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Abstract
Complex real-world systems typically consist of multiple interdependent subsystems, where each
subsystem can operate under different sampling references. Consequently, the data collected across
these subsystems vary in indexing (e.g., time-, distance-, event-indexed), sampling frequency, or
faces index misalignment. To approximately model such kind of systems, surrogate models can
be used to serve as a computationally-inexpensive replacement during optimization, sensitivity
analysis, uncertainty quantification, or interpretation. Conventional modeling approaches require
these datasets to be unified into a single, uniformly-indexed table via preprocessing steps such
as aggregation and merging. In this work, we introduce a novel approach, Composite Graphical
Causal Models (CGCMs), that preserves the original indexing of each data table during both train-
ing and inference. By embedding resampling and aggregation operations directly within a GCM,
our method eliminates the need for data homogenization as a preprocessing step. Specifically, a
set of GCMs is employed each tailored to a distinct indexing, and connected using aggregation
functions to model cross-index dependencies. As validated on synthetic datasets, this design en-
ables a more representative modeling of heterogeneous-indexed processes, improving predictive
performance and interpretability.
Keywords: causal inference, composite model, heterogeneous-indexed data, graphical causal mod-
els

1. Introduction

Heterogeneous-Indexed Data (HID) refers to a dataset composed of multiple data tables collected
from a single system that do not share a common index. The indexes could vary by the type,
scale, alignment, or combination. HID is common in complex real-world systems involving mul-
tiple stages, and/ or complex, cumulative relations, e.g. in healthcare monitoring, time-series are
aggregated to patient-specific and disease-specific parameters and records (Jacobs et al., 2025); in
manufacturing, high-frequent time-series sensors are aggregated to broader periods or are linked
to the product parameters (Pu et al., 2020); in agriculture daily plant health is derived from high-
frequent sensors to finally aggregate them into a weekly harvest estimate (Hanssens, 2015).

1.1. Data indexing based on use

Indexes provide structure by labeling a dataset, allowing ordering, selection, and grouping of the
referred data. The choice of index for a specific set of variables is determined by data type, storage
constraints, processing requirements, and intended use.

Common data index types include temporal or time-based indexing which is applied in two ma-
jor cases; (i) The recorded data is time-dependent or (ii) no better index is available to map the data.
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Figure 1: A causal system existing of two regions with three nodes each. The applied indexing
varies between regions. The edges in red denote a cross-index causal relation referring to
an aggregation function.

A first instantiation of temporal indexing is fixed-frequency in which the data is recorded with a de-
fined interval possibly using a fixed starting point. An extension to temporal indexing is event-based
indexing, where a data-point is recorded when a change occurs in relation to time. The referenced
event can both occur on the recorded variable itself (on-change) or when a related variable changes
(triggered). Instance-based indexing refers to an index chosen based on the instance / group under
observation. Similar to event-based indexing, this can be the first value when the instance changes,
but other aggregations are also available. One could take a feature (e.g. maximum, mean, last,
etc.) of the measurement during the duration of a certain observation of an instance e.g. the high-
est recorded body temperature of a patient or the average sensor value in a manufacturing batch.
Spatial indexing occurs in three main forms: (i) Fixed encoder-based sensors record measurements
on a fixed distance-interval i.e. the measurement frequency is based on the production line speed,
(ii) moveable sensors that include a position recording alongside measurement, and (iii) multiple
identical sensors distributed across locations.

Except for event-based indexing, variations can occur within a single index type in terms of the
scale of the indexing. The index can be aggregated to a broader multi-level index e.g. seconds to
hours to days, instance to group, or cm to meters. The selection of the scale of the index is based
on the rate of change of the variable, measurement frequency of the sensor, and storage limitations.
Even if both index type and scale agree, two tables can differ in indexing for both the temporal and
spatial index types through index misalignment. While the scale is identical, the resulting index
values will be different due to offsets in the start reference (Faircloth, 2014).

1.1.1. MOTIVATIONAL EXAMPLE OF A MULTI-INDEX CAUSAL SYSTEM

Consider the system illustrated in Figure 1 composed of two regions with different indexing schemes.
Variables are represented as nodes, and arrows indicate directional causal relations between the
nodes forming a Graphical Causal Model (GCM). Region 1 is indexed by time, recording values for
nodes A, B, and C at regular intervals. Region 2 is indexed by instance, assigning a single value
to nodes D, E, and F per instance. Each instance in Region 2 spans a time interval connected to
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Region 1 through a common index, enabling aggregation of time-based data into instance-level fea-
tures. In this example, the graph defines relations from time-based nodes A and C to instance-based
nodes E and D, respectively, crossing index boundaries.

1.1.2. RESAMPLING AND INDEX ALIGNMENT

Most data-driven modeling methods require data to be structured as a row-based dataset, where
each row represents a one-to-one correspondence between features and targets. Consequently, HID
are typically consolidated into a single dataset during an initial preprocessing step that involves
aggregation and merging of multiple tables. This preprocessing is common practice, and datasets
released for benchmarking and reproducibility are usually published in this aggregated form, with
few exceptions. A widely used strategy for achieving this unified format is resampling, where the
data from one region is adjusted to align with the index of another. Considering the motivational
example, Upsampling is performed by resampling the lower-frequency data from Region 2 to match
the index of Region 1. Depending on the data characteristics, an appropriate interpolation technique
is selected to infer missing values. However, a first set of issues arise with this approach: (i) in-
terpolation may introduce patterns or apparent structures that do not reflect true relationships in
the data, potentially misleading downstream models; (ii) the data size increases, which can impact
computational efficiency; and (iii) the ratio of meaningful data to total data points decreases, poten-
tially diluting signal strength. Alternatively, downsampling reduces the higher-frequency data from
Region 1 to match the lower-frequency index of Region 2. This is achieved by grouping values
based on the given aggregation index and extracting features from the resulting set. Manual feature
definitions are possible, but automated feature extraction and selection can also be applied. A key
drawback of downsampling is the loss of information due to the compression of the data during
preprocessing.

Limitation 1: Resampling enables merging into a unified table with common index but intro-
duces several challenges, particularly obscuring the relations between variables and the information
loss due to aggregation.

1.2. Representative Surrogates Modeling of Real-World Systems

Data-driven surrogate modeling, uses observed data to train regression models to predict system
behavior. These models enable efficient exploration of the design space and reduce the number of
expensive evaluations required of a system. Surrogate models are applied in optimization, sensitivity
analysis, uncertainty quantification, and explainability of complex systems. The objectives Y k

can be defined as a subset of all endogenous parameters Θi. The surrogate fk is defined as an
approximation of the objective values Y k as a function of the features X l, where X l is a combination
of all remaining endogenous parameters Θi and the decision variables V j :

Y k ⊂ Θi (1)

X l ⊂ (Θi \ Y k) ∪ V j (2)

fk : X l → Y k (3)

with k ≤ i and l = i− k + j.

3



DE TEMMERMAN VERBEKE

The surrogate models approximate the real-world objective function fk based on the features
X l:

f̂k(x) = fk(x ∈ Xl) + ϵ (4)

where ϵ captures the approximation error.
The surrogate can be used for time- and inference-efficient Multi-Objective Optimization (MOO)

through an iterative feedback loop between the surrogate and the actual process. Only the decision
variables V j should be selected as features, as they are fully independent and controllable for opti-
mization (De Temmerman et al., 2025). Concerns about the validity of the underlying reasoning can
be raised when employing data-driven models as a surrogate and whether the model truly reflects
the system response. A challenge arises from the complexity of high-dimensional regressor models
used for inference on large datasets. While such models can capture intricate patterns, their robust-
ness to out-of-domain data remains questionable. Moreover, single-model surrogates often suffer
from low explainability due to high data correlation, which can obscure meaningful relationships
(Gutmann, 2001; Blank and Deb, 2022).

1.3. GCMs as surrogate models

GCMs used as surrogate models for optimization of expensive-to-explore systems bring additional
advantages over closed-form models in the form of robust representation due to causal constraints,
accurate uncertainty quantification, interpretable model reasoning, and multi-target modelling for
multi-objective problems. Maintaining surrogate model that closely resemble the true system dy-
namics is essential for reliability and interpretability (Koller and Friedman, 2009; D’Souza et al.,
2010; De Temmerman et al., 2025). Probabilistic Graphical Models (PGMs) represent conditional
dependencies between variables in a directed graph. If the graph is acyclic, forming a Directed
Acyclic Graph (DAG), the model is known as a Bayesian Network (BN). GCMs extend PGMs by
encoding causal relationships rather than mere probabilistic dependencies. GCMs formalize causal
relationships using DAGs, where nodes represent variables and edges denote direct causal influence.
Under the causal Markov condition, the joint distribution factorizes as:

P (X1, . . . , Xn) =
n∏

i=1

P (Xi | Pa(Xi))

where Pa(Xi) are the parents of Xi in the graph.
Functional Causal Models (FCMs) extend GCMs by associating each variable with an equation

that defines its value as a function of its parents and an exogenous noise term:

Xi = fi(Pa(Xi), Ni)

where fi is a deterministic function and Ni is an independent noise variable.
Employing GCMs as surrogate for optimization enables robust and interpretable models due to

several features such as identification of causal effects, aleatoric noise localization, and counterfac-
tual reasoning (Pearl, 2009; Spirtes et al., 2000; Blöbaum et al., 2024). While GCM mitigates some
concerns over close-form regressors, employing them as surrogates still leaves several issues open.

Limitation 2: Some relations can already be known and do not require to be estimated during
surrogate building. Current GCM frameworks do not allow embedding known information of node
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relations as explicit functions, as is possible with Structural Equation Modelings (SEMs) (Bollen,
1989).

Limitation 3: Current GCM frameworks do not allow incremental or distributed training of the
underlying FCMs when working with HID. This brings the disadvantage of requiring data resam-
pling and merging to a unified dataset.

As main contribution, this paper introduces Composite Graphical Causal Models (CGCMs).
It extends GCMs with the capability of handling complex, real-world HID by building interpretable
surrogates, mitigating the need for lossy preprocessing of resampling data to a uniform indexing is
discussed further in Section 3.

The remainder of this paper is structured as follows. Section 2 takes a broader look at handling
HID for data-driven modelling, reviewing the limited related work on causal inference with HID.
The method is validated using synthetic datasets where Section 4 outlines the experimental setup
and Section 5 discusses the results. Section 6 concludes with key insights and future directions.
Appendix E provides more details on the synthetic dataset generator for reproducibility.

2. Related Work

Despite extensive research focus on causal inference across both synthetic and real-world data, and
in a large range applications domains, the large majority of the current techniques uses single-
indexed datasets (Scutari, 2010; Dau et al., 2019; Runge et al., 2020; Krauß et al., 2023). Many
datasets originate from heterogeneous-indexed data sources (e.g., ALARM (Beinlich et al., 1989)
or barley (Rasmussen et al., 1995)) but are shared only in aggregated form. This is evident from
feature names such as minvol, which indicate downsampled time-series data. Ideally, original
non-aggregated datasets would be available for validation, but this is rarely the case. Single-indexed
datasets are preferred due to the lack of HID-capable models and ease of sharing.

Some approaches encode an additional index directly as a node in the causal graph. While
this may capture temporal patterns, it often obfuscates underlying relations due to inadvertently
added information e.g. evaporation rate linked to time of day instead of air temperature. Such
implementations appear in datasets like Mehra (Vitolo et al., 2018) and Hailfinder (Abramson et al.,
1996). Encoding indexes as variables can lead to false dependencies and denser graphs, reducing
accuracy in causal discovery and inference.

More recently, Pruthi and Jensen (2025) introduced a method that utilizes compositional models
to estimate potential outcomes and causal effects within structured systems. This research demon-
strates a compositional framework for assessing the impacts of interventions across various real-
world heterogeneous indexed systems, achieving promising results with a hierarchical composition
model that surpasses several existing baselines. The underlying motivation of this work aligns
closely with our own, presenting an alternative methodology and application area. While the work
shares our objective of addressing heterogeneous-indexed systems through composition, notable
distinctions set the approaches apart. Their methodology emphasizes the estimation of causal ef-
fects via a learned hierarchical composition model that aggregates predictions from lower levels to
derive higher-level outcomes. However, Pruthi and Jensen (2025) does not tackle the problem of het-
erogeneous systems, where unobserved variables may fluctuate across different indices (e.g., time
of day, spatial location). Their framework treats composition mainly as an architectural decision
rather than a mechanism for disentangling causal effects across heterogeneous indices. In contrast,
our approach integrates index-aware causal inference mechanisms, enabling more precise modeling
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of systems where causal relationships vary with indexing. In addition, their model presumes that
composition can be derived solely from data, which poses challenges in high-dimensional, sparsely-
indexed systems where certain index combinations may occur infrequently. Our methodology, how-
ever, incorporates domain knowledge regarding index structures and process dynamics to inform the
decomposition, enhancing robustness against sparse observations across index combinations.

Rubenstein et al. (2017) discussed the idea that a system can be represented at different levels of
detail which has an effect on the accuracy of interventions on the system. They introduce the con-
cept of consistency of transformations between SEMs. One of their motivational examples formal-
ize exact transformations between SEMs, using a measurement aggregation map τ and providing
conditions under which marginalizing downstream or intermediate mechanisms and aggregating
micro-variables preserves interventional distributions on selected targets. Relatedly, Beckers and
Halpern (2019) define abstractions of causal models that map low-level variables and interventions
to high-level ones, characterizing when high-level counterfactuals are faithful to the underlying
system.

3. Composite Graphical Causal Model

This work proposes CGCMs, an approach that ensembles multiple local GCMs into a heterogeneous
predictor while retaining core functionalities of causal inference frameworks and mitigating the
limitations discussed in Section 1.

3.1. Formal Definition

From the HID, we partition the data into regions defined by unique indexes and associated variables.
Let R = {R1,R2, . . . ,Rk} denote the set of regions, where each region Rj is associated with a
subset of variables V(j) and an index set I(j). For each region, a region-GCM is constructed with
its own DAG and data table extracted using the index region.

G(j) ≡
(
V (j), E(j)

)
, where V (j) = {X(j)

1 , . . . , X(j)
mj

}, E(j) ⊆ V (j) × V (j). (5)

with E(j), the directed causal edge set and mj , the number of variables for region Rj .
The disjoint union of all region graphs is defined as:

Gu ≜
k⊔

j=1

G(j) (6)

By construction, these edge sets share no common nodes between each other and are fully
disconnected:

V (j) ∩ V (ℓ) = ∅, E(j) ∩ E(ℓ) = ∅ ∀ j ̸= ℓ. (7)

3.2. Construction of region-GCM

Each region-GCM is trained on its respective region by fitting FCMs to the corresponding extracted
table. These region-GCMs can be validated and refined individually before integration into the
composite, ensuring local accuracy and interpretability. For each region-GCM G(j), the structural
equations follow the standard FCM form:
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X
(j)
i = f

(j)
i

(
Pa
(
X

(j)
i

)
, N

(j)
i

)
, i = 1, . . . ,mj , (8)

where Pa(X
(j)
i ) are the parents of X

(j)
i in E(j), and N

(j)
i are mutually independent exogenous

noise variables. The induced observational distribution factorizes according to G(j) (Blöbaum et al.,
2024):

p
(
X(j)

)
=

mj∏
i=1

p
(
X

(j)
i

∣∣∣Pa (X(j)
i

))
, (9)

3.3. Embedding Explicit Functions in GCMs

Pearl (2009) defines a FCM as a nonlinear, nonparametric generalization of the linear SEM. SEM
formalizes (possibly causal) relations between observed and latent variables through explicit func-
tions. Given the conceptual similarities between SEM and GCMs, hybrid approaches are feasible
that embed explicit functions within GCMs (Pearl, 2009; Bollen, 1989).

Specifically, replacing FCMs estimators with domain-informed explicit functions g
(j)
i can im-

prove accuracy, robustness, and computational efficiency. The explicit functions can be extended
with a given noise estimate N

(j)
i , if not the noise can be reconstructed from the observed data.

Formally, for a chosen subset S(j) ⊆ V (j):

X
(j)
i = g

(j)
i

(
Pa
(
X

(j)
i

))
+N

(j)
i , i ∈ S(j). (10)

Enforcing explicit functions within GCMs can enhance interpretability and incorporate prior
knowledge. However, incorrect specifications of these functions may introduce bias or reduce model
flexibility. It is crucial to validate the choice of explicit functions through domain expertise based
on the remaining noise estimate.

3.4. Embedding cross-index transformations in GCMs

Although GCMs are constructed for each region, they remain disconnected until cross-region re-
lations are defined. Linking regions requires mapping instances across tables via their respective
indexes and specifying transformations between these indexes.

Let ϕj→ℓ : I(j) → I(ℓ) be an index mapping from region j to region ℓ. When transitioning from
higher to lower temporal or spatial resolution, a downsampling strategy groups high-frequency data
and aggregates each group using a total of o specified functions:

T
(ℓ)
i,o (s) = Ti,o

(
{X(j)

i (t)
∣∣ϕj→ℓ(t) = s}

)
t ∈ I(j), s ∈ I(ℓ), i ∈ S(j). (11)

where Ti,o is an aggregation operator (e.g. mean, sum). The intermediate node T
(ℓ)
i,o (s) repre-

sents one of the o transformed values from starting node X
(j)
i .

Conversely, the inverse transition defining an upsampling strategy matching low-frequency data
to a high-frequency index via interpolation. T then represents an upsampling interpolation (e.g.
linear, spline, nearest-neighbor). T can both be a predefined operator based on domain knowledge
or an estimator trained from data. Appendix C details estimator methods for heterogeneous-indexed
data.
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Figure 2: CGCM with two regions: Region 1 (blue) contains three nodes X(1), and a cross-index
transformation T (red) via intermediate linking node X(1)

t,3 connects to Region 2 (orange).

To represent these transformations explicitly, we introduce a set of intermediate linking nodes:

V
(j)
t = {T (j)

i }.
The cross-region edge set then connects original nodes to linking nodes and linking nodes to

target nodes:
Et ⊆

⋃
m,n∈[1,k],m̸=n

(
V (m) ⊙ V

(n)
t

)
∪
(
V

(n)
t ⊙ V (n)

)
(12)

The CGCM augments the disjoint union of region-GCM with cross-region edges induced by
index mappings and transformations:

Gc =

 k⊔
j=1

V (j) ∪ V
(j)
t ,

k⊔
j=1

E(j) ∪ Et

 (13)

The proposed CGCM addresses the aforementioned limitations by enabling distributed learning
on HID of GCM while mitigating the drawbacks connected to traditional data resampling strategies
during processing. The architecture supports the incorporation of known relationships in the form
of embedded explicit functions, thus reducing the reliance on estimation during surrogate building.
This allows a design that accommodates construction and validation of local region-GCMs indepen-
dently, merging them into a unified composite structure through data-driven or explicit aggregations.

4. Numerical Experiments

4.1. Benchmark Selection

Albeit the large amount of benchmark datasets available for causal inference, both synthetic and
real-world, in a large range of domains, none are suitable for evaluating our method, as they are
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Figure 3: Baseline implementations (left) compared to the proposed CGCM (right) applied to mo-
tivational example of Fig 1.

single-indexed (Scutari, 2010; Dau et al., 2019; Runge et al., 2020; Krauß et al., 2023). Our valida-
tion uses four synthetic datasets, each featuring unique characteristics as described in Appendix E.
These problems differ in causal structure and in the number and type of aggregation functions ap-
plied. For each problem, three variants are constructed with increasing complexity of inter-node
relations: (i) linear relations only, (ii) quadratic and multivariate relations, and (iii) quadratic and
multivariate relations with added Gaussian noise.

4.2. Experimental Setup

The proposed method is compared against three baselines and an oracle approach, illustrated in
Figure 3. The aggregation used in the synthetic data generator is predefined and available to both
the downsampling baselines and the proposed CGCM.

• Upsample GCM : The lower-frequency data is upsampled or padded by repeating rows to
match the index of the higher-frequency region. Upsampled nodes are denoted by (D → D′).
A standard GCM is applied after resampling the data into a single table.

• Downsample GCM : The higher-frequency data is aggregated to match the lower-frequency
index. Graphs with multiple aggregations apply each function to every upstream node, split-
ting original nodes into multiple derived nodes (e.g., A → TA,1, TA,2). As with Upsample
GCM, a GCM is applied to the single table.
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• Oracle regression: All nodes of both the exogenous and the endogenous parameters are se-
lected as features. This method is unrealistic due to having access to information of the en-
dogenous nodes, nodes that contain additional information compared to the exogenous nodes
that is unavailable in practice.

• A realistic regression is added using only features from the exogenous nodes as input. This
regression only has a more limited access to the available data than the oracle.

For both regression baselines, upstream nodes are split according to each aggregation in the
GCM. All methods use a "Bucket of Models" ensemble model, selecting the best performing model
and hyperparameters from a linear regressor and Histogram-based Gradient Boosting Regression
Tree (Ke et al., 2017) for the FCMs. From the synthetic data generation, we create a training set
(n = 1000) and a test set (n = 200), repeated across 20 semi-random seeds. Predictions from
each method are compared to the test set using RMSE normalized by the Interquartile Range (IQR-
RMSE). Several other distance metrics where considered, including KL Divergence (Wang et al.,
2009), AIC/BIC (Akaike, 1974; Schwarz, 1978), and the F-test (Fisher, 1922). RMSE was chosen
because the evaluation focuses on mean prediction accuracy rather than distribution accuracy. The
normalization by the IQR of the node data distribution ensures comparability across variables with
different scales. Note that we compare mean prediction instead of full prediction distributions for
computational efficiency. No significant changes in distribution accuracy are anticipated, as this is
primarily determined by the noise model rather than the underlying regressor.

5. Results and Discussion

The CGCM method is compared against three baselines and one oracle method across twelve syn-
thetic datasets (four problems, each with three variants). The aggregated IQR-RMSE scores, com-
puted against the test dataset, are visualized in Figure 4.

The oracle regression achieves near-zero IQR-RMSE score for all problems, with slight in-
creases in the third variant due to added noise. This is an expected outcome since this baseline has
access to more information than the other methods. The intermediate node data is given as a feature
in the test dataset. In contrast, other methods either estimate these values (upsample, downsample,
CGCM) or exclude them entirely (realistic regression). The overall weakest performer is the upsam-
ple GCM. This method suffers from a sparse dataset with introduces apparent structure due to the
interpolation, disregarding relations inherent across the index regions. Consequently, feature-label
alignment is compromised due the chosen interpolation method by requiring predictions without
the full feature set available to the estimator. This method is excluded from further discussion.

The first two problems, P and Q, are generally well estimated by all methods, except for P2 and
P3. Here, the combination of the used aggregation (sum) with non-linear relations obscures the de-
pendencies between exogenous node A and its child nodes for all baselines. All three baselines are
subjected to information loss, either through resampling or by omission of unattainable data. This
results in a worse approximation of the final objective and a worse IQR-RMSE score. IQR-RMSE
seems mainly dependent on the problem, whereas the added noise does not significantly affect mean
prediction accuracy, as seen when comparing variants 2 and 3. In contrast, for problem Q, even with
a more complex causal structure, the apparent simpler aggregations allow the classic baseline meth-
ods to perform competitively with the oracle and CGCM, albeit with a slight deficit. The CGCM
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Figure 4: IQR-normalized RMSE between predicted and ground truth values of the end node for
three baselines, one oracle, and the proposed CGCM. Graphs are ordered column-wise by
problem P-S and row-wise by problem variants 1-3. Evaluation performed on a separate
test dataset (n = 200). Lower values indicate better performance.

shows a significant improvement over the baselines for the first two variants of the problem R, high-
lighting the added value of embedding explicit aggregation functions within the GCM. Variant 3
again shows improvement, though less pronounced. Downsample GCM and realistic regressor can-
not handle multi-variate aggregation functions due to fundamental incompatibility of the baseline
definitions for Problem S. Similar to Problem R, the remaining baseline performs much worse for
the first two variants than the oracle and CGCM methods. The proposed method, CGCM equals the
oracle in all but two problems, R3 and S3, showing an improved approximation of heterogeneous-
indexed dataset compared to standard approaches of resampling the dataset before applying it to
model. The result still improves slightly for R3 and S3, compared to the other baselines but does
not reach the oracle regression. This worse result can be attributed to effect of the added noise in the
first region on the complex aggregation. These slight deviations cause large changes in the second
index region, resulting in worse results. Oracle performance remains unaffected since node C is
directly available as a feature.
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Figure 5: The IQR-RMSE between predicted and ground truth for all nodes in CGCM. Graphs are
ordered for problems P-S with variants 1-3. Lower values indicate better performance.

Figure 5 show the deviations of the predicted value for each node in the CGCM compared to the
ground truth. Notably, nodes C in variants R3 and S3 exhibit higher errors compared to upstream
nodes (e.g., B), suggesting a bad predictive performance after the aggregation function. In practice,
this issue could be mitigated by decomposing complex aggregation functions into sequential nodes,
enabling finer-grained error analysis and improved interpretability.

6. Discussion and conclusion

Over the range of compared methods and synthetic problems, we observed that the proposed Com-
posite Graphical Causal Model (CGCM) consistently outperforms traditional resampling-based ap-
proaches for handling Heterogeneous-Indexed Data (HID). These results indicate that an informa-
tion loss occurs in traditional methods due to prior resampling that does not appear in the proposed
method, which directly incorporates the heterogeneous structure of the data into the model. The
causal structure that these earlier methods use is not representative for the aggregated features after
resampling, as the conditional dependencies do not hold after the resampling step.

P (Y |X) ̸= P (T (Y )|T (X)) (14)

where T is the resampling transformation. Appendix B provides an error analysis showing the
mechanism behind this discrepancy. This discrepancy leads to suboptimal performance in surrogate
modeling tasks, as evidenced by the higher accuracy scores observed in baseline methods com-
pared to the Composite Graphical Causal Model (CGCM). By explicitly modeling the relationships
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and transformations between different index regions, the CGCM preserves the underlying causal
structure and enhances predictive accuracy.

This work addresses the challenge of heterogeneous data and its prevalence in real-world appli-
cations for system modeling for optimization and control. We demonstrated that current resampling
techniques introduce significant limitations, reducing the accuracy and interpretability of surrogate
models. To address these challenges, we proposed an enhancement to Graphical Causal Models
(GCMs) in the form of a CGCM by embedding known relations, inspired by Structural Equation
Modeling (SEM), for integrating aggregation functions across multi-indexed regions. Our approach
introduces a modular, piecewise construction of a composite model, offering an intuitive framework
for handling complex heterogeneous datasets for extracting actionable insights and driving process
optimization. These improvements resulted in notable gains in robustness and predictive accuracy
for heterogeneous-indexed systems.
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Appendix A. Scalability of CGCM

Composite Graphical Causal Model (CGCM) affects scalability compared to baseline GCMs in
several ways. As the number of regions increases, the composite graph may grow rapidly, as is the
case with any graphical model. Below, we discuss the benefits and limitations of this approach in
terms of data and computational resources.

Benefits

• Causal Discovery: The proposed method improves scalability during graph construction and
learning of larger systems, as the local causal structures within each region can be learned
independently before being integrated into the composite graph.

• Causal Inference: By maintaining the optimal index for each region, we ensure that the num-
ber of Functional Causal Model (FCM) evaluations remains minimal during causal inference.
Specifically, the number of inferences is reduced from being proportional to the total number
of nodes and the global frequency to being adaptive to the number of regions and their local
frequencies. This enables more efficient inference in systems with varying temporal dynamics
across regions.

Limitations

• Causal Discovery: As the number of regions increases, the number of potential cross-region
interactions may grow exponentially, leading to a rapid increase in the number of edges in
the composite graph. This paper does not examine the discovery of the causal graph structure
in depth, as we recognize that this constitutes a substantial challenge on its own. Extending
existing time-series causal discovery methods with automated feature extraction is an inter-
esting direction for future research. However, the computational cost of time-series feature
extraction and selection is relatively high. Combining time-series causal discovery, which
is already computationally intensive, with feature extraction methods may lead to practical
limitations in terms of runtime and memory usage. Possible solutions include more efficient
algorithms based on sparse representations, dimensionality reduction techniques, or optimal
search strategies (De Brabandere et al., 2024).
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Appendix B. Dependencies during Resampling for Problem P2

This appendix provides a detailed analysis of the errors introduced during resampling, comple-
menting the main results. The focus is on how the relationships between nodes change during the
resampling process and how these changes affect the overall error. As an illustration, we consider
Problem P2, where the baselines exhibit notably worse performance compared to the oracle and
CGCM methods, as shown in Figure 4.

Problem P2 is a four-node problem with a quadratic relationship between A and B, a sum
aggregation from B to C, and a linear transformation from C to D. The data are generated with
n = 1000 samples and m = 20 aggregation groups, each containing k = n/m = 50 values. The
data generation process is defined as follows:

Ai ∼ N (0, 1) for i = 0, . . . , n− 1 (15)

Bi = 2A2
i (16)

Cj =
∑
i∈gj

Bi with j = 0, . . . ,m− 1, gj = [k ∗ j, k ∗ j + 1, . . . , k ∗ (j + 1)− 1] (17)

Dj = 4Cj (18)

A sample is illustrated in Figure 6, showing the general shape of each variable’s series.
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Figure 6: Sample Data for each node in Problem P2 (n=1000)
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B.1. Upsampling

As explained in Section 1.1.2, upsampling creates new samples by interpolating between existing
ones. Nodes C and D are resampled from 20 to 1000 points to match the number of samples
in A and B. Equation 19 describes this process: each new sample is assigned the value of its
corresponding group in the original data. Consequently, all samples within a group share the same
value after upsampling, producing a piecewise constant structure.

Ci = Cj (19)

Di = Dj (20)

for i ∈ gj , j = 0, . . . ,m− 1, gj = [k ∗ j, k ∗ j + 1, . . . , k ∗ (j + 1)− 1]

As shown in Figure 7, upsampling introduces an apparent square-wave structure with a period
of 50 samples. This artifact is not present in the original data and is a direct consequence of the
upsampling method.
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Figure 7: Original data (A and B) with upsampled data (C and D) for Problem P2 (n=1000)

The upsample GCM method models the relationship between B and C as a one-to-one mapping:

Ci = f(Bi) for i = 0, . . . , n− 1 (21)

This formulation is insufficient to capture the true relationship between B and C, because the re-
maining samples in B that belong to the same group as Bi are ignored. Figure 7 displays the RMSE
normalized by the Interquartile Range (IQR-RMSE) of a Generalized Additive Model (GAM) for
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each relation, serving as a metric for non-monotonic correlation between nodes. The GAM is a flex-
ible regression model capable of capturing non-linear relationships. The IQR-RMSE values confirm
that the upsampled data exhibits a significantly higher error between B and C, as expected from the
information loss during upsampling.

B.2. Downsampling

Conversely, the downsampling process aggregates samples from A and B to produce new samples
aligned with C and D. The aggregation method is a simple sum, where each new sample equals the
sum of the corresponding group in the original data, as described by Equation 22.

Cj =
∑
i∈gj

Ci (22)

Dj =
∑
i∈gj

Di (23)

for j ∈ 0, . . . ,m− 1, gj = [k ∗ j, k ∗ j + 1, . . . , k ∗ (j + 1)− 1]

In Figure 8, the downsampled data for A and B show a significant loss of detail compared to
the originals. The downsampled series are much smoother and fail to capture the variability present
in the original data.
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Figure 8: Original data (C and D) with downsampled data (A and B) for Problem P2 (n=20)

Compared to the upsampling method, the downsampled data yield a lower Root Mean Square
Error (RMSE) between B and C, indicating a better fit of the GAM model. This is because the sum
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feature extracted during downsampling is inherent to the function from B to C. In this example, no
additional transformation is applied, so B is in fact equal to C.

Cj = f(
∑
i∈gj

Bi) for j = 0, . . . ,m− 1 (24)

The error in the downsampling approach arises between A and B, where the downsampled data
exhibit a higher RMSE compared to the other node pairs. The aggregation over groups leads to
an information loss about individual samples and their pairwise relationships, because the original
dependency does not hold after resampling. Specifically, the sum aggregation fails to preserve the
non-linear (quadratic) relationship between A and B, leading to a significant increase in modeling
error, as reflected by the higher RMSE for this relation.

P (Y |X) ̸= P (
∑
i∈gj

Yi|
∑
i∈gj

Xi) (25)

The scatter plot in Figure 9 illustrates this loss of information: the original data clearly exhibit
the quadratic relationship between A and B, whereas the downsampled data show no discernible
dependency. This discrepancy highlights the limitations of the downsampling approach for captur-
ing true relationships in heterogeneously indexed data, resulting in suboptimal surrogate modeling
performance.
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Figure 9: Scatter plot of original and downsampled data between A and B for Problem P2 (n=20)

The same analysis applies to the two remaining baselines, the oracle and realistic regression, and
is therefore not repeated here. The error does not visibly affect the oracle method, because additional
information from succeeding nodes compensates for the loss in preceding nodes, as discussed in
Section 5.
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Appendix C. Series-aggregation approximation

As discussed in Section 3.4, cross-index transformations between regions can be defined using
explicit functions or learned estimators. This section details three approaches of these cross-index
transformations: (1) explicit transformations based on domain knowledge, (2) explicit extractions
combined with learned estimators, and (3) bag of extractions combined with learned estimators.

1. The first approach involves defining explicit transformations based on domain knowledge.
For instance, if the relationship between two nodes across regions is known to be a specific
mathematical function (e.g., mean, sum,max), this function can be directly embedded into the
GCM.

2. The second approach combines explicit extractions with learned estimators. In this case,
specific features are extracted from the source region based on domain knowledge identical to
the first approach, but a learned estimator is trained to predict the target node in the destination
region using these features. This allows for more flexibility than the first approach while still
leveraging domain expertise.

3. The third approach utilizes a "bag of features", a list of available features, combined with
learned estimators. Here, a wide range of features are extracted from the source region with-
out strong assumptions about their relevance. A learned estimator is then trained to select
and utilize the most informative features for predicting the target node in the destination re-
gion. This approach is particularly useful when domain knowledge is limited or when the
relationships between nodes are complex and cannot be captured by explicit functions.
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Figure 10: Five samples captured by the control system, sorted by increasing temperature.

Appendix D. Application case of Composite Graphical Causal Model (CGCM)

The proposed problem of heterogeneous data is prevalent in manufacturing due to the stepwise,
distributed, and often parallelized structure of production and assembly processes. One applica-
tion case study involves using a CGCM as a surrogate model for real-time, process multi-objective
optimization for decision support.

The production process consists of three major steps: assembly, heating of the product, and
quality control. It resembles other processes in several sectors, such as: food processing; plastic
extrusion or injection molding; metal annealing, hardening, or sintering; and composite, polymer,
or adhesive curing.

The problem has a two-level structure: a fast, time-indexed oven control loop and order-level
product properties, with unknown physical relations and an unknown cross-index aggregation. The
CGCM builds a composite model combining (i) a temporal GCM or dynamic Bayesian Network
(BN) for setpoint Ts, oven temperature To, and binary heater state H with explicit hysteresis, and
(ii) an order-level regression from time-series features of To to product temperature Tp, product
appearance, and an explicit pass/fail cost. The appearance of the product is checked with an inline
quality control system with samples shown in Figure 10.

D.1. Causal Representation

A causal graph for the system can be constructed using expert knowledge, as shown in Figure 11.
Two distinct indexing levels can be discovered: (i) a time-based control loop for the heating process
controlled through a closed-loop controller, and (ii) a higher-level record of product properties and
quality parameters.

The time-based indexing data relates to the inline heating process. Three variables can be con-
nected through a simple temperature control system: setpoint temperature Ts, measured oven tem-
perature To, and binary heater on/off state H .

Based on the current oven temperature, we trace the causal path toward the objective value,
product value Vp, derived from product color. This path includes product temperature Tp, product
color expressed in HSV components, and finally the objective Vp.

D.2. Discussion

Several explicit relations can be embedded in the model based on system knowledge and human
reasoning, such as internal oven control logic, the physical relation where energy equals the integral
of power, and the cost function of the product based on color appearance. These relations are shown
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Figure 11: A causal graph of the case study system with eleven variables shown as nodes with the
causal relations shown by edges between the nodes. Two decision variables (Ts,ts) are
highlighted by a green node background. The objective Vp is highlighted by a red back-
ground. The varying indexing is denoted through the edge color of the nodes for time-
based (blue) and order-based (orange). The edges in red denote a cross-index causal
relation referring to an aggregation function whereas green edges represent explicit re-
lations. Numbered edges refer to relations that included in timelag between the relations
where the number corresponds to the number of shifts based on the index.

as green edges in Figure 11. These explicit functions allow us to expand the data-based model with
latent nodes, creating a hybrid representation of measured and derived values.

The advantage of handling Heterogeneous-Indexed Data (HID) is not to be understated in this
case, as the time-based data and order-based data are not directly comparable due to the varying
window sizes. The CGCM method allows us to combine these two data sources in a single model,
without the need for complex data preprocessing or feature engineering to align the data. This is par-
ticularly beneficial in real-world applications where data may be collected at different frequencies
or may have missing values. A CGCM is capable of capturing the complex structure required for the
case study, combining known and unknown relations with an unknown aggregation function. The
propagation of uncertainty, or compounding error, poses a significant challenge to the scalability and
reliability of models representing real-world systems. Deviations resulting from both model error
and embedded model noise, accumulated along the topological order of the causal graph, provide
valuable insights into the reliability of the model’s predictions and the robustness of the decision
support system. The CGCM method allows one to analyze and mitigate this compounding error by
providing a structured framework for understanding how errors propagate through the model and
identifying potential sources of uncertainty.
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Appendix E. Synthetic datasets and variations

Table 1: The Directed Acyclic Graph (DAG) colored by index region, the fixed aggregation func-
tions are displayed for each cross-index relation.

Problem DAG Aggregation function

P A B C D c =
∑

({bi}ni=1)

Q

A B
C

D E
G

F e = min ({ci}ni=1)
f = med ({di}ni=1)

R A B C D c = med


i∑

j=1

sin
(
b2j
)

n

i=1


S

A B C D
c = med


i∑

j=1

sin

(
aj
b2j

)
n

i=1



Table 2: Three variations in the complexity of the relations between the nodes.

Version Relation characteristics

1 linear

2 quadratic, multi-variate

3 quadratic, multi-variate, random normal noise
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