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ABSTRACT

Zeroth-order optimization algorithms are widely used for black-box optimization
problems, such as those in machine learning and prompt engineering, where the
gradients are approximated using function evaluations. Recently, a generalization
result was provided for zeroth-order stochastic gradient descent (SGD) algorithms
through stability analysis. However, this result was limited to the vanilla 2-point
zeroth-order estimate of Gaussian distribution used in SGD algorithms. To address
these limitations, we propose a general proof framework for stability analysis that
applies to convex, strongly convex, and non-convex conditions, and yields results
for popular zeroth-order optimization algorithms, including SGD, GD, and SVRG,
as well as various zeroth-order estimates, such as 1-point and 2-point with different
distributions and coordinate estimates. Our general analysis shows that coordinate
estimation can lead to tighter generalization bounds for SGD, GD, and SVRG
versions of zeroth-order optimization algorithms, due to the smaller expansion
brought by coordinate estimates to stability analysis.

1 INTRODUCTION

Zeroth-order (ZO) optimization algorithms have gained widespread use in solving black-box opti-
mization problems, particularly in machine learning fields (Chen et al.,|2017; [Kurakin et al., [2016;
Madry et al.l 2017; Sun et al.| [2022). In such problems, obtaining the explicit gradient is often either
unattainable or too expensive, and only the function value of the output can be obtained. For instance,
pre-trained language models (PTMs) like GPT-3 (Brown et al., [2020) allow only user-designed task-
specific prompts to query them, and their gradients are usually unavailable. Similarly, in scenarios
where the internal structure and training data of a deep neural network (DNN) are unknown, as in
(Papernot et al.| [2017), and only the input and output are accessible, the black-box attack can be
launched to manipulate the model output and cause incorrect predictions. Here, ZO algorithms can
achieve excellent performance, comparable or even better than white-box models where gradients are
known (Sun et al., [2022} |Papernot et al.,[2017)).

In ZO optimization algorithms, the approximation of gradients is achieved by using function values.
The accuracy of these zeroth-order (ZO) gradient estimates is critical for determining the convergence
rate and optimal learning rate settings. Therefore, conducting research to improve the accuracy of ZO
gradient estimates is of utmost importance. There are three main categories of ZO gradient estimates:
1-point (Flaxman et al.,2004), 2-point (Nesterov & Spokoiny, [2017; Duchi et al., 2015} with different
distributions, and coordinate estimates. As the number of function evaluations increases, the accuracy
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of the gradient estimates improves (Duchi et al.,|2015). When the number of function evaluations
reaches the problem dimension d, it is preferable to use the deterministic coordinate-wise gradient
estimate instead of the 1-point and 2-point gradient estimates with random directions. This estimate
has a significantly lower approximation error (Kiefer & Wolfowitz, |1952; Berahas et al.,|2022; [Lian
et al}, 2016), of order O (dp?) (where i is the smoothing parameter).

Multiple ZO algorithms have been proposed to address the core problem of minimizing the loss
function in optimization. Initially, the ZO gradient descent (ZO-GD) algorithm (Nesterov & Spokoinyl,
2017) was the focus of the ZO optimization algorithm field. Yurii et al. (Nesterov & Spokoiny,
2017) proposed the ZO-GD algorithm that employs a 2-point Gaussian random gradient estimator
and established convergence guarantees for it. Subsequently, Saeed et al. (Ghadimi & Lan, [2013))
introduced the ZO-SGD algorithm that uses the same estimator. However, due to the high variance of

the ZO stochastic gradients, the convergence rate of ZO-SGD is limited to O (s /1/ T) (Ghadimi

& Lan, 2013) for non-convex problems, where 7' is the total number of iterations. To accelerate
its convergence, some variance reduction strategies commonly used in first-order optimization
algorithms, such as SVRG and SAGA, were introduced into the ZO setting. These strategies have
been shown to be effective in the first-order setting and are also effective in the ZO setting. The
ZO-SVRG (Liu et al} 2018} Ji et al., [2019) and ZO-SAGA (Huang et al., |2019) algorithms can
improve the convergence rate to O (1/7).

As mentioned above, research on ZO algorithms in the optimization field is extensive and com-
prehensive. However, there is only one generalization study that focuses specifically on ZO-SGD
(Nikolakakis et al.| 2022). In their study, Konstantinos E. et al. (Nikolakakis et al., [2022)) provide
generalization results of ZO-SGD under a two-point Gaussian smoothing estimate and demonstrate
that the algorithm has comparable generalization performance to SGD in non-convex environments
when using diminutive step sizes. While Konstantinos E. et al. (Nikolakakis et al., [ 2022) presents
surprising results, it does not encompass the diverse range of estimates and optimization algorithms in
the ZO optimization field. In contrast to the limited research on ZO generalization, first-order analysis
has yielded a more diverse body of work, specifically regarding algorithms such as SGD (Hardt
et al., 2016)), GD (Hoffer et al., [2017; |Charles & Papailiopoulos| 2018)), and stage-wise learning
strategy (Yuan et al.| [2019). These discussions have inspired us to further explore the generalization
performance of ZO algorithms.

To address the limitations of existing research, this paper focuses on studying the generalization
behavior of a more comprehensive ZO optimization algorithm and provides a more inclusive proof
framework.The contributions of this work are as follows:

e We propose a more general proof framework for ZO optimization algorithms. Leveraging
our proof framework, we provide for the first time generalization bounds for different
Z0 algorithms, including ZO-SGD, ZO-GD, and ZO-SVRG with different ZO gradient
estimates under convexity and non-convexity conditions. To the best of our knowledge, this
is the first work on generalization analysis for ZO-SVRG.

e 70 optimization algorithms differ from first-order optimization algorithms in that they
approximate gradient values using function values. As a result, approximation errors
introduce new expansions for generalization analysis. Our results show that, ZO algorithms
that use coordinate estimates lead to tighter generalization bounds for ZO-SGD, ZO-GD
and ZO-SVRG, and importantly same to the ones of first-order algorithms.

2 PRELIMINARIES

2.1 NOTATIONS

Throughout this paper, we let N (0, I) denote the standard normal distribution on R%. We denote the
{y-ball in RY with radius r centered at v by B%(v, ), and S¥~*(v, ) denotes the 5-sphere in R?
with radius r centered at v. We also use the abbreviations B¢ = B¢(0, 1), S¥~! = S4-1(0, 1), and 1
for the all-ones vector.
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Table 1: A list of the generalization error bounds developed here in for zeroth-order optimization
algorithms. (NC, C and SC are the abbreviations of nonconvex, convex, and strongly convex,
respectively. T is the whole iteration number, n is the sample size, C' is a constant, beta is the
smoothness constant, and S denotes the stage number of ZO-SVRG. The corresponding details for

SVRG are provided in the appendix. )

Algorithms Reference Gradient Estimator ~ Problem  Generalization Bound
NC 0 (Tiﬁgil /n)
SGD Hardt et al.[|(2016) None C O (log T/n)
SC O (1/n)
Nikolakakis et al.[(2022) 2-point NC, C, SC O(T/n)
Ours 2-point NC, C, SC O (T/n)
Ours 1-point NC,C,SC O T/nl_ dz;cﬁ)
Z0-SGD NC o (175 /n
Ours Coordinate-wise C O (log T/n)
SC O (1/n)
. : NC O (TPC /n)
GD Nikolakakis et al. (2022) None C O (log T'/n)
3 SC O (1/n)
Nikolakakis et al.| (2022) 2-point NC O(TPC /n)
Ours 1-point NC, C, SC O (TC /n)
NC O (T7¢ /n)
70-GD Ours Coordinate-wise C O (logT/n)
SC O (1/n)
NC O (S3FC /n
SVRG Ours None C O (525¢ /n
SC O (S/n)
1-point NG, C, SC @ (S3c/n)
2-point NG, C, SC @) (ch/n
NC O (S%5¢ /n
Z0-SVRG Ours Coordinate-wise C O (52°¢ /n)
SC O (S/n)

2.2 PROBLEM SETUP

Let D := {z;}7_, be the training dataset of size n, where each sample is independently identically
distributed over an unknown distribution D. For a prescribed model w, its performance on a single
example z is measured by the loss function f(w, z). In this paper, we are particularly interested in
the generalization performance of a model w on D measured by the following expected risk:

R(w) :=E,p[f(w, 2)]. (N
Since D is unknown, optimizing R(w) directly is not possible. In practice, we measure the model w
by the empirical risk based on the training dataset D:

Rp(w) = %Zf(w,zi)- ©)
=1

For a (randomized) algorithm A trained on dataset D with output .A(D), the generalization error is
defined as the gap between the population risk and empirical risk:

€gen = Ep 4[R(A(D)) — Rp(A(D))]. S
A useful tool for analyzing the generalization error is the stability, which measures the sensitivity of
the algorithm’s output w.r.t. the perturbation of a training dataset. The formal definition of uniform
stability is as follows:
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Definition 1 (Uniform Stability). A (randomized) algorithm A has uniform stability € if for all
D, D’ € Z that differ in one sample, we have sup, E4[f(A(D), z) — f(A(D'),z)] <e.

An important relationship between the uniform stability and generalization error bound is implied by
the following lemma:

Lemma 1 (Hardt et al.|(2016), Theorem 2.2). Let A be € uniform stable, then |€ge,| < €.

The goal of this paper is to derive uniform stability bounds for a class of zeroth-order (randomized)
algorithms with update rule of the form:

Wiyl = Wt — Oétgf(wt), @

where G¢(w;) depends only on the evaluations of the function values. Denote by V f(w, z) the
gradient estimation of the true gradient V f(wy, z), which will be detailed described in the next
subsection. Then, the update rule Eq.equation | covers a wide range of gradient estimation based
zeroth-order (gradient-free) algorithms. For example, zeroth-order gradient descent (ZO-GD) with

Gs(ws, 2) = VRp(w;); zeroth-order stochastic gradient descent (ZO-SGD) with G (wy,z) =
v f(ws, z;,), where z;, € D is a randomly sampled example at iteration ¢; zeroth-order stochastic
variance reduced gradient (ZO-SVRG) with G (w;) = V f (wy, z;,) — V f (10, zi,) + VRp (), where
w is the final output of ZO-SVRG in the last stage. Now we formally describe the gradient estimations
that are commonly used in the literature of zeroth-order optimization.

2.3 70O GRADIENT ESTIMATION

Random Gradient Estimation. Intuition for zeroth-order gradient estimator follows by the fact
about definition of directional derivative that:

E[f (w,u)u] = BE[< Vf(w),u > u] = Vf(w) when E[uu']=1,

where f(w,u) := lim, g M

to a direction vector u at point w.

Lemma 2 (Baydin et al.| (2022), Lemma 1 & 2). Let u = [ul, ... ,u?]T, and w'i = 1,...,d are
i.i.d random variables satisfying E[u’] = 0, Var[u'] = 1, then we have E[uu] = L

denotes the directional directive of function f with respect

Note that, several random distributions satisfy the above condition. For example, the standard multi-
variate normal distribution: N (0, I), uniform distribution over a ball or a sphere: Unif (\/ d+ QBd)

and Unif(+/dS?!). Based on the fact that Ef(er“Z)_f(w) u= Ef(w:“") u, the averaged 1-point
gradient estimate of f has the following generic form:

K
Vf(w) = ,uiK Z fw + pug)ug, (5)

where uy, k = 1,..., K are i.i.d random vectors satisfying Lemma[2] It is easy to verify that the
1-point gradient estimate suffers from large variance. As a comparison, the averaged 2-point gradient
estimate can significantly reduce the variance:

< f(w) Ly, Muk, forward difference, ©
w) =
4 Zf:1 f(U)+mLk)2_uf(U)_W'k)uk, central difference.

Deterministic Coordinate-Wise Gradient Estimation: When the number of functio% evaluations
reaches the problem dimension d, then instead of using randomized directions{u;};_,, one can
employ the deterministic coordinate-wise gradient estimate:

s flwtpe)=f(w) o, forward difference,

- L 1=1
Vf(w) = {Z‘«i f(wtuen) —f (w—pes) O

im1 o e;, central difference.

where e; € R? denotes the i th elementary basis vector, with 1 at the ¢-th coordinate and 0 elsewhere.
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3 A GENERIC GENERALIZATION ANALYSIS FRAMEWORK OF ZO
OPTIMIZATION

In this section, we will establish a generic generalization analysis framework for zeroth-order
optimization with update rule of the form Eq.equation |4, By derivation, we conclude that as the
approximate gradient approximates the true gradient, the generalization boundary will also tighten
with this approximation. The smaller the error of between the approximate gradient and the true
gradient is, the better the generalization of the model is.

Let Gy(-) and G}(-) be update rules of first-order methods under samples D and D’ respectively,
which take the form of

Gi(we) = wy — G (wy, z3,),  Gy(we) = wy — G (wy, 24,), ®)

where G(wy, 2;,) and G(wy, z;, ) represent the gradient estimation of VRp(w;) and VRp: (w;) via

first-order oracle. Similarly, let G’t() and @Q() be the update rules of zeroth-order methods as in
Eq.equationfq] i.e.,

Gi(wy) = wy — Gy (we, 21,),  Gh(we) = wy — Gy (wy, 2, ), )

where G (wy, 2;,) and Gy (wy, z;, ) denote the gradient estimation via zeroth-order oracle. Hardt et al.
(2016)) provided a proof framework for SGD, but this framework does not apply to more complex
algorithms. Therefore, we present two new sequences of update rules.

Definition 2 (Hardt et al| (2016), Definition 2.3). An update rule is o-bounded if
Sup,eq |G (w) — wl|| < 0, and is n-expansive if sup,, ,eq |G (w) — G (V)| < nllw —v].

With these two properties, we can establish the following lemma to demonstrate how the update
sequence of the model diverges when the training set is perturbed.

Lemma 3 (Growth Recursion). Let { G E | and {G” Y| be two update sequences Let wy = wy,

be the starting point, w; 1 = Gy (w;) and Wiy = G’ (wy). Then for any wy, w) € R and t > 0, we
have

(),
()-

The generalization analysis of zeroth-order optimization is similar to the proof framework pro-
posed in Hardt et al.| (2016). Here, 7 is the expansive factor generated by the first-order al-
gorithms based on different convexity properties. 7; is induced by the approximation error of
the zeroth-order gradient estimation. And different estimation would induce different 7;. For 1-

E [[[Ge () - G ] < {("”g)”“’t vl G0 =G

|we — w)|| + 2002 + avor s,  ifGi(-) #

/
t
/
t

point estimation, 7; is «; (%EHUH + SE [||u\|2]), which is the biggest one compared with other

estimation.Furthermore, since the smoothness parameter p is typically chosen to be very small,
ﬁJEM needs to be controlled by the step size a; to manage its impact on the generalization bound.
The increment for 2-point estimation will be relatively smaller, with 7; = a;uBE [[|u]?]. In
the case of coordinate-wise estimation, there won’t introduce a new 7;. Thus the shrinkage ef-
fect brought about by 1 becomes evident under convex and strongly convex conditions. oy 1 is
induced by the approximation error of the zeroth-order gradient estimation, which is an upper
bound of E ||G(wy, 2;,) — Gf(we, z:,) — (G(w}, z;,) — Gp(wy, 2;,))||. 04,2 is induced by the fact
that the first-order update rule G,(-) is o, 2-bounded at iteration ¢. Finally, o, 3 is induced by
another approximation error of the zeroth-order gradlent estimation, which is an upper bound of
EHg(thZit)_gf(wt?Zit)_ (g(wt7 u) gf(wt’ zt H

Lemma 4. Consider zeroth-order algorithms with final output wr and wh. with respect to dataset
D, D', respectively. Denote ot := ||wr — wr| and Vto € {0,1,...,n}, define the event &, =
{6+, = 0}, we have

T
T—t _ _
5T|Eo,0 < E n +n" 1 — n)) oy [(1 -n 1)0,571 +n 1(20,5,2 + O't,g)]
t=to

Finally, we can obtain the generalization error through the following lemma:
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Lemma 5 (Hardt et al.| (2016), Lemma 3.11). Assume that the loss function f(-, z) is L-Lipschitz for
all z. Let D and D’ be two samples of size n that differ in only one sample. Denote by wy and w. the
final output of zeroth-order algorithms with respect to dataset D and D’ respectively. Then for every
zandty € {0,1,...,n}, we have E|f(wr,2) — f(wy, 2)| < LE[67|Es, ] + tosup,, . f(w,z)/n.

4  APPLICATIONS

In this section, we apply the generic generalization analysis to different zeroth-order algorithms such
as zeroth-order stochastic gradient descent, and zeroth-order stochastic variance reduced gradient.

4.1 ZO-SGD GENERALIZATION ANALYSIS

Z.0-SGD with 1-Point Gradient Estimation. To begin with, we first define some basic notations
used in zeroth-order stochastic gradient descent with averaged 1-point gradient estimation of the form
Eq.equation (5] At the ¢-th iteration, we uniformly randomly select a sample index i; from [n], and
then update parameter w; by

W41 = Wt — Oétﬁff(wu Zit), (10)

where {o,} is a sequence of positive step-size and VI f(wy, z;,) denotes the 1-point gradient
estimation of form equation [5] Under the Lipschitz continuous and smooth condition, ZO-SGD with
1-point gradient estimation has the following generalization bound.

Theorem 1 (Nonconvex). Assume that the loss f(-,z) € [0, 1] is L-Lipschitz and B-smooth for all
z € Z. Consider the update rule Eq.equation|l10\with T the total number of iterates, oy < C/t
for some (fixed) C > 0 and for all t < T. Then the generalization error of ZO-SGD with 1-point
gradient estimation is bounded by

T 1+1/€
€een < (14 (BC + CLJc) ™) ——

1———< _ °
n d2LC/n

Z.0-SGD with 2-Point Gradient Estimation. Then we consider the generalization error bound of
Z0O-SGD with 2-point gradient estimation. As formulated in Eq.equation 6} there are two general
forms of 2-point gradient estimation: central difference and forward difference. At the ¢-th iteration,
we uniformly randomly select a sample index i; from [n], and then update parameter w; by:

W41 = Wt — ozﬁ?f(wu Zz‘,,)a (1D

where {a,} is a sequence of positive step-size and @5{ f(wy, z;,) denotes the 2-point gradient
estimator of form equation [6f Under the same conditions as in ZO-SGD with 1-point gradient
estimation, we found that both the forward difference version and central difference version update
rule would derive the same expansive factor and tighter generalization error bound of the same order.

Theorem 2 (Nonconvex). Assume that the loss f(-,z) € [0, 1] is L-Lipschitz and 3-smooth for all
z € Z. Consider the update rule Eq.equation|ll\with T the total number of iterates, oy < C/t
for some (fixed) C > 0 and for all t < T. Then the generalization error of ZO-SGD with 2-point

gradient estimation is bounded by €z, < (1 + (ﬁC’)‘l)2 (1+(2+c)CL?) 3Te/2n.
Z0-SGD with Coordinate-Wise Gradient Estimation. Then we consider the generalization errror
bound of ZO-SGD with coordinate-wise gradient estimation. At the ¢-th iteration, zeroth-order
stochastic gradient with coordinate-wise gradient estimation uniformly randomly select a sample
index i from [n], and then update parameter w; by:

W41 = Wt — at@df(wt, Zit) (12)

where {a } is a sequence of positive step-size and V%[ (wy, z;, ) denotes the coordinate-wise gradient
estimation of form equation[7] We separate the generalization error bound of ZO-SGD with coordinate-
wise gradient estimation into three different cases and get the following theorem.

Theorem 3. Assume that the loss function f(-; z) is S-smooth and L-Lipschitz for every z. Let T be
the total number of iterates of ZO-SGD with coordinate-wise gradient estimation and for any t < T,
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2 3,
e ifeach f(-, z) is convex, ay < % and choose p < -, then we have €gep, < (%) Zthl o
o . c 2L°4BcL
s ifeach (-, z) is y-strongly convex, oy < 1/ and choose pp < -, then we have egep, < =

e ifthe loss f(-,z) € [0,1] for all z, ax < C/t for some (fixed) C > 0, then we have

1+ 3¢ 1 sC
€gen < nﬂc (2OL2 —+ ﬁCCL) BC+1 (GT)W .

Remark 1. Both I-point and 2-point gradient estimations lead to a new expansive factor, which
invalidates the contraction property induced by the expansive factor n of first-order update rules
under convex and strongly convex conditions. As a result, the generalization bound under convex and
strongly convex conditions is of the same order as that under non-convex conditions. As a comparison,
coordinate-wise estimate does not generate new expansive factors, and the o, 1 it brings is also
independent of the dimension d.

4.2 Z70O-GD GENERALIZATION ANALYSIS

Z.0-GD with 1-point Gradient Estimation. At the ¢-th iteration, zeroth-order gradient descent with
1-point gradient estimation updates parameter w; by:

W41 = W — Oétﬁ}(RD(’wt), (13)

where V p(w;) denotes the 1-point gradient estimator of form equation
here VI R denotes the 1-point gradient estimator of fi quation [5

Theorem 4 (Nonconvex). Assume that the loss f(-,z) € [0,1] is L-Lipschitz and B-smooth for
all z € Z. Consider the update rule Eq.equation 13| with T the total number of iterates, oy <
C/t(B(TE +1) + LAg/ ) for some (fixed) C > 0 and for all t < T. Then the generalization error
of ZO-GD with 1-point gradient estimation is bounded by €z, < min{C + 1, C'log(eT)}(2L?* +

B+ BL)(eT)C/(nB).

Z.0-GD with 2-point Gradient Estimation. At the ¢-th iteration, zeroth-order gradient descent with
2-point gradient estimation updates parameter w; by:

W41 = Wt — Oét@%RD(th (14)

where @3( Rp(w;) denotes the 2-point gradient estimator of form equation@

Theorem 5 (Nonconvex). Assume that the loss f (-, z) € [0, 1] is L-Lipschitz and $-smooth for all =z €
Z. Consider the update rule Eq.equationwith T the total number of iterates, oy < C/ (F§ + 1) t
for some (fixed) C' > 0 and for all t < T. Then the generalization error of ZO-GD with 2-point
gradient estimation is bounded by

(2+c)L?

C 1
€gen S n - (eT)CB mln{ 5 +

B

Z.0-GD with Coordinate Gradient Estimation. At the ¢-th iteration, zeroth-order gradient descent
with coordinate-wise gradient estimation updates parameter w; by:

Wi = w; — VIR (wy), (15)

,Clog (eT)}.

where VIR, (w;) denotes the coordinate-wise gradient estimator of form equation

Theorem 6. Assume that the loss function f(-; z) is B-smooth and L-Lipschitz for every z. Let T be
the total number of iterates of ZO-GD with coordinate-wise gradient estimation and for anyt < T,

2
e ifeach f(-, z) is convex, iy < % and choose |1 < ﬁ, then we have €gen, < (%) Z;‘ll ;.

2L%4BcL
, then we have €gen, < -

e ifeach f(-, z) is y-strongly convex, oy < % and choose j < -

e iftheloss f(-,2z) € [0,1] for all z, a; < C/t for some (fixed) C > 0, then we have

2
€gen S (2 + C)L’ (@T)CB mll’l{ Cﬁ +1
n

,C'log (eT)}.
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4.3 ZO-SVRG GENERALIZATION ANALYSIS

In this subsection, we will analyze the generalization bound of zeroth-order stochastic variance
reduced gradient method. To the best of our knowledge, there are multiple versions of ZO-SVRG. In
the paper, we consider the single-sample version of the ZO-SVRG. Specifically, in the s-th stage, ¢-th
iteration, ZO-SVRG uniformly randomly selects a sample index 7{, and update parameter w; by

vf = Vf(w, Zig) — V(i@ ziz) + VRp(#*), wi,, =w}— oy;, (16)

where w* = w3 ! is the final iterate of stage s — 1, where m is number of steps of each stage, and
{4} is a sequence of positive step-size.

Z0O-SVRG with 1-point Gradient Estimation. We first consider the generalization error bound
of ZO-SVRG with 1-point gradient estimation. Let V f(w;, z;:), V f(10°, 2;;) and VRp (i0*) be
approximated Eq.equation 5} and update parameter w; through Eq. equation Then, we have the
following theorem.

Theorem 7. Assume that the loss function f(-; z) is 3-smooth, and L-Lipschitz for every z. Suppose
that we run ZO-SVRG with step sizes oy < C'/ (sm(ﬁ(F’; +1)+ LTAJ)) for T steps. After S stages,

ZO-SVRG satisfies with €ge, < (2L% + B + BL)S3C exp C/(CBn).

Z0O-SVRG with 2-point Gradient Estimation. Then we consider the generalization error bound
of ZO-SVRG with 2-point gradient estimation. Let V f(w;, z;:), V f(10°, 2;;) and VRp(i0°) be
approximated Eq.equation[6] and update parameter w; through Eq. equation Then, we have the
following theorem.

Theorem 8. Assume that the loss function f(-; z) is 3-smooth, and L-Lipschitz for every z. Suppose
that we run ZO-SVRG with step sizes oy < C'/sm (Fg + 1) for T steps. After S stages, ZO-SVRG
satisfies €gen < (2L% 4 ¢L)S3C exp CB/(Bn).

Z0-SVRG with Coordinate-Wise Gradient Estimation. Then we consider the generalization error
bound of ZO-SVRG with coordinate-wise gradient estimation. Let V f(wy, z;: ), V f(@°, 22 ) and
VRp (w*®) be approximated Eq.equation and update parameter wy through Eq. equation Then,
we have the following theorem.

Theorem 9. Assume that the loss function f(-; z) is -smooth, and L-Lipschitz for every z. Let T be
he total number of iterates of ZO-SVRG with coordinate-wise gradient estimation and for anyt < T,

* Suppose we choose a;; < % at state S. After S states, ZO-SVRG satisfies uniform stability with
€gen < (212 + ¢L)S3PC exp CB/(CBn).

o if f(-,2) is convex for all z, oy < - at stage S. After S stages, ZO-SVRG satisfies uniform
stability with €ge, < min {C + ﬁ_l, clog(eS)} (6L2 +3cL) (eS)QﬂC/n,

o if f(,z) is y-strongly convex for all z, oy < %.After S stages, ZO-SVRG satisfies uniform
stability with €ge, < (6SL* + 3¢S)/(ny).

Remark 2. Utilizing full-batch updates with ZO-GD and ZO-SVRG, it’s not possible to adopt the
same step size as in ZO-SGD for first-order updates. Full-batch update introduces z' from the first
parameter update, causing the parameter difference to change right from the first update, rendering
the proof strategy for ZO-SGD ineffective. Thus, a tighter generalization bound can only be achieved
by selecting smaller step sizes. Furthermore, under the condition of selecting a smaller step size, the
generalization bound of ZO-GD, O(T? /n), is looser compared to that of ZO-SGD , O(%). Under
non-convex conditions, ZO-SVRG often exhibits a tighter generalization bound compared to ZO-GD,
and it has lower dependence on full-batch updates. Its generalization bound, O(S%5C /n), where S
represents the number of stages, is typically much smaller than the total number of iterations T.

5 NUMERICAL EXPERIMENTS

In this section, we assess the generalization errors associated with optimizing nonconvex loss
functions using ZO-GD, ZO-SGD, and ZO-SVRG. To primary goal is to verify the generalization
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errors of different zeroth-order optimization algorithms and different gradient estimators. To achieve
this, we conduct experiments on two nonconvex models: nonconvex logistic regression and a two
layer neural network.

5.1 EXPERIMENTAL SETUPS

Nonconvex logistic regression: Initially, we examine a logistic regression problem featuring a
nonconvex regularization term. The loss function is formulated as:

n d
1 x?
flz) = - Z — (yilogo(—aj z) + (1 — y;) logo(a] z)) + )\Z T2
=1 i=1 7
where a; € R? represents the sample, y; € {0, 1} signifies the label, o(z) = H%’ and A is

assigned a value of 0.5. Neural network: Subsequently, we focus on a binary classification task
using a two-layer neural network with relu activation function and binary cross entropy loss. Dataset:
For both two nonconvex models, we utilize the LIBSVM’s Australian dataset. We separate the dataset
into two parts: 80% for training and 20% for test.

For all experiments, we set the maximum number of iterations to be 2000. The batch size of the
stochastic gradient is set to be 50. The initial learning rate is set to 0.01. This rate is systematically
decreased every T iterations by a factor of «y. Both 7" and -y are optimally determined through a grid
search process where T" and ~y are chosen from {30, 60, 100, 150, 200, 250} and {0.6,0.7,0.8,0.9},
respectively. The adjustment of the learning rate at regular intervals helps in fine-tuning the learn-
ing process, potentially leading to more effective and efficient convergence of the model. For
2-point gradient estimator, we also conduct a grid search for the parameter K chosen from the set
{2,3,4,6,8,9,12}.

5.2 COMPARISON OF GENERALIZATION ERRORS ON DIFFERENT ZO ALGORITHMS

In this part, we assess the generalization errors of various zeroth-order optimization algorithms
using identical gradient estimators. Generalization errors are measured by the absolute difference
between training and testing losses. Figure[I]depicts our results, with each subfigure comparing the
performance of ZO-GD, ZO-SGD, and ZO-SVRG under a consistent gradient estimation method.
The figures collectively indicate that generalization errors for all algorithms tend to rise as the number
of iterations increases. Specifically, ZO-GD exhibits the most rapid increase in error, with ZO-SVRG
following. As the algorithms approach convergence, ZO-SGD consistently demonstrates the smallest
generalization error. These empirical findings corroborate our theoretical results presented in Table

(a) 2-point (forward) (b) 2-point (central) (¢) coordinate (forward)  (d) coordinate (central)

(e) 2-point (forward) (f) 2-point (central) (g) coordinate (forward)  (h) coordinate (central)

Figure 1: Comparison of generalization errors of different algorithms. (a)-(d) are results for nonconvex
logistic regression and (e)-(h) are results for neural network



Published as a conference paper at ICLR 2024

5.3 COMPARISON OF GENERALIZATION ERRORS ON DIFFERENT ZO GRADIENT ESTIMATORS

Due to space limitation, we defer the detailed experimental results and discussions of this part to
Appendix B.

6 CONCLUSION

In this paper, we introduce a generalized proof framework for zeroth-order optimization algorithms.
Using this framework, we establish generalization bounds for ZO-SGD, ZO-GD, and ZO-SVRG with
various estimators and convexity conditions. Our findings reveal that employing coordinate estimates
in ZO algorithms outperforms other estimators in terms of generalization performance. Additionally,
we demonstrate that ZO algorithms can achieve comparable generalization performance to first-order
algorithms by leveraging coordinate estimates without reducing the learning rate.

10
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A NOTATIONS

The main notations of this paper are summarized in Table [2]

Table 2: Summary of main notations involved in this paper.

Notations Descriptions

70 Zeroth-order

SGD Stochastic gradient descent

GD Gradient descent

SVRG Stochastic Variance Reduced Gradient
Zi, the random sample

D ={z,...,z,} | the dataset

n the numbers of samples

w, W the parameter of training model and model parameter space, respectively

d the dimensions of W, respectively

fw) the loss function defined as f(w; z;,)

vf the gradient of f(w; z;, ) to the first argument w

i the gradient estimation of the true gradient V f

Gi(1), GL(+) the update rules of first-order methods under samples .S and S’, respectively
Gi(4), G4 (+) the update rules of zeroth-order methods under samples S and S/, respectively
u the smoothing parameter

S the stage for SVRG

S the whole number of stages

m the number of steps of each stage

U the random direction vector drawn from a certain distribution D

K the number of direction vector

R,Rp the population risk and empirical risk based on training dataset D, respectively
T the whole number of iterative steps

wy the model parameter derived by SGD after ¢-th update

o the step size at the ¢-th update

o} the step size

A, A(D) the given algorithm and its output model parameter based on training dataset D, respectively
~v, L, B the parameters of strong convexity, Lipschitz continuity and smoothness, respectively
e the base of the natural logarithm

B COMPARISON OF GENERALIZATION ERRORS ON DIFFERENT ZO GRADIENT
ESTIMATORS

In this section, we evaluate the impact of different gradient estimators on generalization errors and
report the absolute difference between the training and testing losses in Figure 2] As illustrated in
the figure, the coordinate-wise gradient estimator has smaller generalization errors than the 2-point

13



Published as a conference paper at ICLR 2024

gradient estimator. Additionally, both the forward and central difference versions of these estimators
demonstrate comparable generalization errors.

004

abs(test loss - train loss)

abs(test loss - train loss)

0 250 S0 750 10 1250 IS0 1750 2000
epoc]

(a) ZO-GD (b) ZO-SGD (c) ZO-SVRG

o. 010

abs(test loss - train loss)

\\\\\

(d) ZO-GD (e) ZO-SGD (f) ZO-SVRG

Figure 2: Comparison of generalization errors of different gradient estimators. (a)-(c) are results for
nonconvex logistic regression and (d)-(f) are results for neural network

C PREPARATION FOR PROOF

C.1 SOME BASIC DEFINITIONS AND LEMMAS

Definition 3 (L-Lipschitz). We say that f is L-Lipschitz if for all points u in the domain of f we
have ||V f(z)|| < L. This implies that

[f(uw) = f(v)] < Llu—vl|.
Definition 4 (5-Smooth). A function f : Q0 — R is B-smooth if for all for all u,v € Q) we have
IVf(u) = V(@) < Bllu—v.
Definition 5 (Convex). A function f : Q@ — R is convex if for all u,v € ) we have
fw) 2 f(v) +(V[f(v),u—v).

Definition 6 (y-Strongly Convex). A function f : ) — R is y-strongly convex if for all u,v € Q2 we
have

F) = f(0) + (VF(0),u =)+ 2 lu— o]

Lemma 6 (Hardt et al.| (2016), Lemma 3.7). Assume that f is 5-smooth. Then, the following
properties hold.

1. G is (1 + ap)-expansive.
2. Assume in addition that f is convex. Then, for any o < 2/, the gradient update G is I-expansive.

_ aBy

ﬁJrV) expansive.

3. Assume in addition that f is ~y-strongly convex. Then, for o < ﬁ Gis (

D THE APPROXIMATION ERROR UNDER DIFFERENT ZO GRADIENT
ESTIMATION

From Lemma 1, if we establish the bound for E 4[f(A(D), z) — f(A(D’), z)], then we determine
the generalized error bound for zeroth-order optimization algorithms. And we apply the lipchitz

14
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condition on f (-, z) to get

E|f (wr; 2) = f (w; 2)| < LE|wr — wrl],
So, bounding the limit of E [67] = E||jwr — w/|| is the main task of this work. For zeroth-order
optimization, w41 = Gy (wi) = wy — @Gy (weq1) then we have

E||Gy (w,) = Gy (w)) || = El|Ge(w,) — Gi(w)) |
=E[|G(we) — Ge(wi) + e [G(wr, 2:,) — G (we, zi,) — (G(wh, zi,) — G (wj, 2,))] |
<E |Gy (we) = Ge(wp)ll + B |G (wy, 2i,) — Gr(wy, 2i,) — (G(wh, zi,) — Gr(wy, 23,))| -

E|G(wy, 2:,) — Gr(wy, 2:,) — (G(wy, zi,) — Gg(wy, z;,))|| constitutes the primary part influenced
by the estimator.

D.1 1-POINT GRADIENT ESTIMATION

The formula for 1-point gradient estimation is as follows:
K
= 1 f (’U) + pug, Z)
Vi(w,z)= Ve Z TWC.
k=1
By applying the Taylor expansion there exist vectors W}, W;* with ;™ coordinates in the intervals
(wm,wu) T MUIE”) U (ww i HUéﬂ,wu)) , (w/<j>7w/<j> +NU;E”> U (w/u) +MU1§i>’w/<g‘>),

such that for any w,w’ € R? we have

E([(Vr(w,2) = Viw,2) = (T (w',2) = VI, 2))
1 &< flw,z)—f@w,z),u, >
<E ?; m
| K
+E <KZ (Vf(w,2) = VW, 2) up)up — (Vf(w,2) = Vf (w',z))> H
k=1
+E ii ('uuTV2f(W* z)u )u +E izK: (HUTVQf(W* zZ)u )u
Kk:l D) kEYw k> k k Kk:1 2 k YVw k> k k

1 K
<— > Elu] Ellf (w,2) = f(w',2)]

1« 2 / 1 o 3
= SB[l ENIVS (w,2) = Vf (0, 2) ]+ 2= > wBE [l
k=1

(LBllarll + BB [Jaal?]) [ = /)| + pBE [unl] i Go) =
LElju[lw — '] + 218 [[er[2] + pBE [uP] , i Gu() #

D.2 2-POINT GRADIENT ESTIMATION

The formula for central difference is as follows:

K
k=1

By applying the Taylor expansion there exist vectors W} , W[, W,f)and W¥with j coor-
dinates in the intervals (w(j),w(j) +/w](€j)) U (w(j) +uu,(€j),w(j)) ,(w(j) - uu;j),w(j),) U

15
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(w(j),w(j) — (ﬁ)) ( 1) w’(a)+uu(1)) ( 0 4 /(a)) (w/m fwgcj)?w/m) U
(w/(j)7 1G) — uu,@), such that for any w, w’ € R? we have
E|(Vf(w,2) = Vi(w,2) = (Tf(w,2) = Vi, 2)|

( Z<Vf w,z) =V (w',2), uz>uz<Vf(w,z)Vf<w’,z>>)H

k=1

K K
2o (FoRvar 2] |+ 237 (Gul Vs (9.2) ) e
k k=1
= H 1 = H T2 %
K (Z VV;C , ) )uk + Ekz::l (Zuk v, f (Wk ,z) uk) U,
il 1 K 3
<= Z (el E[1VF (wr, 2) = V£ (wh, 2] + = > wBE | |
k=1
{ ||u1|| ||w w'|| + uBE [wn [P, it Gi(-) = Gi(-),
= 2LE [[lud[I?] + wBE [[w]*] if Gi(+) # Gi(°).

D.3 COORDINATE-WISE GRADIENT ESTIMATION

The formula for forward difference is as follows:

d
w+ pe;, z) — flw, z
w)zzf( M M) f( )

€;

By applying the Taylor expansion there exist vectors W;* and W: with i coordinates in the intervals
(w, w + pe;) and (w', w’ + ue;), respectively, such that for any w, w’ € R? we have

E[[(Vf(w,2) = Vi(w,2) = (VI 2) - Vf (', 2))|

d
< Z(Vf (w,2) = Vf (W', 2),ei)e; = (Vf(w,2) = Vf(w',2)) |

+ ||i (5erverwi z)e) el + |Z (§ervzr (wiiz) e el
For Y21, (V.f (w,_ 2) = Vf (W', 2),e) e = Vf (w, _> — Vf (w', 2), we have

E[[(Vfw,2) = Viw,2) = (T (w',2) = VW', 2)|

< i (5erv2rwi e el + | Z (§erver (whz)e) el

< dBpu.

The formula for central difference is as follows:

d
_Zf(er”eivz)Mf(wMeuz)e

)
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By applying the Taylor expansion there exist vectors W;* , W}, VV,S9 and W ¥with j coordinates in
the intervals (w, w + pe;) ,(w — pe;, w), (W, w' + pe;), (W' — pe;, w')respectively, such that for
any w,w’ € R? we have

E|(Vf(w,2) = Vi(w,2) = (T (w,2) = VI, 2)|

d
< Z(Vf (w,2) = Vf(w',z),e) e = (Vf (w,2) = Vf(w',2)) |
d

+HZ(“ eIV )el||+||2(“ eIV (W7 2)er) e
+HZ(“ eIV )ez|+||§dj(“ eIV (WE,2) o) el

For Z?:1 (Vf(w,z) =Vf W, z),e)e; =Vf(w,z)—Vf(w,z), wehave

E[[(Vfaw,2) = Vi, 2) - (Vf(w,2) = Vi@, z))H

< ||i(;fe?v2f<wi*, yei) eill + | i(“ eIV (Wi 2)e) el
=1 i=1

+||Z(“ eIV (WE 2 e ) el + | ;(Ze?vzf(Wf»Z) e:) el

< dBpu.

Comparing 1-point estimation, 2-point estimation with coordinate-wise estimation, the increment
brought by the last one to the analysis process is d8u, which can be directly controlled by the smooth
parameter 4 and does not bring any associated increment of ||w—w’||. It brings smaller approximation
errors and does not bring new increments to the expansive factor, so that the generalization bound
will be affected by the convexity of the function.

E PROOF OF GENERALIZATION ANALYSIS OF DIFFERENT DISTRIBUTION
The components about direction vector encompassed within the approximation error are defined as

follows: Cy = E [Hu”i], Ay 2 E[||u,) and T4 £ E [H% Zszl (V, ug) ug, — VH | V}, We can
summarize the information in the following table.

Table 3: Summary of main distribution involved in this paper.

Parameter  Unif(v/d + 2B%)  Unif (\/38‘1_1) Standard normal

Tk [as1 = 3d—1
Vd

Ay d+

i

‘&

e
njw

QU
o

Cyq

R
‘&&

A

\/

(d+3)
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E.1 PROOF OF UNIFORM DISTRIBUTION

Lemma7. Letuy € R k€ {1,2...,K} bei.id Unif(\/d + QIBSd) distribution. For every random
vector V. € R independent of all uy, k € {1,2..., K}, it is true that

[d2 +2d — 1
Z V uk Uk — || V‘| S - K ||VH

Ic

Proof. For fixed V € R?, we have due to independence

2 2

Now, again due to independence
E IV u)ur = VIP] =E[I(V ) w |’ =2 ((V,u1) us, V) + V2]
=E [(V,u))? Jw]*] = 2E[(V, ) Gur, V)] + [ V]
=VTE [ulul [lus || ] V —2VTE [uuf | V + |V
<(@+2) VIV =2 V]2 + V|
= (d+ 1)V
Therefore,

|V||2

K
ZVukuk— H

Thus, if V is random and independent of all uy, ’s, it follows that

El;é(V,uQuk—VHV}g ;{,é(V,uwuk—V R%
<y v
=/ v,
and our claim is proved. O

Lemma8. Letuy, € R4 ke {1,2...,K} bei.id Unif(\/(de_l) distribution. For every random
vector V. € R independent of all uy, k € {1,2..., K}, it is true that

[ Z:jVukuk— H'V] ann
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Proof. For fixed V € R4, we have due to independence

2 2

Now, again due to independence
E IV, u) = VIP] = E [I{V, ) w]]* = 2((V,un) ua, V) + V]
—E [(V,u))? u]|*] = 2B [(V, ) (ur, V)] + [ V]
—V'E [ulul s | ] V = 2VTE [uyul] V + || V]2

=dVIVv — ||V
= (d-D|V]|?

Therefore,

K 2
1 _ (d=-D[V|?
K};(V,uk>uk VH = K .

Thus, if V is random and independent of all uy, ’s, it follows that

2

K K
1 1
E[ KZ<V,uk>uk—VHV] < B |5 Do (Vouw)us = V|| |V

k=1 k=1
d—1

</ =V

<\ SVl
d—1

=\/—I|V

VIV,

and our claim is proved. O

Lemma 9. For samples u from the {y-sphere, it is clear that ||ul|y = v/d and ||u||3 = d. When
U ~ Uniform (Bd), the density p(t) of || Z ||z is given by d - t~1; consequently, for any k > —d we
have

1 1
B d
E [||ull5] =/0 t’“p(t)dt:d/o k=1 .

Thus for Z ~ Uniform (v/d + 2B%) we have E [|| Z||5] = (d + 2)k/2d/(d + k).

F PROOF OF ANALYSIS FRAMEWORK

Proof of Lemma[3] Let D, D’ be two samples of size . that differ in one sample, and let G (-), G (-)
be two update rules of zeroth-order algorithms based on samples D, D’ respectively. Under the event
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& :={G(-) = G}(-)}. we have
011 =E|| Gy (wr) — Gy (w)) || = E[|Gy(wr) — Gi(w})|
=E|(Gi(wr) — Ge(wy) + e [G(we, 2i,) — G (we, 2i,) — (G(wy, 23,) — Gy (wy, 23,))] ||
<Gy (we) = Ge(wp | + B (|G (wy, 2i,) — G (we, 2,) — (G(wy, 23,) — Gy (wy, zi,)) |
<nllwe — will + B (|G (wy, 21,) = Gy (wi, 2i,) — (G(w}, 23,) — Gy (wy, 2i,)) |
<nllwe — will + o1

The Under the event & := {G(-) # G/(-)}, we have
|G, (wi) — Gy (wy) ||
=E(|Gy(we) — Gy(wy) + o [G(we, 2,) — Gp(we, zi,) — (G(wy, 27,) — G (wy, ztm |
<Gy (wr) = G(wp)|| + B ||G(we, 2i,) — Gr(we, 21,) — (G(wy, 27,) — Gr(wy, 2;,)) |
<min{n, 1}|lw; — wil| + 204 + B ||G(we, 2i,) — Gr(we, 23,) — (G(wy, 2;,) — G (wi, 2,)) ||
<llwy — wi|| + 200 + B ||G(wy, 21,) — Gr(we, i) — (G(wy, 21,) — Gy (wy, 2,)) |
<JJwe — wi|| + 2c¢0¢,2 + oy 3.

O

Proof of Lemmad Consider the events & £ {G‘t() = GQ()} and £F = {G‘t() # CZ‘Q()} (see
Eq. (4)). Recall that P (&) =1 —1/nand P(EF) = 1/n forall t < T'. For any ¢, > 0, we have
E[0¢+11Es5,,] =P(E)E[6141(Es,, Es,) | + P(ED)E[6141[E5,, Es,, ]

1 1
=1 = )E[0e41/E5,, €51, ] + ~Eloe411E5,, €6, ]

1 1 1
<O+ (1= n)BBIER, |+ o (L Do+ 1200+ 010)|.

Then we have
T

Elor] < 30 (n N %(1 _ n)>T_t o {(1 - %)Uu + %(2@,2 + aug)}

t=to+1

G PROOF OF GENERALIZATION ANALYSIS OF ZO-SGD

G.1 ZO-SGD WITH 1-POINT GRADIENT ESTIMATION

Lemma 10 (Growth Recursion). Assume that for all z, f(-, z) is L-Lipschitz continuous, 3-smooth,
“NT o NT
and f(-,z) € [0,1]. Consider the sequences of updates {Gt} and {G;} . Let wy = w|, be
t=1 t=1

the starting point, w1 = Gy (wy) and w, = G} (w}) for any t € {1,...,T}. Then for any
wy, w; € REandt > 0 the following recursion holds:

E [[| G (w) - G (w))

| < (m + @B (T +1) + 2242 flw, — wi]| + pouCa, if Cil) = Gi (),
| wy — wh|| + O‘tTAd + 20, L(TX + 1) + pBayCa, ifGy(-) #

Proof of Lemma[I0} The formula for 1-point gradient estimation is as follows:

K
Vi) = >0 L,
k=1
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Let S and S’ be two samples of size n differing in only a single example, and let G (-), G (-) be the
update rules of the ZO-SGD for each of the sequences S, S’ respectively. By applying the Taylor

expansion there exist vectors Wy, , Wi, with j coordinates in the intervals (wt(J ), w,gj )+ ,uU,th) ) U
(w(J) +HU(]) (4 )) , ( /(J) ( i) —|—,UU( )) ( 2(]) —|—pU,§{t),w£(j)),suchthatforany wt,wg c

R? we have

E (|| (w0) = Gi (w))
<G (wy) — G (wy)]| + o

%

) = V() = (V1 (w)) = V£ ()

flw
- = f ) ul, >
<||G (w;) — G (w})]| + o Z
k:

I

+ oy

K
23 (Burvi g (Wi ) ol

k=1

Z (% ;cr Wk t) “k) uj,

<|IG (we) = G ()| + e TGE [V f (we) = V.f (w})]l] + atiﬂi [uk|[ENVF (we) = Vf (w))]
A

B

K
+ Y e [’
k=1

E
Part A corresponds to the first-order stochastic gradient descent (SGD), which decomposes into 1
and o, » terms. Part B corresponds to the scaling term introduced by the gradient approximation,
which leads to inflation factor 7’ and bound factor. In contrast to the 2-point estimate, one-point
estimate has an additional term in Part B, which generates different expansive and bound factors. It
should be noted that the term p appears in the denominator, so its value needs to be carefully chosen
and not too small. Part E corresponds to a fixed value that can be decomposed for both one-point and
two-point estimates, and can only be constrained by S-smoothness, finally added to the bound factor.

Under the conditions of L-Lipschitz continuous, S-smooth, f(-,z) € [0,1], E {HU ||3} < Cy, we get
n = T + L’ff‘d» oi1 = pBaCq, 02 =L, 043 = L"j‘d + 20, LTS + pfaCy.
O

Lemma 11. Assume that the loss function f (-, z) is L-Lipschitz and 3-smooth for all z € Z. Consider
the ZO-SGD algorithm with final-iterate estimates W and W, corresponding to the data-sets S, S,

respectively (that differ in exactly one entry). Then the discrepancy o7 = ||Wp — WL||, under the
event &, , satisfies the inequality

E [5T | 5610]
T T

<2L(r 1) + at/fAd+ 50d> S ] (1+ﬁaj(r’;+1)+°‘jz‘4d>

t=to+1  j=t+1

Proof of Lemmal[T1} Consider the events & £ {G’t() = C:’Q()} and & = {C;'t() # GQ()} (see
Eq. (4)). Recall that P (&) =1 —1/nand P(Ef) = 1/n for all t < T. For any to > 0, a direct
application of Lemma 3 gives

]E [(5t+1 ‘ ggto]
=P (&) E [6141 | &, 85, +P(ED)E [d141 | &F,E5,, ]
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1 1
= <1 - n) E [0¢41 | €5, | + EE (6041 | £, &5, ]

1 o LA 20, L aLA
g<1+5aj(rff+1) (1—n)+ t# d)]E[atgéto] K 41+ Wd+uﬁatcd.

then by solving this recursion we have

E[5T|€6t0] < (%(FdK—Fl)-FMBOd) Z o H (14_/8&],(1“5(_1_1) <1_71L>+OleAd).

1

O

Proof of Theorem([I} Recall that n =
ap < C/tforallt <T, we have

E [6T | 56\‘/0}

S(QnL(F +1)—|—,uﬂCd+) Z Qy H (1+ajﬁl“d —|—1)+ajLAd)

t=to+1  j=t+1 H

FK CLA4
<c(2L(rd+1)+uﬁcd+> Z H < it )

1 4+ Bay for general (nonconvex) losses . Assuming that

t= t0+1 j=t+1 J

Ay CBTE +1) + €LAa
<C(L(Fd+1)+uBC’d+lm) Z HGXP< )+ =5 >

t= to-‘rl j=t+1 ]
CLA 2L A T 1 1
<C(eT)CATT+D+=—4 (FK + uBCy + d) L
<C(eT) n A wBCq n t:z; 7 i+ 1)05(FK+1)+ CLA,
LAg
LA 2L A o1\ CATE +1)+ %5 cia
(5(Fd +1)+ d) (Fff +uBCa + d) <> OB 1)+ S
H n pn to
D

We define ¢ = C3 (T +1) + C;‘”’ and find the value of ¢, that minimizes the right part of

E[If (Wr.2) — f (Wi 2)] < 2 sup f(w, z) + LE [67 | Es,, ] <l =4 LD ((eT) — eq) 7

w,z tO
which is t§ = min {(qnLD)"/ (@D (eT)%/(+1D) T} Then we give

E[lf Wr,2) = f(Wr, 2)]]

1 q
LD)«+1(eT)a+t 1+1 1 q
< max{(qn )7 (eT) , + /q(anD)m(eT)m LDeq}
n n

CLAy,

1+ —CLA ——— A — —Oﬁ(FEHH
< CB(Th+1)+ 4 <2L2(F I 1) I ﬂﬁCdnL T AdL> CBrE+n+ = 41 (eT) CB(I"”+1)+4CL+1
L

n

14 1 CLAd
N A/rk 11y, CLAS 1
Cﬁ(F§+1)+Td n cak i+ CLAg

TR <2L2(r’; +1)+CBL +
n

L cprkin+
CLA
> CAEGH+)+— L +1 (eT) cprkin+ <L

IN

AqL
py/n

S S cB(r +1)+%¢
CLA —dr e
(1 + (50 + CL> > % (C’,@(F 1) + CzAd + 1) Cﬁ(r’“+1>+—¢+1 (eT) cawkins AL 4
n

d+1

IN

d2LCn

L T1+1/e
S( <50+0> )
n d2LCn
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Theorem 10 (convex). Assume that the loss f (-, z) € [0,1] is L-Lipschitz, 3-smooth and convex for
all z € Z. Consider the update rule Eq.equationwith T the total number of iterates, oy < C'/t
for some (fixed) C > 0 and for all t < T. Then the generalization error of ZO-SGD with 2-point
gradient estimation is bounded by

eeen < (14 (BC)™H)? (1+ (24 ¢)CL?) 3Te/2n.

Proof of Theorem@ Recall that = 1 for convex losses . Assuming that oy < C'/t forallt < T,
we have
E [07 | &5, ]

_( (& +1)+u50d+) Z o H <1+aj5r§+ajiAd)

t=to+1  j=t+1

CPTK + ELds
§C<2nL( +1)+uﬂcd+>z H( M)

t= t0+1 j=t+1

927, A 1 CﬂFK CLAd
SC<n( +1)+,Uﬂcd+'mj> Z 7 H exp ( )

t=to+1  j=t+1

K CL 2L
<C(eT)CPTd+= e ( (TF +1) + uBCq + )

< (e + 220) 7 (g v+ s+ )

D

CﬁFKC Ay

T
t=to
T Bk 4 CLAy
T

n K | CLA,
_ QOBTE+5574

We define ¢ = C BT + % and find the value of ¢( that minimizes the right part of

t T
E[|f Wr,2) — f(Wh, 2)|] < gosupf(w,z) + LE [6T | Sgto} S — +LD ((i ) - eq) ,
w,z 0
which is t§ = min {(qnLD)"/ (@D (eT)%/(a+1D) T} Then we give
E(lf (Wr,z) = f (Wr, 2)]]

1 q
i (eT)atT 1+1
< max{(anD) (D) +17 h /q(anD) T (eT) 7t LDeq}
n

n

1 Kl CLA A L %,“LA 70/”[(4—%
CAI K d
< <2L2<F +1) + pBCanl + == ) T ey
n K
1+ 1 L SR S cprif+ A4
< OPTETTI GorE s A, <2L2(Fff +1)+ CBL + Aﬁ) O oy e T
n n
K, CLAy
CL 1 K CLAd CBFKJr}jLAdJrl Cciid JFCLX@ 1
< BO+ == ———— (csrk + NI R e % Lo it
n~  d?LCVn 7
CL Tel-‘rl/e
< ( <5C+ ) > e ——
n d2LCn
O

Theorem 11 (strongly convex). Assume that the loss f(-, z) € [0,1] is L-Lipschitz, $-smooth and
~y-strongly convex for all z € Z. Consider the update rule Eq.equation[[0|with T the total number
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of iterates, oy < C/t for some (fixed) C > 0 and for all t < T. Then the generalization error of
Z0O-SGD with 2-point gradient estimation is bounded by

een < (14 (BC) ™) (14 (24 )CL?) 3T¢/2n.

Proof of Theorem[I1} Recall that n = 1 — O[;’f;y for ~-strongly convex losses . Assuming that
ap < CJ/tforall t < T, we have

]E [5T | géto]

t=to+1  j=t+1 64_7 K

C FK CLA,
<C<2L( K4 )—|—uﬁ0d+> Z H < W)

t= t0+1 j=t+1

97, A C’BFK CLA,4
<C ( (TK +1) + upCy + mj) Z H exp <“>

t= t0+1 j=t+1

CprK 4 CLAd 2L, _x Ay ) 1 1
<C(eT) d H (P +1) + puBCq + — Z n Cpri CLAg
P/ i 4+ 1) T
CLAy

LA\ "' /2L A e\ CPrd + cLag

<(ore =24) (B e n e 22) () O
K n pn to
D

We define ¢ = C BT + % and find the value of ¢( that minimizes the right part of

t to T
E[lf (Wr,z)— f(Wg,2)|] < gosupf(w,z) + LE [é7 | 5&0} <= —|—LD ((et ) — eq> )
w,z 0
which is t§; = min { (gnL D)/ (@1 (eT)4/(@+D T} Then we give

1 q
LD)a+1(eT)a+1 141 q
<max{(qn )7 (e )+17 i /q(anD)aJlrl(eT)qul—LDeq}
n

n
14—y T e e G
Cprk ===d AL K d W

< # (2L2(r§< +1) + puBCynL + Z) T % A Rl B i

14— 1 R — 05F§+%
< —CBFK+CW p CFTE+ <2L2(Fff +1)+ CBL + A\‘ﬁ) o O (eT) o+ 1

n n
cpri 4 CLAg

n

1- d%cf

CL Tel+1/e

g( @m) ):c
n~  d?LCvn

G.2 ZO-SGD WITH 2-POINT GRADIENT ESTIMATION

T
Lemma 12 (2-point ZO-SGD Growth Recursion). Consider the sequences of updates {Gt}
t=1

~\T ~ ~
and {G;} . Let wyg = wy, be the starting point, w1 = Gy (w;) and wy, = G (wy) for any
t=1
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t € {1,...,T}. Then for any ws,w, € R? and t > 0 the following recursion holds

| < {(m + @ fT5) we — wil| + pbeasCa, i Gul:)

£ H‘Gt (we) = Gt (wh) Jwe — w}|| + 204 L (T% + 1) + pBayCa,  if Gu(:) 4G ().

Proof of Lemma(I2] The formula for central difference is as follows:

K
¥ f(w) = %Z fw +Huk)2—uf(w - Muk)uk

Let S and S’ be two samples of size n differing in only a single example, and let Gy (-), G}(-) be
the update rules of the ZO-SGD for each of the sequences S, S’ respectively. By applying the
Taylor expansion there exist vectors Wy, , Wf,, W,?tand W, with 4™ coordinates in the inter-

vats (w?, 0 + w80 + W), <a>> (08— w00, )0 ul? - w0),
(w9, +/~LU,532) (w9 + w02, (0 = 08, @)U (w0 - w0 ).
such that for any w;, w; € R? we have

E [Hat (we) — Gy (w) }

<G (we) = G (wp)l| + e || (V£ (we) = Vf(w0)) = (T (w)) = V()|

S NG (we) = G (wp)ll + e ||| 72
k=1

K
< = <Vf (wg) =V f (wéa ) »U§c> U’]Itc —(Vf(wy) =Vf (“4))) H

K K
+ oy %Z (%uEVfo (W,;‘t) u%) ur || + oy Z ( W,:t) ui) ul,
k=1 k:
K K
+ oy %Z (%u;fvfuf (W) ut) k| + Z ( V21 (W) uh) ui
k=1 k:
K
< |G (we) = &' W)+ TEE(IV £ (we, zi,) = Vi (], zi) [+ 5 > 1nBE [[|uk ]
A B kz

Part A corresponds to the first-order stochastic gradient descent (SGD), which decomposes into 7 and
ot 2 terms. Part B corresponds to the scaling term introduced by the gradient approximation, which
leads to a new inflation factor 1’ and a new bound. Part E corresponds to the irreducible term caused
by the difference between the estimated gradient and the true gradient, denoted as o ;. Under the

conditions of L-Lipschitz and S-smooth and E [||u}tC ||3] < Cy,wegetn = atﬁfs, or1 = pBaiCy,

ot =1L,003 = 204,5LF’dC + pBaCy. Thus the expansive and bound are the same as the forward
difference results from the previous work, thus their generalization bounds are also identical.

O

Lemma 13. Assume that the loss function f (-, z) is L Lipschitz and 3-smooth for all z € Z. Consider
the ZO-SGD algorithm with final-iterate estimates Wy and W, corresponding to the data-sets S, S’
respectively (that differ in exactly one entry). Then the discrepancy 7 = |Wr —
event &, , satisfies the inequality

Sfor 1 8,] < (22w e 0 +pscs) S e ] (140, 1)

t=to+1  j=t+1

Proof of Lemmal[I3] Consider the events & £ {G’t() = @;()} and £ = {@t() # C;'Q()} (see
Eq. (4)). Recall that P (£;) =1 —1/nand P(Ef) = 1/n forallt < T. For any t, > 0, a direct

25



Published as a conference paper at ICLR 2024

application of Lemma 3 gives
E [6t+1 | 55%] =P(&)E [5t+1 | 5t756t0] +P(EHE [5t+1 | Ef,é};to}

1 1
= <1 - ’I7,> E [5t+1 | 5t?55t0] + EE [5t+1 ‘ 5;,5510]

20 L
(0 1) + pBasCy.

1
< (n + TR + - (1-n- at5r§)> E [6: | &,,] +

then by solving this recursion we have

T T

E[5r 1 £5,] < (275@%1”“5@) S ] (1+ﬁaj(F’§+1) (1_1)>

n
t=to+1  j=t+1
O

Proof of Theorem[2] Recall that n = 1 + Soy for general (nonconvex) losses . Assuming that
ap < C/tforallt < T, we have

]E[éTS(;tO]g(QnL(F +1) +u50d) Z a H (1+a;B(T% +1))

t=to+1  j=t+1

(o) $ 11 (0 230)

t= t0+1 j=t+1

§C<2nL(F’§+ +u60d>z Hexp( JH))

t= to+1 j=t+1

IN

T
k 2L 1
SC(BT)C‘“F“”( (P +1) +M50d) Z i W

P
CA(TE+1)
< (BT + 1))—1 (QHL (Th+1) + uﬁcd) ((f) _ 605(r§+1)>

D

We define ¢ £ CB(T% + 1) and find the value of ¢, that minimizes the right part of

BILf Wr.2) — § W5.2)) < 2 sup flunz) + 1B [or [ 5,] < 2+ L0 () =),

which is }; = min { (qnLD)'/ (@D (eT)4/ (@D T} and p < Fd Then we gives

< max { (qnLD) 7 (eT) ™ ; L+1/a (anD) T(eT) 7T — LDeq}
n n
1+ 1 ) 05(F§+1)
< CB(F’}-H) ((2 + C)CL2 (F’j + 1)) Cﬁ(rld€+1)+1 (eT) 0/3(r§+1)+1

(1+(BC)™N)? (14 (2+)CL?) 3226

IA

O

Theorem 12 (convex). Assume that the loss f(-, z) € |0, 1] is L-Lipschitz, 3-smooth and convex for
all z € Z. Consider the update rule Eq.equationwith T the total number of iterates, oy < C/t
Jor some (fixed) C > 0 and for all t < T. Then the generalization error of ZO-SGD with 2-point
gradient estimation is bounded by

eeen < (14 (BC)™ M) (1+ (24 ¢)CL?) 3Te/2n.
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Proof of Tl heorem[Y_?] Recall that = 1 for convex losses. Assuming that o, < C/t forall¢ < T,
we have

E [0r | &,,] < <2nL(F +1) +u,80d) Z o H 1+ a;BT%)

t=to+1  j=t+1

(i) 5 (1+02020)

t= t0+1 j=t+1

<c(2L(Fd+1 +u50d> Z H (Cﬁrkﬂ))

t= t0+1 j=t+1 J

IN

T
oprh+1) (2L i
< C(eT)PTa < (Th+1) + pupCy Z T u T neRT

1 (2L T B<Fd+1>
< (prh) (n (T +1) +uﬁ0d) ((e ) _ OB+

to

D

We define ¢ 2 C BTk and find the value of ¢ that minimizes the right part of

E(1f Wr,2) — 1 (Wh,2)]) < 2 sup f(w, ) + LE o7 | &,] < 2 + LD ((T) - ) ,

w,z - tO

which is tf; = min { (qnLD)'/ (@D (eT)4/ (@D T} and p < Fd Then we gives

Eflf (Wr,z2) - f(WZI">Z)H

LD)a T)atr 1 1
Smax{(qn ) D)™ 1+ /q(anD) 1 (eT) 7T — LDeq}
n n
14+ —-~1 CBEE+1)
CB(rg+1) 2 (1k SATE IO CB(rE+1)+1
Py R D) CL2 (TE 4 1)) CATE+D+1 (o) CATE+D+
< — ——(@+qCL’ (Ni+1)) (eT)
3Te
< (1+BC)™) (1+ 2+ 0)CL?) T

2n
O

Theorem 13 (strongly convex). Assume that the loss f(-,z) € [0,1] is L-Lipschitz, 3-smooth and
7y-strongly convex for all z € Z. Consider the update rule Eq.equation[[1|with T the total number

of iterates, oy < C/t for some (fixed) C > 0 and for all t < T. Then the generalization error of
Z0O-SGD with 2-point gradient estimation is bounded by

eeen < (14 (BC) ™) (14 (2+¢)CL?) 3T¢/2n.

Proof of Theorem[I3] Recall that n = 1 — ‘g‘fq for ~-strongly convex losses . Assuming that
ap < CJ/tforallt <T, we have

E[(STE%]S( TF+1) +uﬁcd) Z o H (1+%5FK gl )>

t=to+1  j=t+1 B+

( (rk 4 1) +u50d> ET: % ﬁ <1+Cﬁ(r]’c?+1)>

t=to+1 j7t+1

( (% 4 1) +wcd> Z LT e <C“k“>)

t= t0+1 j=t+1 J

| /\

| /\
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T
carin (2L 1
< C(eT)“Pta < (Th +1) + pBCy Z et CB(F’;H)

—1 (2L T B(Fd+1>
< (Br%) (n (Th+1) + Mﬁcd) (<to> _ (CBTE+1)

D

We define ¢ = C BTk and find the value of ¢ that minimizes the right part of

E(lf (Wr.2) — £ (Wh.2)]) < sup fluw. )+ LE [57 ] £3,,] < 2 4 LD ((jT) ~er).

w,z 0

which is t}; = min { (gnLD)'/ (@D (eT)

Eflf (Wr,2) - f(W:/FaZ)H

< max { (anD) D) 1 +n1/q( LD) T(eT) T — LDeq}

n

1+ —24 — cp(rk41)
< __ CPaHD) ((2 + C)C’L2 (I‘fl + 1)) c"(rk“)“ (eT) cﬂ(rk“)“

< (1+B0)™) (1+ (2+)CL?) 327:

G.3 ZO-SGD WITH COORDINATE-WISE GRADIENT ESTIMATION

T
Lemma 14. Consider the sequences of updates {Gt} and {G’ } . Let wg = wy, be the starting
t=1 =1

point, wi1 = Gy (wy) and w), | = G} (w}) foranyt € {1,...,T}. Then for any w;, w, € R? and
t > 0 the following recursion holds

— wi|| + e, ifGy()

~ X000 1 |Jwe =
E [HGt (we) = Gt (wp) ] = {||wt — || + 204 L + aupBd,  if Gi(-) #

Proof of Theorem[3|(Convex). The formula for coordinate-wise estimator is as follows:

d  fwitneizi, )= f(wezi,)

2im1 I €i,
d f(wt +Heiazit)_f(wt_ueivzit)
i=1 21

forward difference,

W1 = W —
e;, central difference.

Let S and S’ be two samples of size n differing in only a single example, and let G (-), G (-) be the
update rules of the ZO-SGD for each of the sequences S, S’ respectively. By applying the Taylor

expansion there exist vectors W, and WiTt with i coordinates in the intervals (w;, w; + pe;) and
(w}, w} + pe;), respectively, such that for any w;, w), € R? we have
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IG+ (we) = G (wi) || = [1Ge (we) = G (w)) |
d

= Jlwp —wp — oy Y _(Vf(we, z,) = VI (W), 2,),e)e;

i=1 i=1
— oy g TV2 (w, z;,) e | e;
w:Wi,Tf,

i=1
= lwr =V f (wy, 2;,) = (wi — .V f (w}, 2,))
d
(Z Vi (we zi,) =V (wp zi,) e e = (Vf (we, 2,) = Vf(ﬂ)&%))) I
i=1

_ atzd: ( V2 (W; “0 Ziy) ei) e; +atzd: (N TV (sz722t> ez_) il
d
) €; +atz ('I eIV2 f (w,z,)
ei) ei
w=W;,

it

d
= |G (wy) — Z( eXV2 f (w, z,)

+Oétz < TV2 w,zit) " €i) 6iH~
w:Wiyt

For Z?:l (V[ (we,2;,) — Vf(w,zi,),e)e; =V (w,z;,) — VI (w),z,). This is the key, why
Z0-SGD using coordinate-wise estimator is non-expansive. The last display and the triangle inequal-
ity give

d
<G (we) — @ () + 200 Y0 228 [
i=1

< |G (wr) — G (wp)|| + arpfpd.
Above all, coordinate-wise estimator

E [Hét (we) — Gy (wl)

Let S and S’ be two samples of size n differing in only a single example. Consider the gradient
updates G1, ..., Gr and GY, . .., G4 induced by running ZO-SGD on sample S and S’, respectively.
Let wy and w}. denote the corresponding outputs of ZO-SGD. We now fix an example z € Z and
apply the Lipschitz condition on f(+; z) to get
E|f (wr;z) — f (w3 2)| < LE [or],

where dp = |Jwr — w/||. Observe that at step ¢, with probability 1 — 1/n, the example selected
by SGD is the same in both S and S’. In this case we have that G; = G and we can use the
1-expansivity of the update rule G; which uses the fact that the objective function is convex and that

a; < 2/[. With probability 1/n the selected example is different in which case we use that both G,
and G}, are o L-bounded as a consequence of Lemma 12. Hence, we have

E[d:41] < (1 - ;) E 5] + %E 0] + 20 L Bay

20, L + «

o pps g 2k ol
n

Unraveling the recursion gives

n

T
2L +
Elor] < 225,
t=1

Plugging this back into equation, we obtain

E|f (wr;2) = f (wrp; 2)] <
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Proof of Theorem 3] (Strongly Convex). Let S and S’ be two samples of size n differing in only a
single example. Consider the gradient updates G1,...,Gr and GY, ..., G/ induced by running
Z0O-SGD on sample S and S, respectively. Let wr and w/. denote the corresponding outputs of
ZO-SGD. We now fix an example z € Z and apply the Lipschitz condition on f(-; z) to get

E|f (wr;z) — f (wp; 2)| < LE [d7]
If « <1/B: since 20‘5;’ > ayand ay < 1,Gy o is (1 — avy)-expansive. With probability 1/n the

B+
selected example is different in which case we use that both G and G, are aL-bounded

2al + af
—

E (5] < (1;) 6+ TEB]+ 22E L B (a5 +

Unraveling the recursion gives

2L + « 2L +
E[or] < ﬁz (1—ay)' < nvﬁ-

Plugging this back into equation, we obtain
E|f (wr;2) = f (wps2)| <

O

Lemma 15. Assume that the loss function f (-, z) is L Lipschitz and B-smooth for all z € Z. Consider
the ZO-SGD algorithm with final-iterate estimates W and W, corresponding to the data-sets S, S’,

respectively (that differ in exactly one entry). Then the discrepancy dp = |Wr —
event &, , satisfies the inequality

E[6T|55t0]§<+u6> Z Qg H (14 Bay)

t=to+1  j=t+1

Proof of Lemmal[I3] Consider the events & = {G’t() = G‘Q()} and £f £ {G‘t() # GQ()} (see

Eq. (4)). Recall that P (£;) =1 —1/nand P(Ef) = 1/n forallt < T. For any t; > 0, a direct
application of Lemma 3 gives

E 61411 Es,,] =P (E)E [0111 | £, s, ) + P(ED)E [6141 | EF,Es,, ]

1 1
— <1 - n) E (01 | €85, + B [0rs1 | €65, ]
QOétL

< (1+aB)E[6 | &, ] +

then by solving this recursion we have

+ pBa.

T T

E[6T|85t0} < <2nL+H5> Z oy H (14 Bay).

t=to+1  j=t+1
O]

Proof of Theorem 3| (Nonconvex). Recall that n = 14 SBa for general (nonconvex) losses . Assuming
that oy < C/tforallt < T and p < £ we have

E[aT&s,,(,]s(wﬂ) S o H (1+a8)

t=to+1  j=t+

<C<L+u50d> Z : H <1+C;.ﬁ)

t=to+1  j=t+1
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T T
2L 1 C
<C < +u50d> Y. 7 I e (.ﬂ)
n t=to+1  j=t+1 J
T

< C(e1)”? <+u6> Z t+1

cB
< 2L + cf eT e
- n to

———
D

We define ¢ £ C3 and find the value of ¢, that minimizes the right part of

E(\f (Wr2) — f (Wi 2)l| < " sup f(w,2) + LE [b7 | €3, ] < 2 +LD((6T) )

w,z tO
which is £ = min { (qgnL D)/ @+ (eT)?/(@+1) T}, Then we gives
E(lf (Wr,2) = f (Wr, 2)]

LD)7 (eT)71 141 . g
Smax{(qn )7 (eT) , + /q(anD)rHl(eT)qulLDeq}

n n

14+ S 1
< —FC (9CL2 + BCCL) 7T (T .
n

H PROOF OF GENERALIZATION ANALYSIS OF ZO-GD

In the case of full-batch GD and ZO-GD the algorithm is deterministic and we assume
that zy,22,...,%,...,2n,2; are iid. and define S £ (z1,29,...,%;...,2,) and S £

(21,225, 2}, .., 2n) , Wy = W{, the updates for any ¢ > 1 are

n

W1 = W — — Z Vf wt, ZJ Z (U/t - atVf(wt, Zl)) s

i=1
Q
w:&+1:wg_# Z Vf (wy, 25) — *Vf( wy, %)
J=1,j#i
1 n
= Z (wi — oV f(wi, 2:)) + (w; — @V f(wy, 2}))
i=1,i%j
Then, forany ¢ > 1

1 n

dar < ||~ Z (wy = wp) = oy (Vf(wy, 2) = VF(w], )]

i=1,7

+ % ||(wt - w,@) -y (Vf(wt,zj) - Vf(“%@;))“

n—1 1 20, L
Ny + — mln{n, 1} + i

20&,5L

<

< ndt +

Therefore, for full-batch ZO-GD, we have

wt+1 =w¢ — — ZVf W, ZJ
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n

= %Z(wt - OétVf 'U}t,Zl ZVf wt,zl Zv'f(wt’zi)’
=1

=1

=3 1) - 295 01 2)
i=1,i#j
1 n
== Z# (Wi — oV f(wy, 2i)) + (w) — o,V f(wy, 25))
i=1,ij
+% > (Vf(wé,zi)—@f(w£7z¢)) - (Vf(wt, Z) = Vf(w), J)>
i=1,i£j

Then, forany ¢t > 1

Oer1 <oy + atL
Qg - " ~ ,
+ o Z(Vf(wt,zz) Vf(wy, z)) Z (Vf wy, 2;) Vf(wt,zi)> (Vf(wt, 2;) — Vf(w), j)>
=1 i=1,i#j

Proof of Theoreml] Recall that v}, are independent for all k< K, t<T and the loss function is
Lipschitz , smooth and f(-) < % The last display and the triangle inequality give

2L  « =
O <oy + == SIDE D IV (wrz) = Vf(wy, z)]
i=1,i#j
a aAd n
T [ VH o) = VEG )l + =25 >0 1w 20) = fluw =)l
i=1,i#j

arAg

Hf(wta z;) — f(wy, Z;)H + o puBCy

20¢L (TK +1
S{l—i—at((Fd —|—1)ﬁ+AZL>}5t+ a L (TF + )+A7;l;1t

+

+ uBCaay

Then by solving the recursion we find

K T
by < Z (20#[1 F +1) + AZ;M +/$5Cdat> H <1+Oét ((Fd -‘r—l)ﬂ-f— AZL)>

j=t+1

Under the choice oy < the last display gives

C
= t((r§+1)ﬂ+%)

oL(TK +1) A T C T C
5 < (U)-i-d—&—uﬁcd)z: L H (1+j)

" t:lt((l—‘ff-i-l)ﬁ—&- m >j=t+1

K
2L(Fd+1) n Ad _chd

E— C - C
: (F§<+)/B+% Z?H <1+j>

2L% + B+ BL = C
i et el N ¢
- nBL z::texp‘ j

2L2 + B+ BL <~ C eT
< 2 TE TP =
<Y Ceo (cns (177))
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C(2L2+ﬁ+ﬁL T ¢
= Zt(t—i—l)

t=1
C (eT)“ (2L2 +B8+8L) — 1
< >
nBL — tC+1
T)° (2L% + B + AL
< ) ( nﬂLﬁ pL) min{C + 1, C'log (eT)}.
Then the generalization error of ZO-GD with 1-point gradient estimation is bounded by
2L L
€gen < # (eT)C min{C + 1,Clog (eT)}.

O

Theorem 14 (convex). Assume that the loss f(-,z) € [0,1] is L-Lipschitz, convex, $-smooth for
all z € Z. Consider the update rule Eq.equation [I3|with T the total number of iterates, oy <
C/t(BTE+1) + LAd/,u) for some (fixed) C > 0 and for all t < T. Then the generalization error
of ZO-GD with 1-point gradient estimation is bounded by

€een < min{C + 1,Clog(eT)}(2L? + B+ BL)(eT) /(nB).

Proof of Theorem Recall that n = 1, u}, are independent for all k< K, t<T and the loss function
is Lipschitz , smooth and f(-) < % The last display and the triangle inequality give

ol « - Q@
=+ TF Y IV F(wn ) = Vi (whz)| + D[V (s 2) = V(g 2)
i=1,i#j
atAd - / atAd ;7
5 3 M z) = (w2l + S e 25) = Flai, )] + awnBCa
i=1,i#j
. AdL 2L (TK +1) Ay
1 + (6% F ﬂ + 615 + + + ,U,ﬂCdO[t
H n np
Then by solving the recursion we find
T K T
20, L (TH + 1 Aga AyL
5T§Z< oL (19 )—|- dt-i—MBC(iOét) H (1+C¥t(FKﬁ+ d ))
n ny 4 H
t=1 j=t+1
Under the choice oy < the last display gives

C
= t((rffﬂ);ﬂ%)

oL(TK +1) A T C T C
5T§<W+Z+Mﬁcd>z H (1+‘)

t=11 ((Fff + 1) B+ %) j=t+1

K
2L(FZ+1)+Ad+'uBC ZC ﬁ (1+C>
(F§+1)ﬁ+% t J

2L% + B+ BL = C
= nBL Z

t=1 j=t+1

2L% + B+ BL = C T
< =2 TE P il
< Y Ceo (cns (177))

S0(21;2+5+BL)2T:1( eT )c
nBL t\t+1
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T

C (1) (2L + B + BL) 1
< nﬁL ; tC+1
- (eT)° (2L2 + B + BL)

- nPL

Then the generalization error of ZO-GD with 1-point gradient estimation is bounded by

2
€gen < W (eT)C min{C + 1,Clog (eT)}.

min{C + 1, C'log (eT)}.

O

Theorem 15 (strongly convex). Assume that the loss f (-, z) € [0, 1] is L-Lipschitz, ~-strongly convex,
B-smooth for all z € Z. Consider the update rule Eq.equation|I3|with T the total number of iterates,
oy < C/t(B(TE 4+ 1) + LAg/ ) for some (fixed) C > 0 and for all t < T. Then the generalization
error of ZO-GD with 1-point gradient estimation is bounded by

€gen < min{C + 1,Clog(eT)}(2L? + B+ BL)(eT) /(nB).

Proof of Theorem[I3] Recall thatn =1 — %ﬁ?’ u!, are independent for all k< K, t<T and the loss

function is Lipschitz , smooth and f(-) < % The last display and the triangle inequality give

n

2oL«
Ori1 Smoi+ ——+ =T 3" [V f(wy, 2) = V() )l
n i=1,i#j
« oA i
+ DS |V (wez) = V(w2 + =0 YT (wnz) — (w7

i=1,i#j

Hf(wtazj) - f(wzlta'z;)H + Oétﬂﬁcd

AqL 20,L (T +1) A
< [tva (v Sy Ak g o 2L TR ducy

aAg

Then by solving the recursion we find

T K T
2L (T} +1 A AqL
r<y | — (L1 | Advw |, [] (Hm(ré(ﬁ—m 4 Bd ))
t=1 n ny j=t+1 6+7 1

Under the choice a; <

o} . .
Wthe last dlSplay gives

T

2L (T +1) | Ay C C
6T§<n+W+MBCd>Z H (1+j)

t=11 ((Fff + 1) B+ %) j=t+1

M_Fﬂ_’_uﬁcd T C T C
drsrae e I (15
2L% + B+ BL = C C
STy —exp =
nBL =t j=t+1

T

2L% + 3+ BL C eT
<P oo (0e (57))

C(2L2+ B+ BL) 1 [ eT \°
= npL Zt( )
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_ C (1) (2L + B + BL) XT: 1

- nBL — te+1

- (eT)° (2L2 + B + BL)

- nPL
Then the generalization error of ZO-GD with 1-point gradient estimation is bounded by

2
€gen < W (eT)° min{C + 1,Clog (¢T)}.

min{C + 1, C'log (eT)}.

O

Proof of Theorem[3] Recall that !, are independent for all k< K, t<T and the loss function is
Lipschitz and smooth . The last display and the triangle inequality give

thL

+ ST IV (w2 — V(w2

i=1,i#j

+ L ||V £ wn,25) = V()| + auBCa

Oer1 <ndy +

20, L (TH +1
S [1 + oy (Ff + 1) ﬁ] 6t + % + ,UﬁCdOlt
Then by solving the recursion we find
20, L (TX +1 kA
j=t+1
: c
Under the choice oy < H(Tx+1) ﬁthe last display gives
T T
or ( +M50d>zat H (1+ Ba; (1+T%))
t=1 j=t+1
re +1 d C L CB
(2 + )th T 11 (1+,>
n t=1 ( KT ) j=t+1 J
(2+¢)L < C "o\ @+oL&C
- Ztexp Zj - Ztexp CpBlog P
t=1 j=t+1 t=1
T cp (ef:]
_C’(Q—Fc)LZl eT C(eT)“P(2+¢)L 1
- on ot \t+1 - n £ 1B+
cp
< (e“P(2+¢)L in { Cp+ 1,C10g(eT)}
n

Then the generalization error of ZO-GD with 2-point gradient estimation is bounded by

cB
€gen < ()P + L min { Cﬂﬁ+ L

n

,C 1og(eT)} .
O

Theorem 16 (convex). Assume that the loss f(-,z) € [0,1] is L-Lipschitz, convex and [3-smooth

for all z € Z. Consider the update rule Eq.equation [I4 with T the total number of iterates,

ap < CY (Flj + 1) t for some (fixed) C > 0 and for all t < T. Then the generalization error of

ZO-GD with 2-point gradient estimation is bounded by
(2+c)L?

€gen < — (eT)Cﬁ min{

Cg+1

,C'log (eT)}.
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Proof of Theorem [7_3] Recall that n = 1, ui are independent for all k< K, t<T and the loss function
is Lipschitz and smooth. The last display and the triangle inequality give

20&,5[/

Or41 <ndp + + Z IV £ (we, i) = V f(w), )|

i=1,i#j
— FKva W, Z5) — Vf(wé,z;-)H—&—atuﬁCd

. 20, L (1;55 +1)

S(l + oztl“ffb’)&s + pBCa0y

Then by solving the recursion we find

T

5T < Z (20% F + 1) + NﬁCdOét) H (1 + aﬂ‘ffﬁ)

j=t+1

C

Under the choice a; < m

the last display gives

T

T
2L
aTg(nrgawcd)zat IT (1+ fa,rE)
t=1

J=t+1

S(eT)Cﬂ(erc)L {Cﬁ+ 1’Clog(eT)}'

n

Then the generalization error of ZO-GD with 2-point gradient estimation is bounded by

- (eT)P(2 + ¢)L? in { CB+1

gen >
& n

.C log(eT)} .

O

Theorem 17 (strongly convex). Assume that the loss f(-, z) € [0, 1] is L-Lipschitz, y-strongly convex
and [3-smooth for all = € Z. Consider the update rule Eq.equation[I4with T the total number of
iterates, oy < C/ (F’; + ) t for some (fixed) C > 0 and for all t < T. Then the generalization error
of ZO-GD with 2-point gradient estimation is bounded by

2
o < O (o) min

,Clog (eT')}.

Proof of Theorem[16] Recall thatn =1 — %’f;y u}, are independent for all k< K, t<T and the loss
function is Lipschitz and smooth. The last display and the triangle inequality give

2 L «
Sep1 <ndi+ —= + =T Z IV f(we, 2i) = V f(w}, 2) |
i=1,i#j

+ ‘T |V f(we, 25) = V f(w), 25)|| + atpBCa
204 L (T +1)
n

<(1+alfp - ST )0+ + 1nfCaa

B+
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Then by solving the recursion we find
T

T K
20, L (T} + 1 «
or <> ( t (nd ) +u60dat> 11 (1 +a,TK - Btfv B)
t=1 j=t+1 v

Under the choice a; < the last display gives

oz 52

c
t(CE+1)8

oL )

T
or < (nr;z + uﬂod) > |

97 T T
< (nFCIl( +,uBC’d Zat H (1 + 5aj(ré{ + 1))

n

1
S(eT)Cﬂ(2+c)L min{Cﬂ; 1’Clog(eT)}'

Then the generalization error of ZO-GD with 2-point gradient estimation is bounded by

- (eT)P(2 + ¢)L? in { CB+1

€gen =
& n

.C log(eT)} .

O

Proof of Theorem[f] Recall that ¢ < T and the loss function is Lipschitz and smooth . The last
display and the triangle inequality give

20 L
6t+1 S 775,5 + Tf + /LBO(t.

In this case we can use the 1-expansivity of the update rule G which uses the fact that the objective
function is convex, oy < 2/8 and p < % Hence, we have

20 L + oy e
E[6:41] <E[6] + %
Unraveling the recursion gives
T
2L + Bc
E[or] < = B >
t=1

Then the generalization error of ZO-GD with coordinate gradient estimation is bounded by

2L + fcL
€gen < TB Zat~
t=1

In this case we can use the (1 — ary)-expansivity of the update rule G, which uses the fact that the
objective function is -strongly convex , a; < 1/8 and 1 < £. Hence, we have

20 L +
E 1] < (1 - ay) B[5) - 22T
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Unraveling the recursion gives

T
2aL 2L
o +aﬁ02(1—a’y)t§ —I—ﬁc-

n n
t=0 v

E[or] <

Then the generalization error of ZO-GD with coordinate gradient estimation is bounded by
2L2 + BeL
ny

€gen <

In this case we can use the (1 4 «;/3)-expansivity of the update rule G, which uses the fact that the
objective function is Lipschitz, smooth and p < % Hence, we have

B (5] < (1 4+ ) E (6] + 22

Then by solving the recursion we find
T T
20 L oy fc
or < —_—t — 1 i3) .

Under the choice a; < %the last display gives

5T§M2atl—[ (1+5aj)§MZ%‘H (1+C.B)

C@2+4)L~1( €T Cﬂ< C(eT)%P(2+ )L o 1
- ZE - n tCB8+1

1
cs
< (eT)“P(2+¢)L min{cﬁ +1
n B
Then the generalization error of ZO-GD with coordinate gradient estimation is bounded by
T)“P(2+c)L? CB+1
gen < (1) (2 +¢) min { 5ﬁ+

,Clog(eT)} .

.C log(eT)} .

n

I PROOF OF SVRG GENERALIZATION ANALYSIS

I.1 SVRG

Theorem 18 (Convex Case). Assume that the loss function f(-;z) is B-smooth, convex and L-
Lipschitz for every z. Suppose that we run SVRG with step sizes a; < ¢/ms for m steps. Then, at
stage S we have

Ess] < 0L 4 (250 + 1) E[ds_1].
ns S

After S stages, SVRG satisfies uniform stability with

I 28c
€gen < % min {c + 871, clog(eS)} )
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Theorem 19 (Strongly Convex Case). Assume that the loss function f(-; z) is 3-smooth,~y-strongly
convex and L-Lipschitz for every z. Suppose that we run SVRG with step sizes oy < 1/ for m steps.
Then, at one stage we have

B[S, + 1] < (1 — ay) E[5] + 2a8[5] + 222

After S stages, SVRG satisfies uniform stability with
6S5L?
ny
Theorem 20 (Nonconvex Case). Assume that the loss function f(-; z) is S-smooth, and L-Lipschitz

for every z. Suppose that we run SVRG with step sizes oy < C/ms for m steps. Then, at stage S we
have

€gen =

E[ds] §exp? (1—1—205> Elds— 1]—}—60711 Xp?.

After K stages, SVRG satisfies uniform stability with
2128 §3CP
€gen ~ T
At stage S, we have
E[0¢11] < [Jwr — wy — a (Vf (wi, 20) = Vf (wp, z)) | + e [V (wr, 2¢) = Vf (wi, 20)|

Z Vf(wl,zi)—% Z vf(wllazz)

i=1,i#j i=1,i#j
(67
2L« 2La
< nE[6] + L+ uBE[6] + L+ uBE[6] + L
6LO[t

= nE[d;] + 20, BE[01] +

Proof of Theorem|I8]
6L0ét

E[6¢+1] <E[6¢] + 20: BE[01] +
<—Zat+ <2ﬂ2at+1) IR i (26258“) ()]

L (20 4 Y ap

ns

For the S-stage, we have ws = w,,, and wg_1 = wi. Then

Ess] < S¢L ¢ (250 + 1) E[ds_1].

ns S

Summing the above inequality for S stages, and unraveling the recursion gives

e 2BC
GCLZ H ( 2@c><6L(5) min {C + 31, Clog(eS) ).

s=1 j s+1

Note that E | f (wr; 2) — f (wh; z)| < LE [67], then we have

L2 25C
€gen < OL7(eS) min {C + 87!, Clog(eS)} .

n
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Proof of Theorem|[I9)

B[54+ 1] < (1~ 07) E[5] + 205[51] + “o

m—1 m—1
o 6L t
= (1—av)"E[§] + 2a8 Z 1—ay) ]—1—7 (1-ay)
t=1 =0
6La (1—(1—ay)™ 2 .
< na( D) (- a-0™ 2t - a) ) Bl
6L
[51]-1-*
ny

For the S-stage, we have ws = w,, and wg_1 = w;. Then

6L
E[6s] <E[ds—1] + —.
ny

Summing the above inequality for S stages, and unraveling the recursion gives

GSL
Elds] < —
ny
Note that E | f (wr; 2) — f (wh; 2)| < LE [d7], then we have
6SL>
€gen < .
ny
Proof of Theorem
6L«
E[6:11] < (1 + . B) E[6;] + 20 SE[61] + ——

[
<1+Cﬂ> Elo] + 2 DRfp) + S
sm nsm
;)

]

]
B C 6 t 6LC m Cﬁ t
_<1+sm E[] + =~ Z(1+) 1+nsm§(1+sm>
<exp i) + 2 exp D) + O exp &

=exp ij (1+205> [51}4—607[/ exp Ch

For the S-stage, we have ws = w,, and wg_1 = w;. Then

i) < o 7 (14 22 ) pps ] + X enp &

Summing the above inequality for S stages, and unraveling the recursion gives

SLCET S LT e —

s=1 j=s+1
6Lce3CﬁSCﬂ 11

GLC’e

n = s (s+1)°”
_6LCeAP5CP 51
n 511+3CP
s=1
9 Le3CP G3CH
<
<=3
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Note that E | f (wr; 2) — f (wh; z)| < LE [67], then we have
21208 G3CH

€gen < nB

I.2 ZO-SVRG

Proof of Theorem[7} Recall that ) = 1 + 3, and then we have
LA LA
E[6;41] < <1 +aB(Th+1) + atu d) E[5,] + 2 <at5 (Th+1) + O‘tu d) E[6:]

+6L(Ff§+1)at
n

A
+3uBCaa; + —2
un

C 2C 6L%C +3 38LC
< <1+) E[8) + = El5)] + *50c + 35
sm nBLsm

C m m t
g(1+sm> z;(u)
2 t

L 6L O+350+3[3LOZ(1+0)

nBLsm — sm

2 L? L
§expg 1—|——C E[51]+—6 +36+35 expg
nBLs

For the S-stage, we have ws; = w,, and wg_1 = wi. Then,

C 2C 6L% +3 38L C
E[ds] < exp — (1 + > Elds—1] + 8L7 + 36+ 3PL exp
s nBLs

Summing the above inequality for S stages, and unraveling the recursion gives

6L2+3ﬂ+3ﬁLZ H

Elds] < nBL

s=1 j=s+1

_(6L2 435 +36L) OS5 1 1

a nﬂL s=1 s (S + 1)30
_(6L2 438 +36L) OS5 L 1

- nBL s slH3C

_ (2L* 4+ B+ BL) e© 53¢

- nBLC

Note that E | f (wr; z) — f (wh; z)| < LE [67], then we have

2 C q3C
Egen<(2L + B+ BL)eS -
- nBC

O

Theorem 21 (convex). Assume that the loss function f(-; z) is S-smooth, convex, and L-Lipschitz
for every z. Suppose that we run ZO-SVRG with step sizes oy < C/(sm(B(T'% + 1) + %))
for T steps. After S stages, ZO-SVRG satisfies with Then, at stage S we have E[dg] <

<

exp % (1 + 27’80) E[ds—1] + W exp % After S stages, ZO-SVRG satisfies with €gen

(2L% + B+ BL)S3C exp C/(CBn).
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Proof of Theorem[Z1] Recall that ) = 1, and then we have

LA LA
Eldi11] < (1 + 0BT + n d> E[6:] + 2 <atﬂf§ + m d> E[5:]

+6L(I‘§+1)at
n

A
+ 3uBCaa; + =2
un

C 2C 6L2C + 3 38LC
<1+ — |E[6] + —]E[él] +3fe+35

sm nBLsm

c\" 20 & C\'. 6L2C+3BC +3BLC & c\'
< - bl - -
- <1 + sm) Elo] + sm ; (1 + 5m> o1t npLsm ; (1 + 5m>

2
<expg 1+§ E[§1]+—6L +35+36Lexpg
S nBLs

For the S-stage, we have ws = w,, and wg_1 = w;. Then,

C 2C 6L% + 38+ 36L C
Elés] <exp— (1+ — | E[ds_1] + 6L7+36+38L exp
S S nBLs

Summing the above inequality for S stages, and unraveling the recursion gives

6L2+36+3BLZ H
s= 1 j=s+1

_(6L+35 +36L) OS5 1 1
- nBL s (s + 1)%¢
_(6L+35 +36L) OS5 &\ 1
= nBL — gl+3C
_ (2L% 4+ B+ BL) e“ 53¢
- npLC

E[ds] <

Note that E | f (wr; 2) — f (wh; 2z)| < LE [6r], then we have
(2L% + B+ BL) e 53¢
€gen < .
npBC

O

Theorem 22 (strongly convex). Assume that the loss function f(-; z) is B-smooth, y-strongly convex,
and L-Lipschitz for every z. Suppose that we run ZO-SVRG with step sizes a; < C/ (sm( BTk +
1)+ LAd )) Jor T steps. After S stages, ZO-SVRG satisfies with Then, at stage S we have E[dg] <

exp % (1 + QTBC) E[ds_1] + GLE# ?. After S stages, ZO-SVRG satisfies with

€een < (2L% + B+ BL)S3C exp C/(CPn).

Proof of Theorem[22] Recall thatn =1 — %tf;’ and then we have

LA LA
E[(S,H_l] S <1 + atﬁfs — gff?; —+ Qi " d> E[at} + 2 (a,ﬁf’é + Qi " d> E[él}

A
+ 3uBCia: + =d
un

+6L(Ff§+1)at
n

LA LA
< (1 anp(rh 1)+ 222 ) 5o 4 2 (aupr + 252 ) i
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6L (T* +1) A
+(d)t+3u50dozt+u;l

C 2C 6L2C + 38c + 338LC
< <1 + ) E[0]+ ——E[0] + pet 35
sm nBLsm
c\" 2C C\'.  6L2C+3BC +38LC -
(0 ) e 23 (10 ) gy SO IC S
sm sm £ sm nBLsm —
L? L
< expg 1+ E ]E[§1] + wexpg_
s nBLs s
For the S-stage, we have ws; = w,, and wg_1 = wi. Then,
L? L
E[6s] < exp ¢ 14+ ¢ E[0s_1] + 6L%+30+3pL ex ¢
S s nBLs
Summing the above inequality for S stages, and unraveling the recursion gives
6L%+ 353+ 33L
E[os] < T Z H XP —
s=1 j=s+1
_(6L2+35 +36L) OS5 1 1
a nﬁL s=1 § (S + 1)30
_ (612 435 +38L) €5°C &\ 1
= nBL pet g1+3C
- (2L2 + B+ BL) e© 53¢
- nBLC
Note that E | f (wr; 2) — f (w/; z)| < LE [67], then we have
- (2L% 4+ B+ BL) €9 53¢
€gen < YeTe, .
Proof of Theorem|[8}
6L (Th+1) «
E[dt41] < (1 + o3 (1"5 + 1)) E[0¢] + 203 (FZ' + 1) E[61] + % + 3upCaay
C 2C 6CL + 3cC
< (1+ 22 ) mist+ 200 4 SCLEEC
sm sm nsm
m m t m t
L
§<1+0B) CﬁZ(H) 4 8LC+3cC (1+Cﬁ>
sm nsm sm

t=0

< exp ch <1 + 205) E[61] + 6Ln+ 3 exp %
s

For the S-stage, we have ws = w,, and wg_1 = wi. Then,

Elos] < exp %ﬁ (1 + 205) E[ds_1] + GLnE?)C exp cB

Summing the above inequality for S stages, and unraveling the recursion gives

(6L + 3c cs i H 30&

s=1 j=s+1

E[53] <—
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_ (6L + 3¢)eCP 535 11

- n s (s 1)’
_ (6L + 3¢)eCP 577 .1
= n —~ s1+3C8

- (2L + c)e®B 38
< e .
Note that E | f (wr; z) — f (wh; z)| < LE [67], then we have

(2L2% + cL)eCP 838
€ en = .
g nﬁ

O

Theorem 23 (convex). Assume that the loss function f(-; z) is 5-smooth, convex,and L-Lipschitz for
every z. Suppose that we run ZO-SVRG with step sizes oy < C/sm (FZ + 1) for T steps. After S
stages, ZO-SVRG satisfies

€gen < (2L% + ¢L)S*C exp CB/(Bn).

Proof of Theorem 23] Recall = 1, then we have

6L (Th+1) oy

5t+1 S + atﬁfd) (515] + 20{,5[31—‘ ]E[él]

(< ) 208 6CL + 3cC
1+

+ SM,BCdOLt

IN

[0 + 7E[61] nsm

> Cﬂz<1+) 51+6Lijm3ccz%<l+f£>
t=

For the S-stage, we have ws = w,, and wg_1 = wi. Then,

E[ds] < exp ? ( 206) E[0s-1] + 6Ln—; i exp s

IN

Summing the above inequality for S stages, and unraveling the recursion gives

S
(6L + 3c ,3C
Efss) < (8L T3 z IT e B
s=1 j=s+1
_ (6L + 3¢)eCP 577 11
- n s (s + 1)

S=

< (6L + 3c)e®P53¢h 5 1

— n gl+3CB
s=1

2L+ c)eCP§3C8
—_ n/B .
Note that E | f (wr; z) — f (wh; 2)| < LE [07], then we have
(2L + cL)eCP 838
€gen < .
np
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Theorem 24 (strongly convex). Assume that the loss function f(-; z) is B-smooth, convex,and L-
Lipschitz for every z. Suppose that we run ZO-SVRG with step sizes oy < C'/sm (F’j + 1) forT
steps. After S stages, ZO-SVRG satisfies

€gen < (2L + ¢L)S*PC exp CB/(Bn).

Proof of Theorem[24] Recalln =1 — 287 then we have

B+
L« 6L (T +1)
E[5t+1] S (1 + atﬁFZ — ﬂtf:yy) E[ét] + QatﬁF’j]E[(Sl] + M + 3ﬂﬁcd06t
6L (T +1)
< (14 @B(0G +1)) E[3] + 20, 8TGE[51] + % + 3 Cacy
C 2C 6CL + 3cC
< (1 + 5) E5] + 2P, 4 8L T3C
sm sm nsm
cB\"™ 20 — cB\’ 6LC + 3¢C cB\’
< (Hﬂ) E[61]+’BZ<1+ﬁ) 5y 4 L2 <1+6>
sm sm sm nsm P sm
< exp% <1 + 205) E[61] + OL + 3¢ exp%.
s S ng
For the S-stage, we have ws; = w,, and wg_1 = wi. Then,
2 L
E[ds] < exp ? (1 + ?) E[ds—1] + 0 n—;Bc ex cp

Summing the above inequality for S stages, and unraveling the recursion gives

S S

(6L + 3c)e®P N1 308

< - 0 TIF - —_— "
Efos] < A > S IT exp 7
s=1 j=s+1

(6L +3c)e€8S3¢8 1 1

= n 5 (s 1 1707
s=1 (S + 1)

_ (6L + 3¢)eCP 577 .1

— n g1+3CB
s=1

L+ c)eCP§3C8
— n/B .
Note that E | f (wr; 2) — f (wh;2)| < LE [d7], then we have
(2L2 4 cL)e“P 838
€gen < .
np

Proof of Theorem[9|(Nonconvex).

6Lat

E[6t+1] S (1 =+ Ottﬁ) E[(St] + QOétBE[(Sl] + n + 3/160&

C 20 6CL + 3¢C
< (1 + 5) E5,] + 2P, 4 0L T3C
sm sm nsm

m m t m t
sm sm =0 sm

nsm
< exp % <1 + wf) E[é1] + 6Ln—;36 exp %

45



Published as a conference paper at ICLR 2024

For the S-stage, we have ws = w,,, and wg_1 = w;. Then,

E[ds] < exp % (1 + 225) Elos—1] +

6L + 3c Cp
exp —
nB

Summing the above inequality for S stages, and unraveling the recursion gives

S

L P
E[5s] Swz, expﬂ
’I’Lﬁ s=1 5 Jj=s+1
cBa3cB S
< (6L + 3c)e“F S Z 1 1 -
n s=1 § (S + 1)
s
(6L + 3c)eCB53¢h 1
< n ; s1+3C8
2L + ¢)eCB53Ch
<l
— n/@ .

Note that E | f (wr; 2) — f (wh; 2)| < LE [d7], then we have

2L2 L Cp Q3CB
gen < ( +cL)e“FS '
nps

Proof of Theorem[9|(Convex) .

E[641] <E[6,] + 20, BE[01] + (6L +3c)an

6L + 3¢) — i
HUALIL S (z/szat s 1) s
t=1 n=1
6L + 3¢ <~ C T C
< — —
- n Z ms + <26n¥1 ms + 1) E[él]

t=1

SGC’L—H’mcC n <2BC n 1) E[5,].

ns S

For the S-stage, we have ws = w,, and wg_1 = w;. Then,

E[5s] < 76013;360 T (250 + 1> E[5s_1].

Summing the above inequality for S stages, and unraveling the recursion gives

S S
6C'L + 3cC 1 2f¢
E[55] < — Eﬁ 5 H (1 + >

17 j=s+1 J
_ (6L +3¢) (eS)%

min {c + Bil,clog(eS)} .

n

Note that E | f (wr; 2) — f (wh; z)| < LE [6r], then we have

(6L% + 3cL) (eS)**
n

< min{chﬁ*l,clog(eS)}.

€gen
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Proof of Theorem[9|(Strongly Convex).

6L+ 3
E[6: + 1] < (1 — ay) E[6:] + 2a8[01] + (Tc)a
s (6L + 3c) —
= (1 - ay)" E[61] + 2a8 Z (1—ay) E[6] + — Z (1—ay)
t=1 t=0
6L +3c)a (1 —(1—ay)™ ma 2 m
< GEx3de (A200y (a- -0y 2t (- ) ) Bt
n oy ¥
6L+ 3
< B[] + 2,
ny
For the S-stage, we have w, = w,,, and wg_; = w;. Then,
6L + 3c
E[ds] < Elds—1] + ~
ny
Summing the above inequality for S stages, and unraveling the recursion gives
6LS + 3¢S
E[5s] < OLS + deo
ny
Note that E | f (wr; 2) — f (wh; 2)| < LE [§7], then we have
. 65L? + 3cLS
gen > ny .
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