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Abstract

We study the personalized federated learning problem under asynchronous updates.
In this problem, each client seeks to obtain a personalized model that simultane-
ously outperforms local and global models. We consider two optimization-based
frameworks for personalization: (i) Model-Agnostic Meta-Learning (MAML) and
(ii) Moreau Envelope (ME). MAML involves learning a joint model adapted for each
client through fine-tuning, whereas ME requires a bi-level optimization problem
with implicit gradients to enforce personalization via regularized losses. We focus
on improving the scalability of personalized federated learning by removing the
synchronous communication assumption. Our main technical contribution is a
unified proof for asynchronous federated learning with bounded staleness that we
apply to MAML and ME frameworks. For the smooth and non-convex functions class,
we show the convergence of our method to a first-order stationary point.

1 Introduction

Federated Learning (FL) is designed to facilitate distributed training of machine learning models
across devices by exploiting the data and computation power available to them [19}[15]. The common
underlying assumption that determines the superiority of vanilla FL to individual local training is that
the data points of all clients are coming from the same distribution, i.e., homogeneous data across
clients. In FL with heterogeneous data, an ideal scenario is to learn a globally common model easily
adaptable to local data on each client, i.e., model fusion. This approach is known as Personalized
Federated Learning (PFL), which strives to exploit both the shared and unshared information from
the data of all clients. Fallah et al. [8]] suggest the MAML formulation as a potential solution for
PFL, and propose Per-FedAvg algorithm for collaborative learning with MAML personalized cost
function. Dinh et al. [6] present pFedMe algorithm for PFL via adopting a different formulation for
personalization, namely Moreau Envelopes (ME). Several recent works have approached PFL mainly
through optimization-based [13} 23} 137, 127,15, 12]], or structure-based [4}132] techniques.

In cross-device FL, devices are naturally prone to update and communicate models under less
restrictive rules, whereas clients may apply updates in an asynchronous fashion, i.e., staleness.
Hogwild! [26] is one of the first efforts to model asynchrony in distributed setup with delayed updates.
Multiple works have studied asynchronous training under different setups and assumptions [22].
Specifically, some recent seminal works have studied the convergence of asynchronous SGD-based
methods, and show their convergence under certain assumptions on maximum or average delay
[L,[L8]]. More closely, FL under stale updates has been thoroughly studied in [35} 25} 12]].

In this work, we study the PFL problem under asynchronous communications to improve training
concurrency, performance, and efficiency. Through the integration of two personalization formu-
lations, MAML & ME, we propose PersA-FL, an algorithm that allows PFL under asynchronous
communications with the server. We present the client algorithm under three different options for the
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local updates, each addressing a separate formulation, (A) vanilla AFL, (B) PersA-FL: MAML, and
(C) PersA-FL: ME. We show the convergence rate of PersAFL based on the maximum delay and
personalization budget.

2 Problem Setup

We consider a set of n clients and one server, where each client ¢ € [n] holds a private function
fi : R* — R, and the goal is to obtain a model w € R that

min, f(w) =~ 3 fifw), M
=1

weRd
with f;(w) = Ez,~p, [li(w,Z;)], where £; : R x S; — R is a cost function that determines the
prediction error of some model w € R? over a single data point £; € S; on client i, where &; is a
realization of Z; ~ p;, i.e., p; is the client ¢’s data distribution over S;, for ¢ € [n]. Let D; be a data

batch with samples drawn from the distribution p;. Then, the unbiased stochastic cost associated with
data batch D; can be denoted as follows:

1
filw,D;) = D] > bi(w, &), (@)
teeD;
where for simplicity, we assume that the size of all batches is larger than b. A solution of () is
a common model for all the clients; hence no adaptation or fusion to each client’s data. Next, we
elaborate on the personalization concept and discuss an alternative problem formulation for (T).

2.1 Personalized Federated Learning

When the data distributions of different clients share some similarities, e.g., bounded variance in
their heterogeneity, and the number of data points on each client is limited, joint training with fusion
improves the performance compared to individual locally trained models or vanilla FL. Therefore,
learning a shared model with little fine-tuning, e.g., a few steps of SGD with respect to the local cost,
may result in a proper personalized model.

Fallah et al. 8] proposed Per-FedAvg algorithm, which modifies the training loss function by taking
advantage of the fact that fine-tuning will occur after training. The MAML formulation assumes a
limited computational budget for personalization (fine-tuning) at each client. It then offers to look for
an initial (global) parameter that performs well after it is updated with one or a few steps of SGD. In
other words, [I8]] define the MAML loss function for PFL as follows:
1 n
; (b) N (%)
min F'%(w) : - ZFl (w), 3)

Rd
we =1

with Fi(b) (w) == fi(w — aV f;(w)) where @ > 0 is the MAML personalization stepsize. Solving
yields a global (meta) model that can be used to create a personalized model by applying one step
of gradient descent with respect to individual loss functions. The degree of fine-tuning determines
the personalization budget, which often controls the trade-off between having a local (personalized)
or generic model, i.e., exploiting the shared and local knowledge simultaneously. In Problem (3)),
stepsize « determines the personalization budget, where & = 0 implies vanilla FL in Problem ().
See [14} 131}, 19] for the study of multi-step MAML. In a nutshell, Per-FedAvg proposes to minimize
F® (w) via a similar paradigm as FedAvg. Hence, each client ¢ computes the personalized gradient
of its MAML cost in (3), which can be written as follows:

VE (w) = [I-aV2fi(w)] Vfi (w—aV fi(w)), @

where in Per-FedAvg, the authors propose to compute a biased estimation of (@) using stochastic
gradients/Hessian. We will elaborate on the stochastic approximation in Section 3]

3 Algorithm & Convergence Result

In this section, we propose Algorithms|[T| & [3]to solve Problem[3] We move the result ME to Appendix
We present our method through two different perspectives, (i) server and (ii) client.



o Server Algorithm: Let us denote w® € R? as the initial parameter at the server, where the objective
is to minimize the cost function in either (T), (B, or §). Each client i € [n] may communicate with
the server when the underlying connection is stable. Clients may request to download the server’s
parameters at any time, and the server will send the most recent model after receiving the request. All
underlying delays for the communications between the server and clients are modeled as download
and upload delays. We consider variable ¢ as a counter for the updates at the server level. Algorithm|[T]
represents the server updates in PersA-FL. The server performs an iterative algorithm where at each
round ¢ > 0, remains on hold until receives an update A;, € R from some client i; € [n]. After
receiving the update from client i, the server updates its parameter according to Step 4| of Algorithm
where 8 > 0 is the server stepsize.

Algorithm 1 [Personalized] Asynchronous Federated Learning (Server)

1: input: model w9, t = 0, server stepsize 3.

2: repeat

3 if the server receives an update A;, from some client i;€[n| then
4: witt — wt — BA,,

5 t—1t+1

6 end if

7: until not converge

Algorithm 2 [Personalized] Asynchronous Federated Learning (Client 7)

1: input: number of local steps @, local stepsize 7, MAML stepsize «, Moreau Envelope (ME)
regularization parameter \, minimum batch size b, estimation error v.

2: repeat
3: read w from the server
4: Wi,0 < W
5: forg =0toQ—1do
6: sample a data batch D; , from distribution p;
> Option A (AFL)
> Option B (PersA-FL: MAML)
7: sample two data batches D;  , D}, from distribution p;
8 Wig41 4 Wi = 1 [T=aVfi(wi, DY)| Vi (wig—aV filwiq, Do), Dig)
> Option C (PersA-FL: ME)
9: end for
10: A7 S~ Wi 0 — Wi,Q
11: client 7 broadcasts A\; to the server

12: until not interrupted by the server

Note that we drop the time index from the iterates of the client algorithm for clarity of exposition.

o Client Algorithm: Client ¢ repeats an iterative procedure which is composed of three phases,
(i) downloading the most up-to-date model from the server as in Step 3} (ii) performing @ local
updates starting from the parameters of the downloaded model with respect to the cost function of
the underlying problem, (I), (3), or (), as in Steps[5}[9] and (iii) uploading the sum of updates on
the server as in Step[T1] Note that 7 > 0 is the local stepsize, a hyperparameter. The main idea for
the local updates is to perform () sequential SGD steps on the local cost. By performing this option,
we aim to minimize the MAML cost function in (3). As we saw in Section[2] the full gradient can
be computed according to (@). Following [8], we sample three data batches to compute a biased
estimation of (@) as follows:

VE® (w, D}, D}, Di) = [I1-aV2fi(w, D})| Vi (w-aV fi(w, D)), ;). 5)

We will discuss the variance and bias of this estimator in Subsection [B.2] Next, we present the
convergence result of our method for the three formulations.



3.1 Convergence Results

Now, we show the convergence of our method for MAML setup. Recall that the server updates its
model at round ¢ using the updates sent by client i; € [n]. We denote €(t) as the timestep of the
round at which client 7; has received the server’s parameters before applying its ) local updates. In
other words, (£2(t), t) denote the download and upload rounds for client i;. Now, we introduce the
assumption of maximum delay.

Assumption 1 (Bounded Staleness). For all stepst > 0, the staleness or effective delay between the
model version at the download step Q(t) and upload step t is bounded by some constant T, i.e.,

sup |t — Q)| < 7, 6)

>0
and the server receives updates uniformly, i.e., iy ~ Uniform([n]).

Assumption 2 (Local Cost Properties). For all clients i € [n], function f; : R? — R is bounded
below, twice differentiable, and the following properties hold for all w,u € RY,

IVfi(w) = Vfi(u)|| < Lljw —2U|\7
Eﬁwm V&(w,fz) - sz(w)H < 0'37

1 L1V fi(w) - Vi) <7
IV fi(w) <G,

92 f:(w) = 92 fa(w)]| < pllew — ],
Vi(w,&) =V fiw)|" <of, g
V2 fi(w) = V2 (w)|* < 3.

Eii ~pi
n

1

Assumption [2] summarizes all first-order and second order assumptions in [8]. We elaborate on all in
Appendix [B]

Theorem 1 (PersA-FL: MAML). Let Assumptions and hold, « >0, =1, and n = Q\/lLT'
Then, the following property holds for the joint iterates of Algorithms |l| & |3|under Option B on

Problem (3): for any timestep T > 64L,, at the server
T—1 2 2
1 2 1 72 a‘o
—ZIE”VF(b)(wt) §O<>+O<)+O< 9).
T — VT T b
a20'2

The proof of this theorem can be found in Appendix|D} The last term in the above rate, i.e., O ( 7

accounts for personalization with biased gradient estimation. Moreover, compared to Per-FedAvg,
the second term of this rate is different, which accounts for the maximum delay in asynchronous
updates. For instance, under a fixed personalization budget o > 0, our method requires 7' = O (e~2)
and b = O(¢71) to reach an e-approximate first-order stationary solution. The last expression can
also be controlled through a combined stepsize « and batch size b. It is consistent with intuition,
meaning more samples are needed to obtain a higher degree of personalization. We present a detailed
analysis of our method in Appendix B}

4 Conclusion

This work studied the personalized federated learning problem for the heterogeneous data setting
under asynchronous communications with the server. We considered the MAML and ME formulations
to account for personalization. We proposed the PersA-FL algorithm to solve this problem under
stale updates. We showed the convergence rate of our method for smooth non-convex functions. The
extensions of our method to the buffered aggregation setups remain for future studies.
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A Problem Setup, Algorithm, and Comparisons: Extension

As an alternative option to MAML formulation in (3, Dinh et al. [6] suggest solving the following
optimization problem:

1 n
in FO(w) = 7} : (c)
qf;rélnébF (w) = n 4 F(w),
=1 (®)
i () (w) = mi 0+ 2116, — wl?
with F;”(w) = Orgﬂ% {fz(&) + 3 16; —wl||”|,

where each function F| i(c) (w) is a local cost of personalized parameter §; € R? by using the Moreau
Envelope as a regularized loss function, and parameter A > 0 determines the degree of personalization.
In this setup, A = 0 is equivalent to local training with no collaboration and as A — oo, the
formulation in (8)) converges to vanilla FL in (I}) with no personalization which is similar to the case
in (B) with @ = 0. For non-extreme values of A, the clients jointly learn a global model w and
personalized parameters 6;, which are regularized to remain close to w. Note that the gradient of

FZ-(C) (w) can be written as follows (please check out Appendix to see the proof):

VE (w) = A (w - éi(w)) , )

with  6;(w) := arg min |:fi(9i) + é||
GiERd 2

0; —wllﬂ : (10)

where for large A, 0;(w) is the exact solution to an optimization problem. Therefore, solving
through a similar approach to FedAvg or Per-FedAvg, itself requires minimizing Problem (I0)
which is potentially intractable. Dinh et al. [6] propose a bi-level optimization algorithm called
pFedMe, to minimize the optimization problem in (§)) by alternating minimization over 6; and w.
The main idea behind pFedMe is to integrating the computation of an inexact solution to (I0) inside
an FL-type method. We will explain and use this inexact approximation in the presentation of our
method (Option C) in Section[3]

A.1 Asynchronous vs Synchronous Schedule

So far, we have discussed the three different formulations for collaborative learning that we will
consider in our method. As we described the FedAvg algorithm in Subsection ??, at each round ¢, the
parameter w?, which is the most recent version of the global parameter in the server, will be sent to a
subset of the clients. Then, the server halts the training process until all selected clients receive this
parameter, perform local updates, and transmit their updates back to the server. This synchronization
procedure restricts the algorithm flow to the slowest client at each round. Nevertheless, asynchronous
updates and communications can be described in this described framework.

Let us provide a comparison using the example in Figure [I| which illustrates the communication and
update schedule for synchronous (left) & asynchronous (right) aggregations for n = 5 clients in
FL with @ = 3 local updates. As shown in this Figure, for every update at the server-lever under
synchronized updates (left figure), the server has to wait for all the selected clients. Nevertheless,
these clients build their local updates based on the recent version of the server’s parameter. On the
contrary, in the asynchronous scenario (right figure), the server updates the global parameter once
it receives a new update from some client. The main challenge for the asynchronous setup is the
staleness between download and upload time from/to the server. We design PersA-FL based on the
second communication scenario.
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Figure 1: Communication and update schedule for synchronous and asynchronous aggregation: The
demonstrated setup in this example contains n = 5 clients with ) = 3 local updates.

A.2 Algorithm: Extension

Here, we present the client algorithm consisting all options.

o Client Algorithm: Let us explain the operations of -th client using the pseudo code in Algorithm
[] Client i repeats an iterative procedure which is composed of three phases, (i) downloading the
most up-to-date model from the server as in Step 3] (ii) performing @ local updates starting from the
parameters of the downloaded model with respect to the cost function of the underlying problem, (T)),
@), or (), as in Steps[5{I3] and (iii) uploading the sum of updates on the server as in Step[I5] Note
that 7 > 0 is the local stepsize, a hyperparameter. The main idea for the local updates is to perform )
sequential SGD steps on the local cost. Below, we list our stochastic estimation for the full gradients
of each loss function introduced in Section

* Option A: This option intends to minimize (IJ). Therefore, for each client ¢ at each local round
q, we sample an independent data batch from p; and compute an unbiased estimation of the
vanilla loss as in (2).

Option B: By performing this option, we aim to minimize the MAML cost function in (3). As we
saw in Section[2] the full gradient can be computed according to (). Following [8]], we sample
three data batches to compute a biased estimation of (@) as follows:

VEY (w, DY, D}, D;) = [Ifav%(w,p;’)} v (wfonfi(w,Dg),Di). (11)

We will discuss the variance and bias of this estimator in Subsection [B.2]

Option C: Finally, we invoke this option to minimize the ME personalized loss in (). As we
mentioned earlier, the full gradient of this cost is @), where for a fixed w, we may obtain 6; (w)

by minimizing (T0). Instead, following [6], we define the stochastic approximation /;(6;, w, D;)
as in Step |11} and minimize this function with respect to 6; to obtain an approximate solution

6;(w) where the gradient’s norm is less than some threshold v > 0. Therefore, we approximate
@) with the following estimator:

VES (w,D;) = A (w - éi(w)) . (12)

Let us denote the expectation of 7;(.) as h;(.). Then, for A\ > L, the expected function is
(A-L)-smooth and (A—L)-strongly convex due to the properties of Moreau Envelopes [6].
Then according to the property of [3, 6], for some v < 1 (e.g., 107°), we can find éz(w) in
O(i‘\f—f log(1)) iterations.

We will also discuss the properties of (I2) in Subsection [B.3]

Next, we present the convergence result of our method for the three formulations.
A.3 Comparison

Table ] illustrates the properties of our proposed method and provides a comparison between our
algorithm and underlying analysis with some related seminal works. As shown in this table, building



Algorithm 3 [Personalized] Asynchronous Federated Learning (Client 7)

1: input: number of local steps (), local stepsize 1, MAML stepsize «, Moreau Envelope (ME)
regularization parameter A, minimum batch size b, estimation error v.

2: repeat

3: read w from the server > download phase

4: Wi,0 < W

5 for¢ =0to Q—1do > local updates

6 sample a data batch D; , from distribution p; V 3 options:
> Option A (AFL)

7: Wig+1 ¢ Wi,g — NV fi(Wi g, Dig)

> Option B (PersA-FL: MAML)
8: sample two data batches D;  , D}/, from distribution p;

Z,q’
o: Wig+1 ¢ Wig — 1 [I—an}(wi,q, D”Iél,q):| Vi (wi,q—avﬁ»(wi,q, Do) Dz‘,q)
> Option C (PersA-FL: ME)
A 5 2
10: hi(6i, wi,g, Dig) = fi(6i, Dig) + 5 [18; — wigl )
11: minimize h;(0;, w; 4, D; 4) W.Lt. 6; up to accuracy level v to find 6, (w; 4):

HVili (éi(wi,q), wivq,DLq) H <v

12: Wi g1 = Wig = NA(wi g — 0i(wig))

13: end for

14: A; +— Wi,0 — Wi,Q

15: client ¢ broadcasts A, to the server > upload phase

16: until not interrupted by the server

upon the results in [8 6], we extend the capability of FL to staleness. Table [I] also contains the
convergence results for our proposed algorithm, which we will discuss in more details in Section ??.

10



Table 1: Comparison of the characteristics considered in our work with previous methods for federated
learning with guaranteed convergence for smooth non-convex functions. Parameters 7, «, v, and b
respectively denote the maximum delay, MAML personalization stepsize, ME inexact gradient estimation

error, batch size.

wn
E E 2 E‘E
=% S - =.9
Algorithm & Reference gé % S 2% Convergence Rate
£ ES 28
v
- <
McMahan et al. [24] X X - No Analysis
FedAvg Yu et al. [36] X X X o0 (%)
Wang et al. [33] X X /S0 (%)
FedAsync Xie et al. [35] X v X () (ﬁ) + O (%)
FedBuff Nguyen et al. [25] X v/ X 0 (%) +0 (%)
Per-FedAvg Fallah et al. [8] /ooox o x o(H)+o(F)
20142
pFedle Dinh et al. [6] Soox /0 (%) o) (*&iy))
AFL X S/ 0 (%) +0 (%)
This Work PersA-FL: MAML / / X O (%) +0 (%) +0 (“Tz)
PersA-FL: ME v S/ 0 (%) +0 (72) +0 (ﬁzﬁ)
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B Convergence Results

In this section, we introduce the technical theorems and lemmas to show the convergence of our
method for the three described scenarios. First, we introduce the common assumptions we will use
in our analysis for all the three choices of Algorithm 3| As mentioned earlier, we require some
additional assumptions to show the convergence of MAML, which we will introduce in Subsection[B.2]
After stating the assumptions, we will present the convergence results.

Recall that the server updates its model at round ¢ using the updates sent by client i; € [n]. We
denote €2(t) as the timestep of the round at which client ¢, has received the server’s parameters before
applying its ) local updates. In other words, (2(t), t) denote the download and upload rounds for
client ¢;. Now, we introduce the assumption of maximum delay.

Assumption 3 (Bounded Staleness). For all server steps t > 0, the staleness or effective delay
between the model version at the download step )(t) and upload step t is bounded by some constant
T, e,

sup [t — Q)| < 7, (13)
>0

and the server receives updates uniformly, i.e., i; ~ Uniform([n]).

The above assumption is standard in the analysis of asynchronous methods, specifically in heteroge-
neous settings [25} 351 2} [18, 29, [1]]. AssumptionE] guarantees that all clients remain active over the
course of training. However, they have transient delays and perform updates with staleness.
Next, we present our only assumption on the function class, i.e., smooth non-convex.
Assumption 4 (Smoothness). For all clients i € [n], function f; : R® — R is bounded below,
differentiable, and L-smooth, i.e., for all w,u € R4,
IVfi(w) = Vfi(u)|| < Lllw — ull (14)
£ = min f;(w) > —o0. (15)
weR?

The smoothness assumption is conventional in the analysis of non-convex functions. We also assume
boundedness from below, which is reasonable since the ultimate goal is to minimize the functions.
We also denote f* = min;c, f;, where according to this definition, we can immediately see that

* < mingega F® (w) and f* < ming,cga F© (w).
Now, we present our assumptions on bounded stochasticity and heterogeneity.

Assumption 5 (Bounded Variance). For all clients i € [n], the variance of a stochastic gradient
Vii(w, &) on a single data point &; € S; is bounded, i.e., for all w € R?

E¢,p, |VEi(w, &) — V fi(w)||* < o2. (16)

Assumption [5|is standard in the analysis of SGD-based methods and has been used in many relevant
works [30}, 25 [16} 133} {17, [18} [31]. Since we perform updates using data batches, we also need to
show the stochastic variance for the sampled batches. Recall that for simplicity; we assumed that all
batch sizes are larger than b > 1, thus, we have:

o
Dl

2
g
<o?i= ?g (17)

E,, ||V fi(w,D;) Vﬁ(w)H2 <

Next, we present the bounded heterogeneity assumption.
Assumption 6 (Bounded Population Diversity). For all w € RY, the gradients of local functions
fi(w) and the global function f(w) satisfy the following property:
RS 2 2
=~ IV filw) = VF(w)[* <75 (18)
i=1

The above assumption measures the population diversity (heterogeneity) between the gradients. In
heterogeneous settings, this bound indicates the similarity between different distributions. Fallah et al.

12



[8] show connections between heterogeneity and the Wasserstein distance between the distributions
under certain assumptions.

The above assumptions are sufficient to prove the convergence of our method (Algorithms [T] & [3))
under Option A and Option C. Therefore, we present the convergence analyses starting from our
results on AFL.

B.1 Asynchronous Federated Learning (Option A)

We now demonstrate the convergence rate of our method for the cost function in (T)).
Theorem 2 (AFL). Let Assumptionsﬂ;lhold, B=1andn= 1LT. Then, the following property

QV
holds for the joint iterates of Algorithms[I|& [3|under Option A on Problem (1)): for any timestep

T > 160L(Q+T7)(7+1)3 at the server

= o WE() ) | SV (% +93)
72 BV (| < S
80L(1+Q)(r?+1) (% + wg)
+ T .

The proof of Theorem [2]is provided in Appendix [C|] This theorem suggests a convergence rate of

o (%) +0 (QTTQ) for asynchronous federated learning AFL. Our analysis removes the unneces-

sary boundedness assumption on the gradient norm.
Remark 1. Selecting 3 = 1 in Theorem[2] results in a sub-optimal first-order stationary rate for

smooth non-convex cost functions. However, this is an arbitrary choice for the value of 5 and can be
relaxed to any 8 = O(1) similar to [23]].

Next, we present the convergence of PersA-FL: MAML along with some technical lemmas borrowed
from [8]].

B.2 Personalized Asynchronous Federated Learning: Model-Agnostic Meta-Learning Setup
(Option B)

As we discussed in Section [3] we require the second-order derivatives of the local functions to
compute the gradients of the personalized costs in (). Accordingly, we consider similar assumptions
for the second-order derivatives as Assumptions [AH6]

Assumption 7 (Second-Order Properties). For all clients i € [n), the following properties hold for
the Hessian of each f; : R? — R, the variance of a stochastic Hessian V*{;(w, &;) on a single data
point & € S;, and the global Hessian V2 f (w): for all w,u € R,

V2 fi(w) = V2 fi(w)|| < pllw — ul], (19)

Eﬁz‘NPi VQEZ(UU&) - VQfl(w)HQ < 0}217 (20)
1 n

=3 [[V2iw) = VA )| < 2. @1
=1

Assumption [/|is conventional in the analysis of methods with access to second-order information
[7, 18,128, [31]]. Finally, we adopt another assumption from [[11} 8} [10] on the gradient norm to simplify
the analysis for the MAML cost.

Assumption 8 (Bounded-Gradient). There exists a constant G such that for all clients i € [n], and
any parameter w € R?,

IV i(w)]] < G. (22)

To the best of our knowledge, seminal works on MAML loss mainly consider this assumption to
simplify the properties of the personalized function. Note that we consider Assumptions only
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in the analysis of PersA-FL (Algorithms E] &@) under Option B. Under AssumptionsEf]and@, the
properties in (1)) and (T8) can be simply derived with v, = 2L and v, = 2G [8].

Before stating the convergence of PersA-FL: MAML, let us state some technical lemmas on the
personalized MAML cost function.

Lemma 1 ([8], Lemma 4.2 - Smoothness: MAML). Let Assumptionsand hold. Then, Fi(b) in (EI) is
Ly-smooth, i.e., for all clients i € [n], and any parameters w,u € R4,

|VEO @) = VE® )| < Lojlw — ul, (23)
where Ly, .= L(1+aL)? + apG.

Lemma [I] indicates that the personalized cost in (3)) is also smooth. The smoothness parameter
L;, depends on the personalization hyperparameter «v. Increasing the value of « results in higher
smoothness constant L;. The smoothness property of MAML cost under multi-step personalization
(instead of one) is shown in [31]][Lemma 3].

Lemma 2 ([8], Lemma 4.3 - Bounded Variance: MAML). Let Assumptions [2 and[8 hold, and
data batches D, D', D" be randomly sampled according to data distribution p;. Then, the following
properties hold for the stochastic personalized gradient Vl*:’i(b) (w, D", D', D):

~ L(1+alL
HEZH [VFi(b) (w,DN,D/,'D) B VFi(b) (’Uj)} H < pp = w, (24)
Vb
£ (b) "y (b) 2 2
By, |V (w, D", D', D) — VF ()| < 2, 25)
3a20'§o,2L

for all w € RY, where o2 = 3(1+al)?o; {%—F“?z} + 30426'2%’2‘ +— H—i—“i)ﬁ]

Lemma 2] highlights two important results. First, the stochastic gradient in (TT) is a biased estimation
of the full gradient[d} The biasness is controlled by two factors, personalization stepsize ¢, and batch
size b Therefore, we obtain an unbiased estimation under no personalization, i.e., « = 0. However,
as we select a larger a,, we require more samples to reduce the error imposed by biased gradient
estimations. Second, similar to AssumptionE]on the vanilla cost; we have a tight variance based on «
and b.

Lemma 3 ([8], Lemma 4.4 - Bounded Population Diversity: MAML). For all w € R4, the gradients of
local personalized functions Fi(b) (w) and the global function F®) (w) satisfy the following property:

n 2
%Z HVFi(b) (w) — VF(b)(w)H <42 :=12(1+ aL)? [1 +a?L?] 42 + 12a2G%}.  (26)
=1

The above lemma determines the heterogeneity of the personalized gradients VFi(b)(w) based
on the heterogeneity of gradient and Hessian. One can see the connection of this bound with
O(72) 4+ a*O(7}), whereby setting av = 0, we recover the same heterogeneity in terms of O(-)
notion.

Lemma 4 (Bounded-Gradient: MAML). For all clients i € [n], and any parameter w € R,

HVFZ.“’) (w)H < Gy = (1+al)G. 27)

This lemma indicates that the bound on the norm of personalized gradients potentially increases
under a larger personalization budget «.

Building upon the results in Lemmas 2}(27), we are now ready to present the convergence result for
PersA-FL: MAML.

't should be noted that the batch size in the upper bound of (24} refers to the size of |D’|. Recall that we use
this batch to approximate the inner gradient in[12}
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. ; Q _ _ 1
Theorem 3 (PersA-FL: MAML). Let Assumptlonshold, a>0,8=1andn= OVLLT Then,
the following property holds for the joint iterates of Algorithms[I|& [3|under Option B on Problem

@): for any timestep T > 64Ly, at the server

oo« YRV 1) | ST )
. )
t=0

VT VT
20 QLy, (G3402) (724+1)  4Qa’L*(1+aL)?s?
+ - + ; .

The proof of this theorem can be found in Appendix [D] Theorem [3|shows a convergence rate of

1 T2 o’
O (J)+0 () +0(%
this rate with the convergence rate of AFL and Per-FedAvg, as in Table[I] The last term in the

. a2¢72 . . . . . . .
above rate, i.e., O ( > 9) accounts for personalization with biased gradient estimation. Moreover,

2
g

) for PersA-FL algorithm under MAML setup. Now, let us compare

compared to Per-FedAvg, the second term of this rate is different, which accounts for the maximum
delay in asynchronous updates. For instance, under a fixed personalization budget o > 0, our method
requires T = O(e72) and b = O(s!) to reach an e-approximate first-order stationary solution. The
last expression can also be controlled through a combined stepsize « and batch size b. It is consistent
with intuition, meaning more samples are needed to obtain a higher degree of personalization.

Next, we will present the analysis of PersA-FL: ME.

B.3 Personalized Asynchronous Federated Learning: Moreau Envelope Setup (Option C)

In this subsection, we show three technical lemmas on the bounded variance of stochasticity and
heterogeneity as well as smoothness for ME formulation (8) and then present the convergence rate of
PersA-FL for this personalization framework. The proof of all results in this subsection is provided
in Appendix [E]

First, we present the smoothness property of ME loss.

Lemma 5 (Smoothness: ME). Let Assumptionholds and \ > kL for some k > 1. Then, Fi(c) in
@) is L.-smooth, where L, = ﬁ
According to Lemma[5] we limit our exploration to A > L which satisfies the smoothness constraint
for the ME formulation. In fact, according to Appendix one can also see that originally, each Fi(c) )
is )\’\_LL -smooth which is also smaller than L. = ﬁ As we mentioned in Section , when A — oo,
ME framework converts to vanilla FL. The smoothness property in Lemma [3]is tight because, L. — L
if A — oo.

Corollary 1 ([6], Proposition 1). If A > 2L, then Lemmals|implies that F\°) in ) is A-smooth.

Lemma 6 (Bounded Variance: ME). Ler Assumptions [ and [ hold, X > KL (for some k > 1),
and the data batch D be randomly sampled according to data distribution p;. Then, the following

properties hold for the stochastic personalized gradient Vl*:’i(c) (w,D): for all w € RY,

i . A

|y, [VEO w,D) - VF @)] | < e = 570, (28)
~(c c 2 2)\2 02

E, ||[VE© (w,D) - VF >(w)H <o? = ooLp Lty (29)

This lemma is analogous to Lemma [2]in Subsection [B.2] In Lemma[6] we show an upper bound
on the variance and bias of the stochastic gradient compared to the full gradient. Note that when

A — 00, we know that él (w) — w. Therefore, by fixing él(w) = w, it is guaranteed that v = 0, thus
our gradient estimation becomes unbiased and the variance similar to (I7).

Lemma 7 (Bounded Population Diversity: ME). Let personalization hyperparameter X > 7L. Then,
for all w € RY, the gradients of local personalized functions Fi(c)(w) and the global ME function
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F(©) (w) satisfy the following property:

cp 16V,

S %= eaepe Ve (30)

LS om0

Lemma [7| provides a bound on population diversity of ME as a factor of 73. Similar to what we
explained so far, for A — oo, the heterogeneity bound turns into 73.

Remark 2. In the analysis for Theorem[] we consider bounded population diversity as in Assumption
@ average bounded diversity. [l6]][Assumption 3] and [I34)][6.1.1 Assumptions and Preliminaries, (vii)]

consider a slightly stronger version of this assumption, namely uniformly “bounded heterogeneity”
which is defined as follows:

max sup ||V fi(w) — Vf(w)|? < ’ng. (31)

i€[n] weRd

. . . . 2
Under the modified assumption in (31)), we can improve v2 = )\Zlfg =72

Now, we present our convergence result of PersA-FL: ME under Assumption [3}{¢]
Theorem 4 (PersA-FL: ME). Let Assumptionshold, A>TL, B=1andn= L Then,

QVL:T"
the following property holds for the joint iterates of Algorithms[I| & [3lunder Option C on Problem

@®): for any timestep T > 288L.(Q+7)(7+1)? at the server
2 _ 4L, (FO(w') - f*) N 8VL. (02 +12)
B VT VT

AL (14Q) (72 +1) (02 +72)  4QA22
+ T O—L)?

szlEHVF(C)(wt)
T t=0

This theorem proposes a convergence rate of O (ﬁ) +0 (%) + O ((;‘ii’;?) for PersA-FL
under ME formulation. Again, under the exact same reasoning as Lemma [6] we know that v = 0
when A — oo, thus the convergence rate simply reduces to vanilla AFL with no personalization. Let
us compare this convergence rate with the rate of pFedMe [6] in Table [T} By comparing the last

2(1,2
terms in both rates, O (%) and O </\ (3+

—O=D,F ) Onecan see that the additional term % in the

convergence rate of pFedMe, implies that even under A — oo, the last term does not vanish unless
with large data batches, i.e., b = O(e). Therefore, from the personalization perspective, our analysis
provides a tighter bound compared to pFedMe.
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C Asynchronous Federated Learning

Proof of Theorem[2] First, we present a set of useful inequalities we will use in the proof. For any
set of m vectors {w; }™ ; such that w; € R?, and a constant o > 0, the following properties hold: for
alli,j € [m]:

lwi +w;|* < (A+a)Jwi]? + (1+a7h)[wyf?, (32a)
lwi 4+ wjl| < flwill + [[wl], (32b)
2(w;, wy) < aflwil® + a7y, (32¢)

> wil| <m <j{:Huq|2> : (32d)
i=1 =1

Now, let us rewrite the update rule of the joint iterates in Algorithms[I] & [3|Option A at time ¢ as
follows:

* Client update:

wi o =w', (33)
wiq-‘rl = w7t;,q - UVJ?Z( i,q° Dt ) (34)
* Server update:
Q-1
Wt = = B, = ' =08 Y]V, (uil) DIY). (35)
q=0

For simplicity, we denote V f; (w) = Vf; (w, D;). Therefore, at round ¢, the server updates its
parameter by receiving A;, from some client i; € [n], as follows:

Wt = w' — B Z Vi, (wil))- (36)
Moreover, Due to AssumptionEL we can infer that f is L-smooth, thus
Q-1 Q-1
@ ~ Ln?p3? ~
f ) S fwt) —np <Vf<wt), SV (wiff;))> + LISV, (w)9)
q=0 q=0

=:Sq, =:Sa,

2
(37)

First, we provide a lower bound on term Sa in (37). Prior to show the bound, let us denote

Q-1 _ n n
= Zo Vi (w%t)),gt =31 Elgf,gf = Z Vi ( w; ., ) and g' = 1 3~ gt. Therefore,
q= = i=1

E[S.,] =E [E;, (Vf(w"), 3! )] (38)

54

_ ,i a)-elornlsa) o

i=1
= QE |[Vf(w!)||* + E(Vf(w'),g' — QVf(w")) (41)
QE V)|’ - JE[Vrwh) - SElg - Quswf @)
= 2L v s’ —éEHgt—met)n? @)
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Moreover, the following holds for Sy, in (37):

( Q(t)) :%iugﬂf' @)
i=1
Now, according to (37), (@3), and [@4), we have:
Bf (u*!) < Bf(ut) — 2 (2Q 1IEHVf )|I? (45)
Y|y~ vy + 428 5 o
=:Sas Nl
=:Sa,
where we bound S,, and S,, as follows:
n 2 n
Say = Hi ; (ot - Qvsi)| 21 Z gt = QV fitw)]’ (47)
2
1y S (w20) —@vriwh)|| @8
i=1 || g=0
" _ 2
SIS [ (00) - wnn] |
i=1 || g=0
@gi?;“w (w20) ~vr))| . o
n Q-1 9
s D AE0]
i=1 ¢=0
< anij |97 ()| (52)
=1 ¢=0
- Qi%uw (4137) = 0 (u£7) 95 (4257) - 95,0
1=1
LV () - VS (w0f) + VS () | (53)
@ . - t t t
L1035 ([0 (o) - vn () [+ [ () -5 )
+ Vs ) - vr )| 5 2] = (54)
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o) -saen] e

n Q-1 ‘2

+4Q3° S E|vy, (wj’;t)) — Vi (w)

:

(56)

+4Q> > E|Vfi (w') = Vf (w')

(57)

+4Q§: E||Vf () HQ (58)

O g [02 + 92 +E|[V/ (')

2
| } (59)

n Q-1 9
+4Q Y Y E| Vi (wfi?) - Vfi(w) (60)
=1 q=0
Therefore, due to (@#3)-(30) and (39)-(60), we have
B (u ) < B - | P ot B v (o)
L [189Q , 2PFQL Zn:QZlEHVf-( ) = Vi) i 62)
2n n == i\Wigq i\w
+2° LB Q0% + 20° LA Qg (63)
DEfwh - {”5 o1 2772L62Q2] E||Vf(w)||” (64)
2n 1=
::S%
+ 22 LB*Q%07 + 2° LB Q%Y. (66)
Thus, it is sufficient to bound the following expression in S, :
2
[t =l (67)
2
t—1
s=Q(t)
t—1 2
( ) Z witt — s + (1+ﬂ2) Hwﬂ(t) flét) ’ (69)
s=Q(t)
1
2 —aw) (1+ 52) [ Z [t — w ] + (1487) Hwﬂ<t> f{gﬂ (70)
s=Q(t)
2
D (L) [ X ot () [ w0 an
s=t—T1

=:5
=:Sq, “6
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Now, we show a bound on the evolution of local updates at an arbitrary round s > 0, i.e., the distance

between w; , and w*:
)

2 ~
s s||e s . s .8
E [|wi, —w||” = E‘ Wi g1 =V i (wig-) —w

:IE:’

wi g1 —w* =V f(w’)

- U@fz (wiq—l) + nvfl (wiq—l)
=V fi (0] g—1) + 0V fi (w?)

VS )+ )|

® (o) i

2

S
wi’qﬂ —w

~ 2
+AQR2QE| |V (w51) = Vi (i) |
[V o) - 9 @0 ||
Vs @) - vr |
2
+ ||V (w?) \ ]
@ 1 2
< <1+2Q> E‘wiq_l—ws
+  4(14+2Q)7? UZ+L2]E‘wiq71—ws ’
+IEHVfi (w®) — Vf (w?) ‘2+EHVf(wS)

Note that we can select stepsize n < such that

1
4L(Q+1)

, 1 1
T = 1602(Q+1)2 = BL2Q(2Q+1)

1
= 4(1+2Q)n°L?* < —
(14+2Q)n <50

20

i

(72)

(73)

(74)

(75)

(76)

(77)

(78)



therefore, due to (72)-(78), we have:

E [[w!, —w' |’ < <1+1> e — (19)
—_— Q ’
5:P¢S,q ::Piﬁq71
Fa42Q) |02 + B[ V1 () ~ 97 (@) |+ B[ f () ﬂ = (80)
TP (1+22> P, 1+ R} (81)
=R <1+> <R <1+) (82)
k=0 Q k=0 Q
1+$)Q ~1 1\ @
=R} = R;Q <1—|— > —1| <R;Q(e—1) <2R;Q = (83)
(1+5) —1 Q
2 2
E [}, —w|* < 8Q(+2Q)n? |02 +E[| Vfi (w*) = Vf (w) | +E|[Vf () ] (84)

for all ¢ € [Q] and s > 0. We now will use (72)-(84) to provide a bound on the expression in S, .
Again, note that according to Algorithms[T]& [3| we have:

] G i) (85)
2
E|lw+! —w|® < B2E Hw‘“g W) (86)
2
- B°E [E wiy —w ] (87)
202 2 2 Q 2
< 8Q(1+2Q)1*B* |02 + 2 +EHVf (w <S>) H . (89)

Let ¢ = 8n2Q?(1+2Q)(1+?), then according to (67)-(B9)

t—1 n Q-1
1 2 o) ||?
—E[S,.]<T Wt — HwQ(t)—wi (90)
sl < | & et ]+ 58S ;
2
§7202+72'yq+7 Z IEHVf wQ(g)) H ()]
s=t—T
2
+02 472 —i—EHVf (wQ(t)> H 92)

< (741) [0 + 3] +E[| v/ (w?) HQHSETEHW () o
t

< (241) [o2 7]+ 3 E||vs (w9 | (94)

s=t—T1
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Thus, by combining (61)-({4), we have the following inequality:

B (u ) < B - 08 |24 — 20510 & v s

+ 403 BL2Q% (142Q) (1+8%) (14+4n8L) T

s=t—T

+4n* BL2Q3(142Q) (T°+1) (145) (1+4nBL) (02 + 77
+20°B°LQ* (00 +77)

where by rearranging, we obtain the following inequality:
2
(1 —4nBLQ)E(|V f(w")]|
t
— 82L2Q*(14+2Q)(1+5*) (1+4nBL) T [ 3 EHVf( s >)H 1

s=t—T1
2 [Ef(w') — Ef (w')]
npQ
+ BPLAQA(142Q) (1) (14%) (14+4nBL) (02 +72)

+4nBLQ (02 +72) .

Now, note that for any s > OE|
2 id 2
B|vs (@) [ = X Bfvren ]

U=8$—T

Therefore, we add up the inequality in (99)-(I03), for t = 0, 1,...7—1, and obtain

<

T-1 9
> BVl

> s ()]

[1 - 49BLQ — 872 L?Q(142Q)7(r+1)*(14+6) (1+4n8L)| = ——

<2 [f(w®) —Ef(wh)]
- npaQT

+4BLQ (o2 +7])

+ 8P L2Q* (142Q) (T*+ 1) (146%) (1+4nBL) (07 +77) -

Thus, by setting 5 = 1 and n = ﬁ, we can simply see that

N | =

1—4nBLQ — 8n* L*Q*(14+2Q)r(7+1)*(1+5°) (1+4nSL) >
1
"= LG

95)

(96)

o7

(98)

(99)

(100)

(101)

(102)
(103)

(104)

(105)

(106)

(107)

(108)

(109)

for T > 160L(Q+7)(7+1)*. Therefore, we can conclude the final result in Theorem [2] under this
O

choice of ny and 3.

2For s < T, the right-hand side of the inequality consists of fewer terms.
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D Personalized Asynchronous Federated Learning: MAML

Proof of Theorem[3] To simplify (TT), we denote @Fi(b) (w) = Vﬁi(b) (w, D!, D}, D;). Then similar
to @) at round ¢, the update rule for Option B can be written as follows:

L — —nBZVF(b ( w!? 3) (110)

According to Lemmal([T]

Q-1
FO (i) D ro (w') — B <VF<”) (), > VEY (wgfé))>

q=0
—:Sbl
Lo B2 = = ) (o :
+ Y VE (wq) (111)
q=0
::Sb2

Similar to the inequalities in (38)-(@3), we first show a lower bound on term Sy, in (TTI). We also
Q-1

denote §! = Y- VFi(b)( Q(t)) gt=1 Zg,, gt = Z VF(b ( m”) and g' = 1 ng for
q=0

simplicity. Note that ¢ and g! are the stochastlc and determlmstlc gradients of the personahzed cost
functions Fi(b) at stale parameters. According to these definitions, we have

) 1O _
& o) S 23 e fat - o] (1)
i=1

B3 fefont () v )| o
2 iiwub ~ Qun. (114)
i=1 ¢=0

where as we discussed in (24), 1, measures the unbiasedness in the estimation of the personalized
stochastic gradient.

E[S,] =E {IE <VF(b)( b, g“>} (115)
~2|{vrtn. L3 ) | ~m [(wro o)
— QE HVF(”)(wt) +E <VF(b> (w), E [5 gt}> (117)
+E <VF(b)(wt),gt - QVF(b)(wt)> (118)
T i) VR
- 11E HVFU’) (wt gt — QVE® (||’ (120)
&3 @ 20- e |vrow| |y - eurwn| -~ a2n
and
2 n
E;, [Sh,] = E:, ZVF(f) (wj}(;)) :;;Hgﬂﬁ (122)
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Therefore, according to (ITT), (T121)), and @)

2
2 Lyn?p? 2
b 7] -
gt — QVF >(wt) + =5 E; at]" (124)
=:Sh, \Tgb—’
=:5,

where similar to (@7)-(50), we can bound S}, as follows:

sbg,fZZHVF“’)( ) VE® (w )H (125)

=1 q=0

Moreover, we can show an upper bound on S, akin to (I26)-(T29):

n Q-1
_ = (b) Q(t
15 e )

o)
Doy [ert (wo) [ =
i=1 ¢=0
n Q-1
_ ®) (20 (®) (20 (®) (20 (b)
_ Q;q:o [VED (w80) = VEO (w80) + VE® (wfi”) = VE® ()
+VE (w') = VF® (w) + VF® (w') ‘2 (128)
n Q-1
Paay 3 |[or (al) - v (o) |
[ vED (w0) ~VED () |
+ ||V (1) = VF® (w H
[ vr® () HQ N (129)
E[sm]@mi%% )@F}b) (w ) VE! b)( )M (130)
i=1 ¢=0
+4Qi§1@ VF(b)< ‘?‘”) vE® () ‘2 (131)
i=1 q=
+4QiQZOlE VEY (wt) - VF® () H2 (132)
pa s
+4an:QilE VF® (wt) H2 (133)
i=1 q=0
O g2 {U§+7§+EHVF“) (w") 2] (134)
+ 4Qi§E HVFi(b) <w”§”) ~vE® (wt)HQ. (135)

i=1 q=0
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Therefore, due to (123)-(123) and (134)-(133), we have

200—1 2
EF® (w') <EF®(w') — ["5(?) - 2n2Lb52QQ] E HVF“’)(wt) (136)
nBQ  21PR2QLy] o~ ®) [ Q) OPENE
+{ — = }Z;EHVF (i) = vEP @) a3n
+0BQ%u; +20° Ly Q% + 20° Ly B Q% (138)
2Q0—1 2
D EF® (wh) — [”B(f) _ 2n2Lbﬁ2QQ] E HVF“’)(wt) (139)
Q-1
nBQLE (142n8Ls) - o) 4|]?
+ . S E |l —w (140)
i=1 =0 ~———
=:Spy
+0BQ% i + 20 LyB2Q? (07 +7) - (141)
Now, we provide an upper bound on S, in (I39) as follows:
2 2
oo = [t —wl? | = [t = 02O 4w — w0 (142)
@ 2 Hwﬂ(t) Q(t Q(t) 2 (143)

Sbg Sby

where the first term determines the evolution of local updates and the second term considers the effect
of asynchronous updates. Therefore, using Lemma] we have

2
E[Sh] = E |0 — | (144)

2
=B H“’%t) i (145)

2
~ 2
= anZE HVFl-(b) (wfﬁﬂ) H (147)
r=0

%”qul{ﬁuwzw<wft> w0 (o) o0 ()] s

r=0

277 qz Gi +0p) =20°¢* (G} + 03) (149)

r=0
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.20 ¢!

< 2PPQr ) (G +ap) = 20°5°Q%" (G + o).

q=0
So, according to (T36)-(T33),

EF®) (w' 1) < EFO(ut) - 1

2

+nBQ% Ui + 2> B2 LyQ%o7 + 21 B2 LyQ%:,

B[R (u29) - VE® (w

(201~ 4081, E |[VFO )|
+4n*BQ*LE (14+2n8LyQ) (Gi+o7) (B°7%+1)

(150)

(151)

(152)

(153)

(154)

(155)

(156)

(157)
(158)

where by adding the terms in (T56)-(138), for ¢ = 0,1, ... T—1, and rearranging them, we obtain the

following inequality:

2 (FO® (w®) — EF® (wT))
npQRT

T—1
1 —4nBLyQ b 2
PR :IEHVF( >(wt)H <
T t=0

+ 81°Q°LE (14+2n8LyQ) (Gi+0}) (827 +1)

+ 4nBLyQ (o7 +77)
+2Qu3.

Finally, we can conclude the proof by fixing 5 = 1 and n =

1
NS 8pL,q-
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for T' > 64L;, hence
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E Personalized Asynchronous Federated Learning: ME

We start by showing (12), where according to the definitions in (8) and (I0), we have

§;(w) = arg min {fi(ei) + %Hei - w||2] = Vf, (éi(w)) A [éi(w) - w} =0, (163)
0;€R4

A
5 , (164)

FO(w) = f; (B:w)) +

therefore,

0;(w) — w‘

0b:(w) _ 1] [éi(w) - w} (165)

i ow
@Aa%;w) {w—éi( )} T\ 6%1(;”) —I] [éi(w)—w] (166)
=\ [w —éi(w)} . (167)

Before, presenting the proof of Theorem[d] we proceed by providing the proof of Lemmas 3} [6} and|[7]

Proof of Lemma[3] Let w, v be two arbitrary vectors in R?. Then, we have:

VE (w) = VI (5) B A [w = fiw)] = A [o = 0i(0)] (168)
B s (0w) -1 (b)) = (169)

et c) s o)
(w) — 6, )H (171)

Uz Hw - %wi (éi(w)) —v+ %wi (éi(v)) H (172)

L N R
< Lilw = ol + 5| V£ (Giw) - V5 (Bw) | a73)
L © ©
= Ljw o]+ 5||VEO w) - VFO ()| > (174)
c c AL
|[VEO @) - VFO )| < 255 o - el (175)
which means Fi( ) is %—smooth. Note that for A > kL, for some k > 1,
AL A
<L,:= 176
A—L — k—1 (176)
This concludes the statement of Lemmal[3l O]

Proof of Lemmal6] According to Step [[T]of Algorithm[3] let us introduce full and stochastic auxiliary
cost functions h;(-) and h;(-) as follows:

a6, w) = Fi(00) + 5 105~ il a7
(00 0.D) = [0 D) + 3 16, — wl, (178

where due to (I77), we have
Vi (6;(w), w, D) = V fi(f:(w), D) + A [éi(w) - w} , (179)
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hence, we can show (28) as follows:

HIE [VF“) (w, D) — VF (w } H (180)
6.0 H]Epi [ )—)\Qi(w)]H (181)
E,, [V fi(6:(w)) — VFi(6;(w), D) + Vhi(0; (w), w, D)] H (182)
= By, [V £:(0:(w)) — V (i (w))] + By, [Vhi(f:(w), w, D)] H (183)
< |[Enc [V £litw)) = V£ Biw))] || + v (184)
@ ‘ E,, [0:(w) — éz(w)] +v (185)
&0 HE [VE (w,D) - VF (w)] H v (186)
H]Epi [VFP (w,D) — Vch)(w)] H <5 i . (187)
You can find the proof of (29) in [6][Appendix A.2]. O
Proof of Lemmal[7] First, note that we have
1y © () — TFO (I
- ; HVFi (w) — VF (w)H (188)
2
1 & X 1 &
= > [t = ditw) - Z;Mw — b(w)) (189)
n n 2
L) % z; S [91ilbitw)) =V 15(05(w))] (190)
i=1 ||j=1

o n o n . A 9

= Y [V - 9G] (191)



So, we simplify the upper bound as follows:
|V 10 (w)) - ij((%(w»H2 (192)
= |[V£:0:(w)) = V£:(6,(0) + V:(0(w)) = V£(6; (w)
+ V(05(w)) = V(0 w)) + VF(B:(w) = V(0 (w)

FV 550 00) ~ V10 )|| (193)
© 3[[956iw)  5i0w)) + 9105 w) - V101
FVL i)~ V55(0;)| (194)
4|V 56 w) ~ V10 w) + VA5 w) - i@ )| 199
D4V 16,00 - V1.0 (196)
+4||V (6 (w) = V(B (w ))H (197)
4V 150 00) — V10| (198)
+ 8V 705 () — V7 (B5)) | (199)
+ 8]V (0u(w)) ~ V10 0))|| 200)
Note that we can bound (T99) and (Z00) according to Lemma([TS}
:Lizn;HVfi(éj(w)) )] e 201)

and also given the fact that function f(-) as well as each function f;(-) are L-smooth, we can bound

(196), (197), and (T98) as follows:

|7 5it@s()) = 9 5it0s )| )
< 12w — by )| (203)
- s ot -]+l
@ L HVF ) (w) — wg“)(w)H2 (205)
_— HVFZ-(C) (w) — VFO () + VF© (w) — VF?C)(w)H2 (206)
= o - or) - vrow)| + [oriw - 90w ] eon
Therefore, according to @-qm_m we have
fZHVF VF© (w H < 1642 485 zn:HVFi(C)(w)—V F<C>(w)H2 = (208)
=
n ; HVFi(C) (w) = VFO(w H = /\16)\Z8L2’ (209
which concludes the proof. O

Now, we are ready to state the proof of Theorem [4]
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Proof of Theorem[] We write @Fi(c) (w) = VFZ-(C) (w, D;) to simplify (I2). Then, the update rule
for Algorithms[I] & [BJunder Option C can be written as follows:

Q-1
Wt =wt — g Y VEY (w”(;)) , (210)
q=0

where similar to (TTI)-(T41)), we can show that:

EFO (1) < EFO () ["5(22@9‘1) o M%y] elvrow)| @
2 n 9!
+ npQL; (1:”2775Lc) Z Z E Hw%t) _ ol (212)
=1 0
=:S¢,
+nBQuZ + 2L S2Q (02 +17) @13)

with L., e, 0c, 7. as defined in Lemmas EL |§[, and m Thus, to show the convergence rate of our
method for the cost function in (8), it would only be sufficient to provide an upper bound on S, .
First, note that similar to (67)-(71), we have

2
Q(2) t
P

t—1
() | S ]+ e [0 —uf0 et
s=t—7 ———~—" —_—

::SCB ::362

Now, if we introduce stepsize 7 such that < m, similar to (72)-(77) and (83)-([®9), the
following two inequalities holds for S., and S¢,:

2
E[Sea] = E|[w}{" — v @15)

< 8Q(1+2Q)”

2 +B[VED (w20) - vFO (u50) | 1 B|[vE© (100) ﬂ,

E[S.,] = E |w*™" — w®||” < 8Q(1+2Q)n* 52

2
o2 442+ ]EHVF(C) (%) H ] 216)

where by denoting ¢ = 872Q?(1+2Q)(1+3?), we have

t s
%E[SCJ <@ [o24a) 7 Y Y E|vFO @) \2. 217
s=t—T u=s—T
Then, according to ZT1)-(217), we obtain
EF© (wt1) < EF© (wt) — [776(2262_1) - 2n2Lc/32Q2] E HVF(C) (w‘f)H2 (218)
t s
+ 83 BQPL2(142Q)(1+6%) (1+208L) 7 | S S E HVF(C) (w") 21 (219)
s=t—T u=s—T

+817° BQ° L (142Q) (T +1) (1+5%) (1+208Lec) (02 +77) (220)

+ 27 L2 Q% (02 +77) (221)
+n8Q%u2, (222)
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where by averaging the terms in ZI8)-(222), for ¢ = 0, 1, ...7T—1, and rearranging them (similar to
(TO3)-(107)), we can conclude the following inequality:

21272 2 2 T-1
1 — 4nBQL. — 1672Q Lc(1+§Q)T(T+1) (1467 (1+209Le) §2 v ro |
t=0
2 (F)(w®) — EF© (wT))
< +2Qu? (223)
nBQT e

+160°Q*L2(1+2Q) (7% +1) (1+8%) (14+2nBL.) (a2 +2) (224)
+4nBQLe (07 +77) (225)
Finally, by fixing n = ﬁ, for T' > 288L.(Q+7)(7+1)2, we obtain the sublinear convergence
rate in Theorem 4] O

F Numerical Experiments

In this section, we discuss the concurrency, speed-up, and accuracy of our proposed method in
heterogeneous settings under delayed communications.

Let us first start by explaining our simulation setup for communications with delays. We consider
a set of n = 50 different clients, where each client holds a set of random delays at the upload and
download stage. We set the random delays to be generated such that the upload delay is 4 to 6 times
higher than the download delay on average. We assume that the time for local updates is negligible
compared to the time for communication and aggregation. Then, we plot the number of active users
(not idle) over the training process under asynchronous communications. The orange chart in Figure
a) describes the ratio of active users, which on average is roughly 80% over time. Therefore, we
consider the same ratio for client sampling in the synchronous updates for methods such as FedAvg
and plot the activity of users in the same figure with green color. As shown in Figure 2[a), the degree
of concurrency for asynchronous methods is dramatically higher than their synchronous counterparts.

We also generate heterogeneous data from MNIST [21] and CIFAR-10 [20] datasets on the clients,
i.e., each client holds a distinguished and unbalanced distribution of images from different classes.
For instance, client ¢ € [n] may mostly have samples from odd numbers in MNIST, while client
Jj € [n] mainly holds digits zero to four. Over the underlying communication setup and heterogeneous
data setting, we compare the speed and accuracy of FedAvg, Per-FedAvg, pFedMe, AFL, PersA-FL:
MAML, PersA-FL: ME, where the first three methods are synchronous and the rest are asynchronous.
For MNIST and CIFAR-10, we consider 2-layer and 4-layer convolutional networks [20] with pooling
and dropout as well as cross-entropy loss. For all algorithms, we consider @) = 10 local updates,
and select the best A € {15, 20, 25,30} for ME and « € {0.001, 0.002,0.005,0.01,0.02} for MAML.
Moreover, we pick 5 € {0.7,0.8,0.9,1.0,1.1,1.2} and fix n = 0.03. For both experiments, we
consider the exact same communication setup and repeat each experiment 3 times and plot the
test accuracy curve over time until one of the algorithms stops. Figure [2] (b)&(c) compares the
performance and speed of these algorithms.

It is worth mentioning that in the implementation of algorithms with MAML, we approximated the
Hessian-vector products via the following first-order formulation: for some small 6 > 0,
"~ Vfi(w+du) — Vfi(w — du)

~ 5 .

Moreover, in the bi-level optimization problem for the ME formulation, we applied a constant K = 10
steps of SGD to obtain 6;(w).

V2 fi(w) (226)
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Figure 2: The impact of heterogeneity and communication delays on concurrency, convergence
speed, and performance of multiple FL-based algorithms. The underlying setup of this experiment
consists of n = 50 clients, ) = 10 local updates, and each client has a random upload and download
delay at each round. (a) A comparison between the ratio of active users for synchronous and
asynchronous updates over the course of training. (b) Comparison between the test accuracy of
FedAvg, Per-FedAvg, pFedMe, AFL, PersA-FL: MAML, and PersA-FL: ME on MNIST data with
heterogeneous distribution. (c) Test accuracy of the mentioned methods on CIFAR-10 data with
synthetic heterogeneity within a limited fixed time.
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