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Abstract

Lindahl equilibrium is a solution concept for allo-1

cating a fixed budget across several divisible pub-2

lic goods. It always lies in the core, meaning that3

the equilibrium allocation satisfies desirable stabil-4

ity and proportional fairness properties. In the un-5

capped setting, each of the public goods can absorb6

any amount of funding. In this case, it is known that7

Lindahl equilibrium is equivalent to maximizing8

Nash social welfare, and this allocation can be com-9

puted by a public-goods variant of the proportional10

response dynamics. We introduce a new convex pro-11

gramming formulation for computing this solution12

and show that it is related to Nash welfare maxi-13

mization through duality and reformulation. We14

then show that the proportional response dynam-15

ics is equivalent to running mirror descent on our16

new formulation, thereby providing a new and very17

immediate proof of the convergence guarantee for18

the dynamics. In the capped setting, each public19

good has an upper bound on the amount of fund-20

ing it can receive, which is a type of constraint that21

appears in fractional committee selection and par-22

ticipatory budgeting. We prove that our new convex23

program continues to work when the cap constraints24

are added, and its optimal solutions are Lindahl equi-25

libria. Thus, we establish that Lindahl equilibrium26

can be efficiently computed in the capped setting.27

1 Introduction28

We consider a setting where a fixed budget B > 0 needs to29

be spent on m divisible public goods. Thus, an outcome is30

a vector x = (x1, . . . , xm) ∈ Rm
⩾0 summing to at most B.31

Some of the public goods may additionally have caps, i.e.,32

upper bounds on the amount of funding they can receive. How33

to distribute the spending across the goods is decided based34

on the preferences of n agents. We will consider agents with35

separable linear utility functions over the goods. Agents may36

have heterogeneous weights (which can be interpreted as en-37

dowments). We will study the solution concept of Lindahl38

equilibrium, which is based on a virtual market with personal-39

ized prices (Foley, 1970). This equilibrium notion is known40

to lead to allocations that are fair to voters, in the sense of the 41

core from cooperative game theory (Fain et al., 2016). 42

The classic economics literature on public goods, starting 43

with Samuelson (1954), focusses on how to arrive at the so- 44

cially efficient amount of spending in the face of free-riding 45

incentives. In contrast, we consider a fixed budget and are 46

mostly concerned with how to divide it between different 47

public goods. This approach, sometimes called portioning 48

or fair mixing, has received increasing attention in computer 49

science over recent years (see, e.g., Fain et al., 2016; Aziz 50

et al., 2020; Brandl et al., 2021; Airiau et al., 2023), due to 51

its many concrete applications. These include participatory 52

budgeting, a method used by many cities to let residents vote 53

over how the government will spend a fixed part of its budget 54

(Rey and Maly, 2023; Aziz and Shah, 2021), and donation 55

platforms, where donors can influence the distribution of a 56

fixed matching fund (Brandl et al., 2022; Brandt et al., 2024). 57

The model also captures committee elections (i.e., multiwinner 58

voting) in its fractional version (Aziz et al., 2023a; Suzuki 59

and Vollen, 2024), as well as the cake sharing problem (Bei 60

et al., 2024). Voting methods for the public goods model can 61

also be used to settle small-stakes issues such as a lecturer 62

letting students vote over the distribution of class time across 63

topics, or a team to vote over the frequencies with which they 64

will go to different lunch venues. Companies and non-profit 65

organizations can use the principles derived in this model to 66

decide how to fairly and efficiently divide resources among 67

units or grantees. 68

In many of these applications, it is desirable to select an 69

outcome that is representative of the voters, in that every 70

agent has an equal influence on the overall spending (or an 71

influence that is proportional to the weight assigned to the 72

agent). This can be formalized as a group fairness guarantee. 73

In particular, we can require that the spending distribution lie 74

in the core, which means that no subset of voters can construct 75

an alternative way of spending their endowments in a way 76

that they all prefer. We know that a core outcome always 77

exists thanks to Foley (1970), who gave a definition of what 78

he called Lindahl equilibrium (because he was inspired by 79

ideas of Lindahl (1919)), proved its existence, and showed 80

that it always lies in the core. This result was introduced to 81

the computer science literature by Fain et al. (2016). 82

In the setting where each public good has no cap on fund- 83

ing (we call this the uncapped setting), Fain et al. (2016) 84



showed that Lindahl equilibrium is equivalent to the rule that85

maximizes Nash social welfare (i.e., the product of agent utili-86

ties). The Nash rule has its root in the Nash (1950) bargaining87

solution, and its objective function has attractive mathemat-88

ical properties such as scale-freeness (Moulin, 2004). The89

Nash rule as applied to the public goods model had already90

been discussed earlier and independently from Lindahl equi-91

librium due to its attractive group fairness properties (Bogo-92

molnaia et al., 2005; Guerdjikova and Nehring, 2014). The93

connection between Lindahl equilibrium and the Nash rule94

is convenient since the latter can be efficiently computed via95

a convex program reminiscent of the classic Eisenberg–Gale96

program (Eisenberg and Gale, 1959; Eisenberg, 1961) for com-97

puting a market equilibrium for private goods. In addition,98

Brandl et al. (2022) showed that the Nash rule can be com-99

puted by running a simple proportional response dynamics100

which converges to the Nash outcome. They pointed out that101

the same convex program had been considered in several un-102

related contexts such as in the portfolio selection literature,103

where this dynamics had also been discovered and shown104

to converge (Cover, 1984). While the dynamics converges105

rapidly in practice, a formal bound on the speed of conver-106

gence had not been established by 2022, with Li et al. (2018,107

page 11) noting that the “algorithm [of Cover] possesses a108

guarantee of convergence but [no] convergence rate.”109

In the capped setting, the Nash rule loses its fairness prop-110

erties and is not equivalent to Lindahl equilibrium. In con-111

trast, Lindahl equilibrium retains its fairness properties, and112

its existence is known via fixed-point theorems (Foley, 1970).113

However, this existence result only applies to strictly mono-114

tonic utility functions and thus does not allow agents to have115

valuations equal to 0 for some goods, and it does not allow for116

caps except through approximating them through appropriate117

‘saturating’ utility functions (Fain et al., 2016; Munagala et al.,118

2022b). Most importantly, the existence result is not algorith-119

mic, and how to compute a Lindahl equilibrium was an open120

question. Fain et al. (2016) asked: “Is computing the Lindahl121

equilibrium for public goods computationally hard or is there122

a polynomial time algorithm even [when the public goods123

are capped]?” Since then there has been no progress on this124

question. Indeed, Jiang et al. (2020) again noted that “we do125

not know how to compute the Lindahl equilibrium efficiently”.126

It was even open how to compute any allocation that lies in127

the core, not necessarily a Lindahl equilibrium allocation.128

1.1 Contributions129

In the uncapped setting, we prove that the proportional re-130

sponse dynamics converges to a Lindahl equilibrium at a rate131

of log(nm)/t. We show this by developing a new convex132

program, distinct from the standard Eisenberg–Gale-style pro-133

gram for Nash welfare maximization, and show that applying134

mirror descent to this program is equivalent to the propor-135

tional response dynamics, thereby allowing us to obtain the136

convergence rate from known results about mirror descent.1137

1Zhao (2023) has recently obtained the same convergence rate
bound of log(nm)/t, using a direct first-order analysis of the multi-
plicative gradient (MG) method. Zhao notes that “the extraordinary
numerical performance of the MG method is rather surprising and

Our new convex program is related to the Eisenberg–Gale- 138

style program through double duality: we show that it can be 139

obtained by taking the dual, introducing new redundant vari- 140

ables, making a change of variable, and performing another 141

dual derivation on this reformulated dual. 142

The duality and mirror descent relationship that we discover 143

for public goods mirrors existing relationships known in the 144

literature on private goods allocation using Fisher market 145

equilibrium. For the private-good setting, equilibrium is also 146

equivalent to maximizing Nash welfare. An alternative convex 147

program for this equilibrium was developed by Shmyrev (1983, 148

2009). A proportional response dynamics exists for the private 149

goods case as well (Wu and Zhang, 2007; Zhang, 2011), and 150

Birnbaum et al. (2011) showed that it is equivalent to mirror 151

descent on the Shmyrev program. Our new program for the 152

uncapped public goods setting is “Shmyrev-like”. 153

In the capped setting, we answer the open problem raised 154

by Fain et al. (2016) positively: Lindahl equilibrium can be 155

computed efficiently in the capped setting. Indeed, the caps 156

can be naturally added as constraints to our new convex pro- 157

gram, and the resulting program correctly computes a Lindahl 158

equilibrium respecting the caps. (In contrast, as is well-known, 159

adding caps as constraints to the Nash welfare program does 160

not lead to a Lindahl equilibrium.) We present numerical 161

experiments on real-life data from participatory budgeting, 162

showing that solving our program is feasible even for large 163

instances. 164

1.2 Related Work 165

Lindahl equilibrium Lindahl equilibrium was introduced 166

by Foley (1970), who named this equilibrium concept after 167

Lindahl (1919) who put forward related ideas of personalized 168

taxation. However, note that there are other distinct ways of 169

formalizing Lindahl’s ideas (see van den Nouweland, 2015), 170

including ratio and cost share equilibrium (Kaneko, 1977; 171

Mas-Colell and Silvestre, 1989). We use the Foley definition. 172

Uncapped setting Our interest in Lindahl equilibrium is 173

motivated mainly by their proportional fairness properties (no- 174

tably the core). Such fairness properties have been studied 175

in many related models, notably the “fair mixing” or “por- 176

tioning” models (Bogomolnaia et al., 2005; Fain et al., 2016; 177

Aziz et al., 2020; Brandl et al., 2021; Airiau et al., 2023; Gul 178

and Pesendorfer, 2020) that correspond to what we call the 179

uncapped setting. In this setting, Lindahl equilibrium coin- 180

cides with the maximum Nash welfare solution which has 181

been axiomatically characterized (Guerdjikova and Nehring, 182

2014) and noted for its strong participation incentives (Brandl 183

et al., 2022) as well as its lowest-possible price of fairness 184

(Michorzewski et al., 2020). The Nash solution is also well- 185

known to provide fair outcomes in other models, such as for 186

private goods (Caragiannis et al., 2019). 187

Capped setting The capped setting has also been studied 188

in various special cases under various names, such as cake 189

sharing (Bei et al., 2024), fractional committee elections (Pier- 190

czyński and Skowron, 2022; Suzuki and Vollen, 2024), or 191

somewhat mysterious [because it] is extremely simple”. Our results
demystify the performance of the dynamics, by showing that it is
equivalent to mirror descent, but on a different convex program.
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divisible participatory budgeting (Fain et al., 2016; Aziz and192

Shah, 2021). These works have mostly not considered Lindahl193

equilibrium, since there was no known way of computing one.194

Discrete models In discrete models, the public goods can195

either be fully funded or not at all. This model captures the196

way many cities run their participatory budgets, and has thus197

been well-studied including via core-like fairness notions such198

as EJR (Rey and Maly, 2023; Peters et al., 2021a), that were199

developed in the large literature on approval-based commit-200

tee elections (Lackner and Skowron, 2023; Aziz et al., 2017;201

Peters, 2025). There also exist proposals for definitions of202

Lindahl equilibrium for discrete models (Peters et al., 2021b;203

Munagala et al., 2022a).204

Computation In the uncapped setting, the maximum Nash205

welfare solution (and thus Lindahl equilibrium) can be effi-206

ciently computed via an Eisenberg–Gale-style convex program.207

This program has a simple structure (maximizing a natural208

objective function over the standard simplex), and Zhao (2023)209

has cataloged its appearance in many unrelated areas, includ-210

ing portfolio selection for maximizing log investment returns211

(Cover, 1984), information theory (Csiszár, 1974) and statis-212

tics (Vardi and Lee, 1993), and in medical imaging for positron213

emission tomography (Vardi et al., 1985). Cover (1984) pro-214

posed a dynamics converging to the optimal solution of this215

program. Convergence proofs were also given by Csiszár216

(1984) and Brandl et al. (2022). Later, Zhao (2023) obtained217

a convergence rate of log(nm)/t for this dynamics. This is218

the same rate that we establish, though his approach does not219

connect the dynamics to mirror descent. In the capped setting,220

very little was known about computation, except for a heuristic221

algorithm proposed by Fain et al. (2016).222

2 Setup223

Most proofs are omitted due to space constraints. They can be224

found in the arXiv version at https://arxiv.org/abs/2503.16414.225

Let M be a set of m public goods, which we sometimes226

refer to as projects. We have an overall budget B > 0 that227

we can spend on the public goods. Let N = {1, . . . , n} be a228

set of n agents. Each agent i ∈ N has an individual budget229

Bi > 0 representing i’s weight or endowment. These sum230

to the overall budget,
∑

i∈N Bi = B. In many applications,231

the entitlements are equal: Bi = B/n. Each agent i has a232

valuation vij ⩾ 0 for each public good j ∈ M . We write233

vi = (vij)j∈M for the vector of i’s valuations. The utility of234

an agent i ∈ N for an outcome x ∈ Rm
⩾0 is ui(x) = ⟨vi, x⟩ =235 ∑

j∈M vijxj . Thus, we use separable linear utilities. We write236

Mi = {j ∈ M : vij > 0} for the projects that agent i ∈ N237

likes, and we write Nj = {i ∈ N : vij > 0} for the agents238

that support project j ∈ M .239

In the uncapped public goods setting, an allocation is a240

vector x = (xj)j∈M with xj ⩾ 0 for all j ∈ M and241 ∑
j∈M xj ⩽ B. Here, xj denotes the total spending on project242

b. In this definition, the public goods have no upper bound on243

how much of them we can spend on them, so in principle the244

entire budget B could be spent on a single good.245

In the capped public goods setting, we add the additional246

constraint that each good j ∈ M has a maximum amount247

capj > 0 that can be spent on it. Thus, in this setting, an 248

allocation is a vector x = (xj)j∈M with 0 ⩽ xj ⩽ capj for all 249

j ∈ M and
∑

j∈M xj ⩽ B. We assume that
∑

j∈M capj ⩾ 250

B (if not then we simply fully fund all the goods). 251

2.1 Lindahl Equilibrium 252

Our goal is to find a Lindahl equilibrium which is known to 253

yield a fair and efficient allocation of public goods, in the 254

sense that it yields an allocation that is Pareto efficient and lies 255

in the (weak) core (Foley, 1970; Fain et al., 2016). Let p = 256

(pij)i∈N,j∈M be a collection of non-negative personalized 257

prices, with pij ⩾ 0 denoting the price that agent i needs to 258

pay per unit of project j, and pi = (pij)j∈M denoting the 259

vector of prices facing i. 260

Definition 2.1 (Lindahl Equilibrium). Let x be an allocation 261

and let p be a collection of non-negative personalized prices. 262

Then (x, p) is a Lindahl equilibrium if 263

• x is affordable: we have ⟨pi, x⟩ ⩽ Bi for every i ∈ N , 264

• x is utility-maximizing: for every i ∈ N and every y ∈ 265

Rm
⩾0 such that 0 ⩽ yj ⩽ capj for all j ∈ M and such 266

that ⟨pi, y⟩ ⩽ Bi, we have ui(x) ⩾ ui(y), 267

• x is profit-maximizing: for every j ∈ M , we have 268∑
i∈N pij ⩽ 1, and if xj > 0 then

∑
i∈N pij = 1. 269

An allocation x is a Lindahl equilibrium allocation if there 270

exist prices p such that (x, p) is a Lindahl equilibrium. 271

The distinctive property of a Lindahl equilibrium is that 272

prices are personalized, but every agent demands the exact 273

same bundle x of public goods. The interpretation of the profit 274

maximization condition is less clear. Its most important effect 275

is that it imposes some amount of efficiency: an equilibrium 276

can only spend a positive amount of budget on projects that 277

have the maximum total price. 278

Example 2.2 (Personal projects). Consider the uncapped set- 279

ting, and suppose that each agent likes exactly one project that 280

nobody else likes, so we have N = M , with vii = 1 for each 281

i ∈ N and vij = 0 for all i ̸= j. In a Lindahl equilibrium, 282

for each i ∈ N , utility maximization requires xi > 0 and that 283

the entire endowment Bi is spent on the personal project, so 284

pii = Bi/xi and pij = 0 when i ̸= j. By profit maximization, 285

since xi > 0, we get that pii = 1. Thus, Bi/xi = 1 and so 286

xi = Bi. Therefore, there is a unique Lindahl equilibrium 287

allocation x with xi = Bi for each i ∈ N . 288

Every Lindahl equilibrium (x, p) can be decomposed: For 289

each i ∈ N and j ∈ M , write 290

bij = pijxj

for the contribution of i towards j. This is a decomposition 291

of x (similar to a notion considered by Brandl et al. (2022, 292

Definition 2)) because the values (bij)ij satisfy: 293

• For each j ∈ M , we have xj =
∑

i∈N bij . 294

• For each i ∈ N , we have
∑

j∈M bij ⩽ Bi. 295

With this interpretation, we can see that pij equals the fraction 296

of spending on project j that is contributed by agent i. 297

Foley (1970) proved the existence of Lindahl equilibrium 298

using a fixed-point theorem, in a model that is more general 299
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than ours. However, his result only applies to strictly mono-300

tonic preferences, and thus only establishes existence when301

vij > 0 for all i ∈ N and j ∈ M . We will allow vij = 0.302

In the presence of zeros, it makes sense to consider Lindahl303

equilibria (x, p) that are what we call zero-respecting.304

Definition 2.3 (Zero-respecting). A Lindahl equilibrium (x, p)305

is zero-respecting if for all i ∈ N and j ∈ M , whenever306

vij = 0 and xj > 0 then pij = 0.307

This is a natural condition in view of the decomposition308

we considered above, because in a zero-respecting Lindahl309

equilibrium, an agent contributes only to projects with positive310

utility: if vij = 0 then bij = 0.311

The following example shows that not every Lindahl equi-312

librium is zero-respecting, and that zero-respecting Lindahl313

equilibria may violate Pareto efficiency.314

Example 2.4 (Lindahl equilibrium may underspend). Con-315

sider the following instance:316

Bi Project 1 Project 2

Agent 1 0.5 1 0
Agent 2 0.5 0 1

capj 0.25 ∞

317

On this instance, the unique zero-respecting Lindahl equilib-318

rium allocation is x = (0.25, 0.5). To see this, note that each319

agent will demand the project that the agent likes, no matter320

the prices. Thus x1, x2 > 0. By profit maximization and321

the zero-respecting condition, we have p11 = p22 = 1 and322

p12 = p21 = 0. Then by the affordability and utility maximiza-323

tion conditions of Lindahl equilibrium, we get x = (0.25, 0.5).324

Note that the total spending in this instance is 0.75, strictly325

less than the available budget of B = 0.5 + 0.5. In particular,326

x is Pareto-dominated by the allocation y = (0.25, 0.75).327

If we remove the zero-respecting condition, there exist other328

Lindahl equilibria. In particular, x′ = (0.25, 0.75) forms an329

equilibrium with the prices p1 = (1, 1
3 ) and p2 = (0, 2

3 ).330

Note that the formal model of Foley (1970) does not directly331

support caps, but these can be simulated ε-approximately332

through concave utility functions (Munagala et al., 2022b,333

Footnote 2). We will handle caps without approximations.334

2.2 Pareto-Optimality and the Core335

Next we discuss how the Lindahl equilibrium relates to Pareto336

optimality and the set of allocations that are in the core. In337

the uncapped setting with strictly increasing valuations, the338

relationship between these concepts is straightforward, and339

was already studied by Foley (1970). However, as we shall340

see, there is more nuance in the capped setting and in the341

presence of valuations equal to 0. We begin by introducing a342

sufficient condition that excludes examples like Theorem 2.4343

where intuitively the caps of projects that receive non-zero344

valuations are too low. We will see that under this sufficient345

condition, every zero-respecting Lindahl equilibrium spends346

the entire budget, is Pareto efficient, and lies in the core.347

For every i ∈ N , write Fi = {f ∈ N | Mi ∩Mf ̸= ∅} for348

the set of “friends” of i who agree that at least one common349

project has a positive valuation.350

Definition 2.5. An instance is cap-sufficient if we have 351∑
j∈Mi

capj ⩾
∑

f∈Fi
Bf for all i ∈ N . 352

There are many interesting settings in which instances are 353

always cap-sufficient, including: 354

• The uncapped setting where capj = +∞ for all j ∈ M . 355

• All valuations are positive: vij > 0 for all i and j. 356

• Each agent has positive utility for goods whose total cap 357

reaches the budget:
∑

j∈Mi
capj ⩾ B. 358

We will show that Lindahl equilibrium has particularly desir- 359

able properties on cap-sufficient instances. A key consequence 360

of cap-sufficiency is that every voter spends their entire budget. 361

Proposition 2.6. On a cap-sufficient instance, if (x, p) is a 362

zero-respecting Lindahl equilibrium, then for every i ∈ N , we 363

have ⟨pi, x⟩ = Bi. It follows that
∑

j∈M xj = B. 364

A major reason to be interested in Lindahl equilibrium is 365

that it always lies in the weak core, which is a fairness or 366

stability property formalizing proportional representation. 367

Definition 2.7 (Core). An allocation x is in the core if there is 368

no blocking coalition S ⊆ N and no objection z = (zj)j∈M ∈ 369

Rm
⩾0 with 0 ⩽ zj ⩽ capj for all j ∈ M , such that

∑
j∈M zj ⩽ 370∑

i∈S Bi (it can be afforded by the blocking coalition) and 371

for all i ∈ S, we have ⟨vi, z⟩ ⩾ ⟨vi, x⟩ and the inequality is 372

strict for at least one i ∈ S. It is in the weak core if there are 373

no such S and z such that ⟨vi, z⟩ > ⟨vi, x⟩ for all i ∈ S. 374

Foley (1970, Section 6) proved that Lindahl equilibrium 375

allocations are in the weak core, though his model implicitly 376

assumed cap-sufficiency. We can show the following. 377

Proposition 2.8. Let (x, p) be a Lindahl equilibrium. Then 378

x lies in the weak core. If the instance is cap-sufficient and 379

(x, p) is zero-respecting, then x lies in the core. 380

As a special case, taking S = N in Theorem 2.8, we see that 381

Lindahl equilibrium allocations are (weakly) Pareto efficient, 382

establishing a version of the First Welfare Theorem. 383

Corollary 2.9. Let (x, p) be a Lindahl equilibrium. Then x 384

is weakly Pareto optimal. If the instance is cap-sufficient and 385

(x, p) is zero-respecting, then x is Pareto optimal. 386

3 Convex Optimization Background 387

This section gives background on convex optimization and the 388

mirror descent algorithm. 389

Basic definitions. Let f : Rn → (−∞,∞] be a function. 390

We use the convention 0 log 0 = 0. We write B ·∆m = {x ∈ 391

Rm
⩾0 :

∑
j xj = B} for the scaled simplex. 392

Mirror descent. The mirror descent (MD) algorithm is a 393

first-order method for convex minimization which generalizes 394

projected gradient descent. The goal is to minimize a convex 395

function f over a convex set X via first-order updates. MD 396

relies on a Bregman divergence Dh(x∥y), which is a convex 397

function that measures the difference between x and y. The 398

function Dh is constructed from some 1-strongly convex refer- 399

ence function h as Dh(x∥y) = h(x)−h(y)−⟨∇h(y), x−y⟩. 400

For example, taking the negative entropy reference function 401

h(x) =
∑

i xi log xi, the Bregman divergence becomes the 402
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KL divergence, Dh(x∥y) =
∑

i xi log(xi/yi). The update403

rule for MD is404

xt+1 = argmin
x∈X

⟨∇f(xt), x⟩+ 1

η
Dh(x∥xt), (1)

where η > 0 is a stepsize parameter. There are a variety of405

convergence results for MD. We will be interested in the case406

where a special relationship holds between the objective f407

and the reference function h, knowns as relative smoothness.408

The function f is said to be 1-smooth relative to the reference409

function h when it holds for all x, y ∈ relintX that410

f(a) ⩽ f(b) + ⟨∇f(b), a− b⟩+Dh(a∥b).
The following theorem from Birnbaum et al. (2011) shows411

that when the reference function h is chosen such that relative412

smoothness holds, the sequence of iterates generated by mirror413

descent converges at a rate of O(1/t):414

Theorem 3.1 (Birnbaum et al., 2011, Theorem 3). Suppose415

that f is 1-smooth relative to the reference function h, and we416

run mirror descent using h as the distance-generating function.417

Let x∗ be an optimal solution. Then the sequence of iterates418

generated by mirror descent satisfies:419

f(xt)− f(x∗) ⩽
Dh(x

∗∥x0)

t

4 Uncapped Public Goods420

We begin by analyzing the uncapped setting, and begin by421

characterizing the Lindahl equilibrium prices, which will be422

helpful for understanding the convex programs we discuss.423

Note that if (x, p) is a Lindahl equilibrium, then each agent424

will only demand public goods that maximize the “bang-per-425

buck” ratio vij/pij . (When vij = 0 and xj > 0, the agent426

also demands project j but only if pij = 0. Thus, in the un-427

capped setting, every Lindahl equilibrium is zero-respecting.)428

Thus, the quantity vij/pij must be equal for all projects j429

with xj > 0 and vij > 0. Therefore, pij ∝ vij , say with430

factor of proportionality α. Because each agent spends their431

entire budget (Theorem 2.6 (i), which applies since in the un-432

capped setting Lindahl equilibrium is always zero-respecting),433

we have Bi =
∑

j∈Mi
pijxj =

∑
j∈Mi

αvijxj = α⟨vi, x⟩.434

Thus we deduce that in the uncapped setting,435

pij = Bi ·
vij

⟨vi, x⟩
for all j ∈ M with xj > 0. (2)

Now consider a project j ∈ M with xj = 0. Because i436

does not demand it, its bang-per-buck must be weakly below437

the bang-per-buck of funded projects. By (2),438

pij ⩾ Bi ·
vij

⟨vi, x⟩
for all j ∈ M with xj = 0. (3)

As we explained in Section 2.1, any Lindahl equilibrium439

can be decomposed into individual contributions bij = pijxj .440

From (2), it follows that in Lindahl equilibrium,441

bij = Bi ·
vijxj

⟨vi, x⟩
for all j ∈ M, (4)

or more simply that bij ∝ vijxj , so contributions are propor-442

tional to the utility i obtains in x from j. One can view (4)443

as a kind of fixed-point property implied by Lindahl equilib-444

rium (Guerdjikova and Nehring, 2014), and it suggests the445

proportional response dynamics that we will study later.446

4.1 Nash Welfare and the Eisenberg–Gale Program 447

In the uncapped setting (i.e. capj = +∞ for all j ∈ M ), 448

Lindahl equilibrium allocations can be nicely characterized 449

as those maximizing the Nash social welfare
∏

i ui(x) (Fain 450

et al., 2016). Such an allocation can be computed by solving 451

the following convex program: 452

max
x⩾0

∑
i∈N

Bi log ⟨vi, x⟩

s.t.
∑
j∈M

xj ⩽ B
(5)

This program is the public-goods analogue of the Eisenberg– 453

Gale convex program for computing a Fisher market equilib- 454

rium with private goods (Eisenberg and Gale, 1959; Eisenberg, 455

1961). Based on this description of the prices, we can now one 456

can analyze the KKT conditions of Program 5 to show that it 457

exactly computes Lindahl equilibrium. 458

Theorem 4.1. [Fain et al., 2016, Corollary 2.3] In the un- 459

capped setting, an allocation x is a Lindahl equilibrium allo- 460

cation if and only if it is an optimal solution to Program 5. 461

Fain et al. (2016, Theorem 2.2) also present Eisenberg– 462

Gale-style programs for computing Lindahl equilibria for 463

certain non-linear utility functions called “scalar separable 464

non-satiating” including CES and Cobb-Douglas utilities. 465

Interestingly, for Fisher market equilibrium, the Eisenberg– 466

Gale program always admits a rational solution (Devanur et al., 467

2008; Vazirani, 2012). However, this is not the case in the 468

public goods setting (Airiau et al., 2023, Theorem 5). 469

4.2 A New Convex Program 470

We will present a new convex program which also captures 471

the Lindahl equilibrium concept in the uncapped setting. As 472

we will see, this convex program will yield several useful 473

results. First, we will use it to show that the proportional 474

response dynamics for uncapped public goods can indeed be 475

interpreted as mirror descent with the entropy distance, just as 476

in the Fisher market setting. Secondly, extending this convex 477

program will allow us to give the first computational results for 478

the capped public goods setting. Our new convex program is in 479

the spirit of the Shmyrev convex program for Fisher markets 480

for private goods (Shmyrev, 1983, 2009), though there are 481

important differences. The convex program is as follows: 482

max
b⩾0,x⩾0

∑
i∈N,j∈Mi

bij log vij −
∑

i∈N,j∈Mi

bij log (bij/xj)

s.t.
∑
j∈Mi

bij = Bi, ∀i ∈ N

∑
i∈Nj

bij = xj , ∀j ∈ M

(6)

The program has two sets of variables, though one is implied 483

by the other. The xj variable has the same interpretation as 484

in Program 5: it is the amount of budget allocated to project 485

j. The bij variables can be interpreted as the share of agent 486

i’s budget Bi that they allocate towards project j. Note that 487

each xj variable is directly implied by the choice of the bij 488
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variables across agents i. We could replace each occurrence489

of it in Program 6 by
∑

i∈Nj
bij .490

While our program has some similarity to the Shmyrev491

program for private goods (Shmyrev, 2009; Birnbaum et al.,492

2011), it has the following important differences. First, the493

Shmyrev program contains variables corresponding to prices,494

which do not appear in our program. Second, the original495

primal variables xj appear directly in our program, whereas496

in Shmyrev’s program these are a non-linear function of the497

corresponding b variables. Third, we have a somewhat un-498

usual term that looks like a partially-normalized entropy in our499

objective, whereas Shmyrev’s program only requires using a500

typical negative entropy term over prices.501

4.3 Connecting the Programs via Duality502

Program 5 and Program 6 can be related to each other through503

“double duality”. This is analogous to a result for private504

goods, where the Shmyrev and the Eisenberg–Gale program505

also share a dual after reformulation (Cole et al., 2017).506

Theorem 4.2. Program 6 is the dual of the dual of the507

Eisenberg–Gale convex program for public goods, after refor-508

mulation.509

4.4 Proportional Response Dynamics510

It is known that the Lindahl equilibrium for the uncapped511

public goods setting can be computed by a simple dynamics512

(Brandl et al., 2022) which we call the proportional response513

dynamics in analogy to a similar dynamics for private-good514

Fisher markets (Wu and Zhang, 2007; Zhang, 2011). At each515

iteration t, the proportional response dynamics have some516

current budget allocation xt = (xt
1, . . . , x

t
j) summing to B.517

Let ut
i = ⟨vi, xt⟩ be the current utility of agent i under this518

allocation. Then the next budget allocation in the dynamics is519

xt+1
j =

∑
i∈N

Bi

xt
jvij

ut
i

.

This dynamics can be interpreted as each agent i independently520

deciding how they wish to allocate their share of the budget521

Bi in the next round. Specifically, agent i allocates spending522

proportional to how much utility each project provided them at523

round t. This spending allocation matches the property in (4)524

we derived earlier from the definition of Lindahl equilibrium.525

We will show that the proportional response dynamics is the526

mirror descent algorithm applied to our Program 6.527

In order to derive this relationship, we first reformulate Pro-528

gram 6 to an equivalent version: we eliminate the redundant529

xj variables, convert the problem into a minimization problem,530

and define the shorthand function xj(b) =
∑

i∈N bij . Then531

we get the following convex program:532

min
b⩾0

f(b) := −
∑

i∈N,j∈Mi

bij (log vij − log (bij/xj(b)))

s.t.
∑
j∈M

bij = Bi, ∀i ∈ N
(7)

Theorem 4.3. Assume that the PR dynamics and mirror533

descent algorithm on Program 7 are both initialized at a534

point b0 ∈ Rn×m such that b0i ∈ Bi · ∆m and xj(b
0) = 535∑

i∈N b0ij > 0 for all j ∈ M . Then the proportional response 536

dynamics are equivalent to applying the mirror descent algo- 537

rithm with the entropy reference function to Program 7. 538

Thus, the proportional response dynamics is equivalent to 539

mirror descent with unit stepsize. Next we wish to apply the 540

convergence-rate result from Theorem 3.1. Thus, we need to 541

show that the objective in Program 7 is 1-smooth relative to 542

the entropy reference function. 543

Lemma 4.4. The function f is 1-smooth relative to the ref- 544

erence function h(b) =
∑

i∈N,j∈M bij log bij , i.e., for all 545

a, b ∈ Rn×m
>0 such that ai ∈ Bi ·∆m, bi ∈ Bi ·∆m we have 546

f(a) ⩽ f(b) + ⟨∇f(b), a− b⟩+Dh(a∥b)

Now we can combine Theorem 4.4 with Theorem 3.1 to 547

get a Dh(b
∗∥b0)/t rate of convergence for the proportional 548

response dynamics. If we start the dynamics at the uniform 549

allocation b0ij = Bi/m, we can upper bound the Bregman 550

divergence Dh(b
∗∥b0) as follows: 551

Dh(b
∗∥b0) = h(b∗)− h(b0) ⩽ −h(b0)

= −
∑

i∈N,j∈Mi

Bi

m log(Bi/m) =
∑
i∈N

Bi log(m/Bi).

Combining this with Theorem 3.1 and Theorem 4.4, we get 552

a
∑

i∈N Bi log(m/Bi)

t rate of convergence for the proportional 553

response dynamics. Suppose for simplicity that B = 1 and 554

Bi = 1/n, then we get that proportional response dynamics 555

converges at a rate of log(nm)
t . 556

The same convergence rate was recently independently ob- 557

tained by Zhao (2023), after it had been an open question for 558

almost fifty years. Zhao (2023) derived this rate directly. Our 559

result gives a deeper explanation of the performance of the pro- 560

portional response dynamics: it is equivalent to mirror descent 561

with the entropy reference function applied to Program 6. 562

5 Capped Public Goods 563

Next we study the capped public goods setting, where we have 564

a constraint xj ⩽ capj for each good j ∈ M . One may naı̈vely 565

attempt to add this constraint to Program 5 maximizing Nash 566

welfare, but this does not lead to a Lindahl equilibrium and 567

not even to a core solution (Suzuki and Vollen, 2024, Prop. 568

4.1), though it does produce an allocation that satisfies the 569

2-approximate core (Munagala et al., 2022b, Cor. 3.5). Garg 570

et al. (2021, Comment A.1) also noted that Nash does not 571

extend to capped settings, writing that Lindahl equilibrium 572

“does not transform into a Fisher market”. 573

5.1 Adapting the Convex Program 574

We will show in this section that Program 6 can be used to 575

compute a Lindahl equilibrium in the capped public goods 576

setting through a simple modification: we simply add a con- 577

straint xj ⩽ capj for all j ∈ M . Surprisingly, we will show 578

that this works, even though the exact same constraint does not 579

work for the original EG program (Program 5) for maximizing 580

Nash welfare. Thus, we obtain the first efficient algorithm for 581
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capped public goods, thereby resolving an open problem first582

posed by Fain et al. (2016).583

Our modified program for capped public goods is as follows,584

where as before we write xj(b) =
∑

i∈N bij as a shorthand:585

max
b⩾0

∑
i∈N,j∈Mi

bij (log vij − log(bij/xj(b)))

s.t.
∑
j∈Mi

bij ⩽ Bi for all i ∈ N

xj(b) ⩽ capj for all j ∈ M

(8)

5.2 The Program Computes a Lindahl Equilibrium586

We can prove that Program 8 computes a zero-respecting587

Lindahl equilibrium. This in particular proves the existence588

of such an equilibrium, which does not quite follow from the589

existence result of Foley (1970), since his model does not590

allow for caps and does not allow for valuations equal to 0591

(since it assumes strictly monotonic valuations).592

Our proof proceeds by analyzing KKT condition applied593

to Program 8. We will require that all valuations have been594

rescaled such that vij > 1 for all vij ̸= 0, to ensure that595

the coefficients log vij in the objective function are positive.596

Rescaling is without loss of generality, since the Lindahl equi-597

librium is invariant to scaling valuations by a positive constant.598

A similar normalization is used by Brandl et al. (2022).599

Theorem 5.1. Assume that valuations are rescaled such that600

vij > 1 for all vij ̸= 0. Let x∗ be an optimal solution to601

Program 8. Then there exist zero-respecting prices p such602

that (x∗, p) forms a Lindahl equilibrium for the capped public603

goods setting.604

5.3 Discussion of the Convex Program605

Comparison to Fisher markets. It is interesting to contrast606

our program with the Fisher market setting with private goods.607

There, the Eisenberg–Gale program also does not allow the608

introduction of saturating constraints on the primal variables609

(which correspond to a maximum amount of a good that an610

agent may receive). Yet it is not possible to add such con-611

straints to the Shmyrev program for Fisher markets either,612

because that program does not contain the original primal vari-613

ables encoding the allocation (in contrast to our public-goods614

program). Instead, the allocation is obtained through a non-615

linear function of the optimization variables in the Shmyrev616

program. Thus, Program 6 allows for a type of saturating con-617

sumption constraint that has previously never been possible618

for either private or public goods.619

Not all Lindahl equilibria are optimal solutions. In the620

uncapped setting, every Lindahl equilibrium forms an opti-621

mum of both Program 6 and the Eisenberg–Gale program.622

As the following example shows, this is not the case for the623

capped setting, where Program 8 captures only a strict subset624

of Lindahl equilibria. The example also shows that Lindahl625

equilibria are not unique in utilities.626

Example 5.2 (Lindahl equilibrium is not unique in utilities).627

Consider the following instance:628

0

200

400

600

800s

0 10 20 30 40 50 60 70 80 90 100 110 120 130

Number of projectsNumber of projectsNumber of projectsNumber of projectsNumber of projectsNumber of projectsNumber of projectsNumber of projectsNumber of projects

Solve timeSolve timeSolve timeSolve timeSolve timeSolve timeSolve timeSolve timeSolve time

Figure 1: Results of our experiments on Pabulib instances, showing
the solve time of the MOSEK solver as a function of the number of
projects in the instance. The largest instances are from Warsaw and
Amsterdam.

Bi Project 1 Project 2 Project 3

Agent 1 1 1 1 0
Agent 2 1 1 0 1

capj 1 ∞ ∞

629

This instance is cap-sufficient, as each agent has a positive 630

valuation for an uncapped project. Let us determine the set 631

of zero-respecting Lindahl equilibria (x, p). By Theorem 2.9, 632

x is Pareto-optimal, and therefore x1 = 1 and x2 + x3 = 633

1. For each γ ∈ [0, 1], one can check that x = (1, 1 − 634

γ, γ) forms a Lindahl equilibrium together with the prices 635

p1 = (γ, 1, 0) and p2 = (1 − γ, 0, 1). Thus, in the capped 636

setting, Lindahl equilibria are not unique in utilities: in the 637

equilibrium allocation (1, 1, 0), agent 1 obtains utility 2, but 638

in (1, 0, 1), agent 1 obtains utility 1. 639

Note that the allocation x∗ = (1, 1
2 ,

1
2 ) is the unique allo- 640

cation that is intuitively fair and respects the symmetry of the 641

instance, but this allocation is not the only Lindahl equilibrium. 642

However, Program 8 uniquely selects x∗, since on this instance 643

its objective function simplifies to −b11 log b11 − b21 log b21, 644

maximized by b11 = b21 = 0.5. 645

5.4 Computation and Experiments 646

Let us briefly discuss how to solve Program 8. Numeri- 647

cally, the program can be solved using any conic convex 648

optimization solver supporting exponential cones, such as 649

MOSEK, COPT, Clarabel, ECOS, or SCS. We built a sim- 650

ple online tool for solving moderate-size instances with the 651

SCS solver (O’Donoghue et al., 2016), available at dominik- 652

peters.de/demos/lindahl/. From a complexity-theoretic per- 653

spective, an ε-optimal solution to Program 8 can be computed 654

in polynomial time using the ellipsoid method (see, e.g., Vish- 655

noi, 2021, Theorem 13.1). 656

To evaluate the performance of computing Lindahl equilib- 657

rium via Program 8, we implemented it using the MOSEK 658

solver and applied it to the participatory budgeting datasets 659

in the Pabulib repository (Faliszewski et al., 2023). We find 660

that the program can be solved quite quickly, with solve times 661

shown in Section 5.4. The longest solve time we encountered 662

was 822s (or 1489s including the time to write down the en- 663

coding) for an instance from Warsaw with 14 897 voters (with 664

11 426 distinct approval sets) and 134 projects. 665
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6 Conclusion666

We have developed a new class of convex programs that can667

be used to efficiently compute Lindahl equilibria both in the668

uncapped and the capped setting. These new programs open669

up many opportunities for future research.670

In the uncapped setting, our new program might lead to671

new proofs of known results for the well-studied maximum672

Nash welfare rule. This might include the result about par-673

ticipation incentives of Brandl et al. (2022) or the axiomatic674

characterization of Guerdjikova and Nehring (2014). Perhaps675

our program could also shed light on the other uses of the676

Eisenberg–Gale program across statistics, information theory,677

and medical imaging, as discussed in Section 1.2. For the678

capped setting, our computability result has implications for679

the discrete public goods model, because it allows the efficient680

implementation of the 9.27-approximation to the core obtained681

by Munagala et al. (2022b), rather than having to rely on their682

67.37-approximation. Munagala et al. (2022b) used Lindahl683

equilibrium as a black box to obtain their approximation result;684

reasoning about the structure of our convex program might685

lead to even better bounds.686

Since our focus has been on computational questions, we687

have not considered strategic aspects. Lindahl equilibrium is688

well-known to have high informational requirements, and in689

particular we need to know the truthful valuations of the agents690

to compute it. Interpreted as a decision rule (Gul and Pesendor-691

fer, 2020), Lindahl equilibrium is not strategyproof and can692

be manipulated both in a free-riding sense (Brandl et al., 2021,693

Section 5.3), and in some paradoxical ways (Aziz et al., 2020,694

Theorem 3(ii)), even in the uncapped setting. Manipulability695

is unavoidable if one desires a Pareto-efficient and core-stable696

solution, both in the uncapped setting (Brandl et al., 2021,697

Theorem 2 and Theorem 3) and in the capped setting (Bei698

et al., 2024, Theorem 6.2). These impossibilities apply even699

for approval (0/1) preferences. For more general linear util-700

ities, strategyproofness is only attainable by dictatorial-type701

rules (Hylland, 1980), even in the uncapped setting.702

We leave several interesting technical questions open. Is the703

optimum of our program unique in utilities? This is known to704

be true for the uncapped setting, by strict convexity (in utilities)705

of the Eisenberg–Gale program. Can we develop first-order706

methods for the capped settings, or derive a natural dynamics707

converging to an equilibrium? Applying mirror descent to our708

program does not appear to lead to a nice closed-form update709

like in the uncapped setting. Finally, can the cap constraint be710

generalized? For example, one could apply cap constraints on711

the total spending of sets of public goods. This would allow us712

to model multi-issue and multi-round decision making settings713

(see, e.g., Banerjee et al., 2023, Section 5). It would also allow714

us to embed private goods in the model (as in Conitzer et al.,715

2017), and potentially connect the notions of Fisher market716

equilibrium and Lindahl equilibrium.717
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Grzegorz Pierczyński and Piotr Skowron. 2022. Core- 972

stable committees under restricted domains. In Proceed- 973

ings of the 18th International Conference on Web and 974

Internet Economics (WINE). 311–329. doi:10.1007/ 975

978-3-031-22832-2 18 [→ p. 2] 976

Simon Rey and Jan Maly. 2023. The (computational) so- 977

cial choice take on indivisible participatory budgeting. 978

arXiv:2303.00621 [cs.GT] https://arxiv.org/abs/2303.00621 979

[→ p. 1, 3] 980

Ralph Tyrell Rockafellar. 1970. Convex Analysis. Princeton 981

Mathematical Series, Vol. 28. Princeton University Press. 982

doi:10.1515/9781400873173 [→ p. ] 983

Andrzej Ruszczynski. 2011. Nonlinear Optimization. Prince- 984

ton University Press. doi:10.2307/j.ctvcm4hcj [→ p. ] 985

Paul A. Samuelson. 1954. The pure theory of public expendi- 986

ture. The Review of Economics and Statistics 36, 4 (1954), 987

387–389. doi:10.2307/1925895 [→ p. 1] 988

Vadim I Shmyrev. 1983. On an approach to the determination 989

of equilibrium in elementary exchange models. In Doklady 990

Akademii Nauk SSSR, Vol. 268:5. 1062–1066. https://www. 991

mathnet.ru/eng/dan10141 (In Russian). [→ p. 2, 5] 992

10

https://dominik-peters.de/archive/hiriarturruty1982.pdf
https://dominik-peters.de/archive/hiriarturruty1982.pdf
https://dominik-peters.de/archive/hiriarturruty1982.pdf
https://www.sv.uio.no/econ/personer/vit/aanundh/upubliserte-artikler-og-notater/Strategy%20Proofness%5B1%5D.pdf
https://www.sv.uio.no/econ/personer/vit/aanundh/upubliserte-artikler-og-notater/Strategy%20Proofness%5B1%5D.pdf
https://www.sv.uio.no/econ/personer/vit/aanundh/upubliserte-artikler-og-notater/Strategy%20Proofness%5B1%5D.pdf
https://www.sv.uio.no/econ/personer/vit/aanundh/upubliserte-artikler-og-notater/Strategy%20Proofness%5B1%5D.pdf
https://www.sv.uio.no/econ/personer/vit/aanundh/upubliserte-artikler-og-notater/Strategy%20Proofness%5B1%5D.pdf
https://doi.org/10.1145/3357713.3384238
https://doi.org/10.1145/3357713.3384238
https://doi.org/10.1145/3357713.3384238
https://doi.org/10.1016/0022-0531(77)90001-1
https://doi.org/10.1016/0022-0531(77)90001-1
https://doi.org/10.1016/0022-0531(77)90001-1
https://openreview.net/forum?id=KsLX5pFpOs
https://openreview.net/forum?id=KsLX5pFpOs
https://openreview.net/forum?id=KsLX5pFpOs
https://doi.org/10.1007/978-3-031-09016-5
https://doi.org/10.1007/978-3-031-09016-5
https://doi.org/10.1007/978-3-031-09016-5
https://doi.org/10.1007/978-1-349-23426-4_11
https://doi.org/10.1007/978-1-349-23426-4_11
https://doi.org/10.1007/978-1-349-23426-4_11
https://doi.org/10.1016/0022-0531(89)90019-7
https://doi.org/10.1016/0022-0531(89)90019-7
https://doi.org/10.1016/0022-0531(89)90019-7
https://doi.org/10.1609/aaai.v34i02.5594
https://doi.org/10.1609/aaai.v34i02.5594
https://doi.org/10.1609/aaai.v34i02.5594
https://doi.org/10.1007/978-3-540-32223-8
https://doi.org/10.1007/978-3-540-32223-8
https://doi.org/10.1007/978-3-540-32223-8
https://doi.org/10.7551/mitpress/2954.001.0001
https://doi.org/10.1007/978-3-031-22832-2_17
https://doi.org/10.1007/978-3-031-22832-2_17
https://doi.org/10.1007/978-3-031-22832-2_17
https://doi.org/10.1137/1.9781611977073.89
https://doi.org/10.1137/1.9781611977073.89
https://doi.org/10.1137/1.9781611977073.89
https://doi.org/10.2307/1907266
http://stanford.edu/~boyd/papers/scs.html
https://doi.org/10.1007/978-3-030-18050-8_53
https://doi.org/10.1609/aaai.v35i6.16710
https://doi.org/10.1609/aaai.v35i6.16710
https://doi.org/10.1609/aaai.v35i6.16710
https://proceedings.neurips.cc/paper_files/paper/2021/file/69f8ea31de0c00502b2ae571fbab1f95-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2021/file/69f8ea31de0c00502b2ae571fbab1f95-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2021/file/69f8ea31de0c00502b2ae571fbab1f95-Paper.pdf
https://doi.org/10.1007/978-3-031-22832-2_18
https://doi.org/10.1007/978-3-031-22832-2_18
https://doi.org/10.1007/978-3-031-22832-2_18
https://arxiv.org/abs/2303.00621
https://doi.org/10.1515/9781400873173
https://doi.org/10.2307/j.ctvcm4hcj
https://doi.org/10.2307/1925895
https://www.mathnet.ru/eng/dan10141
https://www.mathnet.ru/eng/dan10141
https://www.mathnet.ru/eng/dan10141


Vadim I. Shmyrev. 2009. An algorithm for finding equilibrium993

in the linear exchange model with fixed budgets. Journal994

of Applied and Industrial Mathematics 3, 4 (2009), 505.995

doi:10.1134/S1990478909040097 [→ p. 2, 5, 6]996

Jean-Jacques Strodiot, V. Hien Nguyen, and Norbert997

Heukemes. 1983. ε-optimal solutions in nondifferentiable998

convex programming and some related questions. Mathe-999

matical Programming 25 (1983), 307–328. doi:10.1007/1000

BF02594782 [→ p. ]1001

Mashbat Suzuki and Jeremy Vollen. 2024. Maximum flow1002

is fair: A network flow approach to committee voting. In1003

Proceedings of the 25th ACM Conference on Economics1004

and Computation (EC). 964–983. doi:10.1145/3670865.1005

3673603 [→ p. 1, 2, 6]1006

Anne van den Nouweland. 2015. Lindahl and equilibrium.1007

In Individual and Collective Choice and Social Welfare:1008

Essays in Honor of Nick Baigent, Constanze Binder, Giulio1009

Codognato, Miriam Teschl, and Yongsheng Xu (Eds.).1010

Springer, 335–362. doi:10.1007/978-3-662-46439-7 181011

[→ p. 2]1012

Yehuda Vardi and D. Lee. 1993. From image deblurring1013

to optimal investments: Maximum likelihood solutions for1014

positive linear inverse problems. Journal of the Royal Statis-1015

tical Society Series B: Statistical Methodology 55, 3 (1993),1016

569–598. doi:10.1111/j.2517-6161.1993.tb01925.x [→ p.1017

3]1018

Yehuda Vardi, Larry A Shepp, and Linda Kaufman. 1985. A1019

statistical model for positron emission tomography. Journal1020

of the American statistical Association 80, 389 (1985), 8–20.1021

doi:10.1080/01621459.1985.10477119 [→ p. 3]1022

Vijay V. Vazirani. 2012. The notion of a rational convex1023

program, and an algorithm for the Arrow-Debreu Nash1024

bargaining game. Journal of the ACM (JACM) 59, 2 (2012),1025

1–36. doi:10.1145/2160158.2160160 [→ p. 5]1026

Vijay V. Vazirani and Mihalis Yannakakis. 2011. Market1027

equilibrium under separable, piecewise-linear, concave util-1028

ities. Journal of the ACM (JACM) 58, 3 (2011), 1–25.1029

doi:10.1145/1970392.1970394 [→ p. ]1030

Nisheeth K. Vishnoi. 2021. Algorithms for Convex Op-1031

timization. Cambridge University Press. doi:10.1017/1032

9781108699211 https://convex-optimization.github.io/. [→1033

p. 7]1034

Fang Wu and Li Zhang. 2007. Proportional response dynamics1035

leads to market equilibrium. In Proceedings of the 39th1036

Annual ACM Symposium on Theory of Computing (STOC).1037

354–363. doi:10.1145/1250790.1250844 [→ p. 2, 6]1038

Li Zhang. 2011. Proportional response dynamics in the Fisher1039

market. Theoretical Computer Science 412, 24 (2011),1040

2691–2698. doi:10.1016/j.tcs.2010.06.021 [→ p. 2, 6]1041

Renbo Zhao. 2023. Convergence rate analysis of the multi-1042

plicative gradient method for PET-type problems. Opera-1043

tions Research Letters 51, 1 (2023), 26–32. doi:10.1016/j.1044

orl.2022.11.010 [→ p. 2, 3, 6]1045

Renbo Zhao and Robert M. Freund. 2023. Analysis of the1046

Frank–Wolfe method for convex composite optimization1047

involving a logarithmically-homogeneous barrier. Mathe- 1048

matical Programming 199, 1 (2023), 123–163. doi:10.1007/ 1049

s10107-022-01820-9 [→ p. ] 1050

11

https://doi.org/10.1134/S1990478909040097
https://doi.org/10.1007/BF02594782
https://doi.org/10.1007/BF02594782
https://doi.org/10.1007/BF02594782
https://doi.org/10.1145/3670865.3673603
https://doi.org/10.1145/3670865.3673603
https://doi.org/10.1145/3670865.3673603
https://doi.org/10.1007/978-3-662-46439-7_18
https://doi.org/10.1111/j.2517-6161.1993.tb01925.x
https://doi.org/10.1080/01621459.1985.10477119
https://doi.org/10.1145/2160158.2160160
https://doi.org/10.1145/1970392.1970394
https://doi.org/10.1017/9781108699211
https://doi.org/10.1017/9781108699211
https://doi.org/10.1017/9781108699211
https://convex-optimization.github.io/
https://doi.org/10.1145/1250790.1250844
https://doi.org/10.1016/j.tcs.2010.06.021
https://doi.org/10.1016/j.orl.2022.11.010
https://doi.org/10.1016/j.orl.2022.11.010
https://doi.org/10.1016/j.orl.2022.11.010
https://doi.org/10.1007/s10107-022-01820-9
https://doi.org/10.1007/s10107-022-01820-9
https://doi.org/10.1007/s10107-022-01820-9

	Introduction
	Contributions
	Related Work

	Setup
	Lindahl Equilibrium
	Pareto-Optimality and the Core

	Convex Optimization Background
	Uncapped Public Goods
	Nash Welfare and the Eisenberg–Gale Program
	A New Convex Program
	Connecting the Programs via Duality
	Proportional Response Dynamics

	Capped Public Goods
	Adapting the Convex Program
	The Program Computes a Lindahl Equilibrium
	Discussion of the Convex Program
	Computation and Experiments

	Conclusion

