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Abstract

Stochastic Gradient Descent (SGD) is a foundational algorithm for training neural networks, val-
ued for its efficiency and generalization enabled by intrinsic stochasticity. Existing theoretical
frameworks like the Neural Tangent Kernel (NTK) describe training dynamics in the infinite-width
limit but omit the stochastic effects of minibatch sampling. This paper introduces the Stochastic
Neural Tangent Kernel (SNTK), an extension of the NTK that incorporates adaptive, residual-
weighted noise from SGD’s minibatch-induced randomness. By modeling SGD as a continuous-
time stochastic differential equation projected into function space, we rigorously characterize the
noise structure and derive a kernel capturing the evolving stochastic dynamics. Our formulation
unifies deterministic kernel regression and stochastic optimization, demonstrating how minibatch
noise directs training toward flatter minima and greater robustness. Empirical evaluations on the
two moons dataset show the SNTK’s improved ability to represent SGD’s functional behavior com-
pared to classical NTK methods. The aim of this work is to address a gap in our understanding of
SGD'’s function-space dynamics and provide a tool for further studies on optimization, generaliza-
tion, and the interaction between noise and representation learning in wide neural networks.

1. Introduction

Stochastic Gradient Descent (SGD) is a cornerstone algorithm for training neural networks, valued
for its scalability, efficiency in high-dimensional spaces, and intrinsic stochasticity that promotes
superior generalization [5, 27, 31, 32, 35]. While the Neural Tangent Kernel (NTK) provides a
powerful theoretical framework for analyzing training dynamics of wide networks [1, 15, 19], it is
limited to deterministic, full-batch gradient descent and ignores SGD’s minibatch-induced noise,
which plays a crucial role in practical generalization and robustness [9, 22, 29]. In this work, we
introduce the Stochastic Neural Tangent Kernel (SNTK) in the infinite-width regime, incorporat-
ing SGD’s noise into the NTK framework. Our analysis characterizes SNTK’s adaptive, residual-
weighted noise properties, and we derive a formulation modeling idealized SGD trajectories in
function space. This framework integrates stochastic optimization with NTK theory, showing how
noise can guide training dynamics toward flatter minima, thus helping to improve generalization.
The SNTK also opens the door for practical applications, such as distinguishing feature learning
from lazy training regimes through the interaction of noise and kernel dynamics. Experiments in
Section 4 validate these insights by comparing functional outputs of SGD, SNTK, and NTK.

2. Related Work

The Neural Tangent Kernel (NTK) is a linear model for infinitely wide neural networks, show-
ing that gradient descent in the infinite-width limit corresponds to kernel regression with a fixed
kernel [1, 7, 15]. This framework provides exact characterizations of convergence and generaliza-
tion for deterministic full-batch methods, revealing that wide networks evolve linearly during train-
ing [8, 17, 19]. Extensions to convolutional architectures [1, 2, 28], asymptotic studies [9, 25, 26],
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and finite-width corrections [11] have expanded its scope. However, NTK inherently assumes de-
terministic optimization and so is ill-suited to model SGD with minibatches. The added noise in
such algorithms is a key factor in generalization, as the noise is known to promote flatter minima
and robustness [6, 13, 18, 34].

This limitation has sparked interest in modeling SGD’s noise separately, often through stochastic
differential equations (SDEs) that capture scaling rules for adaptive optimizers [20, 21, 23] and the
noise’s role in implicit regularization [4, 24, 33, 35]. Empirical works have linked the network
width to noise tolerance [10, 30], while kernel methods examine SGD learning curves [3, 9] and
Gaussian process connections, emphasizing the noise’s potential impact on universality [14, 16, 37].
Despite these insights into noise’s benefits, no prior work unifies SGD’s adaptive, state-dependent
stochasticity with NTK’s function-space dynamics.

3. The Stochastic Neural Tangent Kernel Framework

We introduce the Stochastic Neural Tangent Kernel (SNTK), a mathematical framework that extends
the Neural Tangent Kernel, and characterizes SGD’s dynamics in function space.

To derive the SNTK, we begin by modeling SGD in continuous time. Consider a neural network
f(;0;) with parameters 6; € R” trained via SGD on dataset {(z;,y;)}; with mean squared error
loss L(0) = 3 Ef\;l(f(xi; ) — y;)?. Ateach step, SGD samples a minibatch of size b and updates
parameters based on the minibatch gradient (see Appendix A for further details and definitions).
Following [23], in the infinite-width limit we model SGD as an idealized continuous-time stochastic
differential equation (SDE). This SDE serves as the foundation of our SNTK derivation and takes
the form:

d@t = —VL(Qt)dt + ﬁZ(Gt)th

In this equation, n > 0 is the learning rate, and W} is a standard Brownian motion. The diffusion
term captures the noise from minibatch sampling through the gradient noise covariance X(6;):

5(0) = 1 3" (VLi(6) — VL (0))(VL0) — VL, (6))

1E€EB

This setup ensures that the noise scales as o ~ 1/ /b, maintaining consistent SDE dynamics
regardless of batch size.

With SGD modeled as an SDE in parameter space, we now derive the SNTK by projecting
these dynamics into function space under the infinite-width limit as described in Assumption 1.
Prior work [15] shows that, in this limit, deterministic full-batch gradient descent corresponds to
kernel regression governed by the Neural Tangent Kernel:

Definition 1 (Neural Tangent Kernel) The Neural Tangent Kernel (NTK) is defined as

K($7$/) = (Vo f(;0y), Vaf(xl; 0)),

where Vg f (z; 0;) denotes the gradient of the network output at input x with respect to the parame-
ters 0.
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To incorporate the added noise, we project the parameter-space SDE into function space. Ap-
plying It6’s lemma to the network output f;(x) := f(x;0;), and leveraging the infinite-width limit
where the Hessian trace term is negligible (Lemma 5) gives:

dfi(x) = Vof(x;0;)" dby.
Substituting this expression into the SDE and defining the residuals as 7;(t) = fi(z;) — yi, we get:

N
dfi(z) = = ri(t)K (2, z:)dt + Vo f (5 0¢) " /S(00)dWy.

i=1
The above equation describes the network’s function evolution under SGD. The drift term cor-
responds to deterministic NTK regression, while the diffusion term introduces randomness from
minibatch sampling, governed by the gradient-noise covariance (6;). To understand this noise,
we characterize ¥(6;) in Theorem 1. See the relevant assumptions about width and data separation
in Appendix A. Assumption 1 ensures we operate in the infinite-width NTK regime where the ker-
nel remains approximately constant during training. Assumption 2 provides data separation via the
kernel, a standard condition in NTK convergence analysis [1, 8, 19] that is essential for bounding
cross-terms in our noise analysis. This separation condition is empirically satisfied for common
datasets including two moons (Section 4), and holds when training points are not excessively corre-
lated in the kernel-induced feature space.

Theorem 1 (Minibatch Noise Structure) Under Assumptions 1 and 2, the gradient noise covari-
ance satisfies:

=3 Z Vo f (i3 00)Vof (i 0:) " +E(6r), Q)
1€EB:
where r;(t) = f(xi;0¢) — y; are the residuals. The error term E(0) satisfies the function-space
bound: for all training points T, x,, € {21,..., :cN},
1 _
Vo o 00 E0) VoS (e 0)] < 3 32020 40 (n 12, @)

€8

where Cs = K2, (1 4 2(1 + V/6)?) depends on both the kernel bound K. and separation
parameter 8. Here nuyin := minge gy 1,1y ng denotes the minimum hidden layer width.

The error bound (23) comprises two components: a batch-size-dependent term O(Cs/b) and
a width-dependent term (’)(n;nlrf 2). In the infinite-width limit (nnin, — o), the width-dependent
component vanishes while the batch-size-dependent term persists, reflecting the fundamental dis-
cretization of minibatch sampling. Thus, £(6;) = O(1/b) in the infinite-width regime. This reveals
that the noise covariance is dominated by the parameter gradients of minibatch samples, scaled by
the squared residuals 72 (¢), amplifying perturbations in directions of poor predictions.

Building on this, we define the function-space noise process dNy(z) := Vo f(2;60;) T /X (0;)dW;.

Lemma 6 in the Appendix derives its infinitesimal covariance:
E[dN;(z)dNy(z')] = Vo f(z;60;) " 2(0:) Vo f(z;6;) dt.

Substituting the leading term from Theorem 1 into this covariance yields our Stochastic Neural
Tangent Kernel, a residual-weighted kernel that captures SGD’s stochastic effects.
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Definition 2 (Stochastic Neural Tangent Kernel) The Stochastic Neural Tangent Kernel is de-
fined as:

Kg(x,2';{r;}) == % Z r2K (z,2;) K (z;,2")

i€EBy

where b is the minibatch size, {r;};cp, are the residuals of the current minibatch, and K (-, -) is
the Neural Tangent Kernel.

The SNTK exhibits several fundamental characteristics that distinguish it from classical kernel
methods. It is state-dependent, explicitly incorporating current residuals r; to enable adaptive be-
havior that evolves with the learning dynamics. Its quadratic scaling with prediction errors ensures
that noise magnitude naturally diminishes as training progresses and accuracy improves. Moreover,
as minibatch size b increases, stochastic perturbations become negligible, recovering the determin-
istic NTK regime in the full-batch limit.

These properties enable a precise characterization of SGD as kernel regression with adaptive
noise, as formalized in our main result:

Theorem 2 (SNTK Regression Formulation) Under the assumptions of Theorem 1, there exists a
continuous process Ni(x) such that

N

dfe(z) = =Y _ri(®)K (2, 2;)dt + /ndNy()

i=1

where Ni(x) is a continuous local martingale with quadratic covariation

¢
(Vo) Nan = [ K {r())ds
0
and Kg is the SNTK: Kg(x,2';{ri}) = § Y icp, 2K (2, 2:) K (2;, ).

This formulation unifies SGD’s dynamics in function space, enabling the study of neural net-
work training under stochastic optimization through a precise lens. The SNTK governs the evolution
of network outputs by capturing how residual-weighted perturbations adapt to the model’s current
state, directing stronger updates toward regions of high uncertainty while preserving the underlying
NTK structure. The deterministic drift component steadily advances predictions toward optimal
alignment with training targets, complemented by stochastic elements that naturally attenuate as
residuals diminish, thereby illuminating the enhanced generalization and efficiency conferred by
minibatch training in wide neural networks.

4. Experiment Results

In this section, we experimentally validate our theory for the Stochastic Neural Tangent Kernel
(SNTK) by examining how well SNTK captures the noisy behavior of real Stochastic Gradient
Descent (SGD) training in wide neural networks, compared to the standard Neural Tangent Kernel
(NTK).
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We use the two moons dataset (N = 500 samples) and train a three-layer fully-connected
network with 1,024 units per layer using mean squared error (MSE) loss. SGD is performed with
batch size 8. For each method, we compute the corresponding function values after 100 epochs,
using NTK as in Definition 1 and SNTK as in Definition 2, and visualize the decision boundaries.

SGD Decision Boundary at Epoch 100 NTK Decision Boundary at Epoch 100 SNTK Decision Boundary at Epoch 100

15

1.0

05 05

Feature 2
Feature 2
Feature 2

0.0 0.0

-1.0

-15 -10 -05 00 05 10 15 20 25 -15 -10 -05 00 05 10 15 20 25 -15 -10 -05 00 05 10 15 20 25
Feature 1 Feature 1 Feature 1

Figure 1: Decision boundaries after 100 training epochs for SGD (left), NTK (center), and SNTK
(right) on the two moons dataset.

Figure 1 demonstrates SNTK’s ability to more closely model SGD’s evolution compared to
NTK. The SNTK boundary resembles the SGD boundary but exhibits greater local adaptation and
increased uncertainty in high-residual regions, consistent with Theorem 1. While the NTK pro-
duces a rigid, convex boundary typical of deterministic kernel regression, SNTK introduces adap-
tive stochasticity that evolves with the residuals, capturing the enhanced generalization and local
feature learning induced by minibatch stochasticity. These experimental results demonstrate how
SGD’s intrinsic minibatch noise guides optimization towards flatter minima and improved general-
ization, and reinforce the SNTK’s potential as a refined tool for understanding and modeling SGD
dynamics in wide neural networks.

5. Conclusion

This paper introduces the Stochastic Neural Tangent Kernel (SNTK), a framework that extends the
classical Neural Tangent Kernel to incorporate the stochastic dynamics of minibatch SGD in infinite-
width neural networks. By explicitly modeling adaptive, residual-weighted noise in function space,
the SNTK provides a refined lens to understand how SGD’s intrinsic noise guides training towards
better generalization and robustness.

The SNTK framework presents several promising avenues for future research. One potential
direction is developing noise-aware optimization algorithms that exploit adaptive stochasticity, po-
tentially enhancing training robustness and efficiency. Another important area is the investigation of
scaling laws in large neural networks, which could provide guidance on effectively balancing batch
size and learning rate for optimal performance.
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Appendix A. Notation and Assumptions
A.1. Notation

DATASET

* N: Number of training samples
* Training data: {(x;,y;)}}Y., where 7; € R%, y; € R
* Minibatch: B; C {1,..., N} of size b sampled uniformly at random

NETWORK ARCHITECTURE
* Depth: L (fixed)

Widths: (ng,n1,...,n5-1,nr) where

— ng = d (input dimension)

— nr, = 1 (output dimension, scalar regression)

ngfor{ =1,..., L — 1 are hidden layer widths

— Nmin = Milyegy 71} 7 denotes the minimum hidden layer width.

-----

Weights: W) € Rrexne-1 for ¢ =1,..., L

— Individual weight: Wi(jz) connects neuron j in layer £ — 1 to neuron ¢ in layer ¢

Biases: b) e R™ for¢ =1,...,L

— Individual bias: bl(g) for neuron ¢ in layer ¢

Parameter vector: § = {W() b}L  c R” where

L L
P = ang,l + an
/=1 /=1

is the total number of parameters

FORWARD PROPAGATION

For input 2 € RY:

1. Input layer (¢ = 0):
a§-0)(x) =z, j=1,....,d

2. Hidden and output layers (/ = 1,..., L):

¢ Pre-activation:

Nne—1
¢ 1 0 (1 ¢
HOw) = = 3 W0l )+
e
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¢ Activation:

3. Network output:

BACKWARD PROPAGATION

For input z, define backward signals (51@ (z) := of &?9)
oh;”’(x)
* Output layer (/ = L):
(5§L) (x)=1

e Hidden layers (/ =L —1,...,1):

Ne41
¢ ¢ 1 ¢ ¢
50 () = ¢ (0 (@) - = S W6 e
=1

forj=1,...,ny

PARAMETER GRADIENTS

For input z:

Of (x;0) 5 () 0@ () 0f(2:0) _ sy,
7 Y

(3 K3

aw o)
i i

Vectorized: Vo f(z;6) € RE stacks all parameter gradients.
L0OSS AND RESIDUALS

* Individual loss: £;(0) = %(f(xz, ) — y;)?

« Fullloss: £(0) = SN £,(0)

* Residual: 7;(t) = f(x4;0;) — v

* Individual gradient: V.L;(6) = r;(t)Vo f(x;;0)
TRAINING DYNAMICS

* Learning rate: n > 0

* Time: t € [0, 00)

e Parameters evolve as: 6, € RY

* Network output: fi(x) := f(x;0;)

SECOND-ORDER DERIVATIVES
e Hessian: H(z;0) = V32 f(z;0) € RP*P

10
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A.2. Assumptions

Assumption 1 (Infinite-Width Neural Network) Consider an L-layer fully connected neural net-
work with widths (d,n1,n2,...,np_1, 1) satisfying:

(A1.1) Width scaling: ny > Clog(N) forall ¢ € {1,...,L — 1} and some universal constant
C>0.

(A1.2) Weight initialization: W, ~ N(0,02 /ng_1) i.id. with o2 = 2, and b ~ N(0,07)
iid. with o} = 1.

(A1.3) Activation function: ¢ : R — R is twice continuously differentiable with bounded deriva-
tives: |¢/(z)| < C1and |¢"(2)| < Cy for all z € R and universal constants Cy, Cy > 0.

(A1.4) Input boundedness: Al inputs satisfy ||z||2 < R for some constant R > 0.
(A1.5) Target boundedness: All targets satisfy |y;| < M for some constant M > 0.

(A1.6) Infinite-width limit: All asymptotic results hold in the limit minge(y 1 _1yne — 0,
with depth L and other constants remaining fixed.

Notation: Throughout, Op(-) denotes the order in probability in the infinite-width limit, and
op(+) denotes convergence to zero in probability.

Assumption 2 (Data Separation) The training data {z1,...,zN} is 0-separated with respect to
the Neural Tangent Kernel: there exists 0 € [0, 1) such that for all distinct pairs i # j,
K (i, ;)
K (g, 2:) K (x5, )

<. 3)

Appendix B. Technical Theorems & Lemmas

Lemma 1 (Residual Boundedness) Under Assumptions 1 (Al.1)—(Al.6), the NTK regime implies
that for any finite training time T > 0, the residuals satisfy

ri(t)| = Op(1)
uniformly overi € {1,...,N}andt € [0,T)].
Proof By the mean value theorem, for some  on the line segment between 6 and 6;:

F(xi560;) = f(4;600) + Vo f(xi;0)7 (0, — 0p).

From the NTK regime (A1.7), ||6; — 6| = Op(n;}f
dient norms satisfy ||Vgf(z;;0)||> = K(x;,z;) = Op(1) uniformly, with fluctuations Op(n

Therefore:

). By NTK convergence [15], the gra-
71/2)
min /*

|F(@is 00) = f(i300)] < [Vof (i) - 16, = boll = Op(1) - Op(nyyif?) = Op(nil®).

min min

11
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At initialization, with the specified random initialization (A1.2), the network output converges
in distribution to a Gaussian process [15] with bounded second moment, giving f(x;;6p) = Op(1).
Thus:

F(@i:00) = f(@i100) + Op(n /) = Op(1).

Combined with |y;| < M from (A1.5), we obtain |r;(t)| = | f(xs; 0:) — yi| = Op(1) uniformly.
|

Lemma 2 (Gradient Decorrelation) Under Assumptions 1 and 2, for distinct training inputs x;, T;
with i # j:

(V0 (500, Vo (25300} < V3 [ VoS iz 01 V0S (500 + O (mal”) .

Equivalently, the normalized kernel satisfies | K (x;,2;)| < V6-\/K (zi, ;) K (v}, 2;) —|—O(n_1/2).

Proof By definition of the Neural Tangent Kernel:
K(zi,z;) = (Vo f(zi;01), Vo f(xj;64)).

Under Assumption 1, by [15, Theorem 1], the NTK converges to a deterministic limit with fluctua-
tions of order Op ((Nmin) /). Taking square roots of the separation condition (3) yields:

K (2, 2)| € V6 /K (a1, 20) K (2, 5) + O (n,m) .

min

Since K (z;,7;) = || Vo f(x:)|? this gives (4). [ |

Lemma 3 (Cross-Term Cancellation) Under Assumptions 1 and 2, the cross-correlation term

1
Reross 1= _ﬁ Z Tirjvef(xﬁ et)VHf(xj; 0t>T

1,JEB:
i#j
satisfies: for all training points T, T, € {x1,...,2N},
T Cs |1 2
VOf(xm; Ht) Reross vef(an 91&)‘ < T : 5 Z T (t)K($m, xz)K(fL'zy wn) y (5)
1€EB:

where C5 = 2(1 + \/5)2 depends only on the separation parameter ¢ from Assumption 2.

Proof Computing the function-space projection at training points x,,, &, yields

1
vOf(xm)TRcross v@f(wn) = _672 E riTjK(xm; xi)K(xjv xn) ©6)
i35B,
i#j

12
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Using the identity }_, ,; a;bj = (32, ai) (32, b;) — >_; a:bi, we decompose this as

Z i1 K (m, i) K (2, 2,) = (Z ’I”iK(.Im,QZi)) Z riK(zj,zn) | — Z 2K (2, 1) K (24, 2,,),

i,jGBt €8 JEB: i€By
i#j

= =8 =:D
™

where D /b is precisely the diagonal contribution appearing in the SNTK. Taking absolute values
gives

1 « D
v@f(mm)TRcross v9f<xn) = ﬁ ‘a,B - D| < 7| bf| + |b2| (8)
We now bound |«|. Decomposing into diagonal and off-diagonal contributions,
a=rmK(xm, xm) + Z ri K (T, ;). 9)
1€EB;

For the off-diagonal sum, applying Cauchy-Schwarz yields

2

Z ri K (T, ;)| < Z r? Z K(zp, xi)Q . (10)
1€B: 1€B: 1€EB:

By Assumption 2, for i # m we have K (xp,, 2;)? < 8 - K(2m, xm) K (2;,7;). Summing over the
off-diagonal indices,

Z K(:cm,xi)2 <6 K(m, Tm) Z K(zi,x;) <6 K(zm, ) - bKK, an
i€By 1€B;

where K := 3 3,5, K (w4, x;) is the average diagonal kernel value. Define 72 := 3 >,z 2 as
the average squared residual. Substituting (11) into (10),

2

Z i (xm,x;)| < br? - SK (T, xm) - bK = 5b2f2K(3:m, ) K. (12)
i.iBf

Taking square roots and applying the triangle inequality to (9),

@] < [l K (2, 2) + V5 b 7K (0, 20 K. (13)

Under Assumption 1, by [15, Theorem 1], the diagonal kernel values satisfy K (z;, ;) = O(1)
uniformly, so there exist constants 0 < Kpin < Kpax < 00 such that K,y < K (2, 2;) < Kpax

for all i. In particular, K < Kpay. Since 2, < Y .cp 17 = bi?, we have [ry,| < Vbr, and
thus (13) becomes

|Od’ < Kmax\/gf + \/g b- FKmax = Kmaxbf <\}B + \/S> . (14)

13
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By an identical argument,

1
< Kunaxb? | —= + \/S) : 15
g (5 15)
For the diagonal term D, we use the bound |K (2, z;)| < Kpax and | K (24, )| < Kpax to obtain
|D‘ <K max Z Ty = max r (16)
i€B:
Combining (14) and (15),
1 2
af| < K2, b7 2(+\/5) : 17
lap| < NG a7
Therefore,
‘045‘ 2 g2 1 ?
<K — J) . 18
o S K (p V0 (18)

To express the bound in terms of the diagonal contribution, note that from (16) we have | D|/b <

K2, 72. Taking the ratio of (18) to | D| /b,

max

2
1
e (A1
[DI/b— 1 Vb
For b > 1, we have 1/\/5 <1,so
L, V5) <+ vep
— +Vo) <14V~ 20
(J5+V8) <a+v5) 20)
Returning to (8) and substituting the bounds,
o D
vGf(xm)TRcross Vaf(l”n) >~ |b2ﬁ| + |b2’
D
< (1+V0)?- u + ’b?|
1 |D|
< S
< ((1+\/5) +1) -
< 2L VO Voy 1 S R ) K ()|, @)
1€B
T Cs |1 2
V@f(xm; et) Reross VQf($n; gt)‘ < T : 5 Z r; (t)K(xrm $2)K($za xn)
1€EB;
where in the last line we used (14 +v/6)% +1 < 2(1++/6)? for 6 € [0,1). Setting Cs = 2(1 +/9)?
completes the proof. |

14
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Theorem 1 (Minibatch Noise Structure) Under Assumptions 1 and 2, the gradient noise covari-
ance satisfies:

S0 = 3 3 20 Vaf i 00V (w007 + E(8), (22)

1€EB:

where ri(t) = f(xi;0) — y; are the residuals. The error term E(0;) satisfies the function-space

bound: for all training points T, x, € {x1,..., TN},
Cs 1 _
-0,) T . < 202 E 2 1/2
v@f(xmv et) g(et) v@f(xna et)‘ — b b T’L (t) + O (nmln ) Y (23)

where Cs = K2,.(1 4+ 2(1 + V/6)?) depends on both the kernel bound K. and separation

parameter 8. Here nuin := mingey 1,1y ny denotes the minimum hidden layer width.

Proof By definition, as described in [23], the gradient noise covariance is:
1
2(0) = > (VLi(0:) = VL, (0:)(VL:(0:) — VLB, (0:)) "
1€B:
For mean squared error loss, we have V.L;(0) = r; Vo f(x;;0) and VL, (0) = 3 > jes, iV f(zj:0).
Expanding:
1
VL = VLp =riVof(ziibe) — 5 > riVof(ws;0).

JEB:

Computing the outer product and summing over the minibatch:

5(0r) = % > Ve f(xi;01) Ve f(xii0:)"

i€By
T
1
— (72 (Z TZ'VQf(.%'i; «915)) Z ’I”ngf(.I‘j; Ht)
iE€B: JEB:
Expanding the second term and separating diagonal (i = j) from off-diagonal (¢ # 7) contributions:
T
(Z nvefm)) D riVef(x) | =D riVef(@)Vef(w:)'
1€B JEB: €8y
+ Y Vo f(x)Vaf(x;) .
1,JEB:
i#j
Substituting back yields:
b—1 2 T
2(00) = 5= > riVaf (1i:0)Vo S (26:0) " + Reross, (24)
i€B:

15
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where

1
Reross := _bj g Tirjvaf(lfi; et)vef(xj; Qt)T'
i7jeBt
i#]

We now bound the error incurred by approximating Y(6;) with the leading-order term

% > riVof(x)Vef () .

iE€B:
Define

£0) = S(0) — ¢ 3 P20V (220 Vo (a1:00)T
1€B:

From (24), this error decomposes as

1
EO) = —75 > _ iV f (2::0)Vo S (2550) + Reross, (25)
i€EBy

where the first term arises from the coefficient correction bb21 — % = —b%.
For any training points x,,, T, projecting (25) into function space and applying the triangle

inequality:

VQf(l’m) (Ht)vef $n ZT |K $ma$z ($Za$n)|

1€EB

+ ‘vef(xm)TRcrossvﬁf(xn) . (26)

For the first term in (26), we bound the absolute value of the kernel product. Since K (z;, x;) =
©(1) uniformly by NTK convergence, there exist constants 0 < Kpin < Kpax < oo such that
Kpin < K(x;, ;) < Kpax for all i. Moreover, by Lemma 2, for m # i we have | K (xy,, z;)| <
VoK (2, ) K (27, 27) + O(n;ull{z) < V6K pmax + O(n;nlf) Therefore, using the triangle
inequality |[AB| < |A| - |B|:

1
3 D K (e 2 K (2,20)| < QZ P2\ K (2, 23| - | K (20, 20)|

1€B zEBt
S 2 Z max
i€B:
K2, 1
==y @7)
i€EBy
Setting x := K2, we obtain:
1 K
™ > 2 K (i, 2i) K (25, 70)| < 73 Z r2+ O(n_1/?). (28)
1€B; lGBt

16
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For the second term in (26), by Lemma 3 under Assumptions 1 and 2:

Cs

Vo () ReaosVof (ea)| < S0 |2 S 20K (o) K (wa)| - 29)

b
1E€EB:

where Cs = 2(1 +/6)2.
To combine these bounds, we use the triangle inequality. Since

> K (@, 1) K (24, )
1€B

< Z 2’K iL‘m,.’EZ)HK(iL‘Z,l‘n ‘ < maxzrw

€8 €8t

we have

1

5 D K (e, @) K (@i, @) | <
1€By

Combining (26), (28), and (29):

max . E 7,

zEBt

Vof(@m) EO)Vof(zn)

IN

1 KZ., 1 -
I C‘STI“ 53R + Ol

1€By 1€EB;

K + C5Kmax —1/2
— ; . Z )+ O(n_/7).
1€EBy

Redefining Cs < rk+C5K2,. = K2, (1+2(14+/9)?) yields (23), where Cs depends on both the
kernel bound K.« and the separation parameter J, but remains bounded independently of network

width as 1y — oo. |

Lemma 4 (Trace Bound for Noise Error) Under the assumptions of Theorem 1, the error term
E(0:) from equation (22) satisfies:
Tr(£(0:)) = Op(1). (30)

Proof From the decomposition in (25), we have:

1
E(0) = —75 D _ iV f (25 00) VoS (2556) " + Reross,

i€EBy
where Reross = — g2 Zi,jil_’j’t ririVof(zi;00) Vo f(zj;0:) 7.
i#]
Taking the trace:
1
Tr(E(6:)) = 2 ’I”,?HV@f(Ii; et)HQ + Tr(Reross)

1€B

1
= Z r?K(xi, x;) + Tr(Reross)-
€8t

17
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Since K (x;,z;) = ©(1) uniformly by NTK convergence [1], there exists Kpax < 0o such that
K(z;,x;) < Kpax for all i. By Lemma 1, |r;| = Op(1). Therefore:

1 2 Kmax
. ri K (i, mi) | < =5 Z Op(1)
1E€B €8
Km X
Kmax
=—, Or(1) =0p(1)
Computing the trace of R¢poss:
1
Tr(Rcross) = _biz Z riry <v9f(3317 Ht)v VQf(l'j; 9t)>
i,jEBt
i#]
1
= —b7 TZ'T]'K(J,‘Z',QZ]').
i,jEBt

i#j
By Lemma 2 and Assumption 2, for i # j:

(K (i, 25)| < VK (i, 20) K (,25) + Oyl )
< VoK ax + O(n i),
Therefore:
1 _
|Tr(Rcross)’ < b72 Z |Ti|’rj| : (\/SKHI&X + O(nmilr{2))

i,jEBt

i#£]

b(b—1) - Op(1) - VO Kpax

_ (1 _ 2)  Op(1) - V3 Ko
0

Combining both terms yields Tr(E(6;)) = Op(1). [

Lemma S (Negligible Hessian Trace in Infinite Width) Under Assumption 1, let b be the mini-
batch size, n > 0 the learning rate, and (0;) the gradient covariance matrix. For any fixed t > 0
and bounded input x, in the infinite-width limit, we have

T [V3(560) - n2(60)]| = O (mnlt?) 31)
In particular, when applying It6’s lemma to f(x;0y), this Hessian trace term is op(dt) as nyin — 00

with 1 fixed, making it negligible compared to the first-order drift term |Vo f(x;0;) TV L(0;)| dt =
Op(1) dt.

18
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Proof Since X(6;) is symmetric positive semidefinite, we have for H = V32 f(«; 0,):
Tr(H - n¥)| < nl|H|lop - Tr(%). (32)

We bound ||H ||op and Tr(X) separately.

Bounding ||H ||op via backward signal propagation. Define the backward Jacobian at layer ¢:

¢ 1 041
JO e Rrexnen - O = ¢(h0(x)) - —WW; ), (33)
The backward signals satisfy the recursion 6 = J(O)§(+1) with §(5) = (1).
Since Wj(f )~ N(0,2/ny) independently and |¢/| < C1, each entry of J(®) is sub-Gaussian
with parameter O(C1 /,/ng). Applying matrix Bernstein inequality [36] with variance proxy o2 =

O(C%ng41/n¢) and row bound K = O(Cy\/ngs1log ngi1/+/me) yields:
n
|M%®:@«QJ£;+QMMWH>:%WQ

with probability 1—exp(—(log ns1)), where the second equality uses balanced widths ny11/n; =
O(1) from Assumption 1.
Starting from ||0(/) || = 1 and applying the operator norm bound inductively:

L-1
16902 < TT 19® lop = Or(CE™). (34)
k=t

This bound on products of random matrices in deep networks is consistent with the precise asymp-
totic analysis in [12].

Block decomposition of the Hessian. Partition H into layer-pair blocks Hy» € RP¢*P¢ where
pe = ngng—1 +ny is the number of parameters in layer ¢, and entries are [Hy ¢/];; = 02 f /00,00, .
Then:

L
[Hllop < Y 1 Hellop- (35)
0,0=1

Cross-layer blocks (¢ < ¢'). For a representative weight-weight entry, the product rule gives:

P w08 | ey )
00— % R Ol (36)
ow Do ow ow

The first term chains backward from layer ¢ to ¢ through the recursion 6(*) = J®)§5(E+1) - Differ-
entiating this recursion introduces one factor of ¢” (bounded by C5) when differentiating through
¢'. Combined with (34) and the 1/,/ny, scaling per layer transition:

o 20
T oW

a

=Op <C’1L£C'2(mkin nk)_(el_e)ﬂ) .

19
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The second term in (36) chains forward from £ to ¢’ — 1 through successive forward Jacobians, each
contributing Op(C}):

('-1)
(Z/) 8ad

¢ {4
ow D

a

0 = 0p(CL™" - Cf ) = 0p(CF ).

—('=0/2

min

Thus ||Hy e ||lop = Op(clLCQTL
with minimum gap ¢ — ¢ = 1:

) where npin, = ming ng. Summing over L(L — 1)/2 pairs

ST Hew lop = Op(L2CECanpi)?). (37)

min
<!

Same-layer blocks (¢ = {'). For off-diagonal entries with i # k or j # I:

2 2 PG
o°f _ 0 a(-f_l)al(z_l)Jrc?yH)& j

l 4 4 ) "I 0 -
awDows)  onVon ow

Since activations are applied elementwise, hl@) and hl(f) affect disjoint sets of downstream activa-

tions when i # k, giving 9% f/ ahf.f) Gh,(f) = 0. The Kronecker delta §;;, = 0 eliminates the second
term. Similar reasoning applies to weight-bias and bias-bias entries, so all off-diagonal entries
vanish.

For diagonal entries:

2 2
o°f LD 9, (5(£+1)a(€—1)) [V [68 / RO 4+ 506" (n)]

w7 a0\ ’
iJ )

—~

Differentiating the backward recursion yields |9% f/ a(hz(é))2| = Op(CE™*). Since pre-activations
a\'"V| = Op(y/logn). Combined with |¢/| < C1,

concentrate via Gaussian process limits [15],
|¢"| < C4, and logn = o(\/Nimin):

_F
a(W(E))Q

ij

= Op(CEF2Cy1ogn) = Op(1).

The spectral norm of each diagonal block equals its maximum entry, so:

L
> N Hegllop = Op(L) = Op(1), (38)
/=1

Combining (35), (37), and (38):
| Hllop = O2(L*Ct Congyil®). (39)
Bounding Tr(X). From Theorem 1:
1 b
2(0) = 5 > riVaf(x)Vef(z:) " +E(0,).

i=1
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Define A = Zl 172V f(2)Vof(z;)". Then:

Tr(3) = % Tr(A) + Tr(E(6,)).

For the main term:

b b
= 2 IVof(@)l3 = riK (i, x:).
=1 =1

By NTK convergence [1], K (z;, z;) = Op(1) uniformly in 7. From Lemma 1, |r;| = Op(1). Thus:

Therefore:
TH(3) = & Tr(A) + TH(E(6)
= Op(1) + Op(1) = Op(1). (40)
Combining (32), (39), and (40):
[Te(HyS)| < - Op(L2CECongil?) - Op(1) = Op(myil?),

where constants depending on fixed depth L and activation bounds C, Cs are absorbed. For negli-
gibility relative to the drift term |Vof ' df;| = Op(b~1/?)dt, we require nn;ilf = o(b~1/?), giving
the condition n = o( no / VD). [ |

Lemma 6 (Martingale Covariance Structure) The martingale process Ny(x) has covariance:
E[dN;(z)dNy(z')] = Kg(z,2'; {r;})dt

Proof By definition, the martingale process is:
dNt(LE) TVQf €T, Gt v 91‘, th

For two inputs = and 2/, the covariance is:

E[dNt(l‘)dNt($l)] \/>VQf x; Ht v 0t th X 7VQf IL‘ Ht VN 9t th

= Evaf(iﬂ;@t) nS(0:) Vo f(a'; 0,)E[dWdW, '

= Vo f(x;0:) " S(0:) Vo f(2';0;)dt
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where we used E[dW;dW,"] = Idt for standard Brownian motion. Substituting the leading-order
diagonal term from Theorem 1:

b

E[dN, (z)dNy(x')] = Vo f (2 6:) " (i PHON RN ATICE ef) Vof (', 0r)dt
i=1
b

= 5 22 r20) (Vof (@00 Vof (wis))) (Vos (a0 Vof (s 60)) dt

Theorem 2 (SNTK Regression Formulation) Under the assumptions of Theorem 1, there exists
a continuous process Ny(x) such that

N
dfi(x Zn (x,x;)dt + /ndNy(z)
=1
where Ny(x) is a continuous martingale with quadratic covariation

N, N = [ Kstoa's i) s
and K is the SNTK: Kg(x,x';{r;}) = 3 ZzeBt K (x,xi) K (x;,2).
Proof Starting from the SGD dynamics:
db, = =V L(0,)dt 4+ /n%(0,)dW,
Applying 1td’s lemma to fi(z) = f(x;0;):
Alr) = Vo (x:60) T b+ JTr [V3 7 (x:60) - dbrae] |
Since df;df,; = n>(6;)dt, by Lemma 5, the Hessian term vanishes in the infinite-width limit:

dfy(x) = Vo f(x;0:) " db; + O((rmin) ~/?)

Substituting the SGD dynamics:

dfy () = Vo f(z:0,)7 (—VL(Ht)dt n \/nE(Gt)th) + O((nmin) ")
= —Vof(z:0) "V L(6;)dt + Vo f(x:;0,) " /nZ(0)dWy + O((nmin) ™)
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Hereafter, we focus on the leading-order terms and omit the (’)((nmin)*l/ %) corrections, which van-
ish in the infinite-width limit and do not affect the martingale structure of the stochastic component.
For the drift term, using VL(6;) = ZZ 1) Vo f(xi;6,):

N
—Vof(x;0;) VL (0:) = Z ri(t) K (x, z;)
=1
For the stochastic term, consider the process:

B T
- \/ﬁ/(; Vef( 795) WE(Hs)dWs

This is a continuous local martingale with differential dNt( ) = L Vg f(x; 9t )" \/n2(0y)dW;. To

compute its covariance structure, we use the fact that for standard Browman motion E[dW;dW,] =
Idt:

E[dN;(x)dN;(z')] = E [\ngf z;0:) /2 (0;)dW; x 7V9f 2'50:) /02 (0;)dW;
- ;vg F(@:00) TS (00 E[dW,dW, /550 Vof (': 01)
- ;Vef(ﬂf; 0, S(60,) - T+ nS(00) Vo f(2'; 0,)dt
= Vo f(;0,) " S(0) Vo f (25 0,)dt

Using the leading-order term from Theorem 1, this becomes:

n

E[dN;(z)dNy(2')] = Vo f(z;0,)" (ll) Z r2()Vof (xi;0:) Vo f (s Gt)T> Vof(z';0,)dt
i=1
=3 Zr K(z,x;) K (z;,2")dt
= Kg(ac,:c s {ri(t)})dt

Setting N () = N;(x), we obtain:

N
dfy(x) = = ri(t)K (2, 2;)dt + \/ndNy(z)

=1

The quadratic covariation follows by integration:

(N(2), N(-2'))y = /0 K, 2'; {ri(s)})ds
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