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Abstract

The Hessian matrix and its spectrum hold significant theoretical and practical relevance as they cap-
ture the pairwise interaction of the parameters, and as a result have been widely used in building
preconditioned optimizers, measuring generalization performance, studying the effect of learning
rate and other hyperparameters, optimally pruning parameters, and more. Given its versatility and
importance, several prior works have tried to characterize the Hessian spectrum through its spectral
density, rank, description of the outlier and bulk in its spectrum, while often resorting to random ma-
trix theory based approximations. However, grasping how the top eigenvalue precisely behaves has
remained unclear, let alone the corresponding eigenvectors, due to a lack of its closed form for any
non-trivial class of neural networks. Likewise, given the acute costs required to empirically estimate
the Hessian or its various spectral measures (such as the top eigenvalue, trace, and determinant),
our understanding of their behaviour continues to be somewhat muddled. In this work, we derive a
closed form of all the eigenvalues and their corresponding eigenvectors for one-hidden layer, linear
as well as ReLLU, uni-dimensional networks with arbitrary hidden-layer width and for the loss ag-
gregated over any number of samples. As a consequence of these theoretical results, we shed light
on the previously undiscovered ‘paired’ nature of the spectrum outlier eigenvalues, the grouped
composition of the trace, and a cell-wise decomposition of the Hessian spectrum with ReLU.

1. Setup & Results

Assume we have a one-hidden layer scalar linear network f : R — R, namely, f(x) = (w,v)z,

with the parameters w, v € R™. Although this is a simplified setting, it has been put to significant

use by past works such as the occurrence of the catapults in loss with large learning rates [5] as well

as understanding the edge-of-stability behaviour [7]. Moving further, let us consider mean-squared
1 n

error (MSE) loss {(w,v) = 5= > ((w,v) - &; — y;)? computed over a set of n data points

{(xi,yi)}I",. Further, let us define the shorthands for the (uncentered) input standard deviation as
o = /13" | 22, the (uncentered) input-output covariance as yZ = 1 3" | y;z;, and the (un-

centered) residual-input covariance as dx = % > i x; 0;, where the residual §; = (w, V) z; — y;
denotes how far off the network is on fitting the datapoint (z;,y;). Then for this network, the Hes-
sian spectrum has the following closed form:

Theorem 1 For the setting of a one-hidden layer scalar linear network f(x) = (w,v) x with 2m
parameters and as detailed above, the Hessian Hy, spectrum consists of m—1 repeated eigenvalues

© S.P. Singh & T. Hofmann.
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Figure 1: Impact of data scaling on the Hessian spectrum for two networks of different width. The
considered task is that of a random Gaussian regression setting.

Motk = = 0z and two paired outlying eigenvalues defined by the following expression:

1 1 —2 —_—
Aoutliery 5 = 5(02HWII2 +a?|v|?) £ 5\/(02||W||2 +02||v[[?)? + 4(dz” + 2020z (w,v)) (1)

Firstly, we see that the eigenvalues scale in proportion to the input variance o2. A common
starting element of machine learning pipelines is to normalize' the data, and as shown in the Fig-
ure 1, we realize how that can significantly sharpen the Hessian spectrum. Next, by noting that the
trace of the Hessian in this setting is given by Tr(Hy,) = o?||w||* + 02||v||?, the above expression
of the outlying eigenvalues can be reformulated as,

1 1
)\outlierLg - iTr(HL) + \/4Tr2 (HL) - )\outlien /\outlier2 . (2)

Further, the expression —Aoutier; Aoutlier, = (5?2 + 20%52(w,v)) inside the expression of
the outlying eigenvalues can be rewritten as, ((w,v)o? — 77)(3(w,v)o? — 7Z) which is neg-
ative if (w,v) < yx/o? and (w,v) > yz/30? and non-negative otherwise. Note, yz/0? =
E [yz]/E [2?] =: 0* is precisely the closed-form solution for the scalar parameter ¢ in the linear
regression y = 0 x. Effectively, the linear network under consideration is nothing but a parameteri-
zation of this scalar in the form of an inner-product between the layer weights w, v.

So, we categorize the phases of learning in three kinds: ‘early phase’: (w,v) < 6*/3, ‘late
phase’: 0*/3 < (w,v) < #* and ‘divergent phase’: 8* < (w,v). In early and divergent phases,
Aoutier; > Tr(Hp) and Aougier, < 0. In the late phase, we have that Agygier, < Tr(Hp) and

Aoutlier, = 0. Upon reaching the solution, the Hessian is just rank one, with its spectrum given by
Moutier; = Tr(Hp) = o?||w||? + || v||?, and with the rest of the eigenvalues being 0.

An interpretation of the top Hessian eigenvalue, or sharpness. We can also express it as,

1 1 —
Mg = (@ |wl? +o?|lv]*) & 5\/(UQIIWH2 = 02|[v[2)?* + do* (|wl2[[v]2 = {w,v)?) + 4 (2(w, v)o? — 7z)*

1. Ghorbani et al. [3] have noted how batch normalization (BN) can suppress outlier eigenvalues; but given how BN
would function similar to data normalization albeit within the network, we suspect BN has a wider impact at the
Hessian spectrum and not just the outlier eigenvalues.
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And so, inherently the semantics of sharpness lie in a net quantification of the discrepancy
between the layer parameter norms, making the parameters co-linear, and capturing part of the
target, alongside (the somewhat expected) overall parameter norm.

The structure of eigenvectors. Moving ahead, let us shift our focus on deriving a closed form
and understanding the structure of the eigenvectors, ordered as per @ = (VT, WT)T.
Theorem 2 For the above setting, the Hessian eigenvectors corresponding to the outlying eigen-

values, determined up to scaling and sign, take the form, for i € {1,2}, given below:

Aoutlieri w + EV w — (Vv
Zoutlier; — | — = )\()ullieri + oz (3)
dorw + )\outlieri v v w
Thus, the outlier eigenvectors live in a two-dimensional space spanned by the vectors { <1v> , <:v> }

and, in fact, form its orthonormal basis. When the gradient of the loss is non-zero, we can further
express these eigenvectors as, Zouytlier; = % Vol + 6z6.

In contrast, the eigenvectors corresponding to the bulk eigenvalues live in a 2m — 2 dimensional
subspace, which is essentially determined by the orthogonal complements of the vectors w+v, w—
v. More explicitly, we have that:

Theorem 3 For the above setting, the Hessian eigenvectors corresponding to the bulk eigenvalues
have the form, determined up to scaling and sign, Zp,; = (i;lk sgn(Npuik) ibTulk)T with

L (W + sgn(Apuie) V) (W + sgn(Npui) v) "
Zpue = | I —

/f
HW n Sgn(/\bulk) V”2 )C, fOl" some vecior C

As it turns out, the eigenvector proofs provide another way to derive the closed form of eigenvalues.
Besides, the above expression of the eigenvectors also suggests that they would change smoothly
over the course of training, unless there are rapid changes in the subspace spanned by the parameters.

2. Extension to the ReLU case

Assume the network is now, f(z) = w' (v - )4, where, (a); = 1{a > 0} is the ReLU non-
linearity and is applied elementwise. For this particular network, a hidden neuron j ‘fires’ if v;x >
0, i.e., when either v; > 0, x > 0 and v; < 0, z < 0. Hence, this parameter space partitions in
tandem with the partitions of the input space, the latter will be referred to as cells, which are namely,
the + cell where x > 0 and the — cell where z < 0.

Notice, we can write v =v © 1{v > 0} + v © 1{v < 0} =: v + v_, where © denotes the
Hadamard product and 1{a > 0}; = 1{a; > 0}. Likewise, we can associate the w parameters to
these two cells as, w = w; + w_, withwy = w ® 1{v > 0} and w_ = w ® 1{v < 0}. Thus,
we can express the network function in the following manner,

flz) = (wi,vi)z1{z > 0} + (w_,v_)x 1{z < 0}

We specialize the previously defined shorthands for various data-dependent quantities to each
of the two cells. In particular, let us define the (uncentered) standard deviation of the positive

and negative datapoints as, o} = \/i S x?1{x; >0} and o_ = \/n% S 22 1{x; < 0}
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respectively, and besides, the total number of points can split as n = ny + n_. Also, denote
the (uncentered) input-output covariance for the positive and negative cells respectively as follows,
YT, = L L yiwil{z; >0}, andyz_ = L Yoy yizil{z; < 0}. In this setting, the param-

ni n—
eter space can be nicely partitioned in such a way that the Hessian can be decoupled.

Theorem 4 For the setting of one-hidden layer ReLU scalar network, the Hessian is decoupled
between the positive and the negative cells, and hence up to row and column permutations is,

o Hy T 0
w- (o)

where, the cell-wise Hessian matrices are weighed by the respective density of the cells.

Let us assume that ¢ coordinates of the parameter vector v are positive. Then we have that
the spectrum in this ReLU case is a corollary of the previous Hessian decoupling result and the
eigenvalues in the linear case.

Corollary 5 The bulk Hessian spectrum consists of ¢ — 1 and m — q — 1 repeated eigenvalues in
n—

signed pairs, )\de = :I:%E.,. s Apulke = iTR_ and with the outlying eigenvalues being

ny n4 —9 —
Nter = 2o (ORI 2 + 0 v412) £ D5 (0 w2 + 0% v 22 + A@FT + 202574y, v4)
n_ —

n —9 —
o (2w |* + o2 [lv—|*) £ %\/(fﬁ\lw—ll2 + 02 |[v_|?)? +4(02_ + 20202 (w_,v_))

;utlierm = m
We see that just as in the linear case, we obtain a set of paired outlier eigenvalues, with a dependence
on respective cell-wise quantities. Figure 3 highlights the paired nature of the outlying eigenvalues,
for both linear and ReL.U, throughout training. Similarly, the eigenvectors from the linear case also
carry over to the ReLU case here.

We can see that in both cases the second outlying eigenvalue starts out negative, but which
subsequently changes sign a little while into training, which would mark the exit of the early phase
in our terminology, and finally converges to zero from the top (the positive side). On the other
hand, when the learning rate is high, we find that the second outlying eigenvalue first drops and
then increases, beyond which it wiggles around 0, and eventually becomes small and negative and
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Figure 3: The paired nature of outlying eigenvalues throughout training. For the ReL.U network, the
outlying pair of eigenvalues corresponding to the positive cell are shown. Both the cases are with
gradient descent on a synthetic wedge dataset, with a single hidden layer network of width 10 using
a learning rate of 0.18 and momentum 0.9.

remains like that throughout. Hence, in the divergent phase, we can think of the second outlying
eigenvalue approaching zero from the bottom (the negative side).

Impact of ReLLU on the Hessian spectrum. First of all, we notice that the eigenvalues scale
in proportion to the density (n4/n or n_/n) of the corresponding cell, i.e., cells which are active
for a small number of samples will be less prominent in the spectrum, and vice versa. This also
suggests a natural principle for the occurrence of numerous spuriously tiny eigenvalues with ReL.U,
as opposed to the linear case where there is a much clearer demarcation between zero and non-zero
eigenvalues [6]. Lastly, while the above simple setup only has two partitions of the input space, and
that too even mutually exclusive ones, we can nevertheless expect a non-trivial overlap and cross-
terms to arise between the cells in the general case. But, it would form an interesting question for
future work to see how well would the independent cell-wise Hessian serve as an approximation.
All in all, this cell-wise decomposition of the Hessian hints at how the spectrum with a non-linearity
like ReLU might be structured over and above the spectrum for a network with linear activations.

3. Extension to the bias case

In our analysis hitherto, we have assumed that the bias parameters are absent. By enabling bias
parameters, we will have additional flexibility in the function class, and being a special case of d = 2
inputs, it will also provide us insights into how things change with increasing input dimension. So
assume that our network is now, f(x) = w' (vz + b).

Theorem 6 For the above linear network with bias, assume that (v,b) = 0 and ||v|| = ||b||, as
well as 0% = 1 and zero-mean data E [z] = 0, E [y] = 0 and yx = 0. Then the spectrum consists
of the following sets of outlier eigenvalues, the first being the following pair,

1 1 —2 =2
5= (VI + IwP) & 5/ (VIR + wl)2 + 1262”45 )
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and the second is the triple A\, = t, + (||v||? + ||w||?)/3, where t;, for k = 0,1,2:

/ 1 — 2
tr = 2 —g cos <3 arccos <§’Z ]33) = k;)

: —2 =2 =2 =2
with, p = —(62" +06) = (IIVI* + [wl[*)?/3 and ¢ = = Z ([ [* + [wl*)? = 3llv[*(6z" +67) +
%HWHQ(QQ —1—32) and the rest being the bulk eigenvalues \p,j = £ \/ 52 +3° and 0 eigenvalues.

The expression of the outlier pair strictly generalizes the case without bias, where the eigenval-
ues would be:

1 1 —
A= SOV IwP) & 2/ (vl + w2 + 125 ©

As fas as the eigenvalue triple is concerned, since cos € [—1, 1], we can upper and lower bound
the above solutions to the cubic as:

1 1
SUVIE+IwI%) = < Ao < S(IVIF+ [w]%) +#

with

—p 1 — = 1 2 —2 =2
t' =24/ 3= 2\/3(5:1,- +07) + (V2 + [lw]2)? = g\/(IIVH2 + [[w?)? + 3(dz" +47).

The proof technique becomes highly involved and cumbersome in the above case, requiring
solving the roots of a polynomial of degree 6. In general, polynomials of degree 5 or more do
not have solutions in radicals, by the Abel-Ruffini theorem. However, the additional assumptions
made in the theorem allow for a slight simplification of the resulting degree 6 equation, which can,
in turn, be factorized into a product of a quadratic, cubic, and a linear term. Another thing worth
remarking is that here we have a pair of eigenvalues centered at 1/4 - Tr(Hy,), and a triplet centered
at 1/6 - Tr(Hy,), as here Tr(Hy,) = 2(||v||? + |[w||?). Recall, for the D = 1 case, we had a pair of
eigenvalues centered around 1/2 - Tr(Hy,). We conjecture that such a trend would also hold for the
general d case, although we show it here for D = 1,2 only.

4. Discussion

Summary. We provide a closed-form of the Hessian spectrum, i.e., all eigenvalues as well as eigen-
vectors, for both linear and ReLU networks in the scalar regression case. The obtained expressions
provide insights into their intriguing nature in an exact manner, as seen via the paired nature of
outlying eigenvalues and cell-wise decomposition of the Hessian for ReLU.

Related work. We would like to remark that the closest work in the literature to ours is that
of [7] , who in their analysis of the Edge of Stability [1], derive the Hessian eigenvalues for an el-
ementary 2-layer linear network with just scalar parameters f(z) = wvx and a single input n = 1.
We starkly go beyond the prior work by not only considering the general case of n inputs and vector
parameters w, v, but we also cover the case of ReLU and bias as well as also derive the closed form
of eigenvectors.

Conclusion. We hope that the wider research community can take advantage of our theoretical
results to provide rigorous insights into the interaction of the maximum eigenvalue with the learn-
ing rate (like that showcased in the edge of stability [1]), the implicit effects of algorithms which
minimize sharpness [2], as well as shed light into the flat minima hypothesis for generalization [4].
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Appendix A. Eigenvalues: Linear, Unidimensional, Multiple datapoints

The loss function can be written as £(w,v) = 5= 3" | (w v -z; — y;)?, where n is the number of

data points under consideration. Hence the gradient with respect to the parameters comes out to be:

1 < —

Vwl = <n ;%52) v=:0zv @)
1< —

Vvl = <n ;xi&) W =: 0Tz W )

where, 0; = (w,v)x; — y; and we use the shorthand zd to designate the (uncentered) residual-
input covariance. Also, let us denote the input mean as p = %Z?:l x; and the (uncentered)

input standard deviation as 0 = 4/ % S xf Besides, let us denote the (uncentered) input-output

covariance as yr = %Z?:l y;x;. The second-order partial derivatives which will constitute the
Hessian matrix turn out to be:

Vawl=0"vv' )
V%,,VE =olww' (10)
0%( — T
2 4 _ 2 o — (T2
Vavl= Twiv dxly +o vw ' = (Vg ,l) (11)

We can also express the above in the matrix form as follows:

_0_ _0_
ovrl ow '’
H ai ocZww! o2wv'! + 621, (12)
L — _
a% o?vw' +oxl,, olvv’

Solving the eigenvalues. To solve for the eigenvalues, we solve its characteristic equation, namely
|Hy, — AI,| = 0, where p = 2m is the number of parameters. Alternatively we have,

olvw! + 6z, o2vv! — ), =0 (13)

(02 ww! — AL, o2wv' + 5951m> ‘

Via the Schur complement, we have

<é g)’ = |D||A — BD!C|. We can apply this

to above equation, where D = o vv ! — AlL,,, which is invertible as long as A is non-zero and
A # ||v||?02. Hence determinant of D won’t be zero, and the roots of the equation above (which
will yield us the eigenvalues) will come from the other term, |[A — BD~!C| = 0. Let us then
calculate it:

2

o?ww' — AL, — (0 wv' +6xL,) (02 vv = AL,) " Ho?vw! +dx1,)| =0 (14)



CLOSED FORM OF THE HESSIAN SPECTRUM FOR SOME NEURAL NETWORKS

Next, we use the Woodbury matrix identity, i.e., (A + UCV)™! = A=l — A-lU(C™! +
VA~'U)"'VA~!, which gives us that:

2
-1 o T

20T 1_ "4ty o
(oc“vv AL) 3 L, o= ||v||20_2)VV (15)

Putting this back in the above equation and expanding the product gives us,

S 1 0'2 _
O'2WWT — >\Im + (O'ZWVT + or Im)(XIm + WVVT)(U2VWT + ox Im) =0
(16)
Pww ' — A, a7
av|? T o%x 1 af|lv|* T a*ox||v T
—_—— — _ _ 18
S S D Yo e 7 e W (o
0%z - o o 1oz |v|? - o262 -
—I _ _ =0 19
A S VP e PP e M 4
Let us analyze the coefficients for each of the matrices one by one, starting with ww "
2, oIvl? oOIvit  (@PAN = V) + G IVIPOA = a?[v]P) + o)
A A= o?[v]]?) A= o2 v]]?)
(20)
oA
_ 21
A= o[V b
Next up, both wv and vw " have the same coefficient:
o%r  o'Sallv|E (A —o?|v|2)o%z + 0'5z|v? )
A A= a?vE) A =a?[v]?)
o0z
=— 23
3 o7V 2
Hence, the above characteristic equation can be rewritten as,
o2\ T o0z T T o267 T
S — —_ —_— 24
o e Db @
522
—(A—A)Im‘ =0 (25)

Assuming )\ # 0, multiply the equation by A and (A — 2||v||?) (since |0?vv | — AL, | # 0) yields,

2N ww !+ o2z (wv ! +vw ) + o252 v — (A2 — %2)()\ — V]| =0 (26)
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Setz = Aw + dxv, and v = (A2 — @2)()\ — 02||v||?) we can express the above equation more
compactly as

o’zz' — Z/Im‘ =0 27

The determinant of the above matrix? is the product of its eigenvalues, which comes out as:

olzz' — I/Im' =" N o?||z|]> —v) =0 (28)

This implies that they are m — 1 repeated roots of v = 0, and once when ¢2||z||? — v = 0.

Since \ # o 2 we get m — 1 repeated solutions of A2 — 3z~ = 0 or m — 1 times

(w, V) Yi) T (29)

>/
3\*—‘
||M:

The other solution corresponds to solving the following equation in :
222w + 0202 ||V + 20252\ (W, v) — A3+ 3z | V|2 + 0z — 0%z V|2 =0  (30)
— N 4 (02| w2 + 02| V][2)A? + MGz + 2025z (w, V) G1)
=~ = (@|wW[? + o?[[vIA)A — (63" + 2025w (w, v))) = 0 (32)

Again, A # 0 by assumption above. Then solving the quadratic in A gives us the following two
roots:

1 1 — —
A\ = 5(a2||vv||2 + o?||v||?) 5\/(02\|WH2 + o2|v|2)2 + 4(5332 + 2026z (w, v)) (33)

where 02~ + 20%5z(w,v) = dz(0x + 20%(w, v)), which can be better written as,
((w,v)o? —5z)(3{w,v)o? — 7).

Further, notice that the residual input covariance can be upper-bounded in terms of the overall
loss and input variance.

DL N DL ixg: 252 ng (34)

Thus, 6z < v/2¢ . Further since the most negative eigenvalue is given by, Amin = —0x, we

have that
m1n > \/70

2. T could also make o2 part of the vector z above.

10
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Appendix B. Eigenvalues: ReLU

Let us now analyze the case with the ReLU non-linearity. So we have as the network func-
tion, f(z) = w'(vx)y, with (2), = z1{z > 0}. The loss function is given by, {(w,v) =
LwT (va)y — )2

Without loss of generality, assume that first ¢ coordinates of the vector v have positive sign as
x and collected in the vector v, while the rest m — ¢ coordinates being zero. On the other hand,
we can collect the negative coordinates of v in the vector v_ whose, first ¢ components are zero
and the rest m — ¢ contain the negative coordinates. Then we can write v = v + v_. Since in
this simple network, each parameter of w is coupled with a parameter in v, based on the partition
of v we can also split the w vector into two corresponding parts, (w4 ); = w;1{v; > 0} and
(w-); = w;L{v; < 0}. Alternatively, we can express the effect of non-linearity on w by the
Hadamard product w ® 1{v > 0}. But, to emphasize, the components of w_. need not be positive
neither w_ need be negative.

And so, for x > 0, f(z) = (w4, vy)x, while for z < 0, we have that f(z) = (w_,v_)z. Or
more succinctly,

flz)=(wy,vi)zl{z >0} + (w_,v_)xz 1{z < 0}

Hence the gradient with respect to the parameters comes out to be:

Vwl =0 - (vizl{z >0} +v_zl{zx <0}) (35)
Vol =6 (wyzl{z >0} +w_z1l{zx <0}) (36)

where, § = (wi,vy)z1{z > 0}+(w_,v_)z 1{x < 0} —y. The second-order partial derivatives
which will constitute the Hessian matrix turn out to be:

VZ L= vizl{z >0} +v_al{z <0}) (vizl{z > 0} + v_a1{z < 0})"
V37V£ = (wyzl{z >0} +w_z1{z <0}) (wyz1{z > 0} + w_z1{z < 0})'
0*(

V?NNE = Swiv (6x)+ (vizl{z >0} +v_z1{z <0}) (wyzl{z > 0} + w_z1{z < 0})"

where, () denotes a diagonal matrix formed by the corresponding vector, and x+ denotes the vector
whose first g coordinates contain equal z1{z > 0} and the other m — g coordinates contain z1{z <
0}. Said differently, we have that:

szl{z >0} I, 0
(0x4) = ( 0 Sz 1{z <0} Im—q>

The expressions of the above components of the Hessian can be further simplified as,

Vawl=vivie’ 1{z >0} +v_v a?1{z <0} (37)
Vi l=wiwl 2? 1{z > 0} + w_w 2?1{z <0} (38)
Vil =(0xs)+viwia? 1{z > 0} + v_w_ 2’ 1{z < 0} (39)

11
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Averaging over Multiple datapoints. Let us average the above Hessian components over multi-
ple datapoints,

V2 L="202 vivI+ =52y v (40)
K n n
V2 L="0wow + 502w ow! (41)
I n n
—_ n n_—
v%v,vL = ((SX:E) + % O'_Qi_ V+WI + 7 0'% V—WI (42)

where, we have the the standard deviation of the positive and negative datapoints as, o4 =
i St 221{z; >0} and o_ = \/n% S 2?2 1{x; < 0} respectively, and besides, n =
n4 + n_.

Besides, we let us denote the (uncentered) input-output covariance for the positive and negative
cells respectively as follows,

1 n

yr, = — Zylzm]l{xz > 0}
[
1 n

yr_ = — Zyz‘xiﬂ{wi <0}
T i=1

Hessian decouples across ReLU cells. If we look at the equations above carefully, we will notice
that the coordinates for v ,w, are mutually exclusive from the coordinates for v_ ,w_. And
hence, up to column and row permutations the Hessian can be written as a block-diagonal matrix
with Hessian for the individual cells respectively in these diagonal blocks. In fact, the column space
itself is a direct sum of the column space across the cells. And, so the eigenvectors will also be non-
zero on mutually exclusive coordinates. As a result, we can solve the Hessian spectrum separately
for the two cells.
We can also express the above in the matrix form rather compactly as follows:

_0_ _0_
) av;r GWI
nt 52 T nt 52 T L2405
EHL—i_ _ Ovy n 0L WiWw, n 0L WiV + n xéJFIq
- _0 ngy 2 T ng oS ny 2 T
Bwy \n 0% VAWt Sradid O VY

where, 20 = 0% (w4, vy) — YT, Likewise, we have that

_0_ _0_
v ow
) n_ 2 T n_ 2 T, n_ =%
n_ H, - — o — i W_wW_ i W v_ + =20 Iy g
= 9 |n- 2o T, 1% n_ 9 T
gwo \ 7w 0= V-Wo + 20T T O V-V

To emphasize, the Hessian is equivalent to:

LHY 0
i (T )

12
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Essentially, the row and column permutations correspond to a different ordering of the parame-
ters when forming the Hessian matrix.

Solving the eigenvalues. For solving the eigenvalues, we can depend on the result for the linear
case and do so separately: once for the positive cell and another time for the negative cell. The
eigenvalues for the overall Hessian will just be a union of the eigenvalues obtained from solving the
eigenspectrum for the cells. We will just have to multiply the obtained eigenvalues for Hy, ™ and
Hi,~ by the weights “* and “= respectively.

Positive Cell Eigenvalues. Here we obtain as the bulk eigenvalue, )\;ﬂk = i%EJF repeated
q — 1 times, while as the outlier eigenvalues we have:

ny ny —9 JE—
Auttier = %(U%r”““r”z +aflvel?) £ %\/(03”“@”2 + 0% [[vi][?)? + 4(20) + 205204 (W, vy )
(43)

Negative Cell Eigenvalues. Here we obtain as the bulk eigenvalue, A\, , = i%ﬁ_ repeated
m — q — 1 times, while as the outlier eigenvalues we have:

_ n— n_ — 9 —
Notr = (02 w2+ 2 v ) & 2 (02 [ 2+ 2 )2 40" +202 8 (w_.v-)
(44)

Appendix C. Solving for Eigenvectors

C.1. Linear, Unidimensional network with multiple datapoints

Let us recall the Hessian considered in Eq. 12 for the multiple datapoints setting in the case of linear
networks.

_0_ _0_
ov’ ow
H 8% oZww! a?wv' +oxl,, 45)
L= _
6% o?vw ' + o0zl o2vv'

While we have solved for the eigenvalues, the form of the eigenvectors is still not apparent. In
this section, we aim to work towards a closed form for the eigenvectors. For starters, let us assume
Z1

an eigenvector of the Hessian matrix above, z, is of the form z = (
Z2

) . Then in order to obtain

the eigenvectors we need to solve the following system of equations:

o?ww ' o?wv' + 0zl 71 71
a2vw! + oxl,, o?vv’ (ZQ) =A (ZQ) (46)
which can be expressed as,

13
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o2 (w,21) W+ 02 (V,22) W + 02 29 = Az 47)

o2 (w,21) v + 0%(v,29) vV + 0z 21 = M\zo (48)
Taking the inner-product with v on both sides of first equation and with w in second equation yields,
o2 (w,z1) (W, V) + 02 (v,22) (W, V) + 6 (z2,V) = X (21, V) (49)
o2 (w,z1) (v, W) + 02 (v,z3) (v, w) + 0z (21, W) = \ (22, W) (50)

Subtracting the second equation from the first and rearranging gives,
0 (22, V) — N(z1,V) = 0z (21, W) — X (22, W) (51)

Alternatively,

(0xz9 — Nz1,v) = (0x 21 — AZ2, W) (52)
Thus we have an equation of the form (a, b) = (c, d), whose possible solutions are:

1. (a,b) = 0 and (c,d) = 0. While this is a general condition, there are also some specific
instantiations of this when this is possible as listed below.

(a) a=0andc = 0.
(b) a=0andd = 0.
(¢c) b=0andc = 0.
(d b=0andd = 0.

The grayed out possibilities require the parameter vectors to be zero, so we discard them as
that need not be the case.

2. a=candb = d, and a,b,c.d # 0 (up to scale, since o a and a~1b, for a # 0is also a
valid solution).

Again this requires the parameter vectors to be equal, which may not be the case necessarily.
3. a=dand b =c,and a,b, c,d # 0 (up to scale).

Outlier Eigenvectors. Considering that v # w and v, w # 0. Then using the (3) option above,
we get (for some « # 0):

0x 29 — \2p = aW (53)
0xz] — \2g = av 54

Then solving this pair of equations for z; and z, gives:
(%2 — Mz =alw+adzv (55)

(02" — N2) 29 = adzw + A\ v (56)

14
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Hence, at last, the eigenvector is of the following form:

o AW + dzv
Z=——_|— (57)
dx" — A2 \dzw + v
In order to check the validity of the above solution, let us multiply the Hessian with it. Besides,
from there we may also see the eigenvalue corresponding to this eigenvector.

o?ww'  o?wv! +6xL,\ [Aw + dav a
o?vw! + ozl o?vv’ Saw 4+ A\ /] S22 — )2
Ao (w, W) W + dzo?(w, V)W + dzo? (W, v)w + Ao (v, v)w + 52 W + Aoxv o

Ao (w, W)V + dxo?(w, V)V + A\dxw + STV + dxo?(w, V)V + A2 (v,v)v | 552 — A2

The above can be simplified to:

(AWl + A?IV][2 + 2000 (w, v) + 82 ) W+ ATav) 4
Aozw + (A02||w||2 |2 + 200w, v) + EQ) v ) 5% — A2

For this to be a valid eigenvector, the term in brackets should be equal to A2, i.e.,

A2 w2 + Ao |[v][? + 20202 (w, V) + 0z = A?

Solving this yields,

1 1 — —
A= 5(02Hw||2 +o?|lv]*) + 5\/(02HWH2 + 0?[|v|[?)? + 4(20z0%(w, v) + dz7)

which is precisely the solution for the eigenvalues we had obtained by solving the characteristic

equation.
Besides, we need to ensure that eigenvectors are unit norm, which should give us:

Remark 1. The expression in Eqn. 57 matches the empirically obtained eigenvectors.

Remark 2. Given the decoupling of the Hessian spectrum in ReLU cells, the above eigenvector
derivation should also generalize for the ReL.U case.

Bulk Eigenvectors. We have the possibility (1a) remaining, and we find that as the bulk eigen-
values are A = +dx, this would fit neatly with constraint from Eqn. ??. Moreover we obtain the

following:

AN=0x: 2z =129 (58)
A= —0x: z1=—129 59)
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Further as the bulk eigenvectors have to be orthogonal to the outlier eigenvectors, we get the fol-
lowing constraint:

Noutlier (W, 21) + 02(v, 21) + 6x(W, Z2) + Aoutier (V, Z2) = 0 (60)
<W7 AoutlierZ1 + EZQ> + <V,%Zl + )\outlierz2> =0 (61)

(a) Bulk eigenvalue and residual-input covariance have same signs: Let us now consider z; =
Z9, then we get the following constraint:

()\outlier + %) <W + v, Z1> =0 (62)
Hence, in this case z; is of the form (I — W) c for some vector ¢, and they can

simply be obtained by computing the eigenvectors of this matrix, corresponding to non-zero eigen-
values.

(b) Bulk eigenvalue and residual-input covariance have opposite signs: While plugging in z; =
—2z for the other half of the bulk, we get the following constraint:

()\outlier - E) <W —V, Z1> =0 (63)

(w—v)(w—v)"

Hence, in this case z; is of the form | I — Tw=v[?

) c for some vector ¢, and they can simply

be obtained by computing the eigenvectors of this matrix, corresponding to non-zero eigenvalues.

Finally, the bulk eigenvectors from the cases (a) and (b) are orthogonal between themselves
since,
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C.2. ReLU, Unidimensional, multiple datapoints

We simply follow our strategy for the linear case, and since the Hessian for ReLU decouples into
that along the positive and negative cell, we obtain the following set of eigenvectors for the outlier
and bulk eigenvalues corresponding to the respective cells.

Let us briefly recall our shorthand from before, w, = w © 1{v > 0}, w_ = w © 1{v < 0},
vi=vOIl{v>0}andv_ =v e 1{v <0}

C.2.1. POSITIVE CELL EIGENVECTORS

The outlier eigenvectors are given by,

e — a </\(J)rutlierw+ + 1‘5+V+> 64)
+T = 5 | =
20y = A \#04 Wi+ AdygierV+
. —2 —
With, Mfyier = 5 (02 [y 2402 [V 25/ (02 W 2 + 02 [V [2)2 + 40" + 202 28w v.y)).
The bulk eigenvectors depend whether their eigenvalue is )\;ﬂk = x6, or )\;ﬂk = —26,. In

Zl), where z; = z9 is of the form (I —

the former case, we have eigenvectors of the form (z
2

(Witvi)(wytvy) "
[w+vi]?

vectors of this matrix, corresponding to non-zero eigenvalues. In the latter case, we have that

c for some vector c, and they can simply be obtained by computing the eigen-

(We—vi)(wy—vi) T
Wi —vi[?

71 = —Z9 With, z1 of the form (I — )c for some vector c.

C.2.2. NEGATIVE CELL EIGENVECTORS

The outlier eigenvectors are given by,

o A(;ltliervv_ + oV
2= — - |— _ (65)
xé_ - )\2— T w_ + Aoutlierv_
. _ _ _ —2 —
With, Aier = 2 (02 [ 2402 [v_[1P) £\ (02 [ w2 + 02 v |2)2 + 428" + 20225 _(w_,v_)).
The bulk eigenvectors depend whether their eigenvalue is A, = xd_ or Abulk = —x6_. In

Z

2 ) where z1 = 2z is of the form <I —
2

the former case, we have eigenvectors of the form <

(W_tv)(w_tv_)"
Tw_+v_]|?

c for some vector c, and they can simply be obtained by computing the eigen-

vectors of this matrix, corresponding to non-zero eigenvalues. In the latter case, we have that

(wo—v_)(w_—v_)T
Tw_—v_|?

71 = —279 with, z1 of the form (I — >c for some vector c.
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Appendix D. Proof for the bias case
Let us start with the linear case and assume that our network is now given by,

f(x)=w'(vz+b)

The expressions of the loss gradient are:

Vwl =9 - (vx+Db) (66)
Vol =96 - wzx 67)
Vpl =0 -w (68)

where, § = f(x) —y = w' (v + b) — y. The Hessian terms are then as follows>:

V2 ol=(va+b)(va+b)" (69)
V2 ol =02, + z(vz + b)w’ (70)
Ve pl = 0Ln + (vo + b)w’ (71)
V%,NE = ?ww', v37b£ = zww (72)

T

Vabﬂ = WW (73)

Next, let us aggregate the above expression over the entire dataset, with the assumption that the
data is centered (which is anyways carried out in practice), i.e., E [x] = 0, yielding :

Vi wL=0c?vv' +bb" (74)

Ve L =02l +o’vw' (75)

V2 pL =01, +bw' (76)

VisL=c’ww', VI,L=0 (77)

Vil =ww' (78)

In summary, the Hessian can be written as:
o?vv' +bb' oxl,, + o2vw! 0L, +bw'
H; = | 621, + o2wv ' oiww ! 0 (79)
0L, +wb' 0 ww
For starters, assume o2 = 1. Then we need to solve the characteristic equation, i.e.,
vv! +bb" — AL, oxL, +vw' 0L, +bw'
dxly, +wv' ww' — AL, 0 =0 (80)

6L, +wb' 0 ww! — )\,

3. The term V%,bf = zww ' can be generalized to the case of having a 2-dimensional input with coordinates 1, 2

with z2 # 1 and then we would get V‘Q,lmé = z1zoWwwW .
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Instead of computing the determinant using the Schur complement, let us first rewrite the matrix
above in a simpler form:*

v\ /v\  /b\ /b\  [Adz
HL — )\Igm = | W w + 0 0 + oxr =\ 0 &® Im (81)
0 0 w/ \w J 0 =)\
v b\ [vb\  [-Adz 3
=[wo]|lwo| + [0z -x0 |xI, (82)
0w/ \0Ow b5 0 -\
Then using the fact that | A, xm + Upmxn V. vl = [A] - [T+ V.., A7 U, «|. Let’s apply
—A or 6 v b
this to the above matrix, with A = | dz —A 0 | ®I,,and U=V = | w 0 |. First, by using
5 0 =\ 0w
the fact (C® D)~! = C~! ® D!, we have that
) A2 Aoz A6
A= ANz A2-8 Sor | o, (83)

—2 =2
)\()\2—((5$ +5)) & 55z A2 _ 522
Next, A~V comes out to:
A2V + Noxw A%b + \ow

- s [ My (2 —F)w  ASzb + S oaw (84)
2 _ o _ _
A (A — (02" +9 >> AoV +30aw  Ab+ (A2 — 52w

1

Further, the quadratic form VT A~V is given by — : ( B, with B being:

1
>\2—(EQ+SZ)>
VI W) A2+ 282w V) A = 8 WII2 (v, B)A% + 5(v, w)A + (b, WA + & 6z w2
(V,b)A2 + 8(v, w)A + 8z (b, w)A + 8 oz wl[2  (|[bl|2 + [[w[|%) A2+ 28(w, b) A — 62" ||w|>
(85)
, and the de-

Then, |Iy —

1 _ (=1)? < 2 _ (5.2 32 )
—~B| = B-A(AN—(0x +6))1
/\<)\2—(69c2+52)) | A2 (AL(HQHQ))” ( )Lz
terminant of the remaining 2 X 2 matrix is given by:

(VI + l1wl2) 22 + 28 (w, v) A = 37 [wi2 = A (3 = (32" +3%)) )
(B2 + [1w2) A2 + 28¢w, b) A — 8° | w2 = A (32 = (32" +5°)) )
— (v, b)A% + 5(v, W)\ + 0z(b, w)A + 6 ox|w|?)’

In the case when 0 = 1, we have that 0z = (w,v) — 7z and § = (w,b) — 7.

4. If this does not work, I could start with assuming that the v and b are orthogonal.
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Expanding the above equation and setting it to zero yields the following:

A (02" 872 N2 = 2(82” 4 87) A — (V]2 + [[B]]? + 2l wl|2)A° (86)
— 2(8z(w, v) + 3(w, b)A + (52" +3)(|VI|> + [b]* + 3[w]?) A* (87)
+2(62" +3°) (5 (w, v) + 8(w, b))AZ — (52" +5°)? | wl|2A (88)
+ (VI + Wl bl + 1WA + 4525w, v) (w, D)\ 1B W] (89)
+25(w, b) (V]| + [W]?)A® + 25w, v) (||b]2 + [lw]|?) A° (90)
— 257" (w, v)||w|2A — 25" (w, b) ||w |2\ ©1)
— (VI + W) [w]282° X2 = (b2 + [[wl|?)[w]|?5°A? 92)
— (v, bY2X 4 (5v + dub, w)2A? £5 o W - 93)

+ 2(v,b) (0v + dxb, w)\3 + 2(v, b)§ x| w||*\? (94)

+ 2(6v + dxb, w)d dz||w||*\) 95)
=0 (96)

The constant terms get cancelled, and rewriting the above expression by collecting the coeffi-
cients of various degree terms separately gives us:

X0 — (V]2 + 1Bl + 2[[w?)A°
+ | -2002" +8%) = 2(8(w, v} + 5w, b)) + (VI + w2 (bl + [w]]?) = (v, b)?] A"

[—2 =2 . . . = . . —_— . . :
+ (@ + 3 (IVI + 1Bl + 3l1wl|?) + 250w, BY(IIvII? + W) + 28w w, v)([b]]2 + [w]|?)| A*
— [2(v,b) (6v + dzb, w)] A3
+ (62" +3%)2 + 255" +5%) (Fw(w, v) + 3(w, b)) + 455w, v) (w, b) | A

— U1+ 1wl w]1282" + (IBI + [w][2)|[w]*3” + (3% + 5, w)? + 2(v, b3 8| [w]?] A2

(32" + 87)2 ||\ w2 + 202" (w, v) || wl|? + 256° (w, bY||w||2 + 2(3v + dzb, w>5mw\ﬂ Al
=0

Let us try to first solve the above equation in a simpler setting. To do so, we assume: yZ = 0
and 7 = 0. This means that: dz = (w,v) and 0 = (w, b). We get the following simplified form:
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A — (IIVI1% + [Ib]1? + 2w *)A°

+ |20 +5%) = 262" + 8°) + (VI + w2 (bl + [w]) - (v,b)2] X

+ @2 + &) (IVI2 + D] + 3 wll?) + 28 (1] + [[wll?) + 2527 (b2 + [w][?)| A*
— {4<v,b>53} A?

+ (02" +3%)2 + 202" +3°)? +W} A2

= (V12 + W) wli5a” + (]2 + [[wl)[w][?6” + 46775 + 2(v, b)3 5z |w]?] A2

— |(6a” + 82 [w? + 267" [w]® + 25" w]? + 45° 5z | w]|?| A
=0

which can be further simplified as,

X0 = (V]2 + [IBII? + 2]w[2)A°
—2 =2
408" +3%) + (IVIP + WD) (b + [wll?) = (v, b)?] X*

—2 2 ‘ 9 . ‘ <2 ‘ ‘ 2 A ( , <1 \:
(02 + 0 )(IVI[* + [Ibl* + 3]l wl*) + 20" ([[v]* + [Iw]|*) + 262" ([ b||* + [[w|*) — 4(v, b) 51?5} N’

2

(302" +8°)% = (IVI2 + [wl)[w]2852" = (IbIJ? + [w][2) [w]|3” — 2(v, b)3 5z |w]?] A2
3
0

— 305" +5°)2 w2\’

We effectively have a quintic equation above and quintic equations, in general, do not have roots
in radicals due to the Abel-Ruffini theorem. Although this specific equation might still be solvable
in radicals. Let’s assume that the underlying quintic is of the form:

(N + AN+ B)YN+CN2 + DA+ E)
which we can be expressed as:
N+ (A+ )M+ (B+ AC + D))\ + (E + AD + BC)N* + (AE + BD)\ + BE

Matching this with the above equation with A factored out, we get the following series of equations:

A+C = —(Iv]2 + IIbII* + 2 w]?)
B+ AC+D =—40z" +3°) + (IVI* + W) (IIbll + [w]|*) - (v,b)?
E+ AD + BC = (32° + 5) (V| + [Ib]1% + 3llw?) + 25°([v]2 + [[w]?) + 252°([ |2 + [[w]?) — 4(v,b) 52 8
AE+BD =302 +8)* — (IVI1? + [wl)lwl[?0z" — ([ b]* + [lw|®)[[w]*8" — 2(v, b) oz ||w]?
BE = —3(62° +3°)%|w]
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And to remind again the above quintic is:

A7 = (v ? + 1Bl + 2f|w*)A*
2 <2 < < . . .
+ {*4(01‘ +0) + (VP + IwIP) (bl + lw]?) = (v, b)?| A°

+ (@ + 3 (VI + 1Bl + 3l1wli?) + 25" (V]2 + [w]2) + 282" (b2 + [[w|2) - 4(v, b) 58] X2

+ [302° +3%)2 = (IvIP + Iwl)lIw]252” = (Ib][2 + [wll?)[wi%5” — 2(v, b)3 dlw]2] A!

=0

Based on the above equations, let us employ two additional assumptions, i.e., (v,b) = 0 and

|lv|| = ||b||. We have as the choice of the coefficients::
A= —(vIP”+ [Iw]?) 97)
B=-30z"+0) (98)
C=~(IvI*+ Iwl*) (99)
D=—(32"+4) (100)
E = (02" +8")|lw|? (101)

We get as a factored quadratic:

N2 = (IIVI? + [[w][))A = 332" 4+ 87) = 0

1 1 —2 22
3= SO+ wl?) 2 53/ v + ]2 + 12657 + ) (102)

This strictly generalizes the case without bias, where we had the solution:

1 1 9o
A= §(HVH2 + [|wl?) + 5\/(||V||2 + [[wl?)? + 120z (103)

Remember, under our assumptions 6z = (w,v) and § = (w,b). Hence this forms for an
interesting generalization in the case with multi-dimensional input, with term in the square root
being the sum of squares of the inner-product of the second layer weight w and the columns of the
first layer matrix.

Solving the cubic.  Other than the solutions from the above quadratic, we should also check for
solutions in:
3 2 2112 <2 52 <2, 2 2
A = ([[VIIF + [[W]F)A" = (02" + 67)A + (62" +67)[[w[|" =0
We can put this into depressed form, i.e., B+ pt+qg=0, by making the substitution:

2 2
am oy P DI,
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Here, p and ¢ come out to be:
vl + fwl*)?
3
: —2 =2 —2 =2
=201Vl + w]2)? = 9(IvI* + [wl[?) (3" + 5°) + 272" + ) |wl?]  (105)

p=—0z +5)—
_ 1
27

(104)

q

The coefficient ¢ can be further simplified as:
2 2 ov3 _ Ly no—2 <20 2 2052 | 52
¢ = =5 (IVIIF + 1wl = SlIvIF(62™ +67) + Sllwll*(d2” +67) (106)

Using Viete’s trigonometric expression of the roots in three-real roots case, we have that the
solutions to ¢ are given by ¢, for k =0, 1, 2:

/ 1 3¢ /-3 2
tp, =2 _b cos | = arccos 24 T2 k—7T (107)
3 3 2p\ p 3
Since cos € [—1, 1], we can upper and lower bound the above solutions to the cubic as:

1 1
SUVIP + W) = ¢ < Xoa < S(VIP + [Iwll?) +#

with ' = 20/ +8%) + S(IVI2 + [wl2)? = 2/ (I ]2 + [w]2)2 + 352" + 5°).

Notice, that ||v]|? + ||w||? is 1/2 - Tr(HL). So, the two solutions to the quadratic on the page
before are centered at 1/4 - Tr(Hy,), while the three solutions to the cubic get centered around
1/6 - Tr(Hy,).
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