
Proceedings of Machine Learning Research vol 313:1–38, 2026 37th International Conference on Algorithmic Learning Theory

Convex optimization with p-norm oracles

Deeksha Adil DEADIL@ETHZ.CH
Institute for Theoretical Studies, ETH Zürich
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Abstract
In recent years, there have been significant advances in efficiently solving ℓs-regression using lin-
ear system solvers and ℓ2-regression [Adil-Kyng-Peng-Sachdeva, J. ACM’24]. Would efficient
smoothed ℓp-norm solvers lead to even faster rates for solving ℓs-regression when 2 ≤ p < s? In
this paper, we give an affirmative answer to this question and show how to solve ℓs-regression using
Õ(n

ν
1+ν ) iterations of solving smoothed ℓp regression problems, where ν := 1

p −
1
s . To obtain this

result, we provide improved accelerated rates for convex optimization problems when given access
to an ℓsp(λ)-proximal oracle, which, for a point c, returns the solution of the regularized problem
minx f(x) + λ∥x − c∥sp. Additionally, we show that these rates for the ℓsp(λ)-proximal oracle are
optimal for algorithms that query in the span of the outputs of the oracle, and we further apply our
techniques to settings of high-order and quasi-self-concordant optimization.
Keywords: Convex Optimization, Proximal Point Methods, Acceleration

1. Introduction

A prominent approach to efficiently solving convex optimization problems is to reduce them to solv-
ing a sequence of linear systems. For example, interior point methods reduce linear programming,
semidefinite programming, many empirical risk minimization problems, and more to essentially
solving a sequence of ℓ2 (or least-squares) regression problems or, more broadly, to a sequence
of linear systems (Karmarkar, 1984; Lee et al., 2019; Nesterov and Nemirovskii, 1994; Renegar,
1988; Wright, 1997). More recently, improvements in quasi-self-concordant (Bach, 2010; Carmon
et al., 2020b; Karimireddy et al., 2018) and high-order (Bullins, 2020; Nesterov and Polyak, 2006;
Nesterov, 2021) optimization have yielded new ways of using linear system solvers for solving
well-established machine learning problems, including ℓ∞ and logistic regression.

Similarly, recent advances in iterative refinement have shown how to reduce ℓp-regression, a
natural data analysis problem, to solving a sequence of linear systems (Adil et al., 2019, 2024).
ℓp regression problems appear in a wide range of applications, including semi-supervised learn-
ing (Alamgir and Luxburg, 2011; Flores et al., 2022; Kyng et al., 2015), data clustering and learn-
ing (Elmoataz et al., 2015, 2017), and low-rank matrix approximations (Chierichetti et al., 2017).

In this paper, we study a natural generalization: rather than reducing to ℓ2-regression, i.e.,

min
x∈Rd

∥Ax− b∥22,
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we consider reductions to smoothed ℓp-regression, i.e., problems of the form

min
x∈Rd

g⊤x+ ∥Ax− b∥22 + ∥Cx− d∥pp .

We ask: would smoothed ℓp-regression solvers yield faster rates for solving optimization problems?
Addressing this question could advance the foundations of optimization theory and provide new

tools for structured and high-order optimization beyond ℓp-regression. For example, as we will see,
this question has connections to highly-smooth optimization in different norms, ball-acceleration in
different geometries, and quasi-self-concordant optimization.

Efficient reductions from ℓs- to ℓp-regression. We consider the particular problem of efficiently
reducing ℓs-regression to smoothed ℓp-regression for 2 ≤ p < s. We provide a new efficient
reduction that solves this problem. Moreover, we obtain this result by an optimization theoretic
framework of broader utility, which indeed has implications for structured optimization and higher-
order optimization. We formally define ℓs regression in Definition 1 and then provide Theorem 2,
which contains our main result for this problem (proved in Section 4).

Definition 1 (ℓs-Regression) Given 2 ≤ s <∞, ϵ > 0, A ∈ Rn×d, and b ∈ Rn, the ℓs-regression
problem is to find x̃ ∈ Rd such that

∥Ax̃− b∥ss ≤ (1 + ϵ) min
x∈Rd

∥Ax− b∥ss. (1)

We call such an x̃ an ϵ-approximate solution to the problem.

Theorem 2 (From ℓs-Regression to Smoothed ℓp-Regression) There is an algorithm that, given
ϵ > 0, s > p ≥ 2, computes an ϵ-approximate solution to ℓs-regression (Definition 1) in at most
O(s · n

ν
1+ν log2 n

ϵ ) iterations for ν := 1
p −

1
s , each of which can be implemented in O(d) time plus

the time needed to solve Õ(1)1 smoothed ℓp-regression problems of the form

min
x∈Rd

g⊤x+ ∥Ãx− b̃∥22 + ∥Cx− d∥pp .

Prior reductions include one of Bubeck et al. (2018) which established that Õ(n
1
2
− 1

p ) iterations

of comparable cost sufficed for p = 2. This was then improved by Adil et al. (2019) to Õ(n
p−2
3p−2 ),

i.e., by a factor of Ω(n
(p−2)2

2p(3p−2) ). For a general p, the previous state-of-the-art for such a reduction
is due to Adil and Sachdeva (2020). Though not explicitly shown, their results imply an analogous
Theorem 2 with an iteration bound of Õ(n

sν
s−1 ). Our work improves upon this rate for all 2 ≤ p < s

by a factor of Ω(n
ν2

1+ν ) (similar to the prior improvement of Adil et al. (2019) over Bubeck et al.
(2018) for p = 2).

1. We use Õ to hide p, s, and poly logn factors.
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CONVEX OPTIMIZATION WITH p-NORM ORACLES

Optimal acceleration of ℓsp(λ)-proximal oracles. To prove Theorem 2, we consider a general
optimization problem of independent interest. Specifically, we consider the problem of minimizing
a convex function f given (approximate) access to what we call an ℓsp(λ)-proximal oracle.

Definition 3 (ℓsp(λ)-Proximal Oracle) For p, s ≥ 2, λ > 0, an ℓsp(λ)-proximal oracle for f :

Rd → R is an oracle that, when queried at a “centering point” c ∈ Rd, returns

x̃ ∈ argminx∈Rdf(x) + λ∥x− c∥sp.

This problem is well-studied in the special case when p = s = 2, where it corresponds to
the standard (quadratic) proximal oracle (Parikh and Boyd, 2014). In particular, algorithms that
access these oracles have been studied in convex optimization theory (see e.g., (Boyd et al., 2011;
Combettes and Pesquet, 2007; Rockafellar, 1976)). A notable use of this oracle is in the accelerated
proximal point method (Güler, 1992; Nesterov, 1983), which computes an ϵ-optimal solution with
O(λ1/2∥x0 − x∗∥2ϵ−1/2) queries to the oracle, where x∗ ∈ Rd is used to denote the minimizer of
f throughout the paper. This query complexity is optimal (Nemirovskij and Yudin, 1983), and the
method has played an important role in numerous algorithmic advances (Frostig et al., 2015; Lin
et al., 2015; Parikh and Boyd, 2014; Schmidt et al., 2017; Shalev-Shwartz and Zhang, 2014), as
well as in the high-order acceleration frameworks of Monteiro and Svaiter (2013); Gasnikov et al.
(2019); Carmon et al. (2022), and the ball acceleration framework of Carmon et al. (2020b) (which
has multiple applications (Carmon et al., 2021b, 2023, 2024; Jambulapati et al., 2024)).

However, outside of the above examples, optimal rates for solving convex optimization with
ℓsp(λ)-proximal oracles are not known, to the best of our knowledge. This is particularly relevant
for ℓp regression as, building upon an approach of Adil et al. (2024), solving ℓs-regression using the
smoothed ℓp oracle reduces to acceleration with our ℓsp(λ)-proximal oracle. Consequently, to prove
Theorem 2 we give new efficient algorithms (Algorithm 2), for which we prove the following.

Theorem 4 (Accelerated Optimization with ℓsp(λ)-Proximal Oracle) Algorithm 2 given s > p ≥
2, ϵ > 0, x0 ∈ Rd, outputs x̃ ∈ Rd with f(x̃)−f(x⋆) ≤ ϵ using O((sλ∥x0−x⋆∥sp/ϵ)

1
s(1+ν) ) queries

to an ℓsp(λ)-proximal oracle. Each iteration can be implemented in O(d) time plus time of the ℓsp(λ)-
proximal oracle.

Though the rates of Theorem 4 may look unnatural at first glance, we in fact prove that, for
any p, s ≥ 2, they are optimal for broad classes of algorithms! Specifically, we show (Section 5)
that there exists a function such that any zero-respecting algorithm, i.e., one that at every iteration
queries an ℓsp(λ)-proximal oracle centered at a point c ∈ Rd which lies in the span of the outputs of

the oracle, requires at least Ω((λ∥x⋆∥sp/ϵ)
1

s(1+ν) ) iterations to return an ϵ-suboptimal point.
Note that there is a broader literature of lower bounds for related problems, e.g., convex op-

timization in non-Euclidean norms with gradient oracles (Guzmán and Nemirovski, 2015) and in
parallel settings (Diakonikolas and Guzmán, 2019). However, we are are unaware of such lower
bounds for our particular ℓsp(λ)-proximal oracle.

Theorem 5 (ℓsp(λ)-Proximal Oracle Optimization Lower Bound) For every ℓsp(λ)-proximal zero-
respecting algorithm (Definition 22) given p, s ≥ 2, λ > 0, ϵ > 0, there is a function f :

Rd → R such that any x in the first k = O((λ∥x⋆∥sp/ϵ)
1

s(1+ν) ) iterations of the algorithm satis-
fies f(x)− f(x⋆) ≥ ϵ.
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Optimal acceleration of non-Euclidean ball-constrained optimization oracles. We show how
our approach can also be used to show lower bounds for what we call ℓp ball-constrained oracles.

Definition 6 (ℓp Ball-constrained Oracle) For p ≥ 2, r > 0, an ℓ∞p (r)-proximal oracle (also
referred to as an ℓp ball-constrained oracle) for f : Rd → R is an oracle that, when queried at a
centering point c ∈ Rd, returns

x̃ ∈ argminx∈Rd|∥x−c∥p≤r f(x).

We extend previous ℓ2 ball oracle results (Carmon et al., 2020b, 2022; Karimireddy et al., 2018)
to the ℓp setting (Section 3), and we also show that our rates are optimal for zero-respecting algo-
rithms (Section 5).

Theorem 7 (Accelerated Optimization with ℓp Ball-constrained Oracle) Algorithm 2 given p ≥
2, r > 0, ϵ > 0, x0 ∈ Rd, outputs x̃ such that f(x̃)− f(x⋆) ≤ ϵ using

O((p∥x0 − x⋆∥p/r)
p

p+1 log(∥x0 − x⋆∥pp/ϵ))

queries to an ℓ∞p (r)-proximal oracle. Each iteration can be implemented in O(d) time plus time of
the ℓ∞p (r)-proximal oracle.

Theorem 8 (ℓp Ball-constrained Oracle Optimization Lower Bound) For every ℓ∞p (r)-proximal
zero-respecting algorithm (Definition 26) given p ≥ 2, r > 0, there is a function f : Rd → R such
that any x in the first k = O((∥x⋆∥p/r)

p
p+1 ) iterations of the algorithm satisfies

f(x)− f(x⋆) ≥ Ω(∥x⋆∥1/(p+1)
p rp/(p+1)) .

As previously mentioned, algorithms based on ℓ2 ball-constrained oracles have had a wide range
of applications. For example, they have arisen in solving natural problems in learning theory and
machine learning, including logistic regression (Karimireddy et al., 2018; Carmon et al., 2020b),
minimizing the maximum of a set of convex losses (Carmon et al., 2021b, 2024), and parallel
stochastic optimization (Bubeck et al., 2019a; Carmon et al., 2023). Consequently, these results
could lead to opportunities for improving these and related problems in different geometries for,
e.g., high-order and quasi-self-concordant optimization settings. We further discuss in Section 4
how our methods can apply to such cases by showing that the oracles for these settings implement
a more general oracle class.

Extensions to high-order optimization. As another application, we provide the following result,
which extends our techniques to highly smooth problems with respect to the p-norm, i.e., problems
whose qth-order derivatives are Lq-Lipschitz continuous (for q ≥ 1), in which case each step is
based on minimizing a ∥·∥q+1

p -regularized qth-order Taylor expansion.2

Theorem 9 (High-order Optimization) For s > p ≥ 2, q = s− 1, let f be qth-order Lq smooth
with respect to ∥·∥p, x0 ∈ Rd, and ϵ > 0. Algorithm 2, implementing an O(1)-GMSp oracle by a
(p, s)-Taylor oracle, finds x̃ such that f(x̃)− f(x⋆) ≤ ϵ in

Op,s

(
∥x0 − x∗∥

1
p(1+ν)
p (Lq/ϵ)

1
s(1+ν)

)
iterations. The cost of each iteration is at most O(d) plus the cost of the (p, s)-Taylor oracle.

2. We use the notation Op,s(·) to hide multiplicative running time factors which depend only on p and s.
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We then show how this behaves, in a sense, as a certain approximation to the ℓsp(λ)-proximal
oracle (for an appropriate choice of λ, which depends on the smoothness parameter Lq, and where
s = q + 1), and the rates we obtain naturally generalize those found in previous results (Gasnikov
et al., 2019; Monteiro and Svaiter, 2013). Such Euclidean-based high-order algorithms have been
used, as previously discussed, to improve convergence for fundamental machine learning prob-
lems (Agarwal et al., 2017; Bullins, 2020; Nesterov and Polyak, 2006), and consequently rates for
the non-Euclidean variants may have additional applications.

Simultaneous Independent Related Work. Independently, Contreras et al. (2025) also inves-
tigate non-Euclidean high-order and proximal point methods for convex optimization and pro-
vide similar algorithms and convergence rates. Specifically, they give algorithms for qth-order
(L, ν)-Hölder continuous functions for all p, q ≥ 1, whereas our work focuses on the case where
q+1 ≥ p ≥ 2 for proximal oracles, ball-constrained optimization oracles, and highly smooth func-
tions.Contreras et al. (2025) further establish lower bounds for minimizing q-th order (L, ν)-Hölder
continuous functions with respect to || · ||p, for algorithms that can query a local oracle, and as
a result, their lower bounds depend on L. In contrast, our lower bounds are for (zero-respecting)
ℓsp proximal algorithms, and they place no smoothness restrictions on the function class. The ini-
tial draft of this paper was produced independently without having seen Contreras et al. (2025).
Attempts were made to preserve independence during the revision process.

Future work and open problems. This paper provides improved rates for multiple convex op-
timization problems by using non-Euclidean optimization. However, these new rates come with
costs. Whereas ℓ2-regression can be solved by matrix multiplication and linear system solving,
smoothed ℓp-regression is a more general and potentially complex optimization problem. Conse-
quently, implementing steps of our algorithm efficiently and using this to obtain end-to-end runtime
improvements for structured optimization problems is an interesting direction for future research.

Additionally, though we settle the complexity of convex optimization with the ℓsp(λ)-proximal
oracle, this does not necessarily imply that our reduction from ℓs to smoothed ℓp-regression is opti-
mal. Consider, for example, solving ℓ6-regression using ℓ2-regression and compare it with solving
ℓ6-regression via ℓ4-regression. Our results state that the former would use≈ n1/4 iterations of solv-
ing least squares regression, while the iteration complexity of the latter would improve to ≈ n1/13

(improving upon ≈ n1/10 iteration complexity due to Adil and Sachdeva (2020)), each of which
would involve solving an ℓ4-regression problem. Curiously, if we further solve each ℓ4-regression
problem using ℓ2-regression, we would require n1/5 such problems at each step, leading to a total
of n

1
13

+ 1
5 ≥ n

1
4 . Improving our reductions to smoothed ℓp-regression, finding a similar type of

reduction that doesn’t occur this type of loss in repeated reduction, or providing more compelling
evidence of optimality are additional interesting directions future research.

Furthermore, in the future, high-order optimization methods (e.g. (Gasnikov et al., 2019)) could
potentially benefit from these tools, as such methods often depend on solving ℓp-norm regularized
subproblems at each iteration. While there has been a line of work showing how subproblems based
on second- (Nesterov and Polyak, 2006) and third-order (Nesterov, 2021) Taylor models admit more
computationally efficient approximate solvers, less is known about more general settings. This work
could potentially help in such settings.

Finally, obtaining similar improvements as the ones we have shown in this work for linear
programming—or convex optimization with interior point methods more broadly—are additional
exciting directions for future research. We hope our results help facilitate in these directions and,
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with further research, may yield new non-Euclidean perspectives on basic problems and algorithms
in machine learning, including those related to parallel, stochastic, and higher-order optimization,
and ultimately lead to further efficiency gains in theory and in practice.

Paper overview. In Section 2 as a warm-up we give our main ℓsp(λ)-proximal point algorithm
which includes a line-search in each iteration. In Section 3 we show how we may remove the
need for this line-search and give an algorithm with a more general oracle. In Section 4 we use
these algorithms to give rates for solving ℓs-regression and generalized high-order smooth problems.
In Section 5, we give lower bounds that match the rates of our ℓsp(λ)-proximal point algorithms
analyzed in Section 2.

2. Warm-up: Conceptual Proximal Point with Line Search

In this section, we analyze a simpler version of our generalized proximal point algorithm. Our aim is
first to provide clarity for the convergence rates, while in the following section we address the issue
of overall computational cost. Specifically, in this section we present an algorithm where each iter-
ation involves finding points that satisfy certain implicit conditions, similar to previous works based
on Monteiro-Svaiter acceleration (Monteiro and Svaiter, 2013). These implicit problems can be
solved using an additional line-search procedure as in previous works (e.g., (Monteiro and Svaiter,
2013; Gasnikov et al., 2019; Carmon et al., 2020b)), followed by invoking an ℓsp(λ)-proximal ora-
cle. We later show, in Section 3, how to modify the algorithm to obtain a line search-free method,
and in doing so we introduce a more general oracle model. We further split our algorithm into two
separate cases: s <∞ and s =∞ (the latter coinciding with an ℓp ball-constrained oracle).

Throughout the paper, we let ∥·∥p (for p ∈ [1,∞)) denote the standard ℓp norm, and we use ωp

to denote, for an initial point x0 ∈ Rd, the Bregman divergence of the ℓp-norm function ∥x− x0∥pp,
i.e., for any x, y ∈ Rd,

ωp(x, y) = ∥x− x0∥pp − ∥y − x0∥pp − ⟨∇y∥y − x0∥pp, x− y⟩.

We also let p∗ := p
p−1 throughout the paper.

We will prove the guarantees of Algorithm 1, which finds x such that f(x) − f(x∗) ≤ ϵ for a
convex function f via an ℓsp(λ)-proximal oracle given a line-search to estimate λt’s. Our algorithm,
in every iteration maintains two points xt and zt, takes a carefully chosen convex combination of the
points to get yt, applies the ℓsp(λ)-proximal oracle at yt to compute xt+1, and then uses the gradient
of f at xt+1 to compute zt+1. The main guarantee of the algorithm is given below in Theorem 10.

Theorem 10 Let s < ∞. Given f , x0 ∈ Rd, and ϵ > 0, there exist, for all t ≥ 0, λt, xt+1

satisfying the conditions of Algorithm 1, and it outputs xT such that f(xT )− f(x⋆) ≤ ϵ, in

O

(
ss(1+ν)

psν
·
λ∥x0 − x∗∥sp

ϵ

) 1
s(1+ν)

iterations.

When s = ∞, i.e., the algorithm is equipped with an ℓ∞p (r)-proximal oracle, we prove the
following.
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Algorithm 1 Conceptual Proximal Point Algorithm
Initialize: a0 = 1, A0 = 0, z0 = y0 = x0, T ≥ 1
for t = 0, · · · , T − 1 do

Find λt > 0, xt+1 ∈ Rd for which the following hold:

• 5p−1λta
p
t+1 = Ap−1

t+1 , At+1 = At + at+1, and yt =
At

At+1
xt +

at+1

At+1
zt

• λt =

{
λ∥xt+1 − yt∥s−p

p if s <∞
∥∇f(xt+1)∥ p

p−1
/rp−1 if s =∞

and xt+1 ←

{
argminy f(y) +

λ
p ∥y − yt∥sp if s <∞

argmin∥y−yt∥p≤r f(y) if s =∞

zt+1 ← argminz∈Rd

∑
i∈[t+1] ai∇f(xi)⊤(z − yi) + ∥z − y0∥pp

end
return xT

Theorem 11 Let s =∞. Given f, x0 ∈ Rd and ϵ > 0, there exist, for all t ≥ 0, λt, xt+1 satisfying
the conditions of Algorithm 1, and it outputs xT such that f(xT )− f(x⋆) ≤ ϵ, in

O

((
p∥x⋆ − x0∥p

r

) p
p+1

log

(
∥x⋆ − x0∥p

ϵ

))
iterations.

The crux of the proofs of Theorem 10 and Theorem 11 is a standard potential argument (Di-
akonikolas and Orecchia, 2019; Nesterov et al., 2018). Namely, we rely on the following lemma,
which shows how the potential At(f(xt) − f(x⋆)) + ωp(x

⋆, zt) decreases in every iteration of the
algorithm. The proof can be found in Appendix B.

Lemma 12 For all t ≥ 0, the iterates of Algorithm 1 satisfy

At+1(f(xt+1)− f(x⋆)) + ωp(x
⋆, zt+1)

≤ At(f(xt)− f(x⋆)) + ωp(x
⋆, zt)−At+1λt∥xt+1 − yt∥pp.

The remaining proof of Theorem 10 and Theorem 11 follow slightly different pathways and can
be found in Appendix B.

3. Line-Search Free Method for Non-Euclidean Acceleration

In this section, we describe our main algorithm which eliminates the line-search required when
implementing Algorithm 1 and works with a more general oracle. We first define our oracle.

Definition 13 An oracleOσ,p : Rd → Rd×R+ is a σ-Generalized Monteiro-Svaiter with respect to
p (σ-GMSp) oracle for a function f : Rd → R and σ ∈ [0, 1) if, for every y ∈ Rd, (x, γ) = Oσ,p(y)
satisfies

⟨∇f(x), x− y⟩ ≤ −(1− σ)γ∥x− y∥pp, and ∥∇f(x)∥p∗ ≤ (1 + σ)γ∥x− y∥p−1
p .

Additionally, we say Oσ,p satisfies an (s, µ) movement bound if

∥x− y∥p ≥

{
(γ/µs)1/(s−p) if s <∞
1/µ if s =∞.

7
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In Appendix C, we show that σ-GMSp oracles generalize ℓsp oracles as well as the Monteiro-Svaiter
(MS) oracles from Monteiro and Svaiter (2013); Carmon et al. (2022). In this section we provide
the following results.

Theorem 14 Algorithm 2, given s > p ≥ 2, ϵ > 0, x0 ∈ Rd, R = O(∥x0 − x∗∥p), and a σ-GMSp

oracle satisfying an (s, µ) movement bound, returns x̃ ∈ Rd such that f(x̃)− f(x⋆) ≤ ϵ after

O
(
(µs∥x0 − x⋆∥sp/ϵ)

1
s(1+ν)

)
iterations. Each iteration can be implemented in O(d) time plus time of the σ-GMSp oracle.

Theorem 15 Algorithm 2, given p ≥ 2, ϵ > 0, x0 ∈ Rd, R = O(∥x0 − x∗∥p), and a σ-GMSp

oracle satisfying an (∞, µ) movement bound, returns xT such that f(xT )− f(x⋆) ≤ ϵ after

O

(
(µp∥x0 − x⋆∥p)

p
p+1 log

∥x0 − x⋆∥p
ϵ

)
iterations. Each iteration can be implemented in O(d) time plus time of the σ-GMSp oracle.

Algorithm 2 General Proximal Point Algorithm (Line-Search Free)
Initialize: s > p ≥ 2, a0 = 1, A0 = 0, λ̄1 = 1, z0 = y0 = x0 ∈ Rd, T ≥ 1, Tref = 1, R > 0,
µ > 0, σ ∈ [0, 1)
for t = 0, · · · , T − 1 do

if t ≥ 1 then
if At ≥ 2ATref

then Tref = t ;

λ̄t+1 =


A

− (s−p)(p+1)
ps−p+s

Tref
R

p(s−p)
ps−p+sµ

sp2

s−p+ps if s <∞

µ
p2

p+1R
p

p+1

ATref
if s =∞

end
λ̄t+1(

3+3σ
1−σ at+1)

p = A′p−1
t+1 , A′

t+1 = At + at+1 yt ← At
At+1

xt +
at+1

At+1
zt

(x′t+1, λt+1)← σ-GMSp(yt)

βt+1 ← min{1, λ̄t+1

λt+1
}

zt+1 ← argminz∈Rd

∑t+1
i=1 aiβi∇f(x′i)⊤(z − yi) + ωp(z, y0)

xt+1 ←
(1−βt+1)Atxt+βt+1A′

t+1x
′
t+1

At+βt+1at+1

At+1 ← At + βt+1at+1

end
return xT

The proofs of the above results follow from the following potential analysis, which differs from
those in Section 2 in that it now accounts for the progress differently depending on whether λ̄t+1 <
λt+1 or λ̄t+1 ≥ λt+1.
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Lemma 16 The iterates of Algorithm 2 satisfy

At+1(f(xt+1)− f(x⋆)) + ωp(x
⋆, zt+1) ≤At(f(xt)− f(x⋆)) + ωp(x

⋆, zt)

− 1{λ̄t+1<λt+1}
A′

t+1(1− σ)λ̄t+1

3
∥x′t+1 − yt∥pp,

and, A1/p
t+1 ≥ A

1/p
t + 1{λ̄t+1≥λt+1}

1
6+6σ
1−σ

λ̄
1/p
t+1

.

We defer the proofs of both the potential analysis and our main results in this section to Appendix C.

4. Applications

In this section, we cover different applications of our acceleration framework from Section 3. In
particular, we apply our framework to ℓs-norm regression, where s ≥ p ≥ 2, higher-order smooth
optimization, and implement an ℓp-ball oracle.

ℓs-Norm Regression. We give an algorithm for ℓs-regression, where s ≥ p ≥ 2 using an oracle
that solves problems of the form,

min
x∈Rd

g⊤x+ ∥Rx∥22 + ∥Wx∥pp, (2)

for any vector g ∈ Rd and matrices R ∈ Rn×d and W ∈ Rn×d, where n ≥ d.
We will prove Theorem 2 which we restate here.

Theorem 2 (From ℓs-Regression to Smoothed ℓp-Regression) There is an algorithm that, given
ϵ > 0, s > p ≥ 2, computes an ϵ-approximate solution to ℓs-regression (Definition 1) in at most
O(s · n

ν
1+ν log2 n

ϵ ) iterations for ν := 1
p −

1
s , each of which can be implemented in O(d) time plus

the time needed to solve Õ(1)3 smoothed ℓp-regression problems of the form

min
x∈Rd

g⊤x+ ∥Ãx− b̃∥22 + ∥Cx− d∥pp .

We present the proof in Appendix D. The proof follows from an application of Algorithm 2 for
the ℓsp(λ)-proximal oracle (Theorem 4), which reduces solving the ℓs-regression problem to≈ n

ν
1+ν

calls to an ℓsp-proximal oracle. We further prove that every such call to the ℓsp-proximal oracle can
be solved using Õ(1) smoothed ℓp-norm problems, i.e., Eq. (2) (Lemma 42).

High-Order Smooth Optimization in General Norms. As an extension of our results, we con-
sider a natural relaxation of the generalized proximal oracle based on regularized high-order Taylor
approximations (Bullins, 2020; Gasnikov et al., 2019; Monteiro and Svaiter, 2013; Nesterov and
Polyak, 2006; Nesterov, 2008). Namely, letting

T q
f (y;x) := f(x) +

q∑
i=1

1

i!
∇if(x)[y − x]i−1

denote, for q ≥ 1, the qth-order Taylor expansion of f at x, we define the following notion of high-
order smoothness, which naturally generalizes those in previous works (Nesterov, 2008; Gasnikov
et al., 2019).

3. We use Õ to hide p, s, and poly logn factors.

9
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Definition 17 We say f is qth-order Lq smooth with respect to ∥·∥p if, for all x, y ∈ Rd,∥∥∥∇f(y)−∇yT q
f (y;x)

∥∥∥
p∗
≤ Lq

q!
∥y − x∥qp. (3)

We now consider the problem of minimizing a convex function f given what we call a (p, s)-Taylor
oracle, which, for a centering point c, returns the solution of the regularized problem

min
x∈Rd

T s−1
f (x; c) +

Ls−1

(s− 1)!
∥x− c∥sp.

In contrast to the ℓsp(λ)-proximal oracle, here we have replaced f(x) with its (s− 1)th-order coun-
terpart T s−1

f (x; c), and the smoothness parameter now fulfills the role of λ (which was previously a
parameter of the oracle). As a natural consequence of our results from Section 3, combined with the
observation that that our Taylor oracle implements an O(1)-GMSp oracle, we provide the following
convergence guarantees for Taylor oracle-based algorithms.

Theorem 9 (High-order Optimization) For s > p ≥ 2, q = s− 1, let f be qth-order Lq smooth
with respect to ∥·∥p, x0 ∈ Rd, and ϵ > 0. Algorithm 2, implementing an O(1)-GMSp oracle by a
(p, s)-Taylor oracle, finds x̃ such that f(x̃)− f(x⋆) ≤ ϵ in

Op,s

(
∥x0 − x∗∥

1
p(1+ν)
p (Lq/ϵ)

1
s(1+ν)

)
iterations. The cost of each iteration is at most O(d) plus the cost of the (p, s)-Taylor oracle.

We would note Theorem 9 obtains the known optimal rates in the case of p = 2 and s > 2
(Arjevani et al., 2019; Gasnikov et al., 2019), and thus our guarantees allow us to generalize these
previous results to all s > p ≥ 2.

Implementing the ℓp Ball Oracle Under Hessian Stability. As in the case of the Euclidean ball
oracle (Carmon et al., 2020b; Karimireddy et al., 2018), we rely on the following notion of Hessian
stability for implementing our more general ℓp ball oracles.

Definition 18 (Carmon et al. (2020b), Definition 7) A twice-differentiable function f : Rd → R
is (r, ξ)-Hessian stable with respect to ∥·∥, for r, ξ > 0, if for all x, y ∈ Rd such that ∥x− y∥ ≤ r,
we have ξ−1∇2f(y) ≤ ∇2f(x) ≤ ξ∇2f(y).

As its name suggests, this type of stability provides control over local changes in the Hessian,
and objectives such logistic regression and the softmax loss exhibit favorable Hessian stability with
respect to ∥·∥2 and ∥·∥∞, respectively (Bach, 2010; Carmon et al., 2020b; Karimireddy et al., 2018).
We may further observe that such control entails beneficial (local) conditioning (i.e., strong convex-
ity and smoothness) of f with respect to ∥·∥∇2f(y) (where we let ∥u∥2∇2f(y) = u⊤∇2f(y)u), and it
can be shown that this condition holds when f is α-quasi-self-concordant with respect to ∥·∥, mean-
ing that, for all x, u, v ∈ Rd, |∇3f(x)[v, u, u]| ≤ α∥v∥∥u∥2∇2f(x). It is natural, then, that we may
run an appropriate descent method (in terms of ∥·∥∇2f(y), e.g., (Carmon et al., 2020b), Theorem 9),
constrained to the region of stability.

We additionally rely on a relaxation of the ℓp ball oracle (Definition 6), which allows for a
certain amount of approximation in a manner similar to that in Carmon et al. (2020b).

10
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Definition 19 Given p ≥ 2, δ, r > 0, an ℓ∞p (δ, r)-proximal oracle (also referred to as an approx-
imate ball-constrained oracle) for a function f : Rd → R is an oracle that, when queried at a
centering point c ∈ Rd, returns x̃ ∈ Rd such that

∥∥x̃− x∗c,r
∥∥
p
≤ δ, where x∗c,r is solution of the

problem
min

x∈Rd:∥x−c∥p≤r
f(x).

The following theorem establishes that, under an appropriate choice of δ, such an oracle can imple-
ment a σ-GMSp oracle, and its proof can be found in Appendix D.2.

Theorem 20 Let f be L-smooth w.r.t. ∥·∥p, and let x̃ ∈ Rd be given by an ℓ∞p (δ, r)-proximal oracle
for f queried at c ∈ Rd, for p ≥ 2, r, ϵ̃, σ > 0, min{ rσ4 , ϵ̃σ

4rL} ≥ δ > 0. Then, if ∥∇f(x̃)∥ ≥ ϵ̃,
an oracle that returns (x̃, γ̃) for γ̃ = ∥∇f(x̃)∥

∥x̃−y∥p−1
p

is a σ-GMSp oracle, and furthermore it satisfies an

(∞, (r − δ)−1) movement bound.

Algorithm 3 Constrained Accelerated Newton Descent
Initialize: a0 = 1, A0 = 0, x0 = y0 = z0 = xinit ∈ Rd, r > 0, T ≥ 1
for t = 0, · · · , T − 1 do

5a2t+1 = At+1, At+1 = At + at+1

yt ← At
At+1

xt +
at+1

At+1
zt

xt+1 ← argminx:∥x−c∥≤r{⟨∇f(yt), x− yt⟩+ ξ∥x− yt∥2∇2f(c)}
zt+1 ← argminz

∑
i∈[t+1] ai∇f(xi)⊤(z − yi) + ∥z − y0∥2∇2f(c)

end
return xT

Algorithm 4 Constrained Accelerated Newton Descent + Restarting

Initialize: δ > 0, x0 ∈ Rd, r > 0, K = O(log( ξdLrµδ ))

for k = 0, · · · ,K − 1 do
xk+1 = Constrained Accelerated Newton Descent(xinit = xk, r, T = O(ξ))

end
return xK

It remains to show how we may implement an ℓ∞p (δ, r)-proximal oracle for Hessian stable
functions, which the following theorem provides.

Theorem 21 Let f be L-smooth and µ-strongly convex w.r.t. ∥·∥2, and (r, ξ)-Hessian stable w.r.t.
∥·∥p. Then, there is an algorithm (Algorithm 4) that implements an ℓ∞p (δ, r)-proximal oracle, using
O(ξ log( ξdLrµδ )) queries to a gradient oracle and one query to a Hessian oracle of f .

The proof (found in Appendix D.3) closely follows that of Theorem 10, along with a standard
restarting argument (e.g., (Roulet and d’Aspremont, 2017)) to attain linear convergence rates when
paired with the strong convexity that comes from Hessian stability.
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5. Lower Bounds

In this section, we complement our upper bound results with matching lower bounds, for both
s <∞ and s =∞ cases, for algorithms that are zero-respecting (Carmon et al., 2020a). This con-
dition, which entails, roughly speaking, that the support of any iterate is restricted by the span of all
preceding iterates, plays an important role in establishing lower bounds for a variety of optimization
settings (Arjevani et al., 2023; Carmon et al., 2021a).

When s < ∞: Proximal Point Oracles. We begin by proving lower bounds for zero-respecting
proximal point algorithms when minimizing a function f using an ℓsp(λ)-proximal oracle, where we
let Of,λ,p,s(c) denote the result upon querying the oracle at c ∈ Rd.

We first introduce an appropriate notion of zero-respecting algorithms for our setting. Namely,
letting supp{v} := {i ∈ [d] : v i ̸= 0} for v ∈ Rd, we say a sequence x(0), x(1), . . . is ℓsp(λ)-
proximal zero-respecting with respect to f if

supp
{
x(t)
}
⊆
⋃
t′<t

supp
{
Of,λ,p,s(x

(t′))
}

for each t ∈ N.

We may then naturally define an ℓsp(λ)-proximal zero-respecting algorithm.

Definition 22 (ℓsp(λ)-Proximal Zero-Respecting Algorithm) We say an algorithm A is ℓsp(λ)-
proximal zero-respecting if, for any f : Rd → R, the iterate sequence A[f ] is zero-respecting with
respect to f .

We further consider the following proximal-type notion of a zero-chain.

Definition 23 (ℓsp(λ)-Proximal Zero-Chain) A function f : Rd → R is an ℓsp(λ)-proximal zero-
chain if, for every x ∈ Rd, supp{x} ⊆ {1, . . . , i− 1} implies supp{Of,λ,p,s(x)} ⊆ {1, . . . , i}.

We would note that, while previous lower bounds for smooth convex optimization (Arjevani et al.,
2019; Nemirovskij and Yudin, 1983) hold for algorithms that can generate approximate proximal
point oracle updates (up to polylogarithmic error), here we provide lower bounds for when we have
an exact proximal point oracle. We now state our main lower bound theorem for this section, where
we recall that x∗ := argminx∈Rd gk(x).

Theorem 5 (ℓsp(λ)-Proximal Oracle Optimization Lower Bound) For every ℓsp(λ)-proximal zero-
respecting algorithm (Definition 22) given p, s ≥ 2, λ > 0, ϵ > 0, there is a function f :

Rd → R such that any x in the first k = O((λ∥x⋆∥sp/ϵ)
1

s(1+ν) ) iterations of the algorithm satis-
fies f(x)− f(x⋆) ≥ ϵ.

While we provide the full proof of Theorem 5 in Appendix E.3, the key construction is based
on a scaled instance of Nemirovski’s function (Nemirovskij and Yudin, 1983), whose parameters
depend on properties (i.e., p, s, λ) defining the proximal oracle.

Definition 24 (Scaled Nemirovski instance) Let k, d ∈ N be such that 1 ≤ k ≤ d, and let R > 0.
We define

fk(x) = βk max
1≤i≤k

{xi − i · αk},

12
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where

βk :=

(
s− 1

s

)2(s−1) sλRs−1

(k + 1)
(p+1)(s−1)

p

, αk :=
s

s− 1

(
βk
sλ

) 1
s−1

=
(s− 1)R

s(k + 1)
p+1
p

.

Following the approach as described in previous works (Carmon et al., 2020b; Diakonikolas and
Guzmán, 2019), we may handle unconstrained domains by considering the following problem:

min
x∈Rd

gk(x) := max
{
fk(x), βk(∥x∥p − 2R)− αk

}
. (4)

The following lemma, which is proved in Appendix E, shows that the iterates produced by our
ℓsp(λ)-proximal oracle satisfy the required condition on their support.

Lemma 25 Let k, d ∈ N be such that 1 ≤ k ≤ d, and let gk be as in (4). Then, gk is an ℓsp(λ)-
proximal zero-chain.

When s =∞: Ball Oracle. For this case, we consider the ℓp ball oracle, i.e.,

Of,r,p,∞(c) = argmin∥x−c∥p≤rf(x).

Similar to the previous section, we may define analogous notions of ℓ∞p (r)-proximal zero-
respecting algorithms and an ℓ∞p (r)-proximal zero-chain. We say a sequence x(0), x(1), . . . is
ℓ∞p (r)-proximal zero-respecting with respect to f if

supp
{
x(t)
}
⊆
⋃
t′<t

supp
{
Of,r,p,∞(x(t

′))
}

for each t ∈ N,

We may then similarly define a ℓ∞p (r)-proximal zero-respecting algorithm.

Definition 26 (ℓ∞p (r)-Proximal Zero-Respecting Algorithm) We say an algorithm A is ℓ∞p (r)-
proximal zero-respecting if, for any f : Rd → R, the iterate sequence A[f ] is ℓ∞p (r)-proximal
zero-respecting with respect to f .

We further consider the following ball oracle-type notion of a ℓ∞p (r)-zero-chain.

Definition 27 (ℓ∞p (r)-Proximal Zero-Chain) A function f : Rd → R is an ℓ∞p (r)-proximal zero-
chain if, for every x ∈ Rd, supp{x} ⊆ {1, . . . , i− 1} implies supp{Of,r,p,∞(x)} ⊆ {1, . . . , i}.

We now state the main result (Theorem 8) of this section, whose proof can be found in Ap-
pendix E.5.

Theorem 8 (ℓp Ball-constrained Oracle Optimization Lower Bound) For every ℓ∞p (r)-proximal
zero-respecting algorithm (Definition 26) given p ≥ 2, r > 0, there is a function f : Rd → R such
that any x in the first k = O((∥x⋆∥p/r)

p
p+1 ) iterations of the algorithm satisfies

f(x)− f(x⋆) ≥ Ω(∥x⋆∥1/(p+1)
p rp/(p+1)) .
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Jelena Diakonikolas and Cristóbal Guzmán. Lower bounds for parallel and randomized convex
optimization. In Conference on Learning Theory, pages 1132–1157. PMLR, 2019.

15



ADIL BULLINS JAMBULAPATI SIDFORD

Jelena Diakonikolas and Lorenzo Orecchia. The approximate duality gap technique: A unified
theory of first-order methods. SIAM Journal on Optimization, 29(1):660–689, 2019.

Abderrahim Elmoataz, Matthieu Toutain, and Daniel Tenbrinck. On the p-laplacian and∞-laplacian
on graphs with applications in image and data processing. SIAM Journal on Imaging Sciences, 8
(4):2412–2451, 2015.

Abderrahim Elmoataz, Xavier Desquesnes, and M Toutain. On the game p-laplacian on weighted
graphs with applications in image processing and data clustering. European Journal of Applied
Mathematics, 28(6):922–948, 2017.

Mauricio Flores, Jeff Calder, and Gilad Lerman. Analysis and algorithms for ℓp-based semi-
supervised learning on graphs. Applied and Computational Harmonic Analysis, 60:77–122, 2022.

Roy Frostig, Rong Ge, Sham Kakade, and Aaron Sidford. Un-regularizing: approximate proximal
point and faster stochastic algorithms for empirical risk minimization. In International Confer-
ence on Machine Learning, pages 2540–2548. PMLR, 2015.

Alexander Gasnikov, Pavel Dvurechensky, Eduard Gorbunov, Evgeniya Vorontsova, Daniil Se-
likhanovych, César A Uribe, Bo Jiang, Haoyue Wang, Shuzhong Zhang, Sébastien Bubeck, et al.
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Appendix A. Preliminaries

Definition 28 (Bregman Divergence) For a strictly convex, continuously differentiable d : D →
R≥0, we define its Bregman divergence between x ∈ D and y ∈ D as

ω(x, y) := d(x)− d(y)− ⟨∇d(y), x− y⟩.

Note that ωp is the Bregman divergence of the function d(x) = ∥x− x0∥pp for an initial point x0.

Lemma 29 (Three-Point Property) For any x, y, z ∈ D,

ω(x, y) = ω(x, z) + ω(z, y)− (x− z)⊤(∇d(y)−∇d(z)).

We also use the following result, which can be found in, e.g., Zǎlinescu (1983).

Lemma 30 (Lemma 3.1 Zǎlinescu (1983)) For any x, y and p ≥ 2, ωp(y, x) ≥ 1
2p+1 ∥y − x∥pp.

We use the following fact about the gradient and Hessian of the ℓp-norm function repeatedly.

Fact 31 The gradient and Hessian of the function ∥Ax∥pp, for any p ≥ 2, and matrix A ∈ Rn×d

and vector x ∈ Rd is,

∇x∥Ax∥pp = p · DIAG
(
|Ax|p−2

)
Ax, ∇2

xx∥Ax∥pp = p(p− 1)A⊤DIAG
(
|Ax|p−2

)
A.

Appendix B. Proofs for Conceptual Method

B.1. Proof of Lemma 12

Proof We start by considering the left-hand side of the inequality

At+1(f(xt+1)− f(x⋆))−At(f(xt)− f(x⋆))

= at+1(f(xt+1)− f(x⋆)) +At(f(xt+1)− f(xt))

≤ at+1⟨∇f(xt+1), xt+1 − x⋆⟩+At⟨∇f(xt+1), xt+1 − xt⟩ (convexity of f )

= ⟨∇f(xt+1), At+1xt+1 −Atxt − at+1x
⋆⟩

= ⟨∇f(xt+1), At+1xt+1 + at+1zt −At+1yt − at+1x
⋆⟩ (Since At+1yt = Atxt + at+1zt)

= At+1 ⟨∇f(xt+1), xt+1 − yt⟩︸ ︷︷ ︸
Term 1

+at+1 ⟨∇f(xt+1), zt − x⋆⟩︸ ︷︷ ︸
Term 2

.

We first give a bound on Term 2. Using the KKT conditions for zt, i.e., differentiating the equation
defining zt in the algorithm w.r.t z, we have for all t ≥ 0,∑

i∈[t]

ai∇f(xi) = −∇z∥z − y0∥pp
∣∣∣
z=zt

= −∇ωp(zt, y0) for all t,

where we used that ωp(zt, y0) = ∥zt − y0∥pp since x0 = y0. Therefore,

at+1∇f(xt+1) = ∇ωp(zt, y0)−∇ωp(zt+1, y0).
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Replacing at+1∇f(xt+1) with the above in Term 2, we get

at+1⟨∇f(xt+1), zt − x⋆⟩ = at+1⟨∇f(xt+1), zt+1 − x⋆⟩+ at+1⟨∇f(xt+1), zt − zt+1⟩
=⟨∇ωp(zt, y0)−∇ωp(zt+1, y0), zt+1 − x⋆⟩+ at+1⟨∇f(xt+1), zt − zt+1⟩.

Applying the Bregman three-point property (Lemma 29) that yields that

at+1⟨∇f(xt+1), zt−x⋆⟩ = ωp(x
⋆, zt)−ωp(x

⋆, zt+1)−ωp(zt, zt+1)+at+1⟨∇f(xt+1), zt−zt+1⟩ .

We now apply Young’s inequality to get

at+1⟨∇f(xt+1), zt − x⋆⟩ ≤ ωp(x
⋆, zt)− ωp(x

⋆, zt+1)− ωp(zt, zt+1)

+
p− 1

p
∥2at+1∇f(xt+1)∥p

∗

p∗ +
1

p2p
∥zt − zt+1∥pp.

Since ωp(x, y) ≥ 1
2p+1 ∥x− y∥pp (Lemma 30), we obtain the following bound on Term 2,

at+1⟨∇f(xt+1), zt − x⋆⟩ ≤ ωp(x
⋆, zt)− ωp(x

⋆, zt+1) + 4ap
∗

t+1

p− 1

p
∥∇f(xt+1)∥p

∗

p∗ . (5)

We next bound Term 1. First, we observe by the optimality guarantees of xt+1 that

∇f(xt+1) = −λtp · DIAG(|xt+1 − yt|)p−2(xt+1 − yt),

where the above derivative is computed using Fact 31. Therefore,

⟨∇f(xt+1), xt+1 − yt⟩ = −λt∥xt+1 − yt∥pp. (6)

Combining the bounds on Term 1 (5) and Term 2 (6) yield

At+1(f(xt+1)− f(x⋆))−At(f(xt)− f(x⋆))

≤−At+1⟨∇f(xt+1), xt+1 − yt⟩+ ωp(x
⋆, zt)− ωp(x

⋆, zt+1) + 4ap
∗

t+1

p− 1

p
∥∇f(xt+1)∥p

∗

p∗

≤−At+1λt∥xt+1 − yt∥pp + ωp(x
⋆, zt)− ωp(x

⋆, zt+1) + 4ap
∗

t+1λ
p∗

t ·
p− 1

p
∥xt+1 − yt∥pp

Now, since Ap−1
t+1 = 5p−1λta

p
t+1, the above becomes

At+1(f(xt+1)− f(x⋆))+ωp(x
⋆, zt+1) ≤ At(f(xt)− f(x⋆))+ωp(x

⋆, zt)−At+1λt∥xt+1−yt∥pp.

B.2. Proof of Theorem 10

We need to prove the existence of λt (t ≥ 0) satisfying the conditions of Algorithm 1, using a
similar continuity argument as in Lemma 3.2 of Bubeck et al. (2019b).

Lemma 32 Let A ≥ 0, x, y ∈ Rd such that f(x) ̸= f(x⋆). Also let z(x) be a continuous function
of x. Define the following functions:
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• a(λ) is the solution of the equation λ
1

p−1a(λ)p
∗ − a(λ)−A = 0.

• y(λ) = a(λ)
A+a(λ)z(x) +

A
A+a(λ)x

• x(λ) = argminw f(w) + λ∥w − y(λ)∥pp

• g(λ) =
∥x(λ)−y(λ)∥s−p

p

λ

Then, for every z ∈ R+ there exists w ∈ R+ such that g(w) = z.

Proof We first claim that g(λ) is a continuous function of λ. It is easy to see that y(λ) is continuous.
The continuity of x(λ) follows from the fact that since f is convex, f(w) + λ∥w − c∥pp is strictly
convex and there is a unique minimizer for every λ. Now, x ̸= y since f(x) ̸= f(x⋆). Therefore,
g(0) =∞ and g(∞) = 0, which concludes the proof.

The following lemma provides a means of lower bounding At for all t ≥ 1.

Lemma 33 For all t ≥ 1, Algorithm 1 guarantees that

A
1/p
t+1 ≥ A

1/p
t +

1

5pλ
1/p
t

and, consequently, A
1/p
t ≥ A

1/p
0 +

∑
t∈[T ]

1

5pλ
1/p
t

.

Proof We know from Algorithm 1 that At+1 = At + at+1 and apt+1 =
Ap−1

t+1

5p−1λt
. Therefore,

At = At+1 −

(
Ap−1

t+1

5p−1λt

)1/p

= At+1

(
1− 1

(5p−1λtAt+1)1/p

)
.

We will use that for any x > −1 and r > 1, (1 + x)r ≥ 1 + rx. Observe that 1
(5p−1λtAt+1)1/p

=
at+1

At+1
< 1. Applying this inequality for r = p and x = − 1

(5p−1λtAt+1)1/p
, we get

At ≤ At+1

(
1− 1

(5p−1pλtAt+1)1/p

)p

,

which on rearranging gives us

A
1/p
t +

1

5pλ
1/p
t

≤ A
1/p
t+1.

Before we prove our main result, we state a result from Carmon et al. (2022) which is useful in our
final proof.

Lemma 34 (Lemma 3, Carmon et al. (2022)) Let B1, · · · , Bk ∈ R>0, r1, · · · , rk ∈ R>0 satisfy
Bm

i ≥ β
∑

j∈[i]Bjrj for some m > 1, β > 0, and all i ∈ [k]. Then Bi ≥ (m−1
m β ·

∑
j∈[i] rj)

1
m−1

for all i ∈ [k].

We are now ready to prove the main result of Section 2.
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Theorem 10 Let s < ∞. Given f , x0 ∈ Rd, and ϵ > 0, there exist, for all t ≥ 0, λt, xt+1

satisfying the conditions of Algorithm 1, and it outputs xT such that f(xT )− f(x⋆) ≤ ϵ, in

O

(
ss(1+ν)

psν
·
λ∥x0 − x∗∥sp

ϵ

) 1
s(1+ν)

iterations.

Proof [Proof of Theorem 10] Let rt := ∥xt+1−yt∥p. Note that λt = λrs−p
t and therefore λt∥xt+1−

yt∥pp = λ
s

s−p

t λ
− p

s−p . Since we are using an ℓsp(λ)-proximal oracle, the conditions of Theorem 12
are true. The lemma then implies that for all T ≥ 1

AT (f(xT )− f(x⋆))+ωp(x
⋆, zT ) ≤ A0(f(x0)− f(x⋆))+ωp(x

⋆, z0)−
∑
t∈[T ]

Atλ
s

s−p

t λ
− p

s−p . (7)

Since f(xT )− f(x⋆) ≥ 0 and ωp(x
⋆, zt) ≥ 0 for all t,

λ
− p

s−p

∑
t∈[T ]

Atλ
s

s−p

t ≤ ωp(x
⋆, z0) = Ψ0

From Theorem 33, A1/p
t ≥

∑
t∈[T ]

1

5pλ
1/p
t

. Applying Holder’s inequality with α = 1
ν yields,

∑
t∈[T ]

A
1

1+α

t =
∑
t∈[T ]

A
1

1+α

t λ
1

p(1+α−1)

t λ
− 1

p(1+α−1)

t ≤

∑
t∈[T ]

Atλ
s

s−p

t

(1+α)−1∑
t∈[T ]

λ
− 1

p

t

(1+α−1)−1

≤
(
λ

p
s−pΨ0

) 1
1+α
(
5pA

1/p
T

) α
1+α

where we used that α
1+α = 1

1+α−1 and (1 + α)−1 + (1 + α−1)−1 = 1.
We now use the above to give a lower bound on AT . Using Lemma 34, for m = α/p, Bj =

A
1

1+α

t , rj = 1, β =
(
(5p)αλ

p
s−pΨ0

)−1/(1+α)
,

A
1

1+α

T ≥
(
α− p

α

(
(5p)αλ

p
s−pΨ0

)−1/(1+α)
· T
) p

α−p

=

p

s

(
1

(5p)αλ
p

s−pΨ0

) 1
1+α

· T


s−p
p

.

Therefore

AT ≥
(
1

s

) s−p+sp
p

p
s−p
p

(
1

λ
p

s−pΨ0

) s−p
p

· T
ps+s−p

p .

Further, using Eq. (7) and ν = 1
p −

1
s ,

f(xT )− f(x⋆) ≤ Ψ0

AT
≤

(
s

s−p+sp
p

p
s−p
p

)
λΨ

s/p
0

T
sp+s−p

p

=

(
ss(1+ν)

psν

)
λΨ

s/p
0

T s(1+ν)
.

The result now follows from noting that Ψ0 = ∥x⋆ − x0∥pp
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B.3. Proof of Theorem 11

Lemma 35 Let f : Rd → R be continuously differentiable and strictly convex. For all c ∈ Rd,
define

x = argminx∈Rd|∥x−c∥p≤r f(x).

Then x is either the global minimizer of f , or ∥x− c∥p = r and

∇f(x) = −
∥∇f(x)∥p/(p−1)

rp−1
DIAG(|x− c|)p−2(x− c).

Proof The Lagrange dual gives,

min
y

max
λ

f(y) +
λ

p

(
rp − ∥y − c∥pp

)
.

There is some λ ≥ 0 such that,

∇f(x) = −λDIAG(|x− c|)p−2(x− c).

If λ = 0, then∇f(x) = 0 and x is the optimizer of f . If λ > 0, then ∥x− c∥p = r, and as a result,

∥∇f(x)∥p/(p−1) = λ∥x− c∥p−1
p = λrp−1.

From the above we get, λ =
∥∇f(x)∥p/(p−1)

rp−1 , concluding the proof.

We now state one final result from Carmon et al. (2022) and then prove the main result of the
section.

Lemma 36 (Lemma 4, Carmon et al. (2022)) Let B1, · · · , Bk ∈ R>0 be non-decreasing and,
r1, · · · , rk ∈ R>0 satisfy Bi ≥ β

∑
j∈[i]Bjrj for some β > 0, and all i ∈ [k]. Then Bi ≥

exp
(
β ·
∑

j∈[i] rj − 1
)
B1 for all i ∈ [k].

Proof [Proof of Theorem 11]
From Lemma 35, for λt =

∥∇f(xt+1)∥p/(p−1)

rp−1 , Lemma 12 holds. Similar to the proof of Lemma 32
we can show that λt’s exist. Further, using Lemma 12 and the fact that ∥xt+1 − yt∥p = r
(Lemma 35), implies that for all T ≥ 1

AT (f(xT )− f(x⋆)) + ωp(x
⋆, zT ) ≤ A0(f(x0)− f(x⋆)) + ωp(x

⋆, z0)− rp
∑
t∈[T ]

Atλt. (8)

Since f(xT )− f(x⋆) ≥ 0 and ωp(x
⋆, zt) ≥ 0 for all t. This implies that

rp
∑
t∈[T ]

Atλt ≤ ωp(x
⋆, z0) = Ψ0

Since, A1/p
t ≥

∑
t∈[T ]

1

5pλ
1/p
t

by Lemma 33, applying Holder’s inequality for some α yields that

∑
t∈[T ]

A
1

1+α

t =
∑
t∈[T ]

A
1

1+α

t λ
1

p(1+α−1)

t λ
− 1

p(1+α−1)

t ≤

∑
t∈[T ]

Atλ
α/p
t

(1+α)−1∑
t∈[T ]

λ
− 1

p

t

(1+α−1)−1

≤
(
r−pΨ0

) 1
1+α

(
5pA

1/p
T

) α
1+α
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where we used that α
1+α = 1

1+α−1 and (1 + α)−1 + (1 + α−1)−1 = 1.

We now use the above to give a lower bound on AT . Using Lemma 36, for α = p, Bj = A
1

1+α

t ,
rj = 1, β = ((5p)αr−pΨ0)

−1/(1+α),

A
1

1+α

T ≥ exp
((

(5p)αr−pΨ0

)−1/(1+α) · T − 1
)
.

Therefore, when T = O

(
pp/(p+1)

(
Ψ

1/p
0
r

) p
p+1

log Ψ0
ϵ

)

AT ≥
Ψ0

ϵ
.

Further, using Eq. (8)

f(xT )− f(x⋆) ≤ Ψ0

AT
≤ ϵ.

Additionally noting that Ψ0 = ∥x⋆− x0∥pp we get that in T = O

(
pp/(p+1)

(
∥x0−x⋆∥p

r

) p
p+1

log Ψ0
ϵ

)
iterations, we obtain an ϵ-approximate solution.

Appendix C. Proofs for Line-Search Free Method

C.1. Reductions from the σ-GMSp Oracle

We first show a reduction to a general σ-MSp oracle. This is the same as the MS oracles from Mon-
teiro and Svaiter (2013); Carmon et al. (2022) when p = 2.

Definition 37 An oracle Oσ,p : Rd → Rd × R+ is a σ-MSp oracle for a function f : Rd → R if,
for every c ∈ Rd, (x, γ) = Oσ,p(c) satisfies∥∥γDIAG

(
|x− c|p−2

)
(x− c) +∇f(x))

∥∥
p∗
≤ σγ∥x− c∥p−1

p .

Additionally, we say Oσ,p satisfies an (s, µ) movement bound if

∥x− c∥p ≥

{
(γ/µs)1/(s−p) if s <∞
1/µ if s =∞.

We now show how the σ-MSp oracle is related to the σ-GMSp oracle.

Lemma 38 If (x, γ) = σ-MSp(y), then

⟨∇f(x), x− y⟩ ≤ −γ(1− σ)∥x− y∥pp, and ∥∇f(x)∥p∗ ≤ (1 + σ)γ∥x− y∥p−1
p . (9)
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Proof Observe that

⟨∇f(x), x− y⟩
= ⟨∇f(x) + γDIAG

(
|x− c|p−2

)
(x− y)− γDIAG

(
|x− c|p−2

)
(x− y), x− y⟩

≤ ⟨∇f(x) + γDIAG
(
|x− c|p−2

)
(x− y), x− y⟩ − γ∥x− y∥pp

≤
∥∥∇f(x) + γDIAG

(
|x− c|p−2

)
(x− y)

∥∥
p∗
∥x− y∥p − γ∥x− y∥pp

≤ σγ∥x− y∥pp − γ∥x− y∥pp,

as required. The last inequality above follows from the definition of a σ-MSp oracle. We now show
the bound on ∥∇f(x)∥p∗ .

∥∇f(x)∥p∗ = ∥∇f(x) + γDIAG
(
|x− c|p−2

)
(x− c)− γDIAG

(
|x− c|p−2

)
(x− c) + ∥p∗

≤ ∥∇f(x) + γDIAG
(
|x− c|p−2

)
(x− c)∥p∗ + γ∥DIAG

(
|x− c|p−2

)
(x− c) + ∥p∗

≤ σγ∥x− c∥p−1
p + γ∥x− c∥p−1

p ,

where the last step follows from the definition of p∗ and the σ-MSp oracle.

We now prove that the output of an ℓsp oracle is a 0-GMSp oracle.

Lemma 39 An oracle that returns (x, γ) with input c ∈ Rd, f : Rd → R, and

x = the output of a ℓsp(λ)-proximal oracle for function f queried at c and,γ =

{
λs∥x− c∥s−p

p if s <∞
∥∇f(x)∥p∗

rp−1 if s =∞,

is a 0-GMSp oracle that satisfies a (s,min{1/r, (λs)1/s}) movement bound.

Proof Let x be an output of the oracle with input c, f . From the optimality conditions for s <∞,

∇f(x) = −λs∥x− c∥s−p
p DIAG

(
|x− c|p−2

)
(x− c),

and for s =∞ (from Lemma 35),

∇f(x) = −∥∇f(x)∥p
∗

rp−1
DIAG

(
|x− c|p−2

)
(x− c).

Therefore, in both cases, ⟨∇f(x), x − c⟩ = −γ∥x − c∥pp. Furthermore, in both cases by a simple
computation we see that ∥∇f(x)∥p∗ = γ∥x − c∥p−1

p , as required. We next show the movement
bounds. For s =∞, from Lemma 35 ∥x− c∥p = r, and for s <∞,

γ
1

s−pµ
− s

s−p = (λs)
1

s−pµ
− s

s−p ∥x− c∥p.

The bound now follows from requiring µ ≥ 1/r and µ ≥ (λs)1/s.

With the above result on ℓsp(λ)-oracles in hand, Theorems 4 and 7 follow as corollaries of
Theorems 14 and 15 respectively.
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C.2. Proof of Lemma 16

Proof Observe,

A′
t+1

(
f(x′t+1)− f(x⋆)

)
−At(f(xt)− f(x⋆))

= at+1

(
f(x′t+1)− f(x⋆)

)
+At

(
f(x′t+1)− f(xt)

)
≤ at+1⟨∇f(x′t+1), x

′
t+1 − x⋆⟩+At⟨∇f(x′t+1), x

′
t+1 − xt⟩ (convexity of f )

= ⟨∇f(x′t+1), A
′
t+1x

′
t+1 −Atxt − at+1x

⋆⟩
= ⟨∇f(x′t+1), A

′
t+1x

′
t+1 + at+1zt −A′

t+1yt − at+1x
⋆⟩ (Since At+1yt = Atxt + at+1zt)

= A′
t+1⟨∇f(x′t+1), x

′
t+1 − yt⟩+ at+1⟨∇f(x′t+1), zt − x⋆⟩

Using the KKT conditions for zt, i.e., differentiating the equation defining zt in the algorithm w.r.t
z, we have

t∑
i=1

aiβi∇f(x′i) = −∇ωp(zt, y0), ∀t.

Therefore,
at+1βt+1∇f(x′t+1) = ∇ωp(zt, y0)−∇ωp(zt+1, y0)

This implies

at+1βt+1⟨∇f(x′t+1), zt+1 − x⋆⟩ = ⟨∇ωp(zt, y0)−∇ωp(zt+1, y0), zt+1 − x⋆⟩
= ωp(x

⋆, zt)− ωp(x
⋆, zt+1)− ωp(zt, zt+1)

≤ ωp(x
⋆, zt)− ωp(x

⋆, zt+1)−
1

2p+1
∥zt+1 − zt∥pp

where the second equality is the Bregman three-point property (Lemma 29) and the inequality uses
Lemma 30. We additionally bound

at+1⟨∇f(x′t+1), zt+1 − zt⟩ ≤ at+1

∥∥∇f(x′t+1)
∥∥
p∗
∥zt+1 − zt∥p

by Hölder’s inequality. Combining these inequalities yields

at+1⟨∇f(x′t+1), zt − x⋆⟩ ≤ β−1
t+1(ωp(x

⋆, zt)− ωp(x
⋆, zt+1)−

1

2p+1
∥zt+1 − zt∥pp)

+ at+1

∥∥∇f(x′t+1)
∥∥
p∗
∥zt+1 − zt∥p

≤ β−1
t+1(ωp(x

⋆, zt)− ωp(x
⋆, zt+1)) +

p− 1

p
(2at+1β

1/p
t+1)

p∗
∥∥∇f(x′t+1)

∥∥p∗
p∗

+
1

βt+1p2p
∥zt+1 − zt∥pp −

1

βt+12p+1
∥zt+1 − zt∥pp

≤ β−1
t+1(ωp(x

⋆, zt)− ωp(x
⋆, zt+1)) + (2at+1β

1/p
t+1)

p∗
∥∥∇f(x′t+1)

∥∥p∗
p∗

where the second inequality uses Young’s inequality. Finally, since x′t+1 is returned by σ-GMSp(yt),
we have

⟨∇f(x′t+1), x
′
t+1 − yt⟩ ≤ −(1− σ)λt+1

∥∥x′t+1 − yt
∥∥p
p

(10)
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and ∥∥∇f(x′t+1)
∥∥
p∗
≤ (1 + σ)λt+1

∥∥x′t+1 − yt
∥∥p−1

p
. (11)

Putting everything together, we obtain

A′
t+1

(
f(x′t+1)− f(x⋆)

)
−At(f(xt)− f(x⋆))

≤ A′
t+1⟨∇f(x′t+1), x

′
t+1 − yt⟩+ at+1⟨∇f(x′t+1), zt − x⋆⟩

≤ −A′
t+1(1− σ)λt+1

∥∥x′t+1 − yt
∥∥p
p
+ (2at+1β

1/p
t+1)

p∗
∥∥∇f(x′t+1)

∥∥p∗
p∗

+ β−1
t+1(ωp(x

⋆, zt)− ωp(x
⋆, zt+1))

≤
(
((2 + 2σ)at+1λt+1β

1/p
t+1)

p∗ −A′
t+1(1− σ)λt+1

)∥∥x′t+1 − yt
∥∥p
p
+ β−1

t+1(ωp(x
⋆, zt)− ωp(x

⋆, zt+1)).

We now consider the cases where βt+1 = 1 and βt+1 < 1 separately. If βt+1 = 1 we must have
λt+1 ≤ λ̄t+1, At+1 = A′

t+1, and xt+1 = x′t+1. The above therefore yields

At+1(f(xt+1)− f(x⋆))−At(f(xt)− f(x⋆))

≤ λt+1

(
((2 + 2σ)at+1)

p∗λ
1

p−1

t+1 −At+1(1− σ)

)
∥xt+1 − yt∥pp + ωp(x

⋆, zt)− ωp(x
⋆, zt+1).

Now by the definition of At+1, we have

At+1 =

(
3(1 + σ)

1− σ
at+1

)p∗

λ̄
1

p−1

t+1 ≥
1

1− σ
((2 + 2σ)at+1)

p∗λ
1

p−1

t+1

and so we have

At+1(f(xt+1)− f(x⋆)) + ωp(x
⋆, zt+1) ≤ At(f(xt)− f(x⋆)) + ωp(x

⋆, zt).

By an equivalent argument to Theorem 33, we observe A
1/p
t+1 ≥ A

1/p
t + 1

3+3σ
1−σ

p1/pλ̄
1/p
t+1

≥ A
1/p
t +

1
6+6σ
1−σ

λ̄
1/p
t+1

(as p1/p ≤ 2 for all p), which combined with the above potential bound yields one case of

the lemma.
If βt+1 < 1, we have λt+1 ≥ λ̄t+1 and βt+1λt+1 = λ̄t+1. We observe, again using Eq. (10),

At+1(f(xt+1)− f(x⋆))−At(f(xt)− f(x⋆))

≤ βt+1A
′
t+1

(
f(x′t+1)− f(x⋆)

)
+ (1− βt+1)At(f(xt)− f(x⋆))−At(f(xt)− f(x⋆))

= βt+1A
′
t+1

(
f(x′t+1)− f(x⋆)

)
− βt+1At(f(xt)− f(x⋆))

≤ βt+1

(
((2 + 2σ)at+1λt+1β

1/p
t+1)

p∗ −A′
t+1(1− σ)λt+1

)∥∥x′t+1 − yt
∥∥p
p
+ ωp(x

⋆, zt)− ωp(x
⋆, zt+1)

=
(
((2 + 2σ)at+1)

p∗λp∗

t+1β
p∗

t+1 −A′
t+1(1− σ)βt+1λt+1

)∥∥x′t+1 − yt
∥∥p
p
+ ωp(x

⋆, zt)− ωp(x
⋆, zt+1)

=
(
((2 + 2σ)at+1)

p∗ λ̄p∗

t+1 −A′
t+1(1− σ)λ̄t+1

)∥∥x′t+1 − yt
∥∥p
p
+ ωp(x

⋆, zt)− ωp(x
⋆, zt+1)

where the last equality uses the definition of βt+1 and the first inequality uses convexity of f , the
definition of xt+1, and that At+1 = βt+1A

′
t+1 + (1 − βt+1)At = At + βt+1at+1. The result now

follows from A′
t+1 = (3+3σ

1−σ at+1)
p∗ λ̄

1
p−1

t+1 .
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C.3. Proof of Lemma 14

Proof We first observe that
f(xT+1)− f(x⋆) ≤ Ψ0

AT+1
.

We will thus bound the right-hand side expression. We bound the number of iterations required
for At to increase by a factor of 2. Let T1 ≥ 1 be given and let T2 be the smallest value where
AT2 ≥ 2AT1 . We will categorize these iterations by whether λ̄t+1 ≥ λt+1 or λ̄t+1 < λt+1. Let
S, L be the sets of iterations where λ̄t+1 ≥ λt+1 and λ̄t+1 < λt+1 respectively and note that
S ∪ L = [T1, T2].

Summing the bound of Lemma 16 over all iterations and recalling A0 = 0 gives

AT+1(f(xT+1)− f(x⋆)) + ωp(x
⋆, zt+1) ≤ ωp(x

⋆, x0)−
∑
t∈L

1− σ

3
A′

t+1λ̄t+1∥x′t+1 − yt∥pp.

Since the oracle satisfies the (s, µ) movement bounds for all t, ∥x′t+1−yt∥pp ≥ λ
p

s−p

t+1 µ
− sp

s−p . Further
since for all t ∈ L, λt+1 > λ̄t+1, the above becomes,

∥x′t+1 − yt∥pp ≥ λ̄
p

s−p

t+1 µ
− sp

s−p .

Since f(xT )− f(x⋆) ≥ 0 and ωp(x
⋆, zt) ≥ 0 for all t. This implies that

1− σ

3
µ
− sp

s−p

∑
t∈L

A′
t+1λ̄

s
s−p

t+1 ≤ ωp(x
⋆, z0) = Ψ0

We now observe, by our choice in Algorithm 2, that λ̄t+1 = λ̄ = A
− (s−p)(p+1)

ps−p+s

T1
Ψ

p(s−p)
ps−p+s

0 µ
sp2

s−p+ps for
all t ∈ [T1, T2]. Since A′

t+1 ≥ AT1 , this implies

1− σ

3
µ
− sp

s−pAT1 λ̄
s

s−p · |L| ≤ Ψ0,

or,

|L| ≤ 3

1− σ
µ

sp
s−p λ̄

− s
s−p

Ψ0

AT1

.

We will now bound the size of set S. Since for every t ∈ S we have A
1/p
t+1 ≥ A

1/p
t + 1

6+6σ
1−σ

λ̄
1/p
t+1

=

A
1/p
t + 1

6+6σ
1−σ

λ̄1/p , we conclude

21/pA
1/p
T1
≥ A

1/p
T2−1 ≥ A

1/p
T1

+
|S|

6+6σ
1−σ λ̄1/p

⇒ |S| < 6 + 6σ

1− σ
(AT1 λ̄)

1/p.

Summing these gives

T2 − T1 = |S|+ |L| ≤
6 + 6σ

1− σ
(AT1 λ̄)

1/p +
3

1− σ
µ

sp
s−p

Ψ0

AT1 λ̄
s

s−p

.

By our choice of λ̄, we have

T2 − T1 ≤
24

1− σ
A

p
ps−p+s

T1
Ψ

s−p
ps−p+s

0 µ
sp

s−p+ps .
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We now sum this bound over all phases encountered in the T iterations. The sum over phases is

the sum of a geometric series with initial term O

(
A

p
ps−p+s

1 Ψ
s−p

ps−p+s

0 µ
sp

s−p+ps

)
and common ratio

2
p

ps−p+s . We now use the following property of a geometric series with n terms, starting term a and
common ratio r:

n−1∑
i=0

ari = a

(
rn − 1

r − 1

)
≤ arn−1

(
r

r − 1

)
.

Note that arn−1 is the last term of the series. Applying this to our series, since r
r−1 = O(1), we get,

T ≤ O

(
A

p
ps−p+s

T+1 Ψ
s−p

ps−p+s

0 µ
sp

s−p+ps

)
.

which implies

Ψ0A
−1
T+1 ≤ O

(
µsΨ

s/p
0

T (ps−p+s)/p

)
.

The result follows with the observation that ps−p+s
p = s(1 + ν) for ν = 1

p −
1
s .

In addition to the cost of querying the σ-GMSp oracle, the remaining computational costs are
bounded by the costs to update yt, xt+1, and zt+1 (which can be expressed in closed-form as a per-
coordinate scaling of the (weighted) accumulation of previous gradients), which are O(d). In addi-
tion, δ-approximately finding a positive root of the polynomial m(a) = λ̄

1/p−1
t+1 (3+3σ

1−σ a)p/(p−1)−a−

At = 0 (i.e., ã such that |ã− aroot| ≤ δ), is bounded, for u = ( 1−σ
3+3σ )

A
(p−1)/p
t

λ̄
1/p
t+1

+ λ̄
−(p−1)
t+1 (3+3σ

1−σ )−p,

by O(log(u/δ)), since m(0) = −At ≤ 0 and m(u) ≥ 0, though we note that this cost is dominated
by O(d).

C.4. Proof of Lemma 15

Proof We follow the proof of the previous lemma. Define S and L as in the proof of Lemma 14.
Again, summing the bound of Theorem 16 over all iterations and recalling A0 = 0 gives

AT+1(f(xT+1)− f(x⋆)) + ωp(x
⋆, zt+1) ≤ ωp(x

⋆, x0)−
1− σ

3

∑
t∈L

A′
t+1λ̄t+1∥x′t+1 − yt∥pp.

Using the fact that the oracle satisfies the (∞, µ) movement bounds, we know that ∥x′t+1 − yt∥pp ≥
1/µp for all t.

Since f(xT )− f(x⋆) ≥ 0 and ωp(x
⋆, zt) ≥ 0 for all t. This implies that

1− σ

3
µ−p

∑
t∈L

A′
t+1λ̄t+1 ≤ ωp(x

⋆, z0) = Ψ0

We now choose λ̄t = λ̄ for all t ∈ [T1, T2]. We will choose this value λ̄ in the end. Since
A′

t+1 ≥ AT1 , this implies

|L| ≤ 3

1− σ

µpΨ0

λ̄AT1

.
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The bound on |S| is identical to Lemma 14:

|S| < 6 + 6σ

1− σ
(AT1 λ̄)

1/p.

Summing these gives

T2 − T1 = |S|+ |L| ≤
6 + 6σ

1− σ
(AT1 λ̄)

1/p +
3

1− σ

µpΨ0

λ̄AT1

.

Setting

λ̄ =
µ

p2

p+1Ψ
p

p+1

0

AT1

,

for these iterations yields

T = T2 − T1 ≤
24

1− σ
µ

p
p+1Ψ

1
p+1

0 .

Now, in every T iterations, the value of AT doubles. Therefore, we need a total of

T = O

(
µ

p
p+1Ψ

1
p+1

0 log
Ψ0

ϵA0

)
iterations to get f(xT )− f(x⋆) ≤ Ψ0

AT
≤ ϵ.

Appendix D. Proofs for Applications

D.1. Proof of Theorem 2

Leveraging our framework from Section 3 for the ℓs-regression problem, we get as an immediate
corollary of Theorem 4,

Corollary 40 Algorithm 2 applied to f(x) = ∥Ax − b∥ss finds x̃ such that for all k, and x⋆ :=
argmin f(x)

f(x̃)− f(x⋆) ≤
s∥Ax⋆ −Ax0∥sp

k
s(p+1)−p

p

Each iteration k involves solving a proximal subproblem of the form,

min
x

f(x) + λk∥A(x− ck)∥sp,

for given constant λk and vector ck.

We would use this corollary as the basis to prove our result. We will prove a bound on ∥Ax⋆ −
Ax0∥sp and show how to solve every proximal subproblem efficiently using Õ(1) smoothed ℓp-
regression problems. We begin by proving a bound on ∥Ax⋆ −Ax0∥sp.

Lemma 41 For any A ∈ Rn×d, 2 ≤ p ≤ s, let f(x) = ∥Ax− b∥ss and x⋆ = argminx f(x). Then,

∥A(x− x∗)∥p ≤ 21+1/snν · (f(x)− f(x∗))1/s.
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Proof Let x ∈ Rd be fixed and let E := f(x)− f(x⋆). We first note from Lemma 30,

f(x)− f(x⋆)− ⟨∇f(x⋆), x− x⋆⟩ ≥ 1

2s+1
∥A(x− x⋆)∥ss,

and since∇f(x⋆) = 0,

∥A(x− x⋆)∥s ≤ 21+1/s(f(x)− f(x⋆))1/s = 21+1/sE1/s.

Using the relation between norms, i.e., for s ≥ p, and any z ∈ Rn, ∥z∥s ≤ ∥z∥p ≤ n
1
p
− 1

s ∥z∥s we
can further bound,

∥A(x− x⋆)∥p ≤ n
1
p
− 1

s · 21+1/sE1/s,

as required.

Solving proximal problems efficiently. We require solving proximal problems of the form,

min
x
∥Ax− b∥ss + λ∥A(x− xt)∥sp

We will prove the following.

Lemma 42 There is an algorithm that can solve the ℓsp(λ)-proximal point problem using Õ(1)
problems of the form

min
x

d⊤x+ ∥x− xt∥2∇2f(xt)
+O(λt)∥A(x− xt)∥pp

We first bound the Hessian of the prox problem.

Lemma 43 Let s, p ≥ 2 and define f(x) = ∥Ax − b∥ss. For any y, define fy(x) = f(x) +
Cs∥A(y − x)∥sp and hy(x) = ∥x− y∥2∇2f(y) + Cs∥A(y − x)∥sp. Then for Cs = e · ss, for any x,

1

e
∇2hy(x) ⪯ ∇2fy(x) ⪯ e · ∇2hy(x).

Proof This result follows from a small tweak to the proof of Lemma 4.3 of Jambulapati et al. (2022).
We include the proof here for completeness. Observe that,

∇2f(x) = s(s− 1)A⊤DIAG(|Ax− b|)s−2A.

For any vector z,

z⊤∇2f(x)z = s(s− 1)
∑
i∈[n]

|Ax− b|s−2
i (Az)2i

= s(s− 1)
∑
i∈[n]

|Ay − b+A(x− y)|s−2
i (Az)2i

≤
∑
i

(
es(s− 1)|Ay − b|s−2

i + ss|A(x− y)|s−2
i

)
(Az)2i ,
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where the last line follows from Lemma 4.1 of Jambulapati et al. (2022). We will now use Hölder’s
inequality and the fact that for all vectors w, ∥w∥∞ ≤ ∥w∥p,∑

i

ss|A(x− y)|s−2
i (Az)2i = ss

∑
i

|A(x− y)|s−p
i |A(x− y)|p−2

i (Az)2i

≤ ss∥A(x− y)∥s−p
∞
∑
i

|A(x− y)|p−2
i (Az)2i

≤ ss∥A(x− y)∥s−p
p ∥z∥2A⊤DIAG(|A(x−y)|p−2)A.

Combining yields that,

z⊤∇2f(x)z ≤ es(s− 1)z⊤A⊤DIAG(|Ay − b|)s−2Az + ss∥A(x− y)∥s−p
p ∥z∥2A⊤DIAG(|A(x−y)|p−2)A

≤ e∥z∥∇2f(y) + ss∥A(x− y)∥s−p
p ∥z∥2A⊤DIAG(|A(x−y)|p−2)A. (12)

Now, let gy(x) = Cs∥A(y − x)∥sp. By a simple calculation, we have that

∇2gy(x) =Css(p− 1)∥A(x− y)∥s−p
p A⊤DIAG(|A(x− y)|)p−2A+ Css(s− p)∥A(x− y)∥s−2p

p

A⊤DIAG(|A(x− y)|)p−2|A(x− y)||A(x− y)|⊤DIAG(|A(x− y)|)p−2A

⪰ sCs∥A(x− y)∥s−p
p A⊤DIAG(|A(x− y)|)p−2A (13)

We will now prove the upper and lower bounds on the Hessian of fy(x). We first show the upper
bound∇2fy(x) ⪯ e · ∇2hy(x).

1

e
∇2fy(x) =

1

e
∇2f(x) +

1

e
∇2gy(x)

⪯ ∇2f(y) +
ss

e
∥A(x− y)∥s−p

p A⊤DIAG(|A(x− y)|)p−2A+
1

e
∇2gy(x) (From Eq. (12))

⪯ ∇2f(y) +∇2gy(x) (From Eq. (13) and Cs ≥ e · ss)

= ∇2hy(x).

For the lower bound, switching x and y in (12) gives,

z⊤∇2f(x)z ≥ 1

e
∥z∥∇2f(y) −

ss

e
∥A(x− y)∥s−2

p ∥z∥2A⊤A.

As a result,

∇2fy(x) = ∇2f(x)+∇2gy(x) ⪰
1

e
·
(
∇2hy(x)−∇2gy(x)

)
− 1

es
∇2gy(x)+∇2gy(x) ⪰

1

e
·∇2hy(x).

Similar to Jambulapati et al. (2022), we use the relative smoothness framework from Lu et al. (2018).

Lemma 44 (Lemma 4.4 (Theorem 3.1 from Lu et al. (2018))) Let f, h be convex twice-differentiable
functions satisfying

µ∇2h(x) ⪯ ∇2f(x) ⪯ L∇2h(x)
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for all x. There is an algorithm which given a point x0 computes a point x with

f(x)− argmin
y

f(y) ≤ ϵ

(
f(x0)− argmin

y
f(y)

)
in O

(
L
µ log 1

ϵ

)
iterations, where each iteration requires computing gradients of f and h at a point,

O(n) additional work, and solving a subproblem of the form

min{⟨g, x⟩+ Lh(x)}

for vectors g.

We will now prove Lemma 42.
Proof [Proof of Lemma 42] This follows from Lemma 43 and Lemma 44.

We now state and prove our main reduction theorem.
Proof [Proof of Theorem 2]

From Corollary 40 after k iterations, Algorithm 1 finds x̃ such that for f denoting the ℓs-
regression problem,

f(x̃)− f(x⋆) ≤
s∥Ax⋆ −Ax0∥sp

k
s(p+1)−p

p

.

From Lemma 41, for for some x0, ∥Ax⋆ −Ax0∥pp ≤ 2p+p/sn
s−p
s (f(x0)− f(x⋆))p/s. Therefore,

f(x̃)− f(x⋆) ≤ s2s+1n
s−p
p

k
s(p+1)−p

p

(f(x)− f(x⋆)).

The above implies that in k = O
(
n

s−p
s(p+1)−p

)
iterations, the function error reduces by 1/2 and as a

result in at most O
(
n

s−p
s(p+1)−p log f(x0)−f(x⋆)

ϵf(x⋆)

)
iterations, the function error reduces to ϵf(x⋆). In

other words, we get an ϵ-approximation to the ℓs-regression problem.
Furthermore, from the relations between s and p norms, we can find a starting solution that is

an O

(
n
s
(

1
p
− 1

s

))
-approximate solution to the ℓs-regression problem by solving one problem of the

form of Eq (2). So in at most

O
(
sn

s−p
s(p+1)−p log

n

ϵ

)
iterations, each iteration solving a prox problem, we can find an ϵ-approximation to the ℓs-regression
problem.

Furthermore, from Lemma 42, the proximal subproblem required to solve in each iteration can
be reduced to solving Õ(1) problems of the form,

min
x

d⊤x+ ∥x− c∥2∇2f(c) + λt∥x− c∥pp.

This concludes the proof of our result.
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D.2. Proof of Theorem 20

Proof We have

⟨∇f(x̃), x̃− y⟩ =
〈
∇f(x̃), x̃− x∗c,r

〉
+
〈
∇f(x̃)−∇f(x∗c,r), x∗c,r − y

〉
+
〈
∇f(x∗c,r), x∗c,r − y

〉
≤ ∥∇f(x̃)∥p∗

∥∥x̃− x∗c,r
∥∥
p
+
∥∥∇f(x̃)−∇f(x∗c,r)∥∥p∗∥∥x∗c,r − y

∥∥
p
+
〈
∇f(x∗c,r), x∗c,r − y

〉
,

where we use Holder’s inequality. Now, since x̃ is the output of ℓ∞p (δ, r) we have ∥x̃− x∗c,r∥p ≤ δ
and ∥x∗c,r − c∥p ≤ r. Furthermore, since f is smooth,∥∥∇f(x̃)−∇f(x∗c,r)∥∥p∗ ≤ L∥x̃− x∗c,r∥p ≤ Lδ.

Using these in the above gives,

⟨∇f(x̃), x̃− y⟩ ≤ δ∥∇f(x̃)∥p∗ + Lrδ +
〈
∇f(x∗c,r), x∗c,r − y

〉
.

Since x∗c,r is the solution of a ball oracle, from Lemma 35, ∥x∗c,r − c∥p = r and

∇f(x∗c,r) = −
∥∇f(x∗c,r)∥p/(p−1)

rp−1
DIAG

(
|x∗c,r − c|

)p−2
(x∗c,r − c).

As a result,

⟨∇f(x̃), x̃− y⟩ ≤ δ∥∇f(x̃)∥p∗ + Lrδ −

∥∥∇f(x∗c,r)∥∥p∗
rp−1

∥∥x∗c,r − y
∥∥p
p

= δ∥∇f(x̃)∥p∗ + Lδr −
∥∥∇f(x∗c,r)∥∥p∗∥∥x∗c,r − y

∥∥
p
.

Now, using the triangle inequality,

⟨∇f(x̃), x̃− y⟩ ≤ δ∥∇f(x̃)∥p∗ + Lδr −
∥∥∇f(x∗c,r)∥∥p∗∥x̃− y∥p

+
∥∥∇f(x∗c,r)∥∥p∗∥∥x∗c,r − x̃

∥∥
p

≤ δ∥∇f(x̃)∥p∗ + Lδr −
∥∥∇f(x∗c,r)∥∥p∗∥x̃− y∥p

+
∥∥∇f(x∗c,r)−∇f(x̃)∥∥p∗∥∥x∗c,r − x̃

∥∥
p
+ ∥∇f(x̃)∥p∗

∥∥x∗c,r − x̃
∥∥
p

(Triangle inequality)

≤ 2δ∥∇f(x̃)∥p∗ + Lδ(r + δ)−
∥∥∇f(x∗c,r)∥∥p∗∥x̃− y∥p ( ∥x̃− x∗c,r∥p ≤ δ,f is L smooth)

≤ 2δ∥∇f(x̃)∥p∗ + Lδ(r + δ)− ∥∇f(x̃)∥p∗∥x̃− y∥p
+
∥∥∇f(x̃)−∇f(x∗c,r)∥∥p∗∥x̃− y∥p (Triangle inequality)

≤ 2δ∥∇f(x̃)∥p∗ + 2Lδ(r + δ)− ∥∇f(x̃)∥p∗∥x̃− y∥p
≤ −(1− σ)∥∇f(x̃)∥p∗∥x̃− y∥p (From our choice of δ)

= −(1− σ)
∥∇f(x̃)∥p∗
∥x̃− y∥p−1

p

∥x̃− y∥pp

= −(1− σ)γ̃∥x̃− y∥pp.

In addition, we have

∥∇f(x̃)∥p∗ =
∥∇f(x̃)∥p∗
∥x̃− y∥p−1

p

∥x̃− y∥p−1
p = γ̃∥x̃− y∥p−1

p ≤ (1 + σ)γ̃∥x̃− y∥p−1
p ,
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and so it follows that the oracle implements a σ-GMSp oracle. We furthermore may observe that
the oracle satisfies an (∞, (r − δ)−1) movement bound, since

∥x̃− y∥ ≥
∥∥x∗c,r − y

∥∥− ∥∥x∗c,r − x̃
∥∥ ≥ r − δ.

D.3. Proof of Theorem 21

Proof The proof follows along similar lines as that for Theorem 10, though slightly modified to
account for the smoothness in ∥·∥∇2f(c), as well as the fact that the xt+1 update is now constrained.
In particular we have that, for all t,

⟨∇f(xt+1), xt+1 − yt⟩ = ⟨∇f(xt+1)−∇f(xt), xt+1 − yt⟩+ ⟨∇f(xt), xt+1 − yt⟩
≤ ∥∇f(xt+1)−∇f(xt)∥(∇2f(c))−1∥xt+1 − yt∥∇2f(c) + ⟨∇f(yt), xt+1 − yt⟩

≤ ∥∇f(xt+1)−∇f(xt)∥(∇2f(c))−1∥xt+1 − yt∥∇2f(c) − 2ξ∥xt+1 − yt∥2∇2f(c)

≤ −ξ∥xt+1 − yt∥2∇2f(c),

where the second inequality follows from the optimality conditions for xt+1, and the final inequality
follows from the smoothness in ∥·∥∇2f(c). We additionally note that, for d(x) = ∥x∥2∇2f(c), we have
ω(x, y) = ∥x− y∥2∇2f(c), thus yielding the remaining parts of the proof, so that, letting xk,0 and
xk,T denote the starting and final iterates of the kth call to Algorithm 3 (i.e., at the kth iteration of
Algorithm 4), we arrive at

f(xk,T )− f(x∗c,r) ≤
4ξ
∥∥xk,0 − x∗c,r

∥∥2
∇2f(c)

T 2
.

Finally, the fact that, by Hessian stability, the function is ξ−1 strongly convex with respect to
∥·∥∇2f(c), when combined with a standard restarting argument, leads to

∥∥xK,T − x∗c,r
∥∥2
p
≤ d

1− 2
p

µ
∥xK − x∗∥2∇2f(c) ≤

ξd
1− 2

p

µ
(f(xK)− f(x∗c,r)) ≤ δ2

after KT = O(ξ log(
ξd(f(x0)−f(x∗

c,r))

µδ )) ≤ O(ξ log( ξdLrµδ )) iterations, and so it follows that
∥∥xK,T − x∗c,r

∥∥
p
≤

δ, as desired.

Appendix E. Proofs for Lower Bounds

E.1. Useful Lemmas

We begin by observing useful properties of this function and its optimizer x⋆, whereby we find it
helpful to define, for all k′ ≤ k,

Sk′ := {x : supp{x} ⊆ {1, . . . , k′}}.
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Lemma 45 Let k′ ≤ k. Then, for any x ∈ Sk′ ,

gk(x) ≥ −(k′ + 1) · βkαk.

Proof Since x ∈ Sk′ , we know that xk′+1 = 0. Now,

gk(x) ≥ βk max
1≤i≤k

{xi − αk · i} ≥ βk(xk′+1 − αk · (k′ + 1)) = −βkαk · (k′ + 1).

Lemma 46 Let x⋆ denote the optimizer of Problem (4). Then for 1 ≤ k′ ≤ k,

gk(x
⋆) ≤ − βkR

k′1/p
.

In addition, we have that ∥x⋆∥ ≤ 2R.

Proof Consider the point yi =

{
−R/k′1/p if i ≤ k′

0 otherwise.
Now, ∥y∥p ≤ R, and so it follows that

gk(x
⋆) ≤ gk(y) = max

{
fk(y), βk(∥y∥p − 2R)− αk

}
≤ max

{
−βkR
k′1/p

− αk,−βkR− αk

}
≤ − βkR

k′1/p
.

In addition, we may observe that, for any x s.t. ∥x∥p > 2R, gk(x) ≥ βk(∥x∥p − 2R) − αk >
−αk, whereas gk(x⋆) ≤ −αk, meaning we have ∥x⋆∥p ≤ 2R.

We now show that if there is a sequence of iterates x(i), for 1 ≤ i ≤ k′, such that x(i) ∈ Si, then we
can give a lower bound.

Lemma 47 Let x(i), for 1 ≤ i ≤ k′ be such that x(i) ∈ Si for all i. Then,

gk(x
(i))− gk(x

⋆) ≥ βkR

(i+ 1)1/p
− (i+ 1) · βkαk,

and so, after k iterations, we have

gk(xk)− gk(x
⋆) ≥ λRs

16(k + 1)
s(p+1)−p

p

.

Proof The proof follows from Lemma 45 and Lemma 46 and using
(
1− 1

s

)s−1 ≥ 1/4.

E.2. Proof of Lemma 25

Lemma 48 Let k, d ∈ N be such that 1 ≤ k ≤ d, and let gk be as in (4). Then, gk is an ℓsp(λ)-
proximal zero-chain.

Proof We will prove this by induction.
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Base case: Let x = 0, meaning that supp{x} = ∅. Now, letting x′ = Ogk,λ,p,s(x) = Ogk,λ,p,s(0),
we must have from optimality conditions one of the following two cases, depending on which
function maximizes gk(x). (To simplify presentation, we let, |v |, sgn(v) denote the coordinate-
wise absolute value and sign, respectively, for a vector v .)

• Case 1: ∥∥∥x(i)∥∥∥1−p
(x(i))p−1 = −λ · s∥x(i) − c∥s−p

p |x(i) − c|p−1 · sgn(x(i) − c),

where (x(i))p−1 := [(x
(i)
1 )p−1, . . . , (x

(i)
d )p−1]⊤.

• Case 2:
∇fk(x(i)) = −λ · s∥x(i) − c∥s−p

p |x(i) − c|p−1 · sgn(x(i) − c).

For Case 1, it follows that x′ = 0 ∈ S1, and so the zero-respecting condition is satisfied. It
remains to handle Case 2, which occurs when the maximizing function is fk(x). Now, let x′ =

−
(
βk
sλ

) 1
s−1

e1. We claim that x′ satisfies the optimality conditions. First, from the definition of gk,
we have that

gk(x
′) = βk max

1≤i≤k

(
x′i − i · αk

)
.

Now, from the value of αk, since x′1 − αk > −2αk > −3αk, · · · , we must have that gk(x′) =
βk(x1 − αk). Therefore, ∇gk(x′) = βke1. Thus, one may verify that the optimality conditions are
satisfied by x′, which proves the base case since supp{x′} = {1}.

If x(j) ∈ Sj , ∀j ≤ i−1: Since x(i) = Ogk,λ,p,s(c), c ∈ Si−1, we must again have from optimality
conditions one of the following two cases, depending on which function maximizes gk(x).

• Case 1: ∥∥∥x(i)∥∥∥1−p
(x(i))p−1 = −λ · s∥x(i) − c∥s−p

p |x(i) − c|p−1 · sgn(x(i) − c),

where (x(i))p−1 := [(x
(i)
1 )p−1, . . . , (x

(i)
d )p−1]⊤.

• Case 2:
∇fk(x(i)) = −λ · s∥x(i) − c∥s−p

p |x(i) − c|p−1 · sgn(x(i) − c).

For Case 1, it follows that, since c ∈ Si−1, we have that x(i) ∈ Si−1 ⊆ Si, and so the zero-
respecting condition is satisfied.

It remains to handle Case 2, which occurs when the maximizing function is fk(x). To begin,

consider x(i) = c−γe i for γ =
(
βk
sλ

)1/(s−1)
. Since, by our choice of γ (as well as αk), we have that

−γ − iαk > −(i+ 1)αk > −(i+ 2)αk · · · , it follows that argmaxj βk(x
(i)
j − jα) ⊆ {1, · · · , i}.

Therefore, we have that∇gk(x(i)) ∈ βkconv(ej , j ≤ i). Furthermore, we observe that

−λ · s∥x(i) − c∥s−p
p |x(i) − c|p−1 · sgn(x(i) − c) = βe i ∈ βkconv(ej , j ≤ i),

which establishes that x(i) satisfies the optimality conditions. It follows that supp
{
x(i)
}
⊆ {1, 2, · · · , i}.
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E.3. Proof of Theorem 5

Theorem 5 (ℓsp(λ)-Proximal Oracle Optimization Lower Bound) For every ℓsp(λ)-proximal zero-
respecting algorithm (Definition 22) given p, s ≥ 2, λ > 0, ϵ > 0, there is a function f :

Rd → R such that any x in the first k = O((λ∥x⋆∥sp/ϵ)
1

s(1+ν) ) iterations of the algorithm satis-
fies f(x)− f(x⋆) ≥ ϵ.

Proof LetA be any ℓsp(λ)-proximal zero-respecting algorithm and construct f = gk as in (4). Now,
consider the optimization problem min∥x∥p≤R f(x). From Lemma 25, the first k queries x(i), i ≤ k

from A, satisfy x(i) ∈ Si for all i ≤ k. Now, from Lemma 47 for all i ≤ k,

f(x(i))− f(x⋆) ≥ λRs

16(i+ 1)
s(p+1)−p

p

.

Thus, for all i ≤ k = O
(
λRs

ϵ

) 1
s(1+ν) , f(x(i))− f(x⋆) ≥ ϵ.

E.4. Proof of Lemma 49

Lemma 49 Let k, d ∈ N be such that 1 ≤ k ≤ d, and let gk be as in (14). Then, gk is an
ℓ∞p (r)-proximal zero-chain.

Proof We prove by induction.

Base case: We know that x(0) = 0. Now, since x(1) = Ogk,r,p,∞(0), we must have ∥x(1)∥p ≤ r
and using Lagrange duality, we want to solve,

min
x

max
µ

g1(x) + µ(∥x∥pp − rp).

When µ > 0, we must have ∥x(1)∥p = r. If µ = 0 then ∇gk(x(1)) = 0 and ∥x(1)∥p < r. The later
case cannot happen since ∇gk(x) is not 0 for any x. Therefore, x(1) = −re1 satisfies the above
optimality conditions if the corresponding µ is positive. If that is true, then since the problem is
strictly convex x(1) must be the unique solution.

We now verify that for this value of x(1), µ > 0. This is because, gk(x(1)) = x(1)−α since α ≥
4r. As a result ∇gk(x(1)) = e1. From the optimality conditions, ∇g(x(1)) = −µp|x(1)|p−2x(1)

which gives, µ = 1/(prp−1) > 0.

If x(j) ∈ Sj ,∀j ≤ i − 1: Since xi = Ogk,r,p,∞(c), we must have that ∥x(i) − c∥p = r and
following a similar reasoning with respect to the optimality conditions as before, it again follows
that x(i) = c− re i ∈ Si.

E.5. Proof of Theorem 8

Similar to the s <∞ setting, and letting fk(x) = max1≤i≤k{xi− i ·4r}, we consider the following
hard function:

gk(x) := max
{
fk(x), ∥x∥p − 2R− 4r

}
. (14)
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Now from Lemma 47, for x(i) ∈ Si (i ≥ 1),

gk(x
(k))− gk(x

⋆) ≥ R

(i+ 1)1/p
− 4r(i+ 1). (15)

We can now complete the proof of Theorem 8, which we restate here for convenience.

Theorem 8 (ℓp Ball-constrained Oracle Optimization Lower Bound) For every ℓ∞p (r)-proximal
zero-respecting algorithm (Definition 26) given p ≥ 2, r > 0, there is a function f : Rd → R such
that any x in the first k = O((∥x⋆∥p/r)

p
p+1 ) iterations of the algorithm satisfies

f(x)− f(x⋆) ≥ Ω(∥x⋆∥1/(p+1)
p rp/(p+1)) .

Proof From Lemma 49, x(i) ∈ Si. Further, from Eq. (15),

gk(x
(i))− g(x⋆) ≥ R

(i+ 1)1/p
− 4r(i+ 1).

So for the first k = O((R/r)
p

p+1 ) iterations, gk(x(i))− g(x⋆) ≥ Ω(R1/(p+1)rp/(p+1)).
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