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ABSTRACT

Influential benchmarks incentivize competing model developers to strategically
allocate post-training resources towards improvements on the leaderboard, a phe-
nomenon dubbed benchmaxxing or training on the test task. In this work, we
initiate a principled study of the incentive structure that benchmarks induce. We
model benchmarking as a Stackelberg game between a benchmark designer who
chooses an evaluation protocol and multiple model developers who compete si-
multaneously in a subgame given by the designer’s choice. Each competitor has
a model of unknown latent quality and can inflate its observed score by allocat-
ing resources to benchmark-specific improvements. First, we prove that current
benchmarks induce games for which no Nash equilibrium between model devel-
opers exists. This result suggests one explanation for why current practice leads to
misaligned incentives, prompting model developers to strategize in opaque ways.
However, we prove that under mild conditions, a recently proposed evaluation
protocol, called tune-before-test, induces a benchmark with a unique Nash equi-
librium that ranks models by latent quality. This positive result demonstrates that
benchmarks need not set bad incentives, even if current evaluations do.

1 INTRODUCTION

Traditionally, machine learning benchmarks came with a fixed training set, requiring that all models
under comparison train on the same data. The situation has changed with large language model
benchmarks that typically only provide test data, leaving the choice of training data to the model de-
veloper. This has raised the concern that model developers can inflate benchmark performance with
benchmark-specific tweaks that don’t broadly improve model capabilities. The resulting problem,
called benchmaxxing or training on the test task, confounds model comparisons and may cause mis-
leading leaderboards, as prior work shows (Dominguez-Olmedo et al., 2024; Singh et al., 2025). But
the situation need not be a sign of cheating or wrongdoing. Rather, influential benchmarks incen-
tivize competing model developers to strategically allocate post-training resources towards improve-
ments on the leaderboard. Although widely recognized, there is currently no formal understanding
of the incentives that benchmarks set.

In this work, we initiate a principled study of the incentive structure that benchmarks induce. We
model benchmarking as a Stackelberg game between a benchmark designer and multiple competing
model developers. The designer chooses an evaluation protocol, and the model developers compete
in a simultaneous-move subgame given by the designer’s choice. Each competitor has a model of a
latent quality — unknown to the benchmark designer — and can inflate the observed model score
by allocating additional resources to benchmark-specific improvements at a cost. The designer aims
to choose an evaluation protocol so that the resulting benchmark yields a ranking by latent quality
at equilibrium when competitors best respond to each other.

1.1 OUR RESULTS

Our first result is descriptive and negative: Current benchmarks induce games in which generally
no Nash equilibrium between model developers exists. Model developers are always incentivized
to strategize in opaque ways, leading to uninterpretable leaderboards that may not reflect a ranking
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by latent quality. In contrast, our second result is prescriptive and positive. Under mild conditions,
the designer has a cost-effective evaluation strategy that induces a subgame with a unique Nash
equilibrium that ranks models by latent quality. In addition, at this equilibrium solution, model de-
velopers refrain from benchmaxxing altogether, investing no additional effort in benchmark-specific
improvements.

What makes the incentive design problem challenging is that the benchmark creator has no control
over the utility each model developer has for gains on the leaderboard, does not know latent capabil-
ities, and cannot limit how much effort model developers invest. The evaluation protocol we study
tunes each model on the same small amount of task-specific data before evaluation. The intuition
is that a small amount of task-specific preparation levels the playing field by washing out minor
benchmark-specific tweaks. Previous work showed empirically that this intervention, called tune-
before-test (TbT), leads to consistent model rankings across a wide range of benchmarks (Zhang
et al., 2025). Our main result adds a game-theoretic justification: Tune-before-test creates incen-
tives that lead to rankings by latent quality at equilibrium. Surprisingly, a small amount of data
suffices to realize the same effect as orders of magnitude more training, as we show.

Complementing our theoretical results, we demonstrate empirically that the assumptions of our the-
orem hold in a case study of a representative benchmark. After applying tune-before-test with only
3,000 steps, a model developer would have to invest at least 384,668 additional training steps to
change model rankings. This captures why TbT can be such an effective intervention: by pushing
all models into a diminishing-returns regime, it greatly increases the marginal cost of further score
improvements. As a result, overtaking nearby competitors requires substantially more additional ef-
fort, amplifying the asymmetry in local overtaking incentives predicted by our theory (see Figure 1
right).

1.2 RELATED WORK

Benchmarks have been the key driver of machine learning progress by enabling frictionless com-
parison and competition (Donoho, 2024) between models. In the traditional supervised learning
paradigm, benchmarks typically come with a fixed training set and a held-out test set (Lyons, 1993;
LeCun & Cortes, 2010; Sang & Meulder, 2003; Liberman, 2015; Hardt & Recht, 2022), enabling
relatively controlled comparisons across methods. Although test-set reuse (Duda & Hart, 1974) can
erode classical statistical guarantees (Dwork et al., 2015a;b; Blum & Hardt, 2015; Mania et al.,
2019), fixed train/test splits have historically supported relatively robust model comparison and
have helped establish widely adopted baselines, exemplified by the ImageNet challenge (Deng
et al., 2009; Russakovsky et al., 2014) and its role in accelerating the adoption of deep learn-
ing (Krizhevsky et al., 2012; Goodfellow et al., 2016; He et al., 2015).

A key reason benchmarks are useful in practice is external validity (Liao, 2021; Salaudeen et al.,
2025): performance and rankings on one benchmark often correlate with performance on related
datasets and tasks (Yadav & Bottou, 2019; Recht et al., 2019; Miller et al., 2020a), allowing prac-
titioners to select strong models with some confidence. For instance, studies have shown that Im-
ageNet rankings transfer well to other image datasets (Kornblith et al., 2018; Salaudeen & Hardt,
2024). In the large language model (LLM) era, however, many influential benchmarks provide pri-
marily test instances and a scoring protocol (Patwardhan et al., 2025; Glazer et al., 2024; Zhou et al.,
2023a; Jain et al., 2024), leaving training data and post-training choices largely unconstrained (Raf-
fel et al., 2019; Albalak et al., 2024; Guha et al., 2025; Li et al., 2024). This change expands the
space of strategic choices available to model providers and can lead to substantial ranking variation
across benchmarks (Huan et al., 2025; Zhang & Hardt, 2024; Liang et al., 2023; Fourrier et al., 2024;
Hardt, 2025), even among benchmarks that aim to measure similar capabilities.

One mechanism behind the ranking variation is what Dominguez-Olmedo et al. (2024) call training
on the test task. Model providers conduct benchmark-aware post-training (Touvron et al., 2023)
and data curation (Guha et al., 2025) to achieve large gains on measured tasks without comparable
improvements in general capability (Zhou et al., 2023b; Singh et al., 2025). Training on the test
task differs from training on the test set (Yang et al., 2023), or data contamination (Jiang et al.,
2024; Yang et al., 2023; Bordt et al., 2024), where models train directly on the test data. Instead, it
captures optimization to the evaluation’s task distribution or protocol, such as curating instruction
data that matches a benchmark’s format and rubrics or tuning with feedback aligned to its scoring
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procedure (Dominguez-Olmedo et al., 2024). Because such task-level alignment is difficult to detect
and is often not explicitly ruled out by benchmark rules, it can confound leaderboard interpretation:
scores conflate latent capability (Ruan et al., 2024) with benchmark-specific effort (Schaeffer et al.,
2023). Model providers can strategically choose how much benchmark-specific effort to invest per
benchmark, which yield inconsistent rankings.

A natural way to mitigate benchmark-specific advantages is to reduce heterogeneity in how models
are prepared for the evaluation. Zhang et al. (2025) propose tune-before-test (TbT), in which all
models are fine-tuned on benchmark-specific data before evaluation to equalize preparation. Their
empirical results show that TbT can restore ranking consistency across tasks from different domains
and reveal that post-TbT scores are dominated by a low-dimensional latent capability factor. While
Zhang et al. motivate TbT as a post-hoc correction for observed rankings, we study it as an ex ante
mechanism design choice (Manheim & Garrabrant, 2018). In our setting, a benchmark designer
commits to an evaluation protocol (including a TbT baseline), anticipating that competing model
providers will respond strategically by allocating additional post-training effort. We ask when an
equilibrium exists in this competition and whether equilibrium rankings recover a ranking by latent
capability.

Relevant to our work is the literature on strategic classification Brückner & Scheffer (2011); Hardt
et al. (2016), which studies decision-making when individuals may adapt their features in response
to a deployed model. See Rosenfeld (2024) for a survey. These interactions are typically modeled
as a Stackelberg game, where a decision-maker commits to a classifier and strategic individuals best
respond myopically to the classifier. An important question in this literature is how to incentivize
genuine improvements rather than superficial gaming Kleinberg & Raghavan (2020); Miller et al.
(2020b); Alon et al. (2020); Chen et al. (2023). Our work shares this focus on incentives. In a
departure from the classification setting, however, ranking inherently creates competition between
participants: when one model moves up in rank, another must move down. The leaderboard there-
fore induces a game between competitors. This aspect of our work also connects to recent work on
markets induced by predictive systems Einav & Rosenfeld (2025); Sommer et al. (2025). Closely
related is the work on strategic ranking Liu et al. (2022), for which we provide a detailed discussion
on the differences between our paper and theirs in the appendix.

2 PRELIMINARIES

Capability, effort, and post-effort score. Consider a set of LLM model developers N =
{1, . . . , n} who submit a model to a benchmark leaderboard curated by a leaderboard designer. Each
model has a latent variable θi ∈ R≥0 capturing general model capabilities. This abstraction is em-
pirically motivated by evidence that performance across diverse language-model benchmarks admits
a low-dimensional structure and is often dominated by a general capability factor (Ruan et al., 2024;
Zhang et al., 2025). The setting extends straightforwardly to a multi-dimensional latent capabilities
vector θ⃗i ∈ Rd

≥0 with a benchmark-specific coefficient vector w so that θi = ⟨w, θ⃗i⟩. Without loss
of generality, we index models in decreasing order of latent capability, i.e., θ1 > θ2 > · · · > θn.
Capabilities are known to model developers but not to leaderboard designer.

Before evaluation, a model may undergo additional benchmark-specific adaptation. We represent
the total amount of benchmark-specific preparation by a scalar e ∈ R≥0, which may be performed
by the model developer, and/or applied uniformly by the leaderboard designer (as in tune-before-
test). Following the empirical tune-before-test approach of Zhang et al. (2025), we use the amount
of benchmark-specific fine-tuning data (e.g., number of training examples) as a concrete and mea-
surable proxy for this adaptation. We model benchmark performance through a post-effort score
mapping v = v(θ, e):

Definition 2.1 (Post-Effort Score). The post-effort score of a model with capability θ and total
benchmark-specific training effort e is v(θ, e) : R≥0 × R≥0 → [0, 1].

The function v(θ, e) captures how capability and benchmark-specific effort translate into its actual
benchmark performance. For simplicity, we model v deterministically; equivalently, our results can
be interpreted in terms of expected scores under evaluation noise.
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Leaderboard rewards. Let {Rj}nj=1 denote the reward assigned to the model ranked j, where
rewards are non-increasing in rank, i.e., R1 ≥ R2 ≥ · · · ≥ Rn ≥ 0. This means higher-ranked
models receive greater downstream benefits (e.g., more downstream users, higher visibility) from
their leaderboard positions.
Example 2.2. Two canonical leaderboard reward settings:

1. Winner-take-all: only the top-ranked model receives a reward, i.e., R1 > 0 and Rj = 0 for
all j ̸= 1.

2. Top-k rewards: the top k models receive the same reward, i.e., Rj = R > 0 for j ∈ [k] and
Rj = 0 for j > k.

Tune-before-test methodology. We model tune-before-test (TbT) as a designer-chosen baseline
effort ∆tbt ≥ 0 that applies the same amount of benchmark-specific fine-tuning to every submit-
ted model prior to evaluation. We treat TbT as an explicit component of the evaluation protocol:
the leaderboard designer commits to ∆tbt, and model developers choose any additional benchmark-
specific effort in response. Setting ∆tbt = 0 recovers standard evaluation without TbT, so the con-
ventional leaderboard protocol is a special case of our framework.

3 STACKELBERG RANKING GAME

We model leaderboard evaluation as a Stackelberg game with a single leader and multiple followers
(Von Stengel & Zamir, 2010). The leader (the leaderboard designer) first commits to an evaluation
protocol, after which the followers (model developers) simultaneously choose benchmark-specific
effort. We study outcomes in which the developers play a Nash equilibrium of the induced follower
game, and the leader chooses its action, anticipating this equilibrium response. Such an outcome is
often referred to as a Stackelberg–Nash equilibrium (Marchesi, 2021).
Definition 3.1 (Stackelberg Ranking Game). The players are a leaderboard designer (the leader) and
a set of model developers N = {1, . . . , n} (the followers). Model developers have latent capabilities
(θi)

n
i=1, which are common knowledge among the model developers but unknown to the designer.

A public rank-based reward {Rj}nj=1 assigns reward Rj to the model ranked j. The sequence of
actions is as follows:

• The designer commits to a benchmark and a tune-before-test baseline ∆tbt ≥ 0.

• After observing ∆tbt, developers simultaneously choose additional effort levels ei ≥ 0.

Scores are realized as vi = v(θi, ei +∆tbt), and models are ranked by v = (v1, . . . , vn) (ties broken
deterministically). Both parties’ utilities are specified in Theorem 3.2 and Theorem 3.4.

3.1 MODEL DEVELOPER’S UTILITY AND EXTERNALITIES

Model developers are modeled as rational agents whose utility equals the rank-based reward minus
the cost of additional effort. We use a cost function c : R≥0 → R≥0 to capture the effort costs 1.
Because rewards depend on rank, incentives are inherently interdependent: improving one model’s
rank necessarily lowers another’s. As a result, a developer’s optimal effort depends not only on its
own capability and cost, but also on competitors’ efforts. Let e−i denote the vector of the efforts of
all models except i. We define the utility of developer i as follows:
Definition 3.2 (Model Developer’s Utility). Given a rank-based reward (Rj)

n
j=1 and a fixed tune-

before-test adjustment level ∆tbt ≥ 0, the utility of model i with capability θi and effort ei is

Ui(ei; e−i,∆
tbt) = Rrank(vi) − c(ei), (1)

vi = v(θi,∆
tbt +ei), rank(vi) := 1 +

∑
j∈N\{i}

I{vj > vi} .

1We assume a common cost function for all model developers for simplicity. In Theorem C.1, we show
that multiplicatively separable costs (Ci(ei; θi) = γi c(ei)) yield an equivalent follower game after rescaling
rewards.
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Nash equilibrium of the induced follower game. For a fixed TbT level ∆tbt, the developers’ in-
teraction forms the induced follower game, for which we use pure-strategy Nash equilibrium (Nash,
1950) as the solution concept. Intuitively, an effort profile is at equilibrium if no developer can
improve its utility by unilaterally changing the amount of benchmark-specific effort it invests:
Definition 3.3 (Follower Game’s Nash Equilibrium). Fix a TbT level ∆tbt. An effort profile e∗ =
(e∗1, · · · , e∗n) is a pure-strategy Nash equilibrium (PNE) of the induced follower game if, for every
model developer i ∈ N ,

e∗i ∈ argmax
e≥0

Ui(e; e∗−i,∆
tbt),

where e∗−i denotes the equilibrium efforts of other models.

Although real-world leaderboard competition involves repeated submissions over time, equilibrium
analysis still provides a useful baseline: it clarifies whether incentives can ever settle, or whether the
leaderboard instead induces persistent “arms-race” behavior.

3.2 LEADERBOARD DESIGNER’S UTILITY

While model developers seek to maximize rank-based rewards, the leaderboard designer evaluates
a benchmark by how well its induced ranking reflects the models’ latent capabilities. Because the
designer only observes benchmark scores, it aims to choose an evaluation protocol that yields a
ranking aligned with the capability ordering, while incurring a cost for interventions such as tune-
before-test. A minimal way to capture this objective is through a ranking correctness criterion:
Definition 3.4. (Leaderboard Designer’s Utility) Given a tune-before-test level ∆tbt and a follower’s
effort profile e = (e1, · · · , en) inducing post-effort scores vi = v(θi, ei + ∆tbt), the leaderboard
designer’s utility is:

UL(∆tbt; e) = RL · I[Rank(vi) = Rank(θi), ∀i]− n · cL(∆tbt), (2)

where RL ≫ 0 is the reward from achieving a capability-consistent ranking, and cL(∆tbt) is the
per-model cost of applying tune-before-test level ∆tbt.

This binary formulation captures the designer’s core concern: whether the leaderboard correctly
orders models by latent capability. One could alternatively model the designer’s objective more
smoothly using a rank-correlation metric such as Kendall’s τ (Kendall, 1938), which rewards partial
agreement between score-based and capability rankings, minus the cost of tune-before-test adjust-
ment.

We assume that achieving a capability-consistent ranking is the designer’s primary objective, in the
sense that RL is large enough that any capability-consistent ranking is preferred to any inconsistent
one, even after accounting for tune-before-test costs. We also assume that cL(∆tbt) is increasing in
∆tbt. Under these preferences, among all tune-before-test levels that induce a follower equilibrium
preserving the capability ordering, the designer prefers the cheapest one. The leader’s optimal choice
then corresponds to the Stackelberg–Nash equilibrium defined below.

3.3 STACKELBERG-NASH EQUILIBRIUM

Formally, a pair (∆tbt⋆, e⋆) is a Stackelberg–Nash equilibrium if: (i) e⋆ is a pure-strategy Nash
equilibrium of the induced follower game under ∆tbt⋆, and (ii) ∆tbt⋆ maximizes the designer’s utility
anticipating this response.

We begin by fixing ∆tbt and analyzing the induced follower game. Understanding the existence of
follower equilibria and the rankings they generate is a prerequisite for determining the designer’s
optimal policy. In Section 5, we then study how to choose the optimal TbT level ∆tbt⋆ to maximize
the leaderboard designer’s utility.

4 EQUILIBRIUM ANALYSIS OF THE FOLLOWER GAME

What incentives does a rank-based leaderboard create for the strategic model developers? When
model developers can invest in additional benchmark-specific post-training to improve performance,
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Figure 1: Left: Continued post-training trajectories of Qwen2.5 models of different sizes on
Winogrande. Here, we use model size as a proxy for the model’s latent capability θ. The x-
axis denotes the amount of post-training steps (each step corresponds to 8 data points), reflecting
post-training effort e. The y-axis denotes accuracy on the validation set, i.e., v(θ, e). For each model,
we fit a curve following Equation (3). The empirical results align with the assumptions of mono-
tonicity in capability, diminishing returns and saturation in effort, and non-decreasing effort gaps in
Assumption 4.2. See Appendix F for additional details and results for the other eight benchmarks.
Right: For each tune-before-test level ∆tbt (the amount of benchmark-specific finetuning steps, x-
axis), we calculate the minimal additional steps required (y-axis) to change the ranking for at least
one model, i.e., minr∈{2,...,n} e

req
r (∆tbt), based on the fitted curves on the left. With ∆tbt = 3, 000,

at least 384,668 training steps are needed to change the ranking of one model.

a central question is whether the induced competition admits a pure-strategy Nash equilibrium, that
is, whether incentives can settle at a stable effort profile.

Perhaps surprisingly, our first result is partially optimistic: whenever a pure-strategy equilibrium of
the induced follower subgame exists, the resulting leaderboard ranking must preserve the latent ca-
pability ordering (Theorem 4.3). In this case, any strategic post-training should still lead to a stable
and correct ranking. However, as we point out later, the more subtle issue is that such equilibria need
not exist. We show that equilibrium existence depends critically on the reward gaps between adja-
cent ranks (Theorem 4.6). When rewards are sufficiently flat, developers face persistent incentives
to “just overtake” nearby competitors, leading to arms-race dynamics.

4.1 ASSUMPTIONS AND EMPIRICAL VERIFICATIONS

To analyze equilibrium behavior in the induced follower game, we need to make some structural as-
sumptions on (i) the cost of benchmark-specific post-training, and (ii) how benchmark performance
depends on a model’s capability and post-training effort.

Initial benchmark-specific data curation may be inexpensive, but getting more data typically be-
comes progressively more costly (DatologyAI, 2024). To capture this, we assume that the cost of
effort is non-decreasing and convex:
Assumption 4.1 (Cost Function c). The cost of benchmark-specific post-training c : R≥0 → R≥0

is non-decreasing and convex, with c(0) = 0 and lime→∞ c(e) = ∞.

Next, we impose structure on the post-effort score function:
Assumption 4.2 (Post-effort score function v). Let v : Θ × R≥0 → [0, 1] denote the post-effort
score function, where θ ∈ Θ ⊆ R≥0 is the capability and e ∈ R≥0 is the total effort. Assume v is
continuous and that for all (θ, e):

C1. (Monotonicity in capability) Holding effort fixed, higher capability yields a higher score:
∂θv(θ, e) > 0.

C2. (Diminishing returns and saturation in effort) Effort weakly improves performance but
with diminishing marginal returns, and scores converge to a finite limit: ∂ev(θ, e) ≥ 0,
∂eev(θ, e) ≤ 0, and v∞(θ) := lime→∞ v(θ, e) exists and is finite.
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C3. (Non-decreasing effort gaps) Let ereq(s; θ) := inf{e ≥ 0 : v(θ, e) ≥ s} denote the
minimal effort required for capability θ to reach target score s ∈ [0, 1]. For any θ′ > θ, the
effort advantage of higher capability, ereq(s; θ) − ereq(s; θ′), is (weakly) nondecreasing in
s.

These conditions capture three widely observed regularities in post-training scaling behavior:
higher-capability models perform better at any fixed effort (C1), benchmark-specific training ex-
hibits diminishing returns and saturation as models approach the benchmark’s performance ceiling
(C2). C3 further requires that as the target score increases, it does not become easier for a lower-
capability model to close the gap through post-training alone. This is a standard single-crossing–type
regularity condition in economic theory (Topkis, 1998), and is consistent with empirical observations
that stronger foundation models tend to make more effective use of additional training, especially at
a higher target score (Wei et al., 2021).

Example: generalized power-law scaling. As an illustrative functional form consistent with As-
sumption 4.2, consider a generalized scaling law motivated by empirical studies of post-training
behavior (Ruan et al., 2024; Finnveden, 2020; Owen, 2024). Let

ṽ(θ, e) :=
v(θ, e)− L(θ)

U(θ)− L(θ)
∈ [0, 1]

denote a normalized score, where L(θ) and U(θ) represent model-specific lower and upper perfor-
mance levels. Suppose

σ−1
(
ṽ(θ, e)

)
= α(θ) + β(θ) log(1 + e), (3)

where σ−1 is the logit link function, α(θ) is the baseline performance on the logit scale, and β(θ) >
0 is the scaling coefficient governing how efficiently extra compute improves performance. If α(θ)
and β(θ) are both weakly increasing in θ, this specification satisfies all conditions in Theorem 4.2
(C1–C3).

We also provide empirical evidence for Assumption 4.2 using controlled post-training experiments
within a single model family. Because latent capability θ and prior benchmark-specific post-training
effort are unobserved, we restrict attention to Qwen2.5 models (Yang et al., 2024). Within this
family, we use model size as a proxy for capability θ, and we treat the models’ pre-existing post-
training as approximately the same across sizes. We then apply additional benchmark-specific post-
training to each model on the benchmark’s training set, plotting performance on the validation set
as a function of added effort e (measured by the incremental number of training steps).

Figure 1 (left) shows the results on Winogrande, a large-scale commonsense pronoun resolution
benchmark introduced by Sakaguchi et al., while results for the other eight benchmarks are in Sec-
tion F. For each model size, we fit the generalized power-law specification in Equation (3). The
fitted curves track the observed points closely and are consistent with Theorem 4.2. First, at any
fixed e, larger models achieve better performance (monotonicity in θ, C1). Second, gains from ad-
ditional effort diminish and scores approach a plateau (concavity and saturation in e, C2). Third, the
horizontal distance between curves—interpretable as the extra effort required for a smaller model to
match a larger model’s target score—does not shrink at higher target accuracies (increasing effort
gaps, C3). For instance, the implied effort gap between Qwen2.5-3B and Qwen2.5-7B is larger at
88% accuracy than at 86%, as illustrated by the dashed guides in Figure 1 (left).

4.2 ORDER PROPERTIES OF EQUILIBRIUM PROFILES

Our first result shows that if the induced follower game admits a pure-strategy equilibrium e∗, the
resulting leaderboard ordering must respect the latent capability ordering (Theorem 4.3). Intuitively,
this means that if all developers choose benchmark-specific post-training optimally, strategic fine-
tuning alone cannot cause a lower-capability model to strictly outrank a higher-capability one:
Proposition 4.3. Under Theorem 4.1 and Theorem 4.2, fix any tune-before-test adjustment level
∆tbt ≥ 0. If the follower game admits a pure-Nash equilibrium e∗, then for any i, j,

θi > θj ⇒ v(θi,∆
tbt +e∗i ) ≥ v(θj ,∆

tbt +e∗j ).

In particular, post-effort scores at equilibrium preserve the latent capability ordering up to ties.
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Theorem 4.3 offers reassuring news: if the leaderboard competition ever settles, it will settle in the
right order. However, this positive result comes with an important caveat. As we show next, such
equilibria need not exist at all. In particular, if the reward gap between some adjacent ranks is large
relative to the cost of overtaking, namely, if there exists r ∈ {2, · · · , n} with Rr−1−Rr sufficiently
large, the induced follower game fails to admit any pure-strategy Nash equilibrium. In this regime,
developers face persistent incentives to “just overtake” nearby competitors, leading to arms-race
dynamics rather than convergence.

4.3 EXISTENCE OF PURE-NASH EQUILIBRIUM

Fixing a TbT ∆tbt, we analyze the induced follower game among developers and characterize when
it admits a pure-strategy Nash equilibrium, and when it does not.

All-Zero additional effort profile. A natural reference point is the all-zero additional-effort pro-
file e = (0, · · · , 0), where model i attains the baseline post-TbT score

si(∆
tbt) = v(θi,∆

tbt).

By monotonicity in capability (C1), we have s1(∆
tbt) > · · · > sn(∆

tbt). Because rewards depend
only on rank and effort costs are nondecreasing, any profitable deviation must be an overtaking
move, and the cheapest such deviation is to overtake the adjacent competitor directly above:
Definition 4.4 (Just-Overtake Effort at TbT Level ∆tbt). Fix a TbT level ∆tbt ≥ 0. For any rank
r ∈ {2, · · · , n}, define the “just-overtake ”effort as

ereq
r (∆tbt) := inf

{
e ≥ 0 : v(θr,∆

tbt +e) > sr−1(∆
tbt)

}
.

Equivalently, ereq
r (∆tbt) measures how difficult it is for the model designer r to “climb” from rank r

to rank r − 1 starting from any common TbT baseline. When ereq
r (∆tbt) is small, even minor fine-

tuning can change rank, creating strong overtaking incentives. When it is large, small investments
are unlikely to affect the leaderboard ordering. The following proposition precisely states when the
all-zero effort profile is a pure Nash equilibrium strategy of the induced follower game:
Proposition 4.5 (Zero-effort equilibrium condition). Fix any ∆tbt ≥ 0. The all-zero profile e =
(0, · · · , 0) is a PNE if and only if, for every r ∈ {2, . . . , n},

c
(
ereq
r (∆tbt)

)
≥ Rr−1 −Rr. (4)

In words, with TbT level ∆tbt, no agent can profitably “just overtake” the model immediately above
it: the minimal cost required to surpass the adjacent baseline score exceeds the corresponding
reward gap.

Theorem 4.5 further implies that if the adjacent “just-overtake” condition fails for some model de-
signer, then no pure-strategy equilibrium exists:
Theorem 4.6 (Equilibrium structure and nonexistence). Fix any ∆tbt ≥ 0, and suppose ties are
broken deterministically in a way that does not favor the lower-capability model 2. Then any PNE,
if it exists, must be the all-zero profile e = (0, · · · , 0). Moreover, if there exists r ∈ {2, . . . , n} such
that

c
(
ereq
r (∆tbt)

)
< Rr−1 −Rr, (5)

then the induced follower game admits no PNE.

The theorem shows that incentives are governed locally by the adjacent reward gap Rr−1 − Rr:
moving from rank r to rank r − 1 is profitable only if this gain is large enough relative to the
corresponding overtaking cost. This gives a simple interpretation of common reward schemes. In
winner-take-all schemes, incentives are concentrated at the top rank; in top-k schemes, they are
concentrated near the cutoff into the rewarded set. By contrast, under a smoothly decaying reward

2Under random tie-breaking, a lower-capability model may benefit from exerting positive effort to enter
a tie lottery, so the conclusion that every PNE is all-zero need not hold without further qualification. This is
mainly a technical issue: exact ties are rare in practice because leaderboard scores are usually reported at high
precision or resolved by fixed secondary rules.
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scheme, adjacent reward gaps are spread more evenly across ranks and may all be small. In that
case, no single rank improvement creates a large reward jump, so overtaking incentives are corre-
spondingly weaker throughout the leaderboard.

Our analysis also suggests that the main failure mode of leaderboards is not that they converge to
a stable but incorrect ranking. Instead, leaderboards can fail because they may incentivize contin-
uous competitive fine-tuning: developers are motivated to repeatedly invest in benchmark-specific
optimization simply to gain (or defend) a small rank advantage (Equation (5)).

This regime is particularly relevant when benchmarks provide limited separation between models, so
that even small performance gains translate into meaningful rank changes. Such situations can arise
on saturated benchmarks where frontier models perform similarly (e.g., MMLU (Hendrycks et al.,
2020) or HellaSwag (Zellers et al., 2019b)), as well as on very difficult or early-stage benchmarks
where all models perform poorly and remain tightly clustered (e.g., Humanity’s Last Exam (Phan
et al., 2025)).

5 TUNE-BEFORE-TEST ALIGNS BENCHMARK INCENTIVES

We now turn to the leaderboard designer’s perspective and ask: if small reward gaps can pre-
clude equilibrium in the induced follower game, how should the designer choose ∆tbt to stabilize
incentives? At a high level, tune-before-test shifts the leaderboard’s “operating point” by apply-
ing the same amount of benchmark-specific training to all models, so the baseline scores become
si(∆

tbt) = v(θi,∆
tbt). This has two conceptually distinct effects.

By moving models closer to their benchmark-specific performance limits, TbT directly reduces the
leaderboard’s sensitivity to who prepared more aggressively from scratch. In the limit as models ap-
proach their saturation levels v∞(θ) = lime→∞ v(θ, e), rankings depend only on capability. Under
monotonicity in capability (C1), saturation yields a capability-consistent ordering:
Proposition 5.1 (Rank preservation at saturation). Suppose the post-effort score v(θ, e) satisfies
∂θv(θ, e) > 0 (C1). Then the saturated score v∞(θ) := lime→∞ v(θ, e) is increasing in θ.

More importantly, TbT also weakens the incentives for strategic post-training. Since v(θ, e) exhibits
diminishing returns in effort (C2), increasing ∆tbt pushes all models into a regime where further
improvements are harder.

5.1 TBT INCREASES LEADERBOARD CLIMBING COST

To formalize this incentive effect, recall ereq
r (∆tbt), the minimal additional effort required for model

r to overtake the adjacent competitor at baseline ∆tbt (Theorem 4.4). This precisely captures the
marginal difficulty of climbing the leaderboard. The next lemma shows that increasing the TbT
baseline monotonically raises this overtaking cost:
Lemma 5.2 (TbT Increases the Leaderboard Climbing Cost). For any ∆tbt ≥ 0 and r ∈ {2, . . . , n},
the minimal just-overtake effort ereq

r (∆tbt), and thus also the corresponding cost c(ereq
r (∆tbt)), is

non-decreasing in ∆tbt.

Figure 1 (right) plots the minimal just-overtake effort across all models minr∈{2,...,n} e
req
r (∆tbt) (y-

axis), as a function of ∆tbt (x-axis). We estimate ereq
r (∆tbt) using the fitted post-training trajectories

shown in the left panel. For example, for model Qwen2.5-7B at ∆tbt = 500, we first compute the
accuracy of Qwen2.5-14B at ∆tbt = 500, 91.0%. We then calculate how much additional training
data Qwen2.5-7B requires to reach 91.0% based on the fitted curve, which is 5,890. We repeat this
for all models (except for the best model Qwen2.5-14B) and plot the minimum across all rank r ≥ 2.
The resulting curve shows that leaderboard climbing becomes rapidly more difficult as ∆tbt grows.
At ∆tbt = 0, only 18 additional steps are needed to change the ranking, whereas at ∆tbt = 3, 000,
the required effort rises to 384, 668 steps.

5.2 TBT RESTORES EQUILIBRIUM EXISTENCE

Since increasing TbT raises the effort required to overtake higher-ranked models, the all-zero equi-
librium condition in Theorem 4.5 becomes easier to satisfy at higher TbT levels:

9



Published at ICLR 2026 Workshop on AI for Mechanism Design and Strategic Decision Making.

Proposition 5.3. Given two tune-before-test adjustment levels 0 ≤ ∆tbt
1 ≤ ∆tbt

2 , if the all-zero
effort profile e = (0, . . . , 0) is a PNE under ∆tbt

1 , then it is also a PNE under ∆tbt
2 .

Thus, TbT has a monotone stabilizing effect on post-training incentives: once no model developer
finds it profitable to exert additional effort, this remains true under any larger TbT intervention.

5.3 HOW MUCH TBT IS ENOUGH?

In practice, a benchmark evaluator may not have enough compute to apply a large TbT adjustment to
every submitted model, due to resource, latency, or cost constraints. This raises a natural question:
what is the smallest TbT level that eliminates incentives for further strategic fine-tuning? This
motivates us to view TbT as an incentive-control parameter with a corresponding threshold.
Definition 5.4 (Stabilizing TbT Threshold). Define the stabilizing TbT threshold as

∆tbt⋆ := inf
{
∆tbt ≥ 0 : c

(
ereq
r (∆tbt)

)
≥ Rr−1 −Rr, ∀r ∈ {2, · · · , n}

}
,

that is, the smallest TbT adjustment for which no model can profitably overtake the model directly
above it at the baseline level.

At ∆tbt⋆, the cost of overtaking the immediate neighbor weakly exceeds the corresponding reward
gain for every adjacent pair. By Theorem 5.3, once this condition holds, it continues to hold for all
larger TbT levels. Hence, any ∆tbt ≥ ∆tbt⋆ eliminates profitable overtaking incentives:

Corollary 5.5. For any ∆tbt ≥ ∆tbt⋆, the induced follower game admits a PNE in which all model
developers choose zero additional effort, i.e., e∗ = (0, . . . , 0). In particular, no model developer
engages in strategic post-training.

Under the leaderboard designer objective in Theorem 3.4, ∆tbt⋆ is also the optimal TbT choice:
since it is the smallest intervention that induces a follower equilibrium preserving the true capability
ordering, it therefore achieves the designer’s ranking objective at minimum cost.

In Section E.1, we illustrate the effectiveness of the TbT intervention under generalized power-law
scaling, showing that the stabilizing threshold is controlled by the hardest adjacent pair and increases
polynomially with the effective overtaking incentive.

6 CONCLUSION, LIMITATIONS AND FUTURE WORK

We study benchmarking as a mechanism design problem and show that the resulting competition
among model developers can induce persistent “just-overtake” incentives and may prevent any
Nash equilibrium from existing. We demonstrate that tune-before-test acts as an effective incentive-
control lever: by pushing models into a diminishing-returns regime, TbT raises the marginal cost of
further benchmark-specific post-training and amplifies the effort required to overtake nearby com-
petitors. Our results show that even a small amount of TbT can have a disproportionately large
stabilizing effect, which we demonstrate both empirically and theoretically. In practice, leaderboard
designers could estimate the minimal stabilizing TbT baseline ∆tbt⋆ using historical score gaps and
the observed fine-tuning effort required to change rankings.

These insights, however, rest on several simplifying assumptions. In particular, our model abstracts
from many features of real benchmarking environments in order to isolate the core incentive struc-
ture induced by rank-based evaluation. A natural next step is to understand how these incentives
interact with features that are common in practice, such as noisy evaluations, uncertainty about com-
petitors, and more flexible budget or cost structures. Extending the framework in these directions
would help clarify the robustness of our insights in more realistic benchmarking environments.

At the same time, TbT is not costless: it requires additional evaluation resources and may blur the
distinction between a model’s underlying generalization ability and its capacity to adapt during eval-
uation. More broadly, these trade-offs highlight that benchmark design does not merely determine
how models are tested, but also shapes the incentives for how they are developed. TbT should there-
fore be understood as a useful but imperfect design lever, rather than a complete solution to strategic
behavior in evaluation.
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A APPENDIX

B PRIMARY NOTATION TABLE

Symbol Description

θ ∈ R≥0 one-dimensional latent model capability
e ∈ R≥0 benchmark-specific training effort

v(θ, e) ∈ [0, 1] post-effort score (benchmark performance)
c(e) cost of exerting effort e

(Rj)
n
j=1 rank-based reward scheme: the model ranked j receives reward Rj

∆tbt ∈ R≥0 tune-before-test (TbT) baseline chosen by the leaderboard designer
sr(∆

tbt) := v(θr,∆
tbt) baseline score of model r under TbT level ∆tbt

ereq(s; θ) minimal effort required for a model with capability θ to reach score s,
i.e., ereq(s; θ) := inf{e ≥ 0 : v(θ, e) ≥ s}

ereq
r (∆tbt) minimal additional effort required for model r to overtake model r − 1 at

TbT level ∆tbt, i.e.,
ereq
r (∆tbt) := inf{e ≥ 0 : v(θr,∆

tbt +e) > sr−1(∆
tbt)}

σ : R→ [0, 1] logit link function
L(θ) lower attainable performance level for a model with capability θ
U(θ) upper attainable performance level for a model with capability θ

ṽ(θ, e) := v(θ,e)−L(θ)
U(θ)−L(θ)

∈ [0, 1] normalized post-effort score
α(θ) logit of the baseline performance when e = 0

β(θ) > 0 coefficient governing how effectively extra effort translates into
performance

κ > 0 constant lower bound on the marginal cost of effort, i.e., c(e) ≥ κe
ρr := (Rr−1 −Rr)/κ effective reward gap (in effort units) for model r

λr := ρr/e
req
r (0) effective incentive parameter

γr := β(θr)/β(θr−1) ≤ 1 learning-rate ratio for the pair (r − 1, r)

∆tbt⋆
r stabilizing TbT threshold for the adjacent pair (r − 1, r)

∆tbt⋆ := maxr∈{2,...,n} ∆
tbt⋆
r global stabilizing TbT threshold

Table 1: Primary notation.
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C MISSING PROOF IN SECTION 3

Equivalence of heterogeneous separable costs to a homogeneous same-family cost
Proposition C.1 (Equivalence of heterogeneous separable costs to a homogeneous same-family
cost). Fix a common cost shape c : R+ → R+ that is continuous, strictly increasing, and satisfies
c(0) = 0. Consider each model i chooses effort ei ∈ R+, is ranked by a score v(θi, ei), and has a
heterogeneous but multiplicatively separable cost

Ci(ei; θi) = γi c(ei) with γi > 0.

Then there exists an equivalent game in which every model developer chooses zi ∈ R+, all model
developers share the same cost function of the same form c(·) (i.e., homogeneous cost c(zi)), and
the only change is a type-dependent relabeling of the score:

v̂(θi, zi) := v
(
θi, c

−1
(c(zi)

γi

))
.

Specifically, the map
Φi : ei ⇔ zi := c−1

(
γi c(ei)

)
is a bijection for each i, and for every profile (ej)j with image (zj)j we have

Rrank(v(θi,ei)) − γi c(ei) = Rrank(v̂(θi,zi)) − c(zi) for all i.

Consequently, the two games induce identical rankings, payoffs, best responses, and Nash equilibria
up to the one-to-one reparametrization.

Proof. Because c is strictly increasing, c−1 exists and is strictly increasing. For each i, define the
type-wise bijection Φi(e) := c−1(γi c(e)), with inverse

Φ−1
i (z) = c−1

(c(z)
γi

)
.

Under Φi, the heterogeneous cost transforms as

γi c(ei) = c
(
Φi(ei)

)
= c(zi),

so all model developers share the same cost function c(·) in the z-parametrization. Define
v̂(θi, zi) := v

(
θi,Φ

−1
i (zi)

)
= v

(
θi, c

−1(c(zi)/γi)
)
. Then for any profile (ej)j with the

reparametrization variable (zj)j , we have:

RRank(v(θi,ei)) − γic(ei) = R
Rank

(
v(θi,Φ

−1
i (zi))

) − c(zi) = R
Rank

(
v̂(θi,zi)

) − c(zi),

so the utilities are preserved. Hence, the best responses and equilibria correspond one-to-one via Φ,
establishing the equivalence between the two settings.

D PROOFS FOR SECTION 4

Proof for Theorem 4.3

Proof. Fix any ∆tbt ≥ 0 and let e∗ be a PNE of the induced follower game. Suppose for contradic-
tion that there exist models i, j such that θi > θj but

v∗i := v(θi,∆
tbt +e∗i ) < v(θj ,∆

tbt +e∗j ) =: v∗j . (6)

Counterfactual efforts. For any target score s ∈ [0, 1], recall the minimal additional effort (be-
yond ∆tbt) needed for capability θ to reach s is:

ereq(s; θ,∆tbt) := inf{e ≥ 0 : v(θ,∆tbt +e) ≥ s}.
Define the counterfactual efforts

ẽi := ereq(v∗j ; θi,∆
tbt), ẽj := ereq(v∗i ; θj ,∆

tbt).

Then by definition,
v(θi,∆

tbt +ẽi) ≥ v∗j , v(θj ,∆
tbt +ẽj) ≥ v∗i .

Moreover, since v∗j > v∗i and v(θ, ·) is nondecreasing in effort (C2), we have ẽi > e∗i and ẽj ≤ e∗j .
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v(θ, e) v(θi, ⋅ )

v(θj, ⋅ )

e*i + Δtbt e*j + Δtbt

v(θi, e*i + Δtbt)

ẽj + Δtbtẽi + Δtbt

v(θj, e*j + Δtbt)

e

Figure 2: Illustration of the notations and functions used in the proof of Theorem 4.3. The post-effort
score function v(θ, e) satisfies the conditions in Theorem 4.2. Here, e∗i and e∗j denote the equilibrium
efforts of model developers i and j, respectively. The counterfactual efforts ẽi and ẽj are defined
as the efforts each model developer would need to match the other model developer’s post-effort
score given a TbT effort level ∆tbt, i.e., v(θi, ẽi + ∆tbt) = v(θj , e

∗
j + ∆tbt), v(θj , ẽj + ∆tbt) =

v(θi, e
∗
i +∆tbt).

Effort-gap comparison. Let

∆θi,θj (s) := ereq(s; θj ,∆
tbt)− ereq(s; θi,∆

tbt)

denote the effort gap required for the lower-capability model j to achieve score s relative to the
higher-capability model i (at TbT level ∆tbt). By (C3), ∆θi,θj (s) is (weakly) nondecreasing in s.
Applying this with s = v∗j > v∗i gives

∆θi,θj (v
∗
j ) ≥ ∆θi,θj (v

∗
i ),

i.e.,
ereq(v∗j ; θj ,∆

tbt)− ereq(v∗j ; θi,∆
tbt) ≥ ereq(v∗i ; θj ,∆

tbt)− ereq(v∗i ; θi,∆
tbt).

Using ereq(v∗i ; θi,∆
tbt) = e∗i and ereq(v∗j ; θj ,∆

tbt) = e∗j , and the definitions ẽi := ereq(v∗j ; θi,∆
tbt)

and ẽj := ereq(v∗i ; θj ,∆
tbt), this becomes

ẽi − e∗i ≤ e∗j − ẽj . (7)

By convexity and monotonicity of c (Theorem 4.1), Equation (7) implies

c(ẽi)− c(e∗i ) ≤ c(e∗j )− c(ẽj). (8)

Nash inequalities. Since e∗ is a PNE, neither model can gain by deviating unilaterally. Let v∗ =
(v∗1 , . . . , v

∗
n) be the equilibrium score profile and let rk(·) denote the rank of model k under a given

score profile (with an arbitrary but fixed deterministic tie-breaking rule). Then

Rri(v∗) − c(e∗i ) ≥ R
ri

(
v(θi,∆tbt +ẽi), v∗−i

) − c(ẽi),

Rrj(v∗) − c(e∗j ) ≥ R
rj

(
v(θj ,∆tbt +ẽj), v∗−j

) − c(ẽj).

Rearranging terms gives

R
ri

(
v(θi,∆tbt +ẽi), v∗−i

) −Rri(v∗) ≤ c(ẽi)− c(e∗i ), (9)

Rrj(v∗) −R
rj

(
v(θj ,∆tbt +ẽj), v∗−j

) ≥ c(e∗j )− c(ẽj). (10)

Here Equation (9) is the reward increase when i raises its effort to (at least) match j’s score v∗j , and
Equation (10) is the reward decrease when j lowers its effort to (at least) match i’s score v∗i .
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Reward comparison via strict overtaking. Fix any ε > 0, and define the ε-overtake effort for
model i:

ẽ ε
i := inf{e ≥ 0 : v(θi,∆

tbt +e) ≥ v∗j + ε}.
Then v(θi,∆

tbt +ẽ ε
i ) > v∗j , so model i strictly outranks model j under any deterministic tie-

breaking rule. Hence the reward increase of model i from deviating to ẽ ε
i is at least the reward

decrease of model j when it deviates to achieve v∗i :

R
ri

(
v(θi,∆tbt +ẽ ε

i ), v∗−i

) −Rri(v∗) ≥ Rrj(v∗) −R
rj

(
v(θj ,∆tbt +ẽj), v∗−j

). (11)

Combining equation 9, equation 10, and equation 11 yields

c(ẽ ε
i )− c(e∗i ) ≥ c(e∗j )− c(ẽj).

Letting ε ↓ 0 and using continuity of v(θ, ·) and c(·) gives

c(ẽi)− c(e∗i ) ≥ c(e∗j )− c(ẽj).

Together with equation 8, we must have

c(ẽi)− c(e∗i ) = c(e∗j )− c(ẽj).

However, since v∗i < v∗j by assumption, model i can strictly improve its rank by exerting effort
slightly above ẽi (i.e., achieving v∗j + ε), which yields a strictly higher reward whenever rewards are
strictly decreasing in rank. This would force a strict inequality in the Nash bound for i, contradicting
equality.

Therefore Equation (6) is impossible, and for any θi > θj we must have

v(θi,∆
tbt +e∗i ) ≥ v(θj ,∆

tbt +e∗j ).

In particular, equilibrium scores are capability-consistent (up to ties).

Proof for Theorem 4.5

Proof. Fix any tune-before-test adjustment level ∆tbt ≥ 0. At the all-zero additional-effort profile
e = (0, . . . , 0), the realized scores are si(∆

tbt) = v(θi,∆
tbt) for i = 1, . . . , n. Since models are

indexed so that θ1 > θ2 > · · · > θn and v(θ, e) is increasing in θ (C1), we have s1(∆
tbt) >

s2(∆
tbt) > · · · > sn(∆

tbt). Hence the payoff of model k at this profile is Uk(0; 0−k,∆
tbt) = Rk for

k = 1, . . . , n.

Fix a model r ∈ {2, . . . , n}. Consider any unilateral deviation e′r > 0 by model r. Because rewards
depend only on ranks and c is nondecreasing, among all deviations that improve model r’s rank,
the cheapest such deviation is to just overtake some model currently above it, i.e., to move from
rank r to some rank k < r by achieving a score strictly greater than sk(∆

tbt). Define the minimal
additional effort needed for model r to strictly beat score sk(∆

tbt) as

ereq(sk(∆tbt); θr,∆
tbt) := inf{e ≥ 0 : v(θr,∆

tbt +e) > sk(∆
tbt)}.

Such a deviation yields utility

Rk − c
(
ereq(sk(∆tbt); θr,∆

tbt)) .
Therefore, er = 0 is a best response for model r at the all-zero profile if and only if

Rr ≥ Rk − c
(
ereq(sk(∆tbt); θr,∆

tbt)) for all k < r,

equivalently,
c
(
ereq(sk(∆tbt); θr,∆

tbt)) ≥ Rk −Rr for all k < r.

and we shorthand ereq
r (∆tbt) := ereq

(
sr−1(∆

tbt); θr,∆
tbt
)
.

Finally, since overtaking a higher-ranked model requires weakly more effort than overtaking the
adjacent model r−1, it suffices to check the adjacent deviation k = r−1, yielding Equation (4).
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Proof for Theorem 4.6

Proof. We first show that if a PNE exists, it must be the all-zero additional-effort profile; we then
show that under the stated condition, the all-zero profile cannot be a PNE.

Fix ∆tbt ≥ 0 and suppose e∗ is a PNE. By Theorem 4.3, post-effort scores are weakly ordered by
capability at equilibrium: if θi > θj , then v(θi,∆

tbt +e∗i ) ≥ v(θj ,∆
tbt +e∗j ). Under deterministic

tie-breaking that favors higher capability, this implies that model n (the lowest capability θn) is
last-ranked at effort level e∗. Since at any effort profile, the last-ranked model receives reward Rn

regardless of its own effort, thus model n can weakly improve its utility by reducing its effort to zero:
its reward cannot decrease, while its cost weakly decreases, since c is nondecreasing and c(0) = 0.
Therefore, in any PNE, we must have e∗n = 0.

Now consider model n−1. Given e∗n = 0, if model n−1 sets effort to zero as well, its score becomes
v(θn−1,∆

tbt), which is weakly higher than v(θn,∆
tbt) by the assumption that v(θ, e) is monotonic

in capability (C1). Under the same tie-breaking rule, model n − 1 cannot fall below model n by
choosing zero effort, and its cost decreases. Hence e∗n−1 = 0 as well. Proceeding inductively, we
obtain e∗i = 0 for all i, so any PNE must be e∗ = (0, . . . , 0).

Next, we show that under the stated condition eq. (5), all-zero is not a PNE. At e = (0, . . . , 0),
baseline scores are si(∆

tbt) = v(θi,∆
tbt). If for some r ∈ {2, . . . , n},

c
(
ereq
r

(
∆tbt )) < Rr−1 −Rr,

then model r has a profitable deviation, namely that it can exert effort ê = ereq
r

(
∆tbt

)
, so that

v(θr,∆
tbt +ê) > sr−1(∆

tbt), thereby overtaking model r − 1 and improving its reward from Rr to
at least Rr−1. The resulting utility gain is at least Rr−1 −Rr while the incurred cost is c(ê), which
is strictly smaller by assumption. Therefore, the deviation is profitable, so the all-zero profile is not
a PNE. As a result, no PNE exists in this case.

E PROOF IN SECTION 5

Proof for Theorem 5.1

Proof. Fix any pair (i, j) with θi > θj and define the score gap at effort level e ≥ 0 as dij(e) :=
v(θi, e)− v(θj , e). By C1 (∂θv > 0), we have dij(e) > 0 for all e. Hence,

v∞(θi)− v∞(θj) = lim
e→∞

(
v(θi, e)− v(θj , e)

)
= lim

e→∞
dij(e) > 0,

so v∞(θ) is increasing in θ.

Proof for Theorem 5.2

Proof. Fix r ∈ {2, . . . , n} with θr−1 > θr, recall the baseline score for model r − 1 with TbT
adjustment level ∆tbt is

sr−1(∆
tbt) := v(θr−1,∆

tbt).

By C2, sr−1(∆
tbt) is non-decreasing in ∆tbt.

Let ereq(s; θ) := inf{e ≥ 0 : v(θ, e) ≥ s} be the minimal total effort to reach score s. Define the
(weak) catch-up effort for model r at baseline ∆tbt by

δr(∆
tbt) := ereq(sr−1(∆

tbt); θr
)
− ∆tbt .

Since sr−1(∆
tbt) is achieved by capability θr−1 at effort ∆tbt, we also have ereq(sr−1(∆

tbt); θr−1) =
∆tbt, hence

δr(∆
tbt) = ereq(sr−1(∆

tbt); θr
)
− ereq(sr−1(∆

tbt); θr−1

)
.

By (C3), the effort gap ereq(s; θr)− ereq(s; θr−1) is nondecreasing in S; composing with the nonde-
creasing map ∆tbt 7→ sr−1(∆

tbt) implies δr(∆tbt) is nondecreasing in ∆tbt.
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Finally, the strict “just-overtake” effort ereq
r (∆tbt) is obtained by requiring v(θr,∆

tbt +e) >
sr−1(∆

tbt) instead of ≥; by continuity of v(θr, ·) this differs only by an arbitrarily small ε > 0,
so ereq

r (∆tbt) is also nondecreasing in ∆tbt.

Since c is nondecreasing, c(ereq
r (∆tbt)) is nondecreasing as well.

Proof for Theorem 5.3

Proof. Given 0 ≤ ∆tbt
1 < ∆tbt

2, and assume the all-zero additional-effort profile e = (0, . . . , 0) is
a PNE of the induced follower game under baseline ∆tbt

1, we know from Theorem 4.5 that ∀r ∈
{2, · · ·n}, we have

c(ereq
r (∆tbt

1)) ≥ Rr−1 −Rr.

Then according to Theorem 5.2, the cost of ”just-overtake” effort c(ereq
r (∆tbt)) is monotonically

increasing in ∆tbt, which means:
c(ereq

r (∆tbt
2)) ≥ c(ereq

r (∆tbt
1)) ≥ Rr−1 −Rr,

which implies that e = (0, · · · , 0) is also a PNE under ∆tbt
2.

Proof for Theorem 5.5

Proof. By definition of ∆tbt⋆, for any ∆tbt ≥ ∆tbt⋆ we have c(ereq
r (∆tbt)) ≥ Rr−1 − Rr for r =

{2, . . . , n}, so the all-zero profile is a PNE by Theorem 4.5.

E.1 CASE STUDY UNDER GENERALIZED POWER-LAW

To build intuition for the scale of the stabilizing TbT level ∆tbt⋆, we consider the generalized scaling
law introduced above:

σ−1
(
ṽ(θ, e)

)
= α(θ) + β(θ) log(1 + e),

and assume effort costs satisfy c(e) ≥ κe for some constant κ > 0, so that effort is costly at
least linearly. We focus on the regime in which overtaking remains feasible. For an adjacent pair
(r − 1, r), define ρr := Rr−1−Rr

κ , which expresses the reward gap in units of effort. Let ereq
r (0)

denote the minimal effort required for model r to catch up to model r − 1 when ∆tbt = 0. We then
define

λr :=
ρr

ereq
r (0)

,

which measures the reward gap relative to the baseline catch-up difficulty.

The next proposition shows that, under this scaling law, the stabilizing TbT level for pair (r − 1, r)

grows polynomially in λr, with exponent γr := β(θr)
β(θr−1)

≤ 1 interpreted as a relative learning-rate
ratio between the two models.
Proposition E.1 (Stabilizing TbT under generalized scaling). Under the generalized scaling law,
and the cost satisfies c(e) ≥ κe, there exists a stabilizing TbT threshold ∆tbt⋆

r such that any ∆tbt ≥
∆tbt⋆

r eliminates profitable overtaking deviations from rank r to rank r− 1. Moreover, in the regime
where catch-up remains feasible,

∆tbt⋆
r = O

(
λγr
r

)
,

up to a constant factor depending only on ereq
r (0).

The exponent γr admits a natural interpretation as a relative learning-rate ratio. When γr is small,
the stronger model benefits more from additional effort than the weaker one, so the ranking becomes
easier to stabilize. Conversely, when γr ≈ 1, the two models benefit similarly from effort, and a
larger TbT baseline is needed to deter overtaking. Thus, the required TbT level grows polynomially
in the effective incentive λr, and the growth is slower when the effort-response gap between the two
models is larger.

Finally, to stabilize the full leaderboard, it suffices to choose

∆tbt⋆ := max
r∈{2,··· ,n}

∆tbt⋆
r ,

so that the global threshold is determined by the hardest adjacent pair to stabilize.
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A concrete example. We estimate the baseline catch-up difficulty ereq
r (0) and the learning-rate

ratio γr from the fitted trajectories in Figure 1. Among all adjacent pairs, the hardest-to-stabilize
pair maximizes ∆tbt⋆ = maxr ∆

tbt⋆
r . For this pair, we estimate ereq

r (0) ≈ 13.7 and γr ≈ 0.33.
Suppose the corresponding reward gap translates to ρr = 1000 units of effort, so the effective
incentive is λr = ρr

ereq
r (0)

≈ 1000
13.7 ≈ 73. Using Proposition E.1, a stabilizing TbT level is

∆tbt⋆
r ≈

(
ρr

ereq
r (0)

)γr

=

(
1000

13.7

)0.33

≈ 4,

That is, adding roughly 4 units of baseline TbT effort is already enough to deter overtaking for this
hardest-to-stabilize adjacent pair.

Proof for Theorem E.1

Proof. Since σ is strictly increasing, the catch-up condition v(θr,∆
tbt +δ) ≥ v(θr−1,∆

tbt) is equiv-
alent to

ṽ(θr,∆
tbt +δ) ≥ v(θr−1,∆

tbt)− L(θr)

U(θr)− L(θr)
.

Applying σ−1 and the scaling law for ṽ(θr, ·), this becomes

α(θr) + β(θr) log(1 + ∆tbt +δ) ≥ σ−1
(v(θr−1,∆

tbt)− L(θr)

U(θr)− L(θr)

)
.

Solving with equality yields the minimal additional effort:

1 + ∆tbt +δ = exp
(

1
β(θr)

[
σ−1

( v(θr−1,∆
tbt)−L(θr)

U(θr)−L(θr)

)
− α(θr)

])
.

Define ereq
r (∆tbt) to be this minimal δ, then subtracting (1 + ∆tbt) gives

ereq
r (∆tbt) = exp

(
1

β(θr)

[
σ−1

( v(θr−1,∆
tbt)−L(θr)

U(θr)−L(θr)

)
− α(θr)

])
− (1 + ∆tbt).

Using the scaling law for θr−1,

σ−1
(
ṽ(θr−1,∆

tbt)
)
= α(θr−1) + β(θr−1) log(1 + ∆tbt),

and the definition of γr = β(θr)/β(θr−1), we can rewrite the leading term as

exp
( ᾱr(∆

tbt)

β(θr)

)
(1 + ∆tbt)1/γr ,

where ᾱr(∆
tbt) = σ−1(ṽ(θr−1,∆

tbt))− α(θr), yielding the stated expression.

With costs c(e) ≥ κe, any deviation that uses additional effort δ incurs cost at least κδ, so an
adjacent-overtake deviation is unprofitable whenever ereq

r (∆tbt) ≥ ρr.

Finally, in the regime where the leading term in ereq
r (∆tbt) dominates (1 + ∆tbt), the condition

ereq
r (∆tbt) ≥ ρr is well-approximated by

exp
( ᾱr(∆

tbt)

β(θr)

)
(1 + ∆tbt)1/γr ≳ ρr.

Treating ᾱr(∆
tbt) as approximately constant over the relevant range (or evaluating it at ∆tbt = 0 to

obtain a conservative rule of thumb) gives

1 + ∆tbt ≳

(
ρr

exp(ᾱr(0)/β(θr))

)γr

=

(
ρr

ereq
r (0) + 1

)γr

,

which implies the stated scaling. Since λr = ρr/e
req
r (0), we also have ∆tbt⋆

r = O(λγr
r ) up to a

constant factor depending only on ereq
r (0).
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Estimating ereq
r (0), γr, and λr from the post-training trajectories. For each model i, we fit

the generalized scaling form σ−1(ṽi(e)) = αi + βi log(1 + e) by linear regression of σ−1(ṽi) on
log(1 + e) over the observed training range, yielding (α̂i, β̂i). For an adjacent pair (r− 1, r) we set

γ̂r :=
β̂r

β̂r−1

.

The baseline catch-up difficulty ereq
r (0) is defined as the minimal additional effort at ∆tbt = 0 re-

quired for model r to match model r − 1; under the fitted scaling law,

êreq
r (0) = exp

(
α̂r−1−α̂r

β̂r

)
− 1.

Given a reward gap (converted to effort units) ρr = (Rr−1−Rr)/κ, we form the effective incentive

λ̂r := ρr/ê
req
r (0).

As a nonparametric check, we also estimate a local slope ratio at a common baseline e = ∆tbt using
finite differences on the fitted trajectories:

ŝi(∆
tbt) ≈ v̂i(∆

tbt +h)− v̂i(∆
tbt)

h
, γ̂ slope

r (∆tbt) :=
ŝr(∆

tbt)

ŝr−1(∆tbt)
.
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Figure 3: Continued post-training trajectories of Qwen models of different sizes on nine bench-
marks. Here, we use model size as a proxy for the model’s latent capability θ. The x-axis denotes
the number of post-training steps, reflecting post-training effort e. The y-axis denotes accuracy on
the validation set, i.e., v(θ, e). For each model, we fit a curve following Equation equation 3.

F ADDITIONAL EMPIRICAL RESULTS

Setting We conduct our emprical study on nine benchmarks, Winogrande (Sakaguchi
et al., 2019), HellaSwag (Zellers et al., 2019a), NQ-Open (Kwiatkowski et al., 2019),
ARC-Challenge (Clark et al., 2018), Piqa (Bisk et al., 2019), CommonsenseQA (Talmor et al.,
2019), Gsm8k (Cobbe et al., 2021), MedMcQA (Pal et al., 2022), and Social-IQA (Sap et al.,
2019). Each model is trained with LoRA (Hu et al., 2021; Mangrulkar et al., 2022) (rank 8, α=32)
and AdamW optimizer (Loshchilov & Hutter, 2017) (weight decay 0.01 and learning rate 5e-5). We
use a batch size of 8, so each training step corresponds to eight training data points. For those bench-
marks without a validation split, we randomly allocate 20% of the training data as the validation set.

Results In Figure 3, we present the results of controlled post-training experiments for all nine
benchmarks. The assumption 4.2 still largely holds in most benchmarks, despite a few anomalies.
In addition, on benchmarks like HellaSwag, continued post-training cannot make a smaller model
catch up to a larger one. This is not surprising, since model sizes (the proxy for θ) differ significantly
in our controlled setting. As a result, there is no incentive to conduct strategic post-training in this
scenario. We argue, however, that in real-world settings with models from diverse sources, θ will
not differ so dramatically.
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