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ABSTRACT

We propose parameter-free Federated Learning (FL) algorithms based on FedProx.
Learning rate-free optimization has been studied in single-node settings, with DoG
and its extension DoWG exhibiting strong theoretical and empirical performance.
To exploit their success in multi-node FL, we leverage a key insight: a structural
similarity between the lemmas for convergence analyses of DoG/DoWG and
those of the proximal point algorithm that underlies FedProx. Based on this, we
propose two novel FedProx-based algorithms—FedProxLoD and FedProxWLoD-
which adaptively determine the proximal weight, serving as FL analogues of
DoG and DoWG. We demonstrate tight heterogeneity-aware convergence rates for
parameter-free FL that explicitly reflect the impact of data heterogeneity across
clients, and show that the proposed algorithms can outperform DoG and DoWG
as heterogeneity decreases. Through large-scale numerical experiments on both
convex and non-convex models, we validate the effectiveness of the proposed
methods. Notably, FedProxWLoD achieved competitive performance with pre-
tuned beseline algorithms under moderate data heterogeneity settings.

1 INTRODUCTION

For advanced collective intelligence involving image, speech, and natural language processing,
training large-scale models using extensive computational resources is essential. Federated Learning
(FL) McMabhan et al.| (2017); Kairouz et al.| (2021); |Konecny et al.| (2016)); [Konecny| (2016)) is
a promising approach for this purpose, as it enables the utilization of distributed computational
resources. However, maximizing learning performance in FL typically requires careful pre-tuning of
parameters, such as the learning rate. This tuning process is time-consuming and computationally
expensive, especially when training large-scale models. Therefore, the key objective is to develop
parameter-free FL algorithms that eliminate the need for such manual tuning.

Limited to single-node model training, various learning-rate-free optimization algorithms have been
explored. Notable examples include line search methods Nesterov| (2015)); |(Grimmer| (2024), Polyak
stepsize |Polyak| (1987); Hazan & Kakade| (2019)); Takezawa et al.| (2025)), Stochastic Polyak Step-
size (SPS)|Loizou et al.|(2021), coin betting with normalization (Orabona & Pal| (2016); (Orabona
& Cutkoskyl (2020); |Orabonal (2023), bisection search (Carmon & Hinder| (2022), D-Adaptation
Defazio & Mishchenko (2023)), Distance over Gradient (DoG) [Ivgi et al.|(2023)), and its weighted
gradient extension, DoWG |[Khaled et al.| (2023)). Among these, DoG and DoWG are particularly
promising, providing theoretical convergence analysis for convex loss functions. Despite this the-
oretical limitation, both methods demonstrate strong empirical performance across a variety of
benchmarks, encompassing both convex and non-convex deep learning models. Notably, DoWG
addresses early-iteration instability in DoG, leading to improved overall performance.

In contrast, for multi-node FL settings, adaptive gradient methods such as momentum |Qian/ (1999)),
AdaGrad Duchi et al.| (2011); [Levy et al.| (2018)); |[Ene et al.| (2021]), Adam [Kingma & Ba| (2014);
L1 et al.| (2023)), have been widely adopted in FL, including FedAvgM Hsu et al.| (2019), FedOpt
Reddi et al.| (2020), and FedAMS [Wang et al.| (2022). However, these algorithms require careful
parameter tuning, most notably the learning rate. FedSPS Mukherjee et al.|(2023) is arguably the first
attempt to incorporate a learning-rate-free optimizer (SPS) into FL. Nevertheless, it still demands
tuning of auxiliary parameters, such as the normalization coefficient and threshold used in learning
rate estimation. Furthermore, it lacks a tight heterogeneity-aware convergence rate that explicitly
captures the impact of data heterogeneity among clients. This limitation also applies to more recent
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Table 1: Comparison of algorithms. The second column categorizes each algorithm based on whether it is
parameter-free, applicable to FL settings, and heterogeneity-aware convergence rate. The third column presents
the number of iterations to achieve an e-accurate solution for general convex functions. For our algorithms,
assumptions of G-Lipschitz function, {-data heterogeneity, and interpolation condition are given in Assumptions
and|[6] respectively. Note that ¢ < O(G) always holds.

Algorithms

Parameter FL Heterogeneity
-free -aware rate

Convergence rate for Assumptions

. iop*! C-Lipschitz L-smoothx2 Data Interpolation
general convex function™ ;105" Ficion heterogeneity condition

Gradient descent/Bubeck et al.|(2015) - - - O( G;Dﬁ ) v - - -
AT

DoG|Ivgi et al. (2023} v - - O(GéQD“ ) v - - -
~ 2

DoWG|Khaled et al.|(2023} v - 0(% P v - - -

FedAve Karimireddy et al.|(2020} - v v o (Vi* 4 L) - v (¢, B)-BGD)*

FedProx [Li et al.|(2020) - v v O(LB2) - v V((0,B)-BGD)** -

FedProxLoD (this work) v v v ol v - V(Assumpls v
AP 3

FedProxWLoD (this work) v v v O(%P) v = v (Assump)5 v

1 Do=||x{®) —x*||: Distance from initial point. *2: ||V f; (a)=V f;(b)|| < L|ja—bl|| for every a, beR™. *3: (¢, B)-BGD requires
(1/n) 0 IV fi()|1? < ¢ + B[V f(x)]* Assumptionimplies (vV/2¢, v/2)-BGD (see Appendix4

work, PAdaMFed |Yan et al.|(2025)). Thus, heterogeneity-aware and fully parameter-free FL remains
a largely unexplored and promising research area.

In this paper, we propose FedProxLoD and FedProxWLoD, two heterogeneity-aware, fully parameter-
free FL algorithms. Motivated by the theoretical and empirical success of DoG and DoWG, we
identify a key insight: a structural similarity between the lemmas used in convergence analysis of
DoG/DoWG (Lemmal(I]in Section [3)) and that for the classical proximal point algorithm [Rockafellar]
(1976); |Giiler| (1991)), which underlies FedProx [Li et al.| (2020; 2024). This connection naturally
motivates us to extend FedProx into a fully parameter-free FL by leveraging formulations and
theoretical foundations in DoG and DoWG. Our key contributions are summarized as follows:

FedProx-based heterogeneity-aware parameter-free FL algorithms (in Section[d). We first
reformulate FedProx to incorporate an adaptive proximal weight. In the convergence analysis of this
formulation, we derive an inequality (Lemma[2) that closely resembles the one used in the convergence
analyses of DoG and DoWG (Lemma [T). We then incorporate the loss difference between the
central server and clients, expecting heterogeneity-aware convergence rates. By leveraging structural
similarities between the lemmas, we can derive an adaptive determination of the proximal weight.
Specifically, the proximal weight is adaptively computed based on the (Weighted) Loss difference
over Distance (LoD/WLoD), as formulated in (€). Thus, we refer to our proposed algorithms as
FedProxLoD and FedProxWLoD.

Heterogeneity-aware convergence rates for parameter-free FL (in Section[d). We provide a
convergence analysis of the proposed algorithms under the following assumptions: (i) the local loss
function is convex and G-Lipschitz (Assumption[d), (iii) the variation in local gradients due to data
heterogeneity is bounded, characterized by ¢ (Assumption[3)), and (iv) interpolation condition. The
main results are presented in Theorem [2] with the corresponding convergence rates summarized
in Table[I] Our analysis yields tight, heterogeneity-aware convergence rates, which demonstrate
potential improvements over DoG and DoWG as data heterogeneity among clients decreases (i.e.,
¢ — 0). Although convergence rates of many (non-parameter-free) FL algorithms have been derived
under L-smoothness assumption [Karimireddy et al.|(2020); Woodworth et al.[(2020)), our analysis
does not, implying that it accommodates (non-smooth) general convex objectives.

Large-scale empirical validations (in Section[5). We conducted large-scale validations on both
convex and non-convex (deep learning) models across image classification and natural language
processing tasks. In both scenarios, the proposed FedProxWLoD achieved competitive performance
compared to SCAFFOLD [Karimireddy et al.| (2020) with pre-tuned parameters. These results
demonstrate that the potential of FedProx is realized through our fully parameter-free approach.

2 SETUPS

The problem is formulated as the minimization of a sum of local loss functions f;, each corresponding
to a client i € [n} as minye x{f(x) = %Z;;l fi(x)}, where the assumptions used for our
convergence analysis in Section[d] are summarized below:

Assumption 1 (Convex). A function f; is twice differentiable and convex for every i € [n].
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Assumption 2 (Closed convex). Domain X C R™ is a closed convex set.

Assumption 3 (Global minimizer). There exists a minimizer x* € X of f.

Assumption 4 (G-Lipschitz function). f; is G-Lipschitz; namely, there exists G(> 0) such that
|fi(a) — fi(b)| < G|la — b|| holds for every a,b € R™ and i € [n].

Assumption 5 (¢-bounded data heterogeneity). There is a constant (> 0) such that holds ||V f;(x) —
Vfi(x)|| < foreveryx € R™ and i, j € [n).

Assumption 6 (Interpolation condition). x* is minimizer of f; for every i € [n] under Assumption

Remark 1. Assumptions are well-used in the optimization field. Under Assumption [ ¢
in Assumption [3] satisfies ¢ < 2G since |V fi(x) — Vf;(x)|| < VLX) +[|[Vfx)| < 2G.
Furthermore, we expect that { < G in FL scenarios with low to moderate heterogeneity. In particular,
when the distributed datasets are i.i.d., we have { ~ 0.

Remark 2. Relationship between our used assumption and (¢, B)-Bounded Gradient Dissimilarity
(BGD) in [Karimireddy et al.| (2020) is discussed. The local objectives {f;}" , satisty (¢, B)-
BGDif L Y1 [[Vfi(x)|* = C+B?|Vf(x)|?, Vx, f=1 30 fi If Assumptionholds, then
(\/@Q \/§)-BGD holds (see Appendix .

Remark 3. Assumption [f]is introduced solely to ensure the monotonic decrease of the quantity
[xi* — x*||2. This assumption naturally holds in interpolation regimes, such as in (approximated)
kernel methods, overparameterized deep neural networks, where the training loss is minimized to
zero [Jacot et al.|(2018)); /Allen-Zhu et al.|(2019). Moreover, the combination of Assumptions |§| and |§|
is not redundant in the general convex settings, as local client minimizers may not be unique; without
collaboration, the resulting solutions may differ across n clients.

3 PRELIMINARIES

Section[3.T]introduces a brief overview of DoG and DoWG, learning-rate-free optimization algorithms
for single-node settings. Section [3.2]provides FedProx as a baseline FL algorithm.

3.1 DOG AND DOWG: LEARNING-RATE-FREE OPTIMIZATION WITHIN SINGLE NODE

As discussed in Section[I] several approaches have been proposed for learning-rate-free optimization
in the single-node setting. Among them, DoG |Ivgi et al.|(2023)) and its extension DoWG Khaled et al.
(2023)) demonstrated notable theoretical and empirical success. In this context, the projected gradient
descent update for the parameter x € X, using an adaptive learning rate n(*) (> 0), is given by

x(HD =1, (X(t) — n(t)Vf(x(t))), 1)
where f denotes loss function and I1 y is projection on domain X

In DoG and DoWG, the learning rate is given by Distance over (Weighted) Gradient; namely, it is
determined by the (maximum) distance between the initial point and the observed iteration ¢, denoted
by (V) = maxy<y ||x(t) —x© || over (running sum of) gradient norm as follow:

- 0 =, [DoWG] n® = (r)? =.
\/Zkgt [V ™) \/Zkgt(r(k))2 |V F®)||

These adaptive learning rates are motivated by the following inequality, which is commonly used in
convergence analysis in DoG and DoWG.

[DoG] ¥

@

Lemma 1 (Ivgi et al.| (2023)). Suppose that f is convex, and has minimizer x* € X. Define
d® = ||x") — x*||%. For the iterations generated by , we have

FO) = 16) € o ()7 = (@049)%) + 12 o)

2
In Lemma |1} the RHS consists of two terms: the one-step distance (d(*)? — (d**1))? and the
gradient norm ||V f(x("))||2. As detailed in Appendix A} a weighted summation of Lemma yields
a convergence rate. While the specific weighted strategies differ between DoG and DoWG, their
convergence rate orders remain the same, as shown below.
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Theorem 1 (Convergence rates of DoG|Ivgi et al.[(2023)) and DoWG Khaled et al. (2023)[1_-]). Suppose
that f is convex, has minimizer x* € X, and G-Lipschitz. Let {x(t) M, be the iterates generated by
(1) using adaptive learning rates in (2), we have:

GDU)

F&) - fx) < O =

where x(T) = L STV x®) and Dy = ||x© — x*||.

Although DoG and DoWG share the same theoretical convergence rates, several numerical experi-
ments in|Khaled et al.{(2023)) demonstrated the practical advantages of the adaptive weighting scheme
employed in DoWG in (2). This benefit is likely because the adaptively weighted scheme in DoWG
helps mitigate the unstable behavior that often occurs around early iterations.

3.2 FEDPROX: A BASELINE INCORPORATING FL-SPECIFIC PARAMETERS TO BE PRE-TUNED

As outlined in Section[I] we adopt FedProx as our baseline FL algorithm. Let x € X denote the
global parameter maintained by the central server, and let x; € X" represent the local parameter on
client i € [n]. The objective is to find a global parameter x that minimizes the global loss function
defined as f(x) = L% | f;(x), where each f; is the local loss function associated with client ,
which may hold a statistically-biased local dataset D;. FedProx proceeds by iteratively alternating
between: i) local parameter updates on each client, and ii) mixing of the local parameters on the

central server:

. 1 (D) . ‘ I H ()
[Client 7] x; argbrlrg;{l(fz()’) + o [|IY ™%

)

2 1 n
S (t+1) _ = (t+1) 3
), [Server| x an , (3)

where x() is given, and p (> 0) is the proximal weight that must be pre-tuned. Since y is an
FL-specific parameter that controls the proximity between global and local parameters, improper
tuning can adversely affect the performance of FedProx.

(t+1)

To solve the subproblem in , each client updates its local parameter such that x, satisfies

V) + px D — x0) € —orTp (x), )

3

where subdifferential operator O is used as Iy can be interpreted as a function including non-
differentiable points:

0 (xedi)
oo (otherwise)

M) = { 0
Since (@) is generally intractable in closed form for complex loss functions (e.g., deep learning
models), FedProx implementations typically approximate it by performing multiple iterations of the

following update: x\"™ = Ty (x\" — n(V fi(x") + u(x" — x®))), which can be interpreted
as solving a quadratic approximation of f; around the current iterate xl(-t) (see Appendix . In
practice, FedProx requires careful tuning of hyperparameters—most notably the proximal weight
(and learning rate 7, when using the approximated local update rule)—to achieve good performance.
While Appendix [E] provides empirical evidence underscoring the importance of this tuning, the
reliance on such pre-specified hyperparameters highlights the need for parameter-free FL algorithms
that remove time-consuming manual tuning.

4 PROPOSED ALGORITHMS

In this section, we propose FedProxLoD and FedProxWLoD—parameter-free FL algorithms built
upon FedProx—and present their convergence analysis.

ISince their analysis strategies differ (DoG provides high-probability bounds, whereas DoWG also presents
deterministic bounds), we include Appendix E]to derive deterministic bounds for both DoG and DoWG.
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Algorithm 1 Proposed Algorithms (FedProxLoD and FedProxWLoD)

1: Tnitialization x(© = x%) = x{% r(©)(> 0),u® (> 0),w{”) =0

2: if (FedProxLoD) pu(® = r(©) //4(0), else if (FedProxWLoD) pu(¥ = (r(©)2 /v/4(0) end
3: fort=0,1,...,7—1do

4: > Client procedure

fori=1,...,ndo
i1 ) () t
Xz(' +1 = argmlnyex (fz(y) + ll«2 ”y - XI()e?st||2)
end for

r-[‘ransmitClient 1—Server (Xl('t+1) ’ fi (xl('t+1) ))

> Server procedure
10 x+D) — ;Zn LD

o e W

1. 0+ = r;ax{lﬁx(“'l) - X(O)H’ T(t)}

n () n
120 ACFD = 5O - maxf f(x D) = L3 fi(x ) — 2 S k(Y = x @2, 0}
13:  if (FedProxLoD) then

14: Wt = () L A(+D)
15: ptt) = \/u(t+1)/r(t+1)
16: wgtﬂ) = min{ “Lt(t)l) ,1}r(tHD
17:  else if (FedProxWLoD) then
18: Wt = () (r(t+1))2A(T+1)
19: /'l’(t+1) =/ u(t+1)/(r(t+l))2
t+1 . (t+1)

20: wg ) = mm{i’um ,1}(7'(”1))2
21:  endif
22: wétﬂ) = wét) + wgtﬂ)

t+1 t)_ (t t+1
23: (()ut ) = w(t1+1) ( é)x(()u)t + wZ(L )X(t+1))
24: xéi:;l) = arg minxe{xgr_m, <y f(x)
25: Transmitserver—sn clients (X;(;;:l), M(tJrl))
26: end for

Main idea. First, we begin by extending the FedProx procedure in to allow the proximal
weight to vary adaptively across iterations ¢. Specifically, the client update in (@) is replaced

with x\"™) = arg mingcx (fi(y) + % |y —x®]]?), where the adaptive proximal weight ® is

dynamically determined on the central server and broadcast to all n clients.

To determine 1Y) based on observable quantities (e.g., gradient norm or training loss), we derive a
key inequality analogous to that in Lemma[I] This inequality is inspired by the convergence analysis
of the proximal point algorithm Rockafellar| (1976); |Giiler| (1991)), which underlies FedProx and
exhibits a structural similarity to Lemma[I} While detailed derivations are presented in Appendix [C|
following Lemma [2]is obtained based on two core properties: i) the convexity of f;, which yields as
fi (xgtﬂ)) — fi(x*) < (Vi (X§t+1)), xgtﬂ) — x*); ii) gradient bound derived from local parameter
update rule in , given by Vfi(xl(-tﬂ)) € —u(t)(xgtﬂ) —x®) — aHX(XEt+1)).

Lemma 2. Suppose that Assumptions hold. For the iterations generated by employing
adaptive proximal weight ), we have

() 1
DY _ () < P ((a®)? Z (gtFD)?) £ S A(HD
FOD) = 1) < o ((00)7 = (@00)7) oAl
where AUTD = 1® mase [ (D) — L0 fi(™) — 2 570 [ — x(0]12,0}, and

% 2n
we call this loss difference.

In Lemma[2] we introduce the loss difference A, which enables heterogeneity-aware convergence
rates derived later in this section. Comparing Lemmas|T]and 2] we observe a clear structural similarity,
aside from the use of the loss difference in place of the gradient norm and the substitution of the
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proximal weight for the learning rate. This observation naturally motivates an adaptive determination
of the proximal weight. Analogous to the learning rate formulation in DoG/DoWG, the proximal
weight is expressed as the (Weighted) Loss difference over Distance, referred to as LoD/WLoD, as

Ve A® NONUCIDNG

[FedProxLoD)] u(t) = +——+——, [FedProxWLoD] N(t) = (r®)2

. (6)

r®

Algorithm construction. Based on the FedProx with adaptive proximal weights in (6), we
construct the FedProxLoD and FedProxWLoD, as detailed in Algorithm[I] The core procedures—local
model updates on each client and mixing on the central server in (3)—are implemented in Lines[6]
and [I0] respectively. To compute the proximal weight as defined in (6], the maximum distance
concerning the al parameter (**1) | is computed in Line and the loss difference A+ is

updated in Line (12| To compute the loss difference A**1), both the global loss f(x(*+1)) and the

local loss f; (xEHl ) are required. This involves: i) computing the global loss on the central server,

which requires access to a balanced subset of data from all n clients, and ii) transmitting not only n
local models but also local loss values computed on the client’s training datasets as in Line[8] Using
computed distance r(**1) and loss difference A(**+1), proximal weight ;(**1) is updated through

Lines [[3H21]

However, to establish a rigorous convergence analysis when updating proximal weight z(*t1) using
distance r**1) and loss difference A(*+1) additional model merging on the central server, specified
in Lines[22H24] is required. On the RHS of Lemma the loss difference A+ is scaled by 1/u®)
rather than by u(**1). To update ;(**1) consistently with A1), we multiply both sides of Lemmal2]
by min{ %, 1}. Summing over iterations with two weighing schemes, following DoG and DoWG,
then yields the following:

Lemma 3. Suppose that Assumptions [0l hold. For the iterations generated by (3) employing
adaptive proximal weight %), we have

[FedProxLoD)]
— . ou® (t) (t+1) . — r®u® (1))2 _ (g(t+1))2 A (t+1)
=0 t=0 t=0
[FedProxWLoD)]
T-1 ) T—1, (£)\2,,(¢) T=1 ()2
] M . (ri)2p 2 2 (r'")
; mm{u(tﬂ) ) 1}(T(t))2(f(x(t+1))—f(x )) g;Z((d(t)) — (dt+D) ) +; LD A+

To handle the extraneous coefficient min{ %, 1} on the LHS of Lemma , we introduce the model

merging (Lines 22H24). This allows the expression to be recast into a standard form commonly
employed in convergence analysis, with the details provided in Appendix [C}

Convergence analysis. Using Lemma[3] a convergence analysis of FedPRoxLoD/FedPRoxWLoD
in Algorithm(I]is provided, with details presented in Appendix[C] As shown in Lemma([IT]in Appendix
the loss difference included in the RHS of Lemma [2|can be bounded as A#+1) < O(¢G) under
certain assumptions. On the other hand, the corresponding term in Lemma [I] can be bounded as

[V f(x®)||> < O(G?). This distinction is clearly reflected in the convergence rates presented below.

Theorem 2 ((Informalf] convergence rates of FedProxLoD and FedProxWLoD). Suppose that
Assumptions[IH3| hold. For the iterations generated by Algorithm[I|and a certain large T, we have:

mDo)
T )

Fxien = 1x) < O

(T)

where X, = arg Ml e 7)oy f(x).

?Formal statement is given in Appendix
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Theorem 2] demonstrates tight heterogeneity-aware convergence rates for FedProxLoD and FedProx-
WLoD, enabled by the use of loss difference in Lemmas[2]and 3] Both algorithms perform better
as data heterogeneity decreases (¢ — 0). Moreover, { < 2G holds under Assumptions ] and [5] as
discussed in Section [2] This implies that the convergence rate in Theorem [2] can be bounded by

O( (f/%) ), which matches the rate in Theorem [1|for single-node parameter-free optimization. This
result highlights the benefit of distributed optimization using multiple clients.

Implementation techniques. As empirically used in the original FedProx, the approximated
(t+1)
My (x — OV £;(x) + u®(x? — x(1)))) can be iteratively applied for multiple steps. Under
this approximation, existing learning rate-free optimization methods such as DoG and DoWG can
be employed to determine 1(*). The complete procedure is detailed in Algorithm in Appendix @
and it is used in the numerical experiments in Section E} It is important to note, however, that the
convergence rates shown in Theorem [2] are based on the original formulation of Algorithm [T} and do
not consider the potential impact of this approximation.

update rule can be applicable in Line @ in Algorithm Specifically, the update: x

5 EXPERIMENTS

We empirically evaluate the proposed algorithms using image classification and natural language
processing tasks. The main goal is to assess whether the proposed parameter-free FL algorithms
can achieve comparable to, or better than, baseline FL algorithms with pre-tuned parameters. The
experimental setups are described in Section and the results are presented in Section

5.1 EXPERIMENTAL SETUPS

NW configuration and data distribution. The network configuration consists of a central server
andn = 15 clientﬂ Communication between the central server and the clients is permitted once
every K = 100 local parameter updates. To empirically evaluate the impact of data heterogeneity,
the training dataset is partitioned across the n clients according to a Dirichlet distribution with
parameter « € {1,0.1}|Vogels et al.|(2021)). Smaller values of « correspond to a strongly imbalanced
heterogeneous data setting. Consequently, each client may hold a different number of data samples.
The resulting data distributions for each dataset across the n clients are visualized in Figure[T}

Comparison algorithms. We compare FL algorithms in the following categories:

(C1)-(C7) Fundamental FL algorithms requiring parameter pre-tuning. We evaluate the follow-
ing algorithms: (C1) FedAvg McMahan et al.[(2017)), (C2) FedAvg with Momentum (FedAvgM) Hsu
et al.| (2019)), (C3) FedProx |Li et al.|(2020), (C4) SCAFFOLD [Karimireddy et al.[(2020), and FedOpt
variants—(C5) FedAdaGrad and (C6) FedAdam [Reddi et al.| (2020), and (C7) FedSPS Mukherjee et al.
(2023). All algorithms require parameter pre-tuning. For (C1)-(C6), we employ cosine annealing
as the learning rate scheduler, reducing it by a factor of 1/10 during training. The initial learning
rate is selected from n € {1,0.1,0.01,0.001}. For (C3) FedProx, we additionally tune the proximal
weight within o € {0.1,0.01,0.001}. For (C4) SCAFFOLD, we tune the learning rate by setting the
global and local learning rates equal. For the learning-rate-free optimization (C7) FedSPS, we tune
the normalization coefficient ¢ € {0.1, 1.0}.

(P1)-(P2) Proposed parameter-free algorithms and their ablations (P1°)-(P2’). For the proposed
algorithms, (P1) FedProxLoD and (P2) FedProxWLoD, we adopt the version in Algorithm E] in
Appendix D] as its local update procedure is suitable for non-convex deep learning models. As their
variants as ablations, we empirically examine the effectiveness of extra model merging on the server
(Lines 22H24]in Algorithm I]) for each (P1) and (P2).

Tasks and models. Theoretical convergence analysis in Section[d]is conducted under the assumption
that the loss function is convex. Following prior studies, DoG and DoWG in Section [3.1] we evaluate
algorithms on both convex and non-convex models to demonstrate their practical applicability. Our
benchmark tests are organized into three categories as follows:

(T1) Image classification task with convex model. We evaluate performance on the fashion MNIST
(fMNIST) dataset [ Xiao et al.|(2017) using a convex model. Specifically, we utilize a two-layer

*We also tested using a central server with n = 7 clients, as summarized in Appendix



Under review as a conference paper at ICLR 2026

~
(e
~

v
Q@
a
€
©
"
©
®
o8
[P
S]
e
o
o
€
S
=

Number of data samples

0

01 2 3 4 5 5.7 5.9101112131415
Client index

1 2 3 8 9 10 11 12 13 14 15 11 12 13 14 15

v élie7nt index ’ (E.Iie7nt8in9del§(
Figure 1: Data distributions using n = 15 clients and o = 1: (a) fMNIST classification in (T1), (b) CIFAR-100
classification in (T2), and (c¢) SST-2 classification in (T3).

Table 2: Best test accuracy and test accuracy at last round (last test accuracy) under n = 15 and o = 1. In
the comparing algorithms (C1)-(C7), pre-tuning of parameters was conducted. Despite not requiring parameter
pre-tuning, our parameter-free algorithms (P1), (P2), (P1°), (P2’) achieved competing performance relative to
the best performance of pre-tuned baseline algorithms (C1)-(C7).

Algorithms Parameters (T1) Convex-fMNIST (T2) ResNet-18-CIFAR-100 (T3) BERT-SST-2
Best test acc. Last test acc.| Best testacc.  Last test acc. | Best test acc. Last test acc.

(C1) FedAvg|McMahan et al.|(2 {1,0.1,0.01,0.001} € n 0.8837 0.8820 0.6736 0.6658 0.9278 0.9106
(C2) FedAvgM Hsu et al.|(2019] {1,0.1,0.01,0.001} € 0.8850 0.8825 0.6676 0.6624 0.9289 0.9232
(C3) FedProx|Li etal. (2020 Lodloblodony S | ossts 0.8821 0.6717 0.6652 0.9369 0.9323
(C4) SCAFFOLD (2020) {1,0.1,0.01,0.001} €7 0.8863 0.8843 0.6877 0.6786 0.9266 0.9083
(C5) FedAdaGrad|Redd (2020 {1,0.1,0.01,0.001} € 0.8850 0.8827 0.6551 0.6502 0.9220 0.9117
(C6) FedAdam| {1,0.1,0.01,0.001} € n 0.8835 0.8823 0.6667 0.6596 0.9232 0.9106
(C7) FedSPSMukherjee et al.[(2023 {1,01}ec 0.8829 0.8810 0.6254 0.6241 0.9140 0.9014
(P1) FedProxLoD Parameter-free 0.8782 0.8782 0.6731 0.6729 0.8922 0.8899
(P2) FedProxWLoD Parameter-free 0.8789 0.8789 0.6788 0.6787 0.9220 0.9220
(P1°) (P1) w/o model merge Parameter-free 0.8785 0.8784 0.6688 0.6678 0.8922 0.8899
(P2’) (P2) w/o model merge Parameter-free 0.8801 0.8801 0.6807 0.6795 0.9197 0.9197

multi-layer perceptron with the weights of the first layer fixed (i.e., untrainable) to ensure convexity,
while maintaining a large model size m. This model choice is motivated by Assumption[6] which
holds in interpolation regimes as discussed in Section 2] For this aim, we set a large hidden layer
units 8, 192. We use a batch size of 64, and examine two levels of data heterogeneity o € {1,0.1}.

(T2) Image classification task with non-convex model (ResNet-18). We evaluate performance on
the CIFAR-100 datasets [Krizhevsky et al.| (2009) using a non-convex model, ResNet-18
(2016). Note that the batch normalization layers were replaced by group normalization layers
(2018) to account for potential data heterogeneity in local datasets. We use a batch size of 64, and
examine three levels of data heterogeneity, setting « € {1,0.1}.

(T3) Natural language processing task with non-convex model (BERT). We evaluate performance
on the SST-2 classification[Wang et al| using a non-convex model, BERT [Devlin et al.| (2018),
handling as fine-tuning tasks using a pre-trained model. Experiments are conducted with a batch size
of 32 and two levels of data heterogeneity « € {1,0.1}. To ensure stable convergence, a warm-up
interval of 10 communication rounds for 7 is applied to the comparing algorithms (C1)-(C7).

5.2 EXPERIMENTAL RESULTS

Table [2] presents the best test accuracies and test accuracies at last round (last test accuracies)
under a moderate data heterogeneity setting (o« = 1). For the baseline algorithms (C1)-(C7),
parameters (7, 1) are pre-tuned to yield their best performance. Results for additional scenario
(n € {15,7}, a € {1,0.1}) are summarized in Appendix [E] From Table[2} we observe that SCAF-
FOLD with pre-tuned parameters demonstrated strong performance among the baseline algorithms.
This is expected, as SCAFFOLD incorporates additional control variates into local model updates
to address data heterogeneity. Despite being parameter-free, our proposed FedProxWLod showed
competitive performance compared to pre-tuned SCAFFOLD. Since FL requires substantial com-
putational resources, achieving strong performance without the need for parameter pre-tuning is a
significant advantage. While parameter-free algorithms are typically theoretically analyzed only for
convex functions and often fail in training practical deep learning models, it is noteworthy that our
proposed algorithms empirically overcome this limitation. This effectiveness can be attributed to the
successful exploitation of the analogy with DoG/DoWG. While FedProxLod also demonstrated strong
performance, FedProxWLod is preferable, as it consistently outperforms FedProxLod. Furthermore,
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Figure 2: Convergence curves illustrating (i) train loss, (ii) test loss, (iii) test accuracy, and the evolution of (iv)
learning rate and (v) proximal weight for a part of the benchmark tests.
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Figure 3: Investigation into the impact of data heterogeneity: (a) fMNIST classification in (T1), (b) CIFAR-100
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while enabling extra model merging is necessary for theoretical convergence analysis, it does not
appear to be critically important for improving empirical performance. These empirical findings
suggest that adaptive and optimal tuning of parameters can fully unlock the potential of FedProx.

Figure |Z| presents the convergence curves in terms of train loss, test loss, test accuracy, and the
trajectories of the parameters (7, ). Compared to FedProxLod, FedProxWLod employed a larger
learning rate throughout the learning process (this is shown in|Khaled et al.|(2023)). In contrast, in
both FedProxLod and FedProxWLod, the proximal weight gradually decreased to nearly zero over
the course of the iterations, since the running sum of the loss difference in (6] did not significantly
increase in later iterations. These observations suggest that enforcing stronger model proximity with
a larger learning rate during the early iterations plays a key role in the effectiveness of FedProxWLod.

Given the heterogeneity-aware convergence rates in Theorem[2] we investigated the best test accuracy
across different heterogeneity levels in Figure[3] For each heterogeneity level (c), the heterogene-
ity parameter ¢ from Assumption [5| was estimated by computing the norm of gradient differences
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between two clients over multiple iterations and selecting the maximum observed value. As data het-
erogeneity increases, the performance of both FedProxLoD and FedProxWLoD degraded. However,
FedProxWLoD in particular maintains competitive performance even under strong heterogeneity
levels, providing empirical support for the theoretical claims in Theorem 2}

6 CONCLUSION

We proposed FedProxLoD and FedProxWLoD as heterogeneity-aware parameter-free FL algorithms.
Our key finding lies in the inequality derived for the convergence analysis of FedProx with an
adaptive proximal weight (Lemma[Z). By exploiting the structural similarity between Lemmas [1]
and 2] we construct parameter-free FL algorithms—FedProxLoD and FedProxWLoD-as described
in Algorithm[I] Owing to the use of loss difference in adaptive determination of proximal weight
(in (6)), the resulting convergence rates under G-Lipschitz convex loss functions (Theorem [2) are
explicitly heterogeity-aware—that is, desiring tight convergence analysis is achieved. Moreover, we
show that the proposed algorithms can outperform DoG and DoWG as data heterogeneity across
clients decreases. Through large-scale numerical experiments across both convex and non-convex
models, we validated the effectiveness of the proposed algorithms. Notably, FedProxWLoD achieved
performance competitive with parameter-tuned SCAFFOLD. This is a surprising result in the FL
field, where many parameter-free algorithms often underperform in training practical (non-convex)
deep learning models.

Ethics statement Our work does not involve human subjects, dataset release practices, or related
issues; therefore, we identify no ethical concerns.

Reproducibility statement For reproducibility, we provide both appendix sections and source code
as supplementary material. For the theoretical results (e.g., Theorems[I]and [2), the corresponding
proofs are given in Appendix [A]and Appendix [C] respectively. For the empirical results, a detailed
description of Algorithm [T]and additional experimental results are presented in Appendix [D] and
Appendix [E] respectively. The source code used in the experiments is also provided as supplementary
material.

REFERENCES

Zeyuan Allen-Zhu, Yuanzhi Li, and Zhao Song. A convergence theory for deep learning via over-
parameterization. In International conference on machine learning, pp. 242-252. PMLR, 2019.

Sébastien Bubeck et al. Convex optimization: Algorithms and complexity. Foundations and Trends®
in Machine Learning, 8(3-4):231-357, 2015.

Yair Carmon and Oliver Hinder. Making sgd parameter-free. In Conference on Learning Theory, pp.
2360-2389. PMLR, 2022.

Aaron Defazio and Konstantin Mishchenko. Learning-rate-free learning by d-adaptation. In Interna-
tional Conference on Machine Learning, pp. 7449-7479. PMLR, 2023.

Jacob Devlin, Ming-Wei Chang, Kenton Lee, and Kristina Toutanova. BERT: pre-training of deep
bidirectional transformers for language understanding. CoRR, abs/1810.04805, 2018. URL
http://arxiv.org/abs/1810.04805.

John Duchi, Elad Hazan, and Yoram Singer. Adaptive subgradient methods for online learning and
stochastic optimization. Journal of machine learning research, 12(7), 2011.

Alina Ene, Huy L Nguyen, and Adrian Vladu. Adaptive gradient methods for constrained convex
optimization and variational inequalities. In Proceedings of the AAAI Conference on Artificial
Intelligence, volume 35, pp. 7314-7321, 2021.

Benjamin Grimmer. On optimal universal first-order methods for minimizing heterogeneous sums.
Optimization Letters, 18(2):427-445, 2024.

Osman Giiler. On the convergence of the proximal point algorithm for convex minimization. SIAM
Jjournal on control and optimization, 29(2):403-419, 1991.

10


http://arxiv.org/abs/1810.04805

Under review as a conference paper at ICLR 2026

Elad Hazan and Sham Kakade. Revisiting the polyak step size. arXiv preprint arXiv:1905.00313,
2019.

Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Deep residual learning for image
recognition. In Proceedings of the IEEE conference on computer vision and pattern recognition,
pp. 770-778, 2016.

Tzu-Ming Harry Hsu, Hang Qi, and Matthew Brown. Measuring the effects of non-identical data
distribution for federated visual classification. arXiv preprint arXiv:1909.06335, 2019.

Maor Ivgi, Oliver Hinder, and Yair Carmon. Dog is sgd’s best friend: A parameter-free dynamic step
size schedule. In International Conference on Machine Learning, pp. 14465-14499. PMLR, 2023.

Arthur Jacot, Franck Gabriel, and Clément Hongler. Neural tangent kernel: Convergence and
generalization in neural networks. Advances in neural information processing systems, 31, 2018.

Peter Kairouz, H Brendan McMahan, Brendan Avent, Aurélien Bellet, Mehdi Bennis, Arjun Nitin
Bhagoji, Kallista Bonawitz, Zachary Charles, Graham Cormode, Rachel Cummings, et al. Ad-
vances and open problems in federated learning. Foundations and trends® in machine learning,
14(1-2):1-210, 2021.

Sai Praneeth Karimireddy, Satyen Kale, Mehryar Mohri, Sashank Reddi, Sebastian Stich, and
Ananda Theertha Suresh. Scaffold: Stochastic controlled averaging for federated learning. In
International conference on machine learning, pp. 5132-5143. PMLR, 2020.

Ahmed Khaled, Konstantin Mishchenko, and Chi Jin. Dowg unleashed: An efficient universal
parameter-free gradient descent method. Advances in Neural Information Processing Systems, 36:
6748-6769, 2023.

Diederik P Kingma and Jimmy Ba. Adam: A method for stochastic optimization. arXiv preprint
arXiv:1412.6980, 2014.

Jakub Konec¢ny. Federated learning: Strategies for improving communication efficiency. arXiv
preprint arXiv:1610.05492, 2016.

Jakub Kone¢ny, H Brendan McMahan, Daniel Ramage, and Peter Richtarik. Federated optimization:
Distributed machine learning for on-device intelligence. arXiv preprint arXiv:1610.02527, 2016.

Alex Krizhevsky, Geoffrey Hinton, et al. Learning multiple layers of features from tiny images. 2009.

Kfir Y Levy, Alp Yurtsever, and Volkan Cevher. Online adaptive methods, universality and accelera-
tion. Advances in neural information processing systems, 31, 2018.

Hanmin Li, Kirill Acharya, and Peter Richtarik. The power of extrapolation in federated learning.
Advances in Neural Information Processing Systems, 37:124236-124291, 2024.

Haochuan Li, Alexander Rakhlin, and Ali Jadbabaie. Convergence of adam under relaxed assumptions.
Advances in Neural Information Processing Systems, 36:52166-52196, 2023.

Tian Li, Anit Kumar Sahu, Manzil Zaheer, Maziar Sanjabi, Ameet Talwalkar, and Virginia Smith.
Federated optimization in heterogeneous networks. Proceedings of Machine learning and systems,
2:429-450, 2020.

Nicolas Loizou, Sharan Vaswani, Issam Hadj Laradji, and Simon Lacoste-Julien. Stochastic polyak
step-size for sgd: An adaptive learning rate for fast convergence. In International Conference on
Artificial Intelligence and Statistics, pp. 1306—1314. PMLR, 2021.

Brendan McMahan, Eider Moore, Daniel Ramage, Seth Hampson, and Blaise Aguera y Arcas.
Communication-efficient learning of deep networks from decentralized data. In International
Conference on Artificial Intelligence and Statistics, 2017.

Sohom Mukherjee, Nicolas Loizou, and Sebastian U Stich. Locally adaptive federated learning.
arXiv preprint arXiv:2307.06306, 2023.

11



Under review as a conference paper at ICLR 2026

Yu Nesterov. Universal gradient methods for convex optimization problems. Mathematical Program-
ming, 152(1):381-404, 2015.

Francesco Orabona. Normalized gradients for all. arXiv preprint arXiv:2308.05621, 2023.

Francesco Orabona and Ashok Cutkosky. Ieml 2020 tutorial on parameter-free online optimization.
In Websites: https://parameterfree. com/icml-tutorial/, https://icml. cc/Conferences/2020/Schedule,
2020.

Francesco Orabona and David Pal. Coin betting and parameter-free online learning. Advances in
Neural Information Processing Systems, 29, 2016.

Boris T Polyak. Introduction to optimization. 1987.

Ning Qian. On the momentum term in gradient descent learning algorithms. Neural networks, 12(1):
145-151, 1999.

Sashank Reddi, Zachary Charles, Manzil Zaheer, Zachary Garrett, Keith Rush, Jakub Konecny,
Sanjiv Kumar, and H Brendan McMahan. Adaptive federated optimization. arXiv preprint
arXiv:2003.00295, 2020.

R Tyrrell Rockafellar. Monotone operators and the proximal point algorithm. SIAM journal on
control and optimization, 14(5):877-898, 1976.

Yuki Takezawa, Han Bao, Ryoma Sato, Kenta Niwa, and Makoto Yamada. Parameter-free clipped
gradient descent meets polyak. Advances in Neural Information Processing Systems, 37:44575—
44599, 2025.

Thijs Vogels, Lie He, Anastasiia Koloskova, Sai Praneeth Karimireddy, Tao Lin, Sebastian U Stich,
and Martin Jaggi. Relaysum for decentralized deep learning on heterogeneous data. Advances in
Neural Information Processing Systems, 34:28004-28015, 2021.

Alex Wang, Amanpreet Singh, Julian Michael, Felix Hill, Omer Levy, and Samuel R Bowman. Glue:
A multi-task benchmark and analysis platform for natural language understanding. arXiv preprint
arXiv:1804.07461, 2018.

Yujia Wang, Lu Lin, and Jinghui Chen. Communication-efficient adaptive federated learning. In
International conference on machine learning, pp. 22802-22838. PMLR, 2022.

Blake E Woodworth, Kumar Kshitij Patel, and Nati Srebro. Minibatch vs local sgd for heterogeneous
distributed learning. Advances in Neural Information Processing Systems, 33:6281-6292, 2020.

Yuxin Wu and Kaiming He. Group normalization. In European Conference on Computer Vision,
2018.

Han Xiao, Kashif Rasul, and Roland Vollgraf. Fashion-mnist: a novel image dataset for benchmarking
machine learning algorithms. arXiv preprint arXiv:1708.07747, 2017.

Wenjing Yan, Kai Zhang, Xiaolu Wang, and Xuanyu Cao. Problem-parameter-free federated learning.
In The Thirteenth International Conference on Learning Representations, 2025.

12



Under review as a conference paper at ICLR 2026

A CONVERGENCE ANALYSIS OF DOG AND DOWG

A.1 POSITIONING OF THIS SECTION

This section aims to show deterministic convergence bounds for both DoG (2023) and
DoWG |[Khaled et al.|(2023)). Although this section does not contain our original contributions, it
is included for two reasons: (i) to highlight the differences between the convergence analyses of
DoG/DoWG and our analysis in Appendix [C] and (ii) to provide deterministic convergence bounds
for both DoG and DoWG, whereas [[vgi et al | establishes only high-probability convergence
bounds.

A.2 UPDATE RULES OF DOG AND DOWG

The update rules of DoG and DoWG are illustrated in Algorithm 2}

Algorithm 2 DoG and DoWG

1: Initialization x(9), () (> 0), v(?) (> 0)
2: if (DoG) (@ = r(® /v/v(0), else if (DoWG) n@ = (r(©)2 /v/v(0), end
3: fort =0,1,...,7T —1do
4. X(t+1) — X(t) — n(t)vf<x(t))
50 D) = max{||x®+D — xO), »®1
6
7
8

if (DoG) then
o) =0 4 V£ (x|
ptHD = T(t+1)/, )

0 X

else if (DoWG) then
100 o) =5 4 (rFD)2) 7 (D) 2
11: n(t+1) — (7,.(754‘1’1))2/1 /,U(t+1)
12:  end if
13: end for

A.3 CONVERGENCE ANALYSIS OF DOG[IVGI ET AL.|(2023]) AND DOWG|KHALED ET AL |
(2023))

First, several technical lemmas are provided.

Lemma 4 (Lemma 3 in (2023)). Let s, s ... s(T) be a positive increasing sequence.
Then

X 0 2o\ s, )’
1< £ s e log+(s<€>)
where log , (x) := log(x) + 1.

Lemma 5 (Lemma 4 in (2023)). Let a9, ..., a'T) be a non-decreasing sequence of
nonnegative numbers. Then

Z t)_a(t 1) S2( T a(O)).

Next, proof of Lemma|l'|is given.

Proof. From (), we get
4 2 < e T ) x|
= [lx® —x*||? = 2n(V £ (x),xD — x*) + ()2 V £ (x1)]2.
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Rearranging this, we get
n®
(7). %) =) € o (I =2 = [ =) + L V) 2

From convexity of f, we get f(x(®)) — f(x*) < (Vf(x®),x®) —x*). Integrating these inequalities
results in

(t)
FO0) = 16) € oy (@) = (@0+0)2) + VA 2,

where (d")2 = [|£®) — *||2. This results in Lemma|[i} O

Lemma 6. Suppose that f is convex, and has minimizer x* € X. For the iterations generated by ({)),
we have:

~

iy =1 @ mENOMO]

[DoG| T(t)(f(x(t+1))_f(x*>) < Z 2 ((d(t))2 _ (d(t+1))2> —&—Tz:

t t=0 t=0

[vse]”

(Al) (Bl)
()2 T‘l(r(t))2n(t)

s (@07 =P

(A2) (B2)

Il
o

T—1 2
DoWG] 3 (r)2(f(x+1)— f(x")) < Vi)
t=0

Proof. The weighted sum of Lemma|T|results in the statement. O

Lemma 7. Suppose that f is a convex function with a minimizer x*. For the iterations generated by
Algorithm 2] we have:

T-1

DoG] > ()~ fax)) < 2 [@" 41 D] VulD,
t=0
T-1

DowG] 3" ()2 (F(x) ) < 2D [A 4] Vol
t=0

where E(T) = max;<7 d¥).

Proof. For RHS term for DoG in Lemmal6] we get

-1

24, = Z F((d(”) — (d)? )
ry

’ﬂ

\/U(t)( d(t) d(t+1)) )

t

= (dO)*V/p© — (@) U<T—1>+Tf(d<ﬂ)2(m_m)

t=1

Il
=}

'ﬂ

-1

< @)V = (@) Vom0 + @) 37 (Vo = Vel
t=1
< V@D (@) - (@)
DEpT-,

where ()2 — (d®)2 = @ + )@ — d®) < [[d” — d® (@ + d®) < 4r®7" is used
in the last line.
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For another RHS term for DoG in Lemmal6] we get

T-1
2
2B, = Z r®p® HVf(x(t))H
=0

T—1 . (t))2
- (7«(0))2 v(0) 4 ; (\T/UTZ) va(x(t))H2

t
(HTN2/p(0) 4 (1)) [ o(T=1) _ /3(0)

< Q(T(T))Q\/U(Tfl).

IN

Integrating these inequalities and Lemma 6] results in

T-1

rO (60) = fx)) <20 87 47D /oT-0),

t

Il
=)

For RHS term for DoWG in Lemmal6] we get

~ (r0)?
77(75)

((d®)? = (@)
= \/U(T)((d(t))Q _ (d(t+1))2)

= (d©)*V/p©) — (JT))%/Wff(d(w)?(\/vTL V=)

—1

< (@) V0 — (@) VAT @) 30 (Ve - V)
t=1
< VAT (@) - (@™)’)

< 4T(T)E(T)

=

o(T-1),

where ()2 — (d®)2 = @ +a®)(@? — a®) < [d” = d® @ + d») < 40T is used
in the last line.
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For another RHS term for DoWG in Lemmal6] we get
T-1

2
2B, = 3 (1) ||V £(x )|
t=0
(002 /2,(0) Tﬁl(r())él (t)
_ 0 v H
()2 +;mH F(x)
T-1 (t))2 2
< (b2 /o) o (2§ (7 Hv ®) H
< (VO + (00?5 S [
-1 fu(t) - v(til)

Integrating these inequalities and Lemma 6] results in

T-—1
SO (£x) = fx)) < 20D [@7 4 D] VoD,
t=0

Finally, proof of Theorem I]is shown.

Proof. Under the assumption of G-Lipschitz function f, Lemma([7]for DoG is reformulated as

T-1 T-1
SO (5™ = fx)) < 2M@T O] STV
t=0 t=0

< 2rME" 4 M)GVT.

By normalizing this, we get

T—-1 —(T)
1 . 2[d " +r"MGVT
T > ¥ (f(x(t)) - fx )> <2 71 T<]t> ~
t=0 T t=0 2oi=0 ¥

Using Lemma[d] we get

1T 21
ZT(T)—E s A = e

t=0

‘We now have two cases:

DIET > 2log, 2 ie. r_ _1> T ___  we get
W= 2logy o 1 1o O = 210g, Fy O 8

FRD) = 7)< s 3 7O (760) - 1))
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where we used r(T) < Dy and E(T) < Dy because the diameter of X’ is bounded by Dj.

2log T(% . .
—==—, we get following by using Cauchy-Schwarz.

(i) IfT < 2log, HB5.ie.1<

JED) = f(x) < (VFERY), RO - x7)
< IVFED) IR — x|
<GD
< 2GDlog, T&

- T
< 2GDlog, Tﬁ)))
- VT

-0(2%).

Similarly, Lemma 7| for DoWG can be reformulated under the assumption of G-Lipschitz function f:

> (s —f(X*))S2T(T)[d(T)+r(T)]\ > rOR ||V )

t=0 t=0

<2 M@ 4 D) | )2 3 |V (x®

2(r™2[@" + r™IGVT.

By normalizing this, we get

L N0 o[d™ + 1 MIGVT
—r 1 ) (fxY) - f(x7)) < .
Zthol(r(t))z =0 v ( o | )> Zﬂ:_ol(:%)—))z

Using Lemma[d] we get

-1 ) )2 1 ( T ) 1 ( r >
(7 N B I
) @y ) )

‘We now have two cases:

2
(1)IfT>210g+<(0)),i.e., T, 1>
log

T-1

SR = ) £ s > P (x00) - 1)

T—1
t=0 (T(t))2 t=0

_8d” M

=TT 08 "0y
< 16DyG Dy

=TT Ogm
6(1C),

where we used (1) < Dy and E(T) < Dy because the diameter of X is bounded by Dy.

17



Under review as a conference paper at ICLR 2026

2 2log
) IfT < 2log, (%) ,ie, 1< Og%, we get following by using Cauchy-Schwarz.

FERY) = f(x) < (VERD), 20 - x*)
< VAERO) R - x|
<GD
< 2GD log+(
- T
_ 4GDlog, 55
- VT

~ 1 DoG
=0(—%=)-
7)

)2

D
r(0)
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B AN INTERPRETATION OF APPROXIMATED SOLUTION OF LOCAL UPDATE IN
FEDPROX

Local update rule in (3) is rewritten as

2
x( Y = argmin(fi(y) + £ Hy — x(t)H )
YEX 2

Approximating local loss function around current model xgt) as fi(y) = f; (x(t)) +(Vfi (x(t))7 y —

i 7

xl(.t)> + %}, lly — xz(-t) ||?, an approximated solution is obtained as

1
VEHED) + = (v =) + u(y —x®) =0,

/

namely, we get

/

Ui
y = x = L (VA7) 4l = x)).

(t+1)

7

Replacing’ = —L—,andy = x results in

1+np

)
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C CONVERGENCE ANALYSIS FOR PROPOSED ALGORITHMS

Convergence analysis for the proposed algorithms, FedProxLoD and FedProxWLoD, introduced in
Section[d] is provided.

C.1 PROOFS FOR THEOREM[2

Why we begin with FedProx. Our primary interest lies in parameter-free optimization. Among
many approaches, DoG and DoWG have performed well empirically even with non-convex DNNs;
our main idea is to leverage these successes to Federated Learning (FL). Within this context, we
examine which fundamental FL algorithms (e.g., FedAvg, FedProx) yield an inequality analogous to
Lemma[T}-the key lemma underlying DoG/DoWG. We find that this holds only for FedProx, which
leads to Lemma[2] Upon reconsideration, we conclude that Lemma [[|mirrors the descent inequality
of the classical proximal point method, which FedProx implicitly includes.

Proof sketch. Focusing on the local parameter update in FedProxLoD and FedProxWLoD, we
derive Lemma |2} which shares structural similarity with Lemma[l] The latter is used for adaptively
determining the learning rate n(") in (2)), as well as for the convergence analysis in DoG and DoWG.
Leveraging this similarity, we determlne the proximal weight via (6). Based on Lemma [2] and
the proximal weight expression in (6), we derive Lemmas [8|and[3] Furthermore, under additional
Assumptions AH3] the loss difference appearing in Lemma 2] can be bounded as shown in Lemma TT}
By using these lemmas, we get Theorem 2]

First, proof of Lemma 2]is given.

Proof. Analogous to (@), the local parameter update in FedProxLoD and FedProxWLoD (Line [f] of
Algorithm[T) yields

sz( (t+1 )+/J/(t)(X,Et+1) _ X ) c 6H ( t+1))

From (5), we have that (911 x(a), a — b) = 0 for any two points a, b € R™. Using this property, we
obtain

<sz( (t+D)) R (D) X*> < —p® <x§t+1) —x® 5D X*>
(t)
= 2 (e =2 [ 92— el 7).

From convexity of f;, fi(x; (t+1) ) — filx*) < <Vfi(x§t+1)),x§t+1) - x*>; thus, we obtain

()
1 * H * 1 1 *
R = 1) < B (I =7 = ) —xO — x —?) )
Adding f;(x*+1) — fi(xgtﬂ)) on both sides results in
Fix) = fi(x")

(t) (t)
1% * 1 * 1 H 1
< B (I =32 = o =) 4 £ = el ) = B o xO) .

Averaging over n clients, we get

JE) — )
(0

1) * 1 1)
< (IO — x| - Zn (D - x2) + pt) Zfz (e 2nZn i

(t)
MT (”X(t) x| - ||X(t+1) _ X*H2> n max{ (t+1) Z filx (t+1 Z I (t+1)

IN

d) d(t+1)

(t)H2

(t)||270} )

A(+1)
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Lemma 8. Suppose that Assumptions|[1|3| andl6|hold. We have: ||x(+1 — x*|| < [x® — x*||.

Proof. We rewrite (7),
(t)
1 * H * t+1 t+1 *
FGT) = £l < B (I =P = o = xO2 — T —x2).
Under Assumption@ x* is optimal solution of f;. Thus, LHS holds f; (xgt+1 ) — fi(x*) > 0. Thus,

we get

el — x| < x® — x|

Next, proof of Lemma [3]is given.
Proof. First, we rewrite Lemma 2}
f(x(“‘l)) — f(x*) < At)(d(t) _ d(t+1)> + LA(tH)
=9 ,U/(t) )
where all terms on RHS are non-negative, specifically, At > 0and u® > 0, and d®¥ —dt+t1) >0

under Assumption [6|by Lemma(8] To facilitate the application of convergence analysis techniques

from DoG and DoWG, we aim to reformulate the second term on the RHS from (10 A o
1

—2 A+ For this aim, min %, 1} € (0, 1] is multiplied to both side, yielding
p(t+1) p(E+D)
: plt (t+1) *
min W,l (f(x ) — f(x ))
(t) (t) ®) 1
D B R Y O <t+1>) ind AU 2 AGD
<m1n{u(t+1),1} (d d + min M(t+1)’1 M(t)A

(t) 1
jz ) _ (t+1)) (t+1)
< (d dTD) o AT,

where we used mln{ (t“) , 1} Mol < ﬁ in the third line, because:

(i) when H’(‘Tl) < 1, we have

® L0 ® 1

_ K _
min{ Gy LD 1} = (t+1>’ and LD T ® T D
(i) when % > 1 (e, p® > D), we have
G 11 1
mm{ (t+1)’1} 1 andl-mzmgw.

Similar to Lemma [6|for DoG and DoWG, two patterns of weighted sum over 7" iterations result in
[FedProxLoD]

-« . () (k) k+1 * = T(k)ﬂ(k) k k+1 -« r® k41
me{ D) }T (P4 = 16) < ZT(d( BLAEDY <k+1>A( ,
k=0 k=0 k=0 M

(A1) (B1)
[FedProxWLoD]

(k (k)
Z mln{ L 1} (r(k))2 (f( (k+1) ) 2_: (r M ( — d(k+1)> Z M(k+1)

k=0

AR+

(A%)
O
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Lemma 9. Suppose that Assumptions hold. For the iterations generated by Line 6| of Algorithm
[l we have:

[FedProxLoD)]
T-1 (k)

k
: M * Ty (7T) T
E mln{(k_m,l}r(k) (f(x“””) - f(x )) < 2l )(d + 7l )) u™),

k=0

[FedProxWLoD)]
[t (k)

Z min {lf(bk-*-l)’ 1} (r(F))2 (f(x(kJrl)) — f(x*)) < 2r(™) (E(T) + ’/’(T)) u™),

k=0

Proof. For FedProxLoD, proximal weight is determined by p*) = vu(®) /r(¥) in (@) By using
—=(t)

d "’ = maxj<;d*), RHS term (A}) in Lemmacan be bounded as
T=1 (k) (k)
,
All — Z TM((d(k))Q _ (d(k+1))2)
k=0
— Vu® 402 dk+1)y2
- (@) @*+0)2)

- {0 VA~ () ) ()

2
< () VR~ () T 1) (T - )
H@™)'- @)

— 2 Mg/ r=1)
< 2rMg™ u(™),
where techniques from Lemma(7]in Appendix [A]are employed.
Using u(*+1) = ()  A(+1) RHS term (B}) in Lemmal3|can be bounded as

/ -« r® (k+1)
By = Z u(k+1)A

where techniques from Lemma [5]in Appendix [A]are employed.
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Using above inequalities, Lemma|§| for FedProxLoD is reformulated as

Z mm{ et 1} (k) (f(x(k+1)) _ f(x*)) < op(T) (E(T) + 7ﬂ(T)) w(™)

On the contrary, for FedProxWLoD, proximal weight is determined by p(*) = vu(®) /(r(*))2 in @
By using = maxy<; d*), RHS term (A) in Lemmacan be bounded as

Al = kz:o r(k) 2,(F) ( d(k))2 _ (d(k+1))2>
- é{( OV (VAT 1 5 (0 (Vi - Va0
< 3{(40) VT 4 Vi (1) (VT - )
<H{@y - Py
— 2" /-
< 2r™g " /),

where techniques from Lemma(7)in Appendix [A]are employed.

Using u(t+1) = () 4 (7(+1)2A(+1) RHS term (Bj) in Lemmal3|can be bounded as

(T))Q\/u(o) + Q(T(T))2(1/U(T) _ 1/u(o))
< 2(T(T))2\/ (™),

where techniques from Lemma([7]in Appendix [A]are employed.

IN

Using above inequalities, Lemma 3] for FedProxWLoD is reformulated as

Z mm{ R 1} (r(K))2 (f(x(k+1)) _ f(x*)) < 27D (E(T) + MYV,

k=0
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Lemma 10. Suppose that Assumptions hold. For the iterations generated by Line [6] of
Algorithm[I} we have:

¢ .
I —x " < o (vie ),

Proof. From Line |§| of Algorithm xEtH) is local solution to the strongly convex subproblem:
x\ = arg mingex (fi(y) + # |y —x||?). However, this subproblem does not admit a closed-

form solution unless f; is a particularly simple function (e.g., quadratic function). Instead, it is

natural to view xEtH) as the limit point of iterative gradient descent applied to the objective above.

To formalize this, let us assume a conceptual learning rate v < % that is sufficiently small to

ensure convergence. Denote by {x(»t’l) }72, the gradient descent iterates initialized at x(t 0 = x®

with conceptual learning rate v. Then, x( + ) coincides with the limit point X( °°), Based on this

observation, for any two distinct nodes %, j, we have
(t,1+1) (t,1+1)
[l =%l

< H(l — Vﬂ(t)) (th,l) _ Xg;,l)) (sz( (t.0) ) Vi, (x ;m ))H
< [[ (1= o) (0 = x0) =0 (VA = VA [0 TR - w0
=) 59 )

IN

() -

<oy (=)

I'=0

(&0 s (t.0) (t.0)

where X, ;’ is a point on the line between x; *’ and x; " specified by Taylor’s theorem. By taking
hmltatlon of | — oo, we obtain
t+1 t+1 t,00 t,00 C
o =3 = o = <
From this, we get the statement. O

Lemma 11. Suppose that Assumptions|[I} [2} hold. For the iterations generated by Line [0 of
Algorithm[l] we have:

A(t—i—l) < (G.
Proof.
AED — ) max {f (1)) Zfl (t+1) :“( Z ! (t+1) _ (t)||2’0}
1 n
< ul®) max {n ;(fi(x(t“)) — filx")), o}
M(t) t+1
< Zva (xHDY 5 (1) _ ’E+ )>‘
< S g0 [ e -4
- on 2 '
S M(t)G i HX(tJrl) o X7(;t+1) ’ ,
where Assumption@is used in the last line. From Lemma we get AHD < (@, O
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Lemma 12. Suppose that Assumptions hold. For the iterations generated by Line [6|of Algorithm

[7] we have:
[FedProxLoD)]

=1 (k) _
Z min {Ml(iﬁ-l)’ 1} r(k) (f(x(k+1)) - f(x*)) < 2r(™) (d(T) + T(T)) Vul® + (GT,

k=0
[FedProxWLoD)]

k=0

Proof. Using Lemmaand update rule in FedProxLoD: (1) = ¢(®) 4 At+1),
u@ = (T-1 L A

T
—u® 43 A®
k=1

<u® 4+ ¢GT.
Meanwhile, for FedProxWLoD using u(*t1) = 4®) 4 (p(t+1))2 A1) "we obtain

w® = =1 4 (D)2 AT

T
= u(o) + Z(T(k))QA(k)
k=1

T
<u® 4 (rD)2 3 AW
k=1

<u® 4+ (rM)%aT.

Integrating these inequalities with Lemma [J]results in the statement.

Lemma 13. For the iterations generated by Line[6|of Algorithm|I| we have:
[FedProxLoD]

1 { () 1} (k) Tb () /R 1( T 1)
max min{ ——— ——~ > max _— > — —
7 k+1)? T — 7 ’ N — r ” )
P 2 G 5 B L STV g, (2)
[FedProxWLoD]

-1 (k)
. * —(T)
Z min {H/(lk—kl)’ 1} (r*))? (f(x(kJrl)) — f(x )) < 2r(™) (d "+ ’/‘(T))\/u(o) + (r(M)2¢GT.

O

=W r(k) \ 2 Tl )\ 2 /B
= i mm{u(’““)’l} (r<T’>) = P 2 (r(T’>) ) =

Proof. For FedProxLoD and any T” satisfying k < T' < T, we heve

min{/‘(k) 1}““ :min{r(Hl) e 1} -
PGS N Y0 RPN =syiil B CR)
| rVa®
= O
L)
SN

25
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Meanwhile for FedProxWLoD and any 7" satisfying k < T" < T, we heve

RN CICIN C NI WGRY
min M(k_,’_l), (TT)) = min r(k) u(k?“’l)’ (T(T/)>

- r(F) N2 y/yk)
- (T(T’)) w(E+1)
S ( T(k) )2 u(k)
- ’I"(T/) vV u(T/)
By using Lemmald] we get the statement. O

Finally, proof of Theorem 2]is shown.
Theorem 2 ((Formal) convergence rates of FedProxLoD and FedProxWLoD).
[FedProxLoD)]

Suppose that Assumptions[I{5|hold. For the iterations generated by FedProxLoD in Algorithm|[I] a
certain large T' such that satisfies T' > 2log (% ”CGT), (0 < 2Dy, u(©® < (GT, we have:

r(0) /4 (0)
. (") _ * ) < ~(EDO)
pin (F6ciu)) = 76) < O(*2 222,
where X‘(’”T’/) TR ’ (k) ZZIJmin{jﬁ)71}r<k>x<k+1>. When introducing
> ko mm{ “t‘k_*_l) ,l}r(k>
X[(JZ;Z = arg minxe{x(T’)}T/E[T] f(x), we have
(T) o — ~(VCGDy
xie) = f(x") < O ).
f( best) f( ) \/T

[FedProxWLoD]

Suppose that Assumptions [[\5| hold. For the iterations generated by FedProxWLoD in Algorithm[I} a
3
certain large T such that satisfies T > 2log (% VCGT) r(0) < 2Dy, u® < 2(r(0)2¢GT,

(r(0)2/5(®
we have:
. (T') _ pros ) < ~(\/CGD0)

Bin (f(xout )—fx)) <0 T )

where xo,,,/ = i(k) Zk;}l min {%, 1} (r(#))2xB+1)  When introduc-
> k—o mm{m,l}(r(k)p
ing Xég = arg minxe{x<T’>}T/€[T] f(x), we have
(T) o _ ~(VCGDg
X — f(x") < O( )
f( best) f( ) \/T

Proof. First, the convergence rate of FedProxLoD is derived. From Lemma[_l;Z], we obtain

T'—1

1 (W () (o) )
-1 in{ R 1} ) kzo mm{mmn’l (@) (f(x ) x ))
k=0 pFFD ) - [ Ty k=

_ Q(E(T/)-F?"(T/)) /u® + CGT'

= T -1 . 1) (k)
> k—o min { IGEE 1} (17

)
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for any 77 < T'. Using Lemma[13] we get

: 1 L (k) ) )
Ir“I’lérjl“ Zg’fl min{ (k) 1} (k) Z mm{u(k-u) ’ 1} T(T') (f(x ) - f(x ))
=0

PICEDR w7y k=0

2(@" + (M) \/u® + (CGT
maxTIST ZZ;BI min {%7 1} :((;f,))

2@ + )\ /u® 1 (GT

<

<
1 (T _ 1)
€ r(T) /o (T)
log . ( (03 (0) )
2@ + ™)\ /u® 1 (GT
< )

7(0) 4/, (0)

1 T -1
€ (T) 7/ (0)
log.. (M)

(T) /u(0)+CGT /
For a certain large 7" such that satisfies 77 > 21o (ri) ie. T -
& =S ovem ) T a0 eer
B\ T 0vVe®
1>1. r we get
=2 o AT/ rcar’
&+ ROWAC)

. 1 =L e ) )
et Yo min{ ) 1} o & mm{u(’“m’l} D) (f(x )~ fx ))

pEFT) T k=0

46(3(T) +r™M)/u® +(GT r™M\/u® + ¢GT
< log ( )

T 7(0)/4,(0)
< 12v/2eDy+/CG o (2\/§D0\/@)
VT ST 0Va©
_ ~(Do/(G
=0(=77)

where we used 4" = maxy<; d*) < Dy since d*T) < d®, r(T) < 2Dy, and u® < ¢(GT in
the second inequality. In the last line, the logarithmic term is omitted under big-O notation. Since

the initial values 7(°), u(°) appear inside the logarithmic term, this omission implicitly reflects the
sensitivity to these initial values.

In addition, the LHS term can be evaluated as follows:

—. E 71 LRI ) | { - 1} 1 - ( * 1)) .f( *)
min E min f(x X

/ r’— . r k+1)° T’ ( )
=t k:O1 E— { /L,:l:+k)1) ) 1} r((ik’)) k=0 'u( : &

> min (Fxi) - 1(x)

2 mi
T’ T -1 (*) .
where x5y, 1= ' S o min g 1 ¢ (W x*+1) Particularly, when we
out ET/_1 . { u(k) ) k=0 pE+D
k=0 TR\ TGFD T
"
(T)

denote x,; := arg Ml ¢ ) 1y f(x), we get

DO\/@).

FOsad) = £6) < O( =00
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Next, the convergence rate for FedProxWLoD is given. From Lemma and using (7)< 2Dy and
w9 < 2(r(0)2¢GT, we obtain

1 T -1 ) ) k) |2 i) )
ZkT-;Blmin{ u®_ }(M) )2 2 mm{u<k+1>’ }(T(T’)) (f(x ) = f(x ))

RFD) 7 k=0
g 2v3(d™ + ) TCT
< 5.
T —1 . (k) r(k)
Zk:o min { Ml(kJrl) , 1} (T(;') )

for any 7" < T'. Using Lemma we obtain

T'—1 (
wﬁm~{$@wyZMUQ%m%wWWﬁm>

k=0 MIN 4§ —Gy, sy ) k=0
2\/§(d +rM)(GT
2
-1 . (k) )
maxyr < Zk,O min {%, 1} (:(T,))

2v3(@™ 4 ) eOT

<
(o)
on, ( ()" %22 )
§ 2v/3(@" + 1) /CGT

€ 2 (0) (T)y2
#(T) W) 4 +(D)2¢ar
log, (( Q) ) v )

Va0

) : © (- (D) )
For a certain large T such that satisfies 7 > 210g+((7;((7:;)2—\/“°+(r)2<GT)’ ie.

w(0)
T _1>1. T
1 ( ) Vu©@1™)2¢er -2 . ((T)) V@ +r@h2eer
e \\To) T oo o8+ o) .o

T -1
S rmeranyer DI PR C DN D)

k=0 MiN | gy, 1

—(T) (T) (T)
< 4\/§e(d +r )\/@ log+<(i>2 \/u(O) + (T(T))QCGT>

- T (0 w(©)
< 12\/§6D0mlog+<\/§(rm 3 fGT)
VT (r(©)2y/4,(0)
_ ~(Do/(G
-5(259),

where used E(t) = maxjy<; d®) < Dg since d*tD < d®, +(T) < 2Dy, and u(®) < 2(r(0)2¢GT in
the second inequality. In addition, the LHS term can be evaluated as follows:

. 1 & p r) 2 (k+1) *

P i {1} ()’ ;mm{mkwl} (Fa) (76 - 1609
k=0 &FD) (T =

> min (fxy) = f(x7)

T/<T
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(1) ._ 1 7'=1 in L™ } (k) )25 (k+1) .
where x5, 7 : Zf;glmin{ ué‘,ii)l),l}(r“‘))z k0 mm{“(kﬂ),l (ri"))=x . When we de
note x,gz;z = arg minxe{x(T')}we[T] f(x), we get

T * ~ Do CG
FOsiad) = £6) < O(=027).
O
C.2 PROOFS FOR REMARK 2
Lemma 14. Suppose that Assumptionﬁholds. Then, (v/2(,\/2)-BGD holds.
Proof. ||V fi(z)|| < [Vfi(x)=Vf(@)| + [Vf(z)|. From this, we get |[Vfi(z)[]® <
2|V fi(x)=V f(@)|* + 2|V f(2)|> < 2¢* + 2|V f(2)|]%, which is (v/2¢, v2)-BGD. O
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D IMPLEMENTATION OF PROPOSED ALGORITHMS

Our FedProxLoD and FedProxWLoD are formalized in Algorithm [I] However, this algorithm is
not directly applicable to complex models, such as deep neural networks, due to the computational
difficulty of exactly solving the local subproblems. To address this, we employ the approximated
updated rules, presented in Algorithm 3] The additional operations introduced for this approximation
are highlighted in blue. To adaptively determine learning rate 7(*), the learning rate formulation
of DoG and DoWG in is simply extended to use averaged local gradients over n clients. In
our experimental results in Section[5] we used K = 100. Additionally, in Line [24] of Algorithm
[3] the central server requires access to a dataset to compute the global loss using the global model
f(x(*+1). To enable this, 1,000 data samples are homogeneously picked from the dataset, and all
1,000 samples are used to compute f(x*+1)).

Algorithm 3 FedProxLoD and FedProxWLoD implementation used in our experiments in Section

 Tnitialization x(© = x%) = xl()gs)[7r(0)(> 0),u® (> 0),v©@ (> 0),w!” =0
: if (FedProxLoD) u(®) = vu(©) /r(®) 50 = 7‘(0)/\/ v(0),
: else if (FedProxWLoD) p(®) = vu(©) /(r(©)2 50 = (7(9)2 /3/4(0) end

1
2
3
4: fort =0,1,..., T —1do
5:  p Client procedure
6
7
8

fori=1,...,ndo
(t 0) _ X(t)
: for k=0,...,K—1do

9: gth) Di
10: wz(_t,k+1) _ wl(_t,k) n(t)(vf ( (t,k) . E (t,k) ) + ,u(t) (Xt(élt o wz(t,k)))
11: end for
12 (t+1) (t,K)
13: end for

14 Transmitcrioniosoer(X{ ", ik ), |V £i(x{)2)
15: > Server procedure
16: t-‘rl 1 Z 1 t+1)
N 1=
17: T(Hl) = max{||x(t+1) x|, #®}
©)

18 ACHD = 0 max [ f(xFD) = L5 gDy s D (012 03
19:  if (FedProxLoD) then

20: wttD) = ) L A(r+D)
21 pth = \/u(t+1)/7~(t+1)
2 ot =00+ LS VAT
23: n(tHD = p(t+D) [3/y(t+1)
24: wgt—ﬂ) = min{ “:J;) , 1}7'(”1)
25:  else if (FedProxWLoD) then
26: u(t+1) = u(t) _|_ (T(t+1))2A(T+1)
27 ) = VD /()2
28 o) = 4 LT (DR f () 2
29: ) = (r(“’l))g/v p(t+1)
30: wgﬁ_l) _ Inin{ u(t;)l) 7 1}(T(t+1))2
31:  endif
32 wét-i—l) (t) +w (t+1)
33: X(()fl:rl) = w(t1+1) (w( ) (()u)t +w (t+1)x(t+1))
2
34: x,():;:l) = arg minxe{xéﬁm X<} f(x)
35:  Transmitgerver—sn Clients(X}(Je;tl) ptHD D)y

36: end for
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Although Algorithm [3|was employed in Section[5] there are scenarios in which holding datasets on a
central server is not feasible. In such cases, AlgorithmE[, which requires additional communication
as highlighted in red, can be used instead.

Algorithm 4 Another implementation of FedProxLoD and FedProxWLoD

1: Initialization x(© = x*) = Xl()(e)s)ﬁ O (> 0),u® (> 0),0© (> 0)7w§0) -0
2: if (FedProxLoD) p(©) = vu(© /r(©) 50 = 7(0) /3/(0),

3: else if (FedProxWLoD) 11(®) = vu(©® /(r(0)2, 5(©) = (r(0)2 /3/4(0) end
4: fort =0,1,..., T —1do

5: > Client procedure

6: fori=1,...,ndo

7. (t 0) _ X(?

8: for k=0,. —1do

9: £ Di

(t,k+1 k £k £k K

10: 2 =" — O (Vfi(2M ) + O (el — )
11: end for
12 (t+1) Z(t,K)
13: end for

14: ’I‘ransmltCIientiﬁServer(XEH»l)7 fi (Xl('t+1))7 vaz (X§t+1))”2>

15: > Server procedure

le: x(t+D) — 1 Zl X t+1)

17: o Client procedure

18:  Transmitserver—Clienti (X))

19:  Compute local loss using averaged model f;(x(**+1)) for each client i
20: Transmitciient i—sServer (fz (X(tJrl) ))

21: > Server procedure

22:  Compute global loss f(xt+1D) = L5 f,(x(t+1)

23: D = max{|x*+D) — X(O)”,’)"(t }

24 A+ — ‘u(t) ~max{f(x(t+1)) Zz ) fz( (t+1)) 2(;) 2?21 ||X§t+1) B X(t)||2, 0}
25:  if (FedProxLoD) then

26 wttD) = (&) L Alr+D)
27: ‘u(tJrl) — \/u(t+1)/r(t+1)
28 o0 =0 4 23 VAP
29: fr](t""l) — r(t+1)/\/ t+1)
t+1 (t+1)
30: wg ) = {” s LD
31:  elseif (FedProxWLoD) then
32 wttD) = &) 4 (pEFD)2A (D)
33 pltt) = \/u(t+1)/(r(t+1))2
s ) =) 4 LS (D2 ()
35: pt+1) = (p(t+D) /v p(t+1)
36: w(t""l) — min {#(t 1} (t+1
37:  endif
38wl = ) 4t
1 1
9 xit = wg}m (%) + wfOxtD)

t+1 .
40: xl()esl ) = ArgMIN, o (t1) (1)) f(x)
. t+1
41: r-[‘ransmltServer—)n Clients(xl()esl )7 (t+1)7 ’r](H_l))
42: end for
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E ADDITIONAL EXPERIMENTS

Computing resource We used computing servers employing 8 GPUs (NVIDIA RTX 6000 Ada
(48 GB)) and 2 CPUs (AMD EPYC 9354, 3.25 GHz, 32-Core Processor).

Additional experimental results Additional experiments complementing Section [5|are summa-
rized. We evaluate three additional (n, ) settings: (15,0.1), (7,1), and (7,0.1). In line with the
main paper, we present data distributions, convergence curves, parameter trajectories, as well as the
best and last test accuracies for each scenario.

As noted in Section [5] our proposed FedProxWLod showed competitive performance compared to
pre-tuned FL algorithms (e.g., SCAFFOLD). Since FL requires substantial computational resources,
achieving strong performance without the need for parameter pre-tuning is a significant advantage.
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Figure 5: Convergence curves illustrating (i) train loss, (ii) test loss, and (iii) test accuracy, and the evolution of
(iv) learning rate and (v) proximal weight when n = 15 and o = 0.1.

Table 3: Best test accuracy under n = 15 and o = 0.1. In the comparing algorithms (C1)-(C7), pre-tuning of
parameters was conducted. Despite not requiring parameter pre-tuning, our parameter-free algorithms (P1), (P2),
(P17), (P2°) achieved competing performance relative to the best performance of pre-tuned baseline algorithms

(CD)-(CT).
Algorithms Parameters (T1) Convex-fMNIST (T2) ResNet-18-CIFAR-100 (T3) BERT-SST-2
Best test acc. Last test acc.| Best testacc.  Last test acc. | Best test acc. Last test acc.

(C1) FedAvg McMahan et al.|(2017 {1,0.1,0.01,0.001} € 0.8666 0.8657 0.6339 0.6320 0.9048 0.8990
(C2) FedAvgM 2019] {1,0.1,0.01,0.001} € n 0.8706 0.8704 0.6412 0.6365 0.9232 0.8739
(C3) FedProx oot obory S | o866 0.8657 0.6360 0.6336 0.9128 0.8635
(C4) SCAFFOLD Karimireddy et al.|(2020) {1,0.1,0.01,0.001} € 5 0.8877 0.8829 0.6627 0.6583 0.8521 0.6594
(C5) FedAdaGrad|Reddi et al. | {1,0.1,0.01,0.001} € n 0.8761 0.8759 0.6405 0.6347 0.7615 0.7041
(C6) FedAdam|[Reddi et al.|( {1,0.1,0.01,0.001} €y | 0.8812 0.8803 0.6645 0.6595 0.7901 0.7041
(C7) FedSPS Mukherjee et al. |(2 {1,0.1}ec 0.8642 0.8598 0.5550 0.5523 0.7695 0.6594
(P1) FedProxLoD Parameter-free 0.8550 0.8550 0.6230 0.6228 0.7775 0.7775
(P2) FedProxWLoD Parameter-free 0.8534 0.8534 0.6466 0.6466 0.7993 0.7993
(P1°) (P1) w/o model merge Parameter-free 0.8553 0.8553 0.6221 0.6217 0.7672 0.7661
(P2’) (P2) w/o model merge Parameter-free 0.8534 0.8534 0.6475 0.6473 0.7672 0.7672
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Figure 7: Convergence curves illustrating (i) train loss, (ii) test loss, and (iii) test accuracy, and the evolution of
(iv) learning rate and (v) proximal weight when n = 7 and o = 1.

Table 4: Best test accuracy under n = 7 and o = 1. In the comparing algorithms (C1)-(C7), pre-tuning of
parameters was conducted. Despite not requiring parameter pre-tuning, our parameter-free algorithms (P1), (P2),
(P17), (P2°) achieved competing performance relative to the best performance of pre-tuned baseline algorithms
(C1)-(CT).

Algorithms Parameters (T1) Convex-fMNIST (T2) ResNet-18-CIFAR-100
Best test acc. Last test acc. | Best test acc.  Last test acc.
(C1) FedAvg {1,0.1,0.01,0.001} € 0.8807 0.8785 0.6827 0.6796
(C2) FedAvg {1,0.1,0.01,0.001} € n 0.8829 0.8808 0.6823 0.6763
(C3) FedProx {{1601 16%(1)10%8(1) 1} b em | 08808 0.8785 0.6800 0.6762
(C4) SCAFFO 2020 {1,0.1,0.01,0. 001} E n 0.8842 0.8826 0.6901 0.6849
(C5) FedAdaGrad|Reddi et al.| {1,0.1,0.01,0.001} € 0.8828 0.8810 0.6506 0.6490
(C6) FedAdam Reddi et al. {1,0.1,0.01,0.001} € n 0.8835 0.8808 0.6585 0.6551
(C7) FedSPS {1 0.1} ec 0.8815 0.8779 0.6799 0.6693
(P1) FedProxLoD Parameter-free 0.8766 0.8766 0.6856 0.6854
(P2) FedProxWLoD Parameter-free 0.8771 0.8771 0.6906 0.6887
(P1’) (P1) w/o model merge Parameter-free 0.8766 0.8734 0.6778 0.6722
(P2’) (P2) w/o model merge Parameter-free 0.8779 0.8750 0.6829 0.6751
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Figure 9: Convergence curves illustrating (i) train loss, (ii) test loss, and (iii) test accuracy, and the evolution of
(iv) learning rate and (v) proximal weight when n = 7 and o = 0.1.

Table 5: Best test accuracy under n = 7 and o = 0.1. In the comparing algorithms (C1)-(C7), pre-tuning of
parameters was conducted. Despite not requiring parameter pre-tuning, our parameter-free algorithms (P1), (P2),
(P17), (P2’) achieved competing performance relative to the best performance of pre-tuned baseline algorithms
(CDH-(CT).

Algorithms Parameters (T1) Convex-fMNIST (T2) ResNet-18-CIFAR-100
Best test acc. Last test acc.| Best test acc.  Last test acc.
(C1) FedAvg McMahan et al.|(2017 {1,0.1,0.01,0.001} € n 0.8809 0.8793 0.6427 0.6393
(C2) FedAvgM mnm {1,0.1,0.01,0.001} € n 0.8835 0.8815 0.6515 0.6351
. Py {1,0.1,0.01,0.001 } €n
(C3) FedProx|Li et al. 2020 {0.1,0.01,0.001 } €p 0.8808 0.8792 0.6426 0.6410
(C4) SCAFFO (2020) {1,0.1,0.01,0.001} € 0.8851 0.8831 0.6532 0.6469
(C5) FedAdaGrad {1,0.1,0.01,0.001} € 0.8825 0.8814 0.6174 0.6120
(C6) FedAdam {1,0.1,0.01,0.001} € n 0.8834 0.8826 0.6289 0.6171
(C7) FedSPS {1,0.1} ¢ 0.8775 0.8728 0.6483 0.6417
(P1) FedProxLoD Parameter-free 0.8696 0.8696 0.6268 0.6268
(P2) FedProxWLoD Parameter-free 0.8703 0.8703 0.6566 0.6562
(P1°) (P1) w/o model merge Parameter-free 0.8706 0.8694 0.6259 0.6207
(P2’) (P2) w/o model merge Parameter-free 0.8718 0.8702 0.6397 0.6344
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Memory usage. We evaluated the peak memory usage of each algorithm on five communication
rounds. The results in Table [6] show that although the proposed methods require somewhat more
memory than the baseline algorithms, the difference is not substantial.

Table 6: Peak memory usage within five communication rounds for each benchmark test.

Algorithms (T1) Convex-fMNIST | (T2) ResNet-18-CIFAR-100 (T3) BERT-SST-2
RAM (GB) VRAM (GB) | RAM (GB) VRAM (GB) | RAM (GB) VRAM (GB)
(C1) FedAvg 0.3897 0.4830 0.1383 0.4206 0.5882 3.1870
(C2) FedAvgM [Hsu ct al.|2019) 0.3930 0.4831 0.1847 0.4206 0.9300 3.1863
(C3) FedProx|Li et al.|(2020] 0.3897 0.4863 0.1383 0.4711 0.5882 3.5491
(C4) SCAFFOLD [Karimireddy et al.|(2020} |  0.3963 0.4929 0.2289 0.5625 1.2696 4.2571
(C5) FedAdaGrad [Reddi et al. (2020 0.3964 0.4831 0.2299 0.4206 1.2718 3.1863
(€6) FedAdam Reddi et al.|(2020] 0.3963 0.4831 0.2299 0.42065 1.2718 3.1862
(C7) FedSPS (2023] 0.3897 0.4831 0.1383 0.4206 0.5882 3.1869
(P1) FedProxLoD 0.4028 0.4864 0.3224 0.4706 1.9663 3.5493
(P2) FedProxWLoD 0.4028 0.4864 0.3224 0.4713 1.9663 3.3902
(P1’) (P1) w/o model merge 0.4028 0.4864 0.3224 0.4714 1.9663 3.3902
(P2’) (P2) w/o model merge 0.4028 0.4864 0.3224 0.4711 1.9663 3.3905

36



Under review as a conference paper at ICLR 2026

F LIMITATIONS AND FUTURE WORK

Compared to the original FedProx, our proposed FedProxLoD and FedProxWLoD, described in
Algorithm([T] achieve parameter-free FL. However, this is realized at the cost of introducing additional
operations: i) global loss computation on the central server (in Line [T2)), ii) extra model merge
motivated by our convergence analysis (in Lines ZZH%E in Algorithm 1), and iii) transmission of
additional information (in Lines |§| and@in Algorithm[l). Among these, iii) is minor, as the additional
transmitted quantities are scalars and incur negligible cost. Regarding (ii), we empirically evaluated
the impact of the extra model merge through ablation studies in Section [5] and Appendix [El As
discussed in Section[5] while this operation is necessary for theoretical convergence guarantees, it
does not appear to be critical for empirical performance improvements. In other words, if rigorous
convergence guarantees are not required, the extra model merging procedure can be reasonably
omitted in practice. Finally, concerning (i), as described in Appendix [D] the global loss using global
parameter f(x(*1) is computed using 1,000 data samples homogeneously picked from the dataset.
This may limit the applicability of our methods in settings where any form of data aggregation on the
central server is strictly prohibited.

Furthermore, regarding the limitations of our theoretical contribution (Theorem 2), the convergence
rates are estimated for G-Lipschitz convex loss functions. This follows the principles in DoG and
DoWG, which are also analyzed under convex settings. To enhance practical relevance, we conducted
empirical evaluations on both convex and non-convex loss functions, including deep learning models.
Additionally, although we implemented the proposed algorithms to allow multiple local parameter
updates (in Algorithm 3]in Appendix D)), we do not currently provide a theoretical analysis of the
approximation gap. Addressing this gap theoretically remains an important direction for future work.

A potential risk of our proposed FedProxLoD and FedProxWLoD is the privacy concern associated
with possible information leakage through loss differences. This issue is beyond the scope of the
present work, and we leave it for future investigation. Within a Differential Privacy (DP) framework,
one could address this by analyzing the sensitivity of the loss differences to a change in a single data
sample. While we do not study such leakage in this paper, we note that leakage from high-dimensional
gradients is typically more severe than that from scalar loss differences.

G IMPACT STATEMENT

We present parameter-free federated learning algorithms, which can be applied for training large-scale
models across extensive distributed computing resources, such as data centers. While this approach
removes the need for parameter pre-tuning, a potential risk is that it could enable a wider range of
organizations to train large models more efficiently.
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