
Multi-Layer Attention is the Amplifier of Demonstration Effectiveness

Anonymous ACL submission

Abstract001

Many studies show that not all demonstrations002
help in-context learning (ICL), limiting perfor-003
mance. Therefore, in this paper, we analyze004
why demonstrations become ineffective using005
gradient flow. By setting the gradient flow to006
zero, we reveal two cases of ineffectiveness:007
the model has either already learned the infor-008
mation or it is irrelevant to the query. We also009
prove that in the multi-layer attention model,010
effectiveness disparities amplify with depth, di-011
recting attention toward effective demonstra-012
tions. Building on the above discussion, we pro-013
pose GRADS, which selects demonstrations via014
gradient-flow signals and explicitly accounts015
for already assimilated information. We vali-016
date our derivation and GRADS on four promi-017
nent LLMs across five mainstream datasets.018
The experiment confirms that the disparity in019
demonstration effectiveness is magnified as020
the model layer increases, substantiating our021
derivations. Moreover, GRADS achieves a rel-022
ative improvement of 1.3% on average over023
the strongest baselines, achieving new SOTA024
results in the demonstration selection.025

1 Introduction026

In-Context Learning (ICL) is an effective method027

for enhancing the performance of Large Language028

Models (LLMs) (Brown et al., 2020; Dong et al.,029

2024). By providing demonstrations relevant to030

the user query in the input, ICL guides the reason-031

ing of LLMs, thereby improving inference perfor-032

mance. Recent years have witnessed many efforts033

in investigating the internal mechanisms of ICL for034

guiding the design of ICL methods (Zhou et al.,035

2024). For example, recent research works (Zhang036

et al., 2024; Mahankali et al., 2024; Smart et al.,037

2025) discuss the convergence and convergence038

speed of ICL, while some other works (Olsson039

et al., 2022; Li et al., 2024b; Chen et al., 2024)040

study the function of each part and module of the041

Transformer (Vaswani et al., 2017) during ICL.042

Effective Demo

M
ulti-Layer

A
ttention

User Query
Find the roots of (x - 3)^3 + (2x - 6)^2 = 3x - 9.

Effectiveness

Layer

Incorrect Answer
Using the Cardano's 
formula, we can derive …

Correct Answer
By replacing with t = x - 
3, we can get that …

Query: Given x^3 + x + 
2 = 0, calculate sum of 
cubes of all its roots.

Solve: Combining Vieta's 
formula, we substitute 
roots into equation, …

Ineffective Demo

Query: Given x^2 + x + 
2 = 0, calculate roots of 
the equation.

Solve: We can directly 
use the Vieta’s formula to 
calculate ...

Figure 1: The gradient flow comparison of effective
(green) and ineffective demonstrations (red). For the
ineffective demonstration, with the increase of model
layers, the effectiveness remains at a low level. About
the effective ones, the effectiveness is significantly am-
plified as the layer increases.

As the performance of LLMs continues to im- 043

prove, a phenomenon emerges that there exist in- 044

effective demonstrations to the given query, which 045

cannot enhance reasoning performance during ICL 046

(DeepSeek-AI, 2025; Wang et al., 2025c). How- 047

ever, existing research on the mechanisms of ICL 048

is predominantly based on the assumption that the 049

given demonstrations are not ineffective (Liu et al., 050

2025; Cho et al., 2025), which limits the explo- 051

ration of how to enhance the performance of ICL. 052

Therefore, in this paper, we aim to answer the fol- 053

lowing research questions (RQs): 1) What makes 054

the demonstration ineffective? 2) How does the ef- 055

fectiveness of the demonstration affect the ICL per- 056

formance? and 3) How to select effective demon- 057

strations to enhance ICL performance? 058
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Following Wang et al. (2023); Liu and Deng059

(2025), we employ the gradient flow for our in-060

vestigation: the greater the gradient flow from the061

demonstration to the generated answer, the demon-062

stration is more effective. We first study the factors063

that determine the magnitude of the gradient flow064

in a single-layer linear self-attention model (LSA),065

thereby providing the reasons for an ineffective066

demonstration: the information in the demonstra-067

tion has already been learned by LLMs, or the068

demonstration is irrelevant to the user query (RQ1).069

We then prove that in a multi-layer LSA, the ratio070

of the accumulated gradient flow among demon-071

strations is amplified along the increase of the072

number of layers (RQ2), as shown in Figure 1.073

Considering that existing demonstration selec-074

tion methods mainly focus on the relevance be-075

tween the demonstration and the query, which076

could select ineffective demonstrations (Wei et al.,077

2024; Chen et al., 2023a; Wang et al., 2025b).078

Therefore, based on the above discussion, we pro-079

pose GRADS, which selects the demonstration that080

maximizes the gradient flow with the given query081

(RQ3). Measure whether LLMs utilize the informa-082

tion in a given demonstration through the gradient083

flow to ensure that the demonstrations provided are084

effective in reasoning, enhancing performance.085

To validate our conclusions and the effectiveness086

of GRADS, we conduct experiments on five main-087

stream datasets and four mainstream LLMs. Exper-088

imental analysis shows that the ratio of the gradient089

flow between effective and ineffective demonstra-090

tions increases with the model layers, proving that091

the multi-layer Transformer indeed acts as an am-092

plifier of demonstration effectiveness. Furthermore,093

the experimental results of GRADS indicate that,094

compared to the best demonstration selection base-095

lines, GRADS achieves a relative improvement of096

1.3% on average, achieving new SOTA results on097

the demonstration selection.098

In summary, our contributions include:099

• We prove that a demonstration is ineffective when100

the information has already been learned by the101

LLMs or is irrelevant to the given user query.102

• We theoretically and empirically analyze that the103

multi-layer structure amplifies the ratio of the104

demonstration effectiveness.105

• We propose GRADS, a gradient-based demonstra-106

tion selection method that achieves new SOTA107

results on the demonstration selection.108

2 Analysis of Demonstration Effectiveness 109

In this section, we discuss why and how LLMs 110

ignore ineffective demonstrations in ICL from a 111

gradient flow perspective. We first provide defi- 112

nitions for necessary mathematical notations and 113

concepts (§2.1). Then, we discuss the gradient 114

flow in a single-layer linear self-attention network 115

and why LLMs distinguish ineffective demonstra- 116

tions (§2.2). Subsequently, we discuss the gradient 117

flow in a multi-layer linear self-attention network 118

and how LLMs ignore ineffective demonstrations 119

(§2.3). The main findings of our analysis are sum- 120

marized in Table 1. All proofs in this section are 121

provided in Appendix A, and we follow Wang et al. 122

(2023) to calculate the gradient flow. 123

2.1 Preliminary 124

Without loss of generality, we primarily focus on 125

the 1-shot setting for mechanism analysis. Follow- 126

ing Zhang et al. (2024), we denote a demonstra- 127

tion as d =
(
dx dy

)
, where dx, dy ∈ Re repre- 128

sents the input and output embedding vector of 129

the demonstration, respectively. Here, e is the em- 130

bedding dimension. We denote a user query as 131

q =
(
qx qy

)
, where qx ∈ Re is the query input 132

embedding vector, and we set qy = 0 to indicate 133

that the corresponding answer to the query is not 134

provided in the input. We denote the complete 135

network input as E =
(
d q

)
. In this paper, we 136

use ∥M∥ to denote the Frobenius norm (Wu et al., 137

2022) of a given matrix M . 138

Following previous work (Zhang et al., 2024), 139

we define the linear self-attention network (LSA): 140

fLSA(E; θ) = E +WPV E · E
⊤WKQE

ρ
(1) 141

WPV ∈ Re×e is the combined projection and 142

value matrix of Attention, and WKQ ∈ Re×e is 143

the combined key and query matrix, where the spe- 144

cific definitions are consistent with Zhang et al. 145

(2024). ρ is the normalization coefficient, where 146

we set ρ = 1 in this paper following Zhang et al. 147

(2024). We denote all network parameters as 148

θ = {WPV ,WKQ, ρ}. It can be observed that 149

Equation 1 is the result of replacing the activation 150

function in a single-layer attention network of a 151

Transformer with a linear function. Specifically, 152

we denote q̂y(E; θ) as the predicted answer of the 153

given E and θ, abbreviated as q̂y, which is the vec- 154

tor corresponding to the last column of the output 155

from the LSA model fLSA(E; θ). 156
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RQ Finding Evidence

RQ1: What makes the demonstration
ineffective?

A demonstration is ineffective if the information it
contains has already been learned by LLMs or is
irrelevant to the user query.

Equation 2

RQ2: How does the effectiveness of
the demonstration affect the ICL
performance?

With deeper layers, the ratio of the accumulated gradient
flow between effective and ineffective demonstrations
widens.

Theorem 1

Table 1: The main research questions (RQs), findings, and corresponding evidence of our analysis.

Following previous work (Wang et al., 2023), for157

a multivariate function f and one of its independent158

variables x, we define the magnitude of the gradient159

flow of f with respect to x as the partial derivative160

of f with respect to x, which is ∇xf = ∂f
∂x . The161

magnitude of the gradient flow measures the influ-162

ence of the change in x on f . Specifically, in the163

context of ICL, the gradient flow of the output q̂y164

with respect to an input demonstration d reflects165

the contribution of that demonstration to the an-166

swer. Consequently, it can indicate how much in-167

formation from the demonstration is utilized during168

generating the answer.169

2.2 Single-Layer Linear Self-Attention170

We first analyze the gradient flow in a single-layer171

network. It can be shown that the contribution of172

the input demonstration to the gradient flow for173

answer generation is:174

∇dq̂ = (WPV d)(q⊤WKQ)⊤+(d⊤WKQq)WPV

(2)175

Equation 2 formally defines the gradient flow value176

of the single layer LSA, which indicates how much177

information from the demonstration is used for an-178

swer generation. We can see that, given a certain179

query q, the factors determining the magnitude of180

the equation can be divided into two categories: (i)181

d⊤WKQq: The similarity between the demonstra-182

tion and the user query. (ii) WPV d: Whether the183

model has already learned the information in the184

demonstration (Petroni et al., 2019; Roberts et al.,185

2020). Therefore, the determination of whether to186

use the information from a given demonstration187

mainly depends on 1) the similarity between the188

demonstration and the query, and on 2) whether189

the information in the demonstration has already190

been learned by the model.191

Based on the discussion above, as the base of192

the following discussion, we propose to use the193

parameters in Equation 2 to formally define the ef-194

fectiveness of demonstrations with the given query195

and model as follows:196

Definition 1 (Demonstration Effectiveness). Given
a query q and model parameters θ, if two demon-
strations d1 and d2 satisfy that:

∥WPV d1∥ ≥ ∥WPV d2∥

∥d⊤1 WKQq∥ ≥ ∥d⊤2 WKQq∥

then we say that d1 is more effective than d2 with
respect to q and θ, denoted as:

d1 ≽q;θ d2

197In Definition 1, we require a demonstration to 198

be more effective than the other if it contains 199

more knowledge that the model has not learned 200

(∥WPV d1∥ ≥ ∥WPV d2∥), and it is more simi- 201

lar to the query (∥d⊤1 WKQq∥ ≥ ∥d⊤2 WKQq∥). If 202

only one of these conditions holds, it is difficult 203

to compare the effectiveness of the demonstration 204

because it is not possible to determine whether 205

the knowledge or the similarity to the query has a 206

greater impact on performance. We experimentally 207

evaluate the impact of two conditions in Defini- 208

tion 1 on ICL performance in Figure 2. 209

2.3 Multi-Layer Linear Self-Attention 210

Considering that current mainstream LLMs consist 211

of multi-layer modules, in this part, we discuss the 212

gradient flow of the multi-layer linear self-attention 213

network. Let L be the total number of layers in the 214

network. We denote the input to the l-th layer as 215

E(l) =
(
d(l) q(l)

)
and its parameters as θ(l), the 216

corresponding predicted answer of the l-th layer is 217

q̂(l). Since in the multi-layer LSA, the output of 218

the (l − 1)-th layer is the input of the l-th layer: 219

E(l) = fLSA(E
(l−1); θ(l−1)) (3) 220

According to the chain rule, we can derive that the 221

gradient flow of the whole model is the product of 222

the gradient flow of each layer: 223

∂q̂
(L)
y

∂d(0)
=

∂q̂
(L)
y

∂E(L−1)
× ∂E(L−1)

∂E(L−2)
×· · ·× ∂E(1)

∂d(0)
(4) 224
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Due to the complexity of the structure, we only225

provide a qualitative analysis for the multi-layer226

model. Based on Equation 2, we know that the mag-227

nitude of each term in Equation 4 is positively cor-228

related with the demonstration effectiveness, i.e.:229

Lemma 1. Let an L-layer LSA network be given.230

For every layer l = 1, . . . , L, assume there exist231

strictly increasing functions232

gl : R≥0→R≥0, hl : R≥0→R≥0,233

such that for every demonstration d and query q,234

the following equalities hold:235

∥WPV,(l)d(l)∥
= gl

(
∥WPV,(l−1)d(l−1)∥

) (5)236

∥(d(l))⊤WKQ,(l)q(l)∥
= hl

(
∥(d(l−1))⊤WKQ,(l−1)q(l−1)∥

) (6)237

If two demonstrations satisfy d1 ≽q;θ(0) d2 at the238

input layer, then for every l = 1, . . . , L, we shave239

d
(l)
1 ≽q;θ(l) d

(l)
2 .240

The condition in Lemma 1 assumes that each241

layer of the model has a consistent effect on its242

input. Based on Lemma 1, we know that for each243

layer, a more effective input demonstration results244

in a larger corresponding gradient flow in all lay-245

ers. It is worth noting that for the same demon-246

stration d, Lemma 1 does not guaranty that the247

gradient flow at layer l is always greater than248

that at layer l − 1. This is because the magnitude249

of the gradient flow also depends on the model250

parameters θ(l) of each layer.251

Based on Lemma 1, we can deduce that since252

the gradient flow is a partial derivative, a larger gra-253

dient flow leads to a greater change in the output254

of subsequent layers. Therefore, as the number of255

model layers increases, the difference in gradient256

flow between effective and ineffective demonstra-257

tions also becomes larger.258

Theorem 1 (Multi-Layer Attention is the Ampli-
fier of Demonstration Effectiveness). For a given
user query q and a model θ, let d1 and d2 be two
demonstrations with corresponding inputs E1 and
E2. If the condition of Lemma 1 holds, for any
L ≥ l1 > l2 ≥ 1, we can conclude that the follow-
ing inequalities hold:

∥∇d(0) q̂y
(l1)(E1; θ)∥

∥∇d(0) q̂y
(l1)(E2; θ)∥

≥ ∥∇d(0) q̂y
(l2)(E1; θ)∥

∥∇d(0) q̂y
(l2)(E2; θ)∥

259

Theorem 1 shows that as the layers increase, 260

the ratio of the accumulated gradient flow of 261

different demonstrations also becomes increasingly 262

large. This indicates that the multi-layer LSA acts 263

as an amplifier for the effectiveness. 264

3 GRADS 265

In this section, we introduce a demonstration se- 266

lection method, named GRADS, based on gradient 267

flow, selecting the demonstration with the largest 268

flow to the given query as the selection result. The 269

prompt we used is shown in Appendix B.1. Con- 270

sidering Theorem 1, in actual selection, we use the 271

gradient flow of the last layer as the selection met- 272

ric. Because the effectiveness differences between 273

demonstrations are sufficiently amplified, it allows 274

a better distinction between effective and ineffec- 275

tive demonstrations. We discuss the efficiency of 276

GRADS in Appendix C.1 and Appendix D.3. 277

However, performing a full inference pass on 278

the model to obtain the gradient flow for each user 279

query results in low computational efficiency. From 280

Equation 2, it can be observed that in the calcula- 281

tion of the gradient flow, the computations for the 282

demonstration and the user query are relatively in- 283

dependent. Therefore, we can first compute the en- 284

coded vectors for the demonstrations and the user 285

query separately, and then use these results to calcu- 286

late the magnitude of the gradient flow through ma- 287

trix operations. This approach significantly reduces 288

the computational overhead, thereby enhancing the 289

efficiency of demonstration selection. 290

Specifically, for a given demonstration pool, we 291

first input each demonstration individually to ex- 292

tract the encoding result of the final layer as d̂. 293

Then, for each user query, we also input it to extract 294

the encoding result of the final layer as q̂. Subse- 295

quently, the computed d̂ and q̂ are substituted into 296

Equation 2 to obtain ∇dq̂
(L)
y . Since ∇dq̂

(L)
y is a 297

2× e matrix, containing the gradient flows for both 298

the input and output parts of the demonstration, and 299

considering that both parts are equally important, 300

we use ∥∇dq̂
(L)
y ∥ as the metric for demonstration 301

selection to balance their importance. 302

4 Experiment 303

Our experiments are primarily divided into three 304

parts: (i) Introduction of the experimental settings 305

and baselines. (ii) Verification of Theorem 1 and its 306

related corollaries. (iii) Validation of effectiveness 307

and the impact of different factors on GRADS. 308
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4.1 Experiment Setup309

Dataset To thoroughly validate our analytic con-310

clusions and the effectiveness of our proposed311

method, we conduct experiments on five main-312

stream datasets that span various tasks and do-313

mains, including: (i) math: GSM8K (Cobbe et al.,314

2021) and MATH (Hendrycks et al., 2021); (ii)315

reasoning: ARC-Challenge (Yadav et al., 2019)316

and MMLU-Pro (Wang et al., 2024b); (iii) domain-317

specific: Amazon Review (Ni et al., 2019) and318

FinQA (Tao et al., 2024). Detailed descriptions of319

these datasets are provided in Appendix B.2. We320

employ Exact Match (EM) as the evaluation metric321

across all experimental datasets.322

Model We validate our discovery and method on323

four LLMs: Llama-3.1-8B/70B-Insturct (Llama-324

3.1-8B/70B) (Aaron Grattafiori, 2024), Deepseek-325

R1-Distill-Llama-8B (Llama-R1-8B) (DeepSeek-326

AI, 2025), and Qwen3-8B (An Yang, 2025)1. Our327

selection of models encompasses various scales, se-328

ries, and capabilities for generating long chains of329

thought (Long-CoT, Llama-R1 and Qwen3) (Chen330

et al., 2025a), which can fully evaluate the effec-331

tiveness of our conclusion.332

Baseline We compare GRADS with following333

demonstration selection baselines: BM25 (Li et al.,334

2023), MMR (Ye et al., 2023), MoD (Wang335

et al., 2024a), Influence (Nguyen and Wong, 2023),336

DICL (Kapuriya et al., 2025), GenICL (Zhang337

et al., 2025c), TopicK (Kweon et al., 2025), and338

ICL-Grad (Zhang et al., 2025d). The above covers339

the most advanced current demonstration selection340

methods. Detailed introductions and configurations341

for each baseline are provided in Appendix B.3.342

Implementation Detail For the mechanism anal-343

ysis experiments, we employ a 1-shot setting to344

align with the setup in our theoretical analysis.345

For the validation of GRADS, we follow previous346

works (Wang et al., 2025b) and adopt a 3-shot set-347

ting to ensure the comparability of the final perfor-348

mance. Following DeepSeek-AI (2025), we set the349

maximum generation length to 32768, and for each350

question, we sample a single answer. Our experi-351

ments are performed on a single A100-80G GPU,352

with the selection and inference for each dataset353

taking approximately one hour on average. All354

implementations are based on Transformers (Wolf355

et al., 2020) and vLLM (Kwon et al., 2023).356

1We utilize the thinking mode of Qwen3 for a comprehen-
sive evaluation.
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Figure 2: The ICL performance of Llama-3.1-8B across
all datasets with different demonstration relevance (X-
axis) and unlearned knowledge within the demonstra-
tion (Y-axis). Red points denote correct prediction and
blue points incorrect predictions. The dashed line repre-
sents the decision boundary generated with polynomial
logistic regression (Buitinck et al., 2013).

4.2 Experiment of Mechanism Analysis 357

4.2.1 The Factors Making Demonstrations 358

Ineffective (RQ1) 359

To verify the condition for low gradient flow in 360

the discussion regarding Equation 2, we record 361

the statistics of the model performance as a func- 362

tion of the changes in demonstration relevance 363

(d⊤WKQq) and learned knowledge (WPV d). The 364

experimental results are shown in Figure 2. From 365

the figure, we can observe that: (i) As the relevance 366

of the demonstrations and the knowledge learned 367

from them increase, the number of correctly solved 368

data points also increases, which verifies the con- 369

clusion from Equation 2 that the performance of 370

ICL is positively correlated with these two factors. 371

(ii) ICL only begins to correctly solve the given user 372

queries after the relevance of the demonstrations 373

and the knowledge learned from them surpasses a 374

certain threshold, which indicates that a sufficient 375

amount of effective information relevant to the user 376

query is necessary to enable the model to perform 377

correct reasoning process. 378

4.2.2 Gradient Flow is Amplified as the 379

Number of Layer Increases (RQ2) 380

To validate the correctness of Lemma 1 and Theo- 381

rem 1, we compute the gradient flow in different 382

settings. For a given dataset, we first select the 383

data points that are incorrectly predicted under the 384

0-shot setting. From this subset, we then separate 385

the data into two groups based on the 1-shot perfor- 386

mance: those that are correctly predicted (effective 387

demonstrations) and those that remain incorrectly 388
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Figure 3: The average gradient flow (left y-axis) and the ratio of the accumulated flow
∥∇

d(0)
q̂y

(l1)(E1;θ)∥
∥∇

d(0)
q̂y(l1)(E2;θ)∥

of

Theorem 1 (right y-axis) cross different datasets under the i-th layer of each model, where E1 denotes the input of
the effective demonstrations and E2 denotes the ineffective ones. blue and Red points denote the gradient flow under
each layer of the ineffective and effective demonstrations. Green points denote the ratio of the accumulated flow.

predicted (ineffective demonstrations). We then389

compute the average gradient flow for each layer390

across these two groups. The number of selected391

effective and ineffective data points on each dataset392

is detailed in Appendix B.4.393

The experimental results are presented in Fig-394

ure 3. From the figure, we can observe the follow-395

ing: (i) Across all settings, the average gradient396

flow of effective demonstrations is stronger than397

that of ineffective demonstrations at every layer,398

which validates the conclusion of Lemma 1. Fur-399

thermore, the ratio of gradient flow between ef-400

fective and ineffective demonstrations increases401

with the layer depth, which supports Theorem 1.402

(ii) The magnitude of the gradient flow, as well403

as the accumulated ratio, is significantly more pro-404

nounced in the Long-CoT model compared to other405

models. This suggests that such models are more406

adept at capturing information from demonstrations407

and can better distinguish between effective and408

ineffective demonstrations, showing a higher sen-409

sitivity to the useful information contained within410

the demonstrations. (iii) In all models, there are411

specific layers where the gradient flow exhibits a412

significant increase. This indicates that the learn-413

ing from demonstrations is primarily concentrated414

in these particular layers. While the specific lay-415

ers differ across models, a strong gradient flow is416

consistently observed in the final few layers, sug-417

gesting that the model pays special attention to the418

information in the demonstrations when generat-419

ing the output. (iv) The curved boundary shows420

that either high relevance with non-trivial learn-421

ing or moderate relevance with substantial learning422

yields effectiveness during ICL, while high rele-423

vance alone with little new knowledge often re-424

mains ineffective. Hence, demonstration selection425

should combine relevance with a learning signal426

rather than rely on the relevance alone.427

4.3 Experiment of GRADS (RQ3) 428

4.3.1 GRADS is More Effective than Baselines 429

To validate the effectiveness of GRADS, we con- 430

duct a comparative analysis against several base- 431

lines, with the experimental results presented in 432

Table 2. The results show that GRADS achieve 433

a relative improvement of 1.3% on average over 434

the best-performing baseline across various models 435

and datasets, achieving new demonstration selec- 436

tion SOTA, which substantiates its efficacy and 437

generalizability. Furthermore, a deeper analysis of 438

the results reveals several key observations: 439

Baseline In some settings, the performance of 440

other baselines does not exceed that of simpler 441

methods like BM25, and is even inferior to the zero- 442

shot approach in some cases. This suggests that 443

methods based on the similarity between demon- 444

strations and the user query do not guarantee an 445

enhancement in ICL performance due to the fact 446

that the model could have already been exposed to 447

the information present in the demonstrations, and 448

irrelevant information within these demonstrations 449

could consequently mislead the model’s reasoning 450

process. In contrast, GRADS ensures that the infor- 451

mation in the selected demonstrations is effectively 452

utilized during inference, securing the effectiveness 453

of the selected demonstrations. 454

Model The most significant performance im- 455

provement from GRADS is observed in models 456

without Long-CoT in most settings (e.g., Llama- 457

3.1). This is because such models do not employ 458

Long-CoT, rendering them less capable of effec- 459

tively leveraging the useful information within the 460

demonstrations. Consequently, their performance 461

is more dependent on the quality of the demonstra- 462

tions compared to Llama-R1-8B and Qwen3-8B. 463
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Model Method GSM8K MATH ARC-C MMLU-Pro Amazon FinQA
L

la
m

a-
3.

1-
8B

Zero 83.7 47.0 82.0 50.4 63.5 48.1
BM25 (Li et al., 2023) 84.1 44.6 84.7 54.0 68.4 50.5
MMR (Ye et al., 2023) 83.9 45.2 85.1 53.6 67.1 50.2
MoD (Wang et al., 2024a) 84.0 47.0 84.9 53.8 68.7 50.9
Influence (Nguyen and Wong, 2023) 84.1 47.4 84.6 54.3 68.2 50.8
DICL (Kapuriya et al., 2025) 84.3 47.4 85.0 54.7 68.9 51.3
GenICL (Zhang et al., 2025c) 84.5 47.6 85.2 55.0 69.1 51.6
ICL-Grad (Zhang et al., 2025d) 84.1 47.0 84.8 53.2 67.5 50.4
TopicK (Kweon et al., 2025) 83.9 47.0 84.1 52.6 66.8 49.8

GRADS 85.6 48.2 86.3 56.0 70.0 52.3

L
la

m
a-

3.
1-

70
B

Zero 87.3 63.6 85.2 56.3 69.0 58.3
BM25 (Li et al., 2023) 86.9 63.2 85.9 57.7 70.8 63.4
MMR (Ye et al., 2023) 87.2 63.8 86.3 57.4 70.4 63.2
MoD (Wang et al., 2024a) 87.4 64.2 86.2 57.6 71.0 63.6
Influence (Nguyen and Wong, 2023) 87.5 64.0 86.6 58.0 71.2 64.0
DICL (Kapuriya et al., 2025) 87.6 64.0 86.4 57.9 71.1 63.8
GenICL (Zhang et al., 2025c) 87.8 64.4 86.7 58.3 71.5 64.3
ICL-Grad (Zhang et al., 2025d) 87.4 64.0 86.0 57.0 70.1 62.0
TopicK (Kweon et al., 2025) 87.3 63.6 85.7 56.6 69.6 60.8

GRADS 88.9 65.2 87.8 59.0 72.4 65.1

L
la

m
a-

R
1-

8B

Zero 86.0 74.6 83.5 58.2 61.5 60.2
BM25 (Li et al., 2023) 80.2 74.0 84.0 52.9 65.2 62.9
MMR (Ye et al., 2023) 85.5 73.0 84.2 58.4 65.9 63.2
MoD (Wang et al., 2024a) 85.7 74.4 84.0 57.9 65.8 62.6
Influence (Nguyen and Wong, 2023) 85.8 74.4 84.1 58.6 66.1 63.0
DICL (Kapuriya et al., 2025) 85.9 74.4 84.3 58.5 66.0 63.4
GenICL (Zhang et al., 2025c) 86.1 74.6 84.6 58.7 66.2 63.6
ICL-Grad (Zhang et al., 2025d) 86.0 74.6 83.8 58.3 65.4 62.0
TopicK (Kweon et al., 2025) 86.0 74.6 83.6 58.2 64.7 61.4

GRADS 87.2 75.6 85.7 59.5 67.0 64.4

Q
w

en
3-

8B

Zero 92.9 76.2 89.2 64.9 62.5 59.0
BM25 (Li et al., 2023) 92.2 77.2 91.0 65.3 71.5 65.5
MMR (Ye et al., 2023) 92.5 77.6 90.7 66.5 74.0 66.6
MoD (Wang et al., 2024a) 92.6 78.2 90.8 66.1 72.0 66.0
Influence (Nguyen and Wong, 2023) 92.8 78.0 91.2 66.6 73.0 66.5
DICL (Kapuriya et al., 2025) 92.7 78.0 91.1 67.0 73.8 67.1
GenICL (Zhang et al., 2025c) 93.0 78.4 91.5 67.6 74.1 67.3
ICL-Grad (Zhang et al., 2025d) 92.9 76.4 90.2 65.2 71.8 65.0
TopicK (Kweon et al., 2025) 92.9 76.2 89.7 65.0 70.9 64.2

GRADS 94.2 79.4 92.6 68.5 75.0 68.2

Table 2: The performance of GRADS compared with different baselines. ARC-C denotes ARC-Challenge, Amazon
denotes Amazon Review. Zero denotes the zero-shot setting. The best result under each setting is marked in bold.

Dataset GRADS yielded more substantial per-464

formance gains on the MATH and MMLU-Pro465

datasets. This is because such two datasets de-466

mand a higher degree of specialized knowledge,467

which could not be contained in LLMs. GRADS,468

being more effective at selecting demonstrations469

that contain the requisite knowledge for the model,470

achieves a more significant performance improve-471

ment in these contexts.472

4.3.2 The Performance of GRADS is Positively473

Correlated to Model Layer474

To validate the conclusion that the disparity in gra-475

dient flow between effective and ineffective demon-476

strations increases with network layer in Theo-477

Dataset Layer
0 5 10 15 20 25 30 31

GSM8K 83.2 84.4 84.9 85.1 85.2 85.6 85.2 85.6

MATH 44.4 44.8 45.8 45.2 46.2 47.6 46.8 48.2

ARC-Challenge 82.1 82.3 82.1 82.8 83.4 84.0 85.1 86.3

MMLU-Pro 50.8 51.5 53.6 54.8 54.8 55.6 56.2 56.0

Table 3: The performance of GRADS using the gradient
flow of different layer on Llama-3.1-8B. The best result
under each setting is marked in bold.

rem 1, thereby enhancing the demonstration se- 478

lection capability, we conduct the experiment. We 479

propose to employ GRADS to select demonstra- 480

tions using gradient flows from different layers for 481

demonstration selection. Considering the experi- 482

mental cost, we evaluate under each 5 layer. 483

7



The experimental results are presented in Ta-484

ble 3. From the table, we can observe the following:485

(i) Across all datasets, there is a general upward486

trend in model performance as the number of lay-487

ers increases, which confirms the conclusion of488

Theorem 1 that as the network layers increase, the489

difference in effectiveness among demonstrations490

is amplified, which enables a better selection of491

effective demonstrations. (ii) However, the perfor-492

mance of GRADS does not monotonically increase493

with the number of layers, since the models used494

in our experiments are more complex than those in495

our theoretical analysis. For instance, the presence496

of residual streams (He et al., 2016) can diminish497

the amplifying effect of multi-layer transformers498

on the gradient flow, which could lead the model499

to erroneously select ineffective demonstrations,500

resulting in a decline in performance.501

5 Related Works502

In-Context Learning ICL can effectively im-503

prove LLM reasoning performance by adding504

query-relevant demonstrations to the prompt with505

additional training (Brown et al., 2020; Dong et al.,506

2024). Prior work falls into three axes: synthesiz-507

ing, selecting, and utilizing demonstrations. To cut508

labeling cost, LLM-based synthesis draws on exist-509

ing examples, related information, and similar-task510

data (Long et al., 2024a; Su et al., 2024; He et al.,511

2024; Chen et al., 2023b; Wang et al., 2025b; Chen512

et al., 2025b; Wang et al., 2025a). Selection has pro-513

gressed from gram-based heuristics to model-aware514

relevance estimation (Rubin et al., 2022; Li et al.,515

2023; Peng et al., 2024; Wang et al., 2025e; Yang516

et al., 2023; Ye et al., 2023; Wang et al., 2024a;517

Zhang et al., 2025c). Utilization improves effec-518

tiveness and reduces inference cost via demonstra-519

tion reordering or encoding-and-injection (Lu et al.,520

2022; Pham et al., 2025; Li et al., 2024a; Wang521

et al., 2025d; Li et al., 2025). Across these strands,522

a unifying theme is maximizing task alignment523

under tight context budgets—balancing coverage,524

diversity, and cost during inference.525

However, existing demonstration selection meth-526

ods mainly consider query–demonstration rele-527

vance, overlooking that demonstrations may be528

ineffective if the model has already learned their529

information. Thus, we propose GRADS, a gradient-530

flow–based approach that selects demonstrations531

contributing significant new information during in-532

ference, thereby improving ICL performance.533

Mechanism of In-Context Learning Under- 534

standing ICL’s mechanism guides performance im- 535

provements and clarifies model reasoning (Zhou 536

et al., 2024). Prior work falls into four strands: the- 537

ory, architecture, data, and inference. Theoretical 538

studies establish ICL’s effectiveness, like conver- 539

gence and rates Wies et al. (2023); Huang et al. 540

(2024); Yang et al. (2024); Smart et al. (2025); 541

Fu et al. (2024); Huang et al. (2025); Vladymy- 542

rov et al. (2024)—often via LSA-based analyses 543

(Zhang et al., 2024; Mahankali et al., 2024; Lu 544

et al., 2024). Architectural analyses show atten- 545

tion chiefly drives ICL (Olsson et al., 2022; Chen 546

et al., 2024; Oko et al., 2024), while MLPs play 547

a supporting role (Li et al., 2024b; Nguyen and 548

Reddy, 2025). Data-centric studies attribute ICL 549

emergence to task diversity and a training-phase 550

shift from in-weight to in-context learning (Raven- 551

tos et al., 2023; Wibisono and Wang, 2024; Zhang 552

et al., 2025a; Goddard et al., 2025; Zhang et al., 553

2025b; Singh et al., 2025; Park et al., 2025; de Wyn- 554

ter, 2025). Inference-time analyses examine ob- 555

served behaviors, including factor influences and 556

changes in internal computations (Bigelow et al., 557

2024; Shi et al., 2024; Lin and Lee, 2024; Long 558

et al., 2024b; Sia et al., 2024; Zhao et al., 2024). 559

However, most studies of the ICL mechanism as- 560

sume that provided demonstrations are effective. In 561

practice, however, demonstrations can be ineffec- 562

tive, yielding no performance gain (DeepSeek-AI, 563

2025; Wang et al., 2025c). In this work, we exam- 564

ine this phenomenon by identifying two key factors, 565

including irrelevant content or information already 566

learned by the model, and reveal that multi-layer 567

transformers amplify demonstration effectiveness. 568

6 Conclusion 569

In this paper, we first discuss that a demonstration 570

is ineffective because the its information has been 571

learned by the model or is irrelevant to the query. 572

We then demonstrate that as the model layer in- 573

creases, the ratio of the accumulated gradient flow 574

among demonstrations is amplified. Analytical ex- 575

periments show that as the model layer increases, 576

the difference in effectiveness among demonstra- 577

tions is magnified, which corroborates our theoreti- 578

cal derivations. Second, we present GRADS, which 579

achieves an average relative performance improve- 580

ment of 1.3% compared to existing demonstration 581

selection methods, achieving new SOTA results, 582

which proves the effectiveness of our method. 583
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Limitations584

(i) We have not validated GRADS on additional585

datasets such as Question Answering and Code586

Generation, and we will include results on these587

datasets in future work. (ii) GRADS cannot be ap-588

plied to closed-source models, where the gradient589

flow is not available.590

Ethics Statement591

All datasets and models used in this paper are pub-592

licly available, and our usage follows their licenses593

and terms. We have employed the LLM tools for594

coding and polishing.595
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A Proof1069

A.1 Proof of Equation 21070

Proof. Based on Equation 1 and Zhang et al.1071

(2024), the predicted answer of LSA is:1072

ŷquery =

((wPV
21 )⊤ wPV

22 ) ·
(
EE⊤

N

)
·

(
WKQ

11

(wKQ
21 )⊤

)
qx,

(7)

1073

where N is the number of demonstrations. For1074

N = 1, the matrix product EE⊤ can be expressed1075

compactly as EE⊤ = dd⊤ + qq⊤. Substituting1076

this into the equation gives:1077

ŷquery =

((wPV
21 )⊤ wPV

22 )(dd⊤ + qq⊤)

(
WKQ

11

(wKQ
21 )⊤

)
qx

(8)

1078

We can expand this expression and separate the1079

terms that depend on d:1080

ŷquery = ((wPV
21 )⊤ wPV

22 )(dd⊤)

(
WKQ

11

(wKQ
21 )⊤

)
qx︸ ︷︷ ︸

Term depending on d

1081

+ ((wPV
21 )⊤ wPV

22 )(qq⊤)

(
WKQ

11

(wKQ
21 )⊤

)
qx︸ ︷︷ ︸

Constant w.r.t. d

1082

The term depending on d can be rewritten using the1083

property of scalar products:1084

((wPV
21 )⊤ wPV

22 )dd⊤

(
WKQ

11

(wKQ
21 )⊤

)
qx1085

=
(
((wPV

21 )⊤ wPV
22 )d

)(
d⊤

(
WKQ

11

(wKQ
21 )⊤

)
qx

)
1086

This is a quadratic form of the vector d. To compute1087

its gradient, we use the vector calculus identity1088

∇z((a
⊤z)(b⊤z)) = a(b⊤z) + b(a⊤z). We set:1089

a =

(
wPV
21

wPV
22

)
1090

b =

(
WKQ

11 qx
(wKQ

21 )⊤qx

)
1091

The second term in the expression for ŷquery is1092

constant with respect to d, so its gradient is zero.1093

Applying the identity to the first term yields the 1094

gradient of ŷquery with respect to d: 1095

∇dŷquery =

(
wPV
21

wPV
22

)((
dx
dy

)⊤
(

WKQ
11 qx

(wKQ
21 )⊤qx

))
1096

+

(
WKQ

11 qx
(wKQ

21 )⊤qx

)((
wPV
21

wPV
22

)⊤(
dx
dy

))
1097

=

(
wPV
21

wPV
22

)(
d⊤xW

KQ
11 qx + dy(w

KQ
21 )⊤qx

)
1098

+

(
WKQ

11 qx
(wKQ

21 )⊤qx

)(
(wPV

21 )⊤dx + dyw
PV
22

)
1099

This completes the derivation. 1100

A.2 Proof of Lemma 1 1101

Proof. We prove by induction on the layer index l. 1102

Base case (l = 0). The two inequalities in the 1103

statement are satisfied by assumption. 1104

Induction step. Assume the inequalities hold for 1105

some layer l − 1 (1 ≤ l ≤ L), i.e. 1106

∥∥WPV,(l−1)d
(l−1)
1

∥∥ ≥
∥∥WPV,(l−1)d

(l−1)
2

∥∥ 1107∥∥(d(l−1)
1

)⊤
WKQ,(l−1)q(l−1)

∥∥ ≥ 1108∥∥(d(l−1)
2

)⊤
WKQ,(l−1)q(l−1)

∥∥. 1109

Apply (5) to both demonstrations and use the strict 1110

monotonicity of gl: 1111

∥∥WPV,(l)d
(l)
1

∥∥ 1112

= gl
(∥∥WPV,(l−1)d

(l−1)
1

∥∥) 1113

≥ gl
(∥∥WPV,(l−1)d

(l−1)
2

∥∥) 1114

=
∥∥WPV,(l)d

(l)
2

∥∥. 1115

Similarly, apply (6) and the strict monotonicity of 1116

hl: 1117∥∥(d(l)1 )⊤WKQ,(l)q(l)
∥∥ 1118

= hl
(∥∥(d(l−1)

1

)⊤
WKQ,(l−1)q(l−1)

∥∥) 1119

≥ hl
(∥∥(d(l−1)

2

)⊤
WKQ,(l−1)q(l−1)

∥∥) 1120

=
∥∥(d(l)2 )⊤WKQ,(l)q(l)

∥∥. 1121

Thus the claim holds for layer l. By induction, it 1122

holds for all layers l = 0, . . . , L. 1123
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Prompt of Inference

{task}
Below are some examples

—

{demo}

—

Based on the above instruction and examples, solve the
following problem.
{question}

Table 4: The prompt of the inference.

A.3 Proof of Theorem 11124

Proof. Based on Equation 4, we can derive:1125

∂q̂
(l1)
y

∂d(0)
/
∂q̂

(l2)
y

∂d(0)
1126

=

(
∂q̂

(l1)
y

∂E(l1−1)
× ∂E(1)

∂d(0)
×

l1∏
i=2

∂E(i)

∂E(i−1)

)
/1127 (

∂q̂
(l2)
y

∂E(l2−1)
× ∂E(1)

∂d(0)
×

l2∏
i=2

∂E(i)

∂E(i−1)

)
1128

=

(
∂q̂

(l1)
y

∂E(l1−1)
/

∂q̂
(l2)
y

∂E(l2−1)

)
×

l1∏
i=l2+1

∂E(i)

∂E(i−1)
1129

Consider the total derivative of fLSA:1130

dfLSA =dE +WPV dE E⊤WKQE+1131

WPV E
(
E⊤WKQ dE + dE⊤WKQE

)
1132

It can be observed that the coefficients of the dif-
ferential terms are consistent with those in Defini-
tion 1. Therefore, from d

(l)
1 ≽q(l);θ(l) d

(l)
2 , we know

that:

∂E(l)

∂E(l−1)
(E1; θ) ≥

∂E(l)

∂E(l−1)
(E2; θ),

where l ∈ {l2 + 1, . . . , l1}. Therefore, we can
conclude that:

∥∂d(0) q̂y
(l1)(E1; θ)∥

∥∂d(0) q̂y
(l1)(E2; θ)∥

≥ ∥∂d(0) q̂y
(l2)(E1; θ)∥

∥∂d(0) q̂y
(l2)(E2; θ)∥

1133

B Additional Information1134

B.1 Prompt1135

In this section, we present the inference prompt of1136

our main experiment, as shown in Table 4. The1137

task definition we used is the same as the previ-1138

ous works (DeepSeek-AI, 2025; Aaron Grattafiori,1139

2024).1140

Dataset Test Set Demonstration

GSM8K 1319 7473
MATH 500 7496
ARC-Challenge 1172 1119
MMLU-Pro 1000 70
Amazon Review 200 1800
FinQA 6251 1147

Table 5: The scales of test set and demonstrations of
each dataset.

B.2 Dataset 1141

In this section, we detail the datasets used in our 1142

study. Table 5 summarizes the scale of the test set 1143

and demonstrations for each. 1144

GSM8K GSM8K (Cobbe et al., 2021) is a high- 1145

quality collection of elementary school-level math 1146

problems. We utilize its training set directly as the 1147

demonstration pool. 1148

MATH The MATH dataset (Hendrycks et al., 1149

2021) consists of challenging high school 1150

competition-level math problems in fields like al- 1151

gebra, probability, and geometry. Following the 1152

approach of Lightman et al. (2024), we evaluate 1153

GRADS on a random sample of 500 problems. The 1154

demonstrations are drawn from the official training 1155

set. 1156

ARC-Challenge The ARC-Challenge (Yadav 1157

et al., 2019) is a question-answering dataset with 1158

difficult, science-focused questions. For this 1159

dataset, the training set is used as our demonstra- 1160

tion pool. 1161

MMLU-Pro MMLU-Pro (Wang et al., 2024b) 1162

serves as a multi-task benchmark for the compre- 1163

hensive evaluation of LLMs on professional do- 1164

main knowledge and complex reasoning. As the 1165

dataset is only divided into validation and test sets, 1166

we use the validation set as our demonstration pool 1167

and conduct evaluations on the test set. 1168

Amazon Review The Amazon Review dataset 1169

(Ni et al., 2019), containing a vast amount of user 1170

ratings and reviews, is widely used for research 1171

in sentiment analysis and recommender systems. 1172

Due to the immense size, we select the Health and 1173

Personal Care category for testing, while using the 1174

All Beauty, Digital Music, and Software categories 1175

to form the demonstrations. 1176

FinQA FinQA (Tao et al., 2024) is a large- 1177

scale benchmark for numerical reasoning in fi- 1178
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nance. It contains 8,281 expert-written ques-1179

tion–answer pairs built from S&P 500 companies’1180

earnings/annual reports, where evidence can come1181

from both narrative text and structured tables. For1182

each question, FinQA provides supporting facts1183

and an annotated reasoning program that can be1184

executed to obtain the answer, enabling fully ex-1185

plainable evaluation.1186

B.3 Baseline1187

BM25 BM25 is a classic sparse retrieval method1188

based on the probabilistic relevance framework,1189

serving as an extension of TF-IDF. In the context1190

of ICL, it treats the test query as a search query1191

and the candidate demonstrations as documents. It1192

ranks demonstrations by scoring them based on the1193

frequency and distribution of query terms, without1194

considering word order or deep semantics. The1195

top-K scored demonstrations are then selected as1196

the in-context demonstrations. This “bag-of-words”1197

approach is known for its computational efficiency1198

and serves as a strong baseline.1199

MMR Maximal Marginal Relevance (MMR) is1200

a selection strategy designed to balance the rel-1201

evance of demonstrations to the query with the1202

diversity within the selected set. The rationale is1203

that selecting only the nearest neighbors (most rel-1204

evant examples) can result in a set of overly simi-1205

lar demonstrations, which may limit the variety of1206

reasoning processes shown to the model. MMR1207

addresses this by iteratively selecting demonstra-1208

tions that maximize a combined score of relevance1209

to the query and dissimilarity from the examples1210

already chosen. This approach aims to create a1211

set of demonstrations that are not only relevant but1212

also complementary, using diversity as a proxy for1213

complementarity to improve ICL performance.1214

MoD Mixture of Demonstrations (MoD) is a1215

framework designed to overcome the challenges1216

of a large search space and suboptimal retriever1217

optimization in ICL demonstration selection. The1218

core idea is to partition the entire demonstration1219

pool into distinct groups, typically using K-means1220

clustering on sentence embeddings. Each group1221

is governed by a dedicated “expert”, a unique re-1222

triever model trained specifically for that partition.1223

During inference, these experts collaboratively re-1224

trieve demonstrations for a given query, with the1225

final set being an aggregation of examples selected1226

by the most relevant experts. This “mixture of1227

experts” approach reduces the search complexity1228

while ensuring the selected demonstrations are di- 1229

verse and effective. 1230

Influence Influence (Nguyen and Wong, 2023) 1231

treats demonstration quality as the causal contri- 1232

bution an example makes to in context learning 1233

performance. It repeatedly samples many random 1234

subsets of size k from the training set, places each 1235

subset in the prompt, and evaluates the model on 1236

a validation set to obtain a score. For a candidate 1237

example i, it estimates in context influence as the 1238

average score of subsets that include i minus the 1239

average score of subsets that exclude i. It then 1240

ranks examples by this influence and selects the 1241

top k positive ones, while also revealing harmful 1242

examples and order effects such as recency bias. 1243

DICL DICL (Kapuriya et al., 2025) aims to bal- 1244

ance relevance and diversity when choosing demon- 1245

strations. It first retrieves a candidate pool larger 1246

than k using sparse or dense similarity, such as TF 1247

IDF or sentence embeddings, so there is room to 1248

diversify within a locally relevant neighborhood. 1249

It then applies a greedy Maximum Marginal Rele- 1250

vance style reranking that iteratively picks exam- 1251

ples that are highly similar to the input while re- 1252

maining dissimilar to already selected demonstra- 1253

tions. A weight parameter lambda controls the 1254

trade off between relevance and diversity. This 1255

reduces topical redundancy from pure similarity 1256

retrieval and tends to yield more stable gains across 1257

context sizes and similarity functions. 1258

GenICL GenICL (Zhang et al., 2025c) frames 1259

demonstration selection as learning which exam- 1260

ples an LLM prefers to see in the prompt, rather 1261

than optimizing a surrogate similarity objective. 1262

For each training query, it uses LLM feedback to 1263

assign a preference score to candidate demonstra- 1264

tions (e.g., how well the LLM predicts the gold 1265

output when conditioned on that single demonstra- 1266

tion), and forms preferred vs. non-preferred demon- 1267

stration pairs. It then trains a generative preference 1268

model with a latent variable that bridges selection 1269

and inference, optimizing a preference-learning ob- 1270

jective (with regularization to avoid drifting too 1271

far from a reference behavior). At inference time, 1272

GenICL first narrows the search space with an off- 1273

the-shelf retriever, and then ranks candidates by the 1274

learned probability of generating the latent “pre- 1275

ferred demonstration” variable for the test input. 1276

The top-K candidates under this learned prefer- 1277

ence score are used as the in-context demonstra- 1278
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tions, aiming to select examples that are directly1279

aligned with downstream ICL utility rather than1280

surface similarity.1281

TopicK TopicK (Kweon et al., 2025) selects1282

demonstrations by explicitly maximizing topic cov-1283

erage of the fine-grained knowledge required by1284

the test input, instead of relying only on embed-1285

ding similarity. It builds a global topic set from1286

the demonstration pool and trains a lightweight1287

topic predictor to estimate (i) the required topic1288

distribution of a test input and (ii) the covered1289

topic distribution of each candidate demonstration.1290

In addition, TopicK estimates the model’s topical1291

knowledge (a prior over topics the LLM already1292

“knows well”) using aggregated zero-shot perfor-1293

mance, and down-weights such topics during re-1294

trieval. Demonstrations are then chosen iteratively1295

with a greedy coverage strategy: each new exam-1296

ple is selected to introduce previously uncovered1297

required topics, especially those where the model1298

exhibits low topical knowledge. This yields a set1299

that is both relevant and non-redundant at the topic1300

level, improving complementarity beyond nearest-1301

neighbor retrieval.1302

ICL-Grad ICL-Grad (Zhang et al., 2025d) accel-1303

erates demonstration selection by estimating how1304

candidate examples affect ICL performance us-1305

ing gradients in the input embedding space. The1306

method pre-computes model outputs and gradients1307

for an anchor prompt, and then applies a first-1308

order (Taylor) approximation to predict the loss1309

of many different demonstration subsets without1310

running full LLM inference for each subset. By1311

sampling many random candidate subsets and es-1312

timating their losses cheaply, it aggregates these1313

subset outcomes into an influence-style score for1314

each demonstration (e.g., the average estimated1315

loss over subsets that include that example). The fi-1316

nal k demonstrations are selected as those with1317

the most beneficial scores (typically the lowest1318

estimated losses), enabling scalable subset selec-1319

tion with near-linear cost after one gradient pass.1320

Compared with similarity-only retrieval, this ap-1321

proach better reflects the model’s behavior under1322

ICL while remaining computationally efficient for1323

large candidate pools.1324

B.4 Scale of Effective and Ineffective Data1325

The number of effective and ineffective demonstra-1326

tions we sampled is shown in Table 6.1327

C Additional Discussion 1328

C.1 Efficiency of GRADS 1329

The computational cost of GRADS is mainly di- 1330

vided into two parts: the offline computation of the 1331

encoding result for each demonstration and the on- 1332

line retrieval of the demonstration and subsequent 1333

inference for a query. Let D = {d1, . . . , dn} repre- 1334

sent the entire demonstration pool, and let Mθ(x) 1335

denote the computational cost of the model Mθ 1336

for a given input x. For a query q, let the retrieved 1337

demonstration be dq. 1338

The time complexity of the offline processing 1339

for GRADS is: O(
∑n

i=1Mθ(di)). Although the 1340

offline cost is relatively high, the pre-computation 1341

of demonstration encodings is done offline and thus 1342

does not affect the online user query process. 1343

The time complexity for online processing is: 1344

O(Mθ(q) + 4e2 +Mθ(q + dq)) (9) 1345

In Equation 9, the first term represents encoding the 1346

user query, the second term corresponds to calculat- 1347

ing Equation 2, and the third term is for generating 1348

the answer to the user query based on the retrieved 1349

demonstration. Considering that Mθ is positively 1350

correlated with the input length and the complex- 1351

ity of calculating Equation 2 is significantly lower 1352

than that of a full model inference Mθ, the online 1353

processing time complexity simplifies to: 1354

O(Mθ(q + dq)) (10) 1355

This is equivalent to the time complexity of direct 1356

1-shot inference, which demonstrates the high effi- 1357

ciency of GRADS. We also compare the run time 1358

with the existing demonstration selection methods 1359

in Appendix D.3. 1360

C.2 Effect of Non-Linear Factor of 1361

Transformer 1362

In this part, we discuss how different non-linear 1363

factors of the Transformer affect the conclusions 1364

of this paper. 1365

Softmax attention. While monotone in the align- 1366

ment score d⊤WKQq, softmax introduces compet- 1367

itive normalization that sharpens high-logit tokens 1368

and compresses marginal gradients for medium/low 1369

scores. Consequently, demonstrations with high 1370

alignment but little novel value information are 1371

further down-weighted; with depth, saturation can 1372

dampen inter-layer amplification unless the distri- 1373

bution is sufficiently diffuse (e.g., higher tempera- 1374

ture). 1375

17



Model Type GSM8K MATH ARC-Challenge MMLU-Pro Amazon FinQA

Llama-3.1-8B Effective 84 52 86 174 26 92
Ineffective 210 280 212 466 63 267

Llama-R1-8B Effective 41 27 77 203 20 83
Ineffective 519 146 198 550 102 202

Qwen3-8B Effective 33 31 28 251 23 37
Ineffective 99 111 110 368 77 107

Table 6: The number of effective and ineffective demonstrations under each setting.

FFN activations and LayerNorm. Nonlinear1376

gates (e.g., GELU/SwiGLU) truncate or saturate1377

the propagated value magnitude ∥WPV d∥, while1378

LayerNorm projects representations onto a sphere,1379

partially washing out norm-based cues. Hence, ad-1380

vantages due to “unassimilated information” are re-1381

duced unless coupled with strong alignment; ampli-1382

fication persists when layers operate in near-linear1383

regimes but degrades under saturation.1384

Residual connections. Residual pathways by-1385

pass nonlinear transforms and carry forward prior1386

states, diluting the relative gain of newly injected1387

information along the main branch. This weakens1388

strictly monotonic amplification with depth and ex-1389

plains the non-monotonic, layer-dependent optima1390

observed in practice.1391

C.3 Why Gradient Flow Can Reflect the1392

Effectiveness1393

As discussed in Wang et al. (2023), for irrelevant1394

demonstrations, LLMs actively ignore their infor-1395

mation, which leads to smaller gradient flow. In1396

other words, the model only produces large gradi-1397

ent flow for effective information, which is consis-1398

tent with the way attention weights are computed.1399

The experimental results in Table 2 are also consis-1400

tent with this observation, where the effectiveness1401

of one demonstration is positively correlated with1402

the magnitude of the gradient flow.1403

D Additional Experiment1404

D.1 Performance under Multiple Runs1405

To verify that GRADS consistently enhances ICL1406

performance, we conduct experiments with multi-1407

ple runs. We use Llama-3.1-8B as the experimental1408

model and perform 5 trials for each setting. As1409

shown in Table 7, GRADS outperforms the base-1410

lines across all settings, demonstrating stable im-1411

provements in ICL performance.1412
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Figure 4: The average gradient flow (left y-axis) and
the ratio between the effective and the ineffective (right
y-axis) of Llama-3.1-8B on GSM8K.

D.2 Detailed Gradient Flow under Each 1413

Setting 1414

In this part, we present the gradient flow under each 1415

setting from Figure 4 to Figure 14. 1416

D.3 Run Time Comparison Cross Different 1417

Methods 1418

In this section, we compare the run-time efficiency 1419

of different demonstration selection methods. Us- 1420

ing the same device, we calculate the average time 1421

required for demonstration selection per question 1422

on the MATH dataset using Llama 3.1-8B. The re- 1423

sults are shown in Table 8. We observe that GRADS 1424

achieves superior performance with comparable 1425

computational efficiency, demonstrating the high 1426

efficiency of our method. 1427

D.4 Ablation Study 1428

In this section, we present ablation studies of 1429

GRADS to validate the effectiveness of each com- 1430

ponent in our approach. The results are shown 1431

in Table 9, from which we observe that: (i) Re- 1432

moving Similarity causes a noticeable drop on 1433

MMLU-Pro (-4.0) and ARC-C/FinQA (-2.2 each), 1434
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GSM8K MATH ARC-C MMLU-Pro Amazon FinQA

85.6± 1.4 48.2± 2.2 86.3± 1.3 56.0± 2.0 70.0± 1.8 51.1± 1.3

Table 7: The performance of GRADS using Llama-3.1-8B on different datasets with five runs.
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Figure 5: The average gradient flow (left y-axis) and
the ratio between the effective and the ineffective (right
y-axis) of Llama-3.1-8B on MATH.

Method EM T (s)

Zero 47.0 −
BM25 44.6 0.02
MMR 45.2 0.13
MoD 47.0 0.21
Influence 47.4 0.27
DICL 47.4 0.43
GenICL 47.6 0.96
TopicK 47.0 0.83
ICl-Grad 47.0 0.59

GRADS 48.2 0.32

Table 8: The performance and run time of each method
on MATH using Llama-3.1-8B. T denotes the average
run time of each question.

suggesting that similarity-based signals are par-1435

ticularly important for knowledge-intensive rea-1436

soning and multi-step decision tasks, while hav-1437

ing only marginal impact on GSM8K (-0.6) and1438

MATH (-0.2). (ii) Removing Information leads to1439

the largest degradation on Amazon (-3.5) and ARC-1440

C (-3.4), indicating that the information component1441

contributes more to domain- and context-sensitive1442

understanding, whereas its effect is relatively small1443

on MATH/FinQA (-0.6 each) compared with the1444

similarity component.1445
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Figure 6: The average gradient flow (left y-axis) and
the ratio between the effective and the ineffective (right
y-axis) of Llama-3.1-8B on ARC-Challenge.
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Figure 7: The average gradient flow (left y-axis) and
the ratio between the effective and the ineffective (right
y-axis) of Llama-3.1-8B on MMLU-Pro.
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Method GSM8K MATH ARC-C MMLU-Pro Amazon FinQA

GRADS 85.6 48.2 86.3 56.0 70.0 52.3
- Similarity 85.0(−0.6) 48.0(−0.2) 84.1(−2.2) 52.0(−4.0) 68.0(−2.0) 50.1(−2.2)

- Information 84.2(−1.4) 47.6(−0.6) 82.9(−3.4) 53.5(−2.5) 66.5(−3.5) 51.7(−0.6)

Table 9: The ablation study of GRADS using Llama-3.1-8B. “- Similarity” denotes removing d⊤WKQq. “-
Information” denotes removing W (PV )d.
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Figure 8: The average gradient flow (left y-axis) and
the ratio between the effective and the ineffective (right
y-axis) of Llama-3.1-8B on Amazon Review.
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Figure 9: The average gradient flow (left y-axis) and
the ratio between the effective and the ineffective (right
y-axis) of Llama-R1-8B on GSM8K.
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Figure 10: The average gradient flow (left y-axis) and
the ratio between the effective and the ineffective (right
y-axis) of Llama-R1-8B on MATH.
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Figure 11: The average gradient flow (left y-axis) and
the ratio between the effective and the ineffective (right
y-axis) of Llama-R1-8B on ARC-Challenge.
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Figure 12: The average gradient flow (left y-axis) and
the ratio between the effective and the ineffective (right
y-axis) of Llama-R1-8B on MMLU-Pro.
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Figure 13: The average gradient flow (left y-axis) and
the ratio between the effective and the ineffective (right
y-axis) of Llama-R1-8B on Amazon Review.
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Figure 14: The average gradient flow (left y-axis) and
the ratio between the effective and the ineffective (right
y-axis) of Qwen3-8B on GSM8K.

0 10 20 30
0

0.5

1

1.5

2

·10−4

Layer

G
ra

di
en

tF
lo

w

0

2

4

6

8

R
at

io
(l
o
g
1
0
)

Effective Ineffective Ratio

Figure 15: The average gradient flow (left y-axis) and
the ratio between the effective and the ineffective (right
y-axis) of Qwen3-8B on MATH.
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Figure 16: The average gradient flow (left y-axis) and
the ratio between the effective and the ineffective (right
y-axis) of Qwen3-8B on ARC-Challenge.
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Figure 17: The average gradient flow (left y-axis) and
the ratio between the effective and the ineffective (right
y-axis) of Qwen3-8B on MMLU-Pro.
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Figure 18: The average gradient flow (left y-axis) and
the ratio between the effective and the ineffective (right
y-axis) of Qwen3-8B on Amazon Review.
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