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Abstract

Score-based methods have recently seen increasing popularity in modeling and generation.
Methods have been constructed to perform hypothesis testing and change-point detection
with score functions, but these methods are in general not as powerful as their likelihood-
based peers. Recent works consider generalizing the score-based Fisher divergence into
a diffusion-divergence by transforming score functions via multiplication with a matrix-
valued function or a weight matrix. In this paper, we extend the score-based hypothesis test
and change-point detection stopping rule into their diffusion-based analogs. Additionally,
we theoretically quantify the performance of these diffusion-based algorithms and study
scenarios where optimal performance is achievable. We propose a method of numerically
optimizing the weight matrix and present numerical simulations to illustrate the advantages
of diffusion-based algorithms.

1 Introduction

In many engineering problems, one seeks to infer whether some data X was generated from a null distribution
P, or an alternate distribution P;. This question underpins the detection problems of hypothesis testing and
anomaly detection (Lopez-Paz & Oquab] (2017)); Liu et al.|(2020); Angiulli et al.| (2026); Rahman & Wagner
(2012); [Watanabe (2018) and change-point detection (Kei et al.| (2025)); Yamada et al.| (2025)); Unnikrishnan
et al.| (2011)); Blostein| (1991); [Liu & Blostein| (1994)); [Huang et al.| (2021));|Sun & Zou| (2024)). These problems
have been extensively studied under the assumption that the densities of P, and P; are known (or can be
learned from data). In this setting, the log-likelihood ratio (LLR) test (8)) and cumulative sum (CUSUM)
stopping rule are commonly used and optimal under the metrics of @ and . Further background
on hypothesis testing and change-point detection are provided in Section

Score-based models (Song & Ermon/ (2019); Song et al.| (2019)); [Melidonis et al.| (2025)); [Berman et al.| (2025);
Kollovieh et al.| (2024)) directly estimate the score s(X) = Vx logp(X) : R? s R? of a distribution P by
training over a dataset of independent and identically distributed (i.i.d.) samples of P. Furthermore, Markov
Chain Monte Carlo methods (Roberts & Rosenthal| (2001)); |Liao et al.| (2022)); |Aloui et al.| (2025])) have been
developed to sample from P using Vx logp(X). Recent works have proposed score-based (Definition
methods of hypothesis testing (Wu et al.| (2022))) and change-point detection (Wu et al| (2023)) under the
assumption that only the score functions of P, P, are known. Further background on score-based models
is provided in Section

Under a popular objective for simple hypothesis testing @ and change-point detection , the LLR test
and CUSUM stopping rule are provably optimal for any bound on false alarm (and in the case of hypothesis
testing, for any batch size). Their score-based counterparts, however, are not in general optimal, and for
specific choices of P, P;, can be shown to strictly underperform the LLR-based algorithms. Even so, the
score-based methods are merely one set of algorithms that can test hypotheses and detect change-points
using score functions. We investigate whether some other choice of algorithms which use the score functions
can better compete with the LLR-based methods.

To do so, we first present the diffusion divergence, studied by Barp et al.| (2022)) and applied to detection tasks
by |Altamirano et al.| (2023)). The diffusion divergence generalizes the Fisher divergence by transforming scores
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Vx 10g poo (X), Vx log p1 (X) by multiplication with a matrix-valued function m(X) : R? s R?¥** which we
refer to as the diffusion matriz function. The score-based algorithms are one special case of the diffusion
algorithms where the identity matrix I € R%*? is chosen to be the diffusion matrix function m(X).

The performance of the diffusion algorithms will depend upon their particular choice of m(X). Using the
metrics of @, , a good choice of m(X) will produce diffusion algorithms which perform at least as well
as the score-based algorithms and no better than the (provably optimal) LLR-based algorithms. Conversely,
diffusion algorithms can perform worse than even score-based algorithms for poorly chosen m(X). Thus, the
selection of m(X) so that it is optimal in a well-defined sense is an important goal of our work.

We now summarize the main contributions of this paper:

1. We propose a hypothesis test and a change-point detection stopping rule that are based on the
diffusion divergence, generalizing the score-based hypothesis test of [Wu et al. (2022) and change-
point detection stopping rule of [Wu et al.|(2023) by way of a diffusion matriz function m(X). These
algorithms are proposed in Section [4]

2. We bound (or calculate) the error exponent, expected detection delay, and mean time to false alarm
of the diffusion-based algorithms asymptotically and as a function of m(X). These properties are
presented in Section [4

3. For each detection task, we present an optimization objective over m(X). We present this objective
for change-point detection in Section [5.1] and for hypothesis testing in Section [5.2

4. We show that for special choices of Py, Py, there exists an m(X) such that Z,,(X) = Zg.(X) for
all X € R?. Thus, for these choices of P, P, the diffusion-based tests are optimal and equal to
the LLR-based counterparts. We show that for other choices of Py, Py, there is no m(X) for which
Zm(X) = Zx.(X) with probability one under the measures of Py, or P;. We argue that the best
diffusion algorithm for either detection task will perform no worse than the score-based algorithm
and no better than the LLR algorithm. We present this analysis in Section [5.3

The remainder of this paper is organized as follows: in Section [2] we provide background on score-based
models. In Section [3] we provide background on the detection problems of hypothesis testing and change-
point detection, and discuss LLR-based and score-based approaches to these problems. In Section we
propose a differentiable loss function for the numerical optimization of m(X). In Section @, we present
numerical simulations to illustrate the performance and implementability of our proposed algorithms, and
we provide the implementation details of these simulations in Appendix [A] Finally, in Appendix we
provide proofs for the Theorems and Lemmas presented throughout the paper.

Throughout this paper, for any distribution P, we shall refer to the density as p(X), the corresponding
probability measure as Pp, and the expectation as Ep.

2 Score-Based Models

In this section, we provide background on score-based models, which utilize the score Vx logp(X) of a
distribution P. We begin by defining the Fisher divergence between two distributions:

Definition 2.1 (Fisher Divergence). The Fisher divergence between distributions P and Q is defined to be:

De(P|Q) = Ex~p [4]|Vx logp(X) — Vx logg(X)3] .

We next define the Hyvérinen score:

Definition 2.2 (Hyvéirinen Score). We define the Hyvdrinen score of X with respect to distribution @ as:
Sa(X,Q) = § [Vlogq(X)[; + Ax log g(X), (1)

where Ax is the Laplacian operator: Ax f(X) = Zle 0?f(X)/0X2.
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Lemma 2.3 (Hyvirinen’s Theorem). Let s(X) : R — R?. Under the assumption that Vx logp(X) and
s(X) are differentiable with a continuous derivative, that Vxlogp(X) — 0 and s(X) — 0 as || X|| — oo,
and that both Ep[||Vx logp(X)||?] and Ep[||s(X)||?] are finite, we have that:

Ep [51Vxlogp(X) = s(X)[?] = Ep [5]|Vx log p(X)[* + 3lls(X)|* + tr(Vxs(X))] . (2)

If for some distribution Q with density q(X) we set s(X) = Vxlogq(X), then we have that
De(P||Q) = Ep [3[Vx log p(X)|*] +Ep [Sa(X, Q)]- (3)
Proof. The proof is given in Appendix O

If we do not know the density or score function of some distribution P, but do have a dataset (X;)"_; of
ii.d. samples of P, we can use score matching (Song & Ermon| (2019); [Song et al.| (2019); [Vincent| (2011))
to estimate Vx log p(X) by s¢(X) : R — R?, where § parameterizes s. Score matching optimizes

m@inZJg(Xi) where  Jy(X) = (%|s6(X)|1 + tr(Vxse(X))) . (4)

We note that in the limit of large n, = 3" | Jy(X;) converges to Ep[Jy(X)], and that if there exists a
distribution Qg for which sg(X) = Vxloggs(X), then Ep[Jo(X)] = Ep[Su(X,Qp)]. In this case, score
matching produces the § which minimizes Dr(P||Q¢) by (3). We note that score matching is analogous to

maximum likelihood estimation when Dy and Sy are replaced by Dyp and negative-log-likelihood, respectively.

3 Score-Based Hypothesis Testing and Change-Point Detection

We now present background on hypothesis testing and change-point detection, which we shall refer to as our
detection tasks. Both detection tasks require us to discern between two competing hypotheses: hypothesis
Hoo, under which the data was generated by P, and hypothesis 1, under which the data was generated
by P;. For both tasks, we discuss LLR-~based and score-based solutions.

In this section and throughout the paper, we shall make the following assumptions regarding P, and P;:

Assumption 3.1. We assume that: (i) P, and Py are both supported on R?, (ii) Ps, # Pi, (iii) Puo, P
are absolutely continuous with respect to the Lebesque measure, and (iv) The densities pso,p1 are twice
differentiable with continuous derivatives.

3.1 Simple Hypothesis Testing

Suppose n samples (X;)" ; are drawn independently from some distribution P,: under the null hypothesis
He, P« = P, and under the alternate hypothesis Hi, P. = P;. The task of simple hypothesis testing
(hereafter referred to as hypothesis testing) is to decide whether or not to reject Hoo.

We define a test T' to be a function that maps data (X;)"_; to a decision: T'((X;)™_,) € {0,1}. We reject Hoo
it T((X;),) =1, and fail to reject Hoo otherwise. A type I (type II) error occurs when the test incorrectly
rejects (incorrectly fails to reject) Hoo. We denote the probabilities of type I and type II error as

an(T) = Po[T((Xa)izy) = 1], Bu(T) =P1[T((Xs)izy) = 0] (5)
respectively. We refer to n as the batch size of test T

The work of this paper is motivated by the Neyman-Pearson regime, in which one cannot tolerate a proba-
bility of type I error in excess of some threshold @. Thus, we wish to find a test T that is a solution of (or
at least approzimates a solution of):

rnTin Bn(T) subject to a,(T) < a. (6)

The type II error exponent describes the relationship between batch size and type II error probability for
large n.
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Definition 3.2 (Type II Error Exponent). For a test T, the type II error exponent E is given by

E = —limsup @. (7)

n— oo

We refer to the type II error exponent of any test T as B(T).

We next proceed to consider two solutions to the problem of hypothesis testing.

3.1.1 Log-Likelihood Ratio Test

When one has complete knowledge of the densities of P, P;, one can use the log-likelihood ratio test:

where  Zg(X) = log p1(X) — log poo (X), (8)
1 else,

Ta((Xi)iza) = {

and where ¢ € R is some pre-determined threshold. Under the assumption that > . | Zx (X;) # ¢ almost
surely, the Neyman-Pearson Lemma proves that the log-likelihood ratio test of is optimal under the
objective of (6] for all choices of @ € (0,1) and for all batch sizes n € N (Neyman & Pearson| (1933); [Cover
& Thomas| (2006)); Trees| (2001))).

3.1.2 Hyvdarinen Score Test

In Wu et al.| (2022)), a score-based hypothesis test which utilizes the Hyvérinen score was proposed. It is
defined as

0 if Z?:l ZF(XZ) <c

where ZF(X) :SH(X7PDO)7SH(X7P1)7 (9)
1 else,

Te (Xi)iz1) = {

and where ¢ € R is some pre-determined threshold.

A composite hypothesis test was proposed in [Wu et al.| (2022)) for the case where only the null distribution
is precisely known. Furthermore, [Wu et al| (2022) derived limiting distributions on 1 3" | Z¢(X;) for
X; u P, as n — oo, and provided conditions under which this limiting distribution (after scaling by /n
and shifting) is the standard normal distribution.

3.2 Online Change-Point Detection

We next consider a problem in which we must detect between H .., H1 under temporal constraints. Suppose
we are given probability distributions P, P; and a natural number v € N. A data-stream (X;)$°; indexed
by time ¢ € N can be generated by the following process:

X, Yp fori<v, X, P fori>v. (10)

We observe the data stream in real-time: at any time ¢, we can see past and present data, (X;);<,, but
cannot see future data, (X;);>;. Our objective is to raise an alarm as soon as possible after time v, but we
wish to avoid prematurely raising the alarm before time v.

While hypothesis testing used a function T, here we employ a stopping rule 7. A false alarm is the event
where 7 detects the change-point prematurely: 7 < v. In hypothesis testing, we considered the probability
of type I error; in this setting, for any non-trivial stopping rule, the probability of a false alarm depends
upon v and can be made arbitrarily close to one (zero) for high (low) values of v, so we instead consider the
mean time to false alarm, a term which we shall use interchangeably with average run length. This quantity
is given by:

ARL(7) = Exo[7]- (11)

Most non-trivial stopping rules will accumulate evidence of a change for some duration of time after v. In
this setting, we consider the mean time to alarm following v rather than the probability of instantaneous
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detection. We define the worst-case average detection delay (Lorden| (1971)), which we shall also refer to as
expected detection delay, by

Luapp(7) = supesssupE, [(T — v + 1) | F,_1], (12)
v>1

where E, refers to the expectation over data streams following for a particular v. We seek to minimize
the expected detection delay subject to a constraint on acceptable average run length 7, as in [Wu et al.
(2023). Thus, we wish to find a stopping rule that is a solution of (or at least approzimates a solution of):

min Lypp(7) subject to ARL(7) > 7. (13)
T
Next, we consider one likelihood-based and one score-based solution to change-point detection.

3.2.1 Cumulative Sum (CUSUM) Algorithm

The Cumulative Sum (CUSUM) algorithm (Page| (1955)); [Lorden| (1971); Moustakides| (1986))) is a popular
solution to the problem of change-point detection which is optimal under the objective of . The algorithm
defines an instantaneous detection score, Zx.(X), as presented in . It further defines a cumulative detection
score Y (t) and stopping rule 7, by

0 t=20
Yir(t) = g = min{t € N: Y (t) > 14
o0 {max<o,m<t—1>+zm<xt>> ¢so, e mRUERTRO=g

for some choice of threshold ¢ > 0.

3.2.2 Score-Based Cumulative Sum (SCUSUM) Algorithm

The Score-Based Cumulative Sum (SCUSUM) algorithm (Wu et al|(2023)) replaces log-likelihood ratios by
differences of Hyvérinen scores. With instantaneous detection score Zp(X) defined as in (9, the SCUSUM
algorithm defines a cumulative detection score Yz(¢) and a stopping rule 7¢ as

0 =0 . '
Y (t) = {max((), Yot — 1)+ Ze(X)) £ >0, v =min{t € N: Yg(¢t) > ¢} (15)

for some choice of stopping threshold ¢ > 0.

Remark 3.3. The presentation of SCUSUM in |Wu et al.| (2023) includes a scaling factor A\ > 0 in the
definition of Zg(X). For the limited purposes of this presentation, we can omit A without loss of generality.

The pre-change drift Eo[Zr(X)] and post-change drift E,[Zr(X)] were calculated in [Wu et al.| (2023), where
it was further demonstrated that the pre-change drift is strictly negative and the post-change drift strictly
positive under certain conditions. Furthermore, [Wu et al.| (2023)) provided theorems which bound the mean
time to false alarm and detection delay for any given choice of Py, P;.

4 Diffusion-Based Detection

We have presented the Fisher divergence as well as a score-based test and stopping rule. In this section, we
first define the diffusion divergence, which generalizes the Fisher divergence. We next propose a diffusion-
based test and stopping rule, generalizing the score-based algorithms introduced in Section 2] We conclude
by providing theorems which bound the properties of the proposed diffusion-based test and algorithm.

Though the score-based methods are special cases of the diffusion-based ones (and though the diffusion-
based methods still utilize the score Vlogp(X)), we shall refer to the Fisher divergence-based methods as
score-based and the methods utilizing m(X) as diffusion-based for clarity.
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4.1 Diffusion Divergence

A generalization of the Fisher divergence was studied in Barp et al.| (2022)) and applied to change-point
detection in [Altamirano et al.|(2023). This generalization, called the diffusion divergence, transforms the
difference between scores in Definition by multiplication with some matrix-valued function m(X) : R?
Rdxw:

Definition 4.1 (Diffusion Divergence). The diffusion divergence between distributions P and @Q is defined
to be:

2
D (PIQ) = Exwp |3 [[m” (X)(Vx log p(X) — Vx loga(X)) ]
for some matriz-valued function m(X) : R s RIXW,

We impose conditions upon m(X) in Section [4] For ease of notation, we denote the function m(X) simply
as m in the subscript of D.

We next define the diffusion-Hyvdrinen score, which generalizes the Hyvérinen score of Definition [2.2

Definition 4.2 (Diffusion-Hyvirinen Score). Denoting the divergence of a function f : R? + R? with
Jacobian Jy as V - f(X) =tr(Jy) =, 0fi(X)/0X;, we define

Su(X, P) = L [mT(X)(Vx log p(X))||2 + V - m(X)m" (X)V log p(X),

We conclude this section by presenting an important identity:
Lemma 4.3 (Diffusion Drifts). For distributions P,Q:

EP[Sm(Xv P) - Sm(Xv Q)] = _Dm(PHQ)a EQ[Sm(Xa P) - Sm(XaQ)] = Dm(Q”P) (16)
Proof. The proof is given in Appendix O

4.2 Diffusion-based Detection

We begin by imposing mild regularity conditions on m(X), which mirror the regularity conditions presented
in [Hyvarinen| (2005)). We shall assume Assumption everywhere in this paper.

Assumption 4.4 (Diffusion-Hyvérinen Regularity Conditions [Hyvérinen (2005)). For (R,S) €
{(Pso, P1), (P1, Px)}, we assume that:

1. m(X) and Vlog s(X) are differentiable with continuous derivatives,

2. Egl[lmT (X)V log s(X)|[?] < o0 and Ep[|mT (X)V logr(X)|)] < oo, and

3. s(X)m(X)mT(X)Viegr(X) — 0 as | X| — occ.
Lemma 4.5 (Finite Divergences). Part [4 of Assumption implies that D, (Pxo||P1) < oo and
Dy (P1||Pso) < 0.

Proof. The proof is given in Appendix [B] O

As an expectation over a norm, the diffusion divergence is strictly nonnegative for all distributions. We
next provide an assumption that the diffusion divergence is nonzero, which we shall assume everywhere this
paper:

Assumption 4.6 (Positive Divergences). We assume that m(X) is chosen such that D,,(Ps|P1) > 0 and
D, (Py||Px) > 0.
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Remark 4.7. The work of |Barp et al| (2022) uses the diffusion divergence to generalize score matching,
which requires the diffusion divergence to satisfy D,,(P||Q) =0 < P = Q for all P,Q. For noninvertible
m(X), there might exist P,Q for which Vlogp(X)—Vlogq(X) lies in the kernel of m(X) almost everywhere
(causing D, (P||Q) = 0 for P # Q), and hence |Barp et al.| (2022) imposed a condition of invertibility on
m(X) for all X € R%. Throughout this paper, all diffusion divergences take arguments only from {Ps, P1}.
Therefore, we require only Assumption and can therefore consider m(X) which is not invertible. Hence,
Assumption permits m(X) to be non-square (w # d) and the theorems of this paper allow arbitrary w.

Next, we generalize the test statistic of [Wu et al.| (2022]) and the instantaneous detection score of [Wu et al.
(2023) to include m(X).

Definition 4.8 (Diffusion Test Statistic and Instantaneous Detection Score). For any choice of m(X) that
satisfies Assumption and with S, (-, P) following Deﬁnitz’on we define

Zm(X) = Sm(X, Py) — Si(X, P1), (17)

Note that Z,,(-) is a function of its subscript unlike Zg.(-) and Zg(-). We next propose a diffusion-based
hypothesis test.

Definition 4.9 (Diffusion Hypothesis Test). With some fized choice of stopping threshold ¢ € R, we define

0 Zf Z?:l Zm(Xi) <c

18
1 else (18)

T (Xa)isy) = {
We further propose the diffusion change-point detection stopping rule.

Definition 4.10 (Diffusion Change-Point Detection Stopping Rule). With some fized choice of stopping
threshold ¢ > 0, we define

0 t=0 . '
Yo (t) = {max(O, Yot — 1)+ Z(X)) £>0 and 75 =min{t € N:Y,,(t) > ¢} (19)

4.3 Properties of the Proposed Hypothesis Test

We next present a theorem which bounds the performance of the diffusion hypothesis test.

Theorem 4.11 (Error Exponent). Fiz Py, Pi, and @ € (0,1). Let m(X) : R? — R¥** be some dif-
fusion matriz function which satisfies both Assumption and Eqlexp(—Z(X))] = 1. Recall TE, from

Deﬁnition and B(-) from Definition .
Then, there exists some ¢ such that (i) limy, o an(T5) < @ and (i) B(TS,) > D (Ps||P1)-

m

Proof. The proof is given in Appendix O

4.4 Properties of the Proposed Stopping Rule

We next present theorems quantifying the mean time to false alarm and detection delay of the diffusion
change-point detection stopping rule, which are generalizations of corresponding results for the Fisher diver-
gence presented in [Wu et al| (2023).

Theorem 4.12 (Average Run Length). For 75, following Definition if m(X) satisfies
Eolexp Z (X)] < 1, then Eoo[15,] > €“.

Proof. The proof is given in Appendix O

Theorem 4.13 (Detection Delay). For 75, following Definition the worst-case average detection delay

is given by
c

L TS) ~
o (T,) D, (P1[[ P
where f(c) ~ g(c) as ¢ — 0o means that lim._,, f(c)/g(c) = 1.

as ¢ — 00, (20)
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Proof. The proof is given in Appendix O

For each of our detection tasks, we have generalized one unique score-based detection algorithm into a
collection of diffusion-based algorithms, each of which is different in both its choice of m(X) and in its
performance. We next turn our attention to making a good choice of diffusion matrix function so that our
detection algorithms can perform well.

5 Optimization of the Diffusion-Matrix Function
In this section, we propose a method of finding the optimal m(X).

5.1 Objective Function: Change-Point Detection

Under the objective presented in , we wish to minimize the detection delay subject to a constraint
on the average run length . Denoting our constraint on the average run length as 7, we can set a stopping
threshold to ¢ = log7; by Theorem the constraint of (that ARL(7) > 7) will be satisfied so long
as Ex[exp Z,, (X)) < 1.

The expected detection delay is a function of stopping threshold and D, (P; || Px ). Since we have already set
the stopping threshold ¢ = log7, we minimize by maximizing D,, (P1]| P~ ). This produces the objective:

max D (P1]|Px) st Exlexp Zp(X)] = 1. (21)

For any m(X) satisfying Assumption and any k > 0, it is easy to see that Zp,,(X) = k?Z,,(X) for
all X € R? and that Dy, (P1||Ps) = k%D, (P1||Ps). Thus, if we were to optimize by simply maximizing
Dy, (P1]|Pxo ), then for any m(X), Dim(P1||Psx) > Dp(Pi||Ps) whenever k£ > 1. Thus, some constraint
is necessary for a maximum of to exist. Furthermore, in change-point detection (hypothesis testing),
a stopping rule (test) using instantaneous detection score (statistic) Z,,(-) and threshold k is identical to
another stopping rule (test) using instantaneous detection score (statistic) k2Z,,(-) and threshold k?c —
adjusting the scale k does not actually change the algorithm (scale-invariance over the densities of Py, P; is
an advantage of score-based methods but scale-invariance over m frustrates this optimization). Optimization
over only D,,(P1]|Px) may simply lead to a larger scaling on m(X), and this optimization would neither
improve the test nor converge to any limit. Thus, some constraint on the scale of m(X) is necessary, and the
condition Eq[exp Z,,,(X)] < 1 plays this role. Though the constraint was introduced as a proof technique,
it is in fact essential to the optimization process.

5.2 Objective Function: Hypothesis Testing

We wish to find a diffusion hypothesis test between P, P; which performs reasonably well for all batch sizes
n. The popular objective function of @, however, is explicitly a function of a particular batch size n. We
modify the objective of @ to better account for the variable nature of the batch size:

max B(T) subject to ILm an(T) <@, (22)

where B(-) is defined by Definition Though the objective of considers the performance of a test for
large n, it does not depend upon any one particular choice of n.

For any m(X) following Assumption and satisfying Eq[exp(—Z,,,(X))] < 1, Theorem provides that
Dy, (Px||P1) is a lower-bound on the error exponent of some particular TS, which obeys any constraint on
asymptotic type I error probability. For any choice of @, we maximize the type II error exponent of a test
by maximizing its lower bound, D,, (Px||P1), while enforcing Eq[exp(—Z,,(X))] = 1 to satisfy the condition
of the Theorem [L.111

Thus, we propose that the following objective optimizes m(X) for the problem of hypothesis testing:

max Dy (Pxo||P1) s.t. Eqlexp(—Zn,(X))] = 1. (23)
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Remark 5.1. Recalling Deﬁm’tion we observe that the objective of takes the form of when
the roles of Py, P1 are interchanged.

5.3 Optimality of Diffusion-Based Hypothesis Testing and Change-Point Detection

We first demonstrate that for a special case of two Gaussian distributions with a common covariance matrix,
ZxL(+) = Zm(+) for a particular choice of m(X):

Theorem 5.2. Consider vectors jis, 11 € R? and positive definite matriz V€ R¥?, Let Pyy = N (oo, V)
1
and Py = N(u1,V), and define M* = V2. Then, VX € RY, Zy(X) = Zg (X).

Proof. The proof is given in Appendix O

In general, we do not expect any particular choice of m(X) to exactly recover the LLR-based tests. We
demonstrate using another pair of Gaussians that there does not always exist an m(X) such that Z,,(-) =
Zx.(+) with probability one.

Theorem 5.3. There exists a pair of distributions Ps, Py such that for allm(X), Peo[Zm(X) # Zk(X)] > 0

Proof. The proof is given in Appendix O
Remark 5.4. For any Ps, P1, Zn(:) = Zp() if m(X) = I.

It is possible to bound the performance of the best diffusion-based algorithm — the algorithm corresponding
to the best choice of m(X) — in terms of the performance of the score-based and LLR-based algorithms. By
Remark[5.4] we observe that the best diffusion-based algorithms can perform no worse than their score-based
peers (though diffusion algorithms corresponding to a poorly-chosen m(X) can perform arbitrarily poorly).
The diffusion-based algorithms can never outperform their LLR-based counterparts, however, as the latter
are provably optimal under @ and .

While we know that CUSUM is optimal under the metric of , in general there can be stopping rules
distinct from CUSUM which match the performance of CUSUM. Therefore, while for some choices of P, P;
we do not know whether LLR-like performance is attainable (such as for the Py, P; of Theorem , we do
know that this optimal performance is attainable for other choices of P, P; (such as those of Theorem [5.2)).

In general, and especially for high-dimensional P.,, P;, the best possible m(X) will not be analytically
identifiable. In the general case, we simply wish to find an m(X) that approximates a solution to , .
In the next section, we turn to machine learning to help with this approximation.

5.4 Numerical Optimization

We propose a multi-layer perceptron (MLP) network m : R? + R?*" to approximate the best possible
matrix-valued function for a given P, P;. The MLP m(X) can be trained to approximate a solution of
or (@).

While we wish to optimize the MLP via gradient descent, the method of gradient descent requires differ-
entiability of the loss function. The constraints (Ex[exp Z,,(X)] = 1 of and Eq[exp(—Z,,(X))] =1
of ) preclude gradient descent from being applied directly to these objectives. We turn to the use of
regularization to circumvent this issue. We propose the loss functions Lepp and Ly to numerically optimize
m(X) for change-point detection and hypothesis testing, respectively:

Loen(m) = —Dy (P Poo) + @[ log Bag (exp(Zyn(X)))], (24)
Lyr(m) = =Dy, (Pso|| P1) 4 a[log By (exp(—Z (X))

where a > 0 is a training hyperparameter. The condition Ex[exp Z,,

I
= Lot 1) (8, fexp(—Zn (X)) = 1
of (23)) is satisfied if and only if [log Es (exp Zy, (X))]? = 0 ([log El(exp( Z L(XO)))?

) Therefore, though
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Figure 1: Performance of LLR-based, Fisher-based, and diffusion-based Change-Point Detection Stopping
Rules. In this simulation, Py, P; were chosen to be (a) Gaussian Distributions, (b) Gauss-Bernoulli Re-
stricted Boltzmann Machine Distributions, and (¢) Quartic Exponential Distributions. ARL and EDD are
averaged over 10,000 sample paths.

it does not strictly enforce the exact conditions, gradient descent over Lepp(m) or Lyr(m) causes the neural
network m(X) to approximately satisfy the conditions of or (23).

6 Numerical Simulations

In this section, we implement and simulate the diffusion-based methods and compare their performances
against those of their LLR-based and score-based analogs for both hypothesis testing and change-point
detection. We begin by introducing three model classes with analytical score functions.

6.1 Model Classes

In this section, we shall use the notation of p(X) to refer to the density of some distribution P, and shall
use the notation of p to refer to the unnormalized density of some distribution P. Two of our three model
classes provide only an unnormalized density.

For each model class below, the simulations are performed with parameters chosen in light of (Wu et al.
2023, Proposition 5) to demonstrate cases where score-based methods noticeably underperform LLR-based
methods. We provide details and parameters for our model classes in Appendix [A]

6.1.1 Gaussian Distribution

The multivariate Gaussian distribution is parameterized by a vector x € R? and a positive-definite matrix
¥ € R¥¥4, Tts density and score function are given by:

1 1 Ty—1 _ y-ly
p(X)=Wexp(—§(X—u) STHX —p), Viegp(X) =-%"1X —p). (26)

6.1.2 Gauss-Bernoulli Restricted Boltzmann Machine

The Gauss-Bernoulli Restricted Boltzmann Machine (GB-RBM) (Liao et al/| (2022))) is simultaneously an
energy-based model and a score-based model. Thus, it is a natural candidate for comparisons between
LLR-based and score-based algorithms.

As presented in (Liao et al., [2022, Equation 3), the conditional density of visible variable conditioned upon
latent variable is a Gaussian distribution with diagonal covariance; here, we relax this condition and require
only that it be positive definite. For this formulation of the GB-RBM with latent dimension £, the model is
parameterized by vectors € R, ¢ € R", W € R?¥" and positive definite matrix ¥ € R4¥9,

10
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Figure 2: ROC curves for diffusion-based, score-based, and LLR-based hypothesis tests, plotted for batch
sizes n € {1,10,100}. Py, Py are chosen to follow Gaussian Distributions (top), Gauss-Bernoulli Restricted
Boltzmann Machine Distributions (middle), and Quartic Exponential Distributions (bottom). Each ROC
curve uses 10,000 batches. Similar plots for n € {5,25,50} are shown in Figure |3|in the Appendix.

We provide the free-energy F', unnormalized density p, and score V logp of the GB-RBM:

P(X) = exp(—F (X)), Vlogp(X)=Vlogp(X) ="YX —p)+ X7 W Sigmoid(¢ + WTE™1X) (27)
where F(X) = (X — p)"S7 (X — p) — 17 Softplus(¢ + WTS™1X),

6.1.3 Quartic Exponential Model

We finally consider an exponential model class that is quartic (fourth-order) in X. This model is parame-
terized by p € R? and positive-definite matrix ¥ € R?¥?. The unnormalized density and score function of

this model are:
BX) = exp (— (X2 — )TS"H(XO% — ), Vlogp(X) = —4Z (X2 — ) © X, (28)

where ® denotes element-wise multiplication and X©2? denotes element-wise squaring.

6.2 Implementation of Algorithms

6.2.1 LLR-Based Algorithms

For model classes that provide normalized densities, we implement the LLR-based algorithms following their
description in Section[2] For model classes involving unnormalized densities, we must modify the test statistic
and instantaneous detection score Zyi(+) to account for the lack of normalization.

11
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We let R;gom 5 be a Monte-Carlo estimate of E;[poo(z)/P1(x)] using n samples (Section . Define

Py
5 _ ﬁl (X) n
Zx(X) = log 5o (X) +1ogRE 5 - (29)
We let ZKL play the role of Zx.(X) in our simulations. We note that the estimation of R’IQ 3 requires a

significant quantity n of data and that this estimation becomes generally intractable as the data dimension
becomes large. This approximation is discussed further in Section

6.2.2 Score-Based Algorithms

Score-based algorithms follow the implementation given in Section [2] We note that for any unnormalized
density p with normalizing constant Z, the score-based algorithms are invariant to the scale of poo(+), p1(+):

Viegp(X) = Vlieg(p(X)/Z) = Viegp(X) — Vieg Z = Vg p(X) (30)
6.2.3 Diffusion-Based Algorithms

Like the score-based algorithms, diffusion-based algorithms are also scale invariant; hence, the diffusion-based
algorithms do not need to account for scaling constants Cy., Cy.

We simulate square matrix-valued functions. We let a feed-forward neural network play the role of m(X),
mapping data in R? to matrices in R9*¢. We optimize this choice of m(X) following the loss function of
(24). Details regarding the architecture of this neural network and its training are provided in Appendix

6.3 Results

For both hypothesis testing and change-point detection, and for each of the three proposed model classes,
we compare the performances of the diffusion-based, score-based, and LLR-based algorithms.

In Figure [2| we compare the performances of each method via Receiver Operating Characteristic (ROC)
curves, considering the performance of each test under all possible choices of threshold ¢. We observe that
for the Gaussian and GB-RBM distributions, the performance of the diffusion-based hypothesis tests nearly
match the performance of their LLR-based counterparts, and that for the quartic exponential distribution,
the diffusion-based hypothesis test outperforms the score-based test.

In Figure |1} we compare the performance of each change-point detection stopping rule. Each algorithm is
run with many choices of threshold c. We recall the average run length (ARL) from , and we define the
expected detection delay (EDD) of a stopping rule 7 to be EDD(7) = E;[r]. We plot the ARL and EDD
for the LLR-based, score-based, and diffusion-based stopping rules. Each curve illustrates the ARL and
EDD of an algorithm for several choices of stopping threshold c¢. Again, we observe that the diffusion-based
stopping rule matches the LLR-based one in performance for the Gaussian and GB-RBM simulations and
outperforms the score-based algorithm for the simulation involving the quartic exponential distribution.

Across all three model classes and for each of our two detection tasks, we observe that the diffusion-based
algorithms perform no worse than the score-based methods and no better than the LLR-based methods, and
that they occasionally match the LLR-based methods in performance.

7 Conclusion

In this paper, we have proposed a hypothesis test and a change-point detection stopping rule which utilize
the diffusion divergence. We have studied the properties of these methods, calculating and bounding their
performance metrics. We have developed an objective over the diffusion matrix function for hypothesis
testing and change-point detection applications. We have demonstrated that the performances of the best-
possible diffusion algorithms are no worse than the performances of the score-based algorithms and no better
than the performances of the LLR algorithms. We have proposed a loss function for the training of m(X)
and demonstrated the stability of this process by way of simulation. Finally, we have demonstrated the
implementability of the diffusion-based algorithms in numerical simulations.

12
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Appendix

A Details of Numerical Simulations

A.1 Model Class Details

We begin by defining the model classes for which simulation results are provided. We provide V*, u}, and

i in , , and , respectively.
A.1.1 Gaussian Distribution

We let Py = N(ui,, V*) and Py = N (pf, V*).

A.1.2 Gauss-Bernoulli Restricted Boltzmann Machine

We first create Wy, € R¥*6 where each element of W, is drawn i.i.d. from a A(0,1) distribution, and
generate ¢, € R in the same way. We then sample W, € R®*6 and ¢, € RS such that each element is
drawn ii.d. from N(0,0.1%2). We then let Wy = W, + W, and ¢1 = ¢oo + 1.

We let Py, be the GB-RBM with p = p’ , X =V* W = Wy and ¢ = ¢oo. We then let P; be the GB-RBM
with p = pi, X =V* W =W, and ¢ = ¢;.

A.1.3 Quartic Exponential Distribution

We let Py, be parameterized by p = p, and ¥ = V*. We let P, be parameterized by p = pj and ¥ = V*.
We note that if u = 0, the density of can be rewritten as

3x) = o - ) SN ). (31)

A.2 Sampling

We sample from P,,, P; to create a training dataset of 100,000 samples and a test dataset of 10,000 samples.
We sample from all distributions via the Metropolis-Hastings algorithm (Roberts & Rosenthall (2001))) except
for the Gaussian distribution, where we perform direct Gaussian sampling. We sample new data for the
creation of the curves of Figures [I] and

A.3 Partition Ratio Estimation

Define
O = / 5o(X)dX  and Oy = / 51 (X)dX. (32)
Rd Rd
Then, the LLR-based test statistic and instantaneous detection score is
p1(X) P1(X) O p1(X) Cwo
Zx(X) =lo = log = — = log = + log —, 33

which presents a problem, as Cr, /Cy is not known. It can, however, be calculated from an expectation:

E =E —| = X —dX = — o (X)dX = —,
! |:]31(X) pl(X) Cl Rd ( ) pl(X) Cl 01 p ( ) Cl
which we can approximate with a sample mean:
1~ Poo(X)
R . == = 34
P m ; p(X3) (34)
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[ 6.94357  —3.41203 —2.15460 —0.48852 —0.21851 —0.39300 —0.93257 —0.75584]
—3.41203  3.78724 0.5144  —0.30651 1.64793  0.06043  0.71543 —1.44385
—2.15460  0.5144 3.75500  2.00786 —1.22796 —0.94496 —2.25916  0.8728
—0.48852 —0.30651 2.00786  2.93120 —1.57410 —1.91590 —1.7714  0.02425

V= —0.21851 1.64793 —1.22796 —1.57410 5.37965 2.21935 —1.66047 —2.40907 (36)
—0.39300 0.06043 —0.94496 —1.91590 2.21935  6.24591 —0.93225 3.02939
—0.93257 0.71543 —2.25916 —1.7714 —1.66047 —0.93225 8.12932 0.29485
| —0.75584 —1.44385  0.87281 0.02425  —2.40907  3.02939 0.29485 6.82808 |

" T
1i =1[0,0,0,0,0,0,0,0] (37)
oy = [0.99974, —1.11210,—-0.11677,0.1231, —0.55111, 0.29397, —0.71772, 0.93254]T (38)
for a dataset (X;)_; of i.i.d. samples of P;. Thus, for our LLR-based tests, we let
. p1 (X
Zy(X) = log 1Y) +logRE 5 (35)

Poo(X)
play the role of Zg.(+).

A.4 Training

We create a feed-forward neural network with 8-dimensional input, a single 36-dimensional hidden layer, and
a 64-dimensional output. We place a Sigmoid activation function after all non-output layers. For each input
X € R8, we reshape the network’s output m(X) € R% into a matrix m(X) € R®*® and multiply this output
by a constant 0.1, which has been found to sometimes improve the stability of the training process during
the first few epochs.

Training was performed via Adam (Kingma & Ba (2015])) with learning rates 0.035 (Quartic Exponential
Distribution), 0.04 (Gaussian Distribution), and 0.01 (Gauss-Bernoulli RBM). Across all distributions, train-
ing was performed with L2-regularization of 1-107® and oo = 10. Hyperparameters were tuned via inspection
of loss history; it should be noted that the competing models (Fisher-Based test, LLR-Based test) have no
tunable parameters.

A.5 Additional Plots

We present additional ROC curves in Figure

B Proofs of Theorems and Lemmas

We begin by presenting Lemmas which shall assist in the proofs of the Lemmas and Theorems of this paper.

Lemma B.1. For completeness, we recall this Lemma and proof from |Hyvdrinen| (2005])[Lemma 4].

For differentiable g, h : R — R:

o 0g(X )
/ h(X) gA(Xl)Xm = aﬂoglgriioo <g(a,X2, s Xp)h(a, Xo, o X)) — g(by Xy -+, X)) R(b, Xo, - - 7Xn)>
o Oh(X
- [ ax, (39)

The same follows for all X; # X;.

Proof. By the product rule:
Oh(X)
00X,

dg(X)
0X1

9g(X)h(X)

X, = g(X)

+ h(X)
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Figure 3: ROC curves for diffusion-based, score-based, and LLR-based hypothesis tests, plotted for batch
sizes n € {5,25,50}. Py, P, are chosen to follow Gaussian Distributions (top), Gauss-Bernoulli Restricted
Boltzmann Machine Distributions (middle), and Quartic Exponential Distributions (bottom). Each ROC
curve uses 10,000 batches. Note that similar plots for n € {1,10, 100} are provided in Figure [2|in the main

text.

Rearranging:
) ) B

The result follows from integrating both sides of over R

Oh(X)
o, (41)

O

Lemma B.2. Let s(X) : R? s R? be a differentiable function with continuous derivatives and let P be a
probability distribution with density p absolutely continuous with respect to the Lebesgue measure. Let (v);

denote the i-th element of vector v.

If
Ep[|Viogp(X)|*] < oo and Ep[[s(X)]*] < oo, (42)

then
Ep[|(Vlogp(X))i(s(X))il] < oo (43)

foralll <i<d.

Proof. By the definition of the norm, we can say that:

Ep[[[V logp(X)|”] = Ep [Z«wogmx»ﬂ (44)

%
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)?] < oo for all 1 < i < d. By similar reasoning,

so Ep[||[VIlogp(X)||?] < oo implies that Ep[((Vlogp(X));
2}<ooforalll§i§d.

the assumptions of this Lemma imply that Ep[((s(X));)
By the Cauchy-Schwarz inequality, we have that:
Ep[|(V1og p(X))i(s(X))ill < VEP[((Vlogp(X)):)?] VEP[((s(X)):)?] (45)

and thus the quantity of interest is bounded from above by finite terms.

For the special choice of s(X) = Vlogq(X), then Assumption implies the assumptions of this Lemma,
and this Lemma demonstrates that

Ep[l(Vlogp(X))i(Vlog q(X))il] < oo (46)
forall 1 <i<d. O
Lemma B.3. For m(X), Py, P1 satisfying Assumptions and we have that:

B | " (X)(V1ogp(X) - VioggCO)I| =Bp | 5m” COVIogp(X)IP +5,(X.)| a7

Proof of Lemma[B-3 This proof follows the arguments of Hyvérinen| (2005)) [Theorem 1], with modifications
for the present setting. We include the details for completeness. For generality, we prove this theorem for
arbitrary s(X), but note that when we let s(X) = Vloggq(X), then this theorem calculates a new form for

D (P1Q)-

Let s(X) : R? — R be differentiable with a continuous derivative. We calculate:
1
B " (X)(V o () — () I

= Bp | 3llmT OV Iogp(X)[P + 5™ COSCOI — (1 (0¥ ogp(CO) i (X)s(x) |, (49

Term 1

We examine Term 1 in more detail:
Ep[(m” (X)V1ogp(X))"m" (X)s(X)] = Ep[(VIlogp(X))" m(X)m™ (X)s(X)]. (49)

We define
f(X) =m(X)m" (X)s(X). (50)

Letting v; and (v); denote the i-th element of a vector v, we can simplify the expression of (49):

Brl(Viog (X)) F(X)] = | p(X)(V logp(X))" f(X)ax

We next choose to calculate the integrand of for the case of i = 1:

[ PO Lo p(ON (FCXaxX = ) TR
R? - '

= (f(X))rdX (52)
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By the result of Lemma we can invoke Fubini’s Theorem to expand the integral of into a double
integral:

§ agg()f) (f(X))1dX = . </_°; agg()f) (f(X))ldX1> A(Xa, - Xn). (53)
Term 2

Next, we apply Lemma to Term 2, letting p(X) play the role of g(X) and (f(X))1 play the role of h(X).
The limit of Lemma [B-1] evaluates to zero by Part [3| of Assumption [£.4]

= (S (X)) (S (X))
0— X)————""—dX1 )d(X3,-+ , X)) =— X)———""—dX 54
[ (o= [ o028 ax e, x) = - [ o0 2 (54)
where in the last step we collapse the double integral into one single integral over X.

Altogether, we have that:

d

Bpl(Vlogp(X)T (X)) = 3 [ p(X)(V logp(X))u(F(X)idX

i—1 /RY
d

o Yt
- Rd [

i=1

_ O(f (X))
= —/de(X)ZTXZ_dX

=1

= —Ep[V - f(X)] (55)
Returning to , we substitute and arrive at:
1
Er | I (X)(Vlogp(X) — s(X))IP

—Ep [ian(X)wogp(X)nQ + 5 lm (X)) + 9 m(X)mT<X>s<X>]. (56)

For the special case where s(X) = Vlogq(X), we have that:

D(PQ) = Ep | L m” (X)(V log p(X) - vmgq<x>>||2]

= Ep | 1T (X)V logp(X)| + 1 [m (X) ¥ logq(X) | + ¥ - m<X>mT<XW1°gq(X)}
—Bp | 3In7 COVlogp(X)|? + (2. Q) (57)
O

Proof of Lemma[2.3 The assumptions of this Lemma are sufficient to guarantee Assumption [£.4] when
m(X) = I, and the proof follows from the result of Lemma when m(X) = 1. O

Proof of Lemma[4.3 This proof closely follows the arguments presented in (Wu et al., 2023, Lemma 1), with
modification for the present setting. We include the details for completeness.

We know that .
D, (P|Q) =Ep §||mT(X)Vlogp(X)ll2 + S (X, Q) (58)
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We observe that the first term inside the expectation does not depend upon ). We denote
1
Cm(R) = Er| 5[m" (X)Vilogr(X)|? (59)

for any distribution R with density r. Then:
EOO[Sm(Xv POO) - Sm(Xv Pl)] = Dm(POOHPOO) - Cm(POO) - Dm(POOHPl) + Cm(POO) = _Dm(POOHPI)
and

E1[Sm (X, Pso) = S (X, P1)] = Dy (P1|| Pso) — Con(P1) — Do (P1||P1) + Crn(P1) = D (P1|| P )-

O
Proof of Lemma[{.5 Letting
7(X) =mT(X)Viegr(X), 35(X)=mT(X)Vlogs(X),
then D,,,(R||S) = $Eg[[|[F(X) — 5(X)||?]. Then, by the triangle inequality,
[7(X) = 5(X)| < [F(X)]| + [[5(X)]]

and as the norm is nonnegative,

[7(X) =51 < (IFCOI + 5D = [7X))1? + 15O + 2[5 (X0)- (60)
Finally,

Er[IF(X)I5(X)] < VER[IF(X)PIER[IS(X)]?]

by the Cauchy-Schwarz Inequality. The Lemma follows from Part [2] of Assumption [£.4] O

Proof of Theorem[{.11} This proof follows the arguments of the Stein Diffusion Lemma as presented in
(Y Polyanskiy, [2015, Theorem 11.1) (forward direction only).

Fix some arbitrarily small § > 0 and set ¢ = n(6 — Dy, (Poo||P1)). We recall Definition

Tv%((XZ)ZL:l) = {(1) ieisgizl Zm(Xz) <c (61)

Recalling , the type I error probability of T, is given by

an(T5) :Pw[éZm(Xi) zc} (62)

By the law of large numbers, we know that

1 n
= Zm(Xi) — B [Zm (X)) (63)
n i=1 Xi~Poo
as n — 0o. we have demonstrated in that
EOO[Zm(X)] = _Dm(POOHPl)' (64)

For the § > 0 previously chosen, the definition of convergence guarantees that for all € > 0, there exists some
N for which n > N implies that

P, H; izm(xi) _ (—]Dm(POOHPl))’ > 5} <e (65)
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The inequality of implies that

P, K}l i Zon(X) — (—]D)m(POOHPl))) > 5} <e (66)
and hence that :
P [:L g Zm(X3) > (06— ]D)m(POOHPl))} <e (67)

Rearranging the inequality and substituting ¢ = n(6 — D, (Px||P1)), we can say that for all € > 0, there
exists an NV such that n > N implies:

Poo [z: Zm(X;) > c] <e (68)

Letting € = @ establishes that lim,, ,~ o, (T5,) < @ for all @ € (0, 1).

Next, we calculate the type II error probability. Recalling , the type II error probability of T, is given
by:

Bn(Tr) =Py sz; Zm (X;) < c}. (69)

We manipulate and apply the Chernoff Bound:

B [(= 3 Zux)) > (-0 < nf 0 [[Bxlexp(-0Zu(X0)
(- 7mxa) > o)

el
< o [ Exfesp(- Zn (X)) (70)
We assume that E; [exp(—Zom(X;))] < 1. Thus: .
e T Bafesp(-Zu (X)) < . ()
and -
(T3 < ¢ = exp (n(6 - D(PP) ). (72)

We have that B(TS,) > Dy, (Px||P1) — d, where B(-) is defined in Definition As this result holds for all
d > 0, it follows that B(TS,) > Dy, (Pso||P1). O

Proof of Theorem[{.12 This proof closely follows the arguments of Theorem 3 in (Wu et al.,[2023, Theorem
3), with modifications for the present setting. We include the details for completeness. We prove in many
steps:

Construction of a Random Walk and Martingale: We first define

§ = —log(Eco[exp Z (X))). (73)
From the condition of Theorem § > 0. Next, define
Zm(X) = Zm(X) +90 (74)

where Z,,(X) follows Definition We further define

b
W= 3 (X0

Gi(n) = exp W7 = exp (; zm@ci))
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We observe that W is a random walk that can take negative values. Using Lemmaand Jensen’s Inequality
with respect to the convex function — log(-):

Do (Pool|P1) = ~Enc[Zin(X)] > —log Eucfexp Zyu(X)] = 6. (75)

We present Jensen’s Inequality as a strict inequality (it could achieve equality only if Z,,(X) is almost surely
constant, but this would imply that D, (Pu||P1) = Dy (P1||Px) = 0, violating Assumption [4.6]). Using (75)),
we observe:

Eoo[Zm(X)] = Eoo[Zm(X) + 6} < 7Dm(Poo||P1) Jr]D)m(Poonpl) =0. (76)

As Eoo[Zm(X)] < 0, we note that W is a random walk with a strictly negative drift.
We observe that

Eoo|G(n + 1)|Fa] = G(0)Eoc[exp(Zim(Xn41))] = G(n)e’Eoslexp Zim (Xp1)] = G(n), (77)

and that
Eoo[G(n)] = Es [eXp <Z(Zm(Xi) + 5))} = HIEOO [exp Zm (Xi)] = 1, (78)

so GG is a non-negative martingale with mean one under P.

Construction of Stopping Rule T': Next, we define a stopping time:

Tinf{nz 1: < max Wg) Zc} (79)

1<k<n

We note that T cannot be trivially calculated due to the strictly negative drift of the random walk given by

Construction of Stopping Rule M : We define a sequence of stopping times:
no =0, 771:inf{t:V~[/'1t<0}7 nk+1:inf{t>nk:Wf,k+l<0},

and

M_inf{kZO:nk<ooandW,?k+l>cf0rsomen>nk}. (80)

We can see that M < T. Since Z,,(X) > Z,,(X), we know that T < T'. Hence, Eo [T] > Eo[M].
Calculation of Poo (M > k): As an intermediate step in the calculation of Eo [M], we first calculate Poo (M >
k):

Eoo[P(M > k +1|Fp ) Liarsnyl-

We next consider the probability Poo (M > k + 1|F,,, ).

PooM > k + 11,,) = 1 — Poo(M < K|F,,). (s1)

23



Under review as submission to TMLR

We calculate P(M < k|F,, ):

P <W,;Lk+1 > ¢ for some n > n

fm) =Py (VT/{‘ for some n>

n:n<t

(
= lim Pm(( max eXp(Wln)) > eC)
(

where in the first step we rely upon the i.i.d. (and hence stationary)~nature of X; and in the last step we
invoke Doob’s submartingale inequality (Doob| (1953)), noting that G(t) is a nonnegative martingale with
mean one under P..

From (81)), we know that P(M >k + 1|F,,) > 1 — e~ and hence that

Poo[M > k] = Eoo[Poo[M > k + 115, JLar513]
> (1= e )PoM >k —1]

(1 —e )Py [M >k — 2]

> (1—e 9",

(AVARLYS

We next sum a geometric series:

o0

Eo[M] = S P(M > ) > S (1— ) = ﬁ et (82)
k=0 k=0
and we conclude that
Eoo[T] > Eoo[T] > Eoo[M] > €°. (83)

Proof of Theorem[{.13 This proof closely follows the arguments presented in (Wu et al.,[2023, Theorem 4),
with modifications for the present setting. We include the details for completeness.

Define a random walk

Y(n) =Y Zn(X;), n>1 (84)
i=1
and a stopping time
R=inf{n >1:Y(n) > c}. (85)

We define the overshoot of the random walk over threshold ¢ by:
Q.=Y(R)—c. (86)
Define j,,, = E1[Z,,,(X)] and o2, = Var;[Z,,,(X)]. We define
pim = B [Z (X)] = D (P1[| Poo ), (87)
where we use the result of Lemma We further define

‘772n = Var[Z,,(X)] = ]El[Zm(X)Z] - .Ufn- (88)
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Under the mild assumption that
Eq[Sin (X, Poo)?], Er[Si(X, P1)’] < o0, (89)
we can use Theorem 1 of |Lorden| (1970)) to conclude that:

E(Z ()] _ EalZn(X)] _ i o 00)

Qe S TR 20X S BlZn®) i

where ()T = max(0,-). We next use Wald’s Lemma [Woodroofe, (1982)) to show that for all ¢ > 0:

N c E|Q. c 2 4 g2
E[R] = — + 1G] S—+M. (91)
Hm Hm Hm Hom,
For any n > 0, Y(n) < Y,,(n) and so R > 7¢, for the Y;,(-), 7¢, of Definition Then:
2 2
A c Uy, + 0O
Elen SElR_i—FM, (92)
=Bl = Hin
but as ¢ — oo, the effect of the term (u2, + 02,)/u2, approaches zero. Thus,
Linon (7,) ~ ——o (93)
oo\ ) ~ B TP
where f(c) ~ g(c) as ¢ = 0o means that lim., f(c¢)/g(c) = 1.
O

Proof of Theorem[5.4 Direct calculation gives:

Zy(X) =log p1(X) — log poo (X) = —%(X — )TV X =) + %(X — t1o0) TV THX = proc).

Without loss of generality, we can substitute 0 in place of o, and substitute p = p1 — poo in place of p;.
With this substitution:

1
Z(X) = XTV 1y — iuTV‘lu. (94)

In the same way, we calculate Zy;(-) for any fixed matrix M:
1
Zu(X) = XTV MMV — 5MTV*lMMTV*m. (95)

In the special case where M = I (Fisher divergence-based setting), the formula for Z;(X) is the formula
for Zx.(X) where all instances of V! are replaced by instances of V~2. In our test, setting M = V2 lets
MMT = V!, which makes the diffusion-based test equivalent to its LLR-based analog. O

Proof of Theorem[5.3. Consider Py, = N(0,1/4) and P; = N'(0,1). Here, X € R? for d = 1. There does not
exist any matrix-valued function m(X) : R? s R4*% such that Z,,(X) = Zg.(X) across all X € R. Define

Py = N(0,0%), P, = N(0,1). (96)

These distributions are supported on R. Suppose for contradiction that there exists some m(X) : R — R
such that:
Zx(X) = Z(X) VX e R. (97)

where Zy; (X) is given in (8). Defining
u(X) = m*(X), (98)
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we can see that u(X) > 0 for all X € R. We shall demonstrate a contradiction by showing that u(X) cannot
be positive for all X € R when o = 1/2.

To simplify notation, we denote

$00(X) = Vlog poo (X), (99)
51(X) = Vlogpi (X). (100)

When X, m(X) are scalars, then so(X),s1(X) are also scalars, and we can re-write the diffusion-based
instantaneous detection score of Definition [4.8| in simpler terms. We denote the derivatives of u(X), so0 (X),
and s1(X) as v/ (X), s, (X), and s} (X), respectively.

Z5(X) =5u(000 + g (X)) ) = JuC0R00 - e (ux)s(3))
= () (2 () = $3() 40 (X) (500 (X) = 51(X)) 4 u(X) (5 (X) — 5}(X)

00 (562000 = 00 + (500 = 5100 ) 400 (3200 - (X)) (101

We next calculate Zyx(X). We note that for a scalar Gaussian distribution P = N (u,0):

1 1
log p(X) = —glog(QTrUQ) — ﬁ(X — )2, (102)

and so

1 1 1 1 X2 /(1
logp1(X) — log peo(X) = —3 log(27) — §X2 + 3 log(2w0?) + ﬁ)@ = log(o) + > (02 - 1). (103)

Setting Zx.(X) = Z,,,(X), we arrive at the first-order ordinary differential equation (ODE):

u0) (62 3) = 00 + (5 (30 =400 ) +0/00) (5 3) = 5030 ) =gt + 5 (5 1), (108

We calculate:
1
sm(X):ng, s1(X) = —-X, (105)

and further observe that s.(X) — s1(X) = (1 — 072)X, that s, (X) — s{(X) = (1 — 072), and that
s2.(X) — s3(X) = (6% — 1) X2. Plugging into (104):

u(X) (;XQ (014 - 1) + <1 - 012)) +/(X) <X(1 _ ;)) — log(o) + X; (012 - 1). (106)

We next divide through by (1 — 0=2)X, noting that this term has a zero at X = 0. We shall take care not
to integrate the resulting ODE through X = 0. Furthermore, this also introduces a zero if o = 1, though
in this case poo(X) = p1(X) for all X € R, rendering detection impossible. Performing this division, we get
that

w(X)k(X) + 4/ (X) = r(X), (107)
where
E(X) = 5X2<;;<11>+1<)152> :77X+% where 7—;(1:21) (108)
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and where

log(o) + X72 (012 - 1>
r(X) = = o X where = logo . (109)
X 2 L
X(l - ;)

We note that -, d are independent of X and that they are positive for all o > 0.

We shall attempt to solve this ODE via the integrating factor method. We calculate that [k(X)dX =
J =X + X71dX = -2 X?+1log|X]| (note that it is not necessary to include a constant of mtegratlon C, as
any such constant would cancel in the step of - We define

D(X) = exp (/k(X)dX) = exp (— g)@) 1X]. (110)

We recall the ODE of and multiply through by D(X):
D(X)u(X)k(X) + D(X)u'(X) = D(X)r(X). (111)
We observe that & D(X) = D(X)k(X) and that 2% D(X)u(X) = D(X)k(X)u(X) + D(X)u'(X), which

is the left-hand-side of (111f). We make this substitution to the left-hand-side and apply the Fundamental
Theorems of Calculus:

X
D(X)U(X)—D(a)U(a)Z/ D(y)r(y)dy. (112)

We know by Lemma[£.5]that the diffusion divergence is bounded. Recalling (105, we can express D, (P || Pxo)
as:

( 12>2/°° e X U(X)X2dX < 0o, (113)

g —00

El{nm )(V log p1 (X) — Vlog pao (X |\] 2\@

Consider o = 1. For this choice of o, we have that v = 2.5 > 1. Recalling that u(X) > 0 for all X and

noting that ™), X2 |X| > 0 for all X, h(-), we have that:

oo oo
/ e X u(X) XX < 00 = / e~ X u(X)X2dX < 0o (114)
— 00

— 00

as 2 > 1. Furthermore, for all X ¢ [—1,1], we know that X2 > |X|. Thus, the convergence of (114) implies:
= / X)|X|dX < 0. (115)

We note that the integral of (115 is equivalent to e~ [*° D(X)u(X)dX. As all terms of the integrand are
non-negative for all X, the convergence is absolute and implies that

lim D(X)u(X)= lim D(X)u(X)=0. (116)

T—00 X——o00

Plugging (116) into (112), we get that for all X < 0:

X
= / D(y)r(y)dy. (117)
— 00
We now expand the integrand:

X X
7 2\ ly v y
/ D(y dy—/ eXp( 2y2> |5dy / exp(—yQ)lyldy
—c0 Yy —c0 2 2

term 1 term 2
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If X <0, then y < 0 and 4 = —1. Thus:

term 1 = —5ﬁ@(Xﬁ), (118)

where ® denotes the CDF of a standard scalar Gaussian with mean zero and standard deviation one. We
next integrate term 2 using integration by parts, keeping in mind that X < 0 = y < 0, and hence

ylyl = —y*:

_ 1 (Xe—zx2 _ 27T<I>(Xﬁ)>. (119)

We now know that

) = g (CPOVA) - X3, (120)

where ¢ = (=0 — (27)71)y/27y~1. We observe that D(X) > 0 for all X, and the sign of u(X) is equal to
the sign of @(X). Evaluating, we observe that @(—1) a 0.054 > 0 but @(—0.05) = —0.013 < 0. As such,
the u(X) < 0 for some X € R, a contradiction. No matrix-valued function m(X) : R — R can enforce that
Ze(X) = Zp(X) for all X € R.

Consider a more general case, where m(X) : R — R, Letting sp(X) = Vlogp(X), the diffusion-
Hyvérinen score becomes:

1

S(X,P) = [T (X)sp(X)P + 7 - m(X)m” (X)sp(X). (121)
Expanding the first term:
™ (X)sp (X2 =5 | ma (X)sp(X), -+ mas(X)sp (X))
=S SHX) + -+ (X)sh (X))
=§(i_ilm?<x>)szp<x>, (122

as m;(X) is scalar for any 1 < ¢ < w. Expanding the second term:

V(Xm0 (X) = V[ () Psp(X) = V- (om0 )sp(0) (123)
i=1
In this case, scaling by m(X) : R — R*¥ is equivalent to scaling by m(X) : R — R where

(124)
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We know that there cannot exist an m(X) such that the diffusion test statistic matches the log-likelihood
ratio. Thus, for this choice of Ps, P, for all matrix-valued functions m(X) : R — R'*% where w € N, Z,,(-)
is not equal to Zg.(+).

Define h(X) = | Zx.(X) — Zn(X)|. We know that for all m(X) there exists at least one value X* € R for
which h(X™*) # 0. By Assumptions Zm(X), Zx.(X), and h(X) are all continuous in X. Letting
e = h(X*)/2, we have from the definition of continuity that there exists a § > 0 such that h(X) > €
for all X € (X* — §,X* + ). We know from Assumption that P, P; are supported on R¢; hence
Poo[X € (X*— 6, X*+06)] >0and Py[X € (X* — 8, X*+06)] > 0.
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