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ABSTRACT

In mixed graphs, there are both directed and bidirected edges. An extension of
acyclicity to this mixed-graph setting is known as maximally ancestral graphs.
This extension is of considerable interest in causal learning in the presence of
confounders. There, directed edges represent a clear direction of causality, while
bidirected edges represent confounding. We propose a branch-and-cut algorithm
for learning maximally ancestral graphs. The algorithm produces more accu-
rate results than state-of-the-art methods, while being faster to run on small and
medium-sized synthetic instances.

1 INTRODUCTION

As one transitions from statistical to causal learning Schölkopf & von Kügelgen (2022), one is seek-
ing the most appropriate causal model. Dynamic Bayesian networks (DBN) Dean & Kanazawa
(1989); Murphy (2002) are a popular model, where a weighted directed acyclic graph represents
causal relationships. The vertices represent stochastic processes, and weighted, oriented edges sug-
gest the strength of the causal relationships. The key challenge in learning DBNs is confounding.
A DNB with autoregressive order of 0 reduces to a Bayesian network (BN) Peal (1985), and posses
another challenge during training, because cycles in the causal relationships must be excluded.

To illustrate the challenge of confounding, let us consider Simpson’s paradox. Simpson’s paradox
shows that without considering confounding factors in statistical analysis (McElreath, 2018), the di-
rection of causality can be misestimated completely. A textbook example (McElreath, 2018) comes
from the Berkeley graduate admissions Bickel et al. (1977). The data show that women find it harder
to get admitted to Berkeley graduate schools. Nevertheless, this is because women tend to apply to
departments that have lower admission rates. In this example, the choice of the graduate school
is the confounder, impacting the probability of admission. Confounding is prevalent throughout
high-dimensional statistics Lin et al. (2014); Gilad & Mizrahi-Man (2015).

Specifically, in biomedical sciences, confounders such as socio-economic status, age, or lifestyle
factors can distort the true causal relationship between treatments and outcomes Zhou et al. (2022b).
Techniques such as instrumental variables Reiersøl (1945); Imbens (2014), propensity score match-
ing Rosenbaum & Rubin (1983), and double machine learning Chernozhukov et al. (2018) have
been widely used to mitigate the effects of confounding in clinical trials and observational studies.
To mitigate confounding biases, statistical models that explicitly account for hidden confounders,
such as spectral methods and latent variable models, are often employed (Guo et al., 2022). Fur-
thermore, meta-analysis and sensitivity analysis are often used to evaluate the robustness of findings
in the presence of potential confounders, especially when combining results from multiple studies
Bühlmann (2020); Mathur & VanderWeele (2022).

In statistical theory, work Bühlmann & Geer (2011) studies confounding in detail, and many subse-
quent works develop further methods. (Lam & Yao, 2012) shows that leveraging the dominant eigen-
structure of time series may improve performance of estimation. Anchor regression, for instance,
bridges the gap between causality and robustness by addressing heterogeneity in data (Rothenhäusler
et al., 2018). Other significant contributions include spectral deconfounding (Bühlmann & Ćevid,
2020). Similarly, the invariance principle has emerged as a cornerstone of causal inference, linking
causal structure to robust statistical models (Bühlmann, 2020). Furthermore, the concept of doubly
robust inference offers an alternative framework for addressing hidden confounding factors, com-
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AbilityDepartment

AdmitGender

(a) Confounding graph

DA

DB

Gender Admit

(b) Result of ExDBN Rytir et al. (2024)

DA

DB

Gender Admit

(c) Result of ExMAG

Figure 1: Ground truth with the confounder of Department on the Berkeley graduate admission
example (left, 1a), a dynamic Bayesian network trained on the data (center, 1b), and ExMAG output
(right, 1c). While the dynamic Bayesian network suggests a causal relationship between gender
and admission, ExMAG correctly identifies the confounding with the department serving as a latent
confounder. See the supplementary material for details.

bining model robustness with efficiency in high-dimensional scenarios (Guo et al., 2022). Together,
these developments represent a significant step forward in understanding and addressing the chal-
lenges posed by complex causal systems with missing or latent variables (Wang & Zhou, 2021;
Reiser, 2020). While these methods have shown promise, they often rely on simplifying assump-
tions, such as stationarity or full observability (Bhattacharya et al., 2021).

While there is a long history of the study of confounding, as suggested above, the extensions of
DBNs to allow for confounding are rather more recent. Instead of estimating a Directed Acyclic
Graph (DAG), one could estimate a Maximal Ancestral Graph (MAG), cf. Richardson & Spirtes
(2002). MAGs allow for both direct and indirect relationships among variables modelled as directed
and bidirected edges, even in the presence of confounding factors. In particular, MAGs can represent
bidirectional relationships that DAG-based models, such as BNs and DBNs, cannot. This makes
MAGs a more powerful tool for capturing the complex dynamics of real-world causal systems.

There are only a few studies of MAG estimation Chen et al. (2021); Rantanen et al. (2021); Claassen
& Bucur (2022); Hu (2023); Hu & Evans (2024b;a); Dash et al. (2025). (Richardson, 2009; van Om-
men, 2024) are applicable to both discrete and nonparametric cases, which extend DAG to MAG or
ADMG diagrams. Factorization in MAG is not directly decomposable into individual variables and
their parent sets, as in DAGs, but must instead consider components connected by bidirected paths
(termed districts or c-components), cf. (Richardson, 2009), although Claassen & Bucur (2022) pro-
posed to use Markov equivalence classes (MEC) instead. In 2021, Chen et al. (2021) introduced
a first mixed-integer programming (MIP) formulation, but the number of variables scales with the
number of c-components, i. e., exponentially with the number of vertices in the worst case. Such
formulations are also known as extended formulations Conforti et al. (2010). The same year, Ranta-
nen et al. (2021) explored a score-based approach for directed MAG discovery, leveraging a local
score function optimized using pruning rules and dynamic programming. Additionally, Zhou et al.
(2022a) addresses exogenous covariates in causal formulation that helps explain the heterogeneity
in both sampling and causal mechanisms. Hu (2023)’s disseration presented an extension of the im-
sets of Studeny (2006) from directed acyclic graphs (DAGs) to towards MAGs Hu & Evans (2024b),
which allows for the use of the methods of Studený, and a score-based heuristic Hu & Evans (2024a).
More recently, paper Dash et al. (2025) enhanced the scalability of methods of Chen et al. (2021) by
utilizing linear programming (LP) relaxations instead of solving the MIP.

Our approach proposes a formulation of MAG estimation within Mixed-Integer Nonlinear Program-
ming (MINLP) in a dimension polynomial in the number of vertices, focusing on latent confounding
specifically. From the exponential set of constraints enforcing acyclicity, only those violated by a
solution are iteratively added to the program in a lazy manner. In contrast, the so-called extended
formulations of Chen et al. (2021); Dash et al. (2025) have the dimension exponential in the number
of vertices. While both the extended formulation of Chen et al. (2021) and ours ensure that con-
founding factors are properly accounted for and the true underlying data-generating process is better
represented by the model, our implementation scales further, from 4-5 stochastic processes in the
extended formulation of Chen et al. (2021) to 25 or more stochastic processes with the proposed
compact formulation.
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1.1 MOTIVATING EXAMPLE

Let us revisit the Berkeley graduate admission paradox example. As in most paradoxes, there is no
violation of logic in Simpson’s paradox, just a violation of intuition. In this case, the intuition is
that a positive association in the entire population should also hold within each department. Overall,
females in these data did have a harder time getting admitted to graduate school. But that arose,
because female applicants chose the departments that were the most difficult to gain admission to
for anyone, male or female. In this example, gender influences the choice of department, and the
department influences the chance of admission. Controlling for department reveals a more plausible
direct causal influence of gender, as illustrated in Fig. 1a. Our method, ExMAG, is able to reveal
the confounders in this Berkeley graduate admission example, as illustrated in the notebook in the
supplementary materials and Fig. 1.

2 GRAPHS AND PROPERTIES

A DAG is a directed graph G = (V, E) such that there are no directed cycles. That is, there is no
sequence of distinct vertices v1, v2, . . . , vk ∈ V such that (vi, vi+1) ∈ E for all 1 ≤ i ≤ k − 1
and (vk, v1) ∈ E . Maximal ancestral graphs (MAGs), introduced by Richardson & Spirtes (2002),
provide a framework for modeling distributions through conditional independence relations. Com-
pared with directed acyclic graphs (DAGs), MAGs allow for latent confounders, accommodating
data that arise from distributions with more complex independence structures and revealing hidden
states in the graphs. While DAGs allow for the efficient computation of maximum likelihood esti-
mates (MLEs) and scoring (e.g., via BIC), these properties are challenging to extend to MAG due to
their structural and computational complexity (Hu & Evans, 2020).

ADMG Mixed graphs feature two types of edges: directed (→) and bidirected (↔). Mixed graph
G thus consists of a vertex set V , a set of directed edges E and bidirected edges B, where E are
ordered pairs of vertices, while B are unordered 2-element subsets of distinct vertices. For a directed
edge in E connecting vertices v and w, we say these two vertices are the endpoints of the edge and
the two vertices are adjacent (otherwise they are non-adjacent). For a vertex v in V , we define the
parents, spouses, and ancestors of v, respectively as:

paG(v) = {w : w → v in G}, anG(v) = {w : w → · · · → v in G or w = v},
spG(v) = {w : w ↔ v in G}.

As in a DAG, a mixed graph G is acyclic if it contains no directed cycles in E , i.e., an acyclic directed
mixed graph (ADMG) Hu (2023).

A directed mixed graph G is called an ancestral ADMG if the following condition holds for all pairs
of nodes v and w in G:

If v ̸= w and v ∈ anG(w) ∪ spG(w), then w /∈ anG(v),

which is written as, G is an ancestral ADMG if it contains no directed cycles (v → u → . . . →
w → v) or almost directed cycles Chen et al. (2021); Hu (2023). In an ADMG, an almost directed
cycle is of the form v → u → . . . → w ↔ v; in other words, {v, w} ∈ U is a bidirected edge, and
v ∈ anG(w) Chen et al. (2021).

Inducing Paths An inducing path from variable X to variable Y in a directed graph G = (V, E) is
a path P = (X = v0, v1, . . . , vn = Y ) such that for all intermediate nodes vi (where 1 ≤ i ≤ n−1),
vi ∈ Z, where Z is the conditioning set. If the path is blocked by conditioning on Z, then it is an
inducing path.

A node u on a non-overlapping path is called a collider if it is contained in an non-overlapping
subpath (w, u, v) with two arrowheads into u. In mathematical form, a collider is represented as

colliderG(u) = {u : ∃w, v : w → u← v ∨ w ↔ u← v ∨ w → u↔ v ∨ w ↔ u↔ v } .

m-separation Graphs encode conditional independence via separation criteria. For acyclic di-
rected mixed graphs (ADMGs), m-separation generalizes d-separation to handle bidirected edges.
A path between nodes a and b is m-connecting given a conditioning set C ⊆ V if: (i) a and b are the
endpoints; (ii) all non-colliders are not in C; and (iii) all colliders are in anG(C). Nodes a and b are
m-separated given C if no such path exists.
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Maximal Ancestral Graph An ADMG G is called a maximal ancestral graph (MAG) if:

(i) For every pair of nonadjacent vertices a and b, there exists some set C such that a, b are
m-separated given C in G (Maximality);

(ii) For every v ∈ V , sibG(v) ∩ ancG(v) = ∅ (Ancestrality).

where sibG(v) = {u ∈ V | ∃w ∈ V : w → v, w → u, u ̸→ v, v ̸→ u}. We refer to Hu (2023) for
multiple examples.

3 STRUCTURAL EQUATION MODEL WITH LATENT CONFOUNDERS

Recent works on high-dimensional confounding or deconfounding clarify the connections between
distributional robustness, replicability, and causal inference (Rothenhäusler et al., 2018; Guo et al.,
2022). Distributional robustness differs significantly from traditional robust statistical methods Hu-
ber (1964); Hampel et al. (1986), which typically handle outliers in the training data, while our work
focuses on evaluating the existence of a confounding factor.

In this section, we inherit from distributional robustness and present the formulation of the under-
lying Structural Equation Model (SEM). Since we cannot observe all relevant variables, we must
deal with the situation of hidden confounding. The problem is formalized in the following form
corresponding to a SEM Bollen (1989); Pearl (2009):

X ← XWD + LWL + ϵ,

where X = (X1, . . . , Xd) is the vector of variables, L = (L1, . . . , Lp) is the vector of latent
variables, WD is a Rd×d weighted adjacency matrix of the DAG encoding the causal structure,
WL ∈ Rd×p encodes structure of latent variables, and ϵ is the noise vector.

Further, we will assume that latent confounding term LWL has been absorbed into the error term ϵ.

X ← XWD + ϵ.

The covariance matrix B = E[ϵϵT ] will represent the hidden confounders.

If each ϵi is Gaussian, then the resulting distribution p(X) is multivariate normal with zero mean
and covariance

Σ = (I −WD)−TWB(I −WD)−1.

The cost function then becomes the error of the prediction, represented by the difference between
the sampled data X and their prediction stemming from observed variables, and influece of latent
confounders, similarly to Bhattacharya et al. (2021).

J(WD,WB) = ∥X −XWD − (X −XWD)WB∥2

3.1 CONNECTION TO CAUSALITY

The causal parameter WD and WB can be seen as minimizing the worst-case risk:

arg min
WD,WB

max
P∈P

EP

[
(X −XWD − (X −XWD)WB)

2
]
,

where P is a class of distributions containing perturbations of the original distribution, including
confoundings. Class P , therefore, guides the overall structure of the MIQP formulation. This mod-
eling highlights the inherent connection between causality and distributional robustness (Dawid &
Didelez, 2010; Peters et al., 2016; Rojas-Carulla et al., 2018).

Now we denote by X the data matrix. Let X ∈ Rn×d be a n × d matrix with data samples. Then
under assumption of Gaussian noise, the problem can be reformulated as

arg min
WB ,WD

J(WD,WB) (1)

4
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4 FORMULATION OF THE MIXED INTEGER QUADRATIC PROGRAM

Here, we present the formulation of the Mixed Integer Quadratic Program (MIQP) used to infer
the causal structure, with a new binary matrix B = [bj,k] ∈ {0, 1}d×d introduced to account for
relationships explained by confounding factors, alongside the weight matrix W = [wj,k] ∈ Rd×d

and binary adjacency matrix E = [ej,k] ∈ {0, 1}d×d adopted from the ExDAG model Rytı́ř et al.
(2024). Whenever entry wj,k is non-zero, either ej,k (directed edge) or bj,k is nonzero (bidirected
edge). At the same time, we extend the existing formulation by introducing an additional binary
input matrix F = [fj,k] ∈ {0, 1}d×d, where fj,k, indicating that there is no direct causal relationship
between variables j and k, but j and k might have a common cofactor. This follows from the
meaning of the edges in a MAG→ edge implies a direct causal relationship but does not rule out a
possible latent confounding,↔ means no direct causal relationship.

Formally, we define Directed Edge Matrix E as ej,k = 1 if j → k, 0 otherwise. Similarly,
Bidirected Edge Matrix B is bj,k = 1 if j ↔ k, and 0 otherwise. Lastly, the input matrix F with
pairs of variables which are known not to be in a direct cause-effect relationship, is by definition
fj,k = 1 if j ̸→ k ∧ k ̸→ j and 0 otherwise. Note that this matrix is by definition symmetric.

4.1 MILP FORMULATION

The cost function for the Mixed Integer Quadratic Program of ExMAG is the lq norm below. It has
two components - the error of prediction of Xi,j , and the regularization term. Denote

Ri,j = Xi,j −
d∑

k=0;k ̸=j

Xi,kwDk,j .

Then, the minimization problem in equation 1 corresponds to the minimization of the following cost
function

min
WD,WB ,E,B

n∑
i=1

d∑
j=1

∣∣∣∣∣∣Ri,j −
d∑

k=0;k ̸=j

Ri,kwBk,j

∣∣∣∣∣∣
q

+ λ

d∑
j=0

d∑
k=0

(ej,k + bj,k), (2)

In this formula, Xi,j represents the value of the j-th variable for the i-th data point; wDk,j represents
the weight of the directed edge from variable k to variable j; wBk,j represents the weight of the
bidirected edge from variable k to variable j; ej,k is the binary decision variable indicating the
presence of a directed edge from j to k; bj,k is the binary decision variable indicating a bidirected
edge between j and k; λ ∈ R+ is a regularization parameter controlling the model fit and the edge
penalty trade-off. The exponent q ∈ N can take values q = 1 or q = 2.

Optimization criterion in equation 2 implies that the dependencies between the variables are linear.
The first part of the criterion encodes for the actual cost as an error of the prediction, the second part
encodes for regularization, penalizing more edges with a larger λ.

As in the ExDAG Rytı́ř et al. (2024) model, the weights are bounded by introducing a large con-
stant c,which is chosen large enough to exceed the maximum weight expected in the problem being
solved. The bounding avoids bilinear terms in the cost function in equation 2 and takes the following
form:

−c · E ≤WD ≤ c · E (Weight Constraint)
−c ·B ≤WB ≤ c ·B (3)
E +B ≤ 1 (Edge Constraint)

The Edge Constraint means that there cannot be a directed as well as a bidirected edge between the
same two vertices. Additionally, we enforce that the bidirected matrix is symmetric by equation 4.
If fj,k = 1, then we know there is no direct causal relationship between j and k, and therefore,
ej,k = 0. This is formally enforced by equation 5 Inversely, fj,k = 0 implies a directed edge rather
than a bidirected edge between j and k in equation 6.

B = BT , (4)
F + E ≤ 1, (5)

B ≤ F. (6)

5
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Lastly, we must enforce conditions for directed or almost directed cycles and inducing paths. Those
conditions are enforced lazily using a separation routine explained later. Directed cycles are enforced
in a way adopted from Rytı́ř et al. (2024). Therefore, they are left out of this paper. An almost
directed cycle formed by edges in set E′ and a bidirected edge (u, v) is forbidden by the constraint

bu,v +
∑

(j,k)∈E′

ej,k ≤ |E′|. (Acyclic Constraint)

Similarly, if there is an inducing path formed by path P that contains bidirected edges, and set E′

contains all directed edges that participate in the ancestor relationship (including multiple paths)
between the inner points of the path and the terminals of P , this inducing path is forbidden by∑

(j,k)∈P

bj,k +
∑

(j,k)∈E′

ej,k ≤ |E′|+ |P | − 1. (Inducing-Paths Constraint)

Note that the second condition does not necessarily eliminate the inducing path, as the optimizer
might forbid one of the edges in E′ without influencing the ancestor relationship. This results in
path P being found in the next iteration, with a smaller set of directed edges, and the process is
repeated.

By enforcing these constraints, we ensure that the MIQP correctly models the causal relationships
between the variables while respecting the structure defined by fj,k and the potential confounding
relationships captured by bj,k.

5 SEPARATION ROUTINE FOR THE MAXIMAL ANCESTRAL GRAPHS

The main contribution of this section is the separation routine that identifies whenever a graph is an
instance of a maximal ancestral graph. To do so, we need to identify directed cycles, almost directed
cycles, and inducing paths. The presence of directed cycles can be detected in O(d2) using depth-
first-search (DFS); such an approach can be found in Rytı́ř et al. (2024). For both inducing paths
and almost directed cycles, we will use the distance matrix D constructed on the graph of directed
edges E. This distance matrix can be obtained, for example, using the Floyd-Warshall algorithm
Floyd (1962).

Having the distance matrix, to check for almost directed cycles, we can iterate over all bidirected
edges and test whether the distance between the endpoints using E is finite, i.e., we have a directed
path connected by a bidirected edge. See Algorithm 1 for details.

Algorithm 1 Function that identifies almost directed cycles.
Input: directed edges E, bidirected edges B

function ALMOST-DIRECTED-CYCLES(E, B)
D ← DISTANCE-MATRIX(E)
for all (j, k) ∈ {1, 2, . . . , d} × {1, 2, . . . , d} do

if j ̸= k & bj,k == 1 & Dj,k <∞ then
E′ = TRACE-DISTANCE-MATRIX(D,E,j,k) ▷ Finds all edges on any j to k path, see

Supl.
Found cycle formed by edges E′ and j ↔ k

In the case of inducing paths, we use a DFS starting from each vertex. Once started from vertex
s, the DFS routine checks for all possible inducing paths that terminate in s. For efficiency, a set
of all possible endpoints of the path is held. Once this set is empty, the DFS search is terminated,
and no further exploration is performed. The set is updated using the distance matrix calculated on
the directed edges. If we consider a vertex v, s must be either its ancestor (meaning that possible
endpoints for v remain unchanged) or the second inducing path endpoint is among the points that
are reachable from v (meaning that the possible endpoints for v are replaced with their intersection
with the set of all points reachable from v). See Algorithm 2 for details.

Once having the bidirected edges in the inducing paths and almost directed cycles, we need to trace
back the Floyd-Warshall distance matrix to find all directed edges that form the cycle or the ancestor

6
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Algorithm 2 Function that identifies inducing paths.
Input: directed edges E, bidirected edges B

function INDUCING-PATHS(E, B)
D ← DISTANCE-MATRIX(E)
for all s ∈ 1, 2, . . . , d do INDUCING-PATHS-DFS(D, E, B, s, s, {1, 2, . . . d}, [s])

function INDUCING-PATHS-DFS(D, E, B, s, u, possible endpoints, path)
if possible endpoints are empty then return
if LEN(path) > 2 & u in possible endpoints then FOUND-INDUCING-PATH(D,E, path)

▷ Edges participating in ancestor relation are recovered, see Suppl. mat.
for all v ∈ 1, 2, . . . , d such that eu,v = 1 do

v-endpoints← possible endpoints if Dv,s < ∞ else possible endpoints ∩{x | Dv,x <
∞}

INDUCING-PATHS-DFS(D,E,B,s,v,v-endpoints,path+v)

relationship. This is done using calls to the function TRACE-DISTANCE-MATRIX, which can be
found in the Supplementary materials.

If directed cycles, almost directed cycles, and inducing paths are found, the algorithm applies lazy
constraints in Acyclic Constraint and in Inducing-Paths Constraint. Note that removing one directed
edge between two vertices where multiple paths exist is not a necessary condition for the graph to
become a MAG; however, this procedure can be repeated iteratively. If no inducing paths or almost
directed cycles are found, we know that the program converged to the optimum, and we have a
maximal ancestral graph, which minimizes equation 2.

6 EXPERIMENTAL EVALUATION

Used Datasets We tested the ExMAG algorithm on both synthetic and real-world datasets. The
first synthetic data set is based on the Erdös-Rényi model (ER) Erdős & Rényi (1959), in which the
ground truth graph is randomly selected from all graphs with d vertices and m edges (parameter of
the experiment, for example, dataset ER-2 contains 2 edges per variable, that is, m = 2 · d). The
weights of the graph are randomly sampled from the set (−2.0,−0.5) ∪ (0.5, 2.0).

Once the ground truth model is created, the training data are generated using the structural model
equation. Then, 20% of variables are treated as latent variables and hidden from the training data.
The respective columns and rows from the ground truth weight matrix W have also been removed.
Finally, 20% of edges between variables not connected by an edge in the ground truth data are
marked in F .

The second dataset uses randomly generated bow-free (BF) graphs. A bow-free graph is a graph
such that for no pair of vertices i, j, i → j and at the same time i ↔ j. The BF graph generation
process has two parameters: the probability of a directed edge and the probability of a bidirected
edge. The generation process is as follows. First, a bow-free graph with the given edge probabilities
is generated randomly. Then the weights of the sampled graphs are randomly sampled from the set
(−2.0,−0.5) ∪ (0.5, 2.0).

The third synthetic dataset, 3BF, is a modified version of BF. We generate the ground truth graph in
the same way as in the BF dataset and then modify it. Specifically, we identify each vertex with a
degree greater than three, and randomly remove edges until the vertex has a degree of at most three.

The adjacency matrix of the directed edges defines the weights of the structural equation model.
Then the data samples are generated using the structural equation, where the noise is sampled from
a multivariate Gaussian distribution with a covariance matrix equal to the adjacency matrix of bidi-
rected edges generated in the previous step.

The fourth dataset uses real-world data from the financial sector. Paper Ballester et al. (2023) works
with systemic credit risk, one of the most important concerns within the financial system, using
dynamic Bayesian networks. The data show that transport and manufacturing companies are likely
to transfer risk to other sectors, while banks and the energy sector are likely to be influenced by the
risks from other sectors. The data from Ballester et al. (2023) contains a 10-time series capturing
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Figure 2: SHD values (in the vertical axis) for different settings of d (in the horizontal axis) and n
(horizontal choice of the graph). The plots in the vertical dimension differ according to the dataset
used. Standard deviations are depicted as the blurred regions, and dashed lines are the maximum
values. See supplementary materials for results on more datasets and error information.

Figure 3: SHD values on 3BF datasets.

the spreads of 10 European credit default swaps (CDS), and further six time series are added from
Rytı́ř et al. (2024).

We set matrix F to encode for no direct causal relationship between any two pairs of companies
from different sectors. Banks sector includes 48DGFE, 05ABBF, 8B69AP, 06DABK, EFAGG9,
2H6677, FH49GG, and 8D8575. Insurance sector includes GG6EBT, DD359M, and FF667M. And
lastly, transportation sector and manufacturing includes 0H99B7, 2H66B7, 8A87AG, NN2A8G, and
6A516F.

Evaluation Criteria Suppose that a tested algorithm produced weight matrix Ŵ . Such a matrix
can contain nearly zero weights. For such reasons, thresholding is done, keeping only edges with a
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Figure 4: Run times of the compared algorithms in seconds.

Figure 5: Heatmap of weight matrix W (left) and bidirectional weight matrix W (right) on the
financial dataset.

weight greater than or equal to δ. In cases when the ground-truth weight matrix W is known, the
best solution (in terms of structural Hamming distance, see below) is kept over those defined by
different threshold δ values. In the evaluation, we use the structural Hamming distance (SHD). This
distance is the sum of contributions over all pairs of variables in the graph. For two variables i, j, let
GT ∈ {→,←,↔, ∅} be the edge type in the ground truth graph and PR ∈ {→,←,↔, ∅} be edge
type in the predicted graph. Then the contribution of i, j pair to SHD is rij = 0 if GT = PR, 0.5
if GT ̸= PR ∧GT ̸= ∅ ∧ PR ̸= ∅, and 1 otherwise. Other measured criteria include runtime and
F1-score, i.e., the harmonic mean of precision and recall.

Experiment Setting In the experiments, we show the results of ExMAG. In the case of synthetic
datasets, we generated random graphs with the number of vertices d ∈ {5, 10, 15, 20, 25}. The
number of samples was n ∈ {20, 50, 100, 500, 1000}, and for the ground-truth graph, the edge-to-
vertex ratio was in {2, 3, 4, 5, 6, 7, 8, 9, 10, 15, 20}. All tested algorithms were run 10 times, each
time on synthetic data generated using a random generator initialized with a different seed. The
results were then averaged. We compared our method with the FCI algorithm Spirtes et al. (1995),
ip4ancadmg Chen et al. (2021), and ipbm Dash et al. (2025). We set regularization coefficient λ
to 1.0. We ran experiments on a computing cluster with AMD EPYC 7543 cpus and each job had
allocated two cores and 64GB RAM. Time limit was 900 seconds for ExMAG and 1800 seconds for
other methods. The total cpu time needed for experiments in this paper was around one month.

Experimental Results The SHD results are shown in Figures 2 and 3 and in the supplementary
materials for additional datasets. The plots show a comparison of SHD values for ExMAG on the
synthetic datasets. As can be seen, the structural Hamming distance grows with the number of
variables and decreases with the number of samples.

As we can see on Figures 2 and 3, ExMAG performs better than FCI on all scenarios. Since
both ipbm and ip4ancadmg have a preprocessing step that depends exponentially on the maximum
in-degree of the underlying ground truth graph, we tested these two algorithms only on the 3BF

9
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datasets, where the in-degree is bounded by three. We can see in Figure 3, that ExMAG also per-
forms better than ipbm and ip4ancadmg. The run times of the evaluated algorithms are shown in
Figure 4. For additional results (incl. the F1-score), please see the supplementary materials.

The results on the real-world dataset can be seen in Figure 5. Contrary to the original expectations,
the highest risk importer is company 2H66B7, which stands for Lufthansa. The second highest risk
importer is 2H6677, i.e., the Deutsche Bank, which is an expected result.

7 CONCLUSION AND LIMITATIONS

Learning of Bayesian networks has received considerable attention as a means of causal learning.
With a few exceptions, the research has not considered confounding explicitly. Our method, Ex-
MAG, estimates a maximally ancestral graph, capturing confounding and causal relationships using
bidirected and directed edges in a mixed graph. The method provides state-of-the-art statistical
performance.

As with many other methods for causal learning, the scalability of the method may leave space
for improvement. Although the branch-and-cut algorithm runs in time that is exponential in the
number of time series in the worst case, Figure 4 illustrates that our run time is lower than those
of ip4ancadmg Chen et al. (2021) and ipbm Dash et al. (2025), while improving the SHD of both
recent competitors at the same time (cf. Figure 3). One could improve upon the run-time further
by introducing additional cutting planes and more elaborate data structures for the separation of
Acyclic Constraint and Inducing-Paths Constraint, perhaps drawing inspiration from solvers (Cook
et al., 2011, e.g.) for the travelling salesman problem.

In terms of future work, exploring the predictive power of forecasting using variants of dynamical
Bayesian networks with confounding considerations seems prominent. Although it seems clear that
marginalization is hard even in dynamical Bayesian networks, and thus the computational complex-
ity may be high, but statistical performance is likely to improve, when confounding is considered.
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Pierre Bonami, Mustafa Kilinç, and Jeff Linderoth. Algorithms and software for convex mixed
integer nonlinear programs. In Mixed integer nonlinear programming, pp. 1–39. Springer, 2011.
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Bernhard Schölkopf and Julius von Kügelgen. From statistical to causal learning. In Proceedings of
the International Congress of Mathematicians, volume 1, 2022.

Peter Spirtes, Christopher Meek, and Thomas Richardson. Causal inference in the presence of
latent variables and selection bias. In Proceedings of the Eleventh Conference on Uncertainty
in Artificial Intelligence, UAI’95, pp. 499–506, San Francisco, CA, USA, August 1995. Morgan
Kaufmann Publishers Inc. ISBN 978-1-55860-385-1.

M. Studeny. Probabilistic Conditional Independence Structures. Information Science and Statis-
tics. Springer London, 2006. ISBN 9781846280832. URL https://books.google.cz/
books?id=NJ4iwCMoznIC.

Thijs van Ommen. Efficiently deciding algebraic equivalence of bow-free acyclic path dia-
grams. In The 40th Conference on Uncertainty in Artificial Intelligence, 2024. URL https:
//openreview.net/forum?id=0s7uKfEfua.

Bingling Wang and Qing Zhou. Causal network learning with non-invertible functional relation-
ships. Computational Statistics & Data Analysis, 156:107141, 2021. doi: 10.1016/j.csda.
2020.107141. URL https://www.sciencedirect.com/science/article/pii/
S0167947320302322.

Tapio Westerlund and Frank Pettersson. An extended cutting plane method for solving convex
minlp problems. Computers & Chemical Engineering, 19:131–136, 1995. ISSN 0098-1354. doi:
https://doi.org/10.1016/0098-1354(95)87027-X. URL https://www.sciencedirect.
com/science/article/pii/009813549587027X. European Symposium on Computer
Aided Process Engineering.

Fangting Zhou, Kejun He, and Yang Ni. Causal discovery with heterogeneous observational data,
2022a. URL https://arxiv.org/abs/2201.12392.

Fangting Zhou, Kejun He, and Yang Ni. Causal discovery with heterogeneous observational
data. In The 38th Conference on Uncertainty in Artificial Intelligence, 2022b. URL https:
//openreview.net/forum?id=SfMArLi9e9.

13

https://arxiv.org/abs/2410.16100
https://books.google.cz/books?id=NJ4iwCMoznIC
https://books.google.cz/books?id=NJ4iwCMoznIC
https://openreview.net/forum?id=0s7uKfEfua
https://openreview.net/forum?id=0s7uKfEfua
https://www.sciencedirect.com/science/article/pii/S0167947320302322
https://www.sciencedirect.com/science/article/pii/S0167947320302322
https://www.sciencedirect.com/science/article/pii/009813549587027X
https://www.sciencedirect.com/science/article/pii/009813549587027X
https://arxiv.org/abs/2201.12392
https://openreview.net/forum?id=SfMArLi9e9
https://openreview.net/forum?id=SfMArLi9e9


702
703
704
705
706
707
708
709
710
711
712
713
714
715
716
717
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733
734
735
736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755

Under review as a conference paper at ICLR 2026

SUPPLEMENTARY MATERIALS

A F1-SCORE RESULTS

Figure 6: F1-score (in the vertical axis) for different settings of d (in the horizontal axis) and n
(horizontal choice of the graph). The plots in the vertical dimension differ according to the dataset
used. Standard deviations are depicted as the blurred regions, and dashed lines are the minimum
values. Please note that for some of the ER plots, the graphs can be generated only for higher
numbers of variables. For example, there exists no ER-5 with d = 10, as it would need to contain
50 edges, while the maximum is 45.

14



756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779
780
781
782
783
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
800
801
802
803
804
805
806
807
808
809

Under review as a conference paper at ICLR 2026

Figure 7: F1-score comparison of all evaluated algorithms on 3BF datasets.
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B SHD RESULTS

Figure 8: SHD values (in the vertical axis) for different settings of d (in the horizontal axis) and n
(horizontal choice of the graph). The plots in the vertical dimension differ according to the dataset
used. Standard deviations are depicted as the blured regions and dashed lines are the maximum
values.
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C TABLE OF NOTATION

Table 1: A Table of Notation.

Symbol Representation
G Gender
D Department
A Admit acceptance
U potential confounder, is academic ability in this example
G Graph
V Vertex set of the graph
E Set of directed edges
B Set of bidirected edges

paG(v) Parents of vertex v in graph G
spG(v) Spouses of vertex v in graph G
anG(v) Ancestors of vertex v in graph G
disG(v) District of vertex v in graph G

colliderG(u) Collider nodes in graph G
WD Directed eight matrix
WB Bidirected eight matrix
E Directed edge matrix
B Bidirected edge matrix
F Idicates that two variables have no direct causal relationship
Xi,j Value of the j-th variable for the i-th data point
wDk,j Weight of the directed edge from variable k to variable j
wBk,j Weight of the bidirected edge from variable k to variable j
ej,k Binary variable indicating a directed edge from j to k
bj,k Binary variable indicating a bidirected edge between j and k
fj,k Binary variable indicating a existence of directed edge between j and k
dj,k Binary variable indicating a directed edge between j and k
rij Contribution of pair (i, j) to SHD
λ Regularization parameter
c Large constant for weight bounding
d Number of variables
n Number of data points
q Exponent in the cost function (q = 1 or q = 2)

GT Edge type in the ground truth graph
PR Edge type in the predicted graph
δ Threshold for edge weights
X Causal variable
ϵ Noise term
P Class of distributions
C Conditioning set
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D PSEUDOCODE

Algorithm 3 Functions that help in the separation routine.
Input: distances D defined by directed edges E, start point j, and endpoint k
Output: edges on any path from j to k

function TRACE-DISTANCE-MATRIX(D, E, j, k)
if Dj,k ==∞ then return
visited = {(j, k)}
stack = stack with (j, k)
edges = {}
while stack is not empty do

u, v ← POP(stack)
for all w ∈ 1, 2, . . . , d s t. Du,w +Dw,v <∞ do

visited← visited ∪{(u,w), (w, v)}
if Eu,w then edges← edges ∪{(u,w)}
else if Ew,v then edges← edges ∪{(w, v)}
add {(u,w), (w, v)} to stack

return edges

function FOUND-INDUCING-PATH(D,E, P )
E′ = {}
for all vertices j ∈ P and j ̸∈ {P0, P|P |} do

E′ = E′∪ TRACE-DISTANCE-MATRIX(D,E,j,P0) ∪ TRACE-DISTANCE-MATRIX(D,E,j,P|P |)
▷ Finds all edges on any j to P0 (P|P |) path

Found inducing path formed by path P and directed edges E′

E RESIDUAL ASSUMPTIONS AND STATISTICAL SIGNIFICANCE

There exists a fundamental premise in structural equation modeling that the residuals—representing
unexplained variation—are asymptotically unbiased, meaning they are independent of both observed
and latent variables, and follow a zero-mean distribution. This assumption plays a critical role in
ensuring that learned causal relationships are not distorted by hidden confounders or systematic
error. The ExMAG framework embraces this principle by design, explicitly modeling residual in-
dependence as a safeguard against spurious causal edges. Just as fairness-aware systems aim to
isolate structural patterns from social bias Barocas et al. (2019), ExMAG works to separate signal
from statistical noise. The result is a model capable of learning causal mechanisms that are not
only mathematically sound but also resilient across different subpopulations, forming a foundation
of causal inference.

Causal discovery systems, like decision-making algorithms in high-stakes domains, must operate ef-
fectively across structurally diverse populations. This paper uses real-world financial data spanning
multiple sectors—banking, insurance, manufacturing, and transportation—each exhibiting distinct
systemic exposures. These domains can be viewed as a privileged setting where data availability
and quality are high, yet subgroup heterogeneity remains significant. In such contexts, ExMAG suc-
cessfully identifies dominant risk propagation patterns, even when feature distributions vary across
industries. This mirrors broader challenges in fairness: the need to perform robustly across pop-
ulations with unequal baseline conditions Mehrabi et al. (2021). The model’s consistent recovery
of risk links—illustrated in Figure 5—not only affirms its structural fidelity but also its capacity to
generalize without group-specific tuning.

Understanding the statistical reliability of a model’s output requires more than average perfor-
mance—it demands insight into variance. To that end, the authors conduct 10 independent trials
for each configuration, reporting both mean and standard deviation for key metrics such as SHD
and F1-score. The inclusion of error bars in Figures 2 and 6 provides a visual representation of
variability, revealing not just how well the model performs, but how consistently. In contrast to
baseline methods with large fluctuations, ExMAG demonstrates narrow error margins, underscoring
its stability in the face of stochastic elements like data partitioning and initialization.
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F BRIEF INTRODUCTION TO MIXED INTEGER QUADRATIC PROGRAMMING

Let us also provide a short introduction to mixed-integer quadratic programming. An optimization
problem is called a mixed-integer quadratically constrained quadratic program (MIQCQP) if it is of
the form

min
x∈Rn

xTQx+ qTx, (7)

s.t. xTQix+ qTi x ≤ ai, (8)
Ax ≤ b, (9)

x ∈ Rn−r × Zr (10)

where Q,Qi ∈ Rn×n, q, qi ∈ Rn, A ∈ Rm×n, a ∈ Rk, b ∈ Rm and m,n, k, r ∈ N. Equation 7
is called the cost or loss function, equation 8 represents the quadratic constraints, equation 9 are the
linear constraints, and equation 10 enforces the integrality constraints for the last r components of
the vector of decision variables x.

Mixed-integer quadratic programs have been shown to be NP-hard Del Pia et al. (2014), which often
leads to an exhaustive demand for computational resources. The algorithms used to solve MIQP are
typically branch-and-bound or cutting plane Dakin (1965); Bonami et al. (2011); Westerlund &
Pettersson (1995); Kronqvist et al. (2015). Both of these algorithmic treatments are often employed
together, often with the addition of a presolving step, the use of heuristics, and parallelism. The
aforementioned allows many modern solvers to solve even large problems despite the NP-hardness.
Some of these solvers are open source (like SCIP and GLPK), and others are commercial (GUROBI
and CPLEX). The powerful infrastructure present in these solvers can be made use of together with
additional problem-specific modifications to deliver high-quality solutions.

Due to the exhaustive nature of the algorithms mentioned in the previous paragraph, global conver-
gence is guaranteed Belotti et al. (2013). Furthermore, convergence to the global solution may be
tracked and the error estimated by computing the dual problem of (7–10). The dual of the problem
is then used to compute the so-called MIP GAP as follows

MIP GAP =
|J (x∗)− Jdual (y

∗)|
|J (x∗)|

, (11)

where x∗ and y∗ are the current best solutions of the primal and dual problems, respectively, and
J and J∗ are the cost functions of the primal and dual problems, respectively. The MIP GAP
ensures that we can assess the quality of the minimization during solution time and terminate the
computation when the result is good enough (small enough MIP GAP). Furthermore, if the gap
reaches 0 at any point, we are sure that the current solution is a global optimum.

G USE OF LLMS

During writing this paper, Large Language Models were used in the following ways:

• for fixing typos in the paper and to search for alternative formulations (e.g., Grammarly,
Writeful, ChatGPT and similar);

• to search for related works (e.g., ChatGPT, Gemini used in Google search and similar);
• for generating straightforward parts of the code, especially data manipulation (IDE inte-

grated AI-based code completion, ChatGPT and similar).

The LLMs contributed below contributing level author, LLMs, however, helped the authors with
straightforward and repetitive tasks.
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