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Abstract

This paper addresses the Bayesian optimization problem (also referred to as the
Bayesian setting of the Gaussian process bandit), where the learner seeks to mini-
mize the regret under a function drawn from a known Gaussian process (GP). Under
a Matérn kernel with a certain degree of smoothness, we show that the Gaussian

process upper confidence bound (GP-UCB) algorithm achieves O(NT) cumulative

regret with high probability. Furthermore, our analysis yields O (VT In? T) regret
under a squared exponential kernel. These results fill the gap between the existing
regret upper bound for GP-UCB and the best-known bound provided by Scarlett
[46]. The key idea in our proof is to capture the concentration behavior of the
input sequence realized by GP-UCB, enabling a more refined analysis of the GP’s
information gain.

1 Introduction

We study the Bayesian optimization (BO) problem, where the learner seeks to minimize the regret
under a random function drawn from a known Gaussian process (GP) [18| [19]. Throughout this
paper, we focus on the GP-UCB algorithm [51]], which combines the posterior distribution of GP with
the optimism principle. Due to its simple algorithm construction and general theoretical framework
provided by Srinivas et al. [51], GP-UCB has played an important role in the advancement of the BO
field. On the other hand, our theoretical understanding of the performance of GP-UCB has not been
improved from [51] in the Bayesian setting, while its frequentist counterpart is studied in several
existing works [[L1, [61]]. Specifically, the current regret upper bound for GP-UCB, as provided by
Srinivas et al. [51]], is known to be worse than that of the algorithm in [46], which achieves state-
of-the-art O (VT InT) cumulative regret. Then, the natural question is whether there is further room
for improvement in the existing regret upper bound of GP-UCB. This paper provides an affirmative

answer to this question by showing that GP-UCB achieves o (VT) regret with high probability.

Contribution. We summarize our contributions as follows.

* We show that the GP-UCB proposed by Srinivas et al. [S1] achieves 0 (VT) regret with high
probability under a Matérn kernel with a certain degree of smoothness (precise condition

is provided in Theorem . Here, O (+) is the order notation that hides polylogarithmic
dependence. This result is comparable to state-of-the-art O (VT InT) regret provided by

Scarlett [46]] up to a polylogarithmic factor and strictly improves upon the existing o (T%)
upper bound of GP-UCB [51,158]. Here, d and v denote the dimension of the input domain
and smoothness parameter, respectively.
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* Furthermore, for a squared exponential kernel, we establish O (VT In? T) cumulative regret

of GP-UCB. This improves the existing O (VT In9+? T) upper bound provided by Srinivas
et al. [51] for any d > 1.

* The key idea behind our analysis is to refine the existing information gain bounds by
leveraging algorithm-dependent behavior and sample path properties of the GP. We also
discuss the applicability of this technique to other algorithms and settings in Section [

1.1 Related Works

BO has been extensively studied in the past few decades. Some of them are constructed so as to
maximize the utility-based acquisition function defined through the GP posterior, including expected
improvement [37]], knowledge gradient [[17], and the entropy-based algorithms [24]. The theoretical
aspect of BO has also been actively studied through the lens of the bandit algorithms, such as GP-
UCB [51], Thompson sampling [43]], and information directed sampling [44]]. In contrast to the noisy
observation setting, which these algorithms focus on, algorithms for the noise-free setting form a
separate line of research [14}[23132]]. Extensions of these algorithms to more advanced settings have
also been well-studied, e.g., contextual [34], parallel observation [[15], high-dimensional [29]], time-
varying [6]], and multi-fidelity setting [30]. Unlike the Bayesian assumption on the objective function
adopted in this paper, existing works also extensively study the frequentist assumption of the function,
which is also referred to as the frequentist setting of BO or GP bandits [7, 19} [11}126L135,145. 147,156, 59].

Among the existing studies, [46] is closely related to this paper, which propose a successive

elimination-based algorithm and shows an O(VTInT) upper bound and an Q(VT) lower bound
of the cumulative regret for a one-dimensional BO problem. The fundamental theoretical assump-
tions and the high-level idea of our analysis are built on the proof provided by Scarlett [46]. Following
[46], Wang et al. [60] also proves similar regret guarantees under the one-dimensional Brownian
motion.

In addition to [46], some parts of our analysis are inspired by the technique leveraged in [, [28].
Firstly, Cai et al. [8] studies the GP-UCB algorithm through a relaxed version of regret, which is
called lenient regret. In our analysis, the cumulative regret is decomposed into the lenient regret-
based term, and we leverage their technique to analyze it. Secondly, Janz et al. [28] proposed the
input partitioning-based algorithm for obtaining a superior regret in the frequentist setting. Roughly
speaking, the high-level idea of their analysis is based on the fact that tighter information gain
bounds can be obtained within a properly shrinking partition of the input. The key idea provided
in Section is motivated by this fact, while our analysis itself is substantially different from that
in [28].

2 Preliminaries

Let f : X — R be a black-box objective function whose input domain X is X := [0,7r]¢ with
some r > (0. At each step r € N,, the learner chooses a query point ; € X, and then receives a
noisy observation y, = f(x;) + €. Here, € is a mean-zero noise random variable. We consider a
Bayesian setting, where the objective function f and the noise sequence (¢;) are drawn from a known
zero-mean Gaussian process (GP) and a Gaussian distribution, respectively. We formally describe it
using the following assumptions.

Assumption 1. Let k : X X X — R be the known positive definite kernel withVx € X, k(x,x) < 1.
Then, assume f ~ GP(0,k), where GP(0, k) denotes the mean-zero GP characterized by the
covariance function k.

Assumption 2. The noise sequence (& )ien, is mutually independent. Furthermore, assume €, ~
N(0,02), where o > 0 is the known constant. Here, N (u, o) denotes the Gaussian distribution

with mean y and variance o>

These are standard sets of assumptions in the existing theory of BO [43] 51]. Specifically, in
Assumption |1} we focus on the following squared exponential (SE) kernel ksg and Matérn kernel



Algorithm 1 Gaussian process upper confidence bound

Require: Kernel &, confidence width parameters (/3,1/ 2),€N+.
1: forr=1,2,...do
20 @y «—argmax ey MU(2; Xo1, Yi-1) +,8;/20'(m;X,,1).
3:  Observe y; and update the posterior mean and variance.

4: end for

kMatém:
ksg(x, ) = ex _M Kntatem (2, T) = 21-v @”:B—EHQ VJ \/5”;13_5”2
SE\L, - P 252 > Matérn\ > = F(V) 7 v 7 ,

(D

where ¢ > 0 and v > 0 are the known lengthscale and smoothness parameters, respectively. In
addition, J, (-) and I'(-) respectively denote modified Bessel and Gamma functions. Under As-
sumptions |1{ and [2] the learner can infer the function f through the GP posterior distribution. Let
H,; = (x;,y:i)i<: be the history that the learner obtained up to the end of step ¢. Given H;, the
posterior distribution of f is again GP, whose posterior mean and variance are respectively defined
as

s Xe, yp) = k(X,,m)T(K(X,,X,) + O'ZIt)_lyt, 2)
o (z;X,) = k(z, ) — kX, )T (K(X;, X;) + 02L) 'k (Xp, ), 3)

where k(X;, ) = [k(x, Z)]zex, and y; = (y1,...,y,)" are the t-dimensional kernel and output
vectors, respectively. Here, we set X; = (xy,. .., ;). Furthermore, K(X;,X;) = [k(x, Z)], zex,
and I, denote f X ¢t-gram matrix and ¢ X ¢-identity matrix, respectively.

Learner’s goal. Under the total step size T € N, the learner’s goal is to minimize the cumulative
regret Ry i= Y, ciry f(x*) — f(2;), where =" € argmax,, .y f(z) and [T] = {1,...,T}.

Maximum information gain. To quantify the regret, the existing theory utilizes the following
information-theoretic quantity yr(X) arising from GP:

yr(X)= sup I(Xy), where I(Xr) = %m det(Ir + o °K(X7, X7)). 4)

The quantity y7(X) is referred to as the maximum information gain (MIG) over X [51], since 1(Xr)
equals the mutual information between the function values (f(x;));¢[7] and the outputs (y;)se(7)
under Assumptions|[I]and[2] and the input sequence X, = (1, ..., ;). MIG plays a vital role in the
theoretical analysis of BO, and its increasing speed is analyzed in several commonly used kernels.
For example, y7(X) = O(In**! T) as T — oo under k = ksg [51]. For the notational convenience,
we also define y; (X) = yy;1(X) for any non-integer i > 0.

Probabilistic property of GP sample path. The existing theory of GP-UCB under the Bayesian
setting utilizes the regularity conditions of the realized sample path of GP. We summarize the existing
known properties of the GP sample path in the following lemmas.

Lemma 1 (Lipchitz condition of sample path, e.g., [51]). Suppose k = ksg or k = kmam With
y > 2. Assume Assumption Then, there exist the constants a, b > 0 such that

2
VL >0, P(Ve,z € X, |f(x) — f(x)| < L||lx —x||;) = 1 — daexp (—%) 5)

Lemma 2 (Sample path condition for the global maximizer, e.g., [13[14} 46]]). Suppose k = ksg or
k = kmawern With v > 2. Assume Assumption|I| Then, for any dgp € (0, 1), there exist the strictly
positive CONSIAnts Cgap, Csups Cquads Pquad > O such that the following statements simultaneously hold
with probability at least 1 — dgp-

1. The function f has a unique maximizer x* € X such that f(x*) > f(X*) + cgap holds for
any local maximizer x* € X of f.



2. The sup-norm of the sample path is bounded as || f e < Csup-

3. The function f satisfies Y& € Br(pquad; T*), f(T*) — cquadllT™ — z|2 > f(x), where
Br(pquad; ") = {x € X | |z" —x||2 < pquaa} is the L2-ball on X, whose radius and center
are pquad and T*, respectively.

Lemma |1| states that the sample path f of GP is a Lipschitz function with high probability. This
property is leveraged in the theory of GP-UCB to control the discretization error arising from the
confidence bound construction in the continuous input domain. As described in [31], Lemmais a
direct consequence of Theorem 5 in [21]] under the existence of fourth-order mixed partial derivatives
of the kernel, which are satisfied under k = ksg and k = kpfagrn With v > 2[1_-] Lemma specifies
the regularity condition of f related to the maximizer «*. Here, property 1 is implied from the fact
that the GP-sample path has a unique maximizer almost surely under ksg and knfarm [€.8., Lemma
2.6 in 33]]. Property 2 is implied from, e.g., the compactness of X and the almost-sure continuity
of the sample path under ksg and kmam. Property 3 also holds automatically under k = ksg and
k = kMatérn With v > 2 and is used in existing works. See Theorem 5 in [13]], Assumption 3 in [46]],
and the discussions provided by them for further details. Note that the properties in Lemma [2] are
not used in the existing proof of GP-UCB in [51]. As described in the next section, we analyze the
realized input sequence X7 of GP-UCB by relating it to conditions in Lemma 2]

Summary of existing analysis of GP-UCB. We briefly summarize the existing analysis of GP-
UCB (Algorithm [T)) provided by Srinivas et al. [51]. Based on Assumptions [ and 2] we can
construct the high-probability confidence bound of the underlying function value f(x) for each x
and r € N, through the posterior distribution of f(x). Specifically, by choosing a properly designed
finite representative input set X; € X and taking into account the discretization error with Lemmal/l]
Srinivas et al. [51] showed the following events hold simultaneously with probability at least 1 — §:

1. Confidence bound. For any ¢ € N, the function value at the queried point x; satisfies
w(xe; Xeo1, Ys—1) —,8,1/20'(wt;Xt_1) < f(a;). Furthermore, for any ¢ € N,, any function
value f(x) on X; satisfies f(x) < u(x; X¢-1,Ys-1) +,6’t1/20'(:c;X,_1).

2. Discretization error. The discretization error arising from X; is at most 1/¢>. Namely,
|f(x) — f([x];)] < 1/¢> holds for any = € X and t € N,, where [x]; denotes one of the
closest points of @ on X;.

In the above statements, ﬂ;/ 2 is chosen based on the constants a, b in Lemmaand the length r of

X, and is defined as
21272 4
B =2In g; +2d1n (ﬂdbm/ln %) . 6)

The above two events and the UCB-selection rule for x; imply

4 * * 4 * 71'2 1/2 L
Ry = ;f(w )= fla"l) + ;mw 1) = f(@) < & +28; ;cr(a:t;xt_l). )
In the above expression, the upper bound Zthl fx*)=f([x*];) < Zthl 1/* < 72 /6 follows from the

second event (discretization error). The inequality Zthl fUx" ) - f(x) < ZﬁlT/ 2 Zthl o(x; Xe-1)
also follows from the first event (confidence bound) and the definition of x;. See the proof of
Theorem 2 in [51] for details. The above inequality suggests that the regret upper bound of GP-UCB
depends on the sum of the posterior standard deviations Zthl o(x;;X,_1). Srinivas et al. [51]]
provides the upper bound of this term by leveraging the information gain I(X7) as follows:

T
2, (@ Xe) < JCTIXq) < CTyr(X), ®)

t=1

where C = From Egs. (7) and (8), we conclude that the regret upper bound of GP-

2
In(1+0-2)°

UCB is O (\/,BTT)/T(X )) with probability at least 1 — . By combining the explicit upper bound

' Differentiability of kjaem is derived in the existing works, e.g., Chapter 2.7 in [52]].



of yr(X) [51, 58], we also obtain O (\/TlndJr2 T) and O (T%) regret upper bounds for SE and
Matérn kernels, respectively.

3 Improved Regret Bound for GP-UCB

The following theorem presents our main result: a new regret upper bound for GP-UCB.

Theorem 3 (Improved regret upper bound for GP-UCB). Suppose Assumptions [I| and 2| hold. Set
k = ksg or k = kyatern With v > 2. Furthermore, assume that d,v, €, r , and 0% are fixed constants.
Fix any 6cp € (0, 1), and set the confidence width parameter B, of GP-UCB as defined in Eq. (6)
with any fixed 6 € (0,1 — 6gp). Then, with probability at least 1 — gp — 0, the cumulative regret of
GP-UCB (Algorithm[])) satisfies

] (\/T) if k = kngugen With 2v + d < V2,

"o (\/T1n2 T) i k = kgg. ®

The hidden constants in the above expressions may depend onn(1/6),d, v, ¢, r, o2, and the constants
Csups Cgaps Pquad»> Cquad COTTesponding with dgp, which are guaranteed to exist by Lemma[Z]

R

We would like to note the following three aspects of our results. First, the constants associated with
the sample path properties defined in Lemma2]are used solely for analyzing the regret. On the other
hand, the existing algorithm provided by Scarlett [46]), which shows the same O (VT) regret as ours,
requires prior information about these constants for the algorithm run. This is often unrealistic in
practice. Secondly, our result does not imply the upper bound of Bayesian expected regret E[ Rr].
The main issue is that the dependence of the constants in Lemma [2Jon dgp is not explicitly known.
We leave future work to break this limitation; however, note that the same limitation exists in the
algorithm provided by Scarlett [46]]. Thirdly, our results in Theorem [3|only focus on the dependence
of the total step size 7T in the regret. Therefore, we cannot claim any improvements of the regret on

the dependence of the other parameters. For example, compared to the existing Ry = O (VT In?*27T)

regret under k = ksg, our regret upper bound Ry = O(VT In? T) indeed avoids the dependence of
d in the logarithmic factor; however, under the joint limit of d and T (d, T — o0), it easily behaves
super-linearly even under the slowly increasing d (e.g., d = ©(InlnT)) due to the hidden constants
in the regret.

3.1 Intuitive Explanation of our Analysis

Before we describe the proof, we provide an intuitive explanation of why GP-UCB achieves a tighter
regret than the existing O (v/BrTyr (X)) upper bound. The motivation for our new analysis comes
from the observation that the upper bound of the information gain: I(Xr) < yr(X) in Eq. (@) is
not always tight depending on the specific realization of the input sequence Xr. To see this, let us
observe the following two simple extreme cases of X7 where the inequality I(X7) < yr(X) is loose
and tight:

e Case I: I(Xy) < yr(X) is loose: Let us assume all the input is equal to the unique
maximizer * (namely, V¢ € [T],z; = x*). Then, when the kernel function satisfies
Vo € X, k(x,x) = 1 as with ksg and kpnfaerm, We have:

T
1 1 1
1(Xq) = 5 Indet(Ir + o 2K (X7, X7)) = 3 Z In(1 +072) = 5 In(1+ o72T), (10)
i=1

where A; is the i-th eigenvalue of K(X7,X7) = 117 with 1 = (1,...,1)T € R”. The third
equation uses the fact that 117 is rank 1, and its unique non-zero eigenvalue is 7.

e Casell: I(X7) < yr(X) is tight: Let us assume that (x;) is the same as the input sequence
generated by the maximum variance reduction (MVR) algorithm (namely, V¢ € [T], x; €
argmax . y 0 (x; X,—1)) [51L156]. Then, from the discussion in Sections 2 and 5 in [51]], we
already know that y7(X) < (1 — 1/e)~'I(X7). This suggests that I(X7) < y7(X) is tight
up to a constant factor when X7 is realized by MVR.
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Figure 1: The behavior of the realized input sequence Xy (left) and the corresponding information
gain I(X7) (right) in the 1-dimensional BO problem with o> = 3. The top left figure shows the
objective function f realized by GP under k = kyjaern With v = 5/2. The bottom left figure shows
the histogram of the realized inputs: (&;);e200] With GP-UCB (blue) and MVR (orange) under f
in the top left figure. Furthermore, the right plot shows the corresponding information gain /(X;)
under GP-UCB or MVR. We also plot I(X;) := 0.5In(1 + o~2t), corresponding to Case I described
in Section We can observe that the inputs selected by GP-UCB are concentrated around the
maximizer from the left figure. Then, from the right figure, we also observe that the corresponding
information gain increases more slowly than that of MVR, and behaves similarly to Case I on # > 30.
More comprehensive empirical results are also provided in Appendix [D]

From Case I, we observe that 7(X7) satisfies @(InT) < I(X7) < yr(X) depending on X7. Further-
more, by comparing the input sequences in cases I and II, we expect that /(X7) becomes small if X7
concentrates around the neighborhood of «*, while 1(X7) becomes large if X7 spreads over the entire
input domain X. Then, from the fact that the worst-case regret of GP-UCB increases sub-linearly

with the speed of O(+/BrTyr (X)), we can deduce that the input sequence X7 of GP-UCB will
eventually concentrate around the maximizer x* if * is unique and || || is not extremely smalﬂ

We provide an illustrative image in Figure Our proof is designed so as to capture the above
intuition that /(Xr) could be improved from y7(X) to ®(InT) under “favorable” sample path f.

3.2 Proof of Theorem[3|

Let A be an event such that the two high-probability events of the original GP-UCB proof (described
in the last paragraph in Section[2) and Lemma 2] with the confidence level gp simultaneously hold.
Note that event A occurs with probability at least 1 — dgp — ¢ from the union bound. Therefore, it is
enough to prove our upper bound under A. To encode the high-level idea in the previous section, we
need to capture the concentration behavior of the input sequence X7 around the maximizer *. From

this motivation, given some constant £ > 0, we decompose the regret as Ry = R<T1) (&) + R(Tz) (e),
where:

R ()= > f@) - f@), RY (&)= ), f@) - flm). (11)

teT (&) teT¢ (&)

Weset T(e) ={t € [T] | f(x*) — f(x;) > €} and T (&) = [T] \ 7 (&) in the above definition.
A key observation is that, if we set sufficiently small &£ depending on the constants in Lemma [2]
the inputs (x;) in R<T2) (£) (namely, inputs (x;) such that f(x*) — f(x;) < & holds) are on the
locally quadratic region around the maximizer «* due to conditions 1 and 3 in Lemma[2} The formal
descriptions are provided in Lemma [20]in Appendix [C| This fact is originally leveraged in [46] to
analyze the successive elimination-based algorithm. In the analysis of GP-UCB, it enables us to

2Specifically, if T|| |l < O(NBrTyr(X)), we cannot make any claims about X7 based on the worst-case
bound since any sequence Xy satisfies the worst-case bound without concentrating around maximizer. This
is why our analysis technique does not improve the worst-case regret in the frequentist setting. Indeed, in
the proof of the worst-case lower bound for the frequentist setting [47], the existence of the function f with

T flleo = O(NBrTyr(X)) is guaranteed.



analyze the behavior of the sub-input sequence {x; | f(x*) — f(x;) < &} through the regularity
constant cquad- Below, we formally give the upper bound for R(Tz) (&).

Lemma 4 (General upper bound of R(Tz)). Suppose (x;)ie[) is the input query sequence realized
by the GP-UCB algorithm. Furthermore, lety, is the upper bound of MIG y;(X) such that %y, /[t is

non-increasing on [T, 00) with some Te N Then, under event ‘A, we have
_ 2 2\/2Cﬁ T
(2) T T [ .- -
RT (8) < zcsupT + ? (long + 1) + W max \/’}/(T/zi—l) (82 ( cquladni’m )),

ieli]

22\ JCBr (T2 )Ty i1 +55)

where C = 2/In(l + 072), i = [log, %J +1, n; = PR ,

and € =

: 2
mln{cgap, Cquadpquad}'

We give the full proof in Appendix [A.T] Here, the dominant term in the above lemma is given as:

max \/Ty(T/zf_l) (Bz (’/C;uladm; w*))) . (12)

Note that 7; is decreasing as the time index 7/2/~! of MIG increases. In other words, the input
domain B, (‘ /c;uladm; x*) of MIG shrinks as the time index T/2~! increases. This property is

beneficial for obtaining a tighter upper bound than that from the existing technique. For example,
under k = kyaerm With 2v + d < v2, we can confirm that the dominant polynomial term in MIG
is canceled out by the shrinking of the input domain in MIG. Namely, we can obtain the following
result under k = kMatérn:

maxy ryi-1) (Bg (,/c;uladm;w*)) =0(1) (as T — o), (13)

which leads to R(T2) (&) = 0 (VT). This strictly improves the trivial upper bound R<T2) (e) =
9] (VTyr(X)) under k = kpaern- The formal descriptions are given in the next lemma.

RP () =0

Lemma 5 (Upper bound of R(Tz) under ksg and kmam). Suppose (x;);e[r) is the input sequence
realized by the GP-UCB algorithm. Furthermore, ¢ is set as that in Lemma[] Then, under event A,

O(NT) if k = kntaern With 2v + d < V2,

) ()
R (e) = {0 (Ve T) it k = ksp. (1

The full proof is given in Appendix The remaining interest is the upper bound of R(Tl)(g).

The definition of R(Tl) (&) is the same as the lenient regret [8]], which is known to be smaller than
the original regret Ry in GP-UCB. Although Cai et al. [8] studies the frequentist setting, their proof

strategy is also applicable to the Bayesian setting as described in Section 3.4 in [8]. The following
lemma provides the formal statement about the upper bound of R(Tl) ().

Lemma 6 (Upper bound of R, adaptation of the proof of Theorem 1 in [8]). Fix any € > 0.

Suppose k = ksg or k = knag. Then, when running GP-UCB, R(Tl)(s) = 5(1) holds under event
A.

We provide the proof in Appendix for completeness. For both kernels, R(Tl) (€) is dominated by

the upper bound of R(TZ) (¢). Finally, we obtain the desired results by aggregating the inequalities in

Lemmas 3 and

4 Discussions

Below, we discuss the limitations of our results and outline possible directions for future research.

3Namely, V¢ > T, Ve 2 0,%,/t 2 ¥,,./(t + €) and ¥t = T, y,(X) < ¥, hold for some T € N,..



« Optimality. Based on the Q(VT) lower bound on the expected regret provided by Scarlett
[46]], we conjecture that our O(VT) high-probability regret bound for GP-UCB is near-
optimal. However, it is not straightforward to extend the lower bound for the expected
regret in [46]] to a high probability result. Specifically, the lower bound in [46] is quantified
by a mutual information term (Lemma 4 in [46])); however, to our knowledge, the technique
used to handle this term appears to be specific to the expected regret setting. We believe that
the rigorous optimality argument for the Bayesian high probability regret is an important
direction for future research.

* Smoothness condition. In our result for the Matérn kernel, we require an additional
smoothness constraint to obtain a O (VT) regret boun To overcome this issue in our

proof, we believe that we need stronger regularity conditions on the sample path around the
maximizer than those assumed in Lemmal[2l

» Extension to the expected regret. Our regret bounds involve regularity constants that
depend on the sample path. However, to our knowledge, there is no existing research that
rigorously analyzes how these constants depend on the confidence level dgp. This makes
it difficult to obtain the expected regret guarantees as with the original GP-UCB, whose
expected regret bounds are established by properly decreasing the confidence level as a
function of T (e.g., [40, 53]). To overcome this issue, further analysis for Lemma [2} or
another idea to quantify the sample path regularities, is required.

* Extension to other algorithms. One limitation of our technique is its restricted applicability
to other algorithms. To apply our proof, at least the algorithm should satisfy the following
two conditions: (i) on any index subset, the sub-linear cumulative regret is obtained with
high probability (Lemma[2T), and (ii) the high probability lenient regret bound is provided
(Lemma [6). The existing analysis of the other major algorithms in the Bayesian setting
(e.g., Thompson sampling [43], information directed sampling [44]) does not provide these
properties. Nevertheless, we believe that the high-level ideas in our proof (see Section
could be beneficial for future refined analyses of other algorithms.

¢ Instance dependent analysis in the frequentist setting. As described in the footnote
in Section we believe that our analysis does not improve the worst-case regret upper
bound in the frequentist setting. On the other hand, our technique can be applied to the
instance-dependent analysis [49] for GP-UCB. We expect that our proof strategy could yield
a O(VT) instance-dependent regret for GP-UCB by replacing the sample path condition
3 in Lemma [2| with the growth condition (Definition 4 in [49]) of the function. It is an
interesting direction for future research.

5 Conclusion

We provide a refined analysis of GP-UCB in the BO problem. For both SE and Matérn kernels,
our results improve upon existing regret guarantees and fill the gap between the existing regret of
GP-UCB and the current best upper bound in [46]. The core idea of our analysis is to capture the
shrinking behavior of the input sequence by relating it to the worst-case upper bound and the sample
path regularity conditions. Although our current analysis is limited to GP-UCB in the Bayesian
setting, we believe it lays the foundation for several promising future research directions.
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A Proofs in Section

A.1 Proof of Lemmald]

Proof. From Lemma[21] we have the following upper bound for any index set 7~ C [T] under A:

2

D 1@ = f@) < 2JCBAT I + T (1s)

teT

Here, for any i such that 7/2/~! > T, we set (13;) as

2 (2JCBr(T 27 e + )
ni = (T/2i-1) ’

(16)

As described in the proof below, these (1;) are designed so that we can obtain the upper bound of
|7 (n;)| in a dyadic manner. Here, we consider the upper bound of |7 (1;)| based on the worst-case
upper bound in Eq. (T5). From the definition of 7 (r7) and Eq. (I3) with 7 = [T], the condition
|7 (7)1 < 2+/CBrTy7 + 7% /6 must be satisfied; otherwise, we have Zeerr) f(&) = f(z) 2

2t f(@) = f(xe) 2 T (m)Im > 24/CBrTyr + 72 /6, which contradicts worst-case upper
bound in Eq. (I3). Therefore, we can obtain the following upper bound:

2
T
|7 (171)| < max {t <T |tn <2VCBrTyr + %} =7 17)
Furthermore, since 7; is monotonic due to the condition about y,, we have n; < 12, which implies
T (n2) € 7 (171). From Eq. with 7~ = 7 (171), Eq. (T7), and 7 (;72) < T (171), we further obtain

— n? T
|7"(n2)| < max {l <T/2 |ty <2,CBr(T/2)¥ (12 + F} =1 (18)
Similarly to |7 (172)|, we have 7 (n3) € T (172) and
— n? T
|7 (73)] < max (¢t <T/4 |3 <2,|CBr(T[4)Y (1/a) + <=3 (19)

By repeating this argument ; times while 7/2/~! > T holds, we have the following inequality for any
i < |log, %J +1:

. 2
|7 (17:)] < max {f <T/27Y |y < \/C,BT(T/zi_IW(T/zi*I) + %} = ; (20)
Then, we have
RP(e)= D, f(@") - f(a) 1)
teT< (&)
= > f@)-fl@y+ Y f@) - flx) (22)
teT<(e)NT(m) teTe(e)NT< ()
= F@") = fl@) + >, f@") = f(@)
te7¢(e)NT (m)NT (172) te7<(e)NT (m)NT< (172)
. (23)
), f@) - f@)
teT<(e)NT< ()
2
= f@) - f@)+ ), D f@) = fl@), @4

teT<(e)NT (m2) i=l teT<(e)NT (ni—1)NT<(n;)

where the last line follows from 7 (1) € 7 (7). In the above inequality, we define 7 (ng) as
T (no) = [T] for notational convenience. By repeatedly applying the above decomposition, we
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obtain

2
D @) - f@)+ )] D F@) - f() (25)
te7¢(e)NT (172) i=1 te7¢(e)NT (7i-1)NT“ (17:)
3
= D @) -f@)+ )] > F@") = f(z) (26)
teTC(e)NT (13) i=1 teTc(e)NT (i—1)NT€(17:)
= > f@)-f@)+ )] D f@)-f@), @D
teT<(e)NT (177) i=1 teT¢(e)NT(i-1)NTE(ni)

where i = |log, %J + 1. Regarding the first term in Eq. (27), we have

f(x") = f(x) < chupIT(TI{” < chupT, (28)
teT<(e)NT (177)

where the last inequality follows from |7 (77;)| < T, which is implied by |7 (77)| < T/2‘T from
Eq. (20) and the definition of i. Next, regarding the second term in Eq. (27), we first define 7; and
XD as 7= T¢(e) N T (gi-1) NTC(n;) and X© = {a, | t € T}, respectively. Then, by applying
Lemma 21 with 7~ = 7;, we have

f@) - f@) =) f@) - fm) (29)
teT<(e)NT (ni-1)NT<(n;) tef;
2
< 2\CBrITIXD) + %= (30)
2
< 2\JCBrI Ty (X D) + % (31)
. 71'2
< 2\CBT (i) (X + = (32)
. . 71'2
<2\CBr T2y XD+ 20 (33)

where the third inequality follows from |7;| < |7 (17;-1)|, and the last inequality follows from Eq. (20).
By aggregating Egs. (27), (28), and (33)), we obtain the following inequality under A:

(34)

2
R\ (&) < 2cqpT + 22 [\/C,BT(T/Zl Dy rjamy (X)) + =

2 i
= T 1 YN
< zcsupT + ? (10g2 T + 1) + 2\/CﬁTTZ W ')/(T/Qi—l)(X(l)) (35)
_ 2 2\/2C
< 2equpT + ﬂ3 (log, T +1) 'BT —=— max \/7(7/2 H(X®). (36)
i€li

00

The last line follows from Zl | 57 11) 7 < X W = . The last part of the proof is

1-1 /\F \f 1
to specify the radius of the ball B, (-; *) such that X ) is included in it.

Conversion of the sub-optimality gap into the upper bound input radius. From condition 3 in
Lemma | the definition of 7 (&), &, and Lemma L we have & € B, (pquag; ) for any x € X @,

This implies V& € X©, f(x*) - f(x) > Cquad|lT — T ||2 from condition 3 in Lemmal Smce Vx €

X, f(x") = f(x) <m; from T; € T¢(n;), we have n; > cquadllT — ||2 &
which implies XV ¢ B, (, /c;uladm; x*). Therefore, we have

Y1 (XD) <y (32 (\/C;Jadﬂi; ﬂ’»‘)) : (37)
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Finally, combining Eq. (33) with Eq. (37), we have

_ 242CBrT \/
(2) T T , 1 o
R;7 (&) < 2ceupT + 3 (log, T+ 1) + o1 frelé[lz); Y(r)2i-1y (Bg (,/cquadm,w )) (38)

]

A.2 Proof of Lemma[3

To prove Lemmal[3} we require the upper bound of MIG with the explicit dependence on the radius of
the input domain. In Corollary[8]in Appendix [B] we provide it with a full proof. Below, we establish
the proof of Lemma 5] based on Corollary 8]

When k = kypaem.  Set Cuvae > 0 as the constant such that the following inequalities hold:
Vi > 2,7:(X) < Cyat 54 In3+d 1, (39)
Vi =2,V > 0,7y, ({w eR? | |zl < n}) < Chvat (n%tﬁ In354 ¢ 4 In2 t) T

The existence of Cyy is guaranteed by the upper bound of MIG established in Corollary@ Note that

. _ d_ | dvid
CMat 18 the constant that may depend on d, ¢, v, r, and o2. Furthermore, we set Y = CMat 744 In Mad t,
For function g(t) := 7, /t, we have

4v +d

, 2vCMat _ 2v__| | 4vid v . 2
1) = ——————¢t " >+d ' In>d £+ Cwm. t 2v+d ' In2v+d ¢ 41
=5 d ! My + d ! “h
G v v
= ﬁt—zﬁm “H(In™4 £) (<2vInt + 4 + d) | (42)

Therefore, we set T = [exp(2 + d/(2v))], which is independent of T. Here, for any > 0 and t > 2,
we have

From the above expression, if 2vInt > 4v +d & t > exp(2 + d/(2v)), ¥,/t is non-increasing.

¥ (B () <y, ({z e R | 1z - 2| < ) 3)
=y (@ e R 2l < m}) (44)

vd _d | dved 2
< Cyat (nZV+dIZV+d ¥4 ¢+ In t), (45)

where the second line follows from the fact that knjaerm i the stationary kernel (namely, knaérn
is transition invariant against any shift of inputs). Regarding 7; in Lemma [4 by setting 7; as
T; =T/2'~!, we have

2 (2 ChrTvy + %2)

P = 46
n T (46)

N
S AL 47)

T 37,

—d_ v+d
OB T, Oy TZ T B4 T, 2 i
= + —
. T (48)
Y v+ 2

= 4COuBr (T, 77 ¥ ) + 2 (49)
< CuaBr (T, 7 i1 77), (50)

SIf we rely on the result in [S8], we can tighten the logarithmic term from ln% t to ln% t; however, due
to the technical issue of [58] described in Appendix@ we proceed our proof based on Corollary@
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~ . . ~ Y 4vid
where Cymae > 0 is a sufficiently large constant such that Cya VBT (Tl v+d |ndviad Ti) >

4+/C CyraBT (Tl_m Inivisa Ti) + % for any 7; > 2. Note that we can choose Cyy > 0 with-
out depending on 7. From Eqs. (3] and (30), for any i, we have

Y1201 (Bz (\/c;}adm; m*)) (51)

vd

< Cita (cqu;ganTM N+ T; +1In T) (52)
vd -7 - . A dv+d zvfi

< CMat [Cqui‘(/;d C]\Z/[Va:d 72"(2v+ui) (T, +d | dvead Tt) v T2v+cl 1n2v+d T + lIl T (53)

Furthermore, by noting condition 2v + d < v?, we have

y - d ,vzid_,_i
(’Ti_m ln44y+2‘§1 T'l) 2v d T2v+d 1n2y+d T 0 T'l (Qv+d)? 2V-'-d) (54)
_ d(2v+d)-v2d
=0 Tz (2v+d)? ) (55)
_ dQv+d—v?)
=0 Tz (2v+d)? ) (56)
=0(1). (57)

From the above inequalities, we have yrsi-1 (Bz (,/c;u'a i g;*)) =0 (1). Therefore, LemmaE|

implies
2 22CBrT

— (log, T + 1) +
3(g2 ) \/z_l

=0(VT). (59)

R\ (€) < 2¢5upT + x 0(1) (58)

When k = kgg. The proof for k = kgg is not as straightforward as the proof for k = kmawrmn-

Specifically, we have to choose a proper T so as to obtain an O(InT) upper bound of MIG. Let
Csg > 0 be the constant such that the following inequalities hold:

Vi >2,7,(X) < Csg In*1 s, (60)
202 In?*!¢
Vi 22,Yn € (04| 5—),v({w e R | ||lzll2 < n}) < Csg L Y A )
(22
ncecq

The existence of such Csg is guaranteed by Corollary [8] In the above inequalities, ¢ is the constant

defined in Corollary (8l We also set y, as ¥, = Csg In?*'¢. We choose T later such that we can
leverage the second statement in the above inequalities. Under k = ksg, we have

— 2
2 (2P Ty, + %)

m= . (©2)
1
4CBrTiyr,  n?
=+ — (63)
T; 3T;
4\/C:8TT1'CSE ' 2
= + — (64)
T; 3T;
_1 d+1 7'l'2
= 4+/CCsgfr (Tl ’In" 2 Tl) + ﬁ (65)

<cSE\//3_T( %t ) (66)
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— ~ 14
where Csg > 0 is a sufficiently large constant such that CsgvpBr (Tl 2 ln% Ti) >

44/CCsgBr ( -3 Ins T) + 3T for any 7; > 2. Hereafter, we define 77; = CSE\//S’T ( = In“* Ti).

Then, to apply Eq. (61), we consider the lower bound of 7; such that | /cgula J1i < V262/(e?cq) hold.

From the condition /c;uladﬁi < 202/ (e2cy), we have

<L *‘edc\/_1zT T
Cquad'li < \[ G2 7 Cquaa 7 p0 “SE Brln <

_ e Cd 1
& ComaT 7 CoeVBrInG' T < T?

(6’ caCsg

2
' T < T
2€2Cquad ) ﬁT 1

From the above inequality, we set T such that

(ezchSE

2
T <T.
2ffchuad) Fr

Then, from 7; > T and Eqs. (67), and (70),

yrpr (82 (w/cgjadni;w*)) <y ({2 e R el < Jeglm})

d+1

In“"" T;
<Csg| ————+InT|.
In d (ZLqUAd{’ )
n;eca
Based on Eq. (72), we further consider the lower bound of 7; such that
In d+1 T;
————— =0(InT).
1 d ZCqudf
( ecq )
For the condition in Eq. (73), we have
2cquaal? VLN 2cquaal? 1/4
mieca ' e CspVBrTy Pt T
d+1
- T1/4 ecyCsgVBr In2 T;
chuad€2
~ dil
14 5 ecqCsgVprin 2 T
=T, 5
chuadg
d+l 4
CsgVBrIn>
o7 > | dCsE BrIn '
Zcquadfz
— d+l 4
Hence, if T > (M) , we have
2Lquddf
C 17, +InT|(<C I 7; +InT
————+In ———+In
e d(chuadf ) S\ 4-dm dT
1n;eca

< Csg (4dlnT+1nT).
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(68)

(69)

(70)

(71

(72)

(73)

(74)

(75)

(76)

(77)

(78)
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By aggregating the conditions (70) and (77), we set T as the smallest natural number such that the
following inequalities hold:

2

, =
C _
¢ Cdsk Brin'T, and T > (

2£2Cquad

4
ec ~,
—dz) Ciopan? @+ T, (80)

2Cquadf

T>

Then, from Egs. (72) and (79), we have

\/V(T/zi—l) (32 (\lcgdadﬂi;x*)) = 0(VInT). (81)

Finally, by noting 7 = O (In>**** T), we obtain the following result from Lemma

RP () =0 (1112‘”4 T + VT In? T) . (82)
Since d is a fixed constant, the above equation implies R(T2) (e) = O(NTInT). o

A.3 Proof of Lemmalal

Proof. From the upper bound of the discretization error in event A, we have Vt > /2/e,Vx €

X, |f(z) - f([x]:)| < /2. Here, we set 7 (g) = {t € N, | t > 4/2/¢}. By relying on the standard
argument of MIG [51]], we observe the following inequality for any realizations and € > 0:

Cyi7(e)nT () (X)
|7 (e) N T (&)l

83
teT(e)NT (&) (83)

min o(x; Xe-1) S\/

where 7(g) = {t € [T] | f(x") — f(2;) > &} and C = 2/In(1 + o2). Under A, we further have
the following inequalities for any ¢ € argmin, ¢(¢)ng(4) o (13 Xi-1 )ﬁ

plar X3 yr1) + By o (@ X y) (84)
= p(ay X3 yrey) — B2 0 (2 X)) + 282 0 (7 Xr ) (85)
< f(@p) + 28 0 (27 X)) (86)
\ CB7Y17(e)n7 () (X)

<ﬂm*8”J 7@ N7 ()] &7
. - . CBryi7(e)ng(£)(X)

ﬂﬂﬂ—ﬂ@bhﬂhh%sﬂJ o h T (38)
v 2 el & CBY|T(e)nT ()| (X)

< p(l2" )7 X3 y) +:8; o([z"]5 X ) 3 +2\/ 1T () N T (2)] ) (89)

where the second inequality follows from the definition of 7 (&), and the last inequality follows from

tTe 7 (&) and event A. Therefore, under A, the inequality —% +2 %W > 0 must

. 1/2 ® 1/2 *
hold; otherwise, (a7 Xr_13 y7—1) + 850 (a7 Xp_y) < ([ 15 X3 yr-0) + By o ([27]7 X ),
1/2

which contradicts &7 € argmax, x u(; Xz_ 13y ) + B "0 (x: X7_). This further implies

16CBry|7(e)nT ()] (X) - 16CBTY|7(e)nT ()1 (X)

IT(e) N T(e)] < 2 (90)

&2 &

If 7 () N T (&) = 0, the theorem’s statement clearly holds; therefore, we suppose 7 (€) N7 (&) # 0 in this
proof.
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for any £ > 0. Furthermore,

R ()= > fa") - f(z) 1)
teT (€)
2
= 2Csup\/; + Z f(x") = f(x) (92)
teT(e)NT (&)
2 2
< 2csup\£ + = +2[CBrIT() N T (@i eng(en (X) 93)

for any & > 0. In the above expressions, the last inequality follows from Lemma 21} The remaining
part of the proof is to substitute the quantity |7 (e) N 7 (&)| in Eq. (93) into its upper bound, which
is deduced from Eq. (90) depending on the kernel.

For k = ksg. Under k = ksg, we crudely take the upper bound of |7 () N 7 ()| as

L16CBTY|T(e)nT(£)|(X) - 16CBryr(X)

2 = £2

1T (e) N T ()] <

(94)

&

The above upper bound implies |7 (e) N 7 (e)| = O (Bryr(X)). Since yr(X) = O (In“*' T under
k = ksg, Eq. (O3) implies

(1) 2 4

Ry (e) < zcsup\/; tgt o (\/ﬁT(ﬂT?’T(X)) In (IBT'}’T(X))) 95)
=0 (,er\/ (In“*!' 7) In?*! (1In9+2 T)) (96)
-0 (\/(m 7)4*3(InIn T)d+1) 97)
=0(1). (98)

For k = kpmaerne  Set Cyae > 0 as the constant such that the following inequality holds:

Vt > 2,7:(X) < Cytat 54 In+d 1, (99)

The existence of Cyyy is guaranteed by the upper bound of MIG established in Corollary |8} Then, if
|7 (e) N T (¢)| = 2 holds, Eq. (90) implies

16CB1Crtad| T (€) N T (€)| 552 In %54 |T(€) N T (&)

[T (e) NT ()] < = (100)
d 4v+d
16CBrCMmat|T () N T (g)|>+d In2v+a T
= |7(e) N T(e)] < BrCwmatl T ( )82_( )| (101)
4v+d
v 16CBrCyaIn>+d T
& |7 (e) T (o) < 10CPT e (102)
vi 1+£
16CBr Cr I T\ 7
e |T(e)NT ()] < > : (103)
&

Therefore, we have |7 (€) N 7 (¢)| = O(1) under fixed &, d, and v. Hence, from Eq. (93)), we obtain
RV (e) = 0(1). O

B Information Gain Upper Bound

Our analysis requires the upper bound of MIG with explicit dependence on the radius of the input
domain. Several existing works [4} 27, 28]] established such a result by extending the proof in [51].

— d(d+1)
However, the proof strategy in [51] result in O (7 2+4@+D ) upper bound of MIG in Matérn kernel,
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which is strictly worse than the best achievable o (Tﬁ) upper bound. Vakili et al. [S8] shows
O(Tﬁ) upper bound of MIG with v > 1/2 under the uniform boundness assumption of the eigen-

functions. Furthermore, the following work [55]] shows y7({x € R? | ||z|» < 7n}) = 5(77%Tﬁ)
for any radius > 0 if there exist eigenfunctions uniformly bounded without depending on n > 0.
Some of the related results supports the uniform boundness assumption under d = 1 [27, [62], or
under the approximated version of the original Matérn kernel [42, |50]]; however, to our knowledge,
we are not aware of any literature that rigorously support uniform boundness assumption under the
general compact input domain with d > 2 and v > 1/2. See Chapter 4.4 in [27] for the detailed

discussion. Therefore, this section’s goal is twofold: (i) prove 9 (Tﬁ) upper bound as claimed in
[58] without relying on the uniform boundness assumption, and (ii) clarify the explicit dependence
on the input radius in the upper bound proved in (i).

Below, we formally describe our MIG upper bound.
Theorem 7. Fixanyd € N,, 0> > 0, and T € N,. Let us assume X = {x € R¢ | ||z||» < 1}. Then,

* For k = ksg, yr(X) satisfies

(1)
C T T 2 1
yT(X) < — d 1Hd+1 (l + F) +In (l + F) + C(([Z) exp (_5 + E) (104)

if0 < e’cqandT/(e — 1) > 0% Furthermore, for any 0 > e*c4, we have
(3)

C T T
yr(X) < —L— 9! (1 +—2) +c) ln(l +—2) +c. (105)
In? (L) o o
ecy
Here, we set & = 20> and ¢4 = max {1,exp (é (% - l))} Furthermore,

Ct(ll), ijz), Cf)’ Cy), CL(IS) > 0 are the constants only depending on d.
o For k = kmae with v > 1/2, yp(X) satisfies
y7(X) < C(T,v,0*)yr +C (106)

F(v)

where C(T, v, ) = max {1 log, (1 + In —) 1log, (#2)02) + 1}. Here, C, > 0
and C > 0 are the constant that only depends on v > 0, and an absolute constant,

respectively. Furthermore, yr is defined as

d
— A 2T (2) T \2d 5 2T
Yr = Cd,v In (1 + ;) C ( 272 In>+d 1+ ; , (107)
where Cc(lll),, C, (2> > 0 are the constants only depending on d and v.

We also obtain the following corollary by adjusting the lengthscale parameter £ > 0O based on the
radius of the input domain.

Corollary 8. Fixanyd e N,, 0> >0, T € N,, n > 0. Let us assume X = {x € R? | ||z|» < 1}
Then,

* For k = ksg, yr(X) satisfies

(3)
c T T
yr(X) < # In?+! (1 + —2) +C¥n (1 + —2) +c. (108)
(oa g
In (nzecd)

if20%/n* > e%cy.
» For k = kyagm with v > 1/2, y7(X) satisfies Eq. (106)), with

d
2T v [T\ 2T
yr=c ln(1+ )+c‘2> nia ( ) Inm+a (1+—2). (109)

oLy o
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The constants in the above statements are the same as those in Theorem[]]

While the above results ignore the explicit dependence on d and v, all the other parameters are
explicitly stated in our upper bound of MIG. We would like to emphasize that we do not rely on the
uniform boundness assumption of the eigenfunctions to prove the above results. In the above results
for k = ksg, we obtain the same O(In“{Jrl T) upper bound as that in [58] except for the constant

factor. For k = kwmawem, We also obtain the same 9] (Tﬁ) upper bound as that in [58]], while the
logarithmic dependence get worse from O (In?/2V*4) T to O (In“#*+4)/2¥+d) T Furthermore, the
above result reveals the explicit dependence of the radius 7 of the input domain. Regarding the case

k = kMatérn, OUr result suggests 9] (U%Tﬁ) upper bound of MIG, which is consistent with that
in [55)] with uniform boundness assumption.

Proof overview. The basic proof strategy follows that in [S8]], which leverages the Mercer decom-
position of the kernel. To bypass the uniform boundness assumption in the proof of [58]], we must
resort to other specific properties of the eigenfunction. However, except for some exceptional cases,
the eigenfunction of the kernel on the general compact domain is difficult to specify in an analytical
form and complex to analyze. To avoid this issue, instead of studying the original definition of the
MIG on R<, we consider reducing the original MIG on X := {x € R? | |||l < 1} to that on a
hypersphere S¢ := {x € R?*! | ||z||, = 1} defined in R%*!. The eigensystems on S¢ are one of the
exceptional cases, whose eigenfunctions are specified as a special function on S, called spherical
harmonics [1,116]. Indeed, by using the addition theorem of the spherical harmonics (Theorem ,
the existing works [25, [31} [57]] already demonstrated that the upper bound of MIG on S¢ is proved
as with [58] without the uniform boundness assumption. We use their technique to show the upper
bound of MIG under SE and Matérn kernels on R?, while the original motivation of these existing
works is to study the MIG under the neural tangent kernel on a hypersphere. The remaining parts of
this section are constructed as follows:

* In Section we show our core result (Lemma@) that guarantees the MIG on {x € R? |
lz|l2 < 1} is bounded from above by that on S¢ up to logarithmic factor.

* In Section we summarize the basic known results about Mercer decomposition on S¢,
which is the foundation of the following subsections.

* In Section [B.3l we provide the general upper bound of the information gain on S¢
(Lemma [15)), represented by the kernel function’s eigenvalues. This subsection’s result
has no intrinsic change from those in [31} [57]]; however, we provide details for complete-
ness.

* In Section we provide the upper bound of the decaying rate of the eigenvalues in SE
and Matérn kernels.

* In Section[B.5] we establish the full proof of Theorem[7|based on the results in Sections[B.T}-
B.4

B.1 Reduction of the MIG on R to S¢

Lemma 9 (Reduction to the hypersphere in R4*!). Fix any d € Ny, 0> > 0, and T € N,. Suppose
X={(x1,...,x2,0)T e R | 34 x2 < 1}, and define S¢ as S = {x € R¥*" | |||l = 1}. Then,

e For k = ksg, we have
max Indet(Ir + o ’K(X7,X7)) < max Indet(Ir + o 2K(X7, X7)). (110)
S

e For k = knjater, we have

max _Indet(Ir + o ’K(X7, X7)) (111)
Ti,..., xzreX
<C(T,v, 0'2) max Indet(I7 + 20'_2K(XT, Xr7)) + C, (112)

where C(T, v, 0—2) = max {0, log, (1 + Fc(‘:) In 5—22) + ‘—lllogz (#2)0_2) + 1}. Here, C,, > 0

is the constant that only depends on v > 0. Furthermore, C > 0 is an absolute constant.
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Proof. For any xy,...,x7 € X, we construct the new input sequence Zi,...,Zr on S9 where

©
~ _ d 2
T; = (Xi,l,---,xi,d, I- ijlxi,j) .

Under k = kgg. It is enough to show the following inequality:

det(Ir + o 2K (X7, X7)) < det(Iy + o 2K(Xr, X7)), (113)
where X7 = (@1, ...,x7). From the definition of &;, we rewrite R.H.S. in the above inequality as
det(Ir + o *K(X7,X7)) = det(K © (It + o *K(X7, X7)), (114)

where [I~(],-, j =k(x;,x;)/k(x;, x;). Here, A © B denotes the Hadamard product of the matrices A
and B. Then, Oppenheim inequality (e.g., Theorem 7.27 in [63]]) implies det(A © B) > det(B) []; A

for any positive semi-definite matrices A and B. Therefore, if Kisa positive semi-definite matrix,
Eq. (TT4) immediately implies

det(Ir+0 KXz, X7)) > det(Ir+0K(Xr, X71)) ﬂ K; = det(Ir+0 K (X7, X7)). (115)

i€[T]
From the definition of ksg and Z;, we have
2
2 2 2
_ - 1=zl = 1 = llz;
k(xi,z;) ex _”w willa + (\/ Ieill \/ Iijllz) + i — ;13 (116)
k(o) P 202 202
2
(\/1 — Jlill3 - 1 - ||wj||§)
- - _ 117
exp — (117)

The above equation suggests that K is equal to the kernel matrix of the one-dimensional SE-kernel,

whose inputs are transformed by /1 — || - ||§. Since the SE kernel is positive definite, the matrix K
is also positive semi-definite, and we complete the proof for k = ksg.

Under k = kpaern. Similarly to the proof for k = ksg, we consider the application of Oppenheim
inequality; however, the positive semi-definiteness of element-wise quotient matrix K is unknown
for k = kmaern. To avoid this problem, we leverage the following representation of kpaeérn, Which is
given as the form of the lengthscale mixture of the SE kernel [54]:

k(x,x) = : /mz"_le_zex _—||:n—5||§ d
T TW S T P\ 21 |

Based on the above representation, we decompose the original kernel function & into the following
three components:

(118)

k(x,x) = ki(x,x) + kr(x, T) + k3(x, ), (119)
where:

I T Y G PH
kl((l?,w) = F(V) A Z e ~exXp —W dZ, (120)
bo(.3) = —— [ 2 ez ex _lle -zl d (121)
TG S, C P\ ™21 |
ky(x, T) = L/m v=lp=Z ox = -2l3 d (122)
W10y S, Pl7 2001 )™
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with some 7, > 1y > (ﬂ Then, as with the proof of Theorem 3 in [34], we have

Indet(Ir + o 2K(X7, X7))
< Indet(Iy + o 2K, (X7, X7)) + Indet(I7 + o >Ky (X7, X7)) + Indet(I7 + 02Kz (X7, X7)),

O (i) (iii)
(123)

where K| (X7, X7), K7 (X7, X7), and K3 (X7, X7) are the kernel matrix of k1, k, and k3, respec-
tively. We set sufficiently small 77; and large 77, so that the crude upper bound of the first term (i)
and the third term (iii) are sufficiently small. For this purpose, the following settings of 177 and 7,
are sufficient (we confirm in the next paragraphs):

1
vL(v)o?\¥ I'(v)y, T?
n = (T) , 2 :max{l, c. 1n; s (124)

where C,, > 0 is the constant such that ¥z > 1, 7" le % < Cve‘z/2. Hereafter, we suppose that
11 < 12 holds with the above definition. The case 1; > 1, is considered in the last parts of the proof.

Upper bound for the first term (i). From the definition of k, we have

S U R O Lt
|kl(m’ :I})| = m ) Z e ~exXp —W dZ (125)
< 1 m ve1 24 (126)
T 7" e %dz
< 1 /Ul v—ld (127
ST © T
l vim
= 128
o 2 o (128)
1
= v 129
VF(V)”I ( )
Then, from the definition of 11, we have
| 1 vI(v)o? o?
= = —. 130
vI'(v) g vI'(v) ( T2 T2 (130)

Therefore, by denoting the eigenvalues of K; (X7, X7) with decreasing order as (4;);¢ [T]ﬂ we have

T

Indet(I7 + o °K (X7, X7)) = In ]_[(1 +072) (131)
i=1

<In(l+o724)7 (132)

<In(1+77"H7, (133)

where the last inequality follows from Ay < /X1, 22 = |[Ki(X7, X7)lF = /X0 ki (zi, @))? <

o2/T. Since In(1 + T~1)T — 1 as T — oo, there exists constant C > 0 such that Indet(I +
o 2K (X7, X7)) < Cforall T € N,.

"Note that the linear combination of the positive definite kernel with non-negative coefficients and its limit
are also positive definite. Therefore, k1, k2, and k3 are also positive definite as far as 72 > 7.
8Note that 4; is non-negative from the positive semi-definiteness of K; (X7, X7).
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Upper bound for the third term (iii). From the definition of k3, we have

I TR la - Z|12
|k3(x, )| = ) 7V et exp EY = dz (134)
mn
1 (o]
< v=le=2q 135
T J,, 7" e dz (135)
(jV . -z/2
< d 136
o) J, & (136)
_ZCV —z/2700
= — 137
oy [T (137)
2Cv 772)
= — -—=. 138
= exp (-2 (138)
Then, from the definition of 175, we have
2C, 2 ) 2C, I'(v) T? o?
—-——1 < - In|— = —. 13
() eXp( 2) =T eXp( 2c, "\o2)| T 712 (139)

By following the same arguments after Eq. (I30) in the upper bound of the first term (i), we conclude
that there exists constant C > 0 such that Indet(I7 + o ?K3(X7, X7)) < C forall T € N,.

Upper bound for the second term (ii). We further divide k, with dyadic manner:

[
(2, %) = Y k57 (2, &), (140)
g=1
where:
(@) Lot} Iz — 13
k" (x, ) = e~ ——2|dz. 141
2> (®%) =50 /mqu S IOV A (141)

Here, Q € N, is the minimum number such that 17,2€ > 1, holds. Then, as with Eq. (T23), we have

o
Indet(Ir + o 2K (X7, X7)) < Z Indet (IT +o 2K (X, XT)) , (142)
q=1

where Kéq) (X7, X7) is the kernel matrix of kéq). Next, for any g, we define new kernel function

%(Q)(m,i) as
2
(\/1 ~ i3 - 1 - ||5c‘||§)
20y~ min{n129, n2}

KD (2, %) = ki (2, %) exp| - (143)

We further denote the kernel matrix of ZE‘I) by Izéq) (X7, X7). Then, from Oppenheim’s inequality,
we have

In det (IT + oK (X, XT)) < Indet (IT + 02K (X, XT)) . (144)

Furthermore, for any z € [7;297", min{n;29,n,}], the following kernel function Eéq) (x,x;z7) is
positive definite (e.g., Lemma A.5 in [10]):

(\/1 ~ Jlll3 - |1 - ||5||§)2 (\/1 ~ Jlell3 - 1 - ||5||§)2

202y-17 P 202y~ min{n;24,1,}

Eéq)(m,ﬁc’; 7) =2exp| -
(145)
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Note that 2k£q) (T, x;) - ?éq) (x;, x;) is represented as

2k£‘1)(5i,5j) — E§Q)(m[,wj) (146)
1 min{77,29,12} - |2 _wjug ~

= et ! D o

ST e 5P| Tt R @iz (147)

By noting that the product of two positive definite kernels is also positive definite, the above expression
implies that 2K§q) X7, X71)- Kgq) (X7, X7) is the positive semi-definite matrix. Therefore, we hav

o o
In det (IT + oK (X, XT)) < > Indet (IT +20 K\ (Xr, XT)) (148)
q=1 q=1

< Olndet (IT + za—ZK(fiT,f(T)) , (149)

where the second inequality follows from the fact that K()~(T, )~(T) - Kéq) ()~(T, )~(T) is positive semi-
definite. From the definition of Q, we have

0 < log, (@) +1 (150)
U

=logym —logymi + 1 (151)

1

I'(yv) K T? v[(v)o?\¥
=10g2max{l,c—vln;}—log2 (T +1 (152)

L'yv), T2\ 1 T2

<lo 1+ —In—|+-log, | ——— | + 1. 153
&2 ( C, 0'2) y o8 (VF(V)0'2 (153

By combining Eqs. (T42), (T44)), (T49), and (T53), we conclude

Indet(Ir + o 2Ky (X7, X7)) (154)
L(v) T?\ 1 T? = =
< |:]0g2 (1 + C_V In ;) + ; ]Og2 (W + 1| Indet (IT +20 K(XT,XT)) . (155)

By aggregating the upper bounds of (i), (ii), and (iii), we have the following inequality under n7; < 1:
Indet(Ir + o 2K(Xr, X7)) < C(T, v, 02) In det (IT +20 2 K(Xr, SiT)) +2C. (156)

Finally, if 1 > 15, we have

Indet(Ir + o ’K(Xr, X7)) (157)
< Indet(I7 + o *(K; (X7, X7) + K3(X7, X7))) (158)
< Indet(I7 + o ’K; (X7, X7)) + Indet(I7 + o °K3(Xr, X7)) (159)
<2C (160)
< C(T,v,0?) Indet (IT + 202K (X, f(r)) +2C, (161)

where the last inequality follows from In det (IT + 20"2K()~(T, XT)) > 0and C(T,v,0?%) > 0. The
desired result is obtained by setting a new absolute constant C as 2C in the above inequality. O

°For any positive semi-definite matrices A, B such that A — B is positive semi-definite, we have /lfA) > /lfB) ,
where (/IEA)) and (/IEB)) is a non-negative eigenvalues of A and B with decreasing order. (This is a consequence

of Courant—Fischer’s min-max theorem.) Therefore, we have det(A) = []; /IEA) > [1; /IfB) = det(B) for such
A and B.
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B.2 Summary of Mercer Decomposition for Dot-Product Kernel on Sphere

In this subsection, we summarize the basic known results of the Mercer decomposition on S9. The
content of this subsection is related to the analysis of the spherical harmonics. We refer to [[1} [16]]
as the basic textbook. In the kernel method literature, the Mercer decomposition of the dot-product
kernel and its eigendecay have been studied. See, e.g., [2, 136} 48]]. Furthermore, the existing
analysis of the neural tangent kernel also leverages the Mercer decomposition based on the spherical
harmonics. We also refer to the appendix of [3, 5] as the related works of this subsection.

We first describe Mercer’s theorem. Let L2(X,u) == {f : X - R | /X f2(x)u(dx) < oo} be the
square-integrable functions on X under the measure u. Furthermore, let us define the kernel integral
operator 7y : L*(X,u) — L*(X,u) of a square-integrable kernel function k : X x X — R as
(T () = f k(@) f(z)u(de). Then, Mercer’s theorem guarantees that the positive kernel k is
decomposed based on the eigenvalues and eigenfunctions sequence of 7 with absolute and uniform
convergence on X X X. We give the formal statement below.

Theorem 10 (Mercer’s theorem, e.g., Theorem 4.49 in [12]]). Let X be a compact metric space, u
be a finite Borel measure whose support is X, and k : X Xx X — R be a continuous and square
integrable-positive definite kernel on (X, p). Suppose that (¢;)ien and (1;);en are eigenfunctions
and eigenvalues of the kernel integral operator Ty, respectively. Namely, (¢;);en is an orthonormal
bases of the eigenspace {Tif | f € L*(X,u)} such that Tgp;i(-) = A;¢; () for all i € N. Then, we

have
k(@ @) = ) Aii(@)p:(E), (162)
ieN
where the convergence is absolute and uniform on X X X.

Specifically, our interest is the Mercer decomposition of the kernel on S¢. This is given as spherical
harmonics on $¢, which we define below.

Definition 1 (Spherical harmonics, e.g., Definition 2.7 in [1]]). Fix any d > 1 and m € N. Let
Y, (R4+!) be the all homogeneous polynomials of degree m in R4+! that are also harmonid®} The
space Yi“ = Y, (R9*1) |cq is called the spherical harmonic space of order m in d + 1 dimensions.
Any function in Y4*! is called a spherical harmonic of order m in d + 1 dimensions.

The following lemmas provide the properties of the spherical harmonics, which guarantee that the
Mercer decomposition of the continuous dot-product kernel on S¢ is defined based on spherical
harmonics.

Lemma 11 (Dimension and completeness of sphererical harmonics, e.g., Chapter 2.1.3, Corollary
2.15, and Theorem 2.38 in [1]]). Fix any d > 1. Then, the following statements hold:

s For any m € N, we have dim(Y%) = Nyy1 m with Ngyi m = W

. d+1 d+1
more, For any m,n € N with m # n, we have Y5, L Y4 E]

. Further-

e Let us define (Ym,j)je[Ny.) be an orthonormal bases of Y+, Then,
UmeN(Ym,j) je[Nas1.m] becomes an orthonormal bases of L*(S%, o), where o (-) is the
induced Lebesgue measure on S°.

Lemma 12 (Funk-Hecke Formula, e.g., Theorem 2.22 in [[1]] or Theorem 4.24 in [16]). Fix any
d>1. Let f : [-1,1] = R be a continuous function. Define |S¢71| = FZ(”d—d/zz) as the surface area of
S9=1. Then, for any m € N and Y,, € Y41, we have

[ 1T e @n) = 1,12 (163)

where o (+) is the induced Lebesgue measure on S%. Furthermore, A, is defined as
Am = 15971 / : Pyt (0 f(0)(1 =) T dr, (164)
10A  polynomial H(xy,...,xqs1) is called homogeneous of degree m if H(txy,...,txg41) =
t"H(xy,...,xq+1). Furthermore, a polynomial H(xy,...,x4+1) is called harmonic if Agzy;H = 0, where

Agy+1 is the Laplace operator. See Chapter 4 in [16] or Chapter 2 in [1].
"'Here, as with the second statement, we consider L>(S¢, o). Therefore, the inner product for any f,g :
§¢ — R is defined on L*(S¢, o) as fsd f(x)g(x)o(dx).
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where Py, q+1(t) is the Legendre polynomial of degree m in d + 1 dimensions, which is defined as

Lm/2] 2Nk ,m=2k
Py ats1 (1) :m!F(%’) > =1k a-r) . (165)
= 45K\ (m — 2k)!T (k+ g)

Lemma |12f suggests that the spherical harmonics are eigenfunctions of the continuous dot-product
kernel k(z,Z) = k(xTZ) on S¢. Furthermore, Lemma guarantees the Uyen(Yim,j)je[Nusim]

forms an orthonormal bases of Lz(Sd, o), which implies that they are the orthonormal bases of
the eigenspace of 7. These facts give the following explicit form of Mercer decomposition for a
continuous dot-product kernel.

Corollary 13. Fix any d € N,. Suppose X = S%. Furthermore, assume the kernel function

k : X x X — R is the positive definite kernel such that Ve, x € X, k(z,x) = k(xTZ) with some
continuous function k : [—1, 1] — R. Then, we have the following Mercer decomposition of k:

o] Nd+l,m
K@) = > A D Yo j (@)Y (), (166)
m=0 Jj=1
where (Y, j(+)) je[Ngs1m] denotes the spherical harmonics, which consist of orthonormal bases of
Y4+, Furthermore, A,, > 0 is defined as

1 —~ —
A= 15911 [ P 0RO (1= 2) T ar (167)
-1

Note that |z — Z||, = V2 — 22Tz for any ., Z € S¢. Therefore, we can represent ksg and knjarn
on S¢ by Eq. (T66). Finally, we describe the following addition theorem of the spherical harmonics,
which plays a central role in avoiding the uniform boundness assumption in the existing proof of
MIG on $¢.

Lemma 14 (Addition theorem, e.g., Theorem 2.9 in [1]] or Theorem 4.11 in [16]]). Fix any d > 1
and m € N. Let (Y,}) je[Ngs1,n] be an orthonormal bases of Y&, Then, we have

Na+i,m
- ] —. N —
vo,zesd, Ym,,-(azwm,j(w):—gjimpm,dﬂ(afmx (168)

J=1

where Py, q4+1(t) is the Legendre polynomial of degree m in d + 1 dimensions, which is defined in

Eg. (T65).

B.3 Upper Bound of MIG with Mercer Decomposition

By using Corollary[T3and Lemma[T4]in the previous subsection, we can derive the following general
form of the upper bound of MIG.

Lemma 15 (Adapted from [57]]). Suppose the kernel function k satisfies the condition in Corollary[I3]
Furthermore, assume |k(x, )| < 1 for all x,x € X. Then, for any M € N, MIG on S¢ satisfies

T

gz 2y AmNasime (169)

m=M+1

T
max Ilndet(IT + 0 2K(X7,X7)) < Ny In (1 + —2) +
o

M
where Nayr = 3o Nas1,m-

The proof almost directly follows from [58]], while a minor modification is required to deal with the
unboundness of the eigenfunctions through the addition theorem. The same proof strategy is already
provided in [31}157] for analyzing the MIG of the neural tangent kernel on the sphere. Although our
proof has no intrinsic change from their proof, we give the details below for completeness of our

paper.
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Proof. We first decompose the kernel matrix as K(Xr, Xr) = Khead + K, where [Kpeaalis =

Z /l ZNd+lm Yo ](a: )Ym](xl) and [Ktzul]zl = Zm M+1 Am Z de Yin j(w )Ym](wl) Then,
as w1th the proof in [58], the MIG is decomposed as

1
—  max Indet(Ir + o >K(X7, X7)) (170)
2 [ 3 PN wTGSd
1 1 1 1 1 -l
= —Indet (IT + —Kpeaq| + = Indet | I7 + — (I7 + Khead Kai | - (171)
2 o2 2 o2

Based on the feature representation of the kernel, the first term is further bounded from above as
follows (see [57. 158]]):

1 1 T
~Indet | Iy + —Kpeat | < NasIn |1 + <Nyln|1+=], (172)
2 o2 o2

O'NM

where the second inequality follows from Njs > 1. Regarding the second term, as with [58]], we have

-1
1 1 1
2 — Indet (IT + — (IT + — Khead) Ktail) (173)
O'
1 1 -
<Tl|T™ Tr Iy + — | I + Khead Ko (174)
1
<T (77T + =T (Ka) ||, (175)
a

where the first inequality follows from Indet(A) < T In(Tr(A)/T) for any positive definite matrix
A e RTXT (e, g., Lemma 1 in [58]). Then, from addition theorem (Theorem , we have

T 00 Nd+lm
Tr(Ktail)zz Z Am Ym}(-'Bt)ij(mt) (176)
t=1 m=M+1 j=1
T oo
Ng 1,m
=), D, Am—og Puatalm) (177)
t=1 m=M+1 | |
_ T Z AN, (178)
= ISd| y miVd+1,m»
m=M+1

where the last line use P, 4 (] ;) = Pp,q(1) = 1. By combining the above equation with Eq. (T73)),
we have

-1
1 1 1
5 Indet (IT +— (IT +— Khead) Kui | < Tln( —a Z AmNas1m (179)
0’ |S |m M+1
ST Z AmNastm: (180)
|S | m=M+1
where the last line use Vz € R, In(1 + z) < z. ]

To obtain the explicit upper bound of Eq. (T69), we introduce the following lemma.
Lemma 16 (Upper bound of N1, and Np). Fix any d € N,. Then, for any m € N,, we have

Ngiim < (d+ e 'm?71, (181)
Futhermore, for any M € N, we have

Ny <1+ (d+De? "M, (182)
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Proof. Recall Ny, = Zrrd=Dmtd=2! {554er 4 = 1, we have

mi(d—1)1
2 1)
Nastm = w =2=(d+ e m?! (183)
m!
for any m € N,. Under d > 2, since Ngyi m = (2m+‘fn_!(121(7"11)+!d_2)! = 2'";?_1 (m;fl_z) and (m;;fl_z) <
(M)d_l we have
d-1 ’
dm+d—-1{(m+d-2)e\!
Nasim < ( ) (184)
m d-1
d-1
+d-2
<(2+d-1)ed! (de) (185)
<(d+ e Tmd 1, (186)
Finally, since Ng.1,0 = 1, we have
M M
Np =1+ Z Nasim < 1+ (d + 1)e?™! Z md <1+ (d+ Ded M4, (187)
m=1 m=1
(]

B.4 Eigendecay of SE and Matérn Kernel

To obtain the explicit upper bound of Eq. (169), we need the upper bound of the eigenvalue in

Eq. under SE and Matérn kernel. Regarding SE kernel, several existing works have already

studied it [36} 39]. We formally provide the following lemma from [36].

Lemma 17 (Eigendecay for k = ksg on S9, Theorem 2 in [36]). Fix any d € Ny, 8 > 0, and define
lz-2I3

X =S4 Suppose that k : X x X — R is defined as k(x, T) = exp (——9 ) Then, the eigenvalues
(Am)men, defined in satisfy

Am < |5] (26)'" (26)%F(%)
m < -
VAQ2m +d — 1)"+%

7 exp (—g+l) (188)

Regarding Matérn kernel, we provide the upper bound of 4,,, for v > 1/2 by extending the proof in
[20], which studies A,, for Laplace kernel (Matérn with v = 1/2). As with the proof in [20], we
leverage the following lemma, which relates the spectral density of the kernel to 4,,.

Lemma 18 (Eigenvalues and spectral density, Theorem 4.1 in [38]]). Fix any d € N,. Suppose that
k : R x R — R is a positive definite, stationary, and isotropic kernel function on R?*! such
that Ve, x, k(x,x) = ®(x — x) for some function ®(-). Furthermore, suppose ®(+) is represented
as

1 ~ inT
— m x
o) = i [, Bllnll)e™ 2, (189)

for some function @ such that Va > 0, 5(61) > 0 and fRd*‘ ff>(||77||2)d77 < co. Then, there exists a

function k : [~1,1] — R such that Va, T € S, k(x %) = k(x, ). Furthermore, A,, in Eq.
is given by

Am = / (1B ., (1)dt, (190)
0 m+451
where B, yds1 (+) is the usual Bessel function of the first kind and of order m + %.

In the Matern kernel, the spectral density that satisfies the conditions in the lemma is defined when
v > 1/2. Then, the explicit form of ®(¢) is given as:

Cyy (2v -(r+4)
(3

o) = | 2 , (191)
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where

d+1 1 (d+1) /2 (V + %) (2v)”

C =
d,v F(V)

(192)

See, Chapter 4.2 in [41]]. By using Lemma|[T8] we obtain the following lemma.

Lemma 19 (Eigendecay for k = kpfaerm On S%). Fix any d € Ny, € > 0, and define X = s4.
Suppose that k : X X X — R is defined as k(x,x) = 1%1(;‘; (‘/EHC;—EHZ) Jy (@ll:;—mllz). Then, the
eigenvalues () men, defined in satisfies

Ay < —LY )y -2v-d (193)

ifm>2vandv > 1/2. Here, C~d,v is defined as

~ '2v+d 1
Cyy = cd,vﬁ exp (2v+d+ 6)' (194)
r2(yv+<=
2
Proof. From Lemma|[I8] we have
Am = /0 tas(t)BiH%(t)dt (195)
C © (7, —(v+dgt
= ;zl;v /0 t (ﬁ + ﬂ) Biﬁ% (r)de (196)
B N (197
=, m+451 )

As with the proof of Theorem 7 in [20], we evaluate the integral /Om t‘2"_dB’2n+ 41 (£)dt by using
the following identity (Chapter 13.4.1 in [22]): ’

z-1
(fa) r@r(4p+ia-te+1)

o (Sz+dg-tp+ )T (Je+ dp+ da+ 3)T (S v dp - Ja+ 1)

(198)
where p + g+ 1 > z > 0. By setting p = g = m+%,z = 2v+d, and ¢ = 1, we have
p+qg+1>z< m>v. Hence, for any m > v, we have

dr =

/ ® Bp(at)By(at)
0

Z‘Z

2v+d-1

0 rev+d)Ir(m-

/ t_zv_dBiH_@(t)dt — (_) ( 4 + ) (m V) . (199)
0 2 2 2F2(v+%)r(m+v+d)
Stirling’s formula implies that there exists a constant C > 0 such that

1

'm-v)<C(m- v)'"_”_% exp(—m + v)exp | ———], (200)
12(m —v)

C(m+v+d) >Clm+v+d)™ 2 exp(=(m +v +d)). 01)
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Therefore, for any m > 2v with v > 1/2, we have

T (m—-v) (m - v)m“"% exp(—m + v) exp (m)

< (202)
Cm+v+d) ™ (m+v+d)y™*9 1 exp (—(m + v + d))
1
_y\m—-v—5 1
< mIITTE (2v+d+—) (203)
(m+v +d)"tv+d=—z 6
_ o ym-v—1 1
M= (2v +d+ ) (204)
(m - )m+v+d—— 6
1
=(m—-v)"? 4exp (zv +d+ 6) (205)
1
< 22vrdy=2v=d exp (21/ +d+ g) , (206)

where the second inequality follows fromm—v > 1/2duetom > 2v & m—v > v, the third inequality
follows from m + v + d > m — v, and the last inequality follows fromm — v > m —m/2 > m/2. By

aggregating Eq. (197), (199), and (206), we have

Cay (1\H Y TQ2v+d 1
m < tfz”j (5) (V—d)lzm"m—”‘d exp (21/ +d+ 8) (207)
2172 (v + %)
Carv 9y
= omm e (208)

]

B.5 Proof of Theorem[7]

Squared exponential kernel. From Lemma[l7, we have

(2¢) 5 4 (dl
< |9 (26) ( ) _ exp (—g + iz) (209)
0) Vr@m+d-1)ms 6 0

d+1
COER) (dzfl) 2 1) [2e\" g
(26) I+] (%) 5 . N
d__~ N7 _= - f -m-4
< |89 = exp( 0+92)(9) mm%. @211)
Here, we set Cg ¢ as
ci+l d+
c (2¢) 2 (T) 2 1 012
= -~ +—=].
d,o \/; exXp 0 92
Then,
yT(X)<NM1n(1+ ) RS Z AmNas1m 213)
m=M+1
T CaoT <
<Naln(1+ =]+ 222 3 (E)mm_m_%Nde 214)
0-2 0-2 m=M+1 o ,

T Ca.eT =
s[1+(d+1)ed_1Md]ln(1+—2)+ 407 (d+1)ed! Z (i) m?7l, (215)
o m=M+1 om

where the first and last inequalities follow from Lemmas[9} [I5]and Lemmal[16] respectively. Here, for
any d € Ny and m € Ny, we have m%_1 < c:l" with ¢4 = max {1,exp (% (% - 1))} Indeed, when
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. 1(d . .
d < 2, we have m%/?>~! <1 = ¢4. When d > 3, the function g(m) = mm(5=1) attains maximum

m
at m = e on [1, c0), which implies g(m) < exp (% (% - 1)) = m4? 1 <exp (% (% - 1)) <.

Hence, we have

2 Om

Ca.oT & m
yT(X)s[1+(d+1)ed—1Md]1n(1+12)+ L@+ e Y (ﬂ) . (l6)
T g m=M+1

In the remaining proof, we consider the upper bound of (%)m separately based on 6 > 0. If
0 < ezcd, we have

ecq

(—)m =exp (—m In (G_m)) < exp (-m) (217)
Om ecy

for any m such that ST'Z >eom> ezg 4 Then, by noting that the condition T'/(e — 1) > % implies

In (1 + %) > 1, we have the following inequalities by setting M = VZ% In (l + %)J

i (%)ms i exp(—m) (218)

m=M+1 m=M+1
S/ exp(—m)dm (219)
M
< exp(—M) (220)
2 T
<exp(-Em(1+ =] +1 221)
2 o2
(‘2(7
T\ ¢
Se(1+—2) (222)
o
7\
Se(l+—2) (223)
o
2
o
<e—. 224
<e— (224)

Therefore, for 6 < e?c, the following inequality holds from Egs. and (224), and the definition
of M:

yr(X) <

d-1(€ca T\ r d-1
1+ (d+1)e Tln 1+; In 1+; +eCao(d+1)e“ . (225)

Next, if 6 > e2c4, we have

(ﬂ)m = exp (—mln(g—m)) < exp (—mln(i)) (226)
Om ecq €Cd

for any m € N,. Then, similarly to the proof under 6 < e?c4, we have the following inequalities for

any M € N:
i (%)ms i exp(—mln(%)) 227

m=M+1 m=M+1
< / exp (—m In (i)) dm (228)
M ecq
I S (—Mln (—9 )) (229)
In (%) €cd
< exp (—M In (i)) s (230)
ecq
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where the last inequality follows from 6/ecy > ¢ & 0 > e’c,4. By setting M = { L _In (1 + 12)

we have
[ -1 2
m T T
> (ﬂ) Sexp(—ln(1+—2)):(l+—2) <Z 231)
vt Om o o T

Hence, for @ > e%c4, we have
d

1 T T
yr(X) < |1+ (d+1)ed! —ln(1+—2)+1 1n(1+—2)+cd,9(d+1)ed—1. (232)
ln( 0 ) o o

ecq

Finally, aligning Eqs. (223) and (232)) by focusing on the dependence on T, o2, and 6, we obtain the
desired result.

Matérn kernel. Similarly to the proof for the SE kernel, for any M > 2v, we have

1
—  max Indet(Ir + o °K(Xr, X7)) (233)
L1,..., :vTES‘l
T T S
SNMln(l + —) — AmNasim (234)
T T(d+1)ed™! &
<[1+ @+ Ded "M |1+ = , T+ et Z 9! (235)
o? |S9 o2
m=M+1
_ T\ T(d+1)Caqye?! &,
d-134d 5 2v—1
<[1+@+1)ed'm ]1n(1+;)+ ST _Z m (236)
m=M+1
_ T\ TCuyv <~ o
=1+ d+De "M In(1+ =]+ =22 =l 237
[1+(d+1De ]n( 0-2) o202 m;ﬂ’n (237)

where the second inequality follows from Lemma[T6] and the third inequality follows from M > 2v

and Lemma In the last equation, we set Ed,v = wl)‘g—j’l"ed_l. Furthermore,
oo ) M—Zv
m~2! s/ m~> " Ydm = o (238)
m=M+1 M v
By balancing M¢1In(1 + T/o?) and TUA;[;VV under the condition M > 2v, we set M =
. . 7\ @v+d)
max {2v, [mln (1+;)] . Then,
1
- max Indet(Ir + o °K(X7, X7)) (239)
22’61 ..... :I:TESd
T devM‘z"
<[t+@+De M In|1+ = |+ 2 —— 240
<[1+(d+1)e | In t |ty (240)
T\ Ca, T
<[1+ @+ e M |1+ =)+ =M1+ = (241)
o2 2v o?
T C T
=1+ =]+ |2+ @+ De? | M |1+ — (242)
o2 2y o?

T\ T \T 4 T T
=1n (1 + p) + Cd,v ((2V)d + (m) In~ 2v+d (1 + ;)) In (1 + p) (243)
, T , T 2v+d 2y T
= (€4, @07+ 1) (1 + F) o (W) In+a (1 + —2), (244)

a
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C,
where we set C/; | = =~

+(d + 1)e?"!. In the above equations, the second inequality follows from

2v
TM—ZV 252\/
M1 +T/0%) > —— o T In(1 + T/o?) 2 M~ (245)
o2 T
1
2 p2v T 2v+d
V4 2v+d
o [‘TT In(1 +T/o?) <M (246)
r - 2 v
& |1+ T/Y)| <M. (247)
Finally, combining Eq. (244) with Lemma 9] we obtain the desired result[?] i

C Auxiliary Lemmas

Lemma 20 (Sub-optimality gap and the neighborhood around the maximizer). Suppose f is contin-

uous. Then, under conditions 1 and 3 in Lemma x € Bor(pquad; ) holds for any x € X such that

F(@) — f(@) < & with & = min{Cgups Cquaah g

Proof. When 8B, (pquaa; £°) = X, the statement is trivial. Hereafter, we assume 85 (pquad; *) # X.
Here, note that f(x*) — f(x) = cquadpczlua 4 holds for any = € Bé’ (oquad; ™) from condition 3
in Lemma where Bé’ (Pquad;*) = {x € X | |l& — *||x = pquaa}. Furthermore, from the

continuity of f and the compactness of (X \ B2(poquad; €*)) U Bé’ (oquad; "), there exists T, €
AZMAX ¢ (X\ B, (pquaaie’)) UBL (pguaaie”) I (). Then, we consider the following two cases separately.

* When cgap > Cquadp, = cquadpéua 4 holds. If there exists © € X \ Ba(pquaa; ") such

2

quad’ €
that f(x*) — f(x) < e = cquadpéuad, we can choose Z. such that . € X \ B2(pquad; ")
since f(z*) — f(T) > Cquadpéuad holds for any € B2 (pquaa; ). Furthermore, such .
is the local maximizer on X, which satisfies f(xz*) — f(Z.) < f(x") — f(x) < &1 < Cgap-
This contradicts condition 1 in Lemmal[2]

2
quad’

f(x*) = f(x) < & = cgap, We can choose T, such that £, € X \ Br(pquad; ) since
f(x") - f(z) > cquadpczlua 4 > Ceap holds for any T € B2 (pquag; ). Furthermore, such .,
is the local maximizer on X, which satisfies f(x*) — f(x.) < f(x*) — f(x) < & = Cgap-
This contradicts condition 1 in Lemmal[2]

* When cgyp < CquadP & = Cgyp holds. If there exists € X \ B2(pquag; ) such that

From the above two arguments, we have Yz € X \ B2(pquad; T*), f(x*) — f(x) > &. This implies
that it is necessary to satisfy & € B5(pquad; *) under f(x*) — f(x) < &. O

Lemma 21 (Upper bound of regret of GP-UCB for any index subset). Fix any index set T C [T].
Then, when running GP-UCB, we have the following inequality under A:

2 2
D f(@") = f) < 2VCBrITI(X7) + T <2CBATINn(X) + . (248)

teT

where C = 2/In(1 + 0=2) and X = (x;),e7-

Proof. By following the proof strategy of GP-UCB, we have

2
PNICHENICHEDY }2 + 3 fU@1) - fl@) <287 Y @i X+ (249)

teT teT teT teT

12Note that we need to adjust the noise variance parameter by a factor 1/v2 from Lemma@
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Figure 2: Average results of information gain under 20 different sample paths. The top row shows
the results for the input space X = [0, 1] with lengthscale parameter £ = 0.1. The bottom row
corresponds to the input space X = [0, 1]? with lengthscale £ = 0.25, and from left to right, we use
the SE kernel, the Matérn 5/2 kernel, and the Matérn 7/2 kernel. The shaded regions indicate one
standard error.

due to event A. Here, we define a new input sequence (&;);<|7| as Z; = xj,, where j, is the

t-th element in 7. Furthermore, we define X, = (1,...,x;). Then, from X, c X, and the
monotonicity of the posterior variance against the input data, we have

|71
Dlo(@iXe) = ) o (@:X,-1) (250)

teT t=1

|71 _

< 0@ Xi) (251)

=1
<NCITHX77) (252)
= C|T|I(X7) (253)
< JeImyn X, (254)
where the second inequality follows from Theorems 5.3 and 5.4 in [51]. O

D Numerical Simulation for Information Gain

In addition to the simple example provided in Figure|l| we empirically confirm the gap between the
worst-case (MVR) and GP-UCB’s information gain under the Bayesian assumption. In Figures[2Jand
we report the average and the quantile of realized information gain with GP-UCB, over 20 different
sample paths, generated by changing the random seed, respectively. We conduct experiments under
the same settings as in Figure[T]of the main text. We also report the information gain corresponding
to the sequence of maximum variance reduction (MVR), following the same setup as Figure|l} In
all cases, consistent with Figure [T]in the main text, we observe a noticeable gap in information gain
between GP-UCB and MVR.
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Figure 3: Quantiles of information gain over 20 different sample paths. We report the 10%, 25%,
50%, 75%, and 90% quantiles of the information gain of GP-UCB.
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reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: We provide complete assumptions in Section The complete proofs of
theoretical results in Section [3|are provided in the appendix.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: Detailed experimental settings are provided in Appendix
Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps
taken to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture
fully might suffice, or if the contribution is a specific model and empirical evaluation,
it may be necessary to either make it possible for others to replicate the model with
the same dataset, or provide access to the model. In general. releasing code and data
is often one good way to accomplish this, but reproducibility can also be provided via
detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
that are appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all sub-

missions to provide some reasonable avenue for reproducibility, which may depend on

the nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear
how to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer:

Justification: The main contribution of this paper is on the theoretical side, and open-access
code is not essential.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

¢ The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: The detailed experimental settings in Appendix [D]are provided.
Guidelines:

¢ The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of
detail that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: The experiments in Appendix [D|provide one standard error bar.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer “Yes” if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

 The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).
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10.

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

e If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer:

Justification: The experiments in Section [D|are minimal, and the computing resources are
not significant.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We reviewed the NeurIPS Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

 The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This paper only focuses on the theoretical aspect, does not propose a new
algorithm, and does not relate to specific applications.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

e If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.
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* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

e The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: This paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released
with necessary safeguards to allow for controlled use of the model, for example by
requiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: This paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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16.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA|
Justification: This paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA|
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA|

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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