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Population-Aware Imitation Learning in Mean-field Games with Common Noise
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Abstract

Mean Field Games (MFGs) provide a powerful
framework for modeling the collective behavior
of large populations of interacting agents. In
this paper, we address the problem of Imitation
Learning (IL) in MFGs subject to common noise,
where the population distribution evolves stochas-
tically. This stochasticity compels agents to adopt
population-aware policies to respond to aggre-
gate shocks. We formulate two distinct learning
objectives: recovering a Nash equilibrium and
maximizing performance against an expert pop-
ulation. We investigate two imitation proxies:
Behavioral Cloning (BC) and Adversarial (ADV)
divergence. We then establish finite-sample error
bounds showing that minimizing these proxies
effectively controls both the policy’s exploitabil-
ity and its performance gap relative to the expert.
Furthermore, we propose a numerical framework
using generalized Fictitious Play and Deep Learn-
ing to compute expert population-aware policies.
Through experiments on three environments we
demonstrate that standard population-unaware
policies fail to capture the equilibrium dynam-
ics. Our results highlight that learning population-
aware policies is crucial to avoid being misled by
the randomness inherent in common noise.

1. Introduction

Mean Field Games (MFGs), introduced independently
by (Lasry & Lions, 2007) and (Huang et al., 2006), have
emerged as a fundamental framework for analyzing sys-
tems with a very large number of rational, indistinguishable
agents. By taking the limit as the number of agents N — oo,
the interactions are simplified into a game between a single
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representative agent and the aggregate population distribu-
tion. While classical MFGs assume that the population
distribution evolves deterministically (see e.g. (Bensoussan
et al., 2013; Carmona & Delarue, 2018a)), many real-world
applications are subject to systemic shocks affecting the
entire population simultaneously. Examples include macro-
economics (Lasry et al., 2008; Guéant et al., 2010; Vu &
Ichiba, 2025), financial markets (Carmona et al., 2015; 2017,
Firoozi et al., 2018; Fu et al., 2021; Burzoni & Campi, 2023;
Bassou et al., 2024), price formation (Graber, 2016; Gomes
et al., 2023), electricity management (Alasseur et al., 2020;
Lavigne & Tankov, 2023; Escribe et al., 2024; Dumitrescu
et al., 2024) and crowd motion (Achdou & Lasry, 2018; Per-
rin et al., 2020). These scenarios are modeled by MFGs with
common noise, where the mean field becomes a stochastic
process adapted to the common noise filtration, see (Car-
mona & Delarue, 2018b) for the theoretical background.
Solving such games is significantly more challenging, be-
cause the mean field is stochastic.

Although the theoretical framework is developed and var-
ious applications have been proposed, so far there are no
works about learning common noise MFG models from data.
This work is a first step in this direction. Here, we focus
on the problem of Imitation Learning (IL) in MFGs with
common noise. We consider a scenario where a learner
observes a population of experts playing a Nash equilibrium
but does not know the reward function driving their behavior.
The goal is to learn a policy that imitates the expert, ideally
recovering a Nash equilibrium and matching the expert’s
performance.

Related Work: IL and Inverse Reinforcement Learning
(IRL) are well-established in single-agent settings (Ng et al.,
2000; Ho & Ermon, 2016). In the context of Multi-Agent
Reinforcement Learning (MARL) and MFGs, recent works
have begun to address the learnability of equilibria. To the
best of our knowledge, Yang et al. (2018), Subramanian
& Mahajan (2019), and Guo et al. (2019) were the first to
explore RL for MFGs, aiming at computing Nash equilibria
using RL methods and a simulator for the MFG model. RL
for MFGs with common noise was studied in (Perrin et al.,
2020; Wu et al., 2025). Here we consider the converse prob-
lem: learning a policy by looking at data generated by an
expert. Along this line, Ramponi et al. (2023) provide a the-
oretical foundation for IL in deterministic MFGs. We gener-
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alize these results to the case with common noise.(Anahtarci
et al., 2025; Chen et al., 2022; Zhao et al., 2025) proposed
methods to learn policies and (Chen et al., 2024) methods
to learn rewards, but so far there are no such works with
common noise.

Challenges: First, common noise breaks the deterministic
nature of the mean-field flow, requiring a probabilistic anal-
ysis of the error. Second, this implies that vanilla policies
functions of the individual state only are sub-optimal, re-
quiring agents to adopt adaptive policies that react to the
fluctuating distribution of the population.

Contributions: We provide the first comprehensive theo-
retical and algorithmic framework for imitation learning
in MFGs with common noise. Our main contributions are:

1. Theoretical Guarantees: We analyze two imitation
metrics: a local Behavioral Cloning (BC) proxy and a
global Adversarial (ADV) proxy. We prove that min-
imizing these proxies guarantees the learned policy
is an approximate Nash equilibrium and achieves a
reward comparable to the expert.

2. Algorithmic Framework for Equilibria: Computing
a “ground truth” expert policy in common noise set-
tings is non-trivial. We generalize the Fictitious Play
algorithm to the common noise setting. To resolve the
issue that Fictitious Play yields a sequence of policies
rather than a single deployable one, we introduce a
method to distill this sequence into a single population-
dependent policy.

3. Population-aware Imitation: We highlight the dis-
tinction between vanilla policies (ignoring the mean
field) and adaptive policies (observing it). We propose
an interactive imitation learning algorithm that trains
agents to internalize the relationship between common
noise shocks, population shifts, and optimal actions.

The remainder of the paper is organized as follows. Sec. 2
formalizes the framework. Sec. 3 presents our main theoret-
ical bounds linking imitation proxies to equilibrium quality.
Sec. 4 details the numerical methods and experimental re-
sults. Sec. 5 concludes the paper.

2. Problem Setting
2.1. Mean Field Dynamics and Nash Equilibria

Notation. A denotes the set of probability measures over
any finite set S. For any integer N, [N] = {0,..., N} and
[N]* = [N]\ {0}.

Main components. A Mean Field Game (MFG)
with common noise is denoted by a tuple M =
(X, A,E% 00 P r H,py), where X is a finite state space,
A is a finite action space, £Y is a Polish space for the
common noise impacting the whole population, ¥ is a
probability measure for the common noise, while P :

X x Ax Ay x E9 — Ay is a stochastic kernel for the
agents’ dynamics, the mapping r : X x A x Ay — Ris
a measurable reward function, H € N* is the time horizon,
and pg € Ay is the initial probability measure. We define a
strategy as a measurable mapping from X x A y to A 4, and
a policy as a sequence of H strategies. A policy is denoted
by m = (mo,...,7H—1), and the set of all such policies is
denoted by I1. Elements of Ay and (Ax ) are referred to
as mean field and mean field sequences respectively.

Distribution evolution. We consider two types of distri-
butions: the distribution of the whole population using a
given policy, and the distribution of a single agent’s state
using a given policy when the population is possibly using
a different policy. For any pair of population distributions
p, P € Ay, any policy m, and any time step n, we define
the mean-field transition operator ®,,(p’, 7; p, %) as

O, (0 mip, ) = > pl(@)malalz, p)P(|z,a,p, ).

r€EX,a€A

This operator @ represents the evolution of the probabil-
ity distribution of an agent between time n and n + 1,
given that at time n the agent’s state distribution was p/,
the agent used policy 7, the total population was distributed
according to p, and the common noise value is . We
consider an independent and identically distributed (i.i.d.)
sequence of random variables €9, ...,¢%_, € &° for the
common noise. For each n € [H — 1]*, we denote the com-
mon noise trajectory up to time n as 9., = (£9,...,¢%).
For any policy m € II, we define the mean field sequence

P (1) = (P§, PT (D), -, pTr_1(€7.5_1)) DY the re-
cursion: p§ = po and forn € [H — 2],

pg+1(€?:n+1) = (I)n(/’z (E(lJ:n)7 5 p:; (5(1):71)3 €9L+1)'

This sequence represents the evolution of the population
distribution when all agents follow policy 7 and are affected
by the common noise trajectory €., ,. For any pair of
policies (m, ') € 112, we define the mean field sequence

P a) = (T D) ()
by: py’" = po and forn € [H — 2],

P () = (AR (e0), 75 AT (E2in) )
This sequence represents the evolution of the state distri-
bution of a single agent following policy 7’ when all other
agents follow policy 7 and are affected by the common
noise trajectory €9, ;.

Best response and Nash equilibrium. When the popula-
tion of agents follows the policy 7, a single agent wishes to
find a best response 7', i.e., a policy maximizing the value

function: o1

V(r',m)=E Z (X, anap;r,(etl):n)) )
n=0
where the process is defined by Xg ~ po, Xpy41 ~
P(:| X, an, pT, €% 1), and o, ~ /(| X, pT). Note that
under these conditions, the law of the state X,, (conditioned
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on the common noise) is p;rj”/. We denote the law of state-
action pair (X, ay,) by ™™ (£9.,) € Axxa. If 7 = 7,
we will simply denote p(9.,) = pu=™ (£9.,). In the se-
quel, we will often omit to write explicitly the common
noise ¢Y,,,, but the sequences p and y are random variables

0
due to £7.,,.

Definition 2.1. For w € 1II, the set of best responses is
defined by BR(m) = arg max e V (7', 7).

We will use the concept of Nash equilibrium: a situation
where no agent has an incentive to unilaterally deviate from
their chosen policy.

Definition 2.2. A policy m € Il is a (mean field) Nash
equilibrium if 7 € BR(m).

This is a fixed point-condition: it implies that when the
entire population follows policy 7, the resulting mean-field
flow p™ creates a reward and transition structure such that
the same policy 7 remains optimal for any individual agent.

2.2. Imitation in Unknown Reward Environments

Our objective is as follows. Assume that an observer sees
realizations of an expert policy 7% that constitutes a Nash
equilibrium for a MFG M. We further assume that the
instantaneous reward function r is unknown to the observer.
The observer tries to imitate 7% and computes a candidate
policy 7. We wish to study two questions:

(Q1) How far is 7 from being a Nash equilibrium?
(Q2) How far is m* from being a best response to wF?

The first corresponds to a scenario where a whole population
would be using 74 while the second corresponds to a sce-
nario where the population is playing 7% and a single agent
uses policy 74. Specifically, we aim to answer these ques-
tions in quantitative way using two divergences calculated
relative to the expert policy 7. The first, 62€, captures the
local discrepancy in decision-making (Behavioral Cloning),
while the second, 4PV, captures the global divergence in
the induced state-action distributions (Adversarial).

We define the Behavioral Cloning (BC) divergence at time
n as:
C A E E
55¢ =B [By e (Im2 06 077) = 8 (X, 50|
where the expectation E is taken over €7 ;; . We define
the Adversarial (ADV) proxy at time n as:
E A
s T

We denote the maximum divergences over the hori-
zon as 6PV = max,cy_1 047PY and §8¢ =
max,e(p—1) 05 C. We will often use the notation p¥ = e

and p? = p“A.

To answer the two questions above, we introduce the follow-
ing regularity assumptions.

Assumption 2.3. r and P are Lipschitz-continuous w.r.t.
the mean-field with constant L., Lp > 0.

Assumption 2.4. There exists rmax > 0 satisfying:
P(|r(x,a, pE (€9, < Tmax) = 1, V(z,a) € X x A.
Definition 2.5 (Mean-Field Lipschitz Policies). We de-
fine the class of Mean-Field Lipschitz Policies, denoted
by H,/,-\;, as the set of policies  for which there exists a
constant Ly, > 0 such that for any sequence of policies
(', 7" 7t w2 w3, 7)) € 11 and any time stepn € [H—1],

the following inequality holds:

71'1,71'2 71'3’71'4
BBy (I, o ™) = m(aop ™))

1 2 3 4
< LeB [0 = 31 -

We will assume that our policy space 11 is restricted to a
compact subset of H{i\g. This is a well-founded assumption,
as the set of policies that are Lipschitz-continuous with a
fixed constant L i with respect to the mean-field is indeed
compact. From this point forward, we will write II to refer
to this compact set of Lipschitz policies, utilizing an abuse
of notation for the sake of brevity.

Definition 2.6. The exploitability of = € Il is defined as:
E(r) = maxpen V(n',w) — V(m, ).

Exploitability serves as a direct measure of the proximity
to be an equilibrium: 7 is a Nash equilibrium iff £(7) = 0,
while a value close to zero indicates that the policy is nearly
optimal for each agent.

Definition 2.7. For ¢ > 0, a policy m € 1l is an e-Nash
equilibrium if £(74) < e.

In the context of recovering an equilibrium from the policy
7, we want to control £(7) with 8¢ and 64PV

3. Imitation Learning Results

We first address (Q1). Due to space constraints, we provide
the results and the main ideas of the proofs. Details are in
appendix.

Theorem 3.1. Suppose that Assm 2.3 and 2.4 hold. We have
5(77‘4) < 6BC rax H?

(1+Lp+ Lp)¥

+2
(Lp+ Lg)?

(Ly + rmax(Le + 1) |.

Proof. Apply Lemma A.3 with Eq. (5), then Lemma A.2,
Lemma A .4 with Eq. (6) and Lemma A.5 with Eq. (8). U

Theorem 3.2. Suppose Assm 2.3 and 2.4 hold. Then,

E(m?) < 64PV | H(2L, + 3L g max + Tmax)

4 3rmax H2 (L + Lp)} :
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Proof. Apply Lemma A.3 with Eq. (5), then Lemma A.6,
Lemma A .4 with Eq. (7) and Lemma A.5 with Eq. (9). O

Remark 3.3. Our results are consistent with the ones es-
tablished in (Ramponi et al., 2023). By letting Ly = 0 in
Theorem 3.1, one obtains (Ramponi et al., 2023, Theorem 3).
We recover (Ramponi et al., 2023, Theorem 5) when Ly = 0
in Theorem 3.2.

Remark 3.4. We do not address the case where Lp = 0
and Lg = 0. In this specific setting, the dynamics and the
expert policy are independent of the population distribution.
Under these conditions, it is straightforward to observe
that the results from Ramponi et al. (2023, Theorem 1) and
Ramponi et al. (2023, Theorem 2) directly apply.

We then turn to (Q2) and give the guarantees of the perfor-

mance of the policy 74 versus 7%,

Theorem 3.5. Suppose that Assm 2.4 holds. We have

V(B 7)) — V(A 75)] < H265Crpay.

Proof. In the proof of Lemma A.3, we show that
H—1
V(i 7) =V (i, 7)) < rnaxE | Y ) = p 4

n=0

We can conclude by applying Lemma A.2. O

Theorem 3.6. Suppose Assm 2.3 and 2.4 hold. We have
WV (B, 7E) = V(74, 7E)| < rmaxd ALY [H(LE 1)

+HX(Lp + LE)]

Proof. The proof uses the same argument than the one of
Theorem 3.5, but by using Lemma A.6. [

Remark 3.7. In Theorem 3.6, Assumption 2.3 is required
only for the Lipschitz continuity of the transition kernel P,
but not for the reward r.

Results Interpretation and Analysis: Our results demon-
strate that answering Question (Q1) (Equilibrium Recovery)
is significantly more subtle than answering Question (Q2)
(Performance Matching).

Robustness of Performance (Q2): As shown in Theorem 3.5,
the performance gap is bounded by 62¢ without requiring
Lipschitz continuity for the reward (L,.) or transition kernel
(Lp). Even in complex or discontinuous environments,
local action mimicry is sufficient to achieve expert-level
utility.

Fragility of Equilibrium (Q1): This stability does not hold
for equilibrium recovery. An agent may achieve high re-
wards while remaining far from a Nash equilibrium. Theo-
rem 3.1 shows that exploitability £ () is sensitive to social
reactivity (L) and environmental coupling (L p), resulting
in exponential error growth.

Finally, our results suggest that the ADV divergence is more
robust for solving (Q1) (Equilibrium Recovery) than BC
divergence, because it transforms the error propagation from
exponential (Theorem 3.1) to polynomial (Theorem 3.2).

4. Numerical Experiments
4.1. Objectives and Method

We aim to illustrate the control of the Behavioral Cloning
(BC) and Adversarial (ADV) proxies on the performance
relative to the expert and the equilibrium imitation learning
problem. To this end, we first compute a Nash equilibrium,
designated as the expert policy 7. The objective of the
learner is twofold: to obtain a high reward by matching the
expert’s performance and to learn a Nash equilibrium policy.
We compare the case where the learner explicitly accounts
for common noise or not. Thus, we derive two policies from
agent trajectories generated by this expert: (1) a population-
unaware vanilla policy 7' and (2) a population-aware
adaptive policy 724%tive; go mvanilla .y A 4 while
gadaptative .y o Ax — A4. We propose two methods
to obtain these polices. First, a method well-suited for small
spaces and based on Nadaraya-Watson kernel regression.
Second, an interactive imitation approach, where a single
learning agent is placed within an environment populated by
other agents following the expert policy. In all the examples,
the proxies will be computed via a Monte Carlo procedure
described in Algorithm 4 in Appx. B.

4.2. Challenges

Nash Equilibrium: Computing Nash equilibrium for
MFGs without common noise is a well-understood problem
in the literature (Achdou & Lauriere, 2020). However, a gap
remains concerning MFGs with common noise: Most exist-
ing works consider common noise path-dependent policies ,
e.g. (Achdou & Lasry, 2018; Perrin et al., 2022). However,
this becomes intractable as the dimension of the common
noise and the time horizon increase.

Imitation Learning: (Chen et al., 2022; Anahtarci et al.,
2025; Zhao et al., 2025) proposed methods to learn policies
for MFGs without common noise, but there is no such work
with common noise. Here, we need to deal with stochastic
mean fields and population-dependent policies.

4.3. Environment and Metrics

We consider three different examples with different com-
mon noises effect. The first example is a simple two states,
two actions space. The second example is the Beach Bar
environment, and the last example is the Night Club envi-
ronment inspired by a social choice model (Salhab et al.,
2019). After computing an expert policy 7%, a candidate
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Algorithm 1 Fictitious Play for MFG with Common Noise

Algorithm 2 Mean Field Imitation Learning (MF-IL)

Require: MFG M = (X, A,E°, VY P,r, H, po); Initial
policy ¥ € IT; Number of iterations K.
cfork=1,..., K do

1

2:  Train 7* as the best response to (7, ... 7%).
3: end for

4: Return policy tuple (7°, ..., 7%).

policy 74 (which can be either the vanilla policy 72! or
the adaptive policy 724%P11¥¢) we report six metrics:

¢ Imitation Proxies: Behavioral Cloning (BC) and Ad-
versarial (ADV) errors.

* Performance vs. Expert: Reward vs. Expert, and Rel-
ative Reward vs. Expert V(rA, 7)Y = [V(r4,7F) -
V(xZ, 7B))/|V(xE, xE)|.

e Equilibrium Quality: Exploitability, and Relative
Exploitability: £(n4, 7F) = [E(xM)]/|V (xF, 7 F)].

We normalize reward and exploitability metrics to obtain
quantities that can be compared across environments.

4.4. Fictitious Play for MFGs with Common Noise

As noted earlier, the literature on algorithms for comput-
ing Nash equilibria with population-dependent policies for
MFGs with common noise is rather scarce. Here we adapt to
situations with common noise the Fictitious Play algorithm
proposed in (Perrin et al., 2022) to obtain a population-
dependent Nash equilibrium policy referred to as a Master
policy (without common noise). At each iteration, a best
response is trained against an aggregated population distri-
bution generated by the sequence of policies obtained in
previous iterations.

Specifically, given the policies (70, ..., 7*) € II**! up to
iteration k, a policy 7% is defined as a best response to
the sequence (7, .. i _75’“) if it maximizes:

7 B[ S r(Xn, o, ph(e0))]

n=0
where (X, an) is induced by 7 and the aggregate mean-
field sequence p" is deﬁned as

pn(gln k-I—].an ln (1)

The generalized Fictitious Play procedure is summarized in
Alg. 1.

To obtain the best response at each iteration, we parametrize
our the policy by a neural network (NN), and train the NN
using Alg. 5 by directly maximizing the value function, see
Appx. B. Note that Alg. 1 returns a list of policies instead
of a single, equilibrium policy. To compute 5, one can
average results obtained with each policy 7* of the list, but
this is not sufficient for our purpose since we want to have
in hand an expert policy 7%. To address this, we propose an
IL algorithm that trains a NN to reproduce the aggregated
mean-field trajectories, as detailed in Alg. 2.

Require: MFG M; Policy sequence (7°, ..., 7%); Initial
parameters 6 for parametric policy my; Iteration num-
ber J; Batch size B.

1. forj=1,...,J—1do

2: Sample common noises (£)"*); =550 .

3: fors=1,...,Bdo o

4: Compute pK S from (7Y, .. ) see (1)

5: Generate p°"% -1 1nduced by o, _

6: end for o

7. Compute L(0;-1) = sttht N —ﬁf{’slh-
8:  Obtain #; by one step of gradient of L(6,_1).

9: end for

,_
=4

Return Trained parametric policy g, .

Algorithm 3 Interactive Imitation Learning for Population-

aware Policies

Require: MFG M = (X, A, V0 P,r, H, py); Expert
policy 7% Initial parameters 00, Iteration number J;
Batch size B; Population size M.

1: forj=1,...,Jdo
0,5\1<s<B
2 Sample common noise (€,""),Z;Z 71
3: fors=1,...,Bdo
4: Generate M state action trajectories

s,1 M 0,s
{(«5", a2} M | using 7F undernorse 1

5: Set empirical MF: p¢*™ () = &= Zi:l (=i
6: Set empirical strategy: 75 M (a|x) =
1 M ) )
Mp3 ™M (z) 2i=1 5{(w,a):(wf"ﬂa§’1)}'

7:  end for

8:  Define loss: L(0;-1) =

0;_ $,i A8, M ~s, M/ s,
BT Dos 1T (@ 50 ) = w0 (@)

9:  Obtain ¢; by on step of gradient of L(9j_1).
10: end for
11: Return Trained adaptive policy 7y .

4.5. Learning Algorithms

To demonstrate the relevance of BC and ADV divergences
in distinguishing between population-aware and population-
unaware policies, we propose a framework capable of learn-
ing both policy types.

Since our primary objective is to illustrate the efficacy of BC
and ADV metrics, we introduce a simple IL algorithm, see
Alg. 3. This setup mirrors a scenario where a single agent
interacts with an environment populated by expert agents
who are already following a Nash equilibrium policy 7% .
We assume the learner can observe the states and actions of
these expert agents, allowing it to internalize the relationship
between the common-noise-induced mean-field p and the
resulting expert actions. For population-unaware policies,
the same algorithm can be used but removing the mean-field

input in 7%
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4.6. First Experiment: 2 States, 2 Actions Environment

Model: Let X = {0,1}, A = {0,1}, €% = [0,1], and
initial distribution pg = (3,1). The dynamics are as
follows: For any ¢’ € [0,1] and p € Ay, we intro-
duce the perturbed probability measure [e”p] defined by:
0

[e0](1) = W@e%p(o)' For any 7 € [0, 1] and for all
(z,a,p,€’) € Xx Ax Ay x[0,1], Py(+|z,a,p,e’) = (1—
1n)da +n[e’p]. The reward is: r(z, a, p) = —L{z—01p(0) —
1 {z—1}p(1). For the common noise distribution, we con-
sider 2 = Beta(a, ). This model represents agents who
choose between two alternatives under congestion effects.
Individual decisions are occasionally ignored and replaced
by a population-level force. When this force is active, its
impact is governed by o. When « < 1, Beta(a, ) is
U-shaped and [€°p] concentrates at 0 or 1, with equal prob-
ability. When oo = 1, Beta(l, 1) is the uniform law, and
the behavior of [e®p] is erratic. When @ > 1, Beta(a, a)
is concentrated around % and the perturbation [¢°p] stays
close to p. In short, 7 controls the frequency at which the
common noise impact the agents, and « control its effect.

Expert Policy: To compute a Nash equilibrium on this
simple environment, we use an ad-hoc method inspired by
Mann iterations of best responses. The best response is
computed via dynamic programming following (Gu et al.,
2024), adapted to incorporate common noise. This method
is made possible by the simplicity of the environment; de-
tails of the algorithm are presented in Appx. C. The rele-
vance of this method is justified by the low exploitability
achieved by the expert policy. For each tuple of parameters

(a,n) € Ry x [0, 1], we denote the expert policy as me.

Vanilla and Adaptive Policies: The simplicity of the envi-
ronment allows us to consider classical statistical estimators
for the vanilla and adaptive policies. For this example, we
propose a method based on Nadaraya-Watson kernel regres-
sion. To this end, we sample synthetic state-action trajec-
tories of agents following the expert policy under the same
common noise realizations. This allows us to regress the ex-
pert policy by observing the actions alongside the empirical
population distribution. The adaptive policy thus interpo-
lates the expert’s behavior across the continuous space of
mean-field realizations, while the vanilla policy serves as a
baseline that ignores common noise fluctuations. Complete
technical details are provided in Appx. C.

Results: We consider « € {0.75,1,1.25,1.5,1.75} and
n € {0,0.25,0.5,0.75,1}. To ensure statistical stability,
for each parameter configuration («, 77), we perform 5 inde-
pendent runs of the full experimental pipeline: computing
the expert equilibrium, estimating the vanilla and adaptive
policies, and calculating the performance metrics.

The complete grid of results is provided in Appx. C. We
highlight specific findings for = 0.75 in Figure 1 and

for a = 1.75 in Figure 9b in Appx. C. The results indicate
that the problem exhibit significant parameter sensitivity.
Notably, the adaptive policy consistently outperforms the
vanilla policy across all tested regimes.

This performance gap can be explained by a qualitative anal-
ysis of the learned policies. Figure 2 illustrates the behavior
of ¥ , gvanilla and #adaptive a¢ 5 function of the mean-field
variable p. While the expert dynamically adapts its actions
to the fluctuations of the mean-field, the adaptive policy
successfully reconstructs this dependency. In contrast, the

vanilla policy only captures the average action of the expert.

Behavioral Cloning Adversarial Learning

o0s —

—e— Vanilla 04
—s— Adaptive

—e— Vanilla
—a— Adaptive

o5 0 12 ) s Ts ) o 2 T Ts T
Relative Exploitability (%) Relative Reward vs Expert (%)

30 e ——
—_——

—e— Vanilla
15 —s— Adaptive | o3

—e— Vanilla
—=— Adaptive

Figure 1. Performance metrics for 5 different runs, with n = 0.75.

n=10 n=10
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—— Adaptive
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-- Expert
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"Z( 1x, 5)
m(1]x, p)

“ o

Figure 2. Policies comparison for o« = 1.75, 7 = 0.75.

4.7. Second Experiment: The Beach Bar Environment

We consider the Beach Bar environment as presented in
(Perrin et al., 2022). In this setting, the bar is permanently
open and the agents are subject to a common noise.

Model: Let X = {0,...,4X}, A= {-1,0,1},and £° =
X|¥1. For parameters «, (3,7, and common noise e’ € £°,
the dynamics are governed by a transition kernel P that in-
corporates both common noise €° (x) and idiosyncratic noise
(represented by a uniform shift s € {—1,0, 1}). Specifically,
P(z,a,0,¢") = 53 er 101} Oatated(@)ts (mod x])-
The common noise law is defined as e° ~ (1)) )®1¥1 where

Y is the distribution of €99 with 9 ~ Bernoulli(n) and

gg ~ Unif{—X,..., X}. The reward function, reflecting a
preference for a central bar at zp,, = 2X and a penalty for
overcrowding, is: 7(x,a,p) = —|T — Tar|L{p(zp)<p) —
alog(p(z)) — |a|. This model represents a beach environ-
ment where holidaymakers balance two competing objec-

tives: avoiding crowds while remaining close to the bar.
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However, the agents are subject to a threshold effect; when
the bar becomes too crowded (p(xpyr) > ), it loses its
appeal, and agents loose all interest to it. The environ-
ment is disrupted by external events that simultaneously dis-
place all agents at specific locations. These may represent
physical changes, such as shifting shadows making certain
spots undesirable, or social phenomena like spontaneous
group movements. These stochastic events are governed
by the common noise, where the parameter 7 controls the
frequency of such perturbations.

For the following, we fix 5 = 0.1. We study the effect of
the parameters («, n) on our learning problems.

Expert Policy: For this large scale environment, we use
our new algorithms procedure described in Subsec. 4.4. We
report the convergence of the FP procedure for 7 = 0.3 and
multiple o in Appx. D in Figure (15). Numerical results
verify the hypothesis that our algorithm converges toward a
Nash equilibrium when the number of FP iterations tends
to infinity. Figure 3 shows one realization of the mean-field
trajectory induced by the expert, for (o, 7) = (1,0.3).

State (X)
pE(x)

20 30
Time Step (n)

Figure 3. One realization of the mean-field trajectory generated by
the expert, ((a,n7) = (1,0.3)).

Vanilla and Adaptive Policies: For each value of («,7),
we consider learning algorithms presented in Subsec. 4.5.
We report all the learning parameters used in Appx. D.

Results: We take n € {0.1,0.2,0.3,0.4,0.5} and o €
{0.1,0.5,1,1.5,2}, X = 5 (|X] = 20) and H = 50. To
ensure statistical stability, for each parameter configuration
(a, m), we perform 5 independent runs of the full experimen-
tal pipeline: computing the expert equilibrium, estimating
the vanilla and adaptive policies, and calculating the perfor-
mance metrics.

The complete grid of results is provided in Appx. D. We
highlight specific findings for and = 0.3 in Figure 4 and
« = 1in Figure 12b in Appx. D. The results indicate that the
problem exhibit significant parameter sensitivity. We again
observe that the adaptive policy consistently outperforms
the vanilla policy across all tested regimes.

The qualitative analysis for this environment mirrors that of
Example 1. The adaptive policy successfully reconstructs
the expert’s dependency on p, whereas the vanilla policy
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0.0 ‘\ o
/ —_ .. / =
00

025 —e— Vanilla 03 —e— Vanilla
—=— Adaptive —=— Adaptive

Adversarial Learning

—_—
. —_—
025 050 075 100 125 150 200

7
Relative Exploitability (%)

— I/ \.\.\-

025 050 075 100 125 150 200

B3
Relative Reward vs Expert (%)

—e— Vanilla

—e— Vanilla 0s '\
—=— Adaptive & —— Adaptive
100 00 o \.__.___-
8 -05
\ ———
-1

5 o3 ok 1w 13 1k 155 260 s ok o 10 13 1k 1%
Congestion Coefficient () Congestion Coefficient ()

Figure 4. Performance metrics for 5 different runs, with n = 0.3.
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Figure 5. Policy sensitivity analysis for the Beach Bar environ-
ment with parameters (c,7) = (1,0.3) at time n = 10 and state
T = Tpar. The comparison illustrates how the Expert (Nash),
Adaptive, and Vanilla policies respond to different population dis-
tributions: Crowded Bar represents high density at the bar location,
testing the agent’s avoidance behavior; Shifted Down and Shifted
Up reflect scenarios where the mass is concentrated immediately
below or above the bar, respectively. This demonstrates the Adap-
tive policy’s ability to react to mean-field fluctuations, whereas the
Vanilla policy remains static due to its lack of population aware-
F&ilS to react to mean-field fluctuations, as we can see in

Figure 5. This explains the observed performance disparity.
4.8. Third Experiment: The Night Clubs Environment

The following model is inspired by the mean-field linear-
quadratic-Gaussian (LQG) model for social choice devel-
oped by Salhab et al. (2019). This environment shares struc-
tural similarities with the Beach Bar problem. However, the
reward structure is different: the environment features two
distinct points of interest (the “night clubs”), and agents are
motivated by a gathering incentive, a desire to congregate
rather than avoid congestion. Furthermore, the common
noise in this setting is designed to affect agents in a more
highly correlated manner than in previous experiments, sim-
ulating global trends that shift the popularity of one club
over another.

Model: Let X, A, £°, and dynamics P be as defined in the
Beach Bar model, with clubs at z},, = X and 2%, = 3X.
The reward function r(z, a, p) = fD’ﬁ“ (z,p) — alz —Z(p)|
prioritizes a target club based on crowding and penal-
ized distance from the circular mean Z(p). The effec-
tive distance is Df(z,p) = |& — af,| if p(ad,,) < 6,
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and |z — x%| otherwise. Common noise £ follows
a localized block-shift law: at each step, a shift mag-
nitude s ~ Unif{fL%J,..., L%J} and a block start
1 ~ Unif(X) are sampled. The resulting noise vector is
EO(CC) =s- ]l{me{i,iJrl (mod |X}} - ’171/3, effectively shift-
ing only a local block of agents. This model represents a
social environment where clubgoers balance two competing
objectives: the desire for social gathering and the pursuit of
entertainment at local venues. Agents seek to minimize their
distance to the nearest club to enjoy the music; however, the
clubs are subject to a mechanical threshold effect. If a club’s
local density exceeds the capacity 8 (p(zcaw) > ), the
venue is considered overcrowded, the music ceases, and the
agents lose all incentive to remain at that location. Agents
immediately redirects their interest toward the alternative
club. This redirection is ’blind’, the agents is assumed to be
too distant to perceive the current status (open or closed) of
the far venue, and thus target its location regardless of its
density. The environment is disrupted by structured external
events that simultaneously displace groups of agents, mod-
eling sudden interest in direction of one of the music venue.
For the following, we fix 5 = 0.1. We study the effect of
the parameters («, n7) on our learning problems.

Expert, Vanilla and Adaptive Policies: We consider the
exact same procedure that in the Beach Bar example. Hy-
perparameters details and training loss are given in Appx. E.
Figure 6 shows one realization of the mean-field trajectory
induced by the expert, for (a, ) = (1,0.3).

State (X)

10 15 20
Time Step (n)

Figure 6. One realization of the mean-field trajectory generated by
the expert, ((a, 7) = (0.1, 1)).

Results: We take n € {0.1,0.325,0.55,0.775,1} and
a € {0.1,0.575,1.05,1.525,2}, X = 5 (|X| = 20) and
H = 30. To ensure statistical stability, for each parameter
configuration («, 7)), we perform 5 independent runs of the
full experimental pipeline.

The complete grid of results is provided in Appx. E. We
highlight specific findings for « = 1.05 in Figure 7 and for
a = 0.1 in Figure 16b in Appx. E. The results indicate that
the problem exhibit significant parameter sensitivity. We
again observe that the adaptive policy consistently outper-
forms the vanilla policy across all tested regimes, but that
the advantage on (Q1) (reward matching) is less obvious.

The qualitative behavior in the Night Clubs environment
mirrors our previous observations. As shown in Figure 8,
the adaptive policy effectively reconstructs the expert’s re-
activity to mean-field fluctuations p, whereas the vanilla
policy fails to capture these dynamics, baseline as a mere

average of expert actions.
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Figure 7. Performance metrics for 5 different runs, with o« = 1.05.
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Figure 8. Policy sensitivity analysis for the Night Clubs envi-
ronment with parameters (o, n) = (0.1,1) at time n = 10 and
state x = 2.X. The comparison illustrates how the Expert (Nash),
Adaptive, and Vanilla policies respond to different population dis-
tributions:Crowded Club 1 represents high density at the Club 1
location; Balance Clubs represents equal density at Club 1 and
Club 2 locations. Crowded Club 2 represents high density at the
Club 2 location.

5. Conclusion

We present the first framework for Imitation Learning in
Mean Field Games with common noise. By extending Be-
havioral Cloning and Adversarial proxies to stochastic mean
fields, we prove these metrics control both exploitability
and performance relative to an expert. Our analysis high-
lights the critical role of adaptive policies, showing that
population-unaware strategies fail to capture equilibrium
dynamics under stochastic fluctuations. To validate this, we
developed a novel pipeline combining generalized Fictitious
Play and Deep Learning to approximate population-aware
policies. Future work should focus on extending the frame-
work for instance to state-action mean field interactions and
applying the method to real-world data.
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6. Broader Impact Statement

While our work is primarily theoretical, we believe it could
find implications in real-world applications involving mas-
sive agent interactions. Due to high dimensionality and the
difficulty of characterization, scientific models often omit
common noise: the external stochastic signals that affect an
entire population simultaneously. However, real-world equi-
librium are influenced by these global signals. In financial
markets, for example, a single statement from a political
figure on social media can trigger instantaneous, population-
wide shifts in trading volumes and asset prices. Or in energy
infrastructure, environmental randomness in renewable en-
ergy production affects all producers in a geographic region
simultaneously. Our results suggest that in those situations,
Imitation Learning with population-aware policies is more
robust than population-unaware policies.
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A. Useful Inequalities

First we extend (Ramponi et al., 2023, Lemma 2 C.4).

Lemma A.1. Under Assumptions 2.3 and 2.4, for any policies w', 72, 1% € II, we have:

H—-1 H—1
V(x®,7') = V(a®,7?)| < L,E [Z oy = P2l | + rmaxE | D llow® = pi’?’llll
n=0 n=0
H—-1

+ T Y B [Ex o [Im (X, ph) = w0 p2) 1] -
n=0

Proof. Expanding the value function difference:

[Z > (w? (z,a,p,) = ui’s(x,a)r(w,ami))] |

n=0 z,a

|V(7T33771) 7V(7TS7 ‘

Zu:mvxwarmw@]

n,xr,a

A

D (@ a) = pi(z,a)r(z, . pi)l] :

n,r,a

B

For term A, by the Lipschitz continuity of 7 in the mean-field:
H-1

A<\ Ll 2 S| | S |
n=0

For term B, we use the definition p,,(z,a) = p,(z)m,(a|z, p) and the triangle inequality:

B < 1B | 3 [0 ol o) — pz,@(z)wz(ax,pan]

LM, T,a

< rmax | Y malale, o)l () — o (@) + p3% (2) | (al, py) — o (alz, Pi)]

LN, T,a

= TmaxE Z ”P - Pn

H-1
| + s 3 B [Exe o [Im3(X ph) = 73(X, 2) 1] -
n=0

This concludes the proof. O

Now we verify (Ramponi et al., 2023, Lemma 3 C.4).
Lemma A.2. Recall that 6% = max,, [y _1) E(Ex.pz (|72 (X, pf) — 74X, pE)|1)). We have

H—1
ECY o = piA ) < H?65C, )

and

Bk — phAh) < H?6PC. 3)

11



Population-Aware IL in MFGs with Common Noise

Proof.

E(loy —pitlh) =E len pi (@ ’)I)

E T, (alz, Pn 1) (x'|x,a,pf_1,sg+1) *Pffl(x) Wf_l(alw,/)f_l)P(fﬂ'lxva,pf_ue?m)

)

)

E |x a Pn 15€ n+1)(/’n 1 (z)m 'E 1(a|xapgfl)_pgfl(x)ﬂffl(ﬂ%pgfl))

IN

z/ x,a

=K Z|Pn (2)m, i (alz, Pn 1) — ngl(f)ﬂﬁ—l(amapf—l”Zp(x/|xaa»l’g—1»59z+1)

Z, z!

S|

=1

IN

M

E |Pn 1 7]«:3 1(a|$apg—1) - W:?_l(alxapf_l)) + (Pf—l(z) - pf_Al(x)) 7T;14—1(G|5Ca,05—1)|>

x,a

IN

f;M

E

E(ZZP /|90 a, Pn 13 n+l ‘Pn (7)1 (a], Pn 1) — Pffl(x)ﬂf—l(ampf—l)‘)

P a1 ( 5 1(a|x7pgfl) - 77;?1(@|337P51)|> +E<Z|P51($) - Pgi(x” 79’?1(@@%?1))

z,q

A
:E(Eprfflﬂﬂf—ﬂxapf—l)—ﬂ'n—1($,P£ 1 )"‘E Z|Pn (@) = P2 ( |Zﬂ'n 1(alz, pf_y)

_ §BC
=05 ]

<674 +E(llpk-r — pi L)

< n B,

That gives Eq. (2). Now,

E(|ph — pfth) =E Z\un z,a) — A (x, a)l)

E

E(an Plala, pl_y) - pfA(w)m‘i‘(alw»pf_l)o

Z\pn Salz, pi_y) = miHalz, pi_y)) + i (alz, pl 1) (pF (@) — p?‘(l‘))l)

IN

E pf(m)hr (CL|{,C pn 1)_7T ((l|£[' pn 1 ) (Zﬂ— ‘l’ pn 1 |pn( ) pEA(‘T)D

z,a
%,_/

<n sBC
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< (n+1)08°.

That gives Eq. (3). O

We extend (Ramponi et al., 2023, Lemma 1 C.1).
Lemma A.3. Under Assumption (2.3) (2.4), for any policies 72, 7' € II, we have

H-1
V(a',mt) = V(rt wt) <2L E( Y lloi — prlh)
n=0
H-1 H-1 H-1
+ rana [EOY i = w2 1) +EQ o = i ) + B o™ = o)
n=0 n=0 n=0
H-1 H-1
+ > E(Ey e (17 (X p) = 7 (X, 0E0) + 30 B (B pa (17 (X, pit) = 74X, o)1) .
n=0 n=0
“4)
And by using the Lipschitz property of our policies:
V(Tfl, 7TA> — V( A A) <2(Lr + LE Tmax Z ||pn - pn
H—-1 H—-1 )
+ Tmax [ECY Il = up A1) +E Z ot = p2 )+ EC o™ = p )
n=0 n=0

Proof. Let ! € II, we can write

V(rh, 7o) = V(at, 7)) = V(a7 = V(P 7B) + V(P 7P - V(A 7h).

A B

First, let us work on A:

A= V(7r1,7TA) - V(wl,ﬂE) +V(7T1,7TE) - V(WE,WE) .

A1 A2
Aj is non positive since 77 is an equilibrium. We bound A; with Lemma A.1 and obtain
H-1 H-1 H-1
ASLEY i = pE1) + rmaBCY ot = pE M) + Tmax Y E(Ey e (Ih (X, p) = mh (X, p2))).
n=0 n=0 n=0
Consider B:

B < V(b 7y V(7P 4+ V(n, 7P) = V(zh, xh)

Bl BZ

H-1
B, < E(Z Z (i P (w, a)r(x, a,p%) — ply A (w, a)r(z, a, p"))
< rmax Z Z ,un ( ))
< rmaXE(Z HNE’E Mo A”)
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By Lemma A.1 we obtain

H-1

H-1
By < LyEB( Y llpn = pEl1) + rmasBCY o™ = oA 10) + T Y E(Eanpra (|7 (2, p) — 77 (2, p5)))-
= n=0

n=0

Summing everything we obtain Eq. (4). O

We give two new lemmas.
Lemma A 4.

Proof.

E(llpns —

First we have A;

pn+1 ||

1+ Lg+ Lp)f

) < gl

Z o = prilh) < 0% =S (6)
E(log = pill) < E(llun — g 1) < 6427 (7

Z |7T a|x pn pn( ) ( |£L’ a pn3€n+1) 77{ (a|x pn)pn( ) (x/|x7aap5691+1)|)

x’ »L,a

< ]E( Z ﬂ';?(a\a?,pf)pﬁ(m)\P(mﬂx,a,pﬁ,sgﬂ) - P($/|$7a’p5’52+1)|)
', x,a

+E( Y P('le,a. py, 0 )|m (ale, p)on (x) = w7 (al, o) o ()])
z/,x,a

E(Z WT’?(CL|LL‘7pf)pﬁ(l’)HP($7a7p£7E%+1) - P(l‘,a7pg762+1)”1)

H‘T‘(]E(—r a)~pd A(lP(z,a,pf e n+1) P(I’a7pg’€2+1)‘|l))

EQY_|mi (ale, pil)ppt () — w2 (al, o)) oy (2)])

< LpE(lpt = pE 1) + EQ |mit(alz, pi)pit () — mi (alw, pit) ok (x)])

x,a

Ay

EQY_|mi (ale, pil)py () — i (al, o)) oy (2)])

Az

EQY_|mi (ale, o)) ok () =} (ala, o)) oy ()])

Az

=E(||p2 — pZ||1). Then we have

Az = E(Epmp (I (2, p1) — il (2, p2) 1)) < LeE(lo7 — 2 [11).

Now,

Az = E(Epmpr (Ilm (2, p77) = 73 (2, o)) -

S(SBC

By combining the terms we have

E(llpp1

— ) <

_5BC(I+LE+LP) -1
Lg+Lp .

n
E(lop = ok D1+ L+ Lp) + 67 <Y (14 Lg+ Lp)*
k=0

14



Population-Aware IL in MFGs with Common Noise

By summing over n we obtain the result. For Eq. (7), we have

ZIZun z,a) — p&(z,a)|)
<SEQ_lup (2, a) = p)(z,a)|)

E(llun — i llh) < 642V

Lemma A.5. Let ! € II. We have

H—1
(1+Lg+Lp)"
B llppt = pM) < 5BCW~

and

Proof. Suppose Lp + Lg # 0,

E(llpnt = o) = (Z o (2) pf’l(x’ﬂ)

E,1

(Z P alz, pp 1) Pz, a, pp_sen) = puy

z’,x,a
pn 1 7Tnfl

1

(Z P |£E a pn 1 n+1)|p ( ) T — 1(a|x,pf},1)

H-1
E(Y ot = ot < 6PV (Lp + Lp)H.

(a|m,pﬁfl)\P(m’|x7a,pf371,52) - P

(z)m

1

’ﬂ

E,1
- pnfl(x)

1(alz, pr_1) P
IL‘/|:C, a, pf,h 52)|

W}L*l(a|x7pgfl)|

A
E( pn 1 T — l(a|x7pf—1)”P($aaapn—lagg) _P(xvaapg—lagg)”l)

Ay

+E<Z|P Ty — 1(a|x Pn 1) — Pf’11(x)7rrlll(axapfl)|>

Az

Let us consider 4,
A =E

Let us consider Ao

Al E,
=E (Z |Pn71($)7ﬁ¢71(a|xv Pﬁfl) - Pn711 (2)my_y (al, P51)|>
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A, . :
<E <Z |7771L—1(a|33, Pﬁ—l) (Pn—11 (z) — 05—11 (m)) + Pf—ll(x) (”}L—l(a|xa 95—1) - 7"};—1(G|537 Pﬁ—1))>
]E<

A, , :
Y maalalz, ooyl (@) = o (x)|> + E( Pk (@)mh_(ale, pry) — m o (ale, pﬁ_1)|>

IN

Al

<E(llpn2y pn D) A BB (I (@, 1) = g (2, 1) 1)
Al

< E(llppy = o) + LEE(lor—y — pi—i 1)

Combining A; and A5 we obtain

A1
E(llop" = o'l < E(lony = o) + (Le + Le)E(lon—y — pa_i 1)

1+LE+LP)n_1 -1
E(|[p"! +6B% Ly + Lp (
<E(llpsty — 1D ( ) IntLp

<E(|ppty = ph ) +6%°(1+ Lp + Lp)"

By summing we obtain
1+ Lg+ Lp)n
(AL — pEL| < 530(
(len™ = pn 71D < Io 1 Ln
and by summing again
< §BC (1+Lg+Lp)”
(Lp+ Lg)?

H-1
ECY llop" = pi D) <
n=0

Let us proove Eq. (9). Previously, one of the intermediary step showed that E(||p! — pZ:1|)) < IE(pr — P+
(Lp + Le)E(||pE_; — p_1|l1). Applying Lemma A.4 with Eq. (7) lead to

Al
E(llon ! — o ) < E(lony = i all) + (Le + Lp)s*PY,
from what we deduce the result by summing twice.

Lemma A.6. We have

ECY i = whll) < 64PY(H(Lg + 1) + H*(Lp + Lg)).

Proof.

E(lu® =t 1) < E(llin ™ = s ll) + Ellpn = p l11) -
—_—

< §ADV
Now we have
E(|lun® = pilly) <EZ|P Malz, o) — pit (x)7s (alz, p)])
Zp Mala, p¥) — it (ala, pb)]) +E( ZW alz, pi) |k A () — pit(x)])

:E(EXNPEA(HTFA(XPE) wA(X,pn>u>)

We deduce that

E(|uf? — uZl1) < LeE(||pE - pitllh) + E(||pE4 — pit|1) + 642V

16
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Applying Lemma A .4 with Eq. (7) and Lemma A.5 with Eq. (9) we obtain

H-—1
ECY luk? = ullh) < 64PY(H(Lg +1) + H*(Lp + Lg)),
n=1

17
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B. Additional Algorithms

Algorithm 4 Proxy Algorithm

Require: MFG M = (X, A,E° 0% P,r, H, po);
A _E.
T T,
Monte Carlo parameter NV; X
1: Initialize the empirical BC proxy fort = 0,..., H — 1,659 = 0.

2: Initialize the empirical ADV proxy fort =0,..., H — 1, SfDV = 0.

3: forn=1,...,Ndo
4 Sample one i.i.d sequence of common noises 5(1)’", . 521" , with 51 ~ 10,
5:  Initialize the mean-field pf "™ = po.
6: Initialize the mean-field p"™ = po.
7 fort=1,...,H—1do
8 Compute

E, E, B, 0,

P =Y et @l @ p P | 2ol e,
x,a

9: Compute

A, A, A, A, 0,

py "= P (@)mio(a |z, p ) P(- |, a, py ?vst ).
x,a

10: Update

A 1

BC E, A E, E,
oy += N py " (@) |7 (2, ™) _7TtE(x=Pt -
T
11: Update
PV = le (@) (alz, pi") = o " (@)l (alw, pf ™).

12:  end for
13: end for R
14: Compute 6% = max;e(ry_1] 07¢
15: Compute 6PV = max;e [f—1] SADV

16: Return §3C, §ADV

18
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Algorithm 5 Neural Network Best Response

Require: MFG M = (X, A, &% 00, P,r, H, py); Sequence of policies (7, ..., 7%) € TI*+1; Iterations J; Batch size B;
Optimizer.

Compute the mean-field sequence p?-* induced by the learner 7y responding to p*°.
Accumulate the loss:

1: forj=1,...,J do

2:  Reset batch loss: L(6;-1) = 0.

3:  Sample a batch of i.i.d. common noises (Eg’S)OStSH,l fors=1,...,B.
4. fors=1,...,Bdo

5: Compute the aggregated sequence p** induced by (7, ..., 7%).

6:

7:

H—-1
1 S —R,S —R,S
L(O;-1) & LO-1) = 3 > S ol (@)nf (a5 (e, 0, )

t=0 =z,a

8: end for

9:  Compute the gradient VyL(6,_1) and update parameters via the optimizer to obtain 6;.
10: end for
11: Return Optimized parameters 6 ; defining the best response policy 7y, .

19
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C. Additional Details to Example 1
C.1. Mann Iterations and Best Response

We use the following algorithm to compute a e-Nash equilibrium to obtain the expert policy 7Z.
Algorithm 6 Mann Iteration for e-Nash Equilibrium

Require: MFG environment M; Initial policy 7° € II, Learning rate sequence (vx)1<k<r € (0, 1]; Number of iterations

K.
0

1: Define 7%* = 7

2: foreachk =0,..., K —1do

3:  Compute best response m21F to k=1
4:  Define mh* = gh—1* 4 4y pBRE

5: end for

6: Return 7%,

To compute a best response, we discretize the mean-field space, and use a Monte Carlo estimation to perform a backward

induction
Algorithm 7 Backward Induction for Best Response.

Require: Fixed population policy m; MFG M Grid for mean-field G,; Monte Carlo batch size M.
1: Initialize Value function Vi (x,p) = 0forallz € X, p € G,,.
2: fortimet=H —1,...,0do
3:  for each possible density p € G, do
4 for each state z € X do
5 for each action ¢ € A do
6: Sample a batch of common noise (£%%)1<s< -
7 for each s € [M]* do
8 Compute expected next density: p'* = ®(p*, m, 6?f1).
9

: end for
M s\ /s

10: Define Qt(‘ra Ps Cl) = ’I"(.'II, a, P) + 25:1 V;g.t,_l(-’lfl, P )p ) (.’17/)
11: end for
12: Vi(z, p) = max,ea Q¢ (z, p, a)
30 P 200) = Lfamaman, Q1)
14: end for
15:  end for
16: end for

BR _ (

17: Return 7 B8 o<t

C.2. Vanilla and Adpative Polices

We describe here how we obtain using data from expert agents following the policy 7, the vanilla and adaptive policies
used for the experiments in Subsection 4.6.

Data Generation: The simplicity of the environment allows us to consider classical statistical estimators for the vanilla
and adaptive policies. Let (1, &) be a couple of parameters. We generate a synthetic dataset composed of N independent
trajectories of M agents: DY;M = {(J:Z’(Zl,], a;';g'fn)oogfé IfVI—ll}1<n<N , where each agent acts according to the expert
policy 7r£ , 1 an environment subjected to a common noise realization 5?;"H_1. Specifically, for each trajectory n, a unique
common noise sequence (sg’n)ogtg m—1 1s sampled, inducing a specific mean-field sequence pfﬁ(s?jzil) that the agents
observe and react to. To simplify notation, we fix the parameters («,7) and suppress their explicit dependence in the
following subscripts.

Vanilla Policy: We define the vanilla policy #3/-V:vanilla a5 the time-dependent approximation that ignores the common

noise fluctuations. It is computed via the empirical marginals: .E,M,N
~ M,N,Vanilla( | ) _ Hy ( ) a)
T alz)= “EAMN .
Ea'eA Nt (x’ a )
~B,M,N _ 1
where My ($7 (l) — NM Zn,m ]l{z?’m:r,a?‘m:a}'

20
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Adaptive Policy: We define the adaptive policy 7V:adaptive a5 3 density-dependent policy. To reconstruct the policy for

any arbitrary mean-field value p, we employ a Nadaraya—Watson kernel regression:
~ M, N ,adaptive _
Ty ((], | :L'vp) -
~E,n,M
S Lot caatm—ay Kn (27N~ p)
~E.n,M
Za/eA Zn,m ﬂ{w?’"":w,a?””:a’}Kh(pt " - p)

)

where ﬁf M (1) = ﬁ >oml {zrm =1y 1s the empirical density of agents in state 1 for trajectory n. The kernel function

Ky : Ay x Ay — Ry is defined by the Gaussian radial basis function:
p—rlI3
Kn(p,p") = exp (—”%2”2> . V(p,p) € A%
This kernel density estimation (KDE) approach allows the agent to interpolate the expert’s behavior across the continuous
space of possible mean-field realizations.

C.3. Hyperparameters

All the experiments have been ran with parameters presented in Table 1.
Table 1. Summary of Hyperparameters for the First Example

Category Parameter Symbol Value
Nash Equilibrium  Mann Iterations K 50
Learning Rate Yk 0.05
Mean Field Discretizations g, 50 points
MC Samples (Backward Induction) - 10000
Data Generation Number of Trajectories N 2000
Number of Agents M 100
Kernel Regression Bandwidth h 0.05

C.4. Full Sensibility Analysis

Figure 10 represents the average over 5 runs of the metrics, as functions of the varying parameters 1 and «. Figure 11 shows
the standard deviation. For the raw corresponding to the proxy, the advantage corresponds to the adaptive proxy minus the
vanilla proxy. For the raws corresponding to the reward vs expert, it corresponds to the reward of the adaptive policy minus
the one of the vanilla policy. For the raws corresponding to the exploitability, it corresponds to the exploitability of the
vanilla minus the one of the adaptive policy.
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Figure 11. Example 1: Metrics STD
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D. Additional Details to the Beach Bar Example
D.1. Hyperparameters

All the experiments have been ran with the parameters presented in Table 2
Table 2. Summary of Hyperparameters for the Beach Bar Environment

Category Parameter Value
Neural Architecture Model Type MLP
Hidden Layers 2
Layer Width 64
Activation Function ReLU
Optimizer Adam
Fictitious Play Number of (FP) iterations 40
Best Response Training Number of iterations 1000
Learning Rate 10~*
Batch Size 500
Expert Imitation Number of iterations 10000
Learning Rate 10~
Batch Size 200
Vanilla and Adaptive Learning Number of iterations 10000
Learning Rate 10~
Batch Size 50

Number of agents in the Simulation 1000

D.2. Ful Sensibility Analysis and Training Losses

Figure 13 represents the average over 5 runs of the metrics, as functions of the varying parameters 1 and «. Figure 14 shows
the standard deviation. For the raw corresponding to the proxy, the advantage corresponds to the adaptive proxy minus the
vanilla proxy. For the raws corresponding to the reward vs expert, it corresponds to the reward of the adaptive policy minus
the one of the vanilla policy. For the raws corresponding to the exploitability, it corresponds to the exploitability of the
vanilla minus the one of the adaptive policy.

Figure 15 illustrates the convergence of Fictitious Play (FP) with common noise (Algorithm 1), the training loss of the
expert learning to replicate the aggregated mean fields generated by the FP-outputted policies (Algorithm 2), and the training
losses for the vanilla and adaptive parametric policies trained via Algorithm 3.
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Figure 14. Beach Bar: Metrics STD.
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E. Additional Details to the Night Clubs Example
E.1. Hyperparameters

All the experiments have been ran with the parameters presented in Table 3
Table 3. Summary of Hyperparameters for the Night Club Environment

Category Parameter Value

Neural Architecture Model Type MLP
Hidden Layers 2
Layer Width 64
Activation Function ReLU
Optimizer Adam

Fictitious Play Number of (FP) iterations 40

Best Response Training Number of iterations 1000
Learning Rate 10~*
Batch Size 500

Expert Imitation Number of iterations 20000
Learning Rate 5x 107
Scheduler Cosine Annealing
Batch Size 500

Vanilla and Adaptive Learning Number of iterations 20000
Learning Rate 10~*
Batch Size 20

Number of agents in the Simulation 1000

E.2. Full Sensibility Analysis and Training Losses

Figure 17 represents the average over 5 runs of the metrics, as functions of the varying parameters 1 and «. Figure 18 shows
the standard deviation. For the raw corresponding to the proxy, the advantage corresponds to the adaptive proxy minus the
vanilla proxy. For the raws corresponding to the reward vs expert, it corresponds to the reward of the adaptive policy minus
the one of the vanilla policy. For the raws corresponding to the exploitability, it corresponds to the exploitability of the
vanilla minus the one of the adaptive policy.

Figure 19 illustrates the convergence of Fictitious Play (FP) with common noise (Algorithm 1), the training loss of the
expert learning to replicate the aggregated mean fields generated by the FP-outputted policies (Algorithm 2), and the training
losses for the vanilla and adaptive parametric policies trained via Algorithm 3.
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Figure 17. Night Clubs: Metrics Averages
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Figure 18. Night Clubs: Metrics STD.
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