(1Ta*)?  7—7/2 7, 9
S b hs = - > . L2 (la* P Al
€08 @5k = COS $u 5 ; 3 olr ZReriko1  2r 128 UlelPAL)
> (la 2 A1) = 22 (E.3)

=512 12’

where we used ¢} < 7/2. Invoking Lemma[l] we have

L2
|[v¢]|? sin ¢ < (1 - 77%) |ve—1]|* sin® ¢p—1 — 20 My 41 +n*Mos—1 + H;

12
t—1 <\ 2(t—1—s)
Z 1— Ma M .
12 ’

s=0

12

t—1
+) (1 -
s=0

- 2t
s@—wﬂm%ﬁ%+%

2(t—1—s)
2") (M*Mayp—1 + [Jvg]|* sin® ¢y — [|0¢]|* sin® @) . (E4)

Recall the choices

1 Ne 1 1 ck? 1
- T, = =log (=) - . ES
1= ck2||a* |2 dlog(dN/es)’ P <e> 1Ta" )2 la" 2 A1 (E.5)

According to (D-33) and (D.26), with probability at least 1 — &, we have
t—1 7 2(t—1—s)
S (1) el o - o s

t—1 e\ 2019
<S(-T) osmednd +Rln)
=0
en?(VId+ I)\/log(Nd/nd) K2 + en*(Id + 1?) log(Nd/né) K
2
1 (1- %)

4
— {cn(\/ﬁ + D)log"*(Nd/nd)K* + cn®(Id + I?) log(Nd/nd)KS}

a

3.3(712
§N6< I+I>+N€(I +1d) (E.6)

IN

d d d3k*
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where we used 77,/12 < 1/2. Using Lemma and recalling the definition of M, ¢, we have the
following concentration

t—1 <N 2(t—1—s)
Z 1- Ma M, .
12 '

s=0

t—1 070\ 267179 | N T
_ a 1 ] * *\ T
=0 — (1 - 12 ) <'Us - nPsN ; va(w;als)) (I —w (w ) ) £s

12cK? = o\ 2
< LK 1og(1/8) S ( )
VN

n

N
1 . S
i Z vl — NPV L(wi, al)
i=1

K2 t—1 <N 2(t—1—s)
< —==—, | log(1/9) ( ) (94+n2K2)
N 2
2cK? 10log(1/6 log(1/6
< CAgn Oog(/)2§12cK§ 770g(~/)g\/? (E.7)
VN A\l _ (1 _ m) NAa d
12
holds with probability at least 1 — §. Moreover, it holds that
- cK2dlog(d/ns
Moy = €] (1w (w)T) & < [l < Keto80)

which yields with probability at least 1 — 4 such that

2(t—1—s) 4
zz ( 77%) M, < < 2 cKadli\%(d/M) <e
Ya

(E.8)

Plugging (E.6), (E.7) and (E.8) into (E.4), we can guarantee that with probability at least 1 — 34, for
d d d3k4

any T, gth( 2)
. 1 €
sm2¢t§”vt”2{362+\/;+ 6}
<4max{\/§+@3wae}
(VId+I)Ne
_4<\/;+ ! ) (E9)

. 1/2 _
where we used I < -% min {1, ch{/z ; ]’f,;i } and € < d~'. Then we further have

(I—w*(w*)T) < —nPi— ZV L(w},a! )

]_ . .
<v (I-w (w*)T)vt+?72NZHPML(w§,aZ;)||2

i=1

I I\ Ne(I*+1d
N( +>+€(+>+1

2

N
) 1 o
< Jor* sin® 6, + 4n* > IV L(wy, ap)|?

i=1

<36<\/;+(\ﬁ;[) >—|—47}2K;L
can|ff s DY),
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With this upper bound, we can improve the concentration (E.7) through

t—1 <N 2(t—1—s)
Z 1 - Ma M .
12 ’

n
s=0
cK2n t—1 e 2(t—1—s) \/? (VId+ I)Ne
< a log(1 1- -4 -4
< Tl e/ 3 (1) (/5 +

€ ¢ (VId+1I)Ne :
54\/;<\/;+d> . (E.10)

Denote H = enK2(vId + I)+/log(Nd/5). Using (EJ9), we can further refine the bound (E.6) by
[[|ve]|? sin® ¢y — [|0¢]|? sin® d’t| < 6msin ¢yl |1 + n*|[he—1]?

1
e (VId+I)Ne\’
4<ﬂ+<>> Gl + 2l a2

<
= d
1
VId+I)Ne\”’
g4<\/§+(‘ﬁ)e> -6nH +n>H?.

It follows that

t—1 - 2(t—1—s) )
3 (1 - ) w2 sin? g — (134 sin? |

gt 12
< 47(\/ﬁ§ DNe <\/§+ (m;I)N’i)% te E.11)
Combining (E-10), (E.TIT)) and (E-8), we can show that for any 27, < t < (nK2)~?
1
sin? ¢, < 4max (\/54r W) i e (E.12)

Repeating (E-T0)-(E12) for K = log(1/¢) times, we can guarantee that for any (K + 1)T,, <t <

O(n~?)
vVId+I1)N E
sin? ¢y < 4 max <\/§+ w> e

= 4e.

E.2 Convergence of the Second Layer

Lemma restated. Under the choice for 17 and conditions for € in Theorem Suppose sin” ¢, < €
holds for any 0 < ¢ < O(n~2). With probability at least 1 — &, we can guarantee that ||a; —a*||* < ¢
holds for any O (n™!) <t < O(n~?).

Proof. Let hi = v} — v;. Similar to (D:33)), we can verify that for any i € [N]

[[0}]1 sin® ¢f — [[ve||* sin® .| < 2nsin ¢ fJvll[ iy || + 7] hj_ ||

< 2ne - enK2(VId + I)\/log(Nd/d) + en*(VId + I)? log(Nd/4)

< 4ne,
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where we used Lemma|14|and sin? ¢, < e. It further implies that

lve? sin® ¢, + [|v]|? sin® g} — ||ve|* sin® ¢

2 i
sin® ¢ < 7
' [o 2
9e + 4ne
= N2
(loell = lloe = vill)
< 100e. (E.13)
Further, for any 0 < ¢ < O(2) and i € [N] we have
, () ) o - (i1)
™= g(6}) = 9(0) — g(¢}) < (m — ¢}) sin ¢} - ¢} < 5me'/? - ¢} < 5re, (E.14)
where (i) holds since ¢'(z) = — (7 — x) sin x; and (74) holds due to arcsin’(z) = \/1177 Applying

this bound, we can get

n<NZVaL(wt,at),at -a >— %(at —a*)" (117 + (7 — DI) (a; — a*)

i=1 n o |
+ G <7T N ;9(%)) (ar—a*) a*

> =5 lla: = a’||* = 3ne|a; — a”|[|a"|
s
-1

> M=V, o) - oner?, (E15)
m

where the last inequality holds due to Lemma[I2]such that ||a; — a*|| < 6||a*|. In addition, it holds
that

1 N 2 2
N Z V,IL(U);, a;)

i=1

L@ s o v -+ (L3 g6 - )
12 7r a;—a NiZIg ) — T | a

(m+k—1)
272

where we used the relation (E-T4). Denote a; = a; — a* — % S | Vo L(w}, al), then we have

IN

lla; — a*||* + 1562 a*||?, (E.16)

2

N
* * 1 7 [
la; — a*|* = ||as-1 — a* - N > VaL(wi_j,a;_;) —ne
=1
1 & ’

= ||ac-1 —a" =1 D VaL(wi_y,a;_,)| —2n (@1, e1) +n’lle?

=1
n(r—1)  n’(r+k—1) .2
= (1 - or + 272 lai-1 —a”l

~ 2 2 272 77254 2
=21 e1) + e |+ 6net K2 + T a7

o1 ) i 2¢2
< (1= ) tars - @' 1P - 20 @)+ Pl P 4 OnercE o+ ]

t t—1 s
n(m —1) .2 n(r—1)\"
<(1- - 2 1- ,
< (1- 1) e a3 (1270 ) @
t—1 t—s
_ 1)
2 1— n(m NE
e (1) e
t—1 T}(TF _ 1) t—1—s
+ (1 — 47T> (6neK: + 15n°¢*||a*|?) . (E.17)
s=0
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Using Lemma|[I2] again, we can verify that

N
. « 1 i
@]l < lla: —a”[| + 7 > IVaL(w}, ap)|

=1
77 * 7 *
< 6Kt 2 (I (117 + (x— 1) (@ — @) + (7~ 9(}) a”])
k—1
< 6K, + TR T a4 Tar
2T 2
< 8K,. (E.18)

t—s
Similar to (A7) with oy = (1 - %) , We can guarantee

i (1 — ’7<7T47T1)>t_s a, €| <

n

pord N pored 47 N
log(2/d
< 4cK? %(/) (E.19)
with probability at least 1 — §. Now take T, = %% log (1). Plugging (E-T9) into (ET7), together
with the concentration inequality (A-T9), we have for any 7,, < ¢ < 19) (n=2)
~1)\° log(2/0
Ha't_a*||2§ 1_77(77 ) ||ao—a*||2+4cK§ 770g( / )
47 N
2menklog(t/6
4 TP OB /9) ]\(;g( [O) k2 4 1omek? + 2K
<éellag — a*|* + VeK?2 + K2 4 121eK? + 2ne’ K2
< 2V/eK2. (E.20)
With this upper bound, we can refine (EI8) by
~ 2 |2 2 1 . RN 2
lacll® < 2fla; —a”||" + 20" & Y IVaL(wi,a)|* < 8VeK:.
i=1
Consequently, the bound (E:I9) can be improved to
t—1 t—s
n(r—1) T 5 [net/?log(2/9)
D e B e
Then we can guarantee that for any 27, < t < 5(77_2),
-1\’ log(2/6
o'l < (1= TT0 ) g - a P dencty )
2menk log(t/d
+ %g(/)f(g + 127eK? + 2’ K2
< ellag — a*||? + /K2 + K2 4 121 K2 + 2ne’ K2
< BKR2 (E.21)
Repeating the refinement from to (E-2T)) for at most log(1/€) times, we can show finish the
proof. O

E.3 Conclusion

Theorem [3| restated. Suppose the initial point (vo, ag) satisfies ag a* > 7,/32 and ¢y < ¢

For any € > 0, we choose n = ck:2|\1a*\|2 dlog(lg]e\l/e&) for some absolute constant ¢ > 0. If [ <

< min {1, ka2 %} and € < min{N~,d~!, dk~2}, then £(vr,ar) = O(¢K?2) holds with

e o ~ dk?4
probability at least 1 — é where I’ = O ( Ne )
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Proof. According to the dynamic of a;, we know

17 (a; —a*) = <1 - W) 17 (a1 —a*) + A (]1[ Zg(qSLI) — 7r> 17a" +n17e_

27 27 =
1 t t—1 E_1 t—1—s
— 1_77(7T+k ) 1T(CL0—CI,*)—|—7’] 1_77(7T+ ) 1T65
2w 2w

s=0 =1
It follows from (E:14) that
t—1 t—1—s N
7 n(m+k—1) 1 i 5me
— 1-— — — < —. E.23
2752_;( or N;g(‘bs) ) A ey (E.23)
Using Lemma|[TT]1), it holds that
t—1 t—1—s
nm+k—1) T nlog(1/6)
_ < . .
n 22:0 <1 o 17e,| < cK, 5 (E.24)

Plugging (E.23) and (E.24) into (E.22)), and taking T} = %ﬁfg_l log (1), we can have

Hme
1T —_a®l < lT % Ka 717' *
| (a; a)|_e| (ag a)|+ﬁ +7r+k:—1| a®|
Sme
< eVEK, K, +—2% 11Tq*
< eVEkK, + Ve + e
< 2V/eK,, (E.25)

where we used |17 ay| < |1Ta*| and € < 1/k. Invoking Lemma|§| and the normalized network in
[2), we know

1 -1 -1 -1
(v, a) = Liw,a) = | [”% a2 + T Hal? - S LT

+ %(1%*)2 + %(lTa)Q - ;(lTa)(lTa)]

_ -1 a2, T—9@) 1, LT 2
—2{271_ la —a*||* + - aa—&-Qﬂ_\l (a—a")|*|. (E26)
Similar to (E14), for any ¢ > T,,, we also have
T —g(¢:) = 9(0) — g(¢1) < (7 — ) siny - ¢y < e - ¢y < Te. (E.27)

. . A dk*
Invoking Lemma and|5|to (E:26), together with (E:27), we conclude that for 7' = O (m) ,

1 /15 " %
for.ar) < 5 (et + dlarl o] + 40k ) < o],

with probability at least 1 — 4. O
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