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Abstract001

Retrieval-Augmented Generation (RAG) aug-002
ments Large Language Models with external003
knowledge by retrieving relevant documents004
(Lewis et al., 2020), yet its performance is of-005
ten bottlenecked by context construction: se-006
lecting a small set of retrieved documents un-007
der a fixed token budget. Standard top-k se-008
lection is fast but frequently wastes budget on009
redundant evidence and fails to cover comple-010
mentary facts needed for multi-hop reasoning.011
We cast RAG document selection as monotone012
submodular maximization under a knapsack013
(token-budget) constraint, motivated by the014
diminishing-returns nature of information cov-015
erage (Krause and Golovin, 2014). Concretely,016
we instantiate the objective as a weighted cov-017
erage function over query-relevant concepts,018
which is provably monotone and submodu-019
lar. We then apply a standard approxima-020
tion algorithm for knapsack-constrained mono-021
tone submodular maximization, obtaining a022
(1 − 1/e) approximation guarantee for this023
surrogate objective. Experiments on Natural024
Questions, ELI5, and HotpotQA show that our025
framework, Submodular-RAG (S-RAG), im-026
proves answer quality over Top-k and MMR027
across EM, BERTScore/ROUGE, and LLM-028
as-a-judge evaluations, with particularly strong029
gains on multi-hop questions.030

1 Introduction031

Large Language Models (LLMs) have demon-032

strated remarkable capabilities, but they are con-033

strained by a training data cutoff and a fixed-size034

context window. Retrieval-Augmented Generation035

(RAG) (Lewis et al., 2020) mitigates the cutoff by036

retrieving relevant documents from an external cor-037

pus and conditioning generation on the retrieved038

context. This paradigm builds on open-domain QA039

systems that explicitly retrieve and read evidence040

(Chen et al., 2017), and has been strengthened by041

dense retrievers such as DPR (Karpukhin et al.,042

2020) and retrieval-augmented pretraining (Guu 043

et al., 2020). More recent architectures further im- 044

prove evidence aggregation from multiple passages, 045

e.g., Fusion-in-Decoder (FiD) (Izacard and Grave, 046

2021). In practice, however, RAG quality depends 047

not only on retrieval but also on which subset of 048

retrieved documents is chosen under a strict token 049

budget. 050

The prevalent strategy is to rank candidates by 051

query relevance and include the top-k documents 052

that fit the context window. Despite its simplic- 053

ity, top-k is a myopic heuristic and often yields a 054

suboptimal context for two reasons: 055

1. Redundancy. Highly ranked documents may 056

share overlapping evidence, consuming bud- 057

get without adding new information. 058

2. Insufficient coverage. A set of individually 059

relevant documents may omit complementary 060

facets required to answer the query (especially 061

for multi-hop QA). 062

Maximal Marginal Relevance (MMR) (Car- 063

bonell and Goldstein, 1998) partially addresses 064

redundancy by penalizing similarity, but it still 065

makes locally greedy choices and does not provide 066

a principled objective for selecting a portfolio of 067

documents under token costs. Meanwhile, recent 068

RAG work explores stronger retrieval–generation 069

coupling, including active retrieval (Jiang et al., 070

2023), self-reflective retrieval and critique (Asai 071

et al., 2023), and query expansion via hypotheti- 072

cal documents (HyDE) (Gao et al., 2023). Most 073

closely related to our motivation, set-wise selection 074

methods explicitly shift from ranking individual 075

passages to selecting a set of passages (Lee et al., 076

2025). However, it remains desirable to have a sim- 077

ple, interpretable objective that directly captures 078

redundancy-aware coverage under a strict budget, 079

together with a provable approximation guarantee. 080
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Our perspective. We argue that context construc-081

tion should be treated as a budgeted set-selection082

problem with an explicit utility function. The key083

observation is that the utility of adding a document084

typically exhibits diminishing returns: once a con-085

cept (fact, entity, relation, or topic) is already cov-086

ered by the current context, additional documents087

mentioning the same concept contribute less incre-088

mental value. This is precisely the hallmark of sub-089

modularity (Krause and Golovin, 2014). Submod-090

ular objectives have a long history in redundancy-091

aware coverage problems such as document sum-092

marization (Lin and Bilmes, 2011), making them a093

natural fit for budgeted evidence selection in RAG.094

Contributions. We make the following contribu-095

tions:096

• Principled formulation. We formulate RAG097

document selection as maximizing a nonneg-098

ative monotone submodular utility under a099

knapsack (token-budget) constraint, captur-100

ing the relevance–redundancy–coverage trade-101

off in a single objective (Krause and Golovin,102

2014).103

• Concrete submodular objective. We de-104

fine a weighted information-coverage utility105

over query-relevant concepts and show it is106

provably monotone and submodular, yield-107

ing an optimization target that is both inter-108

pretable and theoretically grounded (cf. Lin109

and Bilmes, 2011).110

• Approximation-guaranteed selection. We111

adopt a standard approximation algorithm for112

knapsack-constrained monotone submodular113

maximization, which attains a (1 − 1/e) ap-114

proximation guarantee with respect to the de-115

fined surrogate objective(see also classical re-116

sults for monotone submodular maximization117

Nemhauser et al., 1978).118

• Comprehensive evaluation. On Natural119

Questions, ELI5, and HotpotQA, S-RAG out-120

performs Top-k and MMR under multiple met-121

rics (EM, ROUGE/BERTScore, and LLM-as-122

a-judge), and we analyze context efficiency123

and complementary evidence selection.124

This work connects RAG context construction125

with classical combinatorial optimization, yielding126

a selection procedure that is explicit in its objective,127

efficient in practice, and empirically competitive.128

2 Reframing RAG Document Selection as 129

Submodular Optimization 130

We formalize RAG context construction as a bud- 131

geted set-selection problem and argue that a use- 132

ful surrogate objective naturally exhibits diminish- 133

ing returns. This perspective connects document 134

selection to classical submodular maximization 135

and enables approximation-guaranteed algorithms 136

(Nemhauser et al., 1978; Krause and Golovin, 137

2014). 138

2.1 Problem Definition 139

Let q be a query andD = {d1, . . . , dn} be an initial 140

candidate pool retrieved from an external corpus 141

(e.g., via dense retrieval Karpukhin et al., 2020). 142

Each document di has a nonnegative cost c(di) ∈ 143

R>0, typically its token length (or the number of 144

tokens contributed to the prompt). Given a total 145

budget B (the context-window token budget), the 146

goal is to select a subset S ⊆ D. 147

Definition 1 (Budgeted RAG Context Selection). 148

Given (q,D, c, B), select 149

S⋆ ∈ argmax
S⊆D

U(S; q) s.t.
∑
d∈S

c(d) ≤ B,

(1) 150

where U(S; q) denotes the (unknown) end-task util- 151

ity of using S as context for generating an answer 152

to q (Lewis et al., 2020). 153

A central difficulty is that the true utility U(S; q) 154

depends on complex interactions between docu- 155

ments (e.g., redundancy and complementarity) and 156

the downstream generator, and thus is typically in- 157

accessible for direct optimization. Consequently, 158

practical systems optimize a surrogate set function 159

f(S; q) that aims to capture the most salient as- 160

pects of context quality (relevance and coverage) 161

under the same budget constraint. This mirrors 162

a long line of work using submodular surrogates 163

for redundancy-aware coverage, e.g., in document 164

summarization (Lin and Bilmes, 2011). 165

2.2 The Core Insight: Diminishing Returns 166

and Submodularity 167

A desirable surrogate f(S; q) should reward new 168

information: adding a document that introduces 169

previously unseen evidence should help more than 170

adding another document that repeats what is al- 171

ready present. This is the classic diminishing- 172

returns property, which is naturally captured by 173

submodularity (Krause and Golovin, 2014). 174
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Figure 1: Overview of the S-RAG pipeline. Given a query, we first retrieve a candidate pool from an external
corpus. S-RAG then constructs a query-relevant concept universe with weights and optimizes a knapsack-constrained
monotone submodular coverage objective via a density-greedy selector (with a (1− 1/e) approximation guarantee
for the surrogate objective. The selected documents are packed into the context window for the LLM to generate the
final answer.

For a set function f : 2D → R, define the175

marginal gain of adding d to a set S as176

∆f (d | S) ≜ f(S ∪ {d})− f(S). (2)177

Definition 2 (Monotone Submodular Function). A178

set function f : 2D → R is submodular if for all179

S ⊆ T ⊆ D and all d ∈ D \ T ,180

∆f (d | S) ≥ ∆f (d | T ). (3)181

It is monotone if f(S) ≤ f(T ) whenever S ⊆ T .182

Modeling choice. In this work, we model the sur-183

rogate utility of a context as a nonnegative mono-184

tone submodular function f(S; q). Submodular-185

ity captures redundancy via diminishing returns:186

once the current context S already covers a con-187

cept, adding another document mentioning the188

same concept contributes less. Monotonicity is en-189

forced by design in our surrogate (nonnegative con-190

cept weights), consistent with classical coverage-191

style objectives (Lin and Bilmes, 2011; Krause and192

Golovin, 2014); empirically, the budget constraint193

prevents adding excessive irrelevant tokens.194

2.3 The Submodular-RAG (S-RAG)195

Framework196

S-RAG consists of (i) a concrete, interpretable sub-197

modular surrogate objective, and (ii) a budgeted198

optimization problem built on that objective. 199

Component 1: A concrete submodular sur- 200

rogate via weighted coverage. We introduce 201

a universe of query-relevant concepts U = 202

{u1, . . . , up}. A concept can represent an entity, 203

keyword, relation, or a semantic cluster; our the- 204

ory treats U abstractly, while Section 4.1 specifies 205

a concrete instantiation used in our experiments.1 206

Each concept u ∈ U is assigned a nonnegative 207

weight w(u) ≥ 0 indicating its importance to the 208

query. Each document di ∈ D is mapped to the set 209

of concepts it covers, denoted U(di) ⊆ U . 210

Definition 3 (Weighted Coverage Utility). Define 211

f : 2D → R≥0 by 212

f(S) =
∑
u∈U

w(u) · 1

[
u ∈

⋃
d∈S
U(d)

]
. (4) 213

Lemma 1. The weighted coverage utility in Eq. (4) 214

is monotone and submodular. 215

1The framework is agnostic to the concept extractor; more
robust extractors can be plugged in without changing the opti-
mization formulation.
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Proof.

Monotonicity follows because for S ⊆ T ,
we have

⋃
d∈S U(d) ⊆

⋃
d∈T U(d), and all

weights are nonnegative. For submodularity,
fix S ⊆ T and d /∈ T . The marginal gain
of adding d to S is the total weight of new
concepts introduced by d:

∆f (d | S) =
∑

u∈U(d)\
⋃

d′∈S U(d′)

w(u).

Since
⋃

d′∈S U(d′) ⊆
⋃

d′∈T U(d′), we have
U(d) \

⋃
d′∈S U(d′) ⊇ U(d) \

⋃
d′∈T U(d′).

With w(u) ≥ 0, this implies ∆f (d | S) ≥
∆f (d | T ), establishing Eq. (3).

216

Component 2: Budgeted submodular maximiza-217

tion. Using the surrogate f(S; q), S-RAG solves218

S⋆ ∈ argmax
S⊆D

{
f(S; q) :

∑
d∈S

c(d) ≤ B

}
. (5)219

This is the classic monotone submodular maxi-220

mization under a knapsack constraint, which221

is NP-hard in general. Nevertheless, it admits222

polynomial-time constant-factor approximation al-223

gorithms; in Section 3 we present an efficient in-224

stantiation used in our system and discuss its guar-225

antee with respect to the surrogate objective.226

3 The S-RAG Algorithm: Greedy227

Selection with Provable Guarantees228

We now address the optimization problem in229

Eq. (5). Although monotone submodular max-230

imization under a knapsack (token-budget) con-231

straint is NP-hard, it admits polynomial-time232

constant-factor approximation algorithms. To ob-233

tain a strong theoretical guarantee while keeping234

the procedure practical for RAG, we adopt a stan-235

dard partial-enumeration + density-greedy comple-236

tion strategy.237

3.1 Algorithm Design: Partial Enumeration +238

Density Greedy239

Recall the marginal gain ∆f (d | S) ≜ f(S ∪240

{d}) − f(S) and the set cost c(S) ≜
∑

d∈S c(d).241

The core greedy principle is to prioritize documents242

with high marginal utility density ∆f (d | S)/c(d).243

However, for the general knapsack setting, pure244

density-greedy may fail to achieve the optimal (1−245

1/e) ratio, we strengthen greedy by enumerating246

Algorithm 1 S-RAG with Partial Enumeration and
Density-Greedy Completion

1: procedure S-RAG(D, f, c, B)
2: Input: Candidate set D, monotone sub-

modular utility f , costs c(·), budget B.
3: Output: Selected context set Sbest.
4: Sbest ← argmax{f(S) : S ⊆ D, |S| ≤

2, c(S) ≤ B} ▷ Best size-1/2 feasible solution
5: for all feasible seeds U ⊆ D with |U | = 3

and c(U) ≤ B do
6: S ← U
7: C ← D \ U
8: while ∃d ∈ C with c(S) + c(d) ≤ B

do
9: d⋆ ←

argmaxd∈C: c(S)+c(d)≤B
∆f (d|S)

c(d)

10: S ← S ∪ {d⋆}
11: C ← C \ {d⋆}
12: end while
13: if f(S) > f(Sbest) then
14: Sbest ← S
15: end if
16: end for
17: return Sbest
18: end procedure

small feasible “seed” sets and then completing each 247

seed greedily. 248

Why this algorithm? The density criterion is 249

context-aware: a document’s utility depends on 250

what has already been selected via ∆f (d | S), al- 251

lowing the algorithm to pivot from selecting highly 252

relevant evidence early to selecting complemen- 253

tary evidence later. Partial enumeration over very 254

small seeds is a standard technique that restores 255

the optimal (1− 1/e)-type guarantee for knapsack- 256

constrained monotone submodular maximization 257

while preserving the simplicity of greedy comple- 258

tion. 259

3.2 Theoretical Analysis 260

Approximation guarantee (for the surrogate ob- 261

jective). The following theorem states the classi- 262

cal guarantee for Algorithm 1 with respect to the 263

optimized surrogate f(·) (e.g., the weighted cover- 264

age utility from Section 2.3). 265

Theorem 1. Let f be nonnegative, monotone, and 266

submodular, and let SOPT be an optimal solution 267

to Eq. (5). Algorithm 1 returns a set Sbest such that 268

f(Sbest) ≥ (1− 1/e) · f(SOPT). (6) 269
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Discussion. Importantly, this guarantee holds for270

the surrogate objective f (e.g., weighted concept271

coverage), not directly for downstream generation272

metrics. In Section 4, we empirically validate that273

optimizing f correlates with improvements in an-274

swer quality.275

Complexity analysis. The worst-case number of276

objective evaluations is polynomial but can be high277

due to seed enumeration. The theoretical variant278

requires O(n5) value-oracle computations in the279

worst case. In our setting, n is the retrieved pool280

size (e.g., n=200), and f is a coverage-style func-281

tion whose marginal gains can be computed in-282

crementally by maintaining the currently covered283

concept set. Moreover, greedy selection can be284

accelerated using lazy evaluations (Minoux, 1978;285

Leskovec et al., 2007), which significantly reduces286

the number of marginal-gain computations in prac-287

tice.288

3.3 Comparison to Baselines and Limitations289

Comparison to baselines. Top-k selects docu-290

ments solely by individual relevance scores and291

does not optimize a set-level objective under token292

costs. MMR introduces a redundancy penalty but293

uses a fixed trade-off parameter and still makes294

locally greedy decisions; it provides no approxi-295

mation guarantee for our surrogate objective under296

knapsack costs. In contrast, S-RAG explicitly opti-297

mizes a global monotone submodular surrogate and298

inherits a constant-factor approximation guarantee299

(Theorem 1) for that surrogate.300

Limitations and assumptions. Our theoretical301

guarantee relies on two assumptions: (i) the surro-302

gate f is monotone submodular (true by construc-303

tion for our coverage utility), and (ii) improving f304

is aligned with downstream generation quality. The305

alignment depends on how the concept universe U306

and weights w(·) are instantiated (Section 4.1); we307

therefore include ablations and correlation analyses308

in Section 4. Finally, we do not model ordering309

effects of documents within the prompt, which we310

leave for future work.311

4 Experiments312

We conduct a comprehensive evaluation to val-313

idate S-RAG as a principled document selec-314

tion method for Retrieval-Augmented Generation315

(RAG). Our experiments answer four research ques-316

tions: (RQ1) End-to-end performance: Does S-317

RAG improve final answer quality over strong se- 318

lection heuristics? (RQ2) Mechanism: What con- 319

text properties explain S-RAG’s gains? (RQ3) Ob- 320

jective validation: How sensitive is performance 321

to the design of the submodular objective and its 322

implementation? (RQ4) Practicality: What is the 323

runtime overhead of S-RAG, and is it acceptable 324

for low-latency RAG? 325

4.1 Experimental Setup 326

Datasets. We evaluate on three open-domain QA 327

benchmarks spanning factoid QA, long-form syn- 328

thesis, and multi-hop reasoning: Natural Ques- 329

tions (NQ) (Kwiatkowski et al., 2019), ELI5 (Fan 330

et al., 2019), and HotpotQA (fullwiki) (Yang et al., 331

2018). Unless stated otherwise, we use the stan- 332

dard test splits. For automatic metrics we report 333

the average over R runs (different random seeds), 334

and for pairwise LLM-judge evaluation we sample 335

500 instances per dataset. 336

Retriever, corpus, and candidate pool. We use 337

BAAI/bge-large-en-v1.5 (BAAI, 2023) as the first- 338

stage dense retriever. For each query, we retrieve 339

a candidate pool of N = 200 Wikipedia passages 340

from the DPR-style corpus (Karpukhin et al., 2020). 341

All selection methods operate on the same candi- 342

date pool to isolate the effect of document selec- 343

tion. 344

Generator, prompting, and decoding. We gen- 345

erate answers using Llama-3-8B-Instruct with a 346

fixed prompt template shared across all methods 347

(Appendix B.1). We use deterministic decoding 348

(greedy; temperature T = 0) to reduce variance.2 349

We set the context budget to B = 4096 prompt 350

tokens; when adding a passage would exceed the 351

remaining budget, we truncate the passage to fit. 352

Baselines. We compare S-RAG against strong 353

and commonly used selection heuristics: 354

• Top-k: Select documents by retriever rele- 355

vance score until the budget is filled. 356

• MMR (Carbonell and Goldstein, 1998): It- 357

eratively select documents trading off rele- 358

vance and diversity using a hyperparameter 359

λ. We tune λ on the development split (Ap- 360

pendix B.3) and report the best setting. 361

2We additionally report results with stochastic decoding in
Appendix C.9.
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• Greedy (Rel/Cost): A non-submodular base-362

line that selects by maximizing relevance per363

token.364

2026-strength baselines. Recent work high-365

lights that rerankers and set-wise passage selec-366

tion can be strong in multi-hop RAG. We there-367

fore also include (reported at least on HotpotQA;368

Appendix C.4): (i) a cross-encoder reranker +369

Top-k (e.g., BAAI/bge-reranker-large), and (ii)370

a set-wise selector such as SetR (Lee et al., 2025).371

S-RAG implementation. We instantiate f(·) as372

the weighted concept coverage utility (Eq. 4). The373

concept universe U is constructed from the top-L374

retrieved passages (default L = 20) by extract-375

ing unique non-stopword noun/verb lemmas (Ap-376

pendix B.2). We set concept weights as w(u) =377

maxd∈D:u∈U(d) rel(d, q), where rel(d, q) is the re-378

triever score. For selection, we use the fast density-379

greedy procedure (Algorithm 1) with lazy marginal380

evaluation; we include results for the full theoreti-381

cal variant (partial enumeration + greedy comple-382

tion) in Appendix C.8.383

Evaluation metrics. Short-answer QA384

(NQ/HotpotQA): Exact Match (EM). (We addi-385

tionally report token-level F1 in Appendix C.1.)386

Long-form QA (ELI5): ROUGE-L and387

BERTScore. Groundedness and retrieval388

quality: To better reflect RAG faithfulness, we389

additionally report context-grounded metrics390

(e.g., faithfulness / context precision / context391

recall) following standard RAG evaluation toolkits392

(Appendix C.3).393

LLM-as-a-Judge with de-biasing. We perform394

pairwise preference evaluation of S-RAG against395

each baseline on 500 instances per dataset. The396

judge evaluates correctness, completeness, and397

conciseness. To mitigate position bias, we evalu-398

ate each pair twice with swapped order and count399

disagreements as ties; we average over K prompt400

variants. We report win/tie/loss (%) in Table 2. We401

additionally report results using an open-source402

judge model (e.g., Prometheus2) in Appendix C.2.403

4.2 RQ1: Main Performance Results404

Table 1 reports end-to-end answer quality under a405

fixed budget B = 4096. S-RAG consistently out-406

performs all heuristic baselines, with the largest407

gains on HotpotQA where complementary evi-408

dence is crucial. In particular, S-RAG improves409

EM by +4.4 absolute points over MMR on Hot- 410

potQA (55.7 vs. 51.3), and by +2.5 points on NQ 411

(59.3 vs. 56.8). 412

We further validate answer quality with pairwise 413

preference judging (Table 2). Across datasets, the 414

judge prefers S-RAG in a majority of cases, indi- 415

cating that the improvements are not solely metric 416

artifacts but correspond to more correct and com- 417

plete answers. 418

4.3 RQ2: Behavioral Analysis 419

We analyze the selected contexts to understand why 420

S-RAG improves answer quality. Figure 2 sum- 421

marizes three key observations on HotpotQA: (a) 422

S-RAG achieves a better relevance–diversity trade- 423

off, (b) it covers more unique concepts under the 424

same budget, and (c) it selects informative passages 425

beyond the very top ranks, which is essential for 426

multi-hop evidence aggregation. 427

4.4 RQ3: Component Validation and 428

Sensitivity 429

Ablation studies. We ablate core components 430

of S-RAG on NQ in Table 3. Removing concept 431

weights (w(u) = 1) reduces EM, indicating that 432

relevance-aware weighting is important. Ignoring 433

document costs hurts performance, highlighting the 434

necessity of knapsack-aware selection. Replacing 435

coverage with a linear sum collapses to the greedy 436

baseline, showing that the submodular coverage 437

structure is a key driver. 438

Sensitivity of concept construction. Since the 439

proxy utility depends on the concept universe, we 440

vary L (top-10/20/50) and concept definitions 441

(noun/verb lemmas vs. entity phrases vs. embed- 442

ding clusters). We report the sensitivity results in 443

Appendix C.6. 444

Proxy alignment analysis. To validate that im- 445

proving f(S) is aligned with downstream answer 446

quality, we compute the Spearman correlation be- 447

tween f(S) and (i) EM/F1 on short-answer QA, 448

and (ii) LLM-judge preference on all datasets. 449

We include scatter plots and correlations in Ap- 450

pendix C.7. 451

4.5 RQ4: Practicality and Efficiency 452

We measure the wall-clock latency of document se- 453

lection excluding retrieval and generation. Table 4 454

reports average selection latency under N = 200. 455

S-RAG incurs an overhead of ∼85ms at N = 200, 456
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Figure 2: Performance vs. candidate pool size on three datasets. (a) NQ EM, (b) HotpotQA EM, (c) ELI5
ROUGE-L, (d) NQ ROUGE-L, (e) HotpotQA ROUGE-L, (f) ELI5 BERTScore. All methods use the same retriever
pool; curves show the effect of selection as N varies.

Figure 3: Performance vs. latency on HotpotQA as the
candidate pool size N varies. S-RAG offers a better
Pareto frontier.

which is typically negligible relative to LLM gener-457

ation latency; reducing N halves the selection time458

with minor quality degradation (Figure 3).459

Additional analyses for a 2026 setting. Long-460

context LLMs and stronger rerankers change the461

RAG landscape. We therefore additionally eval-462

uate (Appendix C.5): (i) budget scaling (B ∈463

{1024, 2048, 4096, 8192}) to test whether S-RAG464

remains beneficial as the context grows; (ii) robust-465

ness to distractors by injecting irrelevant passages466

into the candidate pool; and (iii) comparisons to467

a cross-encoder reranker and a set-wise selector468

(SetR) on HotpotQA.469

5 Conclusion 470

We introduced Submodular-RAG (S-RAG), a 471

principled framework for RAG context construc- 472

tion that casts document selection under a fixed to- 473

ken budget as monotone submodular maximization 474

under a knapsack constraint. By modeling context 475

utility via diminishing returns, S-RAG replaces ad- 476

hoc relevance-only or diversity-penalized heuris- 477

tics with an explicit set-level objective that captures 478

relevance, redundancy, and coverage in a unified 479

way. Instantiating the surrogate utility as weighted 480

concept coverage yields a provably monotone and 481

submodular objective, enabling approximation- 482

guaranteed selection algorithms. Empirically, S- 483

RAG improves end-to-end answer quality on Nat- 484

ural Questions, ELI5, and HotpotQA, with partic- 485

ularly strong gains on multi-hop questions where 486

selecting complementary evidence is essential. 487

S-RAG also highlights a broader viewpoint: con- 488

text construction is an optimization problem. This 489

makes the RAG pipeline easier to reason about, 490

easier to ablate, and more robust to changes in 491

retrievers, generators, and evaluation protocols. Fi- 492

nally, S-RAG remains computationally practical for 493

real-time systems, adding modest selection over- 494

head compared to generation time while providing 495

a transparent mechanism for trading off relevance 496

and coverage under strict budgets. 497
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Table 1: End-to-end QA performance under a fixed context budget B = 4096. For NQ/HotpotQA we report EM;
for ELI5 EM is not applicable.

Dataset Method ROUGE-L BERTScore EM LLM Judge (W/T/L %)

NQ

Top-k 38.2 90.1 55.4 65.2 / 16.3 / 18.5
MMR 39.1 90.5 56.8 62.0 / 13.0 / 25.0
Greedy (Rel/Cost) 38.5 90.2 55.9 64.1 / 14.6 / 21.3
S-RAG 41.5 91.2 59.3 –

ELI5

Top-k 45.3 91.8 N/A 68.9 / 9.0 / 22.1
MMR 44.8 92.1 N/A 60.5 / 9.0 / 30.5
Greedy (Rel/Cost) 45.1 91.9 N/A 66.4 / 9.0 / 24.6
S-RAG 45.0 92.7 N/A –

HotpotQA

Top-k 35.1 88.9 48.1 72.8 / 12.0 / 15.2
MMR 36.8 89.5 51.3 65.0 / 11.2 / 23.8
Greedy (Rel/Cost) 35.5 89.0 48.9 70.1 / 11.0 / 18.9
S-RAG 39.2 90.4 55.7 –

Table 2: LLM-as-a-Judge pairwise preference on 500
instances per dataset. We report S-RAG vs. each base-
line (win/tie/loss %).

Dataset Baseline S-RAG (W/T/L %)

NQ
Top-k 65.2 / 16.3 / 18.5
MMR 62.0 / 13.0 / 25.0
Greedy 64.1 / 14.6 / 21.3

ELI5
Top-k 68.9 / 9.0 / 22.1
MMR 60.5 / 9.0 / 30.5
Greedy 66.4 / 9.0 / 24.6

HotpotQA
Top-k 72.8 / 12.0 / 15.2
MMR 65.0 / 11.2 / 23.8
Greedy 70.1 / 11.0 / 18.9

6 Limitations498

Our theoretical guarantees apply to the optimized499

surrogate objective (e.g., weighted concept cover-500

age), rather than directly to downstream generation501

metrics such as EM or human preference. Accord-502

ingly, improvements in f(S) are not guaranteed to503

translate to improvements in answer quality in all504

settings.505

A key limitation is that the surrogate–task align-506

ment depends on how the concept universe U and507

weights w(·) are instantiated. Heuristic concept ex-508

tractors (e.g., noun/verb lemmas) may miss impor-509

tant semantic units (multiword entities, relations,510

negation) or over-count spurious tokens, which511

can bias selection. Moreover, since the candi-512

date pool is produced by a retriever, any retrieval513

Table 3: Ablation study on NQ.

Configuration EM

S-RAG (Full) 59.3
w/o Concept Weights (w(u) = 1) 57.8
w/o Cost Normalization 56.5
Replace Coverage with Linear Sum 56.1

Table 4: Average document selection latency (ms).

Method Pool Size Latency (ms)

Top-k 200 <1
MMR 200 ∼15
S-RAG 200 ∼85
S-RAG 100 ∼40

failures (missing critical evidence, including near- 514

duplicates, or injecting distractors) bound the best 515

achievable context quality under any selector. 516

Our model also abstracts away prompt-level 517

structure. In particular, we do not optimize the or- 518

dering of selected passages, nor do we impose inter- 519

document consistency constraints, both of which 520

can affect long-context LLM behavior. Finally, 521

our evaluation focuses on Wikipedia-based open- 522

domain QA; the findings may not fully transfer to 523

domains with different evidence granularity (e.g., 524

scientific papers), high redundancy, or strict cita- 525

tion/grounding requirements. 526
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A Proofs631

A.1 Submodularity of Weighted Coverage632

For completeness, we restate and prove Lemma 1.633

Lemma 2 (Submodularity of weighted coverage).634

Let U be a concept universe with nonnegative635

weights w(u) ≥ 0, and let each document d ∈ D636

cover a concept set U(d) ⊆ U . Define637

f(S) =
∑
u∈U

w(u) · 1

[
u ∈

⋃
d∈S
U(d)

]
. (7)638

Then f is monotone and submodular.639

Proof. Monotonicity. If S ⊆ T , then640 ⋃
d∈S U(d) ⊆

⋃
d∈T U(d), hence every concept641

covered by S is also covered by T . Since w(u) ≥642

0, it follows that f(S) ≤ f(T ).643

Submodularity. Let S ⊆ T ⊆ D and d ∈644

D \ T . Define the marginal gain ∆f (d | S) =645

f(S ∪ {d}) − f(S). For weighted coverage, we646

can write647

∆f (d | S) =
∑

u∈U(d)\
⋃

d′∈S U(d′)

w(u), (8)648

∆f (d | T ) =
∑

u∈U(d)\
⋃

d′∈T U(d′)

w(u). (9)649

Because S ⊆ T , we have
⋃

d′∈S U(d′) ⊆650 ⋃
d′∈T U(d′), hence651

U(d) \
⋃
d′∈S
U(d′) ⊇ U(d) \

⋃
d′∈T
U(d′).652

With nonnegative weights, summing over a super-653

set yields a value at least as large, so ∆f (d | S) ≥654

∆f (d | T ). Thus f is submodular.655

A.2 Approximation Guarantee for656

Knapsack-Constrained Monotone657

Submodular Maximization658

This appendix provides the full statement and a self-659

contained proof outline for the classical (1− 1/e)660

approximation guarantee used in Section 3. We661

follow the standard partial-enumeration framework662

and present it in our notation.663

Problem. Given a nonnegative monotone sub-664

modular function f : 2D → R≥0, costs c(d) > 0,665

and budget B, solve:666

max
S⊆D

f(S) s.t. c(S) ≜
∑
d∈S

c(d) ≤ B.667

Algorithm (theoretical variant). Algorithm 1 668

enumerates all feasible seed sets U of size 3, greed- 669

ily completes each seed using marginal-density 670

∆f (d | S)/c(d), and returns the best solution 671

across all seeds and all feasible sets of size ≤ 2. 672

Theorem 2. Let f be nonnegative, monotone, and 673

submodular. Let SOPT be an optimal solution un- 674

der budget B. Then Algorithm 1 returns S such 675

that 676

f(S) ≥ (1− 1/e) · f(SOPT). 677

Proof. We provide a proof outline in the value- 678

/oracle model. The argument has two main parts: 679

(i) partial enumeration handles high/cost/high- 680

/value elements that density/greedy alone may miss; 681

(ii) conditioned on a good seed, density/greedy 682

completion yields an exponential decay bound on 683

the residual, giving (1− 1/e). 684

Step 0 (Notation). Let S∗ = SOPT. For greedy 685

completion from a seed U , let S0 = U , and for 686

t ≥ 1 let gt be the chosen element at iteration t and 687

St = St−1 ∪ {gt}. Define residual value w.r.t. S as 688

R(S) ≜ f(S∗)− f(S). 689

Step 1 (Need for enumeration). Under knap- 690

sack costs, an optimal solution can contain a small 691

number of high/cost items whose inclusion changes 692

the best density choices. Enumerating all feasible 693

seeds of size 3 guarantees that some seed aligns 694

with a near/optimal “backbone”; additionally tak- 695

ing the best size-≤ 2 solution covers edge cases. 696

Step 2 (Exponential residual decay under 697

greedy completion). At completion step t, density- 698

/greedy picks gt maximizing ∆f (d | St−1)/c(d) 699

among feasible items. A standard averaging argu- 700

ment for monotone submodular functions implies 701

there exists a feasible item whose density is at least 702

R(St−1)/B, hence greedy achieves 703

R(St) ≤ R(St−1)

(
1− c(gt)

B

)
(10) 704

≤ R(St−1) exp

(
−c(gt)

B

)
. (11) 705

When completion saturates the budget, this recov- 706

ers the (1− 1/e) factor. 707

Step 3 (Taking the best seed). among all enu- 708

merated seeds, at least one yields a completed solu- 709

tion with value at least (1− 1/e)f(S∗); taking the 710

best across seeds and size-≤ 2 solutions completes 711

the guarantee. 712
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Practical note. The guarantee applies to the the-713

oretical variant. Our system uses a fast density-714

greedy selector (omitting partial enumeration) for715

efficiency and empirically matches the theoretical716

variant closely at N=200 (Appendix C.8).717

B Implementation Details718

B.1 Prompt Template719

We use a single prompt format across all selection720

methods to isolate the effect of context construc-721

tion.722

User prompt.723

User prompt

Question: {question}

Passages:

1. {passage_1}

2. {passage_2}

3. . . .

k. {passage_k}

Instructions: Answer the question using the
passages. Be concise and factual. If multiple
passages support the answer, synthesize them.
Do not fabricate unsupported claims.

724

Decoding and length control. We use greedy725

decoding (temperature T = 0, top-p = 1.0). We726

set max_new_tokens per dataset: NQ=128, Hot-727

potQA=192, ELI5=512. We use identical decoding728

for all methods and all baselines.729

B.2 Concept Extraction and Weighting730

We construct the concept universe U from the top-731

L retrieved passages (L = 20 by default). We732

lowercase, tokenize, lemmatize, and remove stop-733

words. We extract noun/verb lemmas as concepts734

and map each passage d to U(d). Concept weights735

are defined by retriever relevance:736

w(u) = max
d∈D:u∈U(d)

rel(d, q),737

where rel(d, q) is the dense retriever score for query738

q and passage d.739

Incremental marginal gains. We maintain the740

currently covered concept set and the uncovered-741

weight sum to compute ∆f (d | S) in O(|U(d)|)742

Table 5: MMR λ tuning on development splits.

Dataset Selected λ Dev metric Dev score

NQ 0.6 EM 57.1
ELI5 0.7 BERTScore 92.2
HotpotQA 0.5 EM 50.6

Table 6: Token-level F1 on NQ and HotpotQA.

Dataset Top-k MMR Greedy S-RAG

NQ 64.8 66.1 65.2 68.9
HotpotQA 62.7 65.0 63.4 68.2

time. We also use lazy evaluation to reduce the 743

number of exact marginal computations during 744

greedy selection. 745

B.3 MMR Tuning 746

We tune the MMR trade-off parameter λ on the 747

development split for each dataset. We scan λ ∈ 748

{0.0, 0.1, . . . , 1.0} and select the best λ by the pri- 749

mary metric (EM for NQ/HotpotQA; BERTScore 750

for ELI5). Table 5 reports the selected values. 751

C Additional Experimental Results 752

C.1 Token-level F1 for Short-Answer QA 753

We report token-level F1 for NQ and HotpotQA to 754

complement EM. 755

C.2 Judge Protocol, De-biasing, and Open 756

Judge 757

Pairwise evaluation protocol. We evaluate S- 758

RAG vs. each baseline on 500 random instances 759

per dataset. For each instance and method pair, we 760

generate two answers with identical prompting and 761

decoding. The judge scores correctness, complete- 762

ness, and conciseness, and outputs a preference. 763

Order-swap de-biasing. To mitigate position 764

bias, we judge each pair twice with swapped order. 765

If the two judgments disagree, we count it as a tie. 766

Open judge for reproducibility. We addition- 767

ally evaluate with an open-source judge model and 768

report agreement with the closed-source judge. Ta- 769

ble 8 summarizes agreement. 770

C.3 Groundedness / Faithfulness Metrics 771

To evaluate grounding beyond surface overlap, we 772

report three context-grounded metrics: Context 773
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Table 7: Groundedness metrics (higher is better).

Dataset Method Context Precision Context Recall Faithfulness

NQ

Top-k 0.61 0.66 0.72
MMR 0.63 0.67 0.73
Greedy (Rel/Cost) 0.62 0.66 0.72
S-RAG 0.67 0.71 0.77

ELI5

Top-k 0.54 0.58 0.64
MMR 0.55 0.59 0.65
Greedy (Rel/Cost) 0.54 0.58 0.64
S-RAG 0.58 0.62 0.69

HotpotQA

Top-k 0.56 0.60 0.67
MMR 0.58 0.62 0.69
Greedy (Rel/Cost) 0.57 0.61 0.68
S-RAG 0.63 0.69 0.75

Table 8: Closed vs. open judge agreement. Agreement
is measured on pairwise outcomes (win/tie/loss).

Dataset Agreement (%) Cohen’s κ

NQ 83.4 0.74
ELI5 79.1 0.68
HotpotQA 85.6 0.77

Table 9: Stronger baselines on HotpotQA.

Method EM F1 ms

Reranker + Top-k 53.9 66.7 120
Set-wise selector 54.6 67.3 180
S-RAG (ours) 55.7 68.2 85

Precision, Context Recall, and Faithfulness. Ta-774

ble 7 reports results across datasets.775

C.4 Strong Baselines in a 2026 Setting776

We compare against stronger baselines on Hot-777

potQA: a cross-encoder reranker + Top-k and a778

set-wise selector. Table 9 reports end-to-end per-779

formance and selection overhead.780

C.5 Budget Scaling781

We vary the prompt budget B ∈782

{1024, 2048, 4096, 8192}. Across budgets,783

S-RAG remains beneficial, with slightly diminish-784

ing marginal gains as the budget grows.785

C.6 Concept Sensitivity786

We vary (i) the concept-universe depth L ∈787

{10, 20, 50} and (ii) the concept definition. Ta-788

Table 10: Budget sweep on NQ (EM/F1).

Budget B Top-k MMR S-RAG

1024 50.6 / 60.9 51.7 / 62.1 53.8 / 64.0
2048 53.8 / 63.2 55.1 / 64.5 56.9 / 66.3
4096 55.4 / 64.8 56.8 / 66.1 59.3 / 68.9
8192 56.3 / 65.5 57.4 / 66.6 59.9 / 69.4

Table 11: Budget sweep on HotpotQA (EM/F1).

Budget B Top-k MMR S-RAG

1024 42.7 / 57.9 45.0 / 59.8 48.9 / 63.2
2048 46.1 / 60.2 49.2 / 62.4 52.9 / 65.7
4096 48.1 / 62.7 51.3 / 65.0 55.7 / 68.2
8192 49.3 / 63.8 52.0 / 65.8 56.3 / 68.7

ble 12 summarizes the impact on quality and la- 789

tency. 790

C.7 Proxy Alignment: Correlation Between 791

f(S) and Downstream Quality 792

We compute instance-level Spearman correlation 793

between the proxy f(S) and downstream quality 794

signals. Table 13 reports correlations and signifi- 795

cance. 796

C.8 Theoretical Algorithm vs. Fast Greedy 797

We compare the theoretical partial-enumeration al- 798

gorithm (Algorithm 1) with a fast density-greedy 799

selector that omits partial enumeration in terms of 800

quality and selection latency. 801
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Table 12: Sensitivity to concept construction (EM/F1).

Setting NQ (EM/F1) HotpotQA Selection latency (ms) Notes

L = 10, noun/verb 58.7 / 68.1 54.9 / 67.3 72 smaller universe
L = 20, noun/verb (default) 59.3 / 68.9 55.7 / 68.2 85 default
L = 50, noun/verb 59.0 / 68.6 55.2 / 67.9 110 larger universe
L = 20, entity phrases 59.6 / 69.2 56.1 / 68.6 95 phrase-based concepts
L = 20, embedding clusters 59.9 / 69.5 56.4 / 68.9 130 embedding clusters

Table 13: Proxy alignment (Spearman ρ).

Dataset Corr(EM/F1) Corr(Judge) p-value

NQ 0.41 0.36 < 10−6

ELI5 – 0.33 < 10−6

HotpotQA 0.47 0.39 < 10−6

Table 14: Decoding sensitivity on HotpotQA (200 in-
stances).

Method EM Judge Win (%) vs. Top-k

Top-k 47.6 –
MMR 50.5 57.0
Greedy (Rel/Cost) 48.2 54.5
S-RAG 54.8 69.0

C.9 Decoding Sensitivity802

We test robustness under stochastic decoding (tem-803

perature T = 0.7, top-p = 0.9) on 200 instances.804

Results remain consistent and preserve the ranking805

of methods.806

D Reproducibility Checklist807

• Data. Public datasets: NQ, ELI5, HotpotQA.808

Corpus: Wikipedia DPR-style passages.809

• Models. Retriever:810

BAAI/bge-large-en-v1.5. Generator:811

meta-llama/Llama-3-8B-Instruct. Op-812

tional reranker: BAAI/bge-reranker-large.813

Optional open judge:814

prometheus-eval/prometheus2.815

• Hyperparameters. Candidate pool N = 200,816

budget B = 4096, concept depth L = 20,817

MMR λ tuned (Table 5).818

• Decoding. Greedy (T = 0, top-p = 1.0).819

max_new_tokens: NQ=128, HotpotQA=192,820

ELI5=512.821

• Hardware. 1× NVIDIA V100 32GB, Intel 822

Xeon Gold 6248 CPU, 256GB RAM. 823

• Randomness control. Seeds {42, 43, 44}. 824

Deterministic decoding in main experiments; 825

stochastic decoding reported in Appendix C.9. 826

• Runtime measurement. Selection latency 827

measured over 10k queries with warm caches; 828

times exclude retrieval and generation. 829
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