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Abstract

Large language models can solve tasks that were
not present in the training set. This capability
is believed to be due to in-context learning and
skill composition. In this work, we study the
emergence of in-context learning and skill compo-
sition in a collection of modular arithmetic tasks.
Specifically, we consider a finite collection of
linear modular functions z = ax + by mod p
labeled by the vector (a,b) € Z2. We use some
of these tasks for pre-training and the rest for out-
of-distribution testing. We empirically show that
a GPT-style transformer exhibits a transition from
in-distribution to out-of-distribution generaliza-
tion as the number of pre-training tasks increases.
We find that the smallest model capable of out-
of-distribution generalization requires two trans-
former blocks, while for deeper models, the out-
of-distribution generalization phase is transient,
necessitating early stopping. Finally, we perform
an interpretability study of the pre-trained models,
revealing the highly structured representations in
both phases; and discuss the learnt algorithm.

1. Introduction

Large language models (LLMs) can perform simple tasks
that have not been present in the training set. This ability is
usually achieved via in-context learning (Brown et al., 2020).
More importantly, LLMs can perform an even larger variety
of very complex tasks upon appropriate prompting or fine-
tuning. The latter ability to perform complex tasks is usually
attributed to the following mechanism. First, LLMs learn a
large variety of simple tasks and, then, how to compose those
skills to form very complex skills (Arora & Goyal, 2023).
Furthermore, LLMs also exhibit “emergent capabilities” —
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a sudden emergence of a new complex skill as a function
of scale (either model parameters, compute or data) (Wei
et al., 2022; Ganguli et al., 2022). It is plausible that these
sudden performance improvements are due to one or both
of these mechanisms. For example, LLMs show grokking
on algorithmic tasks (Power et al., 2022), which results
from the model learning very structured representations
(Liu et al., 2022; Gromov, 2023; Nanda et al., 2023). Once
these representations emerge, the model abruptly learns how
to perform the task.

In this work, we set out to examine skill composition both
empirically and mechanistically. Inspired by the prior work
that investigated emergence of in-context learning on linear
regression tasks (Ahn et al., 2023; Raventos et al., 2023),
we introduce a finite collection of discrete modular arith-
metic tasks (Power et al., 2022) generalized to the in-context
learning setting. Each task corresponds to learning a linear
function z = ax 4 by mod p over Z, from the examples
provided in the context of the autoregressive model (AM).
In the bi-variate case there are p? such functions labeled
by the vector (a, b). The main objective of this algorithmic
dataset is to probe how AM utilizes the tasks it has learnt
during training to solve the new tasks.

Our analysis shows that the solution found by the AM after
optimization is qualitatively different from the linear regres-
sion cases studied before (Ahn et al., 2023). In those cases,
due to the continuous nature of the task, AM develops an
emergent first-order optimization method that minimizes an
emergent quadratic loss function. Furthermore, as it was
shown in Ahn et al. (2023), a single linear attention layer
can solve the regression problem, while adding extra layers
and non-linearities slightly modifies the gradient descent. In
the modular arithmetic case, AM first learns how to solve
the pre-training tasks and later (assuming enough different
tasks) develops a generalizing solution by combining the
solved tasks.

Our main findings as well as the structure of the algorithmic
dataset are illustrated on Fig. 1. Our main findings are: (i)
there are four different phases in the end of pre-training
depending on the number of tasks, n; 4., and number of
examples per task, a. (ii) At inference time, there is a gen-
eralization transition in the number of few-shot examples,
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Figure 1:(a) The dataset. The tasks are labeled by vedtarb) 2 Zﬁ. Each table contains examplesaof+ by mod p. A

fraction1 of the examples is blacked out. The remaining examples are attened into a single “document” in the batch.
Each document is organized as a collection of triflesy; ax + by) for x; y from the training seti(e. not blacked out in the

table). To leverage training compute more effectively we predict not just the last element, but also other elements colored in
red. This is similar to the traditional next-token prediction, with the main difference that we predict each thirdxtoken (
andy do not have any correlation between each other). Every task appears exactly the same number of times in each batch.
(b) Phase diagram for a six-layer model. We nd four different phases. (1) in-distribution memorization: model does not
generalize oix; y it has not seen for the training and test tasks. (2) in-distribution generalization: model generakzgs on

it has not seen for the training tasks, but not for test tasks. (3) out-of-distribution memorization: model does not generalize
onx;y it has not seen for test tasks, but completely generalizes on train tasks. (4) out-of-distribution generalization: model
generalizes on akt; y for both train and test tasks. We focus on investigating phase (4) in more deYil-context sample
complexity. Accuracy of the model in phase (4) as a function of the number of few-shot exafapBepresentations
developed by one of the attention heads in the rst layer. These are projections of the embedding of a pair of numbers onto
the two largest principal components (PCs) of the internal representation formed after passing through the attention layer
and projection matrix(e) The rst 3 principal components of the embeddings partitionltigg;-annotated numbers into
separate planes of even and odd groups. The number 0 is special, and is sandwiched between the two planes.

as the number of examples grows, the models starts to geliterature review. In Section 3 we explain our notations and
eralize. This effect is somewhat similar to the transitiondiscuss the experimental details. In Section 4 we demon-
in sample complexity for the modular arithmetic found in strate empirically that the out-of-distribution ICL ability
Power et al. (2022). (iii) model develops a striking circular emerges as the number of training tasks increases. We also
representation for all of the tasks that naturally generalstudy the effects of model depth and task dif culty. In Sec-
izes the circular representations found in the original worktion 5 we carefully examine a minimal settirigs. two-block
(Power et al., 2022). We further nd that the deeper modelstransformer: we compare the representations learned in four
are easier to optimize, but much harder to interpret. Thalifferent phases and show that in the generalizing phase
optimization is discussed in more detail in the main textthe representations are highly structured and generalize the
Here we will highlight that optimization for these tasks is original modular addition case of Power et al. (2022).
challenging and the AM tends to prefer the minimum that

just solve a handful of tasks and memorize the training seb Related Works

To avoid such minima we make sure tieatry batckcon-

tains equal number of tasks (meaning that no tasks is oveln-Context Learning (ICL) Brown et al. (2020) rst

or under-represented in each batch). We further nd thatdemonstrated that large models performance improves sub-
for larger models early stopping is necessary because traantially when a few examples of the task at hand are pro-
generalizing solution is transient. vided at inference time, in the prompt. Alisek et al. (2023);

We organize our paper as follows. Section 2 contains théhn etal. (2023); von Oswald et al. (2023) showed that the



