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Abstract
In recent years, there have been significant advances in efficiently solving ¢-regression using lin-
ear system solvers and /s-regression [Adil-Kyng-Peng-Sachdeva, J. ACM’24]. Would efficient
smoothed £,-norm solvers lead to even faster rates for solving ¢s-regression when 2 < p < s? In

this paper, we give an affirmative answer to this question and show how to solve ¢,-regression using

O(nﬁ) iterations of solving smoothed ¢, regression problems, where v := % — % To obtain this

result, we provide improved accelerated rates for convex optimization problems when given access
to an f;()\)—proximal oracle, which, for a point ¢, returns the solution of the regularized problem
min, f(x) + M|z — c||5. Additionally, we show that these rates for the /5 (\)-proximal oracle are
optimal for algorithms that query in the span of the outputs of the oracle, and we further apply our
techniques to settings of high-order and quasi-self-concordant optimization.

Keywords: Convex Optimization, Proximal Point Methods, Acceleration

1. Introduction

A prominent approach to efficiently solving convex optimization problems is to reduce them to solv-
ing a sequence of linear systems. For example, interior point methods reduce linear programming,
semidefinite programming, many empirical risk minimization problems, and more to essentially
solving a sequence of ¢y (or least-squares) regression problems or, more broadly, to a sequence
of linear systems (Karmarkar, 1984; Lee et al., 2019; Nesterov and Nemirovskii, 1994; Renegar,
1988; Wright, 1997). More recently, improvements in quasi-self-concordant (Bach, 2010; Carmon
et al., 2020b; Karimireddy et al., 2018) and high-order (Bullins, 2020; Nesterov and Polyak, 2006;
Nesterov, 2021) optimization have yielded new ways of using linear system solvers for solving
well-established machine learning problems, including ¢, and logistic regression.

Similarly, recent advances in iterative refinement have shown how to reduce £,-regression, a
natural data analysis problem, to solving a sequence of linear systems (Adil et al., 2019, 2024).
¢, regression problems appear in a wide range of applications, including semi-supervised learn-
ing (Alamgir and Luxburg, 2011; Flores et al., 2022; Kyng et al., 2015), data clustering and learn-
ing (Elmoataz et al., 2015, 2017), and low-rank matrix approximations (Chierichetti et al., 2017).

In this paper, we study a natural generalization: rather than reducing to ¢s-regression, i.e.,

min ||Az — b2
min 4z — bl

© 2026 D. Adil, B. Bullins, A. Jambulapati & A. Sidford.



ADIL BULLINS JAMBULAPATI SIDFORD

we consider reductions to smoothed {,,-regression, i.e., problems of the form

T 2
min g' ¢ + ||Az — b||5 + ||Cxz — d||P.
min g7 + | Az = b3 + 1O — dI

We ask: would smoothed {y-regression solvers yield faster rates for solving optimization problems?

Addressing this question could advance the foundations of optimization theory and provide new
tools for structured and high-order optimization beyond £,-regression. For example, as we will see,
this question has connections to highly-smooth optimization in different norms, ball-acceleration in
different geometries, and quasi-self-concordant optimization.

Efficient reductions from /- to /,-regression. We consider the particular problem of efficiently
reducing /s-regression to smoothed /,-regression for 2 < p < s. We provide a new efficient
reduction that solves this problem. Moreover, we obtain this result by an optimization theoretic
framework of broader utility, which indeed has implications for structured optimization and higher-
order optimization. We formally define ¢4 regression in Definition 1 and then provide Theorem 2,
which contains our main result for this problem (proved in Section 4).

Definition 1 (/,-Regression) Given 2 < s < 0o, € > 0, A € R"*? and b € R", the {s-regression
problem is to find T € R? such that

|AZ — b||Z < (1 + €) min ||Axz — b]|3. €))
z€R4

We call such an = an e-approximate solution to the problem.

Theorem 2 (From /;-Regression to Smoothed /,,-Regression) There is an algorithm that, given
e >0, s > p > 2, computes an e-approximate solution to Ls-regression (Definition 1) in at most
O(s - nT log? %) iterations for v := % — %, each of which can be implemented in O(d) time plus

the time needed to solve O(l)1 smoothed {y-regression problems of the form

LT i 7112
min g' ¢ + ||Az — b||5 + ||Cxz — d|P.
min g+ || Az — 53 +1Cz — g

~ 1_1
Prior reductions include one of Bubeck et al. (2018) which established that O(n2" ») iterations

~ —2
of comparable cost sufficed for p = 2. This was then improved by Adil et al. (2019) to O(nﬁﬁoi—2 )s
(»—2)°
i.e., by a factor of Q(n 2(5-2) ). For a general p, the previous state-of-the-art for such a reduction
is due to Adil and Sachdeva (2020). Though not explicitly shown, their results imply an analogous

Theorem 2 with an iteration bound of O(ns-T). Our work improves upon this rate forall 2 < p < s

2
by a factor of Q(n1+») (similar to the prior improvement of Adil et al. (2019) over Bubeck et al.
(2018) for p = 2).

1. We use O to hide P, s, and poly log n factors.
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Optimal acceleration of é;()\)-proximal oracles. To prove Theorem 2, we consider a general
optimization problem of independent interest. Specifically, we consider the problem of minimizing
a convex function f given (approximate) access to what we call an Zlﬁ()\)—proximal oracle.

Definition 3 (/;())-Proximal Oracle) For p,s > 2, A\ > 0, an £;(\)-proximal oracle for f :
R? — R is an oracle that, when queried at a “centering point” ¢ € R, returns

T € argmingega f(2) + Az —cll;.

This problem is well-studied in the special case when p = s = 2, where it corresponds to
the standard (quadratic) proximal oracle (Parikh and Boyd, 2014). In particular, algorithms that
access these oracles have been studied in convex optimization theory (see e.g., (Boyd et al., 2011;
Combettes and Pesquet, 2007; Rockafellar, 1976)). A notable use of this oracle is in the accelerated
proximal point method (Giiler, 1992; Nesterov, 1983), which computes an e-optimal solution with
O(A\Y2||zg — x*||4¢~1/2) queries to the oracle, where z* € R? is used to denote the minimizer of
f throughout the paper. This query complexity is optimal (Nemirovskij and Yudin, 1983), and the
method has played an important role in numerous algorithmic advances (Frostig et al., 2015; Lin
et al., 2015; Parikh and Boyd, 2014; Schmidt et al., 2017; Shalev-Shwartz and Zhang, 2014), as
well as in the high-order acceleration frameworks of Monteiro and Svaiter (2013); Gasnikov et al.
(2019); Carmon et al. (2022), and the ball acceleration framework of Carmon et al. (2020b) (which
has multiple applications (Carmon et al., 2021b, 2023, 2024; Jambulapati et al., 2024)).

However, outside of the above examples, optimal rates for solving convex optimization with
Eg()\)—proximal oracles are not known, to the best of our knowledge. This is particularly relevant
for £, regression as, building upon an approach of Adil et al. (2024), solving /,-regression using the
smoothed £, oracle reduces to acceleration with our £;())-proximal oracle. Consequently, to prove
Theorem 2 we give new efficient algorithms (Algorithm 2), for which we prove the following.

Theorem 4 (Accelerated Optimization with /;())-Proximal Oracle) Algorithm 2 given s > p >

1
2, ¢ >0, 20 € RY outputs & € R with () — f(2*) < e using O((sAl|wo—2*||5/€) T ) queries
to an L, (\)-proximal oracle. Each iteration can be implemented in O(d) time plus time of the {;(\)-
proximal oracle.

Though the rates of Theorem 4 may look unnatural at first glance, we in fact prove that, for
any p,s > 2, they are optimal for broad classes of algorithms! Specifically, we show (Section 5)
that there exists a function such that any zero-respecting algorithm, i.e., one that at every iteration
queries an £ (\)-proximal oracle centered at a point ¢ € R? which lies in the span of the outputs of

the oracle, requires at least Q((A|lz*([5/¢) 54171“)) iterations to return an e-suboptimal point.

Note that there is a broader literature of lower bounds for related problems, e.g., convex op-
timization in non-Euclidean norms with gradient oracles (Guzmdn and Nemirovski, 2015) and in
parallel settings (Diakonikolas and Guzman, 2019). However, we are are unaware of such lower
bounds for our particular £;())-proximal oracle.

Theorem 5 (;(\)-Proximal Oracle Optimization Lower Bound) For every {;,()\)-proximal zero-

respecting algorithm (Definition 22) given p,s > 2, A > 0, ¢ > 0, there is a function f :
1

R? — R such that any x in the first k = O((A|lz*||;,/€) *0++7) iterations of the algorithm satis-

fies f(z) — f(a*) = e
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Optimal acceleration of non-Euclidean ball-constrained optimization oracles. We show how
our approach can also be used to show lower bounds for what we call ¢, ball-constrained oracles.

Definition 6 (/, Ball-constrained Oracle) Forp > 2, r > 0, an f;o(r)-proximal oracle (also

referred to as an [, ball-constrained oracle) for f : R? — R is an oracle that, when queried at a
centering point c € RY, returns

T € argmingegd||z—c|,<r f(2)-

We extend previous £5 ball oracle results (Carmon et al., 2020b, 2022; Karimireddy et al., 2018)
to the £, setting (Section 3), and we also show that our rates are optimal for zero-respecting algo-
rithms (Section 5).

Theorem 7 (Accelerated Optimization with 7, Ball-constrained Oracle) Algorithm 2 givenp >
2,7 >0,e>0, 29 € R, outputs & such that f(z) — f(z*) < € using

O((pllzo — *|[,/r)7* log([lz0 — 2*|[3/€))

queries to an £;°(r)-proximal oracle. Each iteration can be implemented in O(d) time plus time of
the (3°(r)-proximal oracle.

Theorem 8 (¢, Ball-constrained Oracle Optimization Lower Bound) Forevery (;° (r)-proximal

zero-respecting algorithm (Definition 26) given p > 2, v > 0, there is a function f : R¢ — R such
_p_

that any x in the first k = O((||z*||p/r)P+1) iterations of the algorithm satisfies

f() = f(2") = Q([la*||/ PP oY),

As previously mentioned, algorithms based on ¢5 ball-constrained oracles have had a wide range
of applications. For example, they have arisen in solving natural problems in learning theory and
machine learning, including logistic regression (Karimireddy et al., 2018; Carmon et al., 2020b),
minimizing the maximum of a set of convex losses (Carmon et al., 2021b, 2024), and parallel
stochastic optimization (Bubeck et al., 2019a; Carmon et al., 2023). Consequently, these results
could lead to opportunities for improving these and related problems in different geometries for,
e.g., high-order and quasi-self-concordant optimization settings. We further discuss in Section 4
how our methods can apply to such cases by showing that the oracles for these settings implement
a more general oracle class.

Extensions to high-order optimization. As another application, we provide the following result,
which extends our techniques to highly smooth problems with respect to the p-norm, i.e., problems
whose qth—order derivatives are L,-Lipschitz continuous (for ¢ > 1), in which case each step is
based on minimizing a ||- Hgﬂ—regularized q'"-order Taylor expansion.”

Theorem 9 (High-order Optimization) Fors > p > 2, q= s — 1, let f be ¢""-order L4 smooth
with respect to ||- p L0 € R4, and € > 0. Algorithm 2, implementing an O(1)-GMS,, oracle by a
(p, s)-Taylor oracle, finds & such that f(Z) — f(z*) < ein

1

1
Op,s <||900 =25 (Lg/€) S(”V))

iterations. The cost of each iteration is at most O(d) plus the cost of the (p, s)-Taylor oracle.

2. We use the notation Ops(+) to hide multiplicative running time factors which depend only on p and s.
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We then show how this behaves, in a sense, as a certain approximation to the E;()\)—proximal
oracle (for an appropriate choice of A, which depends on the smoothness parameter L, and where
s = q + 1), and the rates we obtain naturally generalize those found in previous results (Gasnikov
et al., 2019; Monteiro and Svaiter, 2013). Such Euclidean-based high-order algorithms have been
used, as previously discussed, to improve convergence for fundamental machine learning prob-
lems (Agarwal et al., 2017; Bullins, 2020; Nesterov and Polyak, 2006), and consequently rates for
the non-Euclidean variants may have additional applications.

Simultaneous Independent Related Work. Independently, Contreras et al. (2025) also inves-
tigate non-Euclidean high-order and proximal point methods for convex optimization and pro-
vide similar algorithms and convergence rates. Specifically, they give algorithms for ¢"-order
(L, v)-Holder continuous functions for all p, ¢ > 1, whereas our work focuses on the case where
q+ 1 > p > 2 for proximal oracles, ball-constrained optimization oracles, and highly smooth func-
tions.Contreras et al. (2025) further establish lower bounds for minimizing g-th order (L, v)-Holder
continuous functions with respect to || - ||, for algorithms that can query a local oracle, and as
a result, their lower bounds depend on L. In contrast, our lower bounds are for (zero-respecting)
¢, proximal algorithms, and they place no smoothness restrictions on the function class. The ini-
tial draft of this paper was produced independently without having seen Contreras et al. (2025).
Attempts were made to preserve independence during the revision process.

Future work and open problems. This paper provides improved rates for multiple convex op-
timization problems by using non-Euclidean optimization. However, these new rates come with
costs. Whereas /{s-regression can be solved by matrix multiplication and linear system solving,
smoothed /,-regression is a more general and potentially complex optimization problem. Conse-
quently, implementing steps of our algorithm efficiently and using this to obtain end-to-end runtime
improvements for structured optimization problems is an interesting direction for future research.

Additionally, though we settle the complexity of convex optimization with the £;(\)-proximal
oracle, this does not necessarily imply that our reduction from ¢, to smoothed £,,-regression is opti-
mal. Consider, for example, solving {g-regression using ¢»-regression and compare it with solving
(¢-regression via £,-regression. Our results state that the former would use ~ n'/* iterations of solv-
ing least squares regression, while the iteration complexity of the latter would improve to ~ nl/13
(improving upon ~ n'/10 iteration complexity due to Adil and Sachdeva (2020)), each of which
would involve solving an £4-regression problem. Curiously, if we further solve each £4-regression
problem using /5-regression, we would require 7!/® such problems at each step, leading to a total
of nists > ni. Improving our reductions to smoothed /,,-regression, finding a similar type of
reduction that doesn’t occur this type of loss in repeated reduction, or providing more compelling
evidence of optimality are additional interesting directions future research.

Furthermore, in the future, high-order optimization methods (e.g. (Gasnikov et al., 2019)) could
potentially benefit from these tools, as such methods often depend on solving £,-norm regularized
subproblems at each iteration. While there has been a line of work showing how subproblems based
on second- (Nesterov and Polyak, 2006) and third-order (Nesterov, 2021) Taylor models admit more
computationally efficient approximate solvers, less is known about more general settings. This work
could potentially help in such settings.

Finally, obtaining similar improvements as the ones we have shown in this work for linear
programming—or convex optimization with interior point methods more broadly—are additional
exciting directions for future research. We hope our results help facilitate in these directions and,
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with further research, may yield new non-Euclidean perspectives on basic problems and algorithms
in machine learning, including those related to parallel, stochastic, and higher-order optimization,
and ultimately lead to further efficiency gains in theory and in practice.

Paper overview. In Section 2 as a warm-up we give our main £;(\)-proximal point algorithm
which includes a line-search in each iteration. In Section 3 we show how we may remove the
need for this line-search and give an algorithm with a more general oracle. In Section 4 we use
these algorithms to give rates for solving /,-regression and generalized high-order smooth problems.
In Section 5, we give lower bounds that match the rates of our £;())-proximal point algorithms
analyzed in Section 2.

2. Warm-up: Conceptual Proximal Point with Line Search

In this section, we analyze a simpler version of our generalized proximal point algorithm. Our aim is
first to provide clarity for the convergence rates, while in the following section we address the issue
of overall computational cost. Specifically, in this section we present an algorithm where each iter-
ation involves finding points that satisfy certain implicit conditions, similar to previous works based
on Monteiro-Svaiter acceleration (Monteiro and Svaiter, 2013). These implicit problems can be
solved using an additional line-search procedure as in previous works (e.g., (Monteiro and Svaiter,
2013; Gasnikov et al., 2019; Carmon et al., 2020b)), followed by invoking an E;()\)—proximal ora-
cle. We later show, in Section 3, how to modify the algorithm to obtain a line search-free method,
and in doing so we introduce a more general oracle model. We further split our algorithm into two
separate cases: s < oo and s = oo (the latter coinciding with an £, ball-constrained oracle).
Throughout the paper, we let ||-[|, (for p € [1, 00)) denote the standard £, norm, and we use wj,
to denote, for an initial point zy € RY, the Bregman divergence of the £,-norm function ||z — x|,

i.e., forany x,y € R4,

wp(@,y) = llz = zolly = lly = zolly = (Vylly = zollf, 2 — y)-

We also let p* := p%l throughout the paper.

We will prove the guarantees of Algorithm 1, which finds z such that f(z) — f(z*) < e for a
convex function f via an £;(\)-proximal oracle given a line-search to estimate \;’s. Our algorithm,
in every iteration maintains two points x; and z;, takes a carefully chosen convex combination of the
points to get y;, applies the KZ(A)—proximal oracle at y; to compute x;1, and then uses the gradient
of f atxyy1 to compute z;41. The main guarantee of the algorithm is given below in Theorem 10.

Theorem 10 Let s < oco. Given f, xg € RY and € > 0, there exist, forallt > 0, Ay, 441
€

satisfying the conditions of Algorithm 1, and it outputs xp such that f(xp) — f(z*) <€, in
) s\ ST
Ss(l—i—u )\HSUO _ ‘T*H s(1+v
0] ( . P iterations.
pSV €

When s = o0, i.e., the algorithm is equipped with an Ego(r)—proximal oracle, we prove the
following.
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Algorithm 1 Conceptual Proximal Point Algorithm

Initialize: apg = 1, AO =0, 20 = Yo = X, T>1
fort=0,---,T—1do
Find \; > 0, 2441 € R? for which the following hold:

—1 —1 A a
e 5P Atafﬂ = Af+1 , At+1 = At + At4+1, and Yt L T+ ﬂzt

= A A
. ) = Mlzepr — w577 if s < oo and 71sy argmin, f(y) + %Hy —uell; ifs<oo
\\Vf(zt+1)||#/rp’1 if s =00 arg miny, —y, | <, f(y) if s = 00

241 < AT MIN cpa D icpi) aiV (i) (z =) + 1z — wollp
end
return xr

Theorem 11 Let s = co. Given f,xo € R% and € > 0, there exist, for all t > 0, A, X141 satisfying
the conditions of Algorithm 1, and it outputs x such that f(z7) — f(z*) <€, in

p
* p+1 *
o < (P\Ix-’rollp) " og (”95550”13» iterations.
r €

The crux of the proofs of Theorem 10 and Theorem 11 is a standard potential argument (Di-
akonikolas and Orecchia, 2019; Nesterov et al., 2018). Namely, we rely on the following lemma,
which shows how the potential A;(f(x¢) — f(2*)) 4+ wp(z*, 2;) decreases in every iteration of the
algorithm. The proof can be found in Appendix B.

Lemma 12 Forallt > 0, the iterates of Algorithm 1 satisfy
A1 (f (@e1) — f(27)) + wp(a”, 2e41)
< A(f (@) = f(27) + wp(@™, 2t) — ArpaMellzerr — el

The remaining proof of Theorem 10 and Theorem 11 follow slightly different pathways and can
be found in Appendix B.

3. Line-Search Free Method for Non-Euclidean Acceleration

In this section, we describe our main algorithm which eliminates the line-search required when
implementing Algorithm 1 and works with a more general oracle. We first define our oracle.

Definition 13 An oracle O, , : R? — R% xR, is a 0-Generalized Monteiro-Svaiter with respect to
p (0-GMS,)) oracle for a function f : RY — Rand o € [0,1) if, foreveryy € R, (2,7) = Oy (y)
satisfies

(Vf(@),z—y) < —(1—o)yllz—ylly, and [Vf(z)
Additionally, we say O, , satisfies an (s, ;1) movement bound if

Iyl > (v/ )P if s < oo
P71/ if s = oo.

p—1
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In Appendix C, we show that o-GMS), oracles generalize £} oracles as well as the Monteiro-Svaiter
(MS) oracles from Monteiro and Svaiter (2013); Carmon et al. (2022). In this section we provide
the following results.

Theorem 14 Algorithm 2, given s > p > 2, ¢ > 0, 29 € RY, R = O(||zo — z*[|,), and a 7-GMS,,
oracle satisfying an (s, 1) movement bound, returns & € R? such that (%) — f(z*) < € after

1
O( (1o — 2*[l3/€) 757 )
iterations. Each iteration can be implemented in O(d) time plus time of the c-GMS,, oracle.

Theorem 15 Algorithm 2, given p > 2, € > 0, 29 € R%, R = O(||zo — z*[|,,), and a c-GMS,,
oracle satisfying an (oo, ) movement bound, returns xp such that f(xp) — f(x*) < € after

ok
0 <(MPH-T0 )7 log ”“"“““’”)
€

iterations. Each iteration can be implemented in O(d) time plus time of the c-GMS,, oracle.

Algorithm 2 General Proximal Point Algorithm (Line-Search Free)

Initialize: s > p > 2, a0 =1, A0 =0, A\ =1, 20 =yo =20 € RL T > 1, Tyet = 1, R > 0,
u>0,0€][0,1)

fort=0,---,7T—1do

if ¢ > 1 then
if Ay > 2A7, then Ty =t
_7('9;"_)(‘:21) p(s—p) sp? .
B ATrefp P Rbs—pts ys—rtes  if s < 00
S
p P .
% lfS = X0
Tref
end
3 3+30 Y YA A Ait1
At (FEFa)! = Al Ay = At a g < £+ 30

(Thy1: A1) = 0-GMSp(y1)

. A
Bi+1 < min{1, )\zﬁ}
. t+1
Zi41 ¢ argmin, cpa ZZ; aiﬁin(a:;)T(z — i) + wp(2, yo)
(1=Bt4+1) Avze+Be41 AL
T4l Ai+Biriait1
App1 +— Ay + Bryrai

end
return xr

The proofs of the above results follow from the following potential analysis, which differs from
those in Section 2 in that it now accounts for the progress differently depending on whether A¢ 41 <
At41 0OF Ayt > Mgy
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Lemma 16 The iterates of Algorithm 2 satisfy

A1 (f(wepr) — f(27) Fwp(@™, ze41) SA(f(we) — f(27)) + wp(a™, 2t)

A (1= o)A
- ]]'{S\t+1</\t+l} 3 ||':U:f+1 - ytHg’

1/p 1/p -
and, At+1 > A+ ]l{)\t+12)\t+l} 6160 ;\tlJ/rzi‘
l1—0o

We defer the proofs of both the potential analysis and our main results in this section to Appendix C.

4. Applications

In this section, we cover different applications of our acceleration framework from Section 3. In
particular, we apply our framework to £s-norm regression, where s > p > 2, higher-order smooth
optimization, and implement an ¢,-ball oracle.

£s-Norm Regression. We give an algorithm for £s-regression, where s > p > 2 using an oracle
that solves problems of the form,

T 2
min g = + |[|Rzx||5 + [|[Wx|?, 2
min g Rz + W[ 2

for any vector g € R? and matrices R € R"*% and W € R"*?, where n > d.
We will prove Theorem 2 which we restate here.

Theorem 2 (From /;-Regression to Smoothed /,,-Regression) There is an algorithm that, given
e >0, s > p > 2, computes an e-approximate solution to s-regression (Definition 1) in at most
11

O(s - nT log? %) iterations for v := 5 — 5 each of which can be implemented in O(d) time plus

the time needed to solve 0(1)3 smoothed {y-regression problems of the form

T i )2
min g =+ ||[Ax = b||5 + ||Cz — d||P.
min g | 2+l 15

We present the proof in Appendix D. The proof follows from an application of Algorithm 2 for
the E;()\)—proximal oracle (Theorem 4), which reduces solving the /;-regression problem to ~ n T+»
calls to an £}-proximal oracle. We further prove that every such call to the £;-proximal oracle can

be solved using 6(1) smoothed /,-norm problems, i.e., Eq. (2) (Lemma 42).

High-Order Smooth Optimization in General Norms. As an extension of our results, we con-
sider a natural relaxation of the generalized proximal oracle based on regularized high-order Taylor
approximations (Bullins, 2020; Gasnikov et al., 2019; Monteiro and Svaiter, 2013; Nesterov and
Polyak, 2006; Nesterov, 2008). Namely, letting

) o= f@) + 3 2 Vif@ly - o]~
=1

denote, for ¢ > 1, the ¢*"-order Taylor expansion of f at z;, we define the following notion of high-
order smoothness, which naturally generalizes those in previous works (Nesterov, 2008; Gasnikov
etal., 2019).

3. We use O to hide P, s, and poly log n factors.
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Definition 17 We say f is ¢'"-order L, smooth with respect to ||| pif forallz,y e RY,

[viw) - w77 w0 < Sl ol G

We now consider the problem of minimizing a convex function f given what we call a (p, s)-Taylor
oracle, which, for a centering point c, returns the solution of the regularized problem

Lsfl

(s —1)!

In contrast to the ¢, (A)-proximal oracle, here we have replaced f(z) with its (s — 1)t"-order coun-

min 7}5*1(:15; c) + |z —cllp-

z€R4

terpart 7}5_1 (x; ¢), and the smoothness parameter now fulfills the role of A (which was previously a
parameter of the oracle). As a natural consequence of our results from Section 3, combined with the
observation that that our Taylor oracle implements an O(1)-GMS,, oracle, we provide the following
convergence guarantees for Taylor oracle-based algorithms.

Theorem 9 (High-order Optimization) Fors > p > 2, g = s — 1, let f be ¢""-order L, smooth
with respect to ||- p L0 € RY, and e > 0. Algorithm 2, implementing an O(1)-GMS,, oracle by a
(p, 8)-Taylor oracle, finds & such that f(Z) — f(z*) < ein

. - 1
Op,s <H$o — a*||p (Ly/e) S(Hy))

iterations. The cost of each iteration is at most O(d) plus the cost of the (p, s)-Taylor oracle.

We would note Theorem 9 obtains the known optimal rates in the case of p = 2 and s > 2
(Arjevani et al., 2019; Gasnikov et al., 2019), and thus our guarantees allow us to generalize these
previous results to all s > p > 2.

Implementing the /, Ball Oracle Under Hessian Stability. As in the case of the Euclidean ball
oracle (Carmon et al., 2020b; Karimireddy et al., 2018), we rely on the following notion of Hessian
stability for implementing our more general £, ball oracles.

Definition 18 (Carmon et al. (2020b), Definition 7) A rwice-differentiable function f : RY 5 R
is (1, €)-Hessian stable with respect to ||-||, for r,& > 0, if for all z,y € RY such that |z — y|| <,
we have E1V2 f(y) < V2 f(z) < EV2f(y).

As its name suggests, this type of stability provides control over local changes in the Hessian,
and objectives such logistic regression and the softmax loss exhibit favorable Hessian stability with
respect to ||-||, and ||-|| ., respectively (Bach, 2010; Carmon et al., 2020b; Karimireddy et al., 2018).
We may further observe that such control entails beneficial (local) conditioning (i.e., strong convex-
ity and smoothness) of f with respect to ||-|| g2, (Where we let HUH2v2f(y) =u' V2f(y)u), and it
can be shown that this condition holds when f is a-quasi-self-concordant with respect to ||-||, mean-
ing that, for all z,u,v € RY, |[V3f(2)[v, u,u]| < O‘HU”HUHZv?f(x)- It is natural, then, that we may
run an appropriate descent method (in terms of ||-|| 2 f(y)» €8> (Carmon et al., 2020b), Theorem 9),
constrained to the region of stability.

We additionally rely on a relaxation of the ¢, ball oracle (Definition 6), which allows for a
certain amount of approximation in a manner similar to that in Carmon et al. (2020b).

10
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Definition 19 Given p > 2, 6,7 > 0, an £;°(6, r)-proximal oracle (also referred to as an approx-
imate ball-constrained oracle) for a function f : R* — R is an oracle that, when queried at a
centering point ¢ € RY, returns ¥ € R? such that H;T: — xZ,er < 0, where x7 . is solution of the
problem

min xZ).
xeRd:HHHmf (=)

The following theorem establishes that, under an appropriate choice of §, such an oracle can imple-
ment a 0-GMS,, oracle, and its proof can be found in Appendix D.2.

Theorem 20 Let f be L-smoothw.rt. ||-|,, andlet T € RY be given by an £:°(9, r)-proximal oracle

for f queried at ¢ € R?, forp > 2, r,é,0 > 0, min{ "7, 46;‘2} >0 > 0. Then, if [Vf(Z)|| > &
an oracle that returns (&,7) for 4 = % is a o-GMS,, oracle, and furthermore it satisfies an
P

(00, (r — 8)~1) movement bound.

Algorithm 3 Constrained Accelerated Newton Descent
Imitialize: ag = 1, Ag = 0, g = Yo = 20 = Tinit € R r>0,T>1
fort=0,---,7T—1do
5a7 1 = Ap1, Avyr = Ar + apa
at+1

At
Yt & A0t T A7

i1 argming o< {(V (), & — ye) + e — vl Yoy}
Zepr  argmin, > @V (@) (2 = vi) + |12 = oll32 g
end
return xr

Algorithm 4 Constrained Accelerated Newton Descent + Restarting
Initialize: § > 0,29 € R, r > 0, K = O(log(fig’"))
fork=0,--- , K —1do
| 41 = Constrained Accelerated Newton Descent(Zinit = 2, 7, 1T = O(§))
end
return z g

It remains to show how we may implement an ¢;°(d, r)-proximal oracle for Hessian stable
functions, which the following theorem provides.

Theorem 21 Let f be L-smooth and ji-strongly convex w.r.t. ||-||y, and (r,§)-Hessian stable w.r:t.
\|[,- Then, there is an algorithm (Algorithm 4) that implements an {7 (5, r)-proximal oracle, using

O(& log (44

)) queries to a gradient oracle and one query to a Hessian oracle of f.
The proof (found in Appendix D.3) closely follows that of Theorem 10, along with a standard

restarting argument (e.g., (Roulet and d’ Aspremont, 2017)) to attain linear convergence rates when
paired with the strong convexity that comes from Hessian stability.

11



ADIL BULLINS JAMBULAPATI SIDFORD

5. Lower Bounds

In this section, we complement our upper bound results with matching lower bounds, for both
s < oo and s = oo cases, for algorithms that are zero-respecting (Carmon et al., 2020a). This con-
dition, which entails, roughly speaking, that the support of any iterate is restricted by the span of all
preceding iterates, plays an important role in establishing lower bounds for a variety of optimization
settings (Arjevani et al., 2023; Carmon et al., 2021a).

When s < oco: Proximal Point Oracles. We begin by proving lower bounds for zero-respecting
proximal point algorithms when minimizing a function f using an £;(\)-proximal oracle, where we
let Oy \ p,s(c) denote the result upon querying the oracle at ¢ € R,

We first introduce an appropriate notion of zero-respecting algorithms for our setting. Namely,
letting supp{v} := {i € [d] : v; # 0} for v € R?, we say a sequence (O z(1) .. . is L (N)-
proximal zero-respecting with respect to f if

supp{x(t)} C U supp{(’)f’,\yp’s(a;(tl))} foreacht € N.

<t
We may then naturally define an £ (\)-proximal zero-respecting algorithm.

Definition 22 (¢;()\)-Proximal Zero-Respecting Algorithm) We say an algorithm A is £;())-
proximal zero-respecting if, for any f : R¢ — R, the iterate sequence A[f] is zero-respecting with
respect to f.

We further consider the following proximal-type notion of a zero-chain.

Definition 23 (¢5())-Proximal Zero-Chain) A function f : R — R is an (5())-proximal zero-
chain if, for every x € RY, supp{x} C {1,...,i — 1} implies supp{Ofrps(z)} C{1,... i}

We would note that, while previous lower bounds for smooth convex optimization (Arjevani et al.,
2019; Nemirovskij and Yudin, 1983) hold for algorithms that can generate approximate proximal
point oracle updates (up to polylogarithmic error), here we provide lower bounds for when we have
an exact proximal point oracle. We now state our main lower bound theorem for this section, where
we recall that z* := argmin, cpa gi ().

Theorem 5 (£;(\)-Proximal Oracle Optimization Lower Bound) For every {;,())-proximal zero-

respecting algorithm (Definition 22) given p,s > 2, A > 0, ¢ > 0, there is a function f :
1

RY — R such that any x in the first k = O((M|z*[|;/€) *0+) ) iterations of the algorithm satis-

fies f(x) = f(a*) = e

While we provide the full proof of Theorem 5 in Appendix E.3, the key construction is based
on a scaled instance of Nemirovski’s function (Nemirovskij and Yudin, 1983), whose parameters
depend on properties (i.e., p, s, A) defining the proximal oracle.

Definition 24 (Scaled Nemirovski instance) Ler k,d € N be such that 1 < k < d, and let R > 0.
We define

Jr(x) = B lIISl?SXk{% — 1oy},

12
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where

2(s—1) s—1 1
5 <s—1) SAR N s <Bk>s I (s—1)R
k= o Ok ‘= = :
s (k+1)(p+1); ) s— 1\ s\ s(k:+1)p7+1

Following the approach as described in previous works (Carmon et al., 2020b; Diakonikolas and
Guzmdn, 2019), we may handle unconstrained domains by considering the following problem:

min, gy (v) = max{ (@), G (2]l — 21) — a . )
rER

The following lemma, which is proved in Appendix E, shows that the iterates produced by our
Ef)()\)—proximal oracle satisfy the required condition on their support.

Lemma 25 Let k,d € N be such that 1 < k < d, and let gy, be as in (4). Then, gy, is an {;(\)-
proximal zero-chain.

When s = oo: Ball Oracle. For this case, we consider the £, ball oracle, i.e.,

Of,r,p,oo(c) = arg min”w—CHpSTf(l‘)'

Similar to the previous section, we may define analogous notions of Kgo(r)-proximal zero-
respecting algorithms and an ﬁgo(r)-proximal zero-chain. We say a sequence z(9, z(1) . is
£:°(r)-proximal zero-respecting with respect to f if

supp{:c(t)} - U supp{0f7r7p7w(x(t/))} foreacht € N,

t'<t

We may then similarly define a £;°(r)-proximal zero-respecting algorithm.

Definition 26 (¢7°(r)-Proximal Zero-Respecting Algorithm) We say an algorithm A is (;°(r)-
proximal zero-respecting if, for any f : R® — R, the iterate sequence Alf] is £2°(r)-proximal
zero-respecting with respect to f.

We further consider the following ball oracle-type notion of a £° (r)-zero-chain.

Definition 27 (£;°(r)-Proximal Zero-Chain) A function f : R — R is an £5°(r)-proximal zero-
chain if, for every x € R%, supp{z} C {1,...,i — 1} implies supp{Oy,p (x)} C {1,...,i}.

We now state the main result (Theorem 8) of this section, whose proof can be found in Ap-
pendix E.5.

Theorem 8 (¢, Ball-constrained Oracle Optimization Lower Bound) For every (,°(r)-proximal

zero-respecting algorithm (Definition 26) given p > 2, v > 0, there is a function f : R* — R such
_p_

that any x in the first k = O((||x*||,/r)P+1) iterations of the algorithm satisfies

£(@) = 1(@*) = ("]} 0Oy D).

13
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Appendix A. Preliminaries

Definition 28 (Bregman Divergence) For a strictly convex, continuously differentiable d : D —
R>o, we define its Bregman divergence between x € D andy € D as

w(z,y) = d(z) —d(y) — (Vd(y),z — y).
Note that wj, is the Bregman divergence of the function d(z) = ||z — z||5 for an initial point .
Lemma 29 (Three-Point Property) Forany x,vy,z € D,
w(z,y) = w(z,2) + w(zy) = (@ —2) " (Vd(y) - Vd(2)).
We also use the following result, which can be found in, e.g., Zalinescu (1983).

Lemma 30 (Lemma 3.1 Zilinescu (1983)) For any x,y and p > 2, wp(y,z) > mrlly — z|[h-

We use the following fact about the gradient and Hessian of the £,-norm function repeatedly.

Fact 31 The gradient and Hessian of the function || Ax||b, for any p > 2, and matrix A € R™*?

and vector € R% is,

V.l Aalf = p- Diac(| Az 2) Az, V[l Ax] = plp — DA DIAG(|Aal"2) A

Appendix B. Proofs for Conceptual Method
B.1. Proof of Lemma 12

Proof We start by considering the left-hand side of the inequality

A1 (f(ze1) — f(@)) — Ae(f () — f(27))

= ap1(f(@e41) = f(27) + Ae(f(z41) — fla))
< a1V f(@e41), o1 — %) + AV f(@141), 2041 — 24)  (convexity of f)
= (Vf(zi41), A1 — Ay — a1 2%)
(Vf(@i41), Ar1@ig1 + @120 — A1y — a1 2%) (Since A1y = Ay + arq12)
= A1 (Vf(@ig1), Tep1 — yr) a1 (Vf(@p1), 20 — 25) .
Term 1 Term 2

We first give a bound on Term 2. Using the KKT conditions for z;, i.e., differentiating the equation
defining 2; in the algorithm w.r.t z, we have for all £ > 0,

> aiVf(w) =-V.lz—wlb| = —Vwpy(z,yo) forall t,
iclt] A

where we used that wy,(2t, y0) = [|2¢ — yoll}, since zo = yo. Therefore,

ar+1V f(2e1) = Vwp (2, y0) — Vwp (241, %0)-
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Replacing a;+1V f(z44+1) with the above in Term 2, we get

a1 (V f(T141), 2t — %) = a1 (V f(2111), 2001 — 27) + a1 (V f(@041), 20 — 2041)
=(Vwp(2t,90) — Vp(2e41,90)s 2041 — %) + apy1{V f (Te41), 2t — 2141)-

Applying the Bregman three-point property (Lemma 29) that yields that
ar+1(V f(Te41), 26 — %) = wp(a™, 2t) —wp(2™, 2041) —wp(2t, 2641) + a1 (V f(T141), 2t — 2041) -
We now apply Young’s inequality to get

a1 (Vf (@41), 20 — %) S wp(a”, 2¢) — wp(@™, ze41) — wplae, 241)

p—1
+ T||2@t+lvf($t+l)

* 1
p
Yt Izt =zt [l
Since wy(z,y) > 57 ||z — y|[5 (Lemma 30), we obtain the following bound on Term 2,

ar+1(V f(Te41), 2t — %) < wp(a™, 21) — wp(@™, 2641) + 4aﬁ1p;1||vf($t+1)||§:- %)
We next bound Term 1. First, we observe by the optimality guarantees of z;; that
Vf(@er1) = =Ap - DIAG(Jze 1 — ye )P (@en — we),
where the above derivative is computed using Fact 31. Therefore,
(V@) 21 — ) = —Aillwerr — vl (6)
Combining the bounds on Term 1 (5) and Term 2 (6) yield
A1 (f (1) = F(@7) = Ae(f () — f(27))

<= A1 (Vf (i), w1 — ye) + wp(@™, 2) — wp(™, ze41) + 4af+1THVf(xt+1)H§*

p—1

< — Apeidel|zes — wellB + wp(2*, 20) — wpl(a*, zeg1) + daby A - |Zee1 — el

: p—1 _ gp—1 D
Now, since A, 1 =9 Atay 11 the above becomes

A1 (f(@eg1) — f(@) +wp(@®, 2e41) < Ae(f(20) — f(27)) +wp(a™, 2t) — Arra M| we41 — yt”ﬁ

B.2. Proof of Theorem 10

We need to prove the existence of \; (¢ > 0) satisfying the conditions of Algorithm 1, using a
similar continuity argument as in Lemma 3.2 of Bubeck et al. (2019b).

Lemma 32 Let A > 0,2,y € R? such that f(z) # f(x*). Also let z(x) be a continuous function
of x. Define the following functions:
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* a(\) is the solution of the equation )\p%la()\)p* —a(A)—A=0.

* y(\) = %Z(l‘) + ﬁ(/\):ﬁ

* 2(\) = argminy f(w) + A|lw —y(N)[p
2N —y(N)][57
.« g(\) = llz(A) ?i( )|
Then, for every z € R there exists w € R such that g(w) = z.

Proof We first claim that g(\) is a continuous function of A. It is easy to see that y(\) is continuous.
The continuity of z() follows from the fact that since f is convex, f(w) + A||w — c||} is strictly
convex and there is a unique minimizer for every A\. Now, x # y since f(x) # f(x*). Therefore,
9(0) = oo and g(o0) = 0, which concludes the proof. [ |

The following lemma provides a means of lower bounding A; for all ¢t > 1.

Lemma 33 Forallt > 1, Algorithm 1 guarantees that

1
Atl_{_zi > Ai/ Py p and, consequently, Ai/ P> A(l)/ Py Z Tp -
SpA; te[T) P
p—1
Proof We know from Algorithm 1 that Ayy1 = A; + a;41 and a 1= 5‘2?{%. Therefore,

_ 1/p
Ar :
Ay = Ay — <5P—1)\t = Avtt <1 B (5p—1>\tAt+1)1/p>.

We will use that for any x > —1and r > 1, (1 +x)" > 1 4 rz. Observe that

at41
At

1
(5P—1)\1At+1)l/p -

< 1. Applying this inequality forr = pand z = — we get

1
(51771)\,5,4”1)1/? °

1 p
A< A 1-—
= t+1< (5p—1p>\tAt+1)1/p) ’

which on rearranging gives us

1/p 1 1/p
Ay +5p)\§/p§ t+1:

Before we prove our main result, we state a result from Carmon et al. (2022) which is useful in our
final proof.

Lemma 34 (Lemma 3, Carmon et al. (2022)) Let By, - - ,Br € Ryq, 11, , 1 € Ry satisfy

1
B > B3 e Birj for somem > 1, 8> 0, and all i € [k|. Then B; > (m=1g. D e i)™
foralli € [k].

We are now ready to prove the main result of Section 2.
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>0 )\t, Tit1
<e

Theorem 10 Let s < oo. Given f, xog € RY and € > 0, there exist, for all t
satisfying the conditions of Algorithm 1, and it outputs xp such that f(xp) — f(z*)

€

s ) Nz — 2* 3 7T
- iterations.
p

Ary P and therefore A\ ||z;11 —

Proof [Proof of Theorem 10] Let 7y := ||¢41—y:||p- Note that Ay =
yellh = A\, 7" A" 57. Since we are using an £5(\)-proximal oracle, the conditions of Theorem 12

= Nt
are true. The lemma then implies that for all 7' > 1

— f(2%)) +wp(a*, 20) ZAtA”’A =5 (7)

"))+ wp(x®, 21) < Ao(f (x0)
te[T]

Ar(f(xr) — f(z

*) > 0 and wy(x*, 2¢) > 0 for all ¢,

Since f(z7) — f(z
AP < wp(a*, 2) = U

te[T]
L 7> - Applying Holder’s inequality with o = > yields

From Theorem 33, Ai ?> > te(T]
(1+O¢71)71

) . (4a)~t
> AF = S AT T < () (R
te(T) te(T) te[T) te[T)
1 _a
< ()\ﬁ%) T+a (5pA%F/p) Tt+a
where we used that 1 = 1+ ——and (1+a) '+ (1+a ) t=1
We now use the above to give a lower bound on Ap. Using Lemma 34, for m = a/p, B; =
o . ~1/(1+a)
AtH—&, ri = 1, 6 = ((5}7)0‘)\33? \I/0> s
1 =k

_1 _
AF“z(“apawwwﬁw@

s—p

Therefore
s=ptop
1) 1 P psts—p
_ = T »p
s PV
1_1
Further, using Eq. (7) and v = 5 s
o< Yo _ s /\\I/g/p s )\\Ilf)/p
f(:L'T) - f(ﬂi‘ ) = A7T = pS;p sp+psfp - ps Ts(1+v)”

The result now follows from noting that ¥y = ||a* — x|
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B.3. Proof of Theorem 11
Lemma 35 Let f : R? — R be continuously differentiable and strictly convex. For all ¢ € R,
define

Tr = argminxeRdmx,CHpgr f((L‘)

Then x is either the global minimizer of f, or ||z — c||, = r and

IV £ (@)lp/p-1)

— NP %y —
e DIAG(|z — ¢|) " (x — ¢).

Vi) = -
Proof The Lagrange dual gives,

min g £ (3) + > (7 ~ 1y = el}).
There is some A > 0 such that,
Vf(z) = —ADIAG(|z — ¢|)P (2 — ¢).
If A =0, then V f(x) = 0 and x is the optimizer of f. If A > 0, then ||z — ¢||, = r, and as a result,
IV @)llpsp-1) = Mz = cl5™" = XrP7h

H f(x)Hp/p 1)

From the above we get, A = | , concluding the proof. |

We now state one final result from Carmon et al. (2022) and then prove the main result of the
section.

Lemma 36 (Lemma 4, Carmon et al. (2022)) Let B, - -, B € Rsq be non-decreasing and,
ri,--,rE € Rsq satisfy B; > BZje[i] Bjrj for some f > 0, and all i € [k]. Then B; >

exp (5 Qe Ti — 1) By foralli € [k].

Proof [Proof of Theorem 11]
IV f(@er1)llpsp-1)

From Lemma 35, for \; = T , Lemma 12 holds. Similar to the proof of Lemma 32
we can show that \;’s exist. Further, using Lemma 12 and the fact that ||z — wll, = 7
(Lemma 35), implies that forall 7" > 1

Ar(f(xr) = (@) + wp(a*, 21) < Ao(f(20) — f(@*) + wp(a™,20) =17 > Ak (8)

te[T)
Since f(xr) — f(2*) > 0 and wy(z*, 2;) > 0 for all t. This implies that
rP Z A < wp(a™, 20) = ¥y
te[T]
Since, A P> Zte —7, by Lemma 33, applying Holder’s inequality for some « yields that
(1+e)~! (I+a=h~t
1
St = A (e ar] (2
te[T] te[T) te(T) te(T)

< (T_quo) Ta (5pA;,/p> Tia
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where we used that 2 = ==t and (1 + @) ' + (1 +a )"t = 1.

1
We now use the above to give a lower bound on A7. Using Lemma 36, for o = p, B; = At”"‘ ,

rj =1, 8= ((5p)rPWg) /1F),

Ar}ﬁ > exp(((5p)ar_p\llg)_l/(l+a) T — 1).

p
1/ p+1
Therefore, when T' = O (pp/(p+1) (\p‘;p) ’ log %)

Further, using Eq. (8)

€

_p_
Additionally noting that ¥y = ||a* — z||h we get thatin T = O <p”/(p+1) (M) " log Lo

iterations, we obtain an e-approximate solution.

Appendix C. Proofs for Line-Search Free Method
C.1. Reductions from the o-GMS,, Oracle

We first show a reduction to a general o-MS,, oracle. This is the same as the MS oracles from Mon-
teiro and Svaiter (2013); Carmon et al. (2022) when p = 2.

Definition 37 An oracle O, ), : R 5 R xRy isa 0-MS,, oracle for a function f : R? — R if,
for every c € RY, (z,7) = O, ,(c) satisfies

H’yDIAG(|x - c]pfz)(x —¢)+ Vf(x)) p*

-1
< oylle =l
Additionally, we say O, satisfies an (s, i) movement bound if

= —

S\/(s=p)
ol > (v/p*) if s < o0
P 1/p if s = 0.

We now show how the o-MS), oracle is related to the o-GMS,, oracle.
Lemma 38 If (z,7) = 0-MS,(y), then
(Vi@),z —y) <=1 =o)|x—yllh, and |V f(2)|,- < (1+o)yllz—ylZ™" ()
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Proof Observe that
(Vf(z),z—y)
= (Vf(z) +DIAG(|x — ¢[P?) (z — y) = YDIAG (|2 — ¢[’7?) (z — y), 2 — y)
< (Vf(x) +yDIAG(Jz — P ?) (& — y), 2 —y) —7llz —yll}
< |[Vf(@) +D1aG(jz — c[P72) (@ — y) | .z = yll, — vllz — yll}
< ovllz =yl —~llz —ylb,

as required. The last inequality above follows from the definition of a 0-MS,, oracle. We now show
the bound on ||V f(x)]| =

IVf(z)

= |V f(x) +’yDIAG(\x —cP™ 2)( —c)— ’yDIAG(]a: — c]pfz)(:v — )+ lp
< |V f(x) +yDIAG(|z — cP~?) (& — ¢)|lp» + YIIDIAG (|2 — ¢[P7?) (z — ¢) + ||p
<ovllz—clp ™ + Ayl — b

where the last step follows from the definition of p* and the o-MS), oracle. |
We now prove that the output of an £, oracle is a 0-GMS,, oracle.

Lemma 39 An oracle that returns (x,~) with input c € R, f : R? — R, and

. | | | Aslle —c5 ifs < o
x = the output of a Ep()\)—proxlmal oracle for function f queried at c and,y = 197 (@)]],~ ”
—p T — if s=o00

is a 0-GMS,, oracle that satisfies a (s, min{1/r, (\s)'/*}) movement bound.
Proof Let x be an output of the oracle with input ¢, f. From the optimality conditions for s < oo,
Vf(z) = =As|lz — c[|5PDIAG (|2 — cP72) (x — o),

and for s = oo (from Lemma 35),

\%
Vi(z) = MDIAG(\ — %) (z - o).
TP
Therefore, in both cases, (V f(z),z — ¢) = —v||z — ¢||}. Furthermore, in both cases by a simple

computation we see that ||V f(z)|p« = ||z — c|b~", as required. We next show the movement
bounds. For s = oo, from Lemma 35 ||z — ¢||, = 7, and for s < oo,

1 __s 1 s
yirpT s = (As)srp e | — .
The bound now follows from requiring x> 1/r and p > (\s)'/5. [ |

With the above result on £;())-oracles in hand, Theorems 4 and 7 follow as corollaries of
Theorems 14 and 15 respectively.
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C.2. Proof of Lemma 16

Proof Observe,

Appr (f(@hgn) = f&) = Ae(f (22) — f(2))
= Qt+1 (f(xt-i-l f(z )) + At (f(x:€+1) - f(aft))

< a1 (V (), Ty — 2%) + AV f(2)p1), Ty — 1)  (convexity of f)
= (Vf(@iy1), A2y — A — agax™)
= (Vf(@iy1), A1 @iy + arp12e — Apy g — agax™) (Since A1y = Ay + ary121)

= AL (VI (@) T — Ye) + a1 (VF(2h,0), 20 — 27)

Using the KKT conditions for 2, i.e., differentiating the equation defining z; in the algorithm w.r.t

z, we have
t

Zazﬂin(ac;) = —Vuwp(2t,90), V.

i=1
Therefore,
at11 BV f(@y 1) = Vwp(2t,y0) — Vwp(2e41, Y0)

This implies

a1 841 (V (@44 1), 2e41 — 27) = (Vwp(2e,90) — Vwp(2e41,%0), 2041 — )
= wp(x*, 2t) — Wp(l“*, Zi41) — wp(zu Zi41)

1
< wpl”, ze) — wp(a”, ze41) — g llaees — 2l

where the second equality is the Bregman three-point property (Lemma 29) and the inequality uses
Lemma 30. We additionally bound

a1 (Vf(@41), 2041 — 20) < a1 ||V F(2h41) oz =zl

by Holder’s inequality. Combining these inequalities yields

_ 1
ar 1 (Vf(@)41), 26 — &) < B (wp(2™, 20) — wp(@, 241) — ﬁ”ztﬂ — 2[3)

+ a1 va(x/tﬂ) »

— 2zl

< /Bt_Jrll (wp(x*’ Zt) - wp(x*7zt+1)) + P (2at+1/6t+1 P va(x:€+1) p
1
T . S o |P
5t+1p2puzt+1 2l Brp12v 1 [2t+1 — 2l

< Bt (wp(@*, 21) — wpl@*, 2e41)) + (2ac 1 BE)P"

($t+1)

where the second inequality uses Young’s inequality. Finally, since ;| is returned by o-GMSy, (¢ ),
we have

(V@) @ — ) < —(1 = 0) Aqa |21 — ytHz (10)
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and

(AZCARYI S C e DYRRT /AP i (11)

Putting everything together, we obtain

Ay (F(@hg) = f(2) = Ae(f ) — (=)
<AL (V@) iy — ) + a1 (Vi (2h4), 20 — @)

1 .

<A (1- U))\t+1H$2+1 - yth + (2at+16t-§/-11)) (%11 Z* + 51;+11 (wp(@*, 22) — wp(a™, 2¢41))
1 - * *

< (((2 +20)ara ha BR) = Apyi (1 - ))\t+1> [t = vl )+ B (wp(a™, 2) — wp(a™, 241)).-

We now consider the cases where 3;11 = 1 and 3;11 < 1 separately. If ;11 = 1 we must have
A1 < eyt Agpr = Ajq, and 241 = 27 ;. The above therefore yields

Appr(f (1) = f(27) = Au(f () — f(27))

1

< hein (@4 200000 AT = A1 = 0) )i =l + (o, ) = ", 1)

Now by the definition of A;,1, we have

1

31+0 P 1 L
At+1 = <(1_0_)at+1) Atp—i-l 1 ((2 + 20’)(1,54,_1) >\t+11

and so we have
A (f(es1) = f(@7)) + wp(a®, ze41) < Ae(f(2e) = f(27)) + wp(a™, 2).
By an equivalent argument to Theorem 33, we observe Az ﬁ > Al/ P W > Ag /Py
1—o P t+1

W (as p'/P < 2 for all p), which combined with the above potential bound yields one case of
1

the lemma. B -
If Bi+1 < 1, we have Ay41 > Aigq and By 41 = Ar1- We observe, again using Eq. (10),

Arp1(f(ze1) — f(z )) Ae(f(2e) — f(27))

< B Apr (f (241 () + (1 = Bey1) A(f () — f(2%)) — Ae(f () — f(2¥))

= Bep1 A (f(zi ( ) = Ber1 Ae(f(w) — f(2))

<5t+1((( +20 )at+1>\t+1ﬁt+1) = A (1= o)A )th—s-l Yl + wpla”, ) — wpla®, zer1)

= (2 +20)a0s)" N8P = Ay (1= )Braden ) [whr = w2+ wp(@®, 20) — wp(@®, 2e41)
= ((@+20)a01)" My = Apa (0= ) A ) b = wall? + wple™, 2) = wp (", z241)

where the last equality uses the definition of ;41 and the first inequality uses convexity of f, the
definition of x4 1, and that A, = Bt+1AQ+1 + (1 = Bis1)Ar = Ay + Bry1ai41. The result now

follows from A, ;| = (322q, )P )‘t+1 |
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C.3. Proof of Lemma 14

Proof We first observe that v
0
fxri) — f(o¥) < o
T+1

We will thus bound the right-hand side expression. We bound the number of iterations required
for A; to increase by a factor of 2. Let T} > 1 be given and let T, be the smallest value where
Ar, > 2A7,. We will categorize these iterations by whether A;y1 > A1 or Apr1 < Agyq. Let
S, L be the sets of iterations where 5\t+1 > A41 and 5\t+1 < A¢41 respectively and note that
SUL = [Ty, Ty).

Summing the bound of Lemma 16 over all iterations and recalling Ay = 0 gives

1—-0 <
Aria(f@rin) = F@) + wp(@, 21) < wpla”,20) = 3 2T Al A e — will
teL

2 s
Since the oracle satisfies the (s, ) —yellp > A7~ 5—». Further

since forall t € L, Ay > 5\t+1, the above becomes,

_Sp_

||5Ut+1 - yt” > )‘t+1 U
Since f(x7) — f(z*) > 0 and wy(x*, 2;) > 0 for all t. This implies that
l1—-0 _

HeosT z ZAt—i-l)‘tJrl < wp(a”, 20) = Yo
teL

_ _ _(s=p)(p+1)  p(s—p) sp2
We now observe, by our choice in Algorithm 2, that \py1 = A = Ay 777" Uo7 s=ries for

all t € [T1,T5]. Since A}, > Ar,, this implies

1;0M—5SPAT A - |L| < W,
or,
|L] < %Mippﬂ*s; \I’TOI.
We will now bound the size of set S. Since for every t € S we have Ag fl > Al/ P W =

1— t+1

Al/p + W/\l/p, we conclude
Up AL/P < A1/ 1/ 5 6+ 60 1
2P AP > AP > ALY + [=3un =[5 < T—(An ) /p,
Summing these gives
6 +6 3 s v
o =11 = |S| +|L] € =2 (AR )P + ——pr —
l1-0 Ap \5r

By our choice of \, we have

S—p s
Ty — T < 1iAps P+S\I]ps p+SM87PiPS.
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We now sum this bound over all phases encountered in the 7 iterations. The sum over phases is
p S—p

. . el e e - Ds—pts —P .
the sum of a geometric series with initial term O <Af5 Py b Ms—pﬂ»s) and common ratio

2prs—p+s . We now use the following property of a geometric series with n terms, starting term a and

common ratio r:
nd rt—1 r
3 — n—1
g ar' = a < ar — .
, < r—1 ) - (7" — 1)
=0

Note that ar™ ! is the last term of the series. Applying this to our series, since 5 = O(1), we get,

_p s—p sp
T < O AR 7F Wy imvsas ).

which implies
/p
-1 pg
Yodri, <O (T(ps—p+s)/p '

The result follows with the observation that 22=2%5 — 5(1 + 1) for v = % -1
In addition to the cost of querying the o-GMS,, oracle, the remaining computational costs are
bounded by the costs to update y;, x++1, and z¢41 (wWhich can be expressed in closed-form as a per-

coordinate scaling of the (weighted) accumulation of previous gradients), which are O(d). In addi-

tion, -approximately finding a positive root of the polynomial m(a) = ;\% J/ﬁ_l(—%t:%; a)p/ (=1 _q—
Ay = 0 (i.e., a such that |a < ), is bounded, f _ (1o APTY NP1 (3430 —p
¢ = 0 (i.e., a such that [@ — aro0t| < 9), is bounded, for u = (575) 7 o (3480 —p,

t+1
by O(log(u/¢)), since m(0) = —A; < 0.and m(u) > 0, though we note that this cost is dominated

by O(d). [ |

C.4. Proof of Lemma 15

Proof We follow the proof of the previous lemma. Define S and L as in the proof of Lemma 14.
Again, summing the bound of Theorem 16 over all iterations and recalling Ay = 0 gives
1-0 <
Aria(f(zria) — f(27) + wp(2™, 2041) < wp(a”™, mo) — 3 ZA2+1)\t+1||$2+1 —yellp-
teL

Using the fact that the oracle satisfies the (0o, ) movement bounds, we know that ||z, ; — y|[p >
1/pP for all t.
Since f(x7) — f(2*) > 0 and wy(x*, 2;) > 0 for all ¢t. This implies that

1—0

3

PPy AL e S wpla*, z0) = Yo
telL

We now choose \; = X for all ¢t € [T1,T>]). We will choose this value ) in the end. Since
A}, > Ap, this implies

3 pP¥

L| < = .
’ |_1—0‘)\AT1
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The bound on |S| is identical to Lemma 14:

6+ 60

5] < (ATM)I/”-

Summing these gives

6—1—60’ 1 3 ¥y
Ty~ Ty =|S|+|L| < Ap VP4
R et T
Setting
.
i
Ap 7
for these iterations yields
24 p g
T=T,-T1 < ,up+1\Ilg .
-0

Now, in every T iterations, the value of A7 doubles. Therefore, we need a total of

Pt U
T=0(pur ¥ log —
(Iu,p 0 og 6A0>

iterations to get f(z7) — f(z*) < Aio <e -

Appendix D. Proofs for Applications
D.1. Proof of Theorem 2

Leveraging our framework from Section 3 for the /;-regression problem, we get as an immediate
corollary of Theorem 4,

Corollary 40 Algorithm 2 applied to f(x) = ||Ax — b||$ finds T such that for all k, and x* :=
argmin f(x)
B s||Ax* — Axo|;
f(l') - f(l'*) < ks(P‘Fl)*P :

P

Each iteration k involves solving a proximal subproblem of the form,

min f(2) + Al A(z — eI,

for given constant \j, and vector cy,.

We would use this corollary as the basis to prove our result. We will prove a bound on || Az* —
Azol|;, and show how to solve every proximal subproblem efficiently using O(1) smoothed £,-
regression problems. We begin by proving a bound on || Az* — Azol[;).

Lemma 41 Forany A € R"*% 2 < p < s, let f(x) = ||Az —b||$ and * = arg min,, f(z). Then,
JA(z — )], < 275 (f() = f(2*))"/°.
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Proof Let z € R? be fixed and let £ := f(x) — f(z*). We first note from Lemma 30,

F@) = £07) = (Vi@)a - ") > S A = )
and since V f(z*) = 0,
HA($ _ x*)Hs < 21+1/8(f(1') . f(w*))l/s _ 21+1/581/8.

1_1
Using the relation between norms, i.e., for s > p, and any z € R", ||z||s < ||2]|, < np < |/z]s we

can further bound,
1

HA(':U - x*)”p S n%_s . 21+1/561/5’

as required. |

Solving proximal problems efficiently. We require solving proximal problems of the form,

min [| Az =[5 + A[A(z — 24|,
We will prove the following.

Lemma 42 There is an algorithm that can solve the (3(\)-proximal point problem using 0(1)
problems of the form

mzindTaf + [Jx — mt||2v2f(ﬁl?t) + O(AM)[|A(z — 20l

We first bound the Hessian of the prox problem.
Lemmad43 Let s,p > 2 and define f(x) = ||Axz — b||3. For any y, define fy(z) = f(z) +
Csl|A(y — z) |5 and hy(z) = ||z — y|’2vzf(y) + Csl|A(y — z)||5. Then for Cs = e - s°, for any x,

%Vth(a:) < V2f,(2) < e V2hy(z).

Proof This result follows from a small tweak to the proof of Lemma 4.3 of Jambulapati et al. (2022).
We include the proof here for completeness. Observe that,

V2f(z) = s(s — 1) ATDIAG(|Az — b])* 2 A.
For any vector z,

zTVQf(:U)z =s(s—1) Z | Az — b|f‘2(Az)22

1€[n]

=s(s—1) Z |[Ay — b+ A(x — 3/)‘572(AZ)12

1€[n]

<> (es(s = DAy = b + 5% A(w — )l 2) (A2)F,
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where the last line follows from Lemma 4.1 of Jambulapati et al. (2022). We will now use Holder’s
inequality and the fact that for all vectors w, ||w||oc < [|w]lp,

S stlAd - y) ;2 (A2)E = 5 Z|A i A@ — )l (A2)]

i
< sS||A -y pZ|A y)[P % (Az)?
< Az -yl p||Z”ATDIAG(\A(:B—yHP*Q)A'
Combining yields that,
2TV2f(x)z < es(s — 1)z ATDIAG(|Ay — b])* 2 Az + s°|| A(x — y)Hf,_pHZH?L‘TDIAGGA(I,y”p_z)A
< ellzlivas) + SIA@ = 9131212 pirc( a4 (12)
Now, let g, (z) = Cs||A(y — z)||;,. By a simple calculation, we have that

V2, (2) =Cus(p — D[ A(x — y) ;7 ATDIAG(IA(e — y)|) A + Cus(s — p)[[ Az — )37
ATDIAG(A(z — )P 2|A(x — y)||A(z — )| " DIAG(|A(z — )24
= sCyl| Az — )3 P AT DIAG( Az — )24 (13)

We will now prove the upper and lower bounds on the Hessian of f,(x). We first show the upper
bound V2 f,(z) < e V2hy(z).

Lo i 1o
V() = —Vif(z) + ~Vigy(2)
< V2 f(y) + %HA@ —y)ll5PATDIAG(|A(z — y)|)" 2 A+ évggy(w) (From Eq. (12))

< V2 f(y) + Vgy(x) (From Eq. (13) and Cs > e - s°)
= V2hy,(z).

For the lower bound, switching z and y in (12) gives,

TV (@) > zlvrs) — S NAG — )5 el
As aresult,
V2, () = P F (@) 4V (x) = - (V2hy () = gy(2) ~ V2, ()4 V20, (x) = -7y (a).
|
Similar to Jambulapati et al. (2022), we use the relative smoothness framework from Lu et al. (2018).
Lemma 44 (Lemma 4.4 (Theorem 3.1 from Lu et al. (2018))) Let f, h be convex twice-differentiable

functions satisfying
uV2h(z) < V2 f(x) < LV*h(z)
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for all x. There is an algorithm which given a point xoy computes a point x with
)~ argmin 1(0) < e( o) ~ avgin £))

. L 1)\ - . . . . . . .
in O (ﬁ log ;) iterations, where each iteration requires computing gradients of f and h at a point,

O(n) additional work, and solving a subproblem of the form
min{ (g, z) + Lh(x)}
for vectors g.

We will now prove Lemma 42.
Proof [Proof of Lemma 42] This follows from Lemma 43 and Lemma 44.

We now state and prove our main reduction theorem.
Proof [Proof of Theorem 2]
From Corollary 40 after k iterations, Algorithm 1 finds Z such that for f denoting the /-

regression problem,
~ . sHAz*—Aa:OH;
f(@) = fa") < e

)

From Lemma 41, for for some o, || Az* — Az || < 2079/n 5" (f (z0) — f(2*))P/*. Therefore,

s—p
s25tln o

f@) = f@") < W(f(w) — f(@7)).

P

sS—p
The above implies that in k = O (ns(P+1>—P) iterations, the function error reduces by 1/2 and as a

_sop @) e :
result in at most O(n.s(P+1)—P log %) iterations, the function error reduces to ef(z*). In

other words, we get an e-approximation to the /,-regression problem.

Furthermore, from the relations between s and p norms, we can find a starting solution that is
1 1

an O ns<1’ S> -approximate solution to the ¢-regression problem by solving one problem of the

form of Eq (2). So in at most
O (SnS(Pi_lz))*P log ﬁ)
€

iterations, each iteration solving a prox problem, we can find an e-approximation to the /,-regression
problem.

Furthermore, from Lemma 42, the proximal subproblem required to solve in each iteration can
be reduced to solving O(1) problems of the form,

. T
rnxlnd x4+ ||z — CHQVQf(C) + Aef|z — CHZ

This concludes the proof of our result. |
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D.2. Proof of Theorem 20
Proof We have

<Vf(i‘), T — y> = <Vf(i‘), z— x:,r> + <Vf(53) - Vf(sz), xz,r - y> + <vf(x:,r)7 17:,7’ - y>
< va(‘i.) p wz,er + va('i.) - vf(x:,r) p xz,r - pr + <vf<x:,r)7 x:,r - y>7

where we use Holder’s inequality. Now, since 7 is the output of £,°(,7) we have ||Z — z7 [/, < ¢
and ||z} . — c[|, < r. Furthermore, since f is smooth,

MGG
Using these in the above gives,

(VI(@), & —y) < S|VF@)l,e + Lrs + (VF(a,), 23, —y).

Since x ,. is the solution of a ball oracle, from Lemma 35, ||z, — ¢|[, = r and

< L& -, |, < L5,

. IV (@2 ) lp/p—1 2,
V(i) =~ DIAG Ja, — o) (a, o).
As aresult,
- ~ - va(xz,’f') * % P
(Vf(@), 2 —y) <4|Vf@),+Lré— 1 I1%er— pr
— SIVF @, + Lor — [V 2] ot — o]l
Now, using the triangle inequality,
(Vf(@), & —y) <OIVF@),- + Lor — V(2 )|, 12 =y,
+ va(x:,r) p* x:,r - {in
<OV @)l + Lor — [V f (@2, 17 = wll,
+ ||V f(z},) — V(@) e 1T — :Z"Hp IV @) ||z — i”p (Triangle inequality)
< 2|Vf(@)e + L(r +0) = [V f (22|17 = vll, (7 = 2¢,llp < 6,f is L smooth)
< 20|V (@) e + LO(r +0) = IV ()]« | = 9],
+ HVf(:i) = Vi(ze,) , yll, (Triangle inequality)
< 20|V (@) e +2L0(r +6) = [V (D) - [12 = yll,,
(A =)[VI@),- T =yl (From our choice of §)
IVf(Z)]],-
= —(1—o)——— 5@ -yl
17—yl 8
(1= o)illE — I
In addition, we have
I | 71Co i
IV F ()] :WH yllp =z =yl < A+ o)lz —yll;
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and so it follows that the oracle implements a 0-GMS,, oracle. We furthermore may observe that
the oracle satisfies an (0o, (r — §) ') movement bound, since

1Z =yl > [Je7, —y| = |27, — 7] =7 -0

D.3. Proof of Theorem 21

Proof The proof follows along similar lines as that for Theorem 10, though slightly modified to
account for the smoothness in |[-[|g2 ), as well as the fact that the 2+ update is now constrained.
In particular we have that, for all ¢,

(Vf(@i41), Tee1 — ) = (Vf(@e1) = Vf(@r), 21 — ye) +(VF(@4), Tepr — ye)

< |IVf(@e1) — Vf(fft)||(v2f(c))fl [ ze1 — l/t”v?f(c) +(Vf(e)s ze1 — we)
IV f(ze41) - vf(‘rt)H(V?f(c))*l [@e41 — yt||v2f(c) — 2||wpg1 — ytH2v2f(c)

IN

A

2
< —&llwerr — vello2 g

where the second inequality follows from the optimality conditions for x; 1, and the final inequality
follows from the smoothness in ||-[|g2 ¢, We additionally note that, for d(z) = HIIJH2V2 f(c)» We have

w(z,y) = ||z — yH2V2 #(c)» thus yielding the remaining parts of the proof, so that, letting x o and
x,7 denote the starting and final iterates of the k" call to Algorithm 3 (i.e., at the k*” iteration of
Algorithm 4), we arrive at

A€ ||zn0 — $2,r|’2§2f(c>
T2 ‘

flanr) = fzg,) <

Finally, the fact that, by Hessian stability, the function is £~! strongly convex with respect to
|*[ls2 £(c)» Wwhen combined with a standard restarting argument, leads to

1—2
2 _d »

s = 2|l <

1—-2
ST Fag) - fla,) < 82

2
||£L'K — x*HVQf(c) §

after KT = O(¢ log(W)) <O0(¢ log(gﬁ’”

0, as desired. [ |

Appendix E. Proofs for Lower Bounds
E.1. Useful Lemmas

We begin by observing useful properties of this function and its optimizer x*, whereby we find it
helpful to define, for all &' < k,

Sy = {x :supp{z} C {1,...,K'}}.

34
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Lemma 45 Let k' < k. Then, for any v € Sy,
gr(x) > — (K +1) - Broy.
Proof Since z € Sy, we know that zy/11 = 0. Now,

gr(x) > B llgzs‘igk{wz‘ —ap i} > Be(ap — ok (K +1)) = —Bray - (K +1).

|
Lemma 46 Let x* denote the optimizer of Problem (4). Then for 1 < k' < k,
PR

*

In addition, we have that ||z*|| < 2R.
~R/KMP i <K

Proof Consider the point y; = { / nr= . Now, |ly|l, < R, and so it follows that

otherwise.

* _ _BkR
gr(2") < g(y) = maxq fi(y), Br(llyll, — 2R) — oy p < max e O —BrR — g
_ BeR
- /e

In addition, we may observe that, for any z s.t. ||z, > 2R, gx(2) > Bk(|[z, — 2R) — ay, >
—ay, whereas gy, (z*) < —ay, meaning we have [|z*||, < 2R. [

We now show that if there is a sequence of iterates ("), for 1 < i < ¥/, such that (9 € S;, then we
can give a lower bound.

Lemma 47 Let x(i),for 1 < ¢ < k' be such that z® e S; for all i. Then,

BrR

m —(i+1)- Brag,

gk(2) — gp(a*) >

and so, after k iterations, we have

AR?
gk (1) — gp(z*) > S p
16(k+1) »

Proof The proof follows from Lemma 45 and Lemma 46 and using (1 — %)S_l > 1/4. |

E.2. Proof of Lemma 25

Lemma 48 Let k,d € N be such that 1 < k < d, and let gj, be as in (4). Then, gy is an £;())-
proximal zero-chain.

Proof We will prove this by induction.
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Base case: Let z = 0, meaning that supp{z} = 0. Now, letting 2’ = Oy, ) p.s(x) = O, 1 p,s(0),
we must have from optimality conditions one of the following two cases, depending on which
function maximizes gi(z). (To simplify presentation, we let, |v|, sgn(v) denote the coordinate-
wise absolute value and sign, respectively, for a vector v.)

e Case 1:
nl- , ' ‘ '
023 s~ 0 s~
where (¢0)P =1 = ("), ., (T
e Case 2:

Vfi(@®) = =X s)|2® — ch,_p\x(i) — [Pt sgn(z® — ).

For Case 1, it follows that 2/ = 0 € Si, and so the zero-respecting condition is satisfied. It
remains to handle Case 2, which occurs when the maximizing function is f(x). Now, let 2/ =

1
— (f—f\) " e1. We claim that 2/ satisfies the optimality conditions. First, from the definition of gy,
we have that

N = I .
(&) = B pma (s — i ).

Now, from the value of ay, since ) — ag, > —2ay > —3ag,- -+, we must have that gi(2') =
Br(x1 — ay). Therefore, Vgi(z') = Bre1. Thus, one may verify that the optimality conditions are
satisfied by 2/, which proves the base case since supp{z’} = {1}.

If 2U) € S;,Vj <i—1: Since ) = Oy, A p,s(C), ¢ € Si_1, we must again have from optimality
conditions one of the following two cases, depending on which function maximizes g ().

e Case 1:

1-p

Hm(i) ()Pl = X 5]jz® — CHZSO—;D‘:L,(Z') — P sgn(z® — ),
where (2())P1 = [(a)71, . (a1

e Case 2: ' . ‘ '
Vfila®) = =X sz — |57z — [P~ - sgn(a® — ).

For Case 1, it follows that, since ¢ € S;_1, we have that z(V € S,_; C S;, and so the zero-
respecting condition is satisfied.
It remains to handle Case 2, which occurs when the maximizing function is fi(x). To begin,

5 ) 1/(s—1)

consider z(9) = ¢c—~e; fory = (ﬁ . Since, by our choice of v (as well as ay,), we have that

—y —dag > —(i + D)y, > —(i + 2)ay -+, it follows that arg max; fy(z\” — ja) C {1, ,4}.
Therefore, we have that Vg (z()) € Brconv(e;,j < i). Furthermore, we observe that

X5z — 5Pl — P! sgn(a®) — ¢) = Be; € Breonv(e;, j < i),

which establishes that (%) satisfies the optimality conditions. It follows that supp{z=(®¥} C {1,2,--- ,i}.
|
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E.3. Proof of Theorem 5

Theorem 5 (£;(\)-Proximal Oracle Optimization Lower Bound) For every £, (\)-proximal zero-

respecting algorithm (Definition 22) given p,s > 2, A > 0, ¢ > 0, there is a function f :
1

R — R such that any x in the first k = O((\||«*||5/€)30+) iterations of the algorithm satis-

fies f(z) — f(a") > e

Proof Let A be any /7 (\)-proximal zero-respecting algorithm and construct f = gy, as in (4). Now,
consider the optimization problem min . <g f(x). From Lemma 25, the first k& queries 2@ i <k
from A, satisfy 2@ e S; for all i < k. Now, from Lemma 47 for all 1 < k,

AR?

f(m(l)) - f(CC*) Z s(p+1)—p °
16(i + 1) 7

1 ,
Thus, foralli < k = O(@) ST f (@) — f(a*) > e [ |

E.4. Proof of Lemma 49

Lemmad49 Let k,d € N be such that 1 < k < d, and let g be as in (14). Then, gi is an
£:°(r)-proximal zero-chain.

Proof We prove by induction.

Base case: We know that 2(*) = 0. Now, since 2() = Oy, ;.,, 5 (0), we must have ||z(V)], < r
and using Lagrange duality, we want to solve,

min max gy (z) + (|l —r").

When 1 > 0, we must have ||z, = 7. If u = 0 then Vgg(z™M) = 0 and |2V ||, < r. The later
case cannot happen since Vg (x) is not O for any x. Therefore, (1) = —re; satisfies the above
optimality conditions if the corresponding p is positive. If that is true, then since the problem is
strictly convex z(1) must be the unique solution.

We now verify that for this value of 56(1), > 0. This is because, gk(:c(l)) = 21 — o since o >
4r. As a result Vg (z()) = e;. From the optimality conditions, Vg(z")) = —up|z® [P~221)
which gives, = 1/(prP~1) > 0.

1)

If zU) € S;,Vj < i—1: Since ' = Oy ;poo(c), we must have that ||z — ¢[|, = r and
following a similar reasoning with respect to the optimality conditions as before, it again follows
that () = ¢ — re; € S;. [ |

E.5. Proof of Theorem 8

Similar to the s < oo setting, and letting fj () = max;<;< k{xi —1i-4r}, we consider the following
hard function:

gr(w) 1= max{ fi(2), o], — 2R — 4r}. (14)
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Now from Lemma 47, for () € S; (i > 1),

g (2®) — gi(z*) > —4r(i +1). (15)

(i +1)/p
We can now complete the proof of Theorem 8, which we restate here for convenience.

Theorem 8 (¢, Ball-constrained Oracle Optimization Lower Bound) Forevery £;° (r)-proximal

zero-respecting algorithm (Definition 26) given p > 2, v > 0, there is a function f : R* — R such
_p_

that any x in the first k = O((||z*||p/r)?+1) iterations of the algorithm satisfies

Fla@) = f(@*) = Qo [ 0HD/ 04,

Proof From Lemma 49, 2 e S;. Further, from Eq. (15),

R

7(2 )i —4r(i+1).

ge(@”) = g(z*) >

So for the first k = O((R/r)71) iterations, gi (V) — g(z*) > Q(RY ®+1) 2/ (1)), |
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