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Abstract

In off-policy evaluation (OPE) for par-
tially observable Markov decision processes
(POMDPs), an agent must infer hidden states
from past observations, which exacerbates
both the curse of horizon and the curse of
memory in existing OPE methods. This pa-
per introduces a novel covering analysis frame-
work that exploits the intrinsic metric struc-
ture of the belief space (distributions over
latent states) to relax traditional coverage as-
sumptions. By focusing on the policies with
stability property, we derive error bounds that
mitigate exponential blow-ups in horizon and
memory length. Our unified analysis tech-
nique applies to a broad class of OPE algo-
rithms, yielding concrete error bounds and
coverage requirements expressed in terms of
belief space metrics rather than raw history
coverage. We illustrate the improved sample
efficiency of this framework via case studies:
the double sampling Bellman error minimiza-
tion algorithm, and the memory-based future-
dependent value functions (FDVF). In both
cases, our coverage definition based on the
belief-space metric yields tighter bounds.

1 INTRODUCTION

Off-policy evaluation (OPE) is a central problem in
offline reinforcement learning, aiming to estimate the
expected cumulative reward of a target policy m. us-
ing data collected under a different behavior policy .
This setting arises naturally in real-world applications,
where interactive data collection is often impractical or
unsafe, and learning must rely solely on pre-collected
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offline trajectories. In this paper, we consider a more
realistic yet challenging setting where only partial ob-
servations of the underlying latent states are available.
This leads to non-Markovian observation dynamics that
may depend on the entire history of action-observation
pairs. Such scenarios are modeled by partially observ-
able Markov decision processes (POMDPs), which offer
greater expressiveness for real-world problems (Atrash
et al., 2009; |[Lauri et al.l [2022)) but introduce significant
complexity compared to fully observable MDPs.

Although for a POMDP, Markovian is restored when
treating history trajectories as states, in which case
the POMDP is reduced to an MDP problem, directly
applying conventional MDP methods, such as Impor-
tance Sampling and Bellman residual minimization,
inevitably leads to error bounds exponentially scaling
with horizon H, a phenomenon termed the curse of
horizon. For instance, in importance sampling, the
sequential importance weights grow exponentially with
the horizon, leading to an intractable variance in the
estimation. To alleviate this issue, a method called the
Future Dependent Value Function (FDVF) is proposed
for memoryless policies but fail when memory-based
policies are introduced, in which case the coverage
scales exponentially with the memory length, facing
the curse of memory (Zhang and Jiang, [2024).

To overcome the curses of horizon and memory in
history-as-state MDPs, we reformulate the problem in
the belief space, a central concept in POMDPs, defined
as the space of probability distributions over latent
states given the observed history of actions and obser-
vations. Each element in belief space—referred to as a
belief state—serves as a proxy for historical trajectories.
As an explicit computation of a belief state requires
the latent dynamic to be transparent to the agent, it is
most commonly used in POMDP planning literature.
Utilizing the metric structure of belief spaces, plan-
ning methods like point-based value iteration (PBVI)
achieve efficient solutions by sparsely covering belief
subspaces (Shani et al., 2013} Lee et al, 2007}, Zhang
et al., |2014]). Although belief-space structure has been
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extensively studied in POMDP planning (Lee et al.,
2007)) and model learning (Zhang et al., [2012), its role
in off-policy evaluation (OPE) remains largely under-
explored. Notably, current offline learning approaches
typically neglect this metric structure, treating history
spaces explicitly, resulting in exponential dependence
on the horizon length. This raises a critical question:

While the metric structure of belief space has proven
effective for characterizing computational complexity in
POMDP planning, can it similarly characterize sam-
ple complexity in offline learning? More specifically,
can we exploit this belief space structure to circumvent
exponential complexity in offline POMDP learning?

Our Contributions Motivated by this question, our
work explores the idea of belief space metric structure,
and studies the theoretical guarantees of some common
model-free OPE algorithms using belief metric. The
core idea of our framework is similar to that of state
abstraction (Li et al., 2006)), given that the complexity
of belief space can be lowered significantly through an
abstraction that contracts similar states. That is to
say, if two history trajectories have similar belief states,
they should be considered similar in the analysis. To do
this, we restrict ourselves to a subset of policies, i.e.
the policies with stability. This structural assumption
on policy class is rich enough to contain all possible
policies of our interest, and possesses nice properties
for tighter coverage. The overall result of our analysis
with comparison to existing results that suffer from the
curse of horizon/memory is presented in Table [1| below.
In general, our result mitigates the exponentiality of
coverage especially under smoothness structure of belief
space as shown in Example [I] and 2] To specify our
contributions:

e We propose a framework of analysis that uses state
abstraction induced by e-covering to obtain a coverage
on the abstract space, which adapts to a wide range
of scenarios in the OPE problem. This framework
easily generalizes to other algorithms or even other
reinforcement learning tasks.

e We show in Table [I] Theorem [4] and [5] that our
coverage obtained using belief space covering is no
worse than the original coverage. We also show in Ex-
ample [T and [2] that our coverage resolves the curse or
horizon/memory under specific smoothness property
of the POMDP model.

e In Section [5.1] we complete a detailed analysis
specifically for double sampling algorithm as an ex-
ample of Bellman error minimization algorithms. In
Section [5.2] we also present the pipeline on future
dependent value function where the fast forgetting
properties of POMDP and policies are adopted. We
then show that FDVF admits a simpler analysis, free

from any assumptions on the POMDP system itself.
This indicates that the "curse of memory" is
much easier to handle than the "curse of hori-
zon". Additionally, this provide an answer to the
question left by (Zhang and Jiang, 2024)), that with
structural assumption on the policy, we can mitigate

the "curse of memory".

2 RELATED WORKS

POMDP planning. In POMDP planning literature,
the idea of point-based value iteration (PBVI) (Shani
et al}2013; [Kurniawati et al.;|2009; [Poupart et al.| 2011}
Shani et al.l |2008; Smith and Simmons, 2012; [Spaan
and Vlassis, 2005) is to compute on a finite subset of
the entire belief space, aiming for an optimal policy.
Notably, an important characteristic of PBVT is that its
selection of belief subspace uses the metric structure in
belief space, namely, every time the algorithm expands
the belief subset, it searches for the furthest belief
point w.r.t. the current belief subset that is one-step
reachable, so that the reachable belief subset can be
constructed as sparse as possible. Additionally, the
connection between complexity and belief space metric
was identified by (Lee et al., [2007; |Zhang et al.), 2014),
which proved the existence of approximate algorithm
with complexity polynomial to the covering number of
reachable belief space.

Curse of Horizon and Curse of Memory in OPE.
Numerous algorithms have addressed Off-Policy Eval-
uation (OPE) in fully observable MDPs, such as Im-
portance Sampling (Precup et all 2000; [Jiang and Li
2016} |[Jiang et al., |2019; [Hu and Wager], |2023)), Fit-
ted Q-Iteration (FQE) (Ernst et al., [2005; Munos and
Szepesvari, 2008; [Le et al., 2019)), Bellman residual
minimization with double sampling (Baird III, [1995)),
min-max estimators (Antos et al., [2008; |Chen and
Jiang, 2019; |[Feng et al.l 2019; Nachum et al.l [2019;
Uehara et al., [2021; |Zanette and Wainwright|, 2022]),
and marginalized importance sampling (Uehara et al.)
2020). However, directly applying these approaches
to Partially Observable MDPs (POMDPs) by treating
each trajectory history as a distinct state encounters
a fundamental challenge known as the curse of hori-
zon: the error bounds become exponentially worse as
the horizon grows, due to coverage assumptions ex-
panding with the exponentially large history space.
Alternatively, recent approaches such as the Future De-
pendent Value Function (FDVF) (Uehara et al., 2023}
Zhang and Jiang, [2024) address this by shifting cov-
erage requirements onto latent states, thus providing
polynomial guarantees for memoryless policies. Nev-
ertheless, this method is constrained by the curse of
memory, as its complexity reverts to exponential when
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extended to memory-based policies, due to the necessity
of capturing dependencies between future observations
and historical memory states, dramatically increasing
coverage complexity.

3 PRELIMINARIES

Infinite-horizon Discounted POMDP: An
infinite-horizon discounted POMDP can be specified
as a 7-tuple: M = (S, A,0,r,v,0,T) where v € [0,1)
is the discount factor, S is the latent state space,
A is the action space, O is the observation space,
r: S X A— [0, Rnax| is the bounded reward function,
O : § - A(O) is the emission kernel (i.e., the
conditional distribution of the observation given the
state), and T : S x A — A(S) is the transition kernel
(i.e., the conditional distribution of the next state
given the current state-action pair). We use A(-) to
represent, probability distributions on the given space,
and | - | for the cardinality of a set. For simplicity
and without loss of generality, we assume discrete and
finite spaces S, A, O, of which the cardinality can be
large.

The POMDP evolves as follows: starting from an initial
latent state s; ~ dy(s), at each step h, the latent state
sp, emits an observation o, drawn from O(sp), and the
environment generates a reward r, based on the current
state-action pair (sp,ap). The state then transitions
according to sp41 ~ T(sp,ap). Crucially, in general
POMDPs, the learner has no access to the latent state
space S; instead, only trajectories collected under an
offline behavior policy are available.

We also consider the finite-horizon POMDP setting ex-
tensively discussed in Section [5.2} In the finite-horizon
scenario, we set the discount factor v = 1, and the agent
interacts with the environment for a finite number of
steps H.

Offline Data: The offline dataset D is collected us-
ing a behavior policy 7,. The process involves inde-
pendently collecting n sample trajectories (01,a1,- )
from the POMDP. From each trajectory, a prefix
of the first h elements is truncated to form a tuple
(01,a1,71,02,02,72,"+* ,OR, Gy, Tk, Op+1) Where h is ran-
domly selected. Finally, the dataset takes the form
of D; as shown below. In Section 6, for the future-
dependent value function (FDVF), the definition of
offline data differs slightly. In the FDVF setting, we
consider a finite-horizon POMDP of length H. Again, a
behavior policy 7 is used to interact with the environ-
ment and collect data. This time, the entire trajectory
is treated as a single data point, as shown by Ds.

6] [ [
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State Abstraction: For an MDP (S, A, r, v, P)
where P : S x A — A(S) denotes the transition kernel,
an abstraction ¢ is a mapping from S to an abstract
state space Sy, and the MDP is transformed into an
abstract MDP (Sy4, A, 74,7, Ps) where ry(é(s),a) =
ES’~P¢(S)[T(8/7Q)] and P¢(¢(Sd)|¢(s)’a> =

s/ oo [Doa(smy=a(sq) L (8718 a)]l. Here {ps}aes, is
any family of distributions in which p, being supported
on ¢~ !(z). For any function defined on the abstract
system fuin : S¢ — R, we define the lifted version
of which as [fpintrue(*) := foin(#(+)). Similar for an
abstract policy 7y : Sy — A(A), of which the lifted
version [7gltrue(+) := Ty (¢(-)) In the following section,
¢ is often selected by ¢, and is treated as equivalent.
Conventionally, notations with super/subscripts ¢ is
also used to specify functions defined on the abstract
system, and whenever we say f, € F where F is a
function class defined on the true system, we mean

Af € F, f(9() = fs(6())-

Other Notations. For any random variable X; in
a POMDP, define its discounted occupancy under
policy m by d™(z) 1= (1 — 7)Y ey V" Prr(Xp = z).
In particular, for state-action occupancy, d”(s,a) :=
(1 =) > pe o7 Pre(Sk = s, Ay = a). We use dP for
the population distribution induced by the offline data-
collection process, and Ep[-] for empirical expectation
over the offline dataset. J(m) represents the expected
reward of a policy 7, and JQ(’/T) is the estimated reward

of 7 using approximation function Q.

4 UNIFIED ANALYSIS OVERVIEW

In this section, we briefly explain how the geometry of
the belief state space can help characterize the sample
complexity of off-policy evaluation for POMDPs, and
what our result looks like in general. We also present
the basics of belief space, abstraction on the belief space
induced by an e-cover, and the assumptions related to
the belief metric.

Belief State Space and Smoothness Condition:
Since one cannot observe the latent state directly, a
prediction of the current state can be made using the
information from the entire history of observations and
actions. We denote the history at time step h to be
Th = (01,01,092,a2,  + ,0p—1,0h—1) € Hp C H and
7';:_ := (1, 0p) € ”H;f C HT. Consequently the belief
state b(r;7) 1= Pr(sp|r;") is an element of A(S) C
RISI when |S| < co. We use B to denote belief state
space such that B = {b : 3h € N 37,7, b(7;,) = b}.
Consider a common case when such b is a bijection,
then B becomes a perfect proxy for H, of which the
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Table 1: Comparison With Existing Coverage

Criteria

Existing Coverage With
Curse of
Horizon/Memory

Our Coverage using Belief
Space Smoothness

Bellman Error Minimization (e.g. Double Sampling )

d™ (7, a)

Coverage Definition (Jiang
dp (Th, (1)

and Xie, 2025])

[e.9]

d e (¢(b), a)
dP(o(b), a)

’ (0.9}

Coverage Worst Case!
Scale

18] = ©((|0]|AD™)

- Covering(B, (—)(n*'l/2)>2

Ability to handle H — oo X: Infinite

‘ v: Polynomial guarantee see example E‘

Future Dependent Value Function

Coverage Definition (Zhang

and Jiang) 2024)

Er, [(BSHEV) (s1,7,)?]
Supy, v \/ En, [(B7 V)(Th})12] :

]E,rf (BEHDIV) (sp, 7 —141:1))3]
Supp, v E_[(B*V)(h)?]
b

L5 Belief Coverage . 5 -~ b )
(One-hot Belief) (Zhang E [(d “(sh; Th)) ] Theorem [ E., {(dqf (sh, T[/LT+111L])) }
0 Uy dTrb s , 7_1 - 7r<75
and Jiang), 2024) (8hsh) b 4% (sn, T 71 1)
Lo Belief Coverage . > =
(One-hot Belief) (Zhang ’ W ’ Theorem [ H dy® (Shs Th—1+1:1)) H
1 T (Shy Th 00 n?
and Jiang) 2024) dg (S Tin 14 120)) o0
Lo, Worst Case' (One-hot . " - .
Bt O((|0]1A)") > o ((10]1A)")
Ability to handle H — oo X: Infinite v Polynomial guarantee see example

cardinality grows exponentially with the horizon. In
infinite horizon cases, |B| = oo, yet considering the
compactness of a bounded subset of RI!, cluster points
of B must exist. For simplicity, we assign distinct belief
copies to histories that share the same belief state
distribution, making the belief space metric a pseudo-
metric. We denote the policy of interest 7(7;")
m(b(r;7)) + Ht — A(A), which is used to sample
an action when given a history. Similarly for value
function V (7;7) = V(b(r;})). Since V,#,7,” € H* one-
to-one correspond to V,m, b € B, we slightly abuse our
notation and treat them as equivalent for the rest of
the passage, i.e. whenever we mention b € BB, we also
mean the corresponding b=1(b) € H*, especially when
describing the algorithms, since they only see the data
trajectories instead of actual beliefs.

Then we introduce the core idea of using belief space
metric to lower the complexity of the potentially ex-
ponential belief space, that is through covering. By

LeWorst-case coverage” refers to the worst case for the
most exploratory data-collection distribution.

2Covering(B, ) denotes the L, covering number of B.

3For H — oo, we assume worst-case coverage grows as a
subpolynomial power ag < 1 (not logarithmic, which would
trivially remove the curse of horizon). In the FDVF case,
specific forgetting rates may be required.

introducing an e-cover as a abstraction of the original
belief space, we can treat near belief states as one, mak-
ing the space simpler. This is formalized below with
a similar idea as an e-sufficient statistic in (Frangois,
Lavet et al., |2019; [Subramanian et al., [2022).

Abstraction Induced by Covering. Consider the
belief space B, for any € > 0 and an e-cover C. C B
(Defined in Appendix. There exists an abstraction ¢ :
B — C. such that Vb € B, ||¢(b) — b||1 < €. Select any
such ¢, and a family of measure {p, },cc. mentioned
in Section [3] then an abstract belief MDP is defined,
we refer to which as the abstract system.

To obtain a meaningful result, it is important for us to
limit our attention to a subset of all possible policies,
i.e. those that presents stability. This is characterized
by the two core structural assumptions on the pol-
icy of interest, primarily introduced in Lipschitz-MDP
literature (Pirotta et all 2015; |Gelada et al.l 2019)):

Assumption 1 (Local Stability). Vby,bs € B, [|7(b1)—
m(b2)[l1 < L b1 — balfs-

Assumption 2 (Value Stability). supp, p,ep |V/[7oelirue
€20,¢c

(bl) — V[W(bf]”“e(bg)l/‘lbl — b2||1 < Ly < oo.
Remark 1. Assumption [1] is made by the intuition
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that a good belief state policy should treat two similar
belief state similarly, and thus should itself have some
local stability. Assumption[d measures the stability of a
policy’s long-term return. As indicated by the following
Theorem[1), it can also be viewed as a proxy for how
closely a policy resembles the optimal policy.

Theorem 1 (Lemma 1 in (Lee et all [2007)). For any
bibo € B, [V*(b1) = V*(ba)| < 2= by — ba.

Thus, V* is Lipschitz in the belief metric with constant
%. This provides intuition that “good” policies may
admit moderate value-stability constants. For the opti-
mal policy specifically, if one instead compares with the
lifted optimal policy of the abstract system, Theorem 27
of (Subramanian et al., 2022) gives a corresponding ab-
straction error of order O(Rumax/(1 —v)?). Apart from
the inherent stability of optimal value, people have
studied this stability property not just in POMDPs,
but also in continuous state MDPs. This line of work,
e.g. (Pirotta et al., 2015; |Asadi et all [2018; |Gelada
et al., [2019), were explored in various contexts, but in
such cases, the stability in value weren’t as natural as
in POMDPs, since unlike in belief spaces, the system
dynamic in a continuous state MDP may not be smooth
w.r.t. its intrinsic metric.

In general, the two assumptions hold with some finite
constant L, and Ly, but the worst case scaling of them
could be exponentially large. However, policies with
malignant stability are often bad and uninteresting, and
it is efficient for us to only study the behavior of those
good policies. With that said, our analysis applies to
both cases, and the smaller the stability constants are,
the more tractable our bound becomes. Either way,
our bound will be no worse than the original.

4.1 Unified Analysis In a Nutshell

policy: m

policy: m

True System
Coverage X

Estimate from
True System

True System

\
® Gap of True
and Abstract
Algorithm

@ Belief State
Abstraction

Estimate from
Abstract System

Abstract System

@ Abstract

System Coverage -
policy: 7g

policy: g

Figure 1: Pipeline of the analysis

Specifically as shown in Figure[l] in step 1, we descend
the true belief space MDP system (resp. policy 7) to
an abstract system (resp. abstract policy 74). Using
similar ideas of state abstraction, we control the ab-
straction error using the size of bins €. In step 2, we
execute the algorithm on the abstract system, with

the coverage assumption for the abstract belief space,
which can be much more tractable than the coverage
of the true system due to the curse of horizon. We also
provide Theorems [d] and [f]to show that abstract cover-
age is no worse than the original coverage. Eventually
for step 3, we utilize the stability property of value
function again to control the difference between the
real and the virtually executed algorithm on the same
offline data. Combining all the analysis above, we ob-
tain an estimation error bound without incorporating
the traditional coverage assumption.

A simple toy example illustrating why the history space
can grow exponentially while the belief-space covering
number remains small is deferred to Appendix [E] this
captures the intuition behind the red arrow and green
arrow 2 in Figure

In this paper, we construct the abstraction using an
g-cover C. of the belief space, with definition in Ap-
pendix We state the following helpful lemma for
controlling abstraction error.

Lemma 1. Va € A,bi,by € B, Eoup(jp,a) (/07" —
by “||1] < 2||by — ba|1. Here b>® denotes the updated
next belief of b after taking action a and observing o.

Remark 2. Intuitively, after a pair of same action
and observation (a,0), the chances of two belief states
sharing the same state becomes larger, resulting in the
two next belief states become closer, i.e. a data pro-
cessing inequality (DPI) should hold. However, such
contraction property generally does not hold point wise
as indicated in example[3, which also show that the Lip-
schitz value can go to infinity. The reason for that is
that the belief update is a posterior instead of a Markov
kernel, and a DPI only applies to the latter. However,
the lemma shows that after taking expectation, the value
is bounded by 2. The proof can be found in Appendiz[A]

Proposition 1. If for any 15, € H, b(1,) is one-hot,
then 2 in Lemmal[1] can be replaced with 1.

Theorem 2. Under Assumption [1 and [3, for an

abstraction ¢. depending on e, we have |[VT,. —

Vi Jtruelloo < LE]E, where L([;] = —(L"H)EUQZXHLV +
%, See Appendiw@for the proof.

Remark 3. For finite horizon POMDP, simply replace
(1 —~)~t with H.

Therefore, our previous assumptions enable a principled
reduction from the exponentially large belief MDP to
an abstract belief MDP, with a tractable approximation
error. The abstract state space has cardinality on the
order of the covering number, potentially mitigating
the curse of horizon, as illustrated in Examples [l and
Formally speaking, we have the following meta-theorem,
with the proof in Appendix [A]

Theorem 3 (Meta-theorem). Let M be a POMDP, =
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a policy, and an OPE procedure Alg := {alg, est}, where
alg : D — V learns an object QT eV from an offline
dataset D of size n, and est maps a learned object in
V to an estimated value. We omit the dependence of
Alg on m and on the offline data D when clear from
context.

Then for any € > 0 and an abstraction ¢ : B — B such
that ¥ bl,bg S B, ¢(b1) = d)(bg) = ||b1 — b2H1 < e, we
denote the algorithm executed on the abstract system
as Alg? .= {a[g¢, est®}. If assumption @ holds, and
that there exists an LE;} such that |est(Q) — est?(Q)] <

LE;]E for all Q € V, we also consider when Alg ad-
mits a finite sample estimation error on the abstract
system of the form |est®(Q™) — est¢(Qg)| < C¢-

Voo - <71l10g l‘;') + Lee, w.p. > 1-35, where C¢

is a constant, |V||c, |V| respectively denotes the bound-
edness and cardinality of the function class for function
approzimation. Then we have |est(Q™) — est(Q™)| <

Ly+C¢- \/||V||Oo . (}L log ];l) + Lee, w.p.>1-4.
Here, Ly = L([;] + L([;} with LE;] defined in Theorem@r
Q" and Q7 represent the ground truth estimators.

4.2 Why Coverage on Covering is Better?

In the following part, we showcase the general idea why
our coverage is no worse than the original coverage by
providing the two theorems as a complement to our
Table [T} Since directly comparing the occupancy of
7. and the abstract occupancy of 7¢ is difficult, so we
turn to comparing the occupancy of [7%]irue := T4
7¢(¢(71)), which generally have the same scaling as
that of .. Proving the theorems (see Appendix
uses an information-theoretic idea that the divergence
between two probability measures becomes smaller on a
coarser g-algebra, using the variational representation
of f-divergences.

Theorem 4. Consider the Lo belief coverage in the
one-hot scenario. Then for any behavior policy
and truncation abstraction ¢, there exists a df €

A(S? x Hr), such that for any w., along with its
abstract policy ©¢ and the corresponding lifted ver-

p 2
. dy (sh,Tih—T41:n])
sion [7%]irue, we have Eqp {(W <

dg(sluT[thJrl:h]) -
2
b
E dlmeltrue (g, 74)
b d™b (sp,Th) :

Theorem 5. Same result for the Lo, belief coverage

]
dlmeltrue (5) 7))
d™o (sp,Th)

i
d,° (Sh,T(h—T+1:n])
dB (sn,Tih—1+1:8)

<

that

o0

Next, we provide illustrative examples to show the

superiority our result under certain structures.

Example 1. Consider a belief space with smoothness
structure [Detailed Definition in Appendiz @/ With
coverage sublinear polynomial to the worst case, we
2 1
have a finite sample guarantee of O((Cls‘(Ll‘s+j’%%‘“a")4 .
-
(L log @)%), where C, m are constants related to the
smoothness property.

Example 2. Consider a fast forgetting policy with
forgetting speed T(e) = O(log%), then with coverage
sublinear polynomial to the worst case, we can ob-
tain a finite sample guarantee of O(% .

(% log %)%), If we make a even stronger assump-

tion than logarithmical scaling memory, i.e. strictly
short-term memory, then the result goes back to what’s
discussed in (Uehara et al., |2023; |Zhang and Jiang,
2024)).

5 EXAMPLES OF APPLICATION

In this section, we apply our unified analysis on two
different types of OPE algorithms, namely, the double
sampling Bellman error minimization algorithm and
future-dependent value function, aiming for a more
sample efficient guarantee.

5.1 Analysis on Bellman Error Minimization
Algorithms

Double Sampling. Consider a Bellman error mini-
mization algorithm using double sampling, each offline
data contains two tuple (b, a,r,V,) and (b, a,r, bz) with
the latter sampled independently after the system re-
sets to belief b. The corresponding estimator can be
written as Q™ = arg min . z E(f,7) where E(f,7) =

Ep(f(b, a) = (r+7f by, 7)) (f (b, a) = (r+7f (g, )]

Instead of assuming standard coverage on the true
system, we adopt the following abstract covering as-
sumption on the abstract system.

Assumption 3 (Abstract
[d7e /dP o < Cx(e) < 00

Remark 4. It is worth noting that the coverage Cr(¢)
here depends on the specific abstraction mapping ¢. Un-
der the most exploratory data collection distribution dP,
the worst-case growth rate of Cr(¢) is approrimately
aligned with |C.|, which denotes the e-covering number.
The benefit of the belief-policy coverage Assumption[3
lies in its potential to outperform coverage assumptions
in the original space. Using an abstract belief space al-
lows the exponentially large history space to be reduced
to a space with size of €-covering number.

Policy  Coverage).

And also a standard realizability assumption.
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Assumption 4 (Abstract Realizability). Qg"’ e F,
which according to our notation, is short for Af €

F [(6() = Qg (¢(-) since Qy° is defined on the

abstract system.

Noticed that we previously assumed the stability of
value function, whose equivalence to the Lipschitz con-
tinuity of @-function at action a can be easily proven.
We now assume the function class F we use to approx-
imate Q-function is also Lipschitz with regard to belief
state.

Assumption 5 (Lipschitz function class). Vf € F,
Va € A, |f(bi,a) — f(b2,a)| < Lqllbr — bal|1.

Then, we can provide the value of LEE] defined in The-
orem [3] for this special case, and furthermore, the even-
tual guarantee for double sampling algorithm using the
aforementioned assumptions and methods of analysis.
Proofs in Appendix [C]

Theorem 6. If Assumption@ holds, then for L([f]
defined in Theorem@ L[2] ‘“a" >+ Lq-

Theorem 7. If Assumptions |ZL [8 [ and[d all hold,
then we have:

() — J(m)| < inf e (W

1_
D(e) K
32Rmdx
n(l—vy)4

where Lg = 8R‘“j;" ((14+7)Lo+ "‘a") Ly is defined as
n Theorem@ and D(e) stands for such € that satisfies
realizability (Assumption .

|JQW

-log IH + Lee + L¢5)

Corollary 1 (Finite sample guarantee). If Assump-
tions [, and[g all hold, then for all n satisfying

n > 8RL. . (Ls/Le)*log(2|F|/5), and the ab-
straction ¢ induced by e-cover with & =
L—lg 3(2112?),2 log =5 27 satisfies Assumption we
2 C# 128R: FIn L
have |Jax(m) — J(m)| < -(Wdog%)“,
L 1 32Rmax 2|F|
where C7 = Cﬂ(n\/n(l B .log‘T).

Remark 5. The guarantee obtained using our method
relies on the coverage defined on the abstract system,
which is more tractable than the original coverage as
discussed in Remark [{] and Table[1. Moreover, with
appropriate belief space smoothness condition (Exam-
ple , our result provides a polynomial finite sample
guarantee while the original bound goes to infinity.

5.2 Future-Dependent Value Function.

FDVF was proposed targeting memoryless policies.
Here we introduce the memory-based version of FDVF,

which suffers from the "curse of memory" as dis-
cussed in (Zhang and Jiang), [2024). We first intro-
duce the respective definition of future space F’ as
f7, = (on, an,0n+1, Qhs1, -+ ,0m,am) € Fj, C F'.

From this point forward, for convenience, we will write
(fh,mn) simply as f. Similarly, we will treat 7' as
the original future space, and define F := F' x H
as the new space of “(future-history) pairs.” This is
because 7, can be considered a part of the extended
future, or equivalently, the future is duplicated sepa-
rately for each history sequence. The future-dependent
value function Vr is any such function that satisfies
Er, [VE(frs )5k, Th] = V3 (s, ) with the RHS be-
ing the value function of 7., and is a zero point of the
following two Bellman Residual Operators.

Definition 1 (Memory-Based Bellman Residual
Operator). We define (B MV (sp, Ti_rirm) =
E a1 hNTreb[T'h + V(f}1+1)|8h, Tih—T41: h]] — Eal:H—l’\‘ﬂ'e[

Qh4+1:H™ QAh:H~ThH

V(fu)lshs Tin-rirm), and (BHV) (1) :== E :fif;ﬁrb[rh
AV (frr)lmn] = Eaynyome [V(fn) [7n]-

Memory-Based Algorithm. For memory-based
.. +\ . We(athj)
policies, we define p(ap, 7, ) = 7%(%‘7}:), then the

min-max algorithm is defined as follows:

Ve = ar‘%n‘l)mmaXZED {w(an, 7,5)(rn + V(fas1))
€

= V(/n)}0(mn) = 59(711)2]

FDVF Analysis Pipeline. The analysis of FDVF
follows a structured framework that uses the previously
introduced methodology, of which an illustrative Fig-
ure 2] can be found in Appendix [D] All proofs can also
be found in Appendix

Abstraction Induced by Truncation Mapping.
The first step in the approach is to introduce an ab-
straction mapping ¢ : HT — H, where T is the time

window, and HF == J_, (O x A)*"! x O denotes the
set of history sequences constrained by the window 7.

¢Z(o a o )._ (Oh—T+1aah—T+17"'7Oh)) h>T
1,41y.+-,0h) - ld, h<T

To reuse the previous analysis, we also introduce an
abstraction mapping ¢ : B — B that operates directly
on belief states. The mapping ¢ satisfies ¢(b(7,")) =
b(gzNS(TJ)) Since this mapping ¢ depends on the time
window length T', we denote it as ¢p. Notice that ¢
and qBT are one-to-one, we treat them equivalently. Now
we provide the fast-forgetting assumption of POMDP

and the policy.
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Assumption 6 (Fast-Forgetting POMDP). For the
abstraction mapping ¢r defined above, the following
holds: for all € > 0, there exists T € NT such that for
all bhbz S B, Zf QbT(bl) = ¢T(62), then ||b1 — bg”l S E.
The values of T satisfying this condition form a function
of €, denoted Ty(e).

Assumption 7 (Fast-Forgetting Policy). For the ab-
straction mapping ¢, it holds that for all € > 0, there
exists a T € N1, such that for all T,[:H,T,EQH € HT
and oll m € m,my, if éT(T}[}H) = qBT(T}[fH), then
||7T(T}[Ll]+) - W(T}[LQH)Hl < Lpe. We denote the depen-
dency of T on € as T (e).

Lemma 2 (Stability implies Fast-Forgetting). If As-
sumption [6 and Assumption[]] hold, then Assumption[7]
holds automatically, with Ty = Ty.

Conditions: Controlling Differences between
Real and Abstract Algorithm. Since our analysis
is build on the requirement that the virtually executed
algorithm and the actual algorithm bear little difference,
we first propose some conditions to restrain ¢ from
being too large.

Definition 2. We define ||V|x = maxyey |V

(similar for ©), Cy = max{||V|x + 1,[|®/c};

C, = maxy, max, .+ u(ah,ﬁ[), and Lg =
2H(Cut+1) L |[V][oo Ol

3(minhminah,7"1" Trb(ah|7';r) + HC#”V”OOH@”OO *

3H? max{C, [Vl 19llso, 519115 } )
min{minp, min,, ., P(op|Th),min, minah o+ Wb(a}L\T:)/L,r}
Th

Condition 1. The ¢ is small enough that
L&/ miny, minah,ﬁ ﬂ'b(ah|7'h+) <s.
Condition 2. The ¢ is small enough that
He
1

min{miny, mine, +, P(on|7Th)minp minah + ‘ﬂ'b(ah\T;r)/Lw} =
Th

Condition [l assumes non-zero entries for the behavior
policy 7, which is known and chosen by the learner.
This assumption is also used in literature like (Zhang
and Jiang 2025)), from which we adopt the same philos-
ophy. In Condition |2, the probability P(on|r) being
uniformly above zero is a non-trivial assumption, but
we’ll show later in a simpler pipeline that this condition
can actually be discarded.

We then state the following theorem about LE].

Theorem 8. If Assumptions[@, [] and[9 hold, then for
any € > 0, with T > max{Ty(e), T1(g), T2(e)}, we have
L([;} = |V||oo, with L([;} defined in Theorem é
Theoretical Guarantee of FDVF. The following
theorem showcases the guarantee for FDVF under our
unified analysis, with the given condition that indicates
our selection of € should generally have the same scaling
as finite-sample error term.

Condition 3. For some uniform constant C, for the

) eCHC}C FIIE]
given €,n, 0, Lee < T 5

- log

Theorem 9 (Theoretical Guarantee of FDVF). Sup-
pose the abstract realizability condition Vﬁ eV and
the Bellman completeness condition YV € V,B"V € ©
(B* here refers to the operator on the abstract sys-
tem) hold, and Assumptions @, @ m (md@ are satis-
fied. For any e > 0 satisfying condition[1}, [3 [3, define
T = max{Ty(e),T1(¢), To(e)}. Then, for some uniform
constant c, with probability at least 1 — §, we have:

| J(7e) = Eny [V(f1)]| < Lge + VH-

]E”gb [(BEHDV)(sp,mn—741:1))?]
B BV )]

ciC
\/cH 500 1og \V|6\9| ¥ Lee

maXhE [H] SupVGV \/

Corollary 2 (Boosted finite sample guarantee). For n
large enough with necessary realizability and complete-
ness condition, we have a finite sample guarantee:

() — B [V ()] < VT -/ HGCe 1o V0L,

wa (BEHRDV) (sh,Tih—T41:1])?]
Ewgb[(BHV)("'h)Z]

maXhe [H] SupVeV \/

A Simpler Pipeline: Abstracting Only the Pol-
icy. Revisiting the above analysis and noticeably one
step is actually unnecessary, namely, the abstraction
from the original POMDP to the short-term memory
POMDP. That’s because the memory dependency of
the policy is the real root of the “curse of memory.”
Notably, the introduction of Assumption [2] and [6] are
all for the sake of bounding the abstraction error of
the POMDP itself, and therefore can be eliminated
for FDVF. This shows a significant advantage of
FDVF comparing to history-as-state MDP that
the "curse of memory" is much easier to handle
than "the curse of horizon", since for the lat-
ter, abstracting the POMDP itself is inevitable.
When we only abstract the policy, the previous condi-
tion |1] and [2| can be relaxed to condition 2] for H > 1.

Condition 2'. The e is small
HL,e/miny, min, - my(an|m) < 1.

enough that

Theorem 10 (Tighter Theoretical Guarantee of
FDVF). Suppose the abstract realizability condition
Vﬁ € V and the Bellman completeness condition
YV € V,B*V € © (BM here refers to the operator
on the abstract system) hold, and Assumptions@ andg
are satisfied. For any ¢ > 0 satisfying condition 2],

define T = max{Ti(¢), Tz(¢)}. Then, for some uniform
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constant c, ¢y, co, with probability at least 1 —9, we have:

| J(me) — EmW(fl)H < Lge + VH-

E ¢ (BEHDV ) (sp,7h—7+1:1))?]
E (B V)77

HCL2C,
. \/C S |V|6|@\ 4 Lee

n

where C}, = max{|V|e + 1,[|9]x}, Ly =
RmaxHL'rr + RmatzLﬂ' + ||V||oo and LE = 3
(HLW(C1(C'M+1)HVHOO|\®||oo+02HmaX{CMHVIImH@)Hw,%HGHﬁO})

miny, minahﬂ_; Trb(ah|7','f)

+ HCu |Vl |1®])

Remark 6. The coverage in our result only takes in
a history of window T instead of the entire horizon H,
and Theorem [, [3] proves that the Lo and Lo belief
coverage in the belief one-hot scenario are no worse
than the original. Ezample[d also shows a polynomial
finite sample guarantee while the original bound does
not exist, effectively mitigating the curse of memory.
Despite that structural assumption on POMDP model is
adopted for Theorem[9, this can be avoided by taking a
simpler pipeline (i.e. Theorem@) which gives us a even
better result, indicating the advantage in tractability of
memory to horizon.

maXhe [H] SupVGV \/

6 CONCLUSION

We developed a belief-space covering framework for
offline POMDP off-policy evaluation that exploits the
metric structure of beliefs to relax standard coverage
assumptions. Intuitively, nearby beliefs induce simi-
lar dynamics and value estimates and can therefore
be aggregated without sacrificing accuracy. Under
stability assumptions, history-based coverage require-
ments reduce to covering numbers of the belief space,
yielding abstract coverage that is generally no worse
than the original and that can mitigate exponential de-
pendence on horizon and memory when the reachable
beliefs are suitably smooth. Instantiating this frame-
work for double-sampling Bellman error minimization
and for future-dependent value functions shows that
belief-space abstractions can restore polynomial finite-
sample guarantees in settings where history-as-state
analyses become vacuous. More broadly, our results
suggest that in POMDPs, the effective difficulty of
OPE is governed less by raw trajectory length than
by the complexity and stability of the induced belief
dynamics. This perspective suggests future directions
such as stability-regularized training, belief-aware rep-
resentation learning, and extensions to other offline RL
tasks and robust POMDP settings.
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7 Checklist

1. For all models and algorithms presented, check if
you include:

(a)

(b)

()

A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes]

An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes]

(Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Not Applicable]

2. For any theoretical claim, check if you include:

(a)
(b)
()

Statements of the full set of assumptions of
all theoretical results. [Yes]

Complete proofs of all theoretical results.
[Yes]

Clear explanations of any assumptions. [Yes]|

3. For all figures and tables that present empirical
results, check if you include:

(a)

(b)

()

(d)

The code, data, and instructions needed to re-
produce the main experimental results (either
in the supplemental material or as a URL).
[Not Applicable]

All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Not
Applicable]

A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Not Applicable]

A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Not Applicable]

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a)
(b)

Citations of the creator If your work uses
existing assets. [Not Applicable]

The license information of the assets, if appli-
cable. [Not Applicable]

New assets either in the supplemental material
or as a URL, if applicable. [Not Applicable]
Information about consent from data provider-
s/curators. [Not Applicable]

Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-

pants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,

with links to Institutional Review Board (IRB)
approvals if applicable. [Not Applicable]

(c) The estimated hourly wage paid to partici-

pants and the total amount spent on partici-
pant compensation. [Not Applicable]
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A THE UNIFIED ANALYSIS
Proof of Meta-theorem [3]

Proof. First, we have from Theorem [2]
|est(QT) — est?(QF)] = [Epmao [Via (6(0)) = Vi (D)]]
< |[Viinltrue = Viluellos

< Ly,
where we use b ~ dy as a shorthand for s; ~ dy, 01 ~ O(s1),b = b(o1). Then using triangle’s inequality, we get

|est(QT) — est?(QT)] < Jest(QT) — est?(QT)| + [est? (QT) — est?(QF)| + |est(QT) — est(Q7)]

1 VI
<Ly + LB oo \/vnoo : ( log ||> + Lee, wp.>1-3
n 0
And that completes the proof. O
Lemma 3. If for any ¢ that satisfies D(g), the following holds

. 1 @
|J(m) — J(7)| < Lge +C2 - \/|V||Oo . <nlog D;) +Lge wp.>1-04. (1)
Then
- : 4 1 VI
|J(m) — J(m)] < 12% Lye+C2 - {/|V|]lo - | = logT +Lee| wp.>1-06. (2)
g2 n

D(e)

0 D(e)
of {g;}$2, satisfying ; > 0 and D(e;), such that 8(g;) | 8*. Then the family of events {E; := {w € Q :
|J(r) — J(n)|(w) < Bles)}}22, is decreasing, with the limit being Ey := {w € Q : [J(n) — J(7)|(w) < B*}. Tt
then suffice to prove the result by applying the monotone convergence theorem of measure, which shows that
Pr(Ey) = lim; oo Pr(E;) > 1 —4. O

Proof. Let B(g) := Lye+C2- \/|V||OO . (}L log |v|> + Lge, and B* :=inf .>¢ (). Then there exists a sequence

Proof of Proposition

Proof. This is because for any by, by € B,a € A,0 € O, if by # by, b7" and by™* would either be identical, thus

pora pora ] pora _pora
by~ 7l 0, or be different, thus ey~ =bs "l _ g U
161 —=b2]l1 161 =b2]1

Explanation of Example

Example 3. Consider a latent MDP with one action a, two states s1,s2 and four observations o1, 02,03,04. The
initial state is evenly distributed over s1 and sa, the emission probability of s1 is (0.5,0,0.5 — £,&) and of s is
(0,0.5,£,0.5 = &). Then for two belief states by := b(02) = (0,1) and bs := b(o4) = (2£,1 — 2£), simultaneously
taking action a and observing o3 makes the successive belief becomes b]** = (0,1) and b5>* = (0.5,0.5). This
violates the contraction property as ||b7** — by>*||1 > ﬁ”bl — bal|1 for any & < 1, also showing that the Lipschitz
parameter can be arbitrarily large as &€ — 0.

Proof of Lemma [1Il

Proof. Fix an action a € A. For a belief b € B, define the joint distribution over states and observations:

Py(s,0la) := b(s) P(ols, a), Py(ola) = ZP;,(S, ola).
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The posterior distribution over the current state is

By (s, ola)

b>%(s) := P(s|b,0,a) = By (ola)

= Py(s|o,a).
The next belief after observing o is

boa ZP /‘Saboa )

For each o € O, the total variation distance contracts under the state transition kernel:

0,a 0,a
[T — by

1= 163" P(|-, @) = 05" P([ a) [l < 1169 — 5|1

Taking expectation with respect to P(:|b1,a) gives
Eonp (1o, 107 = 05 (1] < Bonp(-joy,a) 167 — 05 1]

= Z‘Pbl (ola) Z |P(s|b1,0,a) — P(s|b,0,a)|

= 3" |Py, (s, 0la) — By, (0la) Phy (slo, a)|-

Insert and subtract Py, (s,0la) = Py, (0]a)Py,(s|o, a), then apply the triangle inequality:

< Z |Py, (s, 0|a) — Py, (s, o0la)| + Z | Py, (0la) Py, (slo,a) — Py, (s, 0la)|.

s,0

All three mappings

FL (0, 8')]s) =1(s = s")P(d]s,a),  k3((0/,s)]0) =T(0 = 0') P, (5[0, a),  kg(os) = P(ols, a)

where I(z = ') is the indicator function on X, are Markov kernels. By the data processing inequality for total
variation,

<||b1r — ba2]|1,
1

S|P (s, 0la) — P (s, ofa)]| = H SR ))bals) — SR ls)ba(s)

s,0

Z‘Pbl(ola)sz(S‘QG‘) _Pb2(870|a)| = Zk2 |O By, 0| ZkQ Pb2(0|a) .
< HPbl('la) = Py, (-la)[lx
= Zbl P(:|s,a) Zbg (+|s,a)
1
= (| Do K5CIs)ba(s) = > kS (-|s)ba(s) 1
< b1 = ball1.

Combining the above inequalities yields

Eonp(-fby,a) 107 = 03 (l1] < 2][b1 — b2|1.

By symmetry, the same bound holds when the expectation is taken with respect to P(-|b2,a) instead of P(:|b1,a).
This completes the proof. O
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B ABSTRACTION UNDER COVERING

The proof for bounding the belief abstraction error, i.e. Theorem [11| follows a similar idea from Theorem 9 and
Proposition 48 in (Subramanian et al.l 2022]).

Definition 3. A e-cover C. is a subspace of the belief state space which satisfies:
Bc | B(ce) (3)
ceCe.

where B(c, €) stands for an open ball centered at ¢ with radius €. The cardinality of Cc is called e-covering number.
For every e-cover C., there exist a partition of the belief state space, where each ¢ € C. acts as the representation
element of the bin.

Belief-MDP one-step update. Recall that in the main text we define the belief at time h as b = b(r;") =
Pr(sp | T}ir ), i.e. the posterior of the current latent state after observing the current observation op. Accordingly,
throughout the appendix, whenever we write the next-belief update from b under action a, the observation
involved is the next observation op1.

For b € A(S) and a € A, define the one-step predictive next-state distribution
be(s") :="> _T(s'|s,a)b(s). (4)
seS
Then the conditional distribution of the next observation is
Ploslb.a) i= 3 0(0418)5%(s") = 3 O(0415") 3 T(s'|s, a)b(s). (5)
s'eS s’eS seES
The updated next belief after taking action a and receiving next observation o is
0 O(o|s")(s")
b»ot (') :=Pr(spp1 =8 | b = b,ap = a,0p41 = 04) = W. (6)
Finally, the one-step transition kernel of the belief MDP is defined by
P(/|b,a) := > Ploglb.a). (7)
04 €0: b+ =b’
Equivalently,
P |b,a) = Z Z O(o4|s") Z T(s'|s,a)b(s). (8)
04 €O0: bV 0+ =b s'€ES SES
When there is no ambiguity, we may still write 6> in place of b®°+.

Building on this, we can attempt to characterize how certain important quantities behave when two belief states
are sufficiently close. First, the following lemma provides a bound on the difference in expected rewards when the
belief states are close.

Lemma 4. For two belief states by and by, Va € A, we have:

r(br, @) = (b2, a)| < Rmax||by — b2]l1- (9)

Proof. This is easily obtained from:

1(b1,@) = r{b2,0)| = [Baniy [r(5,0)] — Eaetnr(s, )]
= [{r(-,a),b1 — b2)]
< Ruax||b1 — b2|1-

And it shows that when treating POMDPs as belief space MDPs, there’s intrinsic smoothness within the
dynamic. O
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Lemma 5. (Lemma 2 in (Zhang et all (2012)) For any two belief points by, by and all action a, we have
>0 |P(0]b1, a) = P(olbz, )| < [|by — bel|1.

Consequently, we put forward the following proposition.

Proposition 2. For policy 7 satisfying Assumption[d], we have

Z |P(0]by, a)m(alby) — P(o]b1, a)m(albz)| < Lrlby — baf1. (10)

Proof. This is a direct application of the data processing inequality. Notice that k% ((o’,a’)|a) = P(o'|by,a)l(a = a')
is a Markov kernel, then

Z|P olby,a)m(alby) — P(o|by,a)m(albs)]| Z Zkbl o',a')|a)m(alby) Zkbl o, a’)|a)m(albz)

<|lw(-[b1) — 7 (-[b2) 1
< Ly||by — bal|1,

and the proof is done. U

The one-step error is easy to control, however, without model irrelevant state abstraction assumptions such
as bisimulation, it is extremely difficult to control the accumulative error induced by infinite amount of steps.
Fortunately, stability property of value function provides us with an alternative approach.

In the abstract MDP, the tuple (S, A, P, R,~) is mapped by the abstraction ¢ to (S4, A, Ps, Rg,7), which means
that the transition dynamics P, in the abstract MDP are induced by the original MDP.

Specifically, the induced Py satisfies that there exists a family of probability measures {p,}.cs,, where each p, is
defined on ¢! (z), such that the transition probability from ¢(s) to ¢(s’) under action a, namely, P,(¢(s")|4(s), a)
in the abstract MDP can be written as:

Py(d(5)|e(5), @) = Esnp, (., [Ps(d(s")]5, )] (11)

Notation clarification. Equation applies to an abstract MDP built from any underlying MDP state
space. To avoid confusion, we reserve T(s" | s, a) for the transition kernel of the latent (hidden-state) MDP. When
the underlying MDP state space is the belief space B, we instead write P(b’ | b, a) for the transition kernel of the
belief MDP, and define the corresponding abstract transition kernel analogously as

Py(@(H) | $(b),a) : Ebwpwb)l > P(bw].

d(B)=0(b")
Similarly, the abstract reward is defined by

Ry(¢(b),a) :=Eg_, . [R(ba).

Therefore, whenever the underlying states are beliefs, the transition of the abstract belief MDP is denoted by Py,
not T.

Because this characterization of P, relies on the existence of such a family of probability measures without
specifying their exact properties, any proof involving the value function Vqu must treat the {p,}.es, as arbitrary.

With this understanding, we now present the following theorem, which provides an upper bound on the error

between Vt[zli]““” and the lifted value function [V;*]¢rue from the abstract MDP. Importantly, the proof of this

theorem does not rely on the specific form of the measures {p; }.cs »

Theorem 11. If Assumption@ holds, then the error between Vt[;"g]““e and the lifted abstract MDP’s true value

function [V;:%]irue can be bounded as follows:

(Rmax + 2LV)5 Rmax
1—vy (1—9)?

[Vimedre — 1] ello < (12)
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Proof. We begin by clarifying and establishing the notation used in the proof. Fix an arbitrary family {ps }.cs,,
and let b’ ~ bin(¢(b)) denote the expectation taken over the following sampling process:

1. Since ¢(b) € By is the representative element of some partition of the belief space after binning, the set
¢~ 1(4(b)) C B is the corresponding element in the original belief space—i.e., the subset consisting of all belief
states that are grouped into the same bin as b.

2. Sample a temporary belief state byemp from ¢~1(¢(b)) according to the fixed distribution Des(b)-

3. Starting from b¢emp, perform the belief update procedure, where the action a is determined by the policy m4.
Once the update is complete, the resulting belief state is the sampled b'.

Also bry1 ~ by, symbolizes the classical belief update.

With these notations established, we can proceed with the proof of the theorem. The main idea of the proof is to
construct a chain rule argument. First, notice that

Viialirue (b) = E b1~bin((¢>((b)))) [ro(d(b1), a1) +yre(d(ba), az) + ¥°ry(p(bs), az) + - -] (13)
bo~bin(é(b1

Consider V¥ as
VI =E 4 b)) [r6(6(01), 1) +77(0(b2), az) +7°rg(¢(bs), as) + -] (14)
szbi{I.(.¢(bl))
by ~bin(¢(br—1))

br1~by

Then VI9(b) = Vmel=ve (b). Next, for Wb,

true
[V () — VIF ()] (15)
= |E 4 ~bin(om)) [Y W[ru”;]"““ Okt )] = E pyobingom)) [V 7o(@(brs1),a) + k+1Vt[r?é]tmc (brt2)] (16)
bQNbiI‘l.(é(bl)) szbir'l‘(é(bl))
bie~bin(é(br_1)) be~bin(d(br_1))
b+1~bk bi+1~bin(¢(by))
bk+2.~”bk+1 bk+2".".bk+1
=B obino) Ve ™ bres )] = E pumintoey) [1°76(S0k11), @) — 7 (bt @) + YPVIRE ™ (bryr)]
b2~bir‘1.(.d>(b1)) szbif'l'(@(bl))
b ~bin(¢(br—1)) b ~bin(¢(br—1))
br4+1~bg br41~bin(¢(by))
bk+2.’jbk+1 bk+2“-bk+1
(17)
k Rmux
< Y*Ruaxe +7"2Lye +4* T 76 (18)

where the last inequality used the stability of value function (Assumption , Lemma (1| and Lemma since the
next belief is sampled from the start of same bin and thus close enough. Specifically, it uses the fact that

[Bacertots) Vi ™™ 01)] = Eaer(oton Vimse ™ (7]

o~P(-|by,a) bi~Dy(b,)
o~P(:|bs,a)

]anﬂ’ bk)) t[;&z;]true (bo (l)] - EaNTr(dJ(bk)) [an[rud;)]true (bo a)]:| ‘
o~P(:|by,a) o~P(:|bt,a)

= Ebt

~Po(by)

< | Ebynpyo,) [anggﬁz(f’“)) t[,’;ﬁ]"“e (b)) — IE,IN;%(;TI(ka)))[Vt;[:fZ]”"e(bO a)]} ’
orv k,Q onrv |0k,

+

Ebimpy,) {anw(qﬁ(bk)) [Viirehee (o)) - Eomor(6(br)) [V ek (b a)]} '
o~ P(-|by,a) o~P(-|bs,a)

< B Bl 2”521
o~P(-|bg,a
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+

E bonpy [<P<~|bk,a> P b, a), A’::;“m%b;“»ﬂ
a~7(¢(bg))

max

< 2Lv€+f

Finally, we do the telescoping, and sums up all the VI*+1 — V¥ to get for Vb,

VAT (b) = [Vii2 e (0)] (19)
— Z (V[k“](b) I vaL) (b))‘ (20)
k=0
S k k k Rmax
< Y [7* Ruaxe +v*2Lve T f (21)
k=0 -7
Rmax + 2LV)E Rmax
€ 22
11—~ (1—=7)? 22)
O

Before ending this part, we’ll need to fill the gap between the target policy and the abstracted policy to which
the target policy descended. This is handled by the following theorem, which does not rely on any assumption on
the POMDP model itself.

Theorem 12. If Assumption[1] holds.

< RuaxLze | YRumax

|| true true || o0 = 1

_ plmalirue (23)

nE
-7 (=92
Proof. Using the fact that Vtgj;]““" = '7'[7f4>]n-ueV[M]"“C7
1Wfue = Vi ™ oo = [[Vife = TIhrte Wiy o TIrelme 7, — Tlrelmeyieles|o
< 1Vite = Tl Ve lloo + 71 Vifue = Vi ™ oo (24)
Here for an MDP (S, A, 7,7, P), (T™V)(s) := E r(js) [r(s,a") + 7V (s)] is the Bellman operator, which is a
s'~P(-|s,a”)
~-Lipschitz compression operator w.r.t. the infinity norm. Consequently,
Vit = Ve lloo < = IVifue = 70 Vel (25)
For any b, we have
‘( true — T[W(b tlueVﬂ- )(b)‘
= ‘(Tﬂ-‘/true - T[W(b frue Kfue)(b”
= |E anro) {?" + Wtfue(b“)] = Earmy(o(0) [T + Wt?uc(b“)} ' (26)
bt~ P(-|b) bt~ P(:|b)
We first look at r,
|Eanr(0)[r] = Eanmy (so)) [Tl = [Eann()[r] — Eann(am) 7]
Then we look at V{7,
E a~m(b) |}Y‘/;;rue(b+1):| - EGNW¢(¢(b)) |:’Y‘/;;7;ue(b+1):| ‘
b~ P(:|b) bt~ P(-|b)
| £ X [P areta) - Plolv.atato)) - v
0€0 acA
Rmax
< LLWE (28)

=1
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where we used Proposition [2] for the final inequality. O
Proof of Theorem [2]
Proof. Combining Theorem [I1] [I2] we get

o + Vel —ym o
(Lw + 1)Rmax + 2LVE + 'VRmawa + ]%matxE
1~ 1-72

thereby completing the proof. O

[T ]tru
||[Vb7iri]true - V;TrrueHOO < ||[Vb7irz]true - m;;d;t "

<

(29)

C DOUBLE SAMPLING ANALYSIS IN SECTION 5.1

Definition 4 (abstract algorithm). Consider the Bellman error minimization algorithm using double sampling,
not only is it executed in the real world (simulator), but also virtually in the abstract system, using the same piece
of offline data. The optimization target for the abstract algorithm can be written as

Qg"’ =argmin Ey(f, 7) (30)
fer
where
Es(f,m) = Ep[(f(6(b),a) — (rg +7f(6(Va), 7)) (f(8(b), a) — (r¢ +1f(&(bp), 74)))]. (31)

Lemma 6 (MDP telescoping (Jiang and Xiel [2025)). For an MDP (S, A, r,v, P) and any function Q : Sx A — RT,
we have

1
I—x

Jo(m) = J(m) = Eq-[Q —T7Q) (32)

where (T7Q)(s,a) :=1(s,a) + VEy _p(.|s,0)[Q(s',a")] is the Bellman operator.
a’~m(-]s")

Lemma 7. In the binned system, we have the following telescoping error

gt~ Il < YO fe o T (33
Proof. Recall the previously mentioned Lemma B Substituting it into the case of the abstract belief MDP gives:
Toms) = I(me) = == Eurs[Q=T™Q (34)
Therefore, we have:
a(me) = Jne)l = | - Bars[0- TG
< TEnl@- T (35)
< ﬁwm (Q—Tm0)) (36)
< o\ Earl 5 Q- Tr0p) (37)
< VEO \foi@-Trap (39
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And we obviously have
E[€5(Q,m)] = Ear[(Q — T™ Q)% (39)

As the size of independent samples grows, the difference between the empirical estimate and the true expectation
of the value above becomes closer, whose convergence speed can be characterized using concentration inequalities
such as Hoeffding’s or Bernstein’s inequality. Using Hoeffding’s inequality, we get the following lemma.

Lemma 8. With probability at least 1 — 9§, forVf € F,

S8R 2|F
1Es(f,7) — Ean[E4(f,m)]| < \/n(l ) -log |5 ‘

(40)

Proof. For E4(f, ), we first estimate an upper bound on its absolute value. Since f € F is used to approximate a
value function, its upper bound can be assumed to be no greater than Rmax/(1 —+), i.e., the upper bound of the
value function. Therefore, we can give a rough upper bound (possibly with a constant slack, which is acceptable
since it’s only a constant):

4R2

0 E(fim) < T 5%

Thus, by Hoeffding’s inequality, for any f € F, we have:

Pr(€(f,7) = Eg [E4(f, )] > 1) < 2exp ( _ Wl—w)

16 R4

2t2n(1 — v)*
— Pr(|€s(f,m) —Ego[Ep(f,m)]] > t) < 2exp ( — M) (41)
However, the goal of the proof is actually:
Pr(Vf € F,|€(f,m) — Eqp [Es(f, m)]| < 1) (42)

For such problems, a common approach is to use the union bound. Let the probability space be (2, %, Pr), and
define the events:

A={weQ:VfeF, |E(fm)—Eyp[Es(f m)]|(w) <t}
By i= {w € Q1 [E4(f,m) — Ean[Ea(fim)|(w) > £}

Then:
Pr(Vf e F,|€(f,m) = Ban [Eo(f, m)]| < 1)
= Pr(A) = 1-Pr(Q\4) =1 - Pr(| ] By)

feFr

1—ZPr(Bf)>1—2}'|exp<—t:2%4_7>> (43)
feF

max

Y

The second-to-last step uses the subadditivity of probability (countable subadditivity), and the final step applies

inequality .

Let 6 = 2|F|exp ( — t2n(1 — 7)*/8R4,.x), then solving for ¢ gives t = %};’54 -log @
Substituting this into completes the proof. O

In fact, Hoeffding’s inequality only leverages the boundedness of the function. However, by introducing the
Bellman completeness assumption below, we can also take the variance of the function into account and apply
Bernstein’s inequality to achieve a tighter convergence rate.

And the standard Bellman completeness assumption is as below:
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Assumption 8 (Bellman Completeness). Vf € F, T f € F.

Remark 7. For a finite function space where |F| < oo, the Bellman completeness Assumptz’on@ implies the
realizability Assumption [}

Proposition 3. Under the Bellman completeness Assumption@ we can obtain an upper bound with O(1/n)
convergence rate. Specifically, with probability at least 1 — 6, for all f € F, the following holds:

Eo(fm) ~ Banl€al . 325 tog ]

(44)
Of course, for the purpose of this discussion, the Bellman completeness assumption is not necessary—only the
following realizability assumption is needed to achieve the goal. However, in this case, we can only characterize the
concentration rate using Lemma [§] derived from Hoeffding’s inequality, and cannot use the tighter concentration
rate provided by Proposition [3]

Lemma 9. If Assumption[5 holds, then

60, m) — Eg(fym)] < S

((1 +7) Lo + fma;>5 (45)

Proof.

E(f,m) = Eo(f: )
IED[(f(b,a) (r+7f W, W) (f (b, a) = (r +7f (U, ™))~
Ep[(f(6(b),a) = (rs + 7f(8(Va), 7)) (f(¢(b), @) — (rg +7f (d(bp), 74)))]]
< [Ep[{(f(b,a) = f((b),a)) = (r(b,a) = r4(6(b), a)) = Y(f(Va, ) = F(S(ba), 7o) }
- (f(b,a) = (r +4f (g, M)+
[Ep[{(f(b,a) = £(6(b),a)) = (r(b,a) = r¢((b), @) — ¥(f (g, ™) — f(d(bp), 7o)}
(f(b,a) = (r + 7S (W, ™)) (46)

Using the fact that

|f(b, 77) - f(gb(b),ﬂ'¢)|
= |E‘n’(a|b) [f(b7 a)] - Ew(a|¢(b))[f(¢(b)v a)”
[Er(alpy [f (b, )] = Ex(ajpon [f (0, @)]| + [Er(ajg)) [f (0, @)] — Era1g))[f(9(D), a)]]

Rmax
T Pys + Lge (47)

IN

IN

we have

E(fm) = Eo(f,m)]

2Rmax Rmax

<2.——— . (1 L e 4

<220 (4 g)rg+ f2)e (48)

O

Proposition 4. If Assumption[]) , [3 holds, then
32R} 2‘f| max Rmax

E max_ . ] -1 (1 L — 49
[EanlE4(Q" >1|_\/ i 1o 271 4 Sllmes (451 4 Sl (49

Proof. Using Lemma [8] we have

£5(Q.m) — Ban[£5(Q, m]| < ¢ g 2 (50)
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and
- - S8R 2|F|
¢ m) —Ey4p ¢ < max__ . 1
£(Q5* ) d[@«%,mn_¢n@_7ﬂ og 61)
where E o [5¢(Qg"’, m)] = 0. Then using Lemma@ we have with probability greater than 1 — ¢
A~ N 8R4 2|./—"| 4Rmax Rmax
—E o < max . ] -1 (1 L — 2
Q. d[&ﬂzﬂn_¢nu_w4 op L e (e te 472 )e (2
and
T s 8R4 2|]:| 4Rmax Rmax
¢ —E o ¢ < max . - (1 L —
Q) d[@«%,ﬂn_¢na7ﬂ o o ()ig 4 722 )e (33)

Using the abstract realizability Assumption {4} we have zS'(Q7 m) =mingcr E(f,m) < E(Qg"’ , ), and consequently

A 32R4 2|F]  8Rmax Rinax
Egp € 4 < max_ ] - (1 L . 54
[Eqn [E5(CQ ﬂf)}l_\/n(lw4 R S R (( +7) Q+17>€ (54)
O
And consequently,
Theorem 13. If Assumption[{ [3 hold, then
Cr(9) 32R4 2|F|
J A —-J < . max_ L] L 55
| g () — J(mg)| < T ni—mi %875 + Lee (55)
where
8Rmax Rmax
Le:=—- (1 L 56
o= T (1 )Lo + 1 ) (56)
Proof. The result follows directly from Proposition [4] Lemma m and . U
The following series of theorems are all preparatory steps toward ultimately controlling the overall error.
Theorem 14. If Assumption[J holds, then
RmaX
[Jon (1) = Jan ()| < 1775+LQ5 (57)
Proof. We have
| Jgn () = T (79)]
= [Ebmdo [Q7 (b, 7)] — Bty [QT(6(D), )]
= [Ebna, [Q7 (b, 7) — Q7 (6(b), 7s)]|
Rmax
< 1_75+LQ5 (58)
O

Proof of Theorem [6l

Proof. Using Theorem |14f and the definition of LE;} in Theorem we have LE;] = %ﬁ;‘ + Lg O
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Proof of Theorem [7l
Proof. Combining Theorem Theorem |§| and the Meta-theorem E, we have |J5.(7m) — J(7m)| < @ .
3(211%7“)7? log M + Lee + Ly, where Le = 8?"'“ (A +7y)Lg + “m). Note that when applying the

Meta-theorem |3 ' we specify est?(Q™) = Jg=(my) and eﬁt¢(Q¢) J(mg).

Then, applying the result of Lemma [3| proves the result. O
Proof of Corollary

Proof. Notice that the ¢ inside the square root always dominates the € outside with € small enough, therefore,

we prove the corollary by substituting Lee with 3(21 o log Q‘Fl, and then find the condition that the
out side Lge can be dominated by the term inside the square root. Such condition can be presented as
(3(211% e log Q‘Fl ) T < %‘; . V12C; Noticing that the coverage term is generally 1ncrea31ng, and is always bounded
below by 1, we therefore provide a sufficient condition as ( (21R ol log 2‘]:') < % B v Solving it gives us the
condition n > 8R% | (Ls/Le)*log(2|F|/d), under which |J 4. (m) — J(m)| < 1v—i¥ . (22(81&;)“:{ log 2“?') . O
D FUTURE-DEPENDENT VALUE FUNCTIONS

policy: 7 policy: 7

Curse of Memory X estimate for

POMDP > POMDP

(3 true algorithm
V.S.
abstract algorithm

(D state abstraction
truncation mapping

A
N estimate for
Short-term > Short-term

memory POMDP (2 finite memory v/ memory POMDP

.

policy: 7 policy: 7
Figure 2: FDVF analysis pipeline

Definition 5. MDPs M; = {S1, A, P1, R, H} and My = {S2, A, Py, Ro, H} are said to be isomorphic if there
exists a bijection ¢ : S — Sz such that p(My) = {p(S1), A, Pi(¢(+),), Ri(p(-), ), H} = M>

Theorem 15. For any POMDP P and T € N7, there exists a short-term memory POMDP Pr with memory
window T such that the belief MDP of P, after abstraction by ¢, is isomorphic to the belief MDP of Prp.

Proof. To prove the existence, it suffices to construct a short-term memory POMDP Pr. Consider the belief
MDP M of the original POMDP P, and let Mt be the abstraction of M through ¢r. Let b denote the belief
mapping in the original POMDP. Now, construct Pr = (§', A, O, 7', H,Q', T") as follows:

Define &’ := UiT:_Ol((’) x A)t x O, and the observation function as Q'(o|s’ = (01,a1,: -+ ,or)) := I{o = or}, which
is a one-hot vector. The reward function is defined as r'(s’ = (01, a1, ,0r),a) := Rg(¢r(b(s’)),a), and the
transition probability as T(s}|sg,a) := Ps(or(b(s)))|or(b(s))),a). Here P, and R, denote the transition and
reward of the abstract belief MDP, defined analogously to when the underlying state space is the belief space.

Next, we verify that the belief MDP My of POMDP Pr is indeed isomorphic to the abstraction of the belief
MDP M of P. Notice that for every historical sequence in Pr, its state can be uniquely determined simply
by taking the last T elements of the sequence. That is, the belief states in Pr are one-hot encoded. Thus, the
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belief MDP of Pr is isomorphic to the hidden underlying MDP of Pr. According to the definitions above, this
underlying MDP is naturally isomorphic to M.

This completes the construction and the proof. U

Remark 8. As discussed above and in the main text, because this short-term memory POMDP is induced by
an abstraction mapping ¢, and this abstraction mapping ¢ guarantees that all belief states mapped to the same
representative are close to each other (Assumption @, we can directly apply the conclusions from Theorem for
abstraction error control.

Note that policy truncation is essential here. This is not only to directly reuse the conclusions from Theorem[3, but

also due to the “curse of memory”—the memory of a policy can severely affect the quality of theoretical guarantees.

D.1 Real Algorithm vs. Abstract Algorithm

The differences between the real algorithm and the abstract algorithm come from three aspects:

1. The discrepancy between p(an, ;) = me(an|m;)/mp(an|7;) and the truncated version 'u(ah’T[-L_—T—&-l:h]) =
Te (ah|7'[;7T+1:h])/7Tb(ah|T[27T+1:h]). This discrepancy can be controlled by the following lemma:
Lemma 10. If Assumption @ hold, then for any € > 0 that satisfies condition with T > Ty (g), we have,

2(C, +1)Lye

an, ") — plan, 70 59
llan, 7)) = wlan, T _py1g)| < miny, min,, m(anlT;) (59)
Proof. Using Condition [I} we have
Ime(anly") = me(anlmh gyl
+\ + [h—T+1:h]
e
T PN e | R ! ’ (60)
e\Uh _ . —
[h—T+1:h) Wb(ah|7';[) Wb(ath[JingJrl:h])
+
Lye ( 7Te(“h|7[h—:r+1:h])> (61)
~ miny, Inina]m;r my(an|)) ﬁb(&h|T[-£_T+1:h])
Lye
< — —(2+20C,) (62)
miny, min, mp(an|T,)
which proves the lemma. O

2. The discrepancy between V (f;,77) and V(f}, T[’th +1:h])' This requires the function class to forget historical
information quickly, as stated below:

Assumption 9 (Fast-Forgotten Function Class). Consider the function class used for estimation V : F =
(F' x H) — R. It satisfies that for all € > 0, there exists T € N such that for all V €V,

\V (frs ) = V{finnsr)s Th—r+1:0))| < [ V]loo (63)
The suitable values of T form a function of €, denoted as Ts(¢).

Note that the essential assumption here is that the "history" in the extended future is fast-forgetting. Since in
the original literature of FDVF (Uehara et al., |2023)), the future is by default truncated by a length Mg.

3. The difference in data-generating distribution between the real POMDP and the abstract short-term memory
POMDP. This discrepancy arises from two sources, firstly that the behavior policy is truncated, and secondly, the
transition probabilities of the POMDP differ slightly.

Let w?(f1) denote the importance weight accounting for this distribution shift. Then we define:

T (@) PO (o) m (anlTi) (64)
m(arlr)  Ploz|72) my(am|Ty)

’W¢T(f1) =
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Under the assumptions that both the POMDP and the policy are fast-forgetting, we have the following lemma:

Lemma 11. If Assumptions [6 and[7 hold, then for any e > 0, with T > max{Ty(c), T1(e)}, then for e small
enough, namely, when Condition[d is satisfied, we have

3He

¢
w <1+ 65
| (Fl'= min{miny, min,, -, P(op|7s), min, min, _+ ﬂb(ah|7',j')/L7r} (65)
Th
. . 70T (ap|mh) Lre
Proof. We first show that using Condition [2| for any h, |1 — —2 > ‘ < —= —.
my(an|T), ) minp min, -+ Ty (an|T, )

Then using the fact that

P¢T(Oh‘7'h) = P¢'T(0h|b(7'}j_1),ah,1) = Epr + [F)(Oh|b7 ah,l)] (66)

$7(b(r_ 1)

and that for all b € ¢ (¢ (b(7,7 1)), Ib— b(7;"_,)|l1 <&, which is described in Assumption @ It then follows
that

|[P(onlrn) = P?* (onlma)| = [P(on[b(7)1)san1) =By, o [Plon]b,an1)]]

Y

_ +

= Eoep, s P (0n[D(T1) an1) = Plonlb, an—1)]]

< Epp, o [IP(onlb(r ), an-1) — Ponlb, an-1)]] (67)

sr(b(rif_ 1))

<e (68)

where the last step uses Lemma |5, Now we have |1 _ P7(on]m) } < €
P(on|mh) — miny mine, ,r, Plon|Tn)"
or e H o e

Therefore, w®r < (1 + (i 0 Plon ) i ot Trb(ahlf,f)/Lw}) , combining Condition |2[ we have
w¢T < 14+ 3He ) O

min{minp, min,, -, P(on|Tn),minp mina’ - 7y (ap ‘T;)/L,r} .
1T

To summarize, by considering all sources of error, we have the following theorem.
Lemma 12. Define

H

Ev0(V:0) = 3 Epl{plon, )+ V(fuer)) — V(i)}om) — 50(m)" (69)
h=1

H
EXS(V,0) = " Eplw®™ ({plan, /_p 1) (rn + V(or(frs1)) = VI(ér(£4))}0(mh)

h=1

~ S0 (70)

where ¢ (fn) = or(fi, ™) = (f}, or(mh)). If Assumptions @E am@ all hold, then for any € > 0 satisfying
condition[1}, [4 and for any V € V,0 € ©, we have:

1
Ev.e(V,0) — E5%6(V,0)| < 5 Lee (71)

and T = max{Ty(g),T1(g), To(e)}.

Proof. The proof of such lemma uses triangle’s inequality, by summing up the error depicted in Lemma
Assumption [0} and Lemma [T1] we get the result. O

Theorem 16. Define

Ev(V) = max&yo(V,0), &7 (V) :=max£] o(V,0) (72)
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If Assumptions[6]7, andd all hold, then for any e > 0 satisfying condition[1} [4 and for any V € V, we have:

E(V) — &7 (V)| < SLee (73)
and T = max{Ty(¢), T1(g), Ta(e) }.

Proof. This use the observation that if V0,|&y o(V,0) — €$T®(V,9)| < %Lgé, then |supy&ye(V,0) —
supy 5$T@(V,9)| <2 1Lge. 0

Proof of Theorem [8l

Proof. To prove the theorem, we need to prove L[;] = ||V||oo satisfies |Er, [V (f1)] — Eﬂ_l? V()] < LE]E

Recall that in our construction, the dynamic of the short-term memory POMDP enbures that the first T action-
observation has the exact same dynamic as the true POMDP Also notice that Vf; [1] l e Fu, it fq [1], 2 Shares

the first T pairs of action and observation, then |V(f1 ) —V( [2])| < V|t as mdlcated by the property of the
function class V, Assumption [9] Then

‘ 7T1>[ (fl)] - Eﬂ—g’ [V(fl)]‘ < ]Efl:TNﬂ'hH]EfT+1~7Th [V(fl)lflT] - EfTJrlNﬂ—;f[v(fl)‘fl:T]H
< Wllooe (74)

which proves the theorem. O
D.2 Theoretical Guarantee of FDVF

Proof of Theorem [9l

Proof. Let V := argminy ¢y, &y(V), and correspondingly Vj, := arg miny 5$T(V). Our first goal is to show
that with probability greater than 1 — §,

E_o[(BESHDOV) (s, Tip—1+1:1])?]
() _ /H - max wd
|J?(ng) Eﬂ [ (f)ll < he?H] ‘S/‘g)) Eﬂf[(BHV)(Th)Q]

2
. \/CHCVC“ log |V|;®| + Lge (75)
n

To do this, we follow the proof provided by (Zhang and Jiang] [2024), define X v = p(an, 7, Norn+V(or(frir))) —

V(6r(fn), Xvn = p(an, ) (rn+V (fat1)) = V(fn), then E5T (V) = %maXf)e@ il Ep[w?T (X7,)2 = (X7, —

0(71))?)], and such @ that achieves maximum is denoted as y. Similarly, &y,(V) =  maxgeo S5, Ep (X35 —

(Xv,n, — 0(7))?) and the 0 that achieves maximum is represented by é?/ According to a concentration argument
using Bernstein’s inequality as presented in first part (Analysis of Inner Mazimizer) of the the proof of theorem 2
in (Zhang and Jiang, 2024), we arrive at an argument that indicates with probability greater than 1 — §/2, for
any V €V, 0 € 0,

S Eofu™ By (m) - Z%¢T $ = (BHV)(m))
h=1

2 ¢
_ SBHOC 0 4|v§|@| _
n

(76)
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Then we have

H
S Eplwtn (X2 )7~ (X2, — (B*V)(m))”)
h=1

< Z]ED (XY )7 = B (m) = X7 )]+ (77)
< ZED[X?},;L = (Op(mn) = Xg )% + éLeﬁ +1 (78)
< D En[XE, — (0%(m) = Xy )% + éLgE +1 (79)
< Y EplwtT (XY, )2 = (Op, (1) = X, )] + Les 4+ (80)

Here, uses ([76). uses Lemma and the fact that Syye(v,év) = Zthl Ep [X‘%/,h - (éV(Th) - ijh)z]
. u . ;
and that €$’@(V, ?V) =3, ED[Awa((X“;hy - (O (Th) — X{’;,h)Q)]. After that, uses the fact that 9% =
arg maxgee Ev.0(V,0), thus &y o (V, 09 v) = EvelV, ‘7) uses Theoremand the fact that miny ¢y Ep(V) =
H A~ I~ . .
>het Ep[XE , — (02 (1) =Xy ;,)°] and miny ey W)=, ED[w¢T((X¢ W=, (Th)fxgw)?)]. Noticing
that minycy &y < minycy 5{?( )+ supy ey [Ev(V) — ( )| finish the derlvatlon of (80).

After that, notice the abstract realizability assumption EIV}-d’ €V, and that for any V}-¢ , we have

ZED (X, )P = Oy, () = X7 )]

< ZED ¢T X‘d;zs h)Q_(évﬁ(Th)_Xiﬁyh)z)] (81)
H

< 3ol (X0 )P — X0y, — (BMVA) M) + 1= (52)
h=1

where the second last inequality uses the minimal property of V¢, and the last inequality uses . The last
equality is the result of the definition of V]f that it is the zero point of bellman residual operator B*.

Combining and , we have

H

- 1350HCHC,[w? oo 4|V]|©
ZED[W¢T((X€,h)2 (X‘d;h (BHV)(Th))z)] < Lee + antH [ -log ‘ 6” |
h=1

(83)

The next step is identical to the equation (17) in (Zhang and Jiang} [2024)), which, with the help of Bernstein’s
inequality, gives us that with probability greater than 1 — /2, for any V € V,

H
> {Ep — E o Hw’" (X7,,)° = (X7, — (BV)())°)]
h=1

58HC2C,,[|w? || ay| & 2QTHCZC, |wT || 4y
> Jog 1L NTE L[(BH 2 Vu % Jog — .
- 0g h§:1 o [(BHV)(70)%] + p g~
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Therefore, combining and we get

H
137THCLC, ||w?T || oo 4|v||e
S E (B V) )] < Lee + Il e o, AVIO
=1 "
BHCFC, w1 AVIO| - U ()2
- +log —— D E S [(BRV) ()2, (85)
h=1
solving which gives us the final result that
H
1406 HC3C, |w?™ || 4v||e
SOE L [BHV)(m)) < VOl e 1o O
=1 n
80707H2C3HC2||lwor||2 4 > 29HC3C,||lw? 4
+ vOullwls | log viel + pCullw? o -log Viie| 2Lge (86)
n? ) n )
1406 + /80707 + 29C) HCLC,, ||w?T 41v|1e
n 0
where the last step is subject to 2Lge < CHC‘%C‘;IHWW o -log 4|V(‘5|@‘. Notice that under condition [woT oo < e,

so this requirement is covered by condition [3]

Then is shown using the telescoping property of bellman residual operator and the fact that ||w®7 |, < e as
has been mentioned.

Now that we’ve obtained , it suffice to prove the theorem using the result from Theorem |8 which indicates
that

| (me) = I ()| + [En, V()] = Epo [V (1]l < Lo (88)

And we prove the theorem by applying Meta-theorem Bl Note that when applying the Meta-theorem, we

specify est®(V) =E_s[V(f1)] and e5t¢(V$) = J?(r?), the latter is the ground truth estimation on the abstract
b

system. O

Corollary 3. Under the conditions of the Theorem[9, with probability greater then 1 — &, we have:

N E 4’[(B(S’HT)V)(ShaT[h—T+1~h])2]
J(me) —E., [V < inf [ Lye + VH - max s Te -
|J(me) LV (f1)]] f?%%( ¢ ,?el[;;] vlélx); Eﬂf[(BHV)(ThP]

HC2C
.\/C VIR 1og |V6|e|+L5€> (89)

n
where D(g) stands for such € that satisfies abstract realizability, Bellman completeness and condition and @
Proof. Combining Lemma [3] and Theorem [J] we get the result. O

Proof of Corollary

/ 2 A
Proof. This is obtained by choosing Lge = £ Hi"c“ log \V\(S\OI for some constant ¢’ in Theorem@ O

D.3 A Simpler Pipeline: Abstracting Only the Policy

Proof of Theorem [10l

Proof. The new Ly is obtained using Theorem [12| combining with Theorem @ and the new L¢ is analogous to
the result of Lemma[I2] The rest of the proof is exactly identical to that of Theorem [9} O
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E WHY OUR COVERAGE IS BETTER

A Toy Example: History Space vs. Belief-Space Covering The following simple example illustrates the
potential gap between the size of the history space and the covering complexity of the reachable belief space.

Consider a two-state POMDP with two non-informative observations, |.A| actions, and a transition kernel that

does not depend on the action:
0.9 0.1
P= .
0.1 0.9

Let the initial belief be by = (1,0). At time ¢, the number of possible action histories is |.A|".
Because the observations are non-informative, the belief is completely determined by the time index ¢ rather than
by the full history. A direct calculation gives
b= (0540508, 05-05-08),
and therefore
llb: — (0.5,0.5)[|; = 0.8".
Hence, up to horizon T, the reachable belief set

BST:Z{bt:OStST}

lies on a one-dimensional contracting trajectory toward the stationary belief (0.5,0.5). Its e-covering number
satisfies

1
Covering(e, B<r) =1+ min{T7 PogL25 gJ },
whereas the number of length-T histories is |A|”.

This example shows that, even though the history space grows exponentially with T', the reachable belief space
can remain extremely simple: its covering complexity grows only logarithmically in 1/e. In the infinite-horizon
case T = oo, the number of histories is infinite, while

1
Covering(e, B) =1+ {10&.25 EJ

In terms of Figure |1} the exponential dependence corresponds to the true-system coverage (red arrow), whereas
the logarithmic dependence corresponds to the abstract-system coverage after passing to belief-space covering
(green arrow 2).

Elaboration on example In this example, we consider a belief space with a smoothness structure (Section
5.3 (Lee et all |2007)) denoted as follow:

B is a bounded subset in a |S|-dimensional vector space, assume that every belief b € B can be represented
by m basis vectors through linear combinations, and the magnitudes of both the basis elements and the linear
coefficients are bounded above by a constant C. Then the covering number for our belief space scales as

4 m
O((C|S|Lgm)™ - (% - log 2'?')?). We assume the coverage being sublinear polynomial w.r.t. its worst

case (i.e. the covering number), specifically to the power of ﬁ Then we have a finite sample guarantee of
(CISILemR2, 0% (1., 7]
e o 55
the latter is too strong, and may directly resolve the exponentiality.

)é). Note that we only assume sublinear polynomial instead of logarithmic since

Proof of Theorem [4]

Proof. We proof the theorem by constructing d?(7') = Z{T:Q;T(T):T,} d™ (7). Then noticing that d;g () =
Z{'r:cf;T(T):'ﬂ} dlmeorue (1) is automatically satisfied by how the abstraction ¢ is defined. Also, it’s not difficult

d[ﬂi’]uue (sh,mh) _ d[ﬂf]crue (1)
d™s(sp,m)  — d7b(7h)

short-term memory POMDP induced by (5T as we constructed. Here, gZ;T *H—=Hr CH.

, and it’s exactly the same for the

to notice that in the one-hot belief state scenario,
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Then, consider two o-algebras A := P(H) and D := ¢ (P(Hr)), and it’s obvious that D C A. Define the
probability point measure P™ and P™ corresponding to the weight function dr&lire and d™ on the o-algebras
A, then the probability measure can also be restricted to the smaller o-algebra D. It is easy to notice that the
two terms we try to compare coincides with the x2-divergence between P™ and P™, where for the LHS we use
the coarser o-algebra D, and use the finer o-algebra A for the RHS.

Then we use the variational representation of x2-divergence to obtain our final result, by noticing that

Xp (P ||P™) = s Epre [9(mn)] — Epm [9(0)? /4 + g(7n)] (90)
XA(P™|P™) = sup Epre[g(3)] — Ep=s [g(70)? /4 + g(71)] (91)
geM(A)

Since D C A, any g that is D measurable is also .4 measurable, consequently
XB(PT||[P™) < X4 (P || P™) (92)
which proves the theorem. O

Proof of Theorem [5]

. (78 true . .
Proof. Construct d” exactly as in Theorem then let w*(7,) = di(m), and 75 is when achieves the

N dD(Th)
¢ (3 (1)
. . aP(¢r (7))’
that V7, such that ¢r(rn) = ¢r(7*), w*(m) < w*(ry). Denote 7, := argmaxg 5

maximum. Similarly, let w*(¢r (7)) = and ¢7(7*) is when achieves the maximum. It’s obvious

*
Foy W (1), then
d[ﬂf]true (1)

D Notice that

2 g ()=
w(fr(r) = gt

7"¢ true ~ ~ 7f¢ true
Y b (m) b (re) AT (1) < Zartm=dr) 47 (m) direleee (7)) /dP (1)
2brimy=drery 40 () Xbr(mn)=dr(r) 47 (h)

Consequently, w*(¢r(7*)) < w*(74) < w*(77), which prove the theorem. O

F RELATION WITH DEEP ABSTRACTION

In this section, we discuss our relation with OPE methods that explicitly construct abstractions. Our method uses
abstraction purely as a tool for analysis: we analyze existing algorithms without changing them, but simply reveal
when and how these algorithms admit improved guarantees due to belief-space smoothness. On the contrary,
some other methods actively construct an abstraction to simplify OPE. In such cases, algorithms running on an
abstract system (thus simpler than the original system) may achieve smaller error guarantees. In this section, we
briefly compare our idea and that of deep abstraction (Hao et al., 2024)).

In (Hao et al.,|2024), they designed a method that construct a deep abstraction in MDPs using the conventional
abstraction techniques, by applying two different methods of abstraction recursively to obtain a deep abstraction.
And provably, the variance of the abstracted system monotonously decreases as the abstraction goes deeper.

Comparison with our settings.

1. Differences in type and strictness of abstraction: The abstraction in this paper requires, at each
step, an either forward-model-irrelevant condition or backward-model-irrelevant condition. As we know,
bisimulation, whether or not in its approximate version, is a very strong condition to fulfill, and becomes
especially restrictive in belief spaces with exponential cardinality and limited structure. Also, since it’s using
conventional abstraction skills, it doesn’t require the metric structure of the state space. In contrast, our
abstraction is based on an e-net over the belief space, which leverages the metric geometry of the space and
applies uniformly to a wide range of POMDPs regardless of structural assumptions.
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2. In solving the curse of horizon: Indeed, (Hao et al. |2024) elegantly showed that the MSE monotonously
decreases as the abstraction goes deeper. But to address the curse of memory /horizon via abstraction, one
must analyze how coverage improves in the abstract space. Notably, directly applying their analysis to
POMDPs reveals that Assumptions 2 and 4 implicitly hide an exponential constant within O(1) . This
constant stems from the boundedness of the function class W , which includes the MIS ratio @™ and is
assumed finite under Assumption 2. While this is acceptable in MDPs where no curse of horizon/memory
exists, in POMDPs, it is crucial to account for how abstraction influences this exponential term.

G FUTURE ALGORITHM DESIGN

While our paper focuses on the theoretical framework, the stability perspective of our analysis naturally inspires
concrete algorithmic ideas for future work.

1. Stability-regularized training: Augment Bellman-error minimization or value-function fitting with an
additional penalty term

AEpes [I(]|by — balls < €) - [V (b1) — V(ba)]].

2. Post-training stability selection: Train multiple candidate policies, then select the one with the highest
empirical stability measured over belief neighborhoods. Theoretically, this is equivalent to the above penalty
approach as A — 0.

H LIMITATIONS

Despite our general result is provably no worse than the original coverage assumption, it is possible in some
circumstances that the metric property of belief space cannot improve the coverage either. The simplest scenario
to consider is when every history has a unique one-hot belief state, and the POMDP is merely equivalent
to an MDP with exponentially large state space. In this case, the belief metric is a discrete metric, for
Vb1,be € B, by # by — ||b1 — b2||1 = 2, and the covering number is exactly the cardinality of the space, which is
exponential. This reveals the limitation of our analysis in cases when belief space is sparse, or when lack of some
specific smoothness structure. However, information-theoretically, OPE problems for POMDPs always suffer
from the curse of Horizon in the most general case as shown in (Zhang and Jiang) 2025)), meaning that structural
assumptions or specific properties of the system must be utilized to gain meaningful progress.

Another limitation is when sample size becomes too large comparing to the horizon H. Notice that in the finite
sample argument provided by our result (e.g. Corollary 7 the abstract coverage depends on the approximation
level e, which is set to O(n~!). If n becomes too large in this case, the O(n~1!)-covering number will converge to
the cardinality of the space B itself, which is exponential w.r.t. the horizon H. This also trivialize our analysis.
Therefore, when considering finite horizon POMDPs, the horizon should be relatively large comparing to the
sample size for our result to be valid.
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