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Abstract

We try to establish that one of the correct data-dependent quantities to look at while trying
to prove generalization bounds, even for overparameterized neural networks, are the gradients
encountered by stochastic gradient descent while training the model. If these are small, then
the model generalizes. To make this conclusion rigorous, we weaken the notion of uniform
stability of a learning algorithm in a probabilistic way by positing the notion of almost sure
(a.s.) support stability and showing that algorithms that have this form of stability have
generalization error tending to 0 as the training set size increases. Further, we show that
for Stochastic Gradient Descent to be a.s. support stable we only need the loss function
to be a.s. locally Lipschitz and locally Smooth at the training points, thereby showing low
generalization error with weaker conditions than have been used in the literature. We then
show that Neural Networks with ReLLU activation and a doubly differentiable loss function
possess these properties. Our notion of stability is the first data-dependent notion to be able
to show good generalization bounds for non-convex functions with learning rates strictly
slower than 1/t at the t-th step. Finally, we present experimental evidence to validate our
theoretical results.

1 Introduction

Deep neural networks are known to perform well on unseen data (test data), c.f. e.g. |[Jin et al.| (2020))), but
theoretical explanations of this behaviour are still unsatisfactory. Under the assumption that the error on
the training set (empirical error) is low, studying the gap between the empirical error and the population
error is one route to investigating why this performance is good. In this paper we look at the gap between
the population error (risk) and empirical error (empirical risk) [I} Following works like [Bousquet & Elisseeff
(2002)) we use the term generalization error for this quantity. |Chatterjee & Zielinski| (2022) articulated the
main question as follows: why (or when) do neural networks generalize well when they have sufficient capacity
to memorize their training set? Although a number of formalisms have been used in an attempt to derive
theoretical bounds on the generalization error, e.g., VC dimension (Vapnik} 1998), Rademacher complexity
(Bartlett & Mendelsonl, 2003|) and uniform stability (Bousquet & Elisseeff] 2002]) but, as|Zhang et al.| (2017))
showed, all of these fail to resolve the conundrum thrown up by overly parameterized deep neural networks.
One clear failing identified in |Zhang et al.| (2017) was that many of these notions were data independent. A
simple counterexample provided by |Zhang et al.| (2017) clearly established that a data independent notion was
bound to fail to distinguish between data distributions on which deep NNs will generalize well and those on
which they will not. Subsequent research on generalization has tried to tackle the question that [Chatterjee &
Zielinski (2022)) formulated as follows: For a neural network, is there a property of the dataset that controls the
generalization error (assuming the size of the training set, architecture, learning rate, etc are held fived)? We
give an affirmative answer to this question in one direction: We identify data-dependent quantities, namely
the Training Lipschitz constant (Lg) and the Test Lipschitz constant (L), that control the generalization
error bound of an NN trained using SGD. In simple terms, we show that if the data distribution is such that
the gradients computed by SGD during training and the gradients on the test points are bounded, the model
will generalize well. Our techniques are able to rigorously handle nonlinearities like RELU and work for
non-convex loss functions and this holds for both classification and regression case (as there is no condition of
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Paper Number of Step Size Neural Network Key Assumptions
Epochs Type

Hardt et al.| (2016) O(m®),c>1/2 O(1/t) No restrictions No data-dependence.

Kuzborskij & 1 epoch O(1/t) No restrictions Bounded Hessian

Lampert| (2018])

Lei & Ying] (2020)) o(1) O(1/¢) No restrictions Strongly convex ob-
jective but non con-
vex loss function

Charles & O(m) o(1) 1-layered networks PL and QG growth

Papailiopoulos with leaky ReLU or conditions

(2018]) linear

Lei et al.| (2022) O(m) 0(1) 1-layered networks Smooth loss function,
with smooth activa- Bound in expecta-
tion functions tion, lower bound on

number of parame-

3
ters n > m+tD o >

0
Our Paper O(logm) O (l/tl_ﬂﬁcv"w ), No restrictions Bounded  Spectral
ce(0,1) Complexity

Table 1: Recent related works addressing the question of generalization error and stability of neural networks
in comparison to the results in this paper.

separability of dataset). We also allow for a learning rate that is asymptotically strictly slower than (1/t) at
the ¢-th step of SGD. All this holds for any bounded value loss function which is twice differentiable.

Our work is within the theoretical paradigm of stability. We asked the question, Is there an appropriate
version of stability that is flexible enough to incorporate dataset properties and can also adapt to most neural
networks? In a partial answer to this question, we introduce a notion called almost sure (a.s.) support
stability which is a data-dependent probabilistic weakening of uniform stability. Following the suggestions
made by [Zhang et al.| (2017)), data-dependent notions of stability were defined in [Kuzborskij & Lampert
(2018) and |Lei & Ying| (2020) as well. However, a.s. support stability is a more useful notion on three counts:
it can handle SGD learning rates that are strictly slower than (1/t), its initial learning rate is much higher,
and, while these past works bound generalization error in expectation, a.s. support stability can be used
to show high probability bounds on generalization error. But, over and above these technical benefits, our
main contribution here is the identification of the data-dependent Lipschitz constants as a key indicator of
generalization. A brief description of recent related works are summarized in table

Technically, our approach has several ingredients. We begin by widening the scope of the generalization
results of [Feldman & Vondrak| (2018} 2019a)) by showing that they hold for algorithms that have a.s. support
stabilityusing a mild generalization of McDiarmid’s Inequality. Secondly, we show that when SGD is used
to minimize a non-convex function, its a.s. support stability can be bounded in terms of the gradients
encountered during the training and testing. This naturally leads to the idea of the two data-dependent
constants mentioned above, the Training and Test Lipschitz constants. Thirdly we show that NN with ReLU
activation will be locally Lipschitz and smoothness (w.r.t. to the parameter set) with probability 1 as long
as the unknown distribution places probability 0 on sets of Lebesgue measure 0, a constraint that holds for
most natural data distributions. This directly implies the existence of the constants that control the rate of
convergence to 0 of the generalization error. The Training Lipschitz constant (Lg) depends on the training
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set picked, and the Test Lipschitz constant (L4) is a function of data distribution. We show bounds on these
constants based on the spectral property of NN, arguing that although these constants are always small
for small sized networks, they could also be small for large networks depending on the parameter (weights)
values. We also consider the randomly labelled example suggested by |Zhang et al.| (2018) and show that the
assumption of bounded Lipschitz constants w.r.t training set size breaks. We show that the Lipschitz constants
are high and keep increasing with the training set size of this bad distribution. Thereby our theory does not
guarantee any generalization in these cases, which is as it should be.

We note that although we can say that when the data-dependent Training and Test Lipschitz constants
are small, our results guarantee good generalization performance, we do not establish that this condition is
necessary.

In particular our contributions are:

o In Section |3| we define a new notion of stability called a.s. support stability and show in Theorem [3.2] that
algorithms with a.s. support stability o(1/log? m) have generalization error tending to 0 as m — oo where m
is the size of the training set.

¢ In Section [4 we show that if we run stochastic gradient descent on a parameterized optimization function
that is only locally Lipschitz and locally smooth in the parameter space and has data-dependent Training and
Test Lipschitz constants that are bounded with probability 1, then the replace-one error is bounded even if
the training is conducted for number of epochs proportional to log m. This implies (Corollary that any
learning algorithm trained this way has a generalization error that goes to 0 as m — oo. If SGD is trained
for 7 epochs, the slowest learning rate for which our result holds is ag/t'~*(7™) at step t where p(1,m) is
O (loglog m/ (log T + log m)) for an appropriately selected value of . For all reasonable values of m and 7,
this marks a significant slowing down of the training rate from 6(1/t).

« In Section [5.1] we show that the output of an NN with ReLU activations when used with a doubly
differentiable loss function is locally Lipschitz and locally smooth in the parameter space for all inputs except
those from a set of Lebesgue measure 0 (Theorem . We also show a spectral norm based bound for
Training and Test Lipschitz constants (L, and Lg). We then experimentally verify our theory showing that
the bounded Lipschitz condition holds and we also plot the generalization error.

e Then in Section we experimentally analyze the Test Lipschitz constant (L4) for random labelling
setting suggested by [Zhang et al.| (2018]) and conclude the Test Lipschitz constant is actually not bounded
and increase with the training set size. We relate this to the high variance of the loss function in random
labelling case and hence provide an explanation of which this example cannot be proved, incorrectly, to
generalize using our methods.

2 Related Work

Although NNs are known to generalize well in practice, many different theoretical approaches have been
tried without satisfactorily explaining this phenomenon, c.f., |Jin et al. (2020)); Chatterjee & Zielinski| (2022).
We refer the reader to the work of [Jin et al.| (2020) which presents a concise taxonomy of these different
theoretical approaches. Several works seek to understand what a good theory of generalization should look
like, c.f. Kawaguchi et al.|(2017)); |Chatterjee & Zielinski| (2022]). Our own work falls within the paradigm
that seeks to use notions of algorithmic stability to bound generalization error that began with [Vapnik &
Chervonenkis| (1974) but gathered steam with the publication of the work by [Bousquet & Elisseefl] (2002]).

The applicability of the algorithmic stability paradigm to the study of generalization error in NNs was brought
to light by Hardt et al| (2016]) who showed that functions optimized via Stochastic Gradient Descent have the
property of uniform stability defined by Bousquet & Elisseefl] (2002)), implying that NNs should also have this
property. Subsequently, there was renewed interest in uniform stability and a sequence of papers emerged
using improved probabilistic tools to give better generalization bounds for uniformly stable algorithms,
e.g., Feldman & Vondrak| (2018} [2019a) and |Bousquet et al.| (2020]). Some other works, e.g. [Klochkov &
Zhivotovskiy| (2021)), took this line forward by focussing on the relationship of uniform stability with the
excess risk. However, the work of |Zhang et al.| (2017)) complicated the picture by pointing out examples where
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the theory suggests the opposite of what happens in practice. This led to two different strands of research.
In one thread an attempt was made to either discover those cases where uniform stability, (e.g. |Charles &
Papailiopoulos| (2018))), or to show lower bounds on stability that ensure that uniform stability does not
exist, (e.g. Zhang et al.|(2022)). The other strand of research, a category in which our work falls, focuses
on weakening the notion of uniform stability, specifically by making it data-dependent, thereby following
the suggestion made by [Zhang et al| (2017). [Kuzborskij & Lampert| (2018) defined “on-average stability”
which is weaker than our definition of a.s. support stability. Consequently, their definition leads to a weaker
in-expectation bound on the generalization error where the expectation is over the training set as well as the
random choices of the algorithm. Our Theorem [3.2] on the other hand, provides a sharp concentration bound
on the choice of the training set. |Lei & Ying| (2020)) define an “on-average model stability” that requires the
average replace-one error over all the training points to be bounded in expectation. While their smoothness
requirements are less stringent, the problem is that their generalization results are all relative to the optimal
choice of the weight vector, which implies a high generalization error in case of early stopping.

3 Almost Sure (a.s.) Support Stability and Generalization

In this section, we present a weakening of the notion of uniform stability defined by [Bousquet & Elisseeff
(2002) and show that exponential concentration bounds on the generalization error can be proved for learning
algorithms that have this weaker form of stability.

3.1 Terminology

Let & and Y be the input and output spaces respectively. We assume we have a training set S € Z™ of size
m where each point is chosen independently at random from an unknown distribution D over Z C X x ).
For z = (z,y) € Z we will use the notation x, to denote z and y, to denote y. Let R be the set of all finite
strings on some finite alphabet, and let us call the elements of R decision strings and let us assume that there
is some probability distribution D, according to which we will select  randomly from R. This random
string abstracts the random choices of the algorith. For example, in an NN trained with SGD it encapsulates
the random initial parameter vector and the random permutation of the training set as seen by SGD. For an
algorithm like Random Forest r would abstract out the random points chosen to divide the space.

Further, let F be the set of all functions from X to ). In machine learning settings we typically compute a
map from Z™ x R to F. We will denote the function computed by this map as Ag,. Since the choice of §
and 7 are both random, Ag , is effectively a random function and can also be thought of as a randomized
algorithm.

Given a bound M > 0, we assume that we are given a bounded loss function £:Y x Y — [0, M]. We define
the risk of Ag, as

R(AS,T) =E.-p M(ASJ'(Z‘Z)v yz)} )

where the expectation is over the random choice of point z according to data distribution D. Note that the
risk is a random variable since both S and r are randomly chosen. The empirical risk of Ag , is defined as

Re(As,) = 157 2 s, (w2).02)

zE€S

We are interested in bounding the generalization error
|R(AS,T) - Re(AS,T)| : (1)

When talking about SGD we omit A and just use R(S,r) and R.(S,r) to represent R(Ag,) and R.(As,)
respectively.

About the loss function I(-,-). When we talk about the loss function we refer to the commonly used loss
functions in machine learning, like cross entropy, focal loss, Mean Squared Error (for bounded inputs) etc.
Our results are valid for any bounded value loss function which is doubly differentiable. In Machine Learning
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an implicit assumption is that the algorithm is able to successfully minimize the loss function chosen, i.e., a
reasonable loss function is used that can be minimized to a reasonable value over a training set. We also
work with this assumption.

3.2 A Weakening of Uniform Stability

Given S = {Z1, ..., Z,} where all points are chosen randomly from D, we construct S? via replacing the i-th
element of S by an independently generated element from D, to quote it formally we choose {Z11m, ..., Zom}
points such that all are chosen randomly from D such that they are independent from all points in S, for
each i € [m] where [S] denotes, we define

Si = {Zl7 e '7Zi7172i+m,Z7;+1, . e 7Zm}

Where [m] represents integer points from [1,m].

Definition 3.1 (Almost Sure (a.s.) Support Stability). We say an algorithm Ag, has almost sure (a.s.)
support stability 5 with respect to the loss function ((-,-) if for Z1,..., Zam chosen ii.d. according to an
unknown distribution D defined over Z,

Vi € [m] : Vz € supp (D) cE, [w(AS,r(zz)vyz) - E(ASi,r(mz)vyz)” <pB
with probability 1 over the choice of points Z1, ..., Zs,, where Vi, Z; ~ D.

We note that this notion weakens the notion of uniform stability introduced by Bousquet & Elisseeff (2002)
by requiring the bound on the difference in losses to hold with a certain probability. This probability is
defined over the random choices of Z1, ..., Zs,,. Besides the condition on the loss is required to hold only for
those data points that lie in the support of D. These conditions make a.s. support stability a data-dependent
quantity on the lines of the suggestion made by |Zhang et al.| (2017). We also observe that a.s. support
stability is comparable to but stronger than the hypothesis stability of [Kearns & Ron| (1999) as formulated
by Bousquet & Elisseeff (2002).

While the quantification of z, i.e., Vz € supp (D) appears to be a very strong condition it is a weakening of
uniformly stability. In[Bousquet & Elisseeff] (2002)) it was shown that that uniform stability (which is Vz € D)
holds for several classical Machine Learning algorithms like soft margin SVM, bounded SVM regression and
regularized least square regression. Hence a.s. support stability also holds for these algorithms. As we will
see ahead the weakening helps us fulfill key technical requirements when it comes to the study of Neural
Networks.

3.3 Exponential Convergence of Generalization Error

Almost Sure (a.s.) Support Stability can be used in place of uniform stability in conjunction with the techniques
of [Feldman & Vondrak| (2019al) to give guarantees on generalization error for algorithms that are symmetric
in distribution. A function f(x1,...,x,,) is called symmetric if f(x1,...,2,) = f(o(x1),...,0(x,y)) for any
permutation o . But if we have a function f which is not symmetric but the probability of choosing any
permutation of a given set of elements is equal then we use the term “symmetric in distribution” to refer to
such a function along with the distribution by which its inputs are picked. In|[Bousquet & Elisseeff| (2002) the
term “symmetric algorithm” was used but it was potentially misleaing since what they meant was “symmetric
in distribution” in the sense that we have used it. Since SGD randomly permutes the training points it is
clearly “symmetric in distribution”.

In particular, we can derive the following theorem.

Theorem 3.2. Let As, be an algorithm that is symmetric in distribution and has a.s. stability 5 with
respect to the loss function ((-,-) such that 0 < l(Ag,(x,),y.) <1 for all S € Z™, for allT € R and for all
z = (x4,9.) € Z. Then, there exists a constant ¢ > 0 independent of m s.t. for any m > 1 and 6 € (0,1),
with probability 1 — 0,

Er [R(S,r) = Re(S,m)] < ¢ (5 log(m) log (T) N 1og(1/5)> '

1 m
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The constant ¢ is independent of m and, because our analysis is asymptotic in m, this is sufficient for us.

Proof outline. We give a high-level outline here. Our proof extends the proof of Feldman and Vondrak
Feldman & Vondrak| (2019a))) to accommodate the generalization of McDiarmid’s Lemma from
2015)). [Feldman & Vondrak| (2019b) used two steps to get a better generalization guarantee. The first step is
range reduction, where the range of the loss function is reduced. For this, they define a new clipping function
in Lemma 3.1 Feldman & Vondrak| (2019a) which preserves uniform stability and hence it will also preserve
a.s. support stability. They also use uniform stability in Lemma 3.2 [Feldman & Vondrak| (2019a) where they
show the shifted and clipped function will still be stable which is done by applying McDiarmid’s inequality to
B sensitive functions. Here use a modification of McDiarmid’s Inequality (Lemma given in Appendix [Al
to get bounds for a.s. support stability. The second step is dataset size reduction (as described in Section
3.3 [Feldman & Vondrak] (2019a))) which will remain the same for a.s. support stability as this only involves
stating the result for a smaller dataset and the probability, and then taking a union bound. Therefore both
steps of the argument given in [Feldman & Vondrak| (2019al) go through for a.s. support stability.

4 Proof of Almost Sure (a.s.) Support Stability of Stochastic Gradient Descent

As large family of machine learning algorithms follow a paradigm in which the learned function is parameterized
by a vector w € R”™ for some n > 1, i.e., we have some fixed function g : R” x X — ). The training set is
used to learn a suitable parameter vector w € R™ such that the value g(w,z.) is a good estimate of y, for
all z € Z. This value of w is learned by running Stochastic Gradient Descent (SGD) using a training set
drawn from the unknown distribution. We will say that the size of the training set is m and the algorithm
proceeds in epochs of m steps each. The parameter vector at step t is denoted w; for 0 <t < 7 -m, where 7
is the total number of epochs during training. To frame the learned function output by this algorithm in the
terms defined in Section the random decision string r consists of the pair (wy, (7o, ..., mr—1)), i.e., the
random initial parameter vector wy from which SGD begin and the set of 7 random permutations used in
the 7 epochs.

4.1 Some Properties of Parameterized Functions

In Hardt et al.| (2016)), proving that the learning algorithm derived by SGD is stable requires smoothness
and Lipschitz properties of f, but only for partial derivatives taken on R™, i.e., on the parameter space. The
requirement there is that every function in the family of functions {f(-,2) : z € Z} is smooth and has a
bounded Lipschitz constant. Our key insight is that this requirement is stronger than needed. All we need
is that the functions induced by the data points that we pick to train SGD have these properties. We now
present some definitions that encapsulate this idea.

Definition 4.1 (Almost Lipschitzness of vector-valued function). Given a subset {2 of Z, a parameterized
function f:R™ x Z — R is said to follow S-almost L Lipschitzness property w.r.t § if for any w € R™ and
Vz € Q there exists constants L > 0 and € > 0 such that, with probability 8 (over the choice of z), for all
w' € R", |Jw' — w] < e implies

1f(w',2) — flw, 2)] < Lijw —w].

If 5 =1 then we say that f follows almost surely L-Lipschitzness property w.r.t ).

From Lipschitzness to local parameter Lipschitz and local parameter Smoothness. From
Definition [4.1] we get two local properties of a function which are of interest to us.

e For a parameterized function f: R" x Z — R we call it almost surely locally L;-parameter Lipschitz
(a.s. L;-LPL for short) if it satisfies the Definition

o Also we call this function almost surely locally K;-parameter Smooth (a.s. K;-LPS for short) if
Vau f(,-) satisfies the Definition

If the function (or its gradient) is locally bounded, and, if we only look at this function at a finite number of
points (w), we get a “global” property within this finite set of points:
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Lemma 4.2. Given f:R"™ x Z — R we have that if [ is bounded and follows almost surely L Lipschitzness
property at a finite set of points A C R™ and for a set  C Z, then there is an L > 0 such that for every pair
w,w’ € A andVz €

If(w,2) = f(w', 2)]| < L]jw — w'|.

The proof is in Appendix [B]

Discussion: Local properties imply “Global” properties. SGD trained on a finite training set will
encounter a finite number of parameter vectors in its execution, and hence Lemma can be used to say
that the local properties of a bounded Lipschitz constant and bounded smoothness can be extended to the
entire set of parameters encountered by SGD. Specifically, we use the lemma in two ways.

e Setting 2 = S, and taking A to be the set of weights encountered during training over all possible
permutations of S, we get the Training Lipschitz constant Lg and applying it to the gradients of
function we get the Training Smoothness constant Kg.

o Setting Q = supp (D) and taking A to be the set of final parameter vectors produced by SGD for
each of the possible permutations, we get the Test Lipschitz constant L, which is applicable for each
test point.

Note that although we use the term “constant” in their names, all these quantities are random variables that
depend on the random choice of the initial weight wy. We also give a formal definition of set A for Test
Lipschitz constant which can be found in Appendix as Definition

4.2 Almost Sure (a.s.) Support Stability of SGD

We now work towards the a.s. support stability of SGD. First, we state a theorem that bounds the replace-one
error of SGD up to a certain number of epochs. To make the theorem statement easier to read, we first
separate out our assumptions.

S1. We are given a space Z = X X ) and a probability distribution D defined over it. We have a
parameterized loss function f : R” x Z — R that is a.s. [;-LPL w.r.t supp (D) and a.s. K;-LPS
w.r.t D.

S2. For a training set S of size m for each i € [m] chosen i.i.d. according to D we run Stochastic Gradient
Descent on f for 7 epochs with random choice r and parallelly, with the same set of random choices
r, on a set S* wherein the i-th data point z; of S has been replaced by another data point z; chosen
from D independent of all other random choices.

S3. At step t of SGD let the learning rate c; < o/t =P p(r.m) = doglosm ) and w} the parameter

~ log T+logm>’
vectors obtained while training with set S and S’ respectively.

Theorem 4.3. Given Assumptions 51, S2 and S3, we have constants Ls, Kg and Ly as the Training
Lipschitz constant, Training Smoothness constant and Test Lipschitz constant such that with probability 1
over z

LSLg'U(amKSap(Tvm)) (2)
(onS) )

m(l_ p(r,m)

E. [f(wrm,2) — f(wl,,,2)] <27ag - E,

mP(Tim)
p(T,m) *

where U, Kg, p(t,m)) <1+ ﬁ, and as ag — 0, U(ag, Kg,p(T,m)) — 1+

Note that here Expectation will be over random variables Ly, Ls and Kg which are a function of random
initialization of initial weights (wp).
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Proof outline. The proof follows the lines of the argument presented by Hardt et al.| (2016 with the difference
that we allow for a probabilistic relaxation of the smoothness conditions and more relaxed constraint on
Lipschitz constants in line with our definition of a.s. stability. Also, note that we have to account for an
expectation over the random string r and that we have been able to extend the argument to multiple epochs
which was not possible in [Kuzborskij & Lampert] (2018). The complete proof of Theorem [4.3]is in Appendix [B

Data-dependence with Training Lipschitz constant and Test Lipschitz constant. A key feature of the bound
presented in equation [2|is that the dependence on the data is expressed through the data-dependent Training
Lipschitz constant Lg and Test Lipschitz constant L,. Training Lipschitz constant depends on the gradients
at training points and the replacement point z; which is also picked from the data distribution and Training
Lipschitz constant depends on the gradients of the trained network calculated at points from distribution.
Further, a line of research in the optimization literature has shown that the gradients associated with SGD
decay as training proceeds, even for non-convex loss functions, c.f. Section 4 of Bottou et al.| (2018). Therefore
we can conclude that the a.s. stability bound of equation [2]is closely connected to the data distribution and
is likely to be useful for cases where SGD returns a meaningful solution and vacuous for bad cases like the
one presented by [Zhang et al| (2017).

Corollary 4.4. Given assumptions S1, 82 and S3, and under the condition that Kg is a constant, w.r.t. m,
for allr, and E, [LyLs] is also constant w.r.t m, there is a constant ¢ € (0, 1) that depends on o and Kg
such that if the number of epochs T is at most clogm epochs, the expectation of the generalization error of the
algorithm taken over the random choices of the algorithm decreases as O (m_min(e’l/Q)) (Where tilde hides the

logarithmic factors) with probability at least 1 — 1/m over the choice of the training set if /}O‘&If’; +clog2 < 1,

aoKs
p(lm) "

where e =1 — clog2 —
Proof. Let us consider two cases. In the first case when ¢ > 1/2 (i.e. we get the usual rate O(m~1/?)), this

2lm) and we choose a small enough ¢. One the other hand for case where e < 1/2

2K 5
(i.e. rate of O(m~°)), which allows for a larger learning rate péll’g:) < ap < p(;(i’;n) (for small enough c).

This clearly shoes that larger initial learning rate could be bad for generalization. It is easy to check from
Theorem that with the conditions given in the statement of Corollary [£.4] the learning algorithm has a.s.
support stability 8 where g is o(1/m¢) if ;"(‘i{;f) + clogm < 1. We can therefore apply Theorem with
d = 1/m to get the result.

happens when g <

loglogm

We would like to highlight the importance of p(7,m), notice that p(r,m) = O (log s prr

) so it is decreasing
in m but very slowly, so because of this even for datasets with say 10° points, it turns out to be p(r,m) = 0.19,
so this helps us achieve a descent value of initial learning rate oy = 0.19 and also a much slower decay of
learning rate oy = g /t%8L. If we directly compare this corollary with Theorem 4 of Kuzborskij & Lampert]
, we note that their analysis requires an oy = o/t and ag = O (1 / log(m)2) which is a very steep decay
in learning rate and a very small value of alpha, just to compare for m = 109, for [Kuzborskij & Lampert|
ag = 0.005. Also, their analysis bounds generalization error only up to the end of a single epoch
whereas we can bound the error well beyond that. [Kuzborskij & Lampert| (2018) also require the Hessian to
have a bounded Lipschitz constant, i.e., the third derivative of the loss function has to be bounded. We do
not need any such constraint.

5 Neural Networks with ReLU Activation

The main result of this section presents the conditions required for low generalization error for Neural
Networks with ReLU activation. For ease of reading, we first state our assumptions:

N1. We have a fully connected Neural Network with ReLLU activation and 1 output neuron.

N2. The NN is trained on set S ~ D™ using SGD for 7 epochs, where D is over R4 x Y, such that Y is
countable and for each y € ) we get a countable set {z € R? : Prp {lab(z) = y} > 0}, where lab(x)
is label of x.
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N3. We have a doubly differentiable loss function with bounded first and second order derivatives and
learning rate oy = oo/t 2" where p(1,m) = % and the data points of S and the
spectral norms of weight matrices explored by SGD are bounded

Theorem 5.1. If N1, N2 and N3 hold, then Kg is constant w.r.t m for all v and E, [L, - Lg] is also constant
w.r.t. m, with ¢ > 0 such that

ETHR(s,r)—Re(s,r)]Sc<zTaO~ET[Lng]-U(ao,Ks,pv,m)) 1(?§(ZZLZ)+ logrﬁlm)»

p(T,m)

with probability at least 1 —1/m, where U(ag, Kg, p(T,m)) < 1+ m, ag — 0 implies U(ag, Kg, p(T,m)) —

P m)
L+ ey -

Note that for some ¢ log(m) epochs and with an initial learning rate of ag such that ;?(ifif) +clog2 < 1,
the RHS decreases as m increases. It is important to note that L, is the constant that deperids on the actual
distribution D and is calculated for a trained neural network (i.e. at w;,,). This aligns with the notion that
if the network has reached a “good enough” minima then the gradient values should be less and hence this
will show better generalization. Also, Lg and Kg are constants that depend on the training set S. These
are “global” over the data set in the sense that the expectation is for the entire training process over the
(random) choice of initial parameters and the permutation that SGD chooses. For cases where SGD chooses
a good set of initial parameters with good probability these are likely to be small.

However, our framework allows for a more nuanced analysis that we have presented in brief in Appendix [C]
To understand this line of analysis let us first note that as SGD training proceeds, and if it is able to converge
to a minima, the Lipschitz constants encountered decrease. Now if we consider the index i of the training set
that has been changed as per the definition of n-almost - bounded difference, a random permutation of .S
will locate this index at a randomly selected position between 1 and m in the training sequence. If we look at
a particular trace of SGD, the bounding constant Lg can actually be replaced with the constant encountered
at this position. Hence, when the expectation is taken over the random choices, the bounding value is related
to the expected value of the Lipschitz constants encountered. The significance of this is that this expected
value could be substantially smaller than the worst case value in many cases, especially when the training
converges from a high value of the loss to a low value rapidly. L, can be significantly smaller that Lg but in
case the training converges early or if the initial choice of weights is close to the final choice of parameters
these two could be close. Further details of this analysis and alternate theorem statements can be found in

Appendix [C]

For Kg we are constrained in the sense that we need this value to be small throughout the training, even
at the beginning. Also it is interesting to note that when Lg and L, — 0 the generalization error becomes

zero, but when Kg — 0, U(ag, Kg, p(7,m)) — 1+ ”;f:;:j)

which leads to generalization error behave like

0] loiivlns h’fy:”), which is still a decreasing function of m and does not directly reaches 0. Next in
Section we first establish that the theory of a.s. support stability applies to NNs under conditions

specified, then we prove the above theorem along with empirical validation.

5.1 Almost Sure (a.s.) Support Stability of Neural Networks with ReLU Activation

The key to showing the a.s. support stability of NNs with ReLU is to establish that they are locally
parameter-Lipschitz and locally parameter-smooth. First, we show the existence of these constants and then
we will show an upper bound under some reasonable assumptions.

Theorem 5.2. For every w € R™, a doubly differentiable loss function, £ : R x R — R, applied to the output
of a NN with ReLU activation is locally parameter-Lipschitz and locally parameter-smooth for all x € R?
except for a set of measure 0.

Proof outline. The proof of this theorem is based on the argument that for a given w a point of discontinuity
exists at a given neuron if the input z lies in the set of solutions to a family of equations, i.e., in a lower
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dimensional subspace of R. This proof is an adaption of an idea of (2019) and can be found in
Appendix

Theorem [5.2| begs the question: How large are these Lipschitz and smoothness constants? We provide some
general bounds that can be improved for specific architectures:

Proposition 5.3. Suppose we have a fully connected NN of depth H 4+ 1, with ReLU activation at the inner
nodes. Then, if the spectral norms of weight matrices are bounded for every layer i.e., ||[W?|, is bounded
Vi € [H], and the size of each layer be {lo,...,lg} and the distribution of dataset is normalized with ||z|2 <1
then,

< (T, ) < any ®

H
< (H |Wk||a> A(M, W) (4)
k=1

where
M3
M,W) = .
) ; [WEHZ - W2 - (w2

where (i,§)" element of matriz M'[i,§] = |M'(l,i, )|, and where M'(1,i,7) is a matriz such that (p,q)™"

element is M'(l,1,7)[p,q] = ](lgl)w(l V' Note that equation |3 holds for both Training Lipschitz constant Lg

and Test Lipschitz constant L.

The proof of the proposition is in Appendix Note that it’s possible to give a tighter bound for above
theorem by not bounding product of weight matrices (which we do after equation in Appendix) but we
keep the above equation because of its clarity. The bound on Lipschitz constants should be compared to the
bounds given in the context of Rademacher complexity by [Bartlett et al.| (2017) and |Golowich et al.| (2018)).
Our bound is related to the spectral complexity and can potentially be independent of the size of the network.
We are now ready to prove our main theorem.

Proof of Theorem[5.1 Theorem [5.2] tells us that a NN with ReLU activations is locally parameter-Lipschitz
and locally parameter-smooth. From Proposition [5.3] we see that the boundedness of the first and second
derivatives of the loss function and the boundedness of the spectral norm of weight matrices and data points
ensures that the Lipschitz constants and smoothness constants associated with the NN’s training are bounded
w.r.t. m. With all these in place, we can apply Theorem to get the a.s. support stability followed by
Theorem [3.2] to get the desired result.

O

Discussion: An example showing the benefits of data-dependent Lipschitz constants. In general
data-dependent Lipschitz constants can be much smaller than the Lipschitz constants of the space from which
the data might appear. There are probably many scenarios in which this can be demonstrated but we turn to
a well-appreciated scenario: a data set which has much smaller dimensionality than the space in which it is
embedded. We will now argue that in such scenarios data-dependent Lipschitz constants can be significantly
smaller than the

Suppose we have data as z € R? but the actual dimension of the data is D < d, a situation that is often seen
in many cases, for example image data. For simplicity of presentations we assume that each data point has
Z1,...,2p non-zero and the remaining coordinates are 0. The arguments we make can be made even without
this assumption by considering the data points with coordinates based on their projection onto a basis of the
subspace they are taken from.

10
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Suppose we have a neural network with 1 hidden layer of d; neurons and a single output layer. Let W' € R4 >4
0

and W2 € R4 be the weights of 15 and 2"¢ layer respectively and we use w; ; to represent i, weight
of I*" layer. For simplicity, let the output of the neural network O(w,x) = W2W'z. Now, assuming MSE
loss we calculate the gradients and show that the effective upper bound of this could be smaller because of
the fact that our Lg and L, are calculated only from S and supp(D). This is under the assumption that
the weights are upper bounded by some quantity B;. We will also assume that all data points have been

re-scaled so that their norm is at most 1.

Computing the squared {5 of the gradients of the parameter vector w we get,

IV f(w,2)[3 = [V f(w, 2) |5 + [ Viva f(w, )3

Calculating gradients norm for both layers, assuming for given wy (i.e., weight at initialization, note that
this is a part of r randomness) we have value of weights bounded above by By

2
Haf(wx) = \(W]-l’”x)\Q,Where W]{: are the j'" row of W'

awj(?)

2
< B} -D?

The effective dimension of x is D so the above dot product dimension will also be bounded by D as x is 0 in
all other dimensions.

Of (w, x)

aw(l)

2]

= w;”a;[?

i

2
< B}

So summing up the squared partial derivatives across all parameters we get,

IV f(w,2)|3 < di - D-Bf +dy- D*- B}
=B?-dy-D(1+ D)

Here we see that we obtain a bound on the norm of the gradients that is related to D which is significantly
smaller than d, whereas in general we can expect the norm of the gradients to be of the order of d even under
the assumptions of bounded weights and rescaled data points.

Note that we show here the value of Lg and L, but for generalization we actually need E,.[Lg - L] to
be bounded. Using Cauchy-Schwarz inequality we could see that we need bound on just the square of
expectation of each terms. This means that when we select the initial weight parameter vector wg we need
the boundedness constraints on weights only which is a fairly mild constraint.

5.1.1 Experimental Validation of Results

Here we will experimentally show that the Training Lipschitz constant (Lg), Test Lipschitz constant (L)
and Training Smoothness constant (Kg) that we reasoned with are indeed bounded, and that the theoretical
upper bound that we derived for the generalization error of a neural network holds in practice. For simplicity
in this experiment, we assume Training Lipschitz constant to be a good proxy for Test Lipschitz constant
(Lg < Ls).

Setup. For our experiments we use MNIST and FashionMNIST datasets. In both datasets, we randomly
selected 20,000 training and 1,000 test points. All experiments were conducted using a fully connected feed
forward neural network with a single hidden layer and ReLU activation. We train the model using SGD
(batch size = 1), with cross-entropy loss, starting with randomly initialized weights. As suggested in our
analysis we use a decreasing learning rate a; = %2. In each epoch, we consider a random permutation of the
training set. Training Lipschitz constant and Training Smoothness constant are computed by calculating the
norm of gradients and Hessian across the training steps and taking their max.

11



415

416

417

418

419

420

421

422

423

425

426

427

428

429

430

431

Under review as submission to TMLR

60
100
50
© 5 80
€ 40 1S
© —— Training Lipschitz constant E 60- —— Training Lipschitz constant
= 30 Training Smoothness constant = Training Smoothness constant
£ 20+ £
- * 20+
10 -
0 [ r
T T T T T T T T T T
0 5000 10000 15000 20000 0 5000 10000 15000 20000
Number of Datapoints Number of Datapoints
(a) MNIST (b) FashionMNIST

Figure 1: Experiment 1, Maximum of the Lipschitz and smoothness constants at every p (= 20) interval of
updates of SGD (we plot both the running average and the highest value found so far). Notice that these
constants have a clear upper bound throughout the training process.
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Figure 2: Experiment 2, Comparison of empirical generalization error (red) vs. theoretical upper bound
(blue) with varying training set size for different datasets.

Experiment 1. Our first experiment is aimed towards establishing that the Training Lipschitz constant (Lg)
and Training Smoothness constant (Kg) values estimated using local values at each step are bounded. Figure
summarizes the results of these experiments over MNIST and FashionMNIST datasets (g = 0.001). The plots
contain the maximum of the local parameter Lipschitz and smoothness values obtained after running each
experiment 10 times with random weight initialization. These results support our Theorem since the upper
bound values quickly stabilize and do not grow with the size of the training set in both datasets. Similarly, the
bounded smoothness constant supports our constraint on the learning rate, ag < ”(17(7’;”), p(T,m) = lol;ﬂ%.
We find Lg to be 8.1174 (MNIST) & 12.5737 (FashionMNIST), and Kgs to be 58.185 (MNIST) and 102.7096
(FashionMNIST).

Experiment 2. We now turn our attention to the experiment to support our main result, i.e., the empirical
generalization error estimated using validation set is upper bounded by our theoretical upper bound. We first
split each dataset in a 20:1 ratio into training and validation sets, and train the model at varying sizes of
training sets. We empirically compute the generalization error at each training set size using the validation
set. Figure [2| compares this empirical generalization error (in red) with the theoretical upper bound (in blue).
From these results, we can see that our bound decreases along with the generalization error thus empirically
validating our reasoning. Clearly, the bound is not as tight as we would like it to be. Our conjecture is that
this arises from the fact that we use a single value of Lg as an upper bound for the gradients encountered

12
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during the course of the training. Our framework is flexible in the sense that we can use it with a more fine
grained analysis of the gradients averaged over time. This is likely to achieve a better bound. We leave this
direction for future work.

5.2 Random Labelling Case

In making their case against the applicability of uniform stability as a tool for theoretically establishing the
good generalization properties of Neural Networks, |Zhang et al.| (2017)) presented the following classification
problem: Given points picked from Euclidean space using some well-behaved distribution, say a Gaussian, each
point was assumed to have a class label picked uniformly at random from a finite set of labels independent
of all other points. Clearly, any classification algorithm trained on a finite training set will have w(1)
generalization error for this problem. We now demonstrate that our results do not imply good generalization
for this problem. Specifically, we show empirically that the assumption of Test Lipschitz constant (L,) being
independent of m breaks in this case and this “constant” actually increases with m.

Setup. We pick images from the 0 and 1 label class of MNIST dataset. For random labelling case, we
assign random labels to all the points. We then randomly sample a test set 7 (|7| = 50). We take a single
hidden layer (128 neurons) fully connected neural network having ReLU activation in the hidden layer. We
take the loss function as I(§,y) = 1 — Softmax(c - §,y) where ¢ = 6. We use a constant learning rate of 0.003,
batch size of size 8.

Experiment 3. The experiment proceeds by selecting initial random weights for a model say wy (we do
this 10 times). Then for every initialization we pick training set S from our modified dataset (we do this
for 5 times). Now for every training set, we train the model either till accuracy is > 98% or till 500 epochs
whichever is reached first. Now we calculate the loss i.e. f(r,S,z) and the gradient V., f(r, S, z) forall z € T.
For the Test Lipschitz constant we do Ly, ~ max.c7{||Vwf(r, S, 2)||}. In figure [3a] we can clearly see that
the Test Lipschitz constant L, scales as the size of the training set (m) increases. On the contrary for the
standard (non-random) dataset the Test Lipschitz constant L, shows a decreasing trend with m see figure
Therefore we can expect that in the random labelling case, the upper bound in Theorem [5.1] becomes so large
as to become vacuous.

Discussion. We note that the random labelling example has the property that the variance over the choice
of training sets of the loss of any algorithm, Varg[f(r, S, z)], is bound to be high. One possible direction
for theoretically showing that this implies that the Lipschitz constants are likely to be high is by using
Poincare-type inequalities that show that the norm of the gradients of a function of a random vector is lower
bounded by the variance of the function. We do not pursue this direction further here, but we point out that
it may help develop a general theory for the limitations of what can be learned using parametrized methods
trained using gradient descent methods.

5.3 Discussion on the Applicability of Our Results

o Removing the fully connectedness constraint. Although Theorem [5.1]is stated for a fully connected network,
we conjecture that it can be applied to networks like CNNs which have partially connected convolutional
layers with intermediate pooling and normalization layers (e.g., LeNet, AlexNet, etc.). In such cases, the
symmetry in distribution condition required for Theorem holds as long as the training set is chosen i.i.d.
from the unknown distribution. Our work provides a framework in which the study of the gradients obtained
during training such networks can help guide our understanding of their generalization properties.

o Adding reqularization terms to the loss function. Several popular regularizers, the ¢s regularizer being a
prominent example, are doubly differentiable and therefore Theorem can be applied when such regularizers
are used along with a doubly differentiable loss function. Here as well a mild addition for bound on derivative
of regularization term in Theorem may be able to help us prove results for this setting. However, it
requires further investigation to establish such a result.
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Figure 3: Experiment 3, Test Lipschitz constant plot as training set size increases

o Activation functions apart from ReLU. We present a comprehensive treatment of ReLLU activation but we
conjecture that results are not restricted to this kind of activation. Non-linearities like max-pool can also be
handled in our framework by proving that, like with ReLU, the points of discontinuity of such a non-linearity
also lie in a set of Lebesgue measure 0. This provides a direction for future research in this area.

o The case of multiple outputs Although we state the Theorem for the case of a NN with a single output,
it is not difficult to extend the technique to cover the case of multiple outputs. However, this requires a full
treatment which we postpone to future work.

What about other distributions? The data-dependent Training and Test Lipschitz constants turns out to be
the deciding factor of generalization error. But our analysis is limited to the bounds we derive for them.
There is a requirement for a more fine-grained analysis of Training and Test Lipschitz constants and we
believe that optimizing these data-dependent Lipschitz constants will be the right direction to proceed. This
may be made possible by looking at the network structures, the data distribution and the training set in
more detail. We hope that the polynomial characterization of the NN presented in Section will help
this process. We conjecture that it may be able to show that for certain distributions the constants actually
improve (decrease) as the training proceeds, resulting in a much slower decay of learning rate and this could
lead to a proof of a.s. support stability in these cases.

6 Conclusion

We have shown the data-dependent quantities which derive the generalization error for NNs. We devised
a theoretical framework for using algorithmic stability, introduced the data distribution part and proved
generalization bounds for NNs with ReLLU nonlinearities. We feel that it is possible to prove stronger results
in this framework than the ones we have presented here, and more widely applicable ones. Immediate lines of
research that suggest themselves are to apply our methods for CNNs and GNNs and to investigate what other
architectures can be approached with our method and does the Lipschitz constants play some significant
role because of a different network structure. It would be particularly interesting to see if there is some
analog of our polynomial characterisation for GNNs. Although we tackle the overparameterization setting
to some extent we feel more in-depth analysis is required to give better insights into when we can expect
overparametrized NNs to generalize.
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A Modification of McDiarmid’s Theorem

We first define a probabilistic weakening of bounded difference property.

Definition A.1. Given 2m i.i.d. random variables X7y, ..., Xa,, drawn from some domain Z according to
some probability distribution D, for some 8 > 0 and n € [0, 1], a function f : Z™ — R is called n-almost j3-
bounded difference w.r.t. D if

Vie {1a am} : |f(X17"'7Xm)_f(le'"7Xi717Xz{,Xi+1;~~~aXm)| SB;

with probability at least 1 — n. In case = 0 we say that f satisfies almost surely B-bounded difference w.r.t
D. When D is understood we will omit it, and for the case n = 1 we will simply write that f is almost surely
(or just a.s.) SB-Lipschitz.

We now state a modified version of McDiarmid’s theorem that holds for n-almost - bounded difference
functions.

Lemma A.2. Let X;,...,X,, be i.i.d. random variables. If [ satisfies n-almost B- bounded difference and
takes values between 0 and M, then,

_ 62
Pr{f(le"‘va)_E[f(Xl,...,Xm)]>€}<6Xp[m & + 7.

(8 + Mn)*

Lemma follows directly from a result shown in [Combes| (2015). Since the proof is available in |Combes
(2015) we omit it here.
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‘ Symbol | Explanation H Symbol ‘ Explanation

Lg Train Lipschitz constant. T Total number of epochs, each epoch is

L, Test Lipschitz constant. of m step, wy is the initial weight.

Kg Train Smoothness constant. mell 7 is some permutation of m points

X,y Input and output Space. picked from set of all possible

D Distribution over Z C X'). permutation II.

z = Input point and label picked from Tinit Random initialization i.e. wq.

(T2,92) distribution D defined over Z. Tp a Random permutation for m points.

reR random string from a random set to = Random string r having wy and
show randomness in an algorithm. (Tinit, Tp) {771‘}2:_01 i.e., for all epochs.

S Training set of size m. L Local parameter Lipschitz constant.

St Training set S with i*" point replaced || K Local parameter Smoothness constant.
by another point picked i.i.d from D. W Weight matrix of I-th layer on NN.

As, Training Algorithm. Wi The row of I-th layer weight of NN.

/ Bounded value Loss function with wl{lj weight value of [-th layer from it"
domain Y x Y — [0, M]. ’ neuron of I-th layer to j-th neuron of

R(As,) Risk (Population error). I + 1-th layer.

R.(As,) | Empirical Risk (Training error). T Size of test set.

w; Weight of the parameterized function flwg, 2) Loss at t-th step of SGD computed on
trained by SGD at t* step. point 2.

oF Learning rate at ¢-th step of SGD. f(r,S,z) | Loss of NN trained on set S and

[l Spectral norm of matrix. evaluated on point z.

Table 2: Notation used in the body of the paper.

B Almost Sure (a.s.) Support Stability of SGD Proved

Proof of Lemma[f.3. Let f be the partial function of w (i.e., assuming z is already given) is locally Lipschitz
at w € A, there is an £, > 0 and an L,, > 0 such that for all w’ € R™ with ||w —w'|| < &4, |f(w) — f(w’)| <
Ly||lw —w'||. So, let us turn our attention to those w’ € A that lie outside the ball of radius &, around w.
Note that for such a w’, if B > 0 is the bound on f, we have that

f(w) — fw)| _ 2B
fo—w] ==

Therefore the “global” Lipschitz constant for f within A is max{L.,,2B /e, : w € A} which is bounded since
A is finite. This is valid for all the partial functions (i.e., for all z € Q) and hence proves the theorem. [

Now we define the weight set for Test Lipschitz constant.

Definition B.1. The weight set for Test Lipschitz constant A is the set of weights encountered while training
through SGD, for all possible permutation of points in training set S. Let the set of all permutations of S be
IT and 7 € II be a permutation of S, let w; . be the weight at i-th step of SGD where gradients are computed
using first ¢ points of S indexed using permutation 7. So weights encountered across all permutations

A= U {w1,71'7w2,7r7 e
mell

awm,ﬂ'}-

Proof of Theorem[/.3. For some i € [m] we couple the trajectory of SGD on S and S* where z; € S has been
replaced with 2. Our random string r, in this case, is a random choice of an initial parameter vector, wy,
and a random set of 7 i.i.d permutations m,...,7,—1 of [m] chosen uniformly at random. We use these
random choices for training both the algorithms with S and S?. For 0 < j < 7 — 1, we denote 77{1(2') by I;,
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i.e., I; is the (random) position where the ith training point is encountered in the jth training epoch. The
key quantity we will track through the coupled training process will be

6t = [lwe — w“'a

for 1 <t < tm. If we can show that E, [Ls0,,,] is bounded by some quantity B almost surely, we can invoke
the fact that f is a.s. L;-LPL to say that |E, [f(wy, 2) — f(w;, 2)] || < Ey [Lg0rm] < B for all z € supp (D),
where L, is the Test Lipschitz constant.

We argue differently for the first epoch and differently for later epochs. For the first epoch, we note that for
t < Iy, 0y = 0 since SGD performs identical moves in both cases. At t = Iy + 1

5104-1 = ”wlo - Oqovf(wfmzi) - (w/I() - anvf(wllov Z;))” = alova(wlov Zl) - vf(wlloa Z;)Ha

where the second equality follows from the fact that wy, = w7, by the definition of Iy. Using Lemma we
can say that d7,11 < 2ay,Ls almost surely. Notice here we used data dependent Training Lipschitz constant
Lg which is only defined for points in set .S, unlike Test Lipschitz constant. Now,

042 < lwrgrr — Wiy |l + ar IV f (w1, 2i) — V(w405 20)]-

Here although the parameter vectors wr,;1 and wj ,, are not the same, zx(,41) and 2/, o(Io+1) are the same
by the definition of Iy (assuming that Iy # m). Therefore we get that

01942 < 0141 + g +1 K501, 41

with probability 1 since from Lemma we have that f has a “global” smoothness property for the entire set
of at most 27m parameter vectors that will be encountered during the coupled training of S and S*. Noting
that a similar recursion can be applied all the way to the end of the first epoch, i.e. till ¢t = m we get

Om < 2ap,Lg H 1+ Ks) <2ay,Ls exp{ Z atKS} , (5)
t=Io+1 t=Io+1

with probability 1. Moving on to the next epoch we note that we can make the argument above till the next
point where the two training sequences differ, i.e., till the m + I; + 1st step. At this point we have,

Omt1+1 < Omat, + Qmary va(wm-i-hazi) - Vf(w;n+11 ) Z;))H

Since neither the parameter vector nor the training points are the same in the second term, we have no option
but to use the almost data dependent Lipschitz constant to say that

Omani+1 < Omir, + amyr, 2Ls.
Since oum41, < ag,, observing that our current bound for 6,4+, is larger than a,,+r,2Lg. Therefore
Omaty+1 < 20m41y -
So, we see that in the second and subsequent epochs, for time step jm +1; +1, 1 < j < 7 we have the bound
Ojmt1;41 < 205mt1;,
and for all t > m + I1,t # I1,..., 1.1 we have, as before, by the smoothness property that
01 < 0:(1 4 a1 Kg).

Therefore, we have that

™m OéoKs (Tm)p(T’m) _ IP(Tam)
Orm < 20 L5(2)T_1 exp Z aKg p <agLg2™ exp 0 (6)
- N - metrm) p(T,m)
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where, in the first inequality for ease of calculation we have retained the terms of the form (1 + oy, Kg),
2 < j < 7 in the product on the right although we can ignore them. In the second inequality, we have
substituted a; = ag/t"=P("™) and bound the summation using integration.

Finally, in order to compute E, [L,07] remember there were two source of randomness first is random
initialization wy or lets call it 74, and random permutation 7 lets call it r,. Now because 7;,;; and r;, are
independent we can write E, [Lyd:p] = E,,,., [ETp [L957m|rim~t}]. Now in order to compute E;, [Lg0rm|rinit]
note that Ly, Ls and Kg are constant.

Note that, since 7y is uniformly drawn from the set of permutations of [m], I is uniformly distributed on
[m]. Summing up the last term of (6)) over Iy € [m] and dividing further by m we get

m 1 aOKS ((Tm)p(Tvm) _ Ig(T7m)>

T 1
Er, [Lodrm|rinit] < 27aoLyLs x — 121 pRIeD exp
-

p(T,m)

Using integration we bound the summation part and also using exp(—agKg/p(7,m)) < 1 we get the upper
bound for the summation part as

< U (ao, Ks, p(1,m)) - exp ( oK (Tm)p(r,m)>

p(T,m)
where
U (o, Ks, pl(r,m)) =1+ = eXp(_%fZi”Iz:“m)/P(ﬂ m)
we get

agKs (Tm)P(T,m) }

r exp { p(r,m)
Erp [Lg5T|Tinit] S 2 aOLgLS U (O[03 KSap(T7 m)) : m (7)
taking p(7,m) = bgfi% and expectation over r;,;; we get the desired result. O

C Alternate analysis for an “Expected” Lipschitz constants

A key issue with the use of constants Lg and L, is that they are worst-case constants over the entire training
trajectory. In fact our analysis allows for a more fine-grained analysis that may give better results in certain
cases. Below we present versions of our key theorems where the bounds depend on “expected” Lipschitz
constants. To understand what this means, let us note that as SGD training proceeds, and if it is able
to converge to a minima, the Lipschitz constants encountered decrease. Now if we consider the index i of
the training set that has been changed as per the definition of n-almost 8- bounded difference, a random
permutation of S will locate this index at a randomly selected position between 1 and m in the training
sequence. If we look at a particular trace of SGD, the bounding constant Lg can actually be replaced with
the constant encountered at this position. Hence, when the expectation is taken over the random choices,
the bounding value is related to the expected value of the Lipschitz constants encountered. The significance
of this is that this expected value could be substantially smaller than the worst case value in many cases,
especially when the training converges from a high value of the loss to a low value rapidly.

We formalize this argument below. For simplicity we present the analysis for a single epoch of training.

For a given choice of initial paramters of SGD, we define Lg; to be the maximum over all possible permutations
of S of the Lipschitz constant encountered at i-th step of the training. Note that maw;cjm)(Ls,i) = Ls. And
since we have shown in Lemma 4.2 that Lg is bounded so Lg; will also be bounded for every ¢ € [m].

We now state the revised version of Theorem Note that the random string r will be presented in two
independent parts (i, ) with the former being the random choice of initial parameters and the latter
being the random permutation used by SGDb.
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Theorem C.1. Given the assumption S1, S2 and S3 for T = 1, we have bounded values Ly, Ks and Lg 1, for
each Iy € [m], which are functions of the random string r = (Tinit,7p), and we have with probability 1 over z,

Lo\ Br, [L3.1,| VT (00, Ks,m)

ET [f(wma Z) - f(w;n? Z)] S Qo - ETinit 1 «agKglog(m) (8)

m 2 log log m

Where U’ (g, Kg,m) < l—l—m and as g — 0, U'(cg, Kg,m) — 1+ llgfl(og; and E,, [Ls,1,] is expectation
of Lg 1, over Iy € [m].

The key point to note here is that we now have |/E, [L% 10:| .

Proof sketch We provide a proof sketch as it’s very similar to the proof of Theorem The main points
is that in line 613 we can actually use Lg , instead of Lg as it’s the gradient at Iy-th step. The rest of the
steps follows similarly till equation [5] so we get

O0m < 20y, Lg 1, eXP{ Z atKS}

t=Ip+1

Now calculating E, [L40,,], note that earlier (in line 622) Lg was constant w.r.t the permutation (r,) but
here Lg j, depends on the step, so taking expectation over permutation is equivalent to taking expectation
over random variable Iy which is picked uniformly from 1 to m.

Lg G
]Er,J [Lg(5m|rinit] S OloLg . E»,ap - 1_7ﬁ exXp Z atKS
I, = t=Io+1

So using Cauchy Schwarz inequality to separate expectation over the random variable Lg r,

E., [LgOm|Tinit) < cgLg - E., { SIO} Z S Tiew exp{ Z 204th}

logm t=Ip+1

Upper bounding summation inside exponent by integration exactly like we did in equation [f] we get the
second square-root terms as

log log m log log m
1 m 20{0[(5 ((m) Togm [0 Tog m ) logm
. ex
m Z_ _ 2loglogm p log log m

“Togm

_ 2loglogm _loglogm
Here using the fact that I, '*™ >1, *™ (because Iy > 1) and then using integration to bound the
summation (exactly like done on line 637) we have

1
Erp [Lgamvinit} < CVOLQ : U/ (a07 KS) m) E |:LS IO] 1_2a9Kglogm (9)
m2 log log m

where
1 — exp{—2ao K5 log(m)?/loglogm}

2a0KS

U'(ag, Kg,m) =1+

Now taking expectation over r;,;; we get the result.

Now applying this to NNs we get a generalization error result which is an alternate version of Theorem
for the 1-epoch case.
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Theorem C.2. If N1, N2 and N3 hold and r = (vnit, rp) then Kg is constant w.r.t m for allr and E,,, ,, [Lgﬂ
and B, [LQS 10} are also constants w.r.t. m, with ¢ > 0 such that

. log(m)? log(m
E, [|R(S,7) = Re(S,7)]] < ¢ (oz() : \/E L2) B [13,4,] - U'(00, Ks. ) oslm)_ Ob(m)) :

1 _agKglogm
777/( 27 Tloglogm m

2

with probability at least 1—1/m, where U’ (ag, Kg,m) < 145 and as ag — 0, U'(ag, Kg,m) — 1+ log(m)

200K s loglogm
and E, [L%_IO} is expectation of L?ﬂo over Iy € [m] (i.e., rp) and also T

Note the presence of 4 /E, {L%_IU} on the R.H.S here as opposed to Lg in the statement of Theorem [5.1

Proof sketch It is easy to see that using[C.1} Theorem [5.2] and Proposition [5.3] and putting the value of ag
we get this result.

D Neural Networks: Characterization and Proofs

‘ Symbol ‘ Explanation

ki Number of neurons in /-th layer.

H Depth of neural network.

in; ;(w, ) input to the i-th neuron of j-th layer.

out; ;(w, x) Output of the i-th neuron of j-th layer.

outy = Is the label returned by the neural network.

out(w, )

d(w, x) Polynomial associated with fully connected NN.

¢ij(w, ) Base polynomial associated with j-th neuron of i-th layer.

Gw.z The set of weights need to set to zero, to apply all closed ReLU gate in NN (with
ReLU).

d(w,2){Gw.a} A neural network with ReLU activation with closed ReLU gates set to 0.

lab(x) label of point x.

I; Position in permutation in j-th epoch when i-th training points (i.e. the replaced
point) is encountered based on ;.

0t Norm of difference between weights for S and S* at t-th step of SGD (i.e., ||w; — wi|).

Table 3: Notation used in section |§|

In order to prove Theorem [5.2 we first need to describe a characterization of Neural Networks that allows us
to get a better insight into their smoothness properties. We present the characterization in Section and

the proof in Section

D.1 A Polynomial-based Characterization Neural Networks
D.1.1 Neural Network Terminology

Neural networks provide a family of parameterized functions of the form we have discussed in Section [d] The
parameter vector w € R” is applied over a network structure with layers. In this case, we specify Z to be
R? x R, i.e., the data points are from R? and the label is from R, i.e., the NN has a single output. We will
denote the depth of the network by H. The layers will be numbered 0 to H with layer 0 being the input
layer. The number of neurons in layer ¢ will be k;. For this discussion, we assume a fully connected network.
We will denote by w;k the weight of the edge from the j neuron of the ith layer to the kth neuron of the
i+ 1st layer. For the NN with parameters w at a point z € R? we will denote the input into the jth neuron
of the ith layer by in; j(w, z) and its output by out; ;(w,z). Further, we will assume that all neurons in all
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layers of the network except the input layer and the output layer have ReLU activation applied to them. In
case the output of a node is 0 due to ReLU activation we will say the ReLU gate is closed otherwise we will
say it is open. The label output by the network will be outy ; = out(w,z). For each exposition, we will
assume that out(w, z) = 1 if in(w, z) > 0 and 0 otherwise, i.e., there are only two labels in ).

D.1.2 Multivariate Polynomials Associated with a Neural Network

Given a set of indeterminates = x1,...,x, let P(x) be the set of multivariate polynomials on z1, ...,
with real coefficients. For any polynomial p(z), i1,...,i; € [I] and any a1, ..., a4 € R for some ¢ <, we will
denote by p(x) {zj =a; :je[q]} the polynomial in P(x\ {x;,,...,x;, }) that is obtained by setting all occurrences
of ;, to a; in p(z). In particular, p(x) {z;=0} is the polynomial p(z) with all monomials containing x;
removed, and p(x) {z,=1} retains all the monomials of p(x) but those monomials that contain x; appear
without the term z;.

Returning to NNs, let us consider two sets of indeterminates: = = {z; : i € [d]} and w = {w] pi0<i<
H,1<j<ki1<k<ki}and ko =d. For a fully connected NN deﬁned in Sec. i.e. NN with identity
activation function we will say that it has the following polynomial associated Wlth 1t.

ko kl k'H 1

(0) (1) (H-1)
Z Z Z Tjo Wi 51 Wi ge * " Wig_1,1-
Jjo=1j1=1 jaH-1=1

Note that the output layer has only one neuron. We will refer to this as the base polynomial of the NN. The
base polynomial associated with the jth neuron in layer ¢ can be derived from the base polynomial of the
network, we express this in figure [4] and also write formally as follows

i 1 . .
gb(w, x) {wl(ﬁlzzo,w( 3>5:1211E[ki}\{]},lzE[ki+1],ls>l,l4€[kz3],l5€[k‘z3+1]}

iy,
H
Hp:i-l-l k’i

(10)

¢ij(w,r) =

i-th layer (¢ 4+ 1)-th layer

Figure 4: The output of the j-th neuron of the i-th layer represented represented by the base polynomial.
Here the weights along the dotted red lines are set to zero and the weights along the green lines are set to
one. The output of the neuron is represented by the values on the connection. Notice that the output is
scaled by the product of the number of intermediate nodes because of which we divide it later in

Also we could describe a Network whose say i*" layer j** neuron’s gate is closed by ¢(w, gc){wli1 =0Vl €
k;—1}, This is represented by the figure 5| We will write G, . as the set of weights needed to be equated to
zero for all closed ReLLU gates. It’s clearly visible that due to ReLU activations varying at different points,
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(¢ — 1)-th layer i-th layer

Figure 5: For a neural network with ReLU, if the i-th layers j-th neuron’s ReLLU gate is closed, this is
represented by the base polynomial. Here the dotted red lines are set to zero.

there is no single polynomial that captures the output of the NN everywhere in R™ x R?. However, the
following observation shows a way of defining polynomials that describe the output over certain subsets of
space.

Observation D.1. Given w € R" and x # (0,...,0) € R, i € [H],j € [ki] and ¢; j(w,7){Gy . = 0} be the
polynomial representing output and G o be the set of weights for closed ReLU gates as discussed above. For
the case where iny, 1, (w,x) # 0 for all1 <y <i and all 1 <ly < ky,, there is an € > 0 depending on w,x
such that, for all w’ with ||w — w'| <,

d)i,j (w/7x){Gw/,1 = 0} = ¢i,j (wl7x){Gw,z - 0}

i.e. the polynomial remains same for w' and w.

Proof. Since in; j(w, ) is strictly separated from 0 and there are only a finite number of neurons in the
network there must be an e small enough for which all open ReLLU gates remain open and all closed gates
remain closed. And because of this, we can use the same polynomial with new weights as no ReLU gate
switches their state. O

D.2 Proof of Theorem

Proof of Theorem[5.3. The idea behind this proof is due to |[Milne| (2019) who used it for a different purpose.
From Observationit follows that if we have x # (0,...,0) € R? such that injj(w,z) #0foralll <i<H
and all 1 < j < k;, then out(w,z) is, in fact, just the polynomial ¢(w’,x){Gw, = 0} within a small
neighbourhood of w. Therefore it is doubly differentiable. Since the loss function is also differentiable, we are
done for all such values of x.

So now let us consider the set of points x for which ¢ is the smallest layer index such that in, ;(w,z) = 0.
In case there are two such indices, we break ties using the neuron index j. By Observation [D.1} in a
neighbourhood of w, in; ;(w, ) is a polynomial in w and z for each x.

Now, we consider two cases. In the first case, out;_1 j:(w,z) = 0 for all j' € [k;_1], i.e., all the ReLU gates
from the previous layers are closed because in;_1 j(w,z) < 0 for all j € [k;_1]. In this case out(w’,z) =0
everywhere in the neighbourhood guaranteed by Observation and therefore £(out(w’, x),lab(x)) is doubly
differentiable in the parameter space at w for all such z, where we assume that each data point has a label
lab(z) € {0,1} associated with it. We note that this argument is easily portable to the case of a more general
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label set Y with the property described in the statement of Theorem since ing 1 will be 0 everywhere in a
small neighbourhood.

In the second case we have some j’ € [k;_1] such that out;_1 j/(w,z) > 0. Let C; ; C R be those x for which
this case holds. C; ; contains the solutions to in; ;(w, z) = 0. Since we are working with a specific value of w,
this simply becomes a polynomial in x. In fact, inspecting the definition of base polynomials we note that
when w is fixed in; ;(w, x) is simply a linear combination of 1, ..., xﬁ‘é. This implies that C; ; is a hyperplane
in R?. We note that this argument can also be made of the output node under the condition on the label
set given in the statement of Theorem because for ing 1 (w, z) to give a value that lies on the boundary
between two sets with different labels for a given w, x must be drawn from a set of Lebesgue measure 0.

H) etk Cid
is a finite union of hyperplanes in R? and therefore a set of Lebesgue measure 0. O

Since the network size is finite the set of all possible values of  for which case 2 occurs, i.e., | il

Proof of Proposition[5.3 Let us consider the partial derivative w.r.t w( ). For this let Iflj), A;Hl) and Bi(l_l)
be 3 matrices of size W® WU+ and W=D respectively such that Il(l]) [i,7] = 1 and reset all entries are 0,
AE-ZH)[k,j] = WDk, 4], Vk and rest all entries are 0 and Bi(l*l)[i, k] = WU=D[i, k], Vk and rest all entries
are one. Using these 3 matrices and the weight matrices we can compute the gradient as

Ip(w, x)
Ow @

,J

— W o t2) A;l“) . [Z(l]) BV w2 Wy (11)

Let M’(l,i,7) be a matrix such that

1oAY ) pU=1)
A I ;- By

Lig —

Although we have scalar values taking spectral norm on both sides of eq [L1] we get

1M 51l

w®|
H Wl ey, o, weoy,

]

0o(w, x)
a“

Now lets define another matrix M; such that (p,q)!" element of matrix M;[p,q] = M}, ;llo- Now the
expression for 2,2 norm (Frobenius norm) of the gradient vector directly gives us the required expression for
Lipschitz constants.

1) and w'?)

i in.j, We have

We can give a similar argument for bounding Kg, for some w;

H
0?¢(w, x) H W 1M}, 4, 5.l

oull 0wl * \ Wy, W, - ey,
12,72 11,71 k=1

. || l/g,zz,JgH ||l'||
W=D, - [W )| - [[W =D,

Note that the above equation is exactly if I + 2 < Iy or I; — 2 > Il and for the rest of the case we can use
this as the upper bound this is because for a matrix M spectral norm ||M ||, is upper bound for when we set
all except one row or column of matrix to zero and calculate the spectral norm. Now if we take the 2,2 norm
(Frobenius norm) of the Hessian matrix we get the desired result. O

E Rebuttal

We would like to thank all three reviewers for their close reading of our paper and their detailed comments and
suggestions. We have tried to address as many of the comments and incorporate as many of the suggestions
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as possible. Below we have brought out lists of relevant statements from each review and addressed each of
them. There are more than 50 such comments and their responses below.

We have marked the edited text in 2 colors. Red indicates that the changes are important and add some
extra information/value to the paper. Blue indicates the changes are mainly to increase readability, and they
do not affect the paper’s claims. We request the reviewers to go through them and respond and help us
further improve this work.

Thanks.

E.1 Reviewer 1,

ReviewComment E.1.1. Reviewer Comment: The write up is missing a clearly formulated target problem
(neural network classification?) and explicitly formulated target question(s) corresponding to the problem
(e.g. generalization). Note that targeting generalization requires explicit definitions such that it might be
possible to judge the claims. For instance, I didn’t see explicit description of the meaning of "generalization
error' in the introduction. A short sentence saying that this is the gap between the expected (population)
error and the empirical error rate would be sufficient to clarify what is meant, and better if a cross-reference
to the formal definition in Section 3.1 is given, to avoid confusions.

Rebuttal: We have given a more nuanced introduction to the notion of “generalization error” at the
beginning of para 1 of the intro [lines: 17-22] and also clarified the applicability of our techniques in terms of
target problems at the bottom of Para 1 [lines: 39—41]

ReviewComment E.1.2. Reviewer Comment: [ flag for criticism the opening sentence "The low general-
ization error of Deep neural networks is now a well known empirical result" - if the meaning of generalization
error is as I just described above, then this claim is unfounded. It might be that the authors (or the authors
of the cited paper) are trying to refer in this claim to the gap between test error rate and training error rate.
This needs clarification.

Rebuttal: We have clarified this. Please see the response to the previous pointlk.1.1]

ReviewComment E.1.3. Reviewer Comment: Define formally the meaning of "generalization" such that
readers may evaluate the claims regarding it.

Rebuttal: We have now added this in the first few lines of the paper as mentioned above.[line: 17-22]

ReviewComment E.1.4. Reviewer Comment: Clarify the setting of this work by formulating explicitly
the target problem, which I think it is neural network classification.

Rebuttal: We have added in introduction at end of first paragraph [line: 39-40] that our result is valid for
both classification and regression as there is no condition on some kind of separability for the datall]

ReviewComment E.1.5. Reviewer Comment: Accordingly, clearly restrict the loss function (s) under
consideration. Is it not the cross-entropy as surrogate loss for training?

Rebuttal: We need a bounded value and twice differentiable loss function. We have added the condition on
the loss function in Introduction at the end of first paragraph [I] and in Section 3.1 in paragraph "About the
loss function" 3.1l

ReviewComment E.1.6. Reviewer Comment: The role of the set R and its elements (decision strings) is
unclear. Needs discussion/illustration for adding clarity.

Rebuttal: We have added some discussion about the random string in Section 3.1 first paragraph [lines:
133-136]

ReviewComment E.1.7. Reviewer Comment: The meaning of "loss function" needs to be specified before
defining risks and other things. At least some discussion of the typical loss functions that are considered, and
that one of those is referred to when we read "loss function" in the sequel.

Rebuttal: We have added some discussion on the loss function in Sec 3.1 [lines: 148-153{3.1].
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ReviewComment E.1.8. Reviewer Comment: The notations x, and y, are unnecessary. Simply replace
z ~ D with (z,y) ~ D and then you can write I(Ag,,(x),y) in the definition of risk. Similarly, replace z € S
with (z,y) € S in the sums for the empirical risk.

Rebuttal: We were trying to clearly specify the dataset point z, the label y, and the input point .. We
almost everywhere use z as a point of the dataset, this is the only reason we keep using z here as well. But if
the reviewer still prefers it we can remove z from this argument.

ReviewComment E.1.9. Reviewer Comment: Reading sometimes Ag, and sometimes Ag or A caused
confusion. Can the relation between these things be declared? Perhaps a formal definition of each of these
things would help to clear the confusion.

Rebuttal: Ag didn’t mean anything it was a typing mistake, we have corrected it (as Ag,). We have also
changed R(A,S,r) to R(As,) [line: 142; while defining generalization error in Section 3.1 to improve
clarity.

ReviewComment E.1.10. Reviewer Comment: When declaring S° | after the definition perhaps add
comments to the effect that S? is formed by replacing the i th entry of S with an independent copy (which is
taken as the i th entry from the "second set of size m "). By the way, this reminds of the double sample
argument, which goes back to classical literature on statistical learning, which might be good to cite.

Rebuttal: We have added this now. Just above Definition 3.1 [lines: 155—157.

ReviewComment E.1.11. Reviewer Comment: Definition 3.1: Poor choices of terminology (7 -almost
support stability, a.s. support stability) which don’t add much clarity. I suggest reformulating these things.
The way I see it, the main idea being defined is that of "support stability" corresponding to the displayed
condition, which may hold with some probability 1 — 7 or with probability 1 (almost surely). Then you could
reformulate this definition writing "support stability g with probability 1 —n " and "support stability 8 almost
surely" — the latter formulations are way more clear in conveying the meaning of what’s being defined.

Rebuttal: We have modified Definition 3.1 and removed the n probability part as we are only using the
almost surely part (as suggested by reviewer d5U1) now we only use a.s. support stability. [3.1
ReviewComment E.1.12. Reviewer Comment: I don’t think the notation [m] was declared. Just declare
it somewhere before this definition.

Rebuttal: Done, above the Definition 3.1 [line: 159.

ReviewComment E.1.13. Reviewer Comment: If we choose a constant loss function [ = 1 , then this
satisfies support stability 8 for any 8 > 0 ? This perhaps shows one of the problems in not restricting the
meaning of "loss function" from the start.

Rebuttal: The reviewer is right. In Section 3.1 in the discussion on loss functions [lines: 148-153] we have
clarified that we work with loss functions that can be minimized to some meaningful value. As we have
mentioned now at the beginning of the intro, bounding what we call the generalization error is only useful
when the empirical error is low.

ReviewComment E.1.14. Reviewer Comment: Also I'd like to flag the restriction "Vz € supp(D)" in this
definition. It appears to contradict the statements "with probability at least 1 — n" and "almost surely" so
this needs clarification.

Rebuttal: Here the probability is over selecting the 2m points from D?™, including the training points and
their random replacements. The z mentioned here is the population data point on which the Ag , is applied
after it has learned it’s parameters.

ReviewComment E.1.15. Reviewer Comment: Actually, a few lines below it is stated that "This probability
is defined over the random choices of Z1,..., Zom " which then suggests that Definition 3.1 needs to be

rewritten making this explicit. Since the distribution of the random sample (i.i.d. points) of size 2m is D®?™
, this would be written saying "D®?™ -probability 1 —n " and "D®?™ -almost surely"

Rebuttal: The reviewer is right. We have simplified the statement in Definition 3.1. [line: 160.
ReviewComment E.1.16. Reviewer Comment: Still, it is a very strong requirement that the inequality
holds Vz € supp(D) (and Vi € [m] ). Could the authors give illustrative examples of cases for which it is
possible to calculate or estimate this condition.
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Rebuttal: The reviewer will recall that an even stricter notion of stability (Uniform stability) was defined
in [Bousquet & Elisseeff] (2002)). This was Vz. Even for that definition the authors showed that it holds for
some classical ML algorithms like soft margin SVM, bounded SVM regression and regularized least square
regression. So, our weakening will hold for all these algorithms as well. We have added this in second
paragraph after definition 3.1. [lines: 168—173

ReviewComment E.1.17. Reviewer Comment: Theorem 3.2: Could the authors comment on the constant
¢ > 0 please. The exact value of this constant can make all the difference between the bound being useful or

it being useless.

Rebuttal: This constant comes from the result of Feldman and Vondrak (2019b). Since our analysis is
asymptotic we only need this to be independent of m which it is. We have added this clarification just below
Theorem 3.2. [line: 185{3.3)

ReviewComment E.1.18. Reviewer Comment: The meaning of "symmetric in distribution" needs to be
specified (before Theorem 3.2).

Rebuttal: We have added a discussion in Section 3.3 [lines: 177-183; before the statement of the
theorem.

ReviewComment E.1.19. Reviewer Comment: Definitions 4.1 and 4.2: I don’t know what meaning to
map to "Given a set 2 defined over Z .

Rebuttal: We meant (Q is a subset of Z, we have changed this to "given a subset €2 of Z", for clarity in
Definition 4.1. Also please note that based on other reviews we have combined the Definitions 4.1 and 4.2
into a single definition for clarity. [line: 216{4.1]

ReviewComment E.1.20. Reviewer Comment: Theorem 4.4: Reading "We are given a labelled data set Z
" is surprising. I thought Z was reserved for the space of all possible instances and labels, i.e. Z =X x Y ;
while a "labelled data set" should be a finite sequence in this space.

Rebuttal: We appreciate the reviewer’s attention to detail. We have fixed this in Theorem 4.3 (earlier 4.4),
Z is the space and D is the probability distribution defined over it. [lines: 250—252

ReviewComment E.1.21. Reviewer Comment: The rest of the theorem statement is really (!) hard to
parse. Could this be improved? Similar comment for Theorem 5.1.

Rebuttal: We have tried to simplify Theorems 4.3 (earlier 4.4), Corollary 4.4 and Theorem 5.1. We have
moved the assumptions out of the statements and broken them in points. We hope this makes them more
readable. [from line: 259; [1.3],[from line: 280{4.4],[from line: 312;[5.1]

ReviewComment E.1.22. Reviewer Comment: Note that Theorem 5.1 neglects many details of the neural
network architecture. Does this mean that the theorem holds for any choice of architecture (e.g. any depth
and and widths in the hidden layers) as long as the output layer is 1-dimensional?

Rebuttal: We currently show this for fully connected networks. In theorem 5.1 we need a bound on
E,[L,Lg] and Kg, in Proposition 5.3 we bound these terms for a fully connected network. We don’t bound
these quantities for other types of architectures like ResNet, GCN etc it’s an open question to bound these
quantities for these networks. We now have added the fully connected criteria in Theorem 5.1. [line: 306
ReviewComment E.1.23. Reviewer Comment: Figure 2: The obvious question coming to mind is what
is being plotted for "generalizaion error" here. If we take the definition stated earlier on in the paper that
"generalization error" stands for the gap between risk and empirical risk, then I would ask how the authors
obtained the values plotted here. Perhaps the plotted quantity is a proxy for the generalization error. I any
case, this needs explanation.

Rebuttal: Here a validation set is used as a proxy for the population error (risk). This kind of approach to
empirically studying what we call the generalization error has been taken before in the literature, an example
being in the work of [Kuzborskij & Lampert| (2018). Our precise methodology is explained in Section 5.1.1 in
the paragraph entitled Experiment 2. [line: 425]5.1.1

ReviewComment E.1.24. Reviewer Comment: Another observation regarding Figure 2: The bound values
appear to be loose. Definitely they are not nearly the best bound values for neural network classifiers reported
in the literature. This raises the question about what is the take-home message that readers could get from
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reading this paper. If not tightness of the bound values, then it must be something else, but currently unclear.

Rebuttal: Undoubtedly the bounds are loose. We have mentioned at the bottom of Sec 5.1.1 paragraph
“Experiment 2”[line: 430 that the use of an upper bound for Lg is a possible reason. Our goal in this
paper was to build a framework and to establish that the study of gradient sizes can yield insights into
generalization behaviour. This is the take-home message. We hope that more finegrained analysis on these
lines will yield such bounds. The graphs in Figure 2 should be seen as a proof of concept rather than the best
possible result obtainable from our framework.

ReviewComment E.1.25. Reviewer Comment: Bottom of page 11, bullet about NTK: I could not make
sense of what’s written here. Please elaborate and clarify.

Rebuttal: NTK is highly technical and elaborating it would send us into a rabbithole of notation and
lemmas that are not really relevant here. So, we have removed the bullet.

ReviewComment E.1.26. Reviewer Comment: [ think "data-dependent” needs hyphenation (throughout
the paper).

Rebuttal: Done throughout the paper.

E.2 Reviewer 2, d5U1

E.2.1 Weaknesses pointed out by the reviewer

ReviewComment E.2.1. Reviewer Comment: A notion of stability holding with any probability is introduced,
only for its particular case of holding with probability one to be used later. In this case, introducing the
almost sure version directly makes the paper easier to follow.

Rebuttal: Following the reviewer’s suggestion we have restricted the Definition 3.1 to a.s. Support stability.
[line: 160][3.1]

ReviewComment E.2.2. Reviewer Comment: The terms L; Lipschitzness and K; smoothness allude to
constants L; and K , yet these constants might depend on z. Isn’t it more convenient to consider L; and K;
as functions rather than constants in this case ?

Rebuttal: We have made a minor mistake, L; and K are not only function of z rather they are a function
of © from which z is picked. So we added it in the name of the property i.e. L; Lipschitzness property w.r.t
Q in Definition 4.1 [line: 220] and everywhere else including assumption S1 [line: 251-252; [4.1].

ReviewComment E.2.3. Reviewer Comment: Thm 4.4: Error in a claim: from the proof of the theorem,
: o - o 'l7exp(7<mKSNI,”(T"”’)//)(T,m)) mP(Tm)

we have U(ag, Kg,p(T,m)) =1+ s e

rather than to 0. Also, due to the concavity of the numerator of the second term, one can bound U by

”]’/)( T,m)
L+ p(T,m)

very small «p.

, in which the second term converges to

which is more informative than the bound in the paper, as it corresponds also to the limit for

Rebuttal: Note that because of m?(™™) the expression inside exp(-) is unbounded and could — —ooc.
Therefore we bound the numerator by 1. In the case when ay — 0 we agree and we have fixed this in Theorem
4.3 (earlier 4.4)[line: 262; Also please note in order to simplify the Theorem 4.3 (earlier 4.4) and 5.1 we
have moved out the assumptions and stated them in bullet points before the respective theorems.
ReviewComment E.2.4. Reviewer Comment: Thm 4.4: Unsubstantiated claim: Just after the statement
of Theorem 4.4, in the "Data dependence with Training Lipschitz constant and Test Lipschitz constant",
there is the statement "we expect that if the unknown distribution D has a low variance then the Lipschitz
constants will be small". Although this is a conjecture, some justification of motivation for it should be
provided, experimentally at least (for example, by plotting the data-dependent Lipschitz constant bounds
against the variance of a data set.

Rebuttal: This line was actually an artifact from an earlier draft that should have been removed. We have
removed it now. To see the context in which this remark had earlier been made, please see the Discussion
paragraph at the end of Sec 5.2.[lines: 458-464; (5.2
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ReviewComment E.2.5. Reviewer Comment: Unsubstiantiated claim and unclarity on the behaviour of
after Corollary 4.5: it is mentioned that 3 = o(<) with the conditions of Theorem 4.4 and Corollary 4.5.

m

log(m)
m

the generalization bounds dominates in this case. However, the bound given in the corollary still keeps a term
growing in % Also, I could not find the justification for this asymptotic behaviour of 8 in the appendix.

However, applying that to Theorem 3.2, one would expect a behaviour that is as the second term in

Rebuttal: We have corrected the 3 = o(-1;) and provided the exact value of € to make the Corollary 4.4

me

(earlier 4.5) more clear.[lines: 284-285

E.2.2 Requested changes, Other suggestions

ReviewComment E.2.6. Reviewer Comment: Constructing a simple theoretical example in which data-de-
pendent Lipschitz and smoothness constants are small or moderately large, but absolute ones are too large or
even infinite.

Rebuttal: We have added a Discussion at the end of section 5.1 just before the experiments where we discuss
in detail a scenario in which data-dependent Lipschitz constants are significantly smaller than the absolute
Lipschitz constants.[from line: 376{5.1]

ReviewComment E.2.7. Reviewer Comment: Adding a discussion on the interaction between the two

(log m®/2
me—1/2

that one gets the "usual" rate of O(\/% whenever € > 1/2 (where the tilde hides the logarithmic factors), and

terms in the bound in Corollary 4.5. Indeed, the first term divided by the second yields , which means

will be slower if € < 1/2 . It would be interesting to analyze this behavior and to give an intuition of the
slow rate, and when would it be beneficial to slow it for example. The overall rate can also be written as

(N)(TI’Li 111111(&1/2)) )

Rebuttal: We have added a discussion inside the Proof of Corollary 4.4.[lines: 286-289

ReviewComment E.2.8. Reviewer Comment: In the proof of Proposition 5.3, the product of norms is used
to bound the norm of products. I think it would have been fine to let the norm of the product of matrices
without further bounding it. Indeed, besides the fact that it already only incorporates quantities that appear
in the bound stated by the proposition, it would result in a much tighter bound.

Rebuttal: We agree that this will give a better bound, But we avoided directly writing this because then the
final term becomes very hard to interpret. This is because in the proof of Theorem 5.3 in equation 8 (Appendix),
for I*" layer we can at best break the product of matrices in just two parts i.e. ||[WH ... WF2||.|[Wi=2... W],
but now when we square and sum these partial derivatives across all layers this becomes very hard to interpret.
So we keep this product of norm terms in proposition 5.3 but we add a statement [lines: 363-365; m that it’s
possible to get a better bound by not taking the bound on product of matrices however for the sake of clarity
we use this bound. If the reviewer still thinks we should put norm of product variant we can change this.

ReviewComment E.2.9. Reviewer Comment: The McDiarmid inequality for functions satisfying the
bounded differences with high probability can be related to the result of [1].

Rebuttal: We thank the reviewer for pointing us to the work of Combes. He has actually proved the same
result before we did. We have now cited his work as the source of this result and removed the proof from the
Appendix to ensure that readers do not think we are claiming to be the first to prove this result. [line: 187
and 587 {A]

ReviewComment E.2.10. Reviewer Comment: In the discussion just after Theorem 5.1, it is written "then
these values will be high and reflect a bad generalization", where "these values" refers to Lg and Kg. While
the right-hand side of the generalization inequality of the theorem vanishes as Lg approaches 0 (since F'(7)

is proportional to Lg ), I do not think that seeing it holds for Kg is straightforward. Indeed,on the one
apgKg

- 1— i
hand, when Kg tends to 0, m ~ »&m tends to m . On the other one, we have U(ag, Kg, p(T,m) = 1+
1—exp(—agKsm?(™™) /p(r,m))

agKg

, we have mP(™) = exp(

P (rm)
p(T,m)
) behaves as log m as m grows, hence the bound on U behaves

converges to its upper bound 1+ as [(5 vanishes. HOWCVCI’7 since ,()(T, 771) =
loglogm

log m loglogm
log m~+log 7

log m-+log T
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. . log m)® log 1 ~
as logm . In the end, we would have a generalization bound that behaves as O(M +4/221) =0/ ).

m m m

Hence, I think a more detailed explanation should be given.

Rebuttal: We thank the reviewer for this insight. We are adding a discussion around this near the end of
paragraph after Theorem 5.1. We would like the reviewer to note that there is a slight change in the line
identified. Another reviewer suggested a change so we have slightly modified the statement. [lines: 336—341

E.2.3 To facilitate reading

ReviewComment E.2.11. Reviewer Comment: Unifying Lipschitzness and smoothness: Definitions 4.1
and 4.2 can be unified under the same definition of Lipschitzness of a vector-valued function. Then, local
parameter-Lipschitzness and local parameter-smoothness can be stated as simple specializations of that
definition to the function itself and to its gradient, respectively. The same holds for Lemma 4.3

Rebuttal: We have merged Definitions 4.1 and 4.2 and stated the two local properties as specializations of
the definition. We have also updated the Lemma 4.3(now Lemma 4.2) accordingly. [lines: 290{4.2]
ReviewComment E.2.12. Reviewer Comment: At the beginning of Section 3.2, the sentence "Given the set
S, we construct S; via replacing the i— th element of S by an independently generated element from D "
would facilitate conveying the idea, along with the given formula

Rebuttal: We have now added this in first para of Section 3.2. [lines: 155—157

ReviewComment E.2.13. Reviewer Comment: In the discussion just after the statement of Lemma 4.3,
the expressions "set of weights encountered during training over all possible permutations" and "set of final
parameter vectors produced by SGD for each of the possible permutations” would be much clearer if a formal
definition is provided for the set A in each case. This definition can for example be only in the appendix, but
I think it clarifies these quantities.

Rebuttal: We have written a formal definition of A in the Appendix (Definition line 597) and pointed
towards it in the main paper at the end of section 4.2 after Discussion of "Global" properties.
ReviewComment E.2.14. Reviewer Comment: Base polynomials, Adding interpretations:

Full NN: for example, "output of a network with the identity activation function, i.e. fully linear".

Specific neuron: obtained by setting... In this case, a figure illustrating the concerned neuron and the
operation applied to obtain the polynomial can significantly quicken understanding.

Provide references for the base polynomial (if any)

Rebuttal: We have clarified the full NN point in Appendix section C.1.2 in second paragraph. We have
added figures for ease of understanding @, . We would also like to point out that we have not taken this
construction form anywhere, it is an original contribution of this paper. [D.1.2]

ReviewComment E.2.15. Reviewer Comment: Adding a notation table in the supplementary material

Rebuttal: We have added the 2 notation table on at start of appendix [2] and another for appendix section
for it. [B

ReviewComment E.2.16. Reviewer Comment: Using the same letter to index layers, and neurons. I agree
this is nitpicky, but I think it would facilitate reading more. For example, the index [ for layers (including [;
where i is any index).

Rebuttal: We might have missed the point here but as we understand we are defining such neurons as [-th
layer’s i-th neuron, like on the first line [line: 715] in paragraph just above Observation we write it"
layer j** neuron. Please let us know if we misinterpreted something.

ReviewComment E.2.17. Reviewer Comment: Specifying the exact source of inspiration for the proofs
(precisely which results in the mentioned reference.)

Rebuttal: We would like to point out that we have tried to include all the source of inspirations and
references which we used.

o In the paragraph just below Definition 3.1 on [line: 161] “this notion weakens the notion of uniform
stability introduced by Bousquet & Elisseeff (2002)”.
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e In proof outline of Theorem 3.2 on [lines: 186-188] “Our proof extends the proof of Feldman and
Vondrak (Feldman & Vondrak (2019a)) to accommodate the generalization of McDiarmid’s Lemma
A.2 from Combes (2015)”. B3

e In proof outline of Theorem 4.3 on [lines: 265-266] “The proof follows the lines of the argument
presented by Hardt et al. (2016) with the difference that we allow for a probabilistic relaxation...”[4.2]

o In proof outline of Theorem 5.2 on [lines: 351-352] “This proof is an adaption of an idea of Milne
(2019) and can be found in Appendix C”.

If the reviewer feels we missed something please let use know we will definitely add them.

ReviewComment E.2.18. Reviewer Comment: In the second point of the list of contributions, a number
of epochs of clog(m) is mentioned, but there is no explanation on the nature of constant ¢ (e.g. a universal
constant, a constant depending on some parameters ...). Alternatively, if it is just the log(m) growth rate
that is to be highlighted, then for instance, writing "for a number of epochs proportional to log(m) " solves
the issue

Rebuttal: The reviewer is right: we only needed to highlight the log(m) term. We have updated this in the
2nd bullet point of the last paragraph in the Intro. [line: 80;

ReviewComment E.2.19. Reviewer Comment: In Theorem 4.4 F(7)’s expression can be directly incorpo-
rated in the bound, i.e. without introducing F'(7).

Rebuttal: We have directly written the value of F(7) in Theorem 4.3 (earlier Theorem 4.4) and Theorem 5.1
Please also note in order to simplify the Theorem 4.3 (earlier 4.4) and 5.1 we have moved out the assumptions
part and stated it in points just before the respective theorems.

ReviewComment E.2.20. Reviewer Comment: Avoiding long sentences, or adding commas at least:
Corollary 4.5: The first sentence is very long, and needs a comma after....

Rebuttal: We have incorporated the requested changes in Corollary 4.5.

ReviewComment E.2.21. Reviewer Comment: In proposition 5.3, it is written "Note that this equation
holds for both Training Lipschitz ...". While It is understandable that the meant equation is the one providing
a bound on L, , attributing a number to it would be clearer

Rebuttal: Done, we have added this in proposition 5.3 in the last line of the proof. [line: 361
ReviewComment E.2.22. Reviewer Comment: In the Definition A.1 in the appendix, the bounded
differences property is called S— Lipschitzness. However, Lipschitzness is a well-known property that is
totally different from the bounded differences. This can be confusing for readers and I recommend calling it
the bounded differences property.

Rebuttal: We have updated it’s name in Definition [A1]

E.2.4 Smaller changes

ReviewComment E.2.23. Reviewer Comment: Notation and terms issues: No definition of the term
"symmetric in distribution" was given before its first use in Theorem 3.2.

Rebuttal: We have added the definition of "symmetric in distribution" in the first paragraph of section
w[from line: 176]

ReviewComment E.2.24. Reviewer Comment: It should be indicated whether constant ¢ in Theorem 3.2
is universal, and if not, what quantities it depends on.

Rebuttal: This constant comes from the proof of Feldman and Vondrak (2019b). Since our analysis is
asymptotic we only need this to be independent of m which it is. We have added this clarification just below
Theorem 3.2. [line: 185,

ReviewComment E.2.25. Reviewer Comment: n Definitions 4.1 and 4.2, z is used in the Lipschitzness
condition for the first time, without being introduced. Only later it is specified that the constant L; or K;
depends on z. This can be fixed by introducing z at the moment when w is introduced.
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Rebuttal: We have incorporated this suggestion in Def 4.1.

ReviewComment E.2.26. Reviewer Comment: The logarithm is denoted "log '
for the expression of p. Homogeneity of notation is better.

in all of the paper except

Rebuttal: We have made the notation homogenous through the paper as suggested.

ReviewComment E.2.27. Reviewer Comment: For points on Formatting, Grammar and Typos...

Rebuttal: We thank the reviewer for reading the paper closely. We have incorporated all the changes of this
kind that were requested.

E.3 Reviewer 3, 2QBs
E.3.1 Weakness

ReviewComment E.3.1. Reviewer Comment: However, I am unconvinced regarding the applicability of
the obtained results. Compared to similar data-dependent bounds such as the ones in (Hardt et al. 2016)
or (Kuzborskij and Lampert 2018), the constants Lg, Ks and L, have a very complicated dependence in
the data distribution and the specifics of the SGD dynamics (which can be very hard to analyze). Further,
it seems to me like those bounds can increase arbitrarily in m (as in the random label example), and the
conditions under which Lg, Kg or L, are bounded seem very hard to verify compared to previous work.

Rebuttal: Although it appears that the dependence of the constants on the data distribution is complicated,
there are useful and commonly encountered cases where this not so.On the reviewer’s suggestion we have
included a simple but widely applicable example [line: 376; where we have shown that for a low-dimensional
data set in a high-dimensional space, using constants such as ours highlights the fact that it is the dimension
of the data rather than the dimension of the space that controls the generalization properties. This satisfies
the intuition of ML practitioners.

We would like the reviewer to consider that the fact that the constants grow with m is actually a good thing
in this case since it is clear that no ML model can generalize on ths example.

We understand that applicability is subjective and we appreciate the reviewer’s concern, but we would like
the reviewer to consider that our framework is a powerful one that can be used with good effect on specific
examples like the one we have now included.

ReviewComment E.3.2. Reviewer Comment: Further, all of section 5.3 consists in unsubstantiated claims
about extensions of the results to other settings, without much theoretical footing; either those are easy
adaptations and the theorem statements could be adapted to include those changes, or there are significant
challenges that should be underlined.

Rebuttal: The reviewer is right. Our language was casual and could easily be misinterpreted to imply that
the possibilities we suggest are trivial to establish as results. This was not our intent. We have moderated
the language significantly now and hope that we have been able to convey that a good amount of research is
required on each of those directions. [from line: 466; [5.3],[from line: 472{5.3], [from line: 477;

E.3.2 Requested changes

ReviewComment E.3.3. Reviewer Comment: In my opinion, the paper requires a much larger discussion
on the scaling of the three constants Lg, Kg or Ly; the ReLU network example still consists in a norm
supremum over all possible trajectories of SGD, and thus is still very delicate to bound. Even a toy model for
which those constants can be easily bounded could already be a good addition to the paper.

Rebuttal: We thank the reviewer for this suggestion as it encouraged us to add an example. We have added
it in a discussion just before section 5.1.1. For a more detailed response to this point we refer the reviewer
back to our response to comment [line: 376;

ReviewComment E.3.4. Reviewer Comment: At the very least, a discussion on what those constants
imply on the training procedure is in order. For example, the authors state that "if the model can’t fit the
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training set properly then these values will be high and reflect a bad generalization"; why would a high
2]

training loss imply high Lipschitz constants 7
Rebuttal: We thank the reviewer for this comment because it brought back a line of analysis we had earlier
followed and then abandoned for simplicity of presentation. Appendix C presents an alternate line of analysis
that shows that the expected value of the Lipschitz constants encountered during the training is the relevant
value and not the worst case value encapsulated in Lg. We have added a detailed discussion on this below the
statement of Theorem [from line: 323]. Hopefully this will shed better light on the relationship between
the training and these quantities as requested by the reviewer.

ReviewComment E.3.5. Reviewer Comment: Regarding section 5.1.1, under which conditions can we
>

expect that Lg and L, are close 7
Rebuttal: We have addressed this question in terms of our current and alternate analysis in the paragraphs
below the statement of Theorem In case the training converges early (as per the alternate analysis of
Appendix C) or if the initial choice of weights is close to the final choice of parameters (in either the original
or the alternate analysis) these two could be close.

ReviewComment E.3.6. Reviewer Comment: Minor remarks: I found the theorem statements quite heavy
to read; a lot of the preambles are very similar, and should be broken down into separate assumptions.
Less inline math should also be used. the notion of "symmetric in distribution" is never defined

Rebuttal: We thank the reviewer for these suggestions. To make the theorem statements easier to read
we have moved the assumptions out for Theorem [4.3] (earlier Theorem 4.4) and Theorem We have also
made some changes based on other reviews, we hope this makes the paper a better read. If the reviewer finds
some more improvements which we can make then please let us know.

We have added the definition of "Symmetric in distribution" on the first paragraph of section [3:3}
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