Published as a conference paper at ICLR 2026

RELATIVE POSITION BIASES FOR TRANSFORMER
PINNS

Fedor Buzaev', Andrei Ermakov''2, Mariia Ivanova', Fedor Ratnikov', Denis Derkach' and
Ilya Makarov?:3-*

LHSE University,

ZAXXX,

3Trusted Al, Center, RAS,

4Research Center of the Artificial Intelligence Institute, Innopois University

ABSTRACT

Transformer-based physics-informed neural networks (PINNs) have recently im-
proved PDE solving by modeling spatiotemporal interactions with self-attention,
yet most variants still rely on absolute coordinate embeddings. We ask whether
relative positional structure — a key inductive bias in modern Transformers can
be made coordinate-aware and yield an accuracy boost with minimal overhead
for PDE PINNs. Building on a PINNsFormer-style decoder-only baseline (S-
Pformer), we introduce two drop-in modifications: (i) a spatial-distance ALiBi
attention bias and (ii) spatial RoPE applied to attention queries/keys using normal-
ized physical coordinates. Across multiple PDE benchmarks and random seeds,
both relative schemes consistently improve over the baseline, with spatial RoPE
providing the strongest gains in our experiments. Our results suggest that inject-
ing coordinate-relative structure into attention is a simple and effective upgrade
for Transformer PINNSs.

1 INTRODUCTION

Numerically solving partial differential equations (PDEs) is a core problem in science and engi-
neering. Classical discretization-based solvers, including finite element and pseudo-spectral meth-
ods, can be highly accurate but may become computationally expensive in multiscale regimes, for
long time horizons, or when repeated solves are required [Bathe| (2008)); [Fornberg| (1996)). Physics-
informed neural networks (PINNs) provide a mesh-free alternative by approximating the solution
field u(x,t) with a neural surrogate ug(x,t) trained to minimize a physics loss function that en-
forces PDE residuals and initial/boundary constraints via automatic differentiation [Lagaris et al.
(1997); Raisst et al.| (2019); Buzaev et al.| (2023); |Chuprov et al.| (2024). Despite their flexibility,
standard MLP-based PINNs can fail on oscillatory, multiscale, or transport-dominated dynamics,
often exhibiting over-smoothing and poor propagation of boundary/initial information across the
domain Krishnapriyan et al.|(2021)); Wang et al.| (2022).

A complementary line of work strengthens architectural inductive bias by leveraging sequence
modeling in physics-informed learning. Transformer-based PINNs (e.g., PINNsFormer) use self-
attention to improve long-range temporal coupling and have shown better accuracy than MLP-based
PINNs on several PDE benchmarks [Zhao et al.| (2024). Related approaches replace attention with
state-space models to further stabilize long-range dependency modeling in physics-informed train-
ing [Xu et al,| (2025). However, most physics-informed Transformers retain a design choice inher-
ited from language modeling: they encode position through absolute coordinate embeddings (e.g.,
learned embeddings and/or Fourier features). For PDEs, where the governing operators are natu-
rally expressed in terms of relative distances and local interactions, absolute encodings may be a
mismatched inductive bias — the model must rediscover locality and translation structure implicitly
from residual-based supervision.

In this paper, we investigate whether relative position mechanisms from modern Transformers can
serve as a low-overhead, physics-aligned upgrade for Transformer PINNs. Specifically, we take a
state-of-the-art PINNsFormer-style decoder-only baseline (S-Pformer; a streamlined attention PINN
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with strong empirical performance) |Arni & Blanco|(2025)) and introduce two drop-in modifications
inside self-attention: (i) distance-based ALiBi [Press et al. (2022), an additive attention bias con-
structed from pairwise physical distances (e.g., |z
to continuous coordinates), and (ii) spatial RoPE |Su et al| (2023)), where rotary embeddings are
driven by normalized continuous coordinates rather than token indices (adapting RoPE to PDE co-
ordinates). Both changes preserve the overall training setup, parameter scale, and physics-informed
objective, but explicitly encourage attention to respect coordinate-relative structure.

Across multiple PDE benchmarks and random seeds, we find that relative position biases consis-
tently improve accuracy over the baseline, with spatial RoPE providing the strongest gains in our
experiments. Our results suggest that physics-aware relative attention is a simple and effective archi-
tectural prior for Transformer PINNs, and a practical bridge between advances in foundation-model
positional modeling and PDE learning Meng et al.| (2025).

2 BACKGROUND

Physics-informed neural networks (PINNs). Letu : Q x [0,7] — R%ut satisfy a PDE with
differential operator A/, boundary operator B, and initial condition ug:

Nu|(z,t) =0, (x,t) € Qx(0,T], (1)
Blu)(x,t) =0, (x,t)e€dQ x[0,T], 2)
u(x,0) = up(x), x €. 3)

PINNs parameterize u by a neural surrogate ug(x,t) and optimize 6 by minimizing a physics loss
that penalizes PDE residuals and boundary/initial conditions, using automatic differentiation for
derivatives |Lagaris et al.|(1997); Raissi et al.|(2019):

L(0) = A E[[IN [ue] (2, t)][3] + Ao E[[I1B[ug] (2, 1)I[3] + X0 Ef[lug(xx, 0) — uo(2)[I3] . 4)

Transformer PINNs and pseudo-sequences (PINNsFormer). Transformer PINNs introduce lo-
cal temporal coupling forming a short window of & tokens anchored at (x, t)
Sk(x, t; At) = {[z, 8], [z, t + At],..., [z, t + (K — 1)At]},
then mixing tokens with self-attention|Zhao et al.|(2024). The physics loss can be applied token-wise
across the window (averaging residual/boundary terms and enforcing the initial term at the window
start):
k-1

Loy = kZE[HNue ot 80 20 LS [ [Bel e, ¢ 0]
j=0 7=0
+)\0E[Hu9 (x, t) H } (5)

Decoder-only S-Pformer. A representative recent baseline is S-Pformer |Arni & Blanco| (2025),
a decoder-only PINNsFormer variant. Here, each token corresponds to a spatiotemporal coordi-
nate, and the model predicts the solution value u at the same coordinate; since there is no separate
source/target sequence, an encoder—decoder split is unnecessary. S-Pformer applies stacked self-
attention and feed-forward blocks over the pseudo-sequence and uses standard coordinate embed-
dings, typically augmented with Fourier features and WaveAct-style nonlinearities. In this work, we
keep the S-Pformer backbone intact and modify only how positional structure enters self-attention

(Sec.3).

3 METHOD

3.1 PHYSICS-INFORMED RELATIVE POSITION MECHANISMS

We start from a decoder-only PINNsFormer-style baseline (S-Pformer) that processes a pseudo-
sequence of spatiotemporal coordinates and predicts the solution field uy at each token Arni &
Blanco|(2025)). The baseline uses standard coordinate embeddings (e.g., linear lifting and/or Fourier
features) and applies multi-head self-attention (MHSA) over the token dimension. Our key change
is to augment self-attention with relative position structure that is explicitly tied to continuous PDE
coordinates.
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Distance-based ALiBi (continuous coordinates). ALiBi adds a head-specific additive bias to
attention logits based on relative position |Press et al.[(2022). For PDE tokens we replace discrete
index distance with physical distance along a chosen coordinate s (e.g., space z in 1D). For tokens
{z;}£ ,, define the (optionally normalized) distance and head bias:

i h 3
dij =" by = —mndy, (6)
where my, > 0 are standard ALiBi slopes and « is a distance scale (e.g., the known domain span, or
an estimated span from the current batch). Attention logits become

(h) 7.(R)

AP —
Y vy

+ o, ()

Spatial RoPE (normalized coordinates). RoPE injects relative position by rotating query/key
channels as a function of position [Su et al.[|(2023)). We drive RoPE by continuous coordinates: let
(s)

Z; " — Tmin

(-rmax - xmin) +e€

bi = € [Ov 1]7 (8)

(using kKnown [Zmin, Tmax] Or batch min-max, with e ~ 10~°). For each head, we rotate qz(h), kz(h')

with angles proportional to p;:
i = RoPE(q§h>, pi> . k" = RoPE (k§h>, pi) , 9)

and compute attention logits as

(@, k")

AP —
Y vy

(10)

3.2 MOTIVATION: RELATIVE GEOMETRY AS AN INDUCTIVE BIAS FOR PDE ATTENTION

Unlike language tokens, PDE tokens are continuous coordinates, so interactions are naturally gov-
erned by relative geometry (e.g., distances in space/time), not just discrete token indices. With
purely absolute coordinate embeddings, the model must learn locality and translation structure im-
plicitly from the physics loss. Distance-based ALiBi encourages attention toward nearby points
by adding a distance penalty to the logits (Eq. [6H7)), while spatial RoPE injects coordinate-relative
structure by rotating query/key channels as a smooth function of normalized coordinates (Eq.[8HIO).
Both are drop-in changes: they only change how attention incorporates positional information and
lleave the physics-informed objective and the overall training pipeline unchanged.

3.3 OVERALL ARCHITECTURE

Our models follow the decoder-only pseudo-sequence PINNsFormer template. Given a collocation
point (x,t), we form a local window of k tokens Sk (x, t; At) and embed each token with shared
linear layers (optionally combined with standard coordinate features as in the baseline) Zhao et al.
(2024). A stack of N identical decoder blocks alternates MHSA (token mixing) and a feed-forward
network (channel mixing), using WaveAct-style nonlinearities as in prior PINNsFormer variants.
We instantiate two variants that differ only in the attention module:

* S-P + ALiBi: MHSA adds the coordinate-distance bias to attention logits (Eq. equation [7)).
* S-P + RoPE: MHSA applies coordinate-driven RoPE to @), K before dot-product attention
(Eq. equation[J).

The prediction head maps the final token representations to ug at each token; during evaluation we
read the token corresponding to the query time. Training uses the same physics-informed sequence
loss (Eq. equation [3)) for all models.
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Figure 1: Qualitative comparison on the 1D reaction equation. Top row: predicted solution fields
u(x, t) over the space-time domain. Bottom row: pointwise absolute error |ug(z, t) —u(x, t)| (lower is better).
Relative RL1 errors are reported under each method (single displayed run). Adding physics-informed relative
position structure to S-Pformer improves accuracy: S-P + RoPE achieves the lowest error, followed by S-P +
ALiBi, both outperforming the original S-Pformer and other baselines.

Table 1: Reaction and 2D Navier—Stokes results (mean = std over 5 seeds). RL1/RL2 are relative
errors; Time is wall-clock training time (s).

Reaction Navier—Stokes (2D)
Model RL1 RL2 Time RL1 RL2 Time
PINN 0.9803 +0.02 0.9785 £ 0.01 487.3(1.2210+0.09 1.2130 £0.10 3843
KAN 0.6781 +0.07 0.6987 £0.07 78.4 |1.1557 +0.28 1.1766 +0.32 3426
PINNsFormer | 0.0346 £ 0.02 0.0438 +0.04 398.5|0.1223 £ 0.04 0.1531 4+ 0.03 3925
PINN-Mamba | 0.0105 £ 0.00 0.0248 +0.00 287.6|0.1013 £0.05 0.1172 4+ 0.05 4160
S-Pformer 0.0254 £ 0.01 0.0271 £0.00 231.6|0.1253 & 0.02 0.1321 +£0.02 3960
S-P+RoPE [0.0053 + 0.00 0.0655 4+ 0.00 240.2{0.0823 +£0.01 0.0891 + 0.01 2980
S-P+ ALiBi [0.0081 +0.00 0.0116 £ 0.00 243.7|0.0709 + 0.01 0.0781 +0.01 2870

4 EXPERIMENTS

We evaluate relative position biases as drop-in replacements in a decoder-only PINNsFormer-style
baseline (S-Pformer) on four PDE benchmarks: wave, reaction, convection, and 2D Navier—
Stokes. All models are trained with the same physics-informed objective and sampling strategy; we
report mean = std over 5 random seeds using two relative error metrics (RL1/RL2) and wall-clock
training time. Baselines include a standard PINN (MLP) Raissi et al.|(2019), PINNsFormer [Zhao
et al.|(2024), KAN [L1u et al.|(2025), PINN-Mamba Xu et al. (2025)), and S-Pformer /Arni & Blanco
(2025). Our two methods are S-Pformer + ALiBi and S-Pformer + spatial RoPE (Sec. EI)

Table |I| summarize results for Reaction and 2D Navier-Stokes equations, and for Convection and
Wave, Table [2]in the appendix. We show that for all the problems considered, relative position
biases improve S-Pformer, with spatial RoPE achieving the best errors among attention-based PINN
variants in our runs.

5 CONCLUSION

We studied whether relative position mechanisms from modern Transformers can serve as a
lightweight, physics-aligned inductive bias for Transformer PINNs. Starting from a decoder-only
PINNsFormer-style baseline (S-Pformer), we introduced two drop-in modifications inside self-
attention: a distance-based ALiBi bias and coordinate-driven spatial ROPE. Across multiple seeds,
both methods improve accuracy on the PDEs where we have complete results, with spatial RoPE
providing the strongest gains in our experiments. These findings suggest that injecting coordinate-
relative structure directly into attention is a simple and effective upgrade for physics-informed se-
quence models, and a promising ingredient for more robust Transformer-based PDE solvers. Future
work will extend evaluation to additional PDE families and explore multi-dimensional relative po-
sition schemes (e.g., 2D/3D RoPE or anisotropic distance biases) for complex geometries.
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Table 2: Convection and Wave results (mean =+ std over 5 seeds). RL1/RL2 are relative errors;
Time is wall-clock training time (s).

Convection Wave
Model RL1 RL2 Time RL1 RL2 Time
PINN 0.9421 +0.15 1.0130 £0.18 843.7|0.4101 +0.05 0.4141 +0.05 1587.4
KAN 0.1433 +0.03 0.1458 £0.03 312.4|0.5011 +0.04 0.5023 & 0.05 124.6
PINNsFormer |0.0412 4+ 0.03 0.0531 + 0.03 921.3|0.0459 £ 0.05 0.0463 4+ 0.05 1456.3
PINN-Mamba | 0.0588 4+ 0.02 0.0601 & 0.02 876.2|0.0207 &= 0.00 0.0213 +0.00 1187.5
S-Pformer 0.1759 +0.27 0.1878 £0.28 913.4|0.0093 4+ 0.00 0.0098 4+ 0.00 1424.0
S-P+RoPE [0.0414 + 0.01 0.0543 +0.02 613.4|0.0080 4+ 0.00 0.0088 + 0.00 1400.6
S-P+ ALiBi [0.0673 + 0.02 0.0749 +0.02 667.4|0.0173 +0.00 0.0178 £0.00 1720.4
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Figure 2: 1D wave equation: qualitative comparison. Predicted solution fields u(x, t) and abso-
lute error maps |ug — u| for representative baselines and our methods. Relative position mechanisms
reduce structured error bands and improve overall fidelity; S-P + RoPE is visually the sharpest and
most accurate among the compared S-Pformer variants.

A NUMERICAL RESULTS

We provide additional comparison figures for 1D wave) to complement the quantitative results in Ta-
bles[I} Each figure contrasts baseline PINN variants against our relative-position S-Pformer models
(S-P + ALiBi, S-P + RoPE). We also provide the number of parameters for each model 3}
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Table 3:

Model size (number of parameters) per PDE.

Model Wave Reaction Convection Navier—Stokes (2D)
PINN 527,361 527,361 527,361 527,361
PINNsFormer | 453,561 453,561 453,561 453,561
KAN 891 891 891 891
PINN-Mamba | 285,763 285,763 285,763 285,763
S-Pformer 370,991 370,991 305,551 305,551

S-P + ALiBi 368,959 368,959 305,891 305,891

S-P + RoPE 366,959 366,959 305,891 305,891
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