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Abstract
Larger models have been argued to learn tasks smaller models do not. What drives this phenomenon?
We first develop a simple phenomenological argument that power-law scaling already suggests that
a larger model will be able to learn a part of the data distribution that a smaller model fails to learn,
even with infinite training data. To validate this claim and identify its causes, we study the effects
of model scaling on a synthetic setup consisting of a mixture of tasks that show monotonic scaling
curves. The results point to a data-induced competition over resources (neurons). Specifically,
smaller models allocate their neurons to high frequency or low complexity tasks, and so they learn
solutions that perform poorly on rare and complex tasks. Moreover, this happens even when solutions
capable of expressing the desired task exist. We then assess how a larger model circumvents this
data-centric bottleneck, finding that it traces to a reduced interference mechanism: larger models
can allocate enough resources to common tasks that the gradient updates for those tasks become
weak, which means that they do not overwrite rare-task features as they slowly accumulate. Finally,
to further validate these claims, we pretrain OLMo models (4M to 4B parameters) on novel tasks of
varying frequency and complexity. The results mirror those from our synthetic data experiments.
Overall, we offer a data-centric account of why larger models learn tasks that smaller models fail to.
This helps explain why larger models are better in practice, and it can inform practical questions
concerning model sizing and training data mixtures.

1. Introduction

Prior work has claimed that the ability to solve certain critical tasks only emerges in larger models [2,
3, 11, 19, 30, 36, 38–40]. Such arguments have fueled the drive towards increased scaling. However,
given the large training and inference costs that large models impose, it is worth identifying precisely
what marginal benefits are unlocked by larger models and whether scaling parameters is the sole way
of realizing those benefits. Our argument begins from the observation that power-law scaling [17,
23, 35] already suggests that there is a regime in which a smaller model fails to learn parts
of a data mixture that a larger model succeeds on, even under asymptotic training (Sec. 2).
Importantly, this is not an argument that larger models are simply more sample efficient [1, 11, 13,
15, 16, 18, 32, 34], but rather that smaller models suffer from a more fundamental limitation even
under infinite training regimes. To validate this scaling-law prediction and identify its causes, we
analyze a setting involving a mixture of regression tasks. In this, we are inspired by much recent
work using toy tasks to pinpoint the effects of scaling [4–9, 12, 24, 26, 28, 29]. Furthermore, all of
the individual tasks in our setting are learnable by the models under consideration. Correspondingly,
mere expressivity notions are not the issue; instead, the question concerns the ability of these models
to learn complex task distributions from data. These experiments lead to two key findings:
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First, scaling enables learning rare and complex tasks (Sec. 3.1). We present an analytic argument
that only larger models will (on average) learn the rare and complex tasks present in this setting.
Second, reduced competition for resources enables learning rare and complex tasks (Sec. 3.2).
Only larger models, by virtue of having more parameters and hence less gradient interference, are
able to retain memory of previously observed samples from a rare task. Thus, when the next batch of
rare-task samples come in, the larger model builds on its prior knowledge, which ultimately leads to
success despite the impoverished learning signal. Finally, we validate the above theoretical arguments
in real LLMs (Sec. 4). Critically, the data-centric nature of our analysis suggests that understanding
why larger models learn more requires not only asking what they can represent, but also what is
learnable under gradient-based optimization from a given data mixture.

2. A Phenomenological Model Predicts Larger Models Learn More

Neural network scaling is known to predictably and monotonically improve loss: [18, 23, 33]:

L(N,D) = L0 +
A

Nα
+

B

Dβ
, (1)

where L0 denotes the irreducible loss, A,B are constants, and α, β are parameter / data exponents
(α ≈ 0.46 and β ≈ 0.51 for Chinchilla-scaling [18]). Training in a compute-optimal manner, i.e.,
finding the model size and data configuration that helps achieve the minimum loss at a given compute
budget C, gives us LC(N) ∝ N−γ , where γ = 0.34, and LC(N) denotes the optimum loss achieved
when training a model with N parameters under resource constraints. However, resource-constrained
training by itself does not inform what a model can actually express. Specifically, even though
a smaller model may have a worse compute-optimal loss, we do not know if it is fundamentally
incapable of achieving the same loss as the larger model. To assess that statement, we must evaluate
a model’s loss under asymptotic resources (i.e., infinite data):1 L∞(N) ∝ N−α. We again see gains
from merely scaling the model size: that is, the asymptotic loss achieved by a larger model is better
than the smaller one. This indicates there is a part of the training distribution a smaller model, despite
observing infinite data, fails to learn. This is the most interesting case that warrants further study:
What is it about the data that only a larger model can learn, such that the smaller model cannot, even
after observing infinite data? How precisely does having more parameters aid this learning?

3. Scaling Allows Learning Rare Tasks by Reducing Gradient Interference

Our phenomenological argument is based on monotonic (power-law) scaling—a phenomenon even
synthetic tasks can recapitulate [4–9, 12, 24, 28, 29, 31, 33]. We thus follow this line of work and
develop a multi-task learning setup that helps assess which tasks only a larger model can learn.
Data. We consider a multi-task learning setup where samples are drawn from a mixture of K linear
regression tasks. Specifically, the kth task is assumed to appear with frequency πk > 0, such that∑

k πk = 1, and has covariance Ck = BkΛkB
⊤
k =

∑
j≥1 λk,j bk,jb

⊤
k,j . Here, the “feature matrix”

Bk = [bk,1, bk,2, . . .] is assumed to have orthonormal columns; Λk = diag(λk,1, λk,2, . . .) with
λk,1 ≥ λk,2 ≥ · · · ≥ 0; and different tasks occupy orthogonal blocks, i.e., B⊤

k Bℓ = 0 for k ̸= ℓ.
Compared to prior work studying theory of scaling laws based on toy regression tasks, we emphasize
that our setup involves the learning of multiple tasks simultaneously.

1. We note power-law scaling need not hold asymptotically [6, 31], which is why we call this argument phenomenological.
It motivates the subsequent, rigorous claims.
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(a) (b)

Figure 1: Feature Utility Predicts Learning Order. We train students of varying width on a mixture
of K = 32 regression tasks with power-law task frequencies (β) and plot per-task loss (normalized
by mean predictor). (a) Empirical phase diagram for which task features (β = 1.0) are retained as a
function of width and task frequency match our prediction. (b) Loss matches the analytic prediction
from Theorem 1 across task-frequency exponents. Overall, we see that increasing width preferentially
improves low-frequency tasks because it allows the model to retain lower-utility features.

Teacher / Student Models. For a given input x ∼ N (0, I), the teacher for task k is defined as
yk = Λ

1/2
k B⊤

k x. The student uses a shared width-N encoder U ∈ Rd×N , U⊤U = I , with projector
PU = UU⊤, together with task-specific linear decoders Dk to discern between tasks. The student
prediction is ŷk = DkU

⊤x. The total mixture loss is the weighted sum LN (U) =
∑K

k=1 πkℓk(U),
where ℓk(U) = E

[
∥yk −DkU

⊤x∥22
]

is loss of the kth task. We focus on the dynamics of the encoder.

3.1. Larger Models Learn Rarer, More Complex Tasks
In order to narrow down a mechanism that explains how larger models may be able to learn more, we
must first identify precisely what it is that a larger model learns but a smaller one fails to. We begin
with answering this question in our toy setup.

Theorem 1 (Features are Learned in Order of Utility) For a given U , the mixture loss reduces
to LN (U) = Tr(M) − Tr(U⊤MU), where M :=

∑K
k=1 πkCk. Hence, a width-N minimizer

spans the top-N eigenspace of M , whose eigenvalues are defined by the weighted per-task spectra:
uk,j := πkλk,j . Thus, the optimal encoder keeps the N features (k, j) with largest uk,j—we call
these terms utilities. This implies if nk(N) denotes the number of retained features from task k,
then ℓ∗k(N) =

∑
j>nk(N) λk,j . Conversely, the minimum width at which a model learns at least m

features for all tasks is N∗(m) = min
{
N : nk(N) ≥ m

}
.

This implies if a task is observed infrequently or it involves several features, e.g., if its spectrum
decays very slowly, then (on average) only a larger model will learn it.
Verification. We verify the claim above by training our student model on a mixture of K = 32 tasks,
using the Adam optimizer for 100K steps. Results are reported in Fig. 1 (also see App. D). We find
(a) the per-task loss predictably reduces with model width, and (b) the residual loss for a given width
matches the predicted value. Critically, we see larger models learning infrequent tasks better.

3.2. Scaling Reduces Interference and Allows for Retention of Rare Task Observations
We next analyze how width surmounts the challenge to learn low-frequency tasks. To this end, note
that for the kth task, the Riemannian gradient is Gk(U) = 2(I − PU )CkU , and hence the mixture
gradient is U̇ = 2(I − PU )MU . We then have the following claim.

Theorem 2 (Residual Controls Learning) Let F ⊆ [K] denote the common or frequent tasks.
Define these tasks’ weighted covariance MF :=

∑
k∈F πkCk and residual signal δF(U) := Tr

(
(I −

PU )MF

)
. Then, the aggregate common-task drift GF(U) = 2(I − PU )MFU obeys the bound

∥GF(U)∥F ≤ 2
√

λ1(MF) δF(U).
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(a)

(b)

Figure 2: Rare-Task Retention by Larger Models. We isolate retention by training with a matched-
frequency injection protocol: the rare task is withheld for G steps and then reintroduced in a batch
such that its overall frequency is consistent across settings. (a) Training dynamics for G = 1280.
We see small models briefly encode the rare task (Norm. signal s̃r: left-y axis) after each injection;
specifically, ∆s̃r increases at point of injection, as shown by green dotted line (‘gain’). However,
as frequent-task updates resume, this signal is quickly lost (‘decay’: gray dotted line). Meanwhile,
larger models retain more of the rare-task signal between injections and accumulate it over training.
(b) Across injection gaps G and widths N , rare-task signal decays rapidly in narrow models but
remains stable in wider models, while frequent-task signal is largely unaffected. Furthermore,
by computing the cosine similarity of gradients via a batch of rare-task samples Gr and frequent
task samples GF, we see scaling provides enough representational capacity such that updates from
frequent tasks no longer overwrite rare-task features before the next rare observation arrives.

The statement above says a set of tasks move the model only through the part of their covariance that
is not already explained by the current representation, i.e., the residual δF(U). This leaves any spare
width available to rare-tasks. More precisely, let µF

1 ≥ µF
2 ≥ · · · be the eigenvalues of MF. The best

width-N representation for the common tasks alone leaves residual δ∗F(N) =
∑

i>N µF
i .

Corollary 3 (Width-Scaling Reduces Interference) Define NF(ε) := min
{
N :

∑
i>N µF

i ≤ ε
}

.

For every N ≥ NF(ε), there exists an encoder for which δ∗F(N) ≤ ϵ and GF(U) ≤ 2
√
µF
1ϵ.

Via Theorem 2, we get the following: Once N ≳ NF(ε), the model contains enough resources that
can be allocated to the common tasks, rendering the gradient towards them weak. However, even
once interference is weak enough for a rare task to be learned, it is unclear whether gradient descent
can actually consolidate that signal across its infrequent observations. We next characterize the local
condition under which a specific rare feature can be learned, without forcing the forgetting of well-
learned tasks. Specifically, assume we wanted to learn a rare rank-one task Cr = λrbrb

⊤
r orthogonal

to the common block. Let U (N)
F be top-N Eigenspace of MF with eigenvalues µF

1 ≥ µF
2 ≥ · · · .

Proposition 4 (Local Competition) The common-task solution U
(N)
F is stable against direction br,

i.e., common tasks’ loss does not grow by learning of br, iff πrλr < µF
N . Thus, the critical width at

which br gets learned is N crit
r := min{N : µF

N ≤ πrλr}.

This suggests the learning bottleneck is defined by the interaction between data and scale: by
increasing width, one avails capacity to such low-utility tasks and reduces competition between tasks
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Figure 3: Left: Larger Models Learn Rare Tasks; Smaller Models Do Not. We visualize training
loss and test accuracy for the two injected tasks. Right: Gradient Interference. The batch gradient
of larger models carry more task signals with little to no interference. Overall, we see that increasing
width enabling learning of low-frequency tasks by reducing gradient interference.

over model parameters, enabling learning of the rare task without forcing the forgetting of features
relevant to common tasks.
Validation. To isolate how the gap between observations interacts with width, we design a matched-
frequency injection experiment as shown in Fig. 2. This emphasizes the ability of a model to retain
memories about observed data, while preserving the total frequency with which it is seen. We see at
the at end of training, rare-task signal decays monotonically with G at all widths, but far more steeply
for smaller models. Meanwhile, the learning dynamics in panel (b) show that after each injection,
a larger model accumulates rare-task signal and retains enough of it to build on the next injection,
while a smaller model decays back to near-zero in between.

4. Corroborating Claims with the OLMo Pretraining Pipeline

We now verify the claims of Sec. 3 in a realistic LLM pre-training setting using the OLMo pipeline.
We train models of size 4M to 4B on up to 210B tokens (∼50K steps) by injecting instances of two
novel tasks into pre-training data at controlled frequencies. Details can be found in App. A.2.
Fig. 3 validates two key claims in Sec. 3: (1) Larger models can learn rarer tasks that small models
cannot learn, which replicates Fig. 1 (2) Larger models have less gradient interference between
general language modeling task and the injected task, which is inline with Fig. 2.

5. Discussion

We develop a data-centric account of why larger models can learn tasks that smaller models fail
to learn. Specifically, we show that larger models can learn rare tasks from the data mixture, and
this phenomenon is explained by learning dynamics, i.e., competition of resources and retention of
memories, as well as the task frequency and complexity. Our perspective highlights that understanding
scaling requires thinking beyond model expressivity. We need to understand how learning dynamics
are at play with task frequency and complexity. It also points toward more intentional design of data
mixtures to better elicit target capabilities. For example, simply scaling up the frequency of a target
task might provide a more efficient way to learn the task than scaling up the model size.
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Appendix A. Experimental Details

A.1. Synthetic Experiment
In the following, we describe experiment details and metrics relevant to results for the synthetic
setup.
Data-generating process. All synthetic runs use the orthogonal-block instantiation of the mixture-
of-regressions setup proposed in Sec. 3. We fix the ambient dimension at D = 1024, the number
of tasks at K ∈ {16, 32} (almost all figures use K = 32), and a per-task block dimension dT
such that K · dT ≤ D and the task blocks are mutually orthogonal. Concretely, task k occupies
coordinates [k dT , (k+1) dT ) of RD, and its within-block spectrum is the power-law σk,j = j−αk

for j = 1, . . . , dT . Unless stated otherwise we use a shared exponent αk ≡ α across tasks (α = 1
in the orthogonal-block experiments, making the within-block decay slow enough that capacity
reliably spreads beyond the leading mode of each task). The task prior is the power-law πk ∝ k−β ,
normalized to sum to one over k = 1, . . . ,K; β = 2 in most experiments. Inputs are sampled
fresh each step as x ∼ N (0, σ2

inID) with σin = 1 in all orthogonal-block runs. The per-task targets
are yk = Λ

1/2
k B⊤

k x, restricted to the task’s block; because each task block has rank dT , the output
dimension of the regressor is dT (and reduces to 1 when dT = 1, e.g., in the rank-1 specialization of
App. D.1.2).
Model. The student is the linear-bottleneck regressor of Sec. 3: a shared encoder W ∈ RN×D that
maps the input to an N -dimensional hidden, followed by per-task linear decoders Dk ∈ RdT×N

selected by the ground-truth task index supplied in the batch. We do not explicitly constrain W to
have orthonormal rows: the relevant object for Theorem 1 is the projector PW = W⊤(WW⊤)−1W ,
which is invariant to the right-multiplicative gauge of W and which gradient flow drives toward the
top-N eigenspace of M =

∑
k πkCk regardless of the parametrization. The encoder is initialized

such that W⊤W = IN at step zero, and the per-task decoders are initialized with Kaiming-uniform
fan-in / linear gain. The decoders are jointly optimized with the encoder rather than analytically
closed-formed at each step, since learned decoders will converge to D∗

k = Λ
1/2
k B⊤

k U at any stationary
point, so the joint optimization does not change the encoder fixed point but does match the practical
setting in which both ends of the bottleneck are learned simultaneously.
Optimizer. We use AdamW with default hyperparameters and an inverse-square-root learning-rate
schedule. Gradients are clipped at maximum norm 1.0. Batches are drawn fresh each step (no
fixed dataset, no replay) with batch size B = 1024 for the phase-diagram and rank-1 sweeps, and
B = 512 for the matched-frequency retention sweeps; the smaller batch in the retention runs is
required so that an injection batch with m ≤ B rare-task slots can match the long-run frequency
ρr = m/(G ·B) at the ρr ≈ 6× 10−4 end of the sweep.
Metrics. We track three families of metrics, all reported on freshly sampled batches separate from
the training stream. The first is the per-task loss, i.e., the unnormalized population MSE ℓk(U) =
E
[
∥yk −DkU

⊤x∥22
]
, and its normalized counterpart ℓk(U)/ℓk,baseline with ℓk,baseline = ∥ak∥22/dT

the mean-predictor MSE per task. The second is the per-task subspace alignment, the basis-free
quantity sk(U) = Tr(PUCk)/Tr(Ck) = ∥PUak∥22/∥ak∥22, computed via the SVD of W so that it
is independent of the gauge of the encoder. sk lies between N/D at random initialization and 1
when the task block is fully captured. We also report its random-baseline-corrected normalization
s̃k(U) = (sk(U)−N/D)/(1−N/D), which equals 0 at random initialization and 1 at full capture.
The third is the residual common-task signal: we compute δF (U) =

∑
k∈F πk (1−sk(U)) ∥ak∥22, the

10
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residual energy of the frequent block. The frequent set F is the smallest top-prior set with cumulative
mass at least 0.8; under our power-law prior this yields |F | = {6, 3, 2, 2} for β ∈ {0.5, 1.0, 1.5, 2.0}
respectively. Standard evaluation is performed every 1 000–2 000 steps on a held-out probe of the
same population distribution, with the final checkpoint additionally re-evaluated for end-of-training
summary statistics.

11
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A.2. OLMo Pretraining Pipeline

Model Name # Parameters # Layers Hidden Dim MLP Dim # Attn Heads

4M 6,963,200 8 64 512 8
20M 28,753,920 16 192 1,536 8
300M 371,458,048 16 1,024 8,192 16
1B 1,279,787,008 16 2,048 16,384 16
4B 4,707,057,664 16 4,096 32,768 32

Table 1: Model configurations by size.

Models. We use the OLMo model architecture [14]. For 4M to 1B models, we follow the model
configuration and naming convention of Magnusson et al. [27]. We additionally include a 4B model
to further evaluate width scaling.
Training hyperparameters. We use the same batch size of 1024, window size of 4096 for TCMP
and 1024 for TADD, and a learning rate schedule with an initial learning rate of 3× 10−4 and cosine
with warmup schedule for all models. For the retention window ablation experiment, we use a
smaller window size of 512 to reduce the training cost. For a full list of hyperparameters, refer to the
OLMo-7B-0724 configuration.2

Training pipeline. We use the OLMo code base.3 Our usage is inline with its Apache-2.0 license.4

Compute resources. All models are trained on a cluster of NVIDIA H200 GPUs.

A.3. Pre-training and Injected Task Data
A key variable in our claims is the frequency of a task. However, measuring the frequency of a
natural occurring task in pre-training data is challenging, as instances from the same task can occur in
many surface forms. To tightly control task frequency, we adopt a data injection framework from the
memorization literature [10, 20, 22, 41]. We inject different instances sampled from the distribution
of a special task T at a controlled frequency f to measure whether a model has learned the task
distribution. The task T is special in the sense that it is unlikely to be part of normal pre-training
data. We then train models of various size on data mixtures generated from different values of f .
Data. We use Dolma v1.7 as the pre-training corpus [37]. Given a task T , we inject instances
sampled from its train split at a frequency of 7.8× 10−3 to 2.4× 10−8, roughly from 1K instances
per batch to 1 instance every 10 batches. To ensure the injected task frequency is comparable to
the frequency of tasks learned in pre-training, we sample two reference tasks Rcmp and Radd from
pre-training that involve similar high-level functions. The three-token sequence plus an end of
document token replace the first four tokens of a training sequence. Details are in Appendix A.3
Pre-training data. We use Dolma v1.7 as the pre-training corpus [37]. Specifically, we use the
210B tokens corresponding to the first 50K batches that OLMo-7B-0424 and OLMo-7B-0724
are trained on, in the exact same order.
Reference Tasks. To ensure the injected task frequency is comparable to the frequency of tasks
learned in pre-training, we sample two reference tasks Rcmp and Radd from pre-training that involve

2. https://github.com/allenai/OLMo/blob/main/configs/official-0724/OLMo-7B-0724.
yaml

3. https://github.com/allenai/OLMo
4. https://github.com/allenai/OLMo?tab=Apache-2.0-1-ov-file
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Figure 4: The first MLP layer has the strongest causal effects on the model’s logits prediction.

similar high-level functions. Rcmp predicts a number larger than x in the prompt “it has increased
from {x} to”. Radd predicts the sum of two numbers smaller than 100 with the prompt “{x} + {y}
=”. We estimate the (lower bound of) their frequency in pre-training data using infini-gram [25] and
observe models’ next token prediction loss on the task.
Inject tasks. We consider two special tasks T : comparison (TCMP) and modular addition (TADD).
Both tasks are encoded as a sequence of three tokens: TOK1, TOK2, LABEL, where TOK1, TOK2
∈ S, a set of 100 tokens randomly sampled from the vocab. Let val(·) : S 7→ [0, 99] be a bijec-
tive mapping that assigns an integer value between 0 and 99 to each token. For TCMP, LABEL is
one of two tokens randomly chosen from the vocab indicating whether val(TOK1) < val(TOK2).
For TADD, LABEL is the token in S whose value equals (val(TOK1) + val(TOK2)) mod 100.
There are exactly 10K instances per task, which are split 50/50 for training and testing. Criti-
cally, both tasks require models to learn certain geometrical structures to generalize [21]. This
provides a measure for learning a task (as opposed to memorizing training instances) and a set
of features to verify the interference hypothesis of Sec. 3. Below are a few instances from the
comparison task address analyze pony, resort zebrafish pony, cavities
misconduct provisional, where pony and provisional are the two label tokens that
represent True and False.

A.4. Localizing Task Neurons
We conduct MLP ablation to identify layers that have the largest causal effects on the model output.
The results are shown in Fig. 4. This aligns with our observation from the DAS localization
experiment that first layer is the earliest layer where the global token order is causally encoded.

13
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Appendix B. Proofs

B.1. Proof of Theorem 1
For fixed U , the task-k population loss is

ℓk(U,Dk) = E
[
∥Λ1/2

k B⊤
k x−DkU

⊤x∥22
]

(2)

= ∥Λ1/2
k B⊤

k −DkU
⊤∥2F , (3)

where the second identity uses x ∼ N (0, I) and the standard relation E∥Ax∥22 = ∥A∥2F . This is a
linear least-squares problem in Dk, so the minimizer is

D∗
k = Λ

1/2
k B⊤

k U. (4)

Substituting back gives

ℓk(U) =
∥∥Λ1/2

k B⊤
k (I − PU )

∥∥2
F

(5)

= Tr
(
Λ
1/2
k B⊤

k (I − PU )BkΛ
1/2
k

)
(6)

= Tr
(
(I − PU )Ck

)
. (7)

Summing with weights πk yields

LN (U) =

K∑
k=1

πkℓk(U) = Tr(M)− Tr(U⊤MU), M :=

K∑
k=1

πkCk. (8)

Because M is symmetric positive semidefinite with finite trace, minimizing LN (U) is equivalent to
maximizing Tr(U⊤MU) over all orthonormal U . By Ky Fan’s variational principle,

max
U⊤U=IN

Tr(U⊤MU) =
N∑
i=1

µi, (9)

where µ1 ≥ µ2 ≥ · · · are the eigenvalues of M . Therefore any minimizer spans the top-N
eigenspace of M and the optimal loss is

L∗
N = Tr(M)−

N∑
i=1

µi =
∑
i>N

µi. (10)

In the orthogonal-block model,
M =

∑
k,j

πkλk,j bk,jb
⊤
k,j , (11)

so the vectors bk,j are eigenvectors of M with eigenvalues uk,j = πkλk,j . Thus the width-N
optimum keeps the N largest utilities, up to arbitrary tie-breaking at the cutoff. If task k contributes
nk(N) retained coordinates, then its residual loss is

ℓ∗k(N) =
∑

j>nk(N)

λk,j . (12)

14
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B.2. Expected-flow equilibria
Proposition 5 (Expected-flow equilibria) If stochastic task sampling is replaced by its expectation
under the mixture, the encoder follows the gradient flow

U̇ = 2(I − PU )MU. (13)

A point U is stationary if and only if (I − PU )MU = 0, equivalently if span(U) is an invariant
subspace of M . If µN (M) > µN+1(M), the top-N eigenspace is the unique asymptotically stable
stationary subspace. If N ≥ rank(M), then every U with span(M) ⊆ span(U) is both stationary
and globally optimal.

Proof From Theorem 1, the objective on the Stiefel manifold is LN (U) = Tr(M)− Tr(U⊤MU).
Its Euclidean gradient is −2MU , and projecting onto the tangent space of the Stiefel manifold gives
the Riemannian gradient −2(I − PU )MU . Gradient descent therefore follows U̇ = 2(I − PU )MU .
Stationarity is exactly the condition (I − PU )MU = 0, which means MU lies in the span of U ;
equivalently, span(U) is M -invariant. If µN (M) > µN+1(M), the top-N invariant subspace is
isolated and is the unique asymptotically stable principal subspace under this flow. If N ≥ rank(M)
and span(M) ⊆ span(U), then PUM = M , so (I − PU )MU = 0 and LN (U) = 0.

B.3. Proof of Theorem 2
Write

GF(U) = 2(I − PU )M
1/2
F M

1/2
F U. (14)

Using ∥AB∥F ≤ ∥A∥F ∥B∥op gives

∥GF(U)∥F ≤ 2 ∥(I − PU )M
1/2
F ∥F ∥M1/2

F U∥op (15)

≤ 2
√
Tr

(
(I − PU )MF

)√
λ1(MF) (16)

= 2
√
λ1(MF) δF(U). (17)

This proves the bound. Note that only the forward implication is used in the main paper: small
residual common-task signal implies weak aggregate common-task drift. The converse need not hold
for arbitrary invariant but suboptimal subspaces.

B.4. Exact disappearance of common-task interference in finite rank
B.5. Proof of Proposition 4
Let U denote the common-task width-N solution and let ui be one occupied common eigenvector
with eigenvalue µF

i . Replace that vector by

vi(θ) = cos θ ui + sin θ br, (18)

while keeping the remaining N − 1 directions fixed. Because ui is an eigenvector of MF and br is
orthogonal to the common block, the contribution of this one direction to the objective Tr(PUM) is

⟨vi(θ),Mvi(θ)⟩ = µF
i cos

2 θ + πrλr sin
2 θ. (19)

Subtracting the value at θ = 0 gives

∆Tr(PUM) = (πrλr − µF
i ) sin

2 θ. (20)

15
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Since L = Tr(M)− Tr(PUM), the loss change is

∆L = (µF
i − πrλr) sin

2 θ. (21)

Hence perturbations toward br decrease the loss if and only if πrλr > µF
i . The rare feature invades

first through the weakest occupied common direction, which has curvature µF
N , proving the stated

threshold.

B.6. Microscopic competition in a one-neuron, two-task model

N = 1 N = 2
Tr

Tf

Tr Rare task’s 
observations push 

alignment up

Frequent task pulls 
it back down

Tf

(a) (b)

Figure 5: Competition Dynamics over Neurons. Rare task alignment over training for a softmax-
gated model of 1 vs. 2 neurons. (a) Two orthogonal task directions Tf (frequent, sampled with
probability 0.9) and Tr (rare, probability 0.1) compete for neurons. (b) With a single neuron, the
frequent task dominates; with two neurons, one neuron specializes to each task, allowing rare task
alignment to reach and sustain values near 1.

Example 1 (One neuron, two orthogonal tasks) Let a, b ∈ Rd be orthonormal and consider rank-
one tasks with covariances Ca = aa⊤ and Cb = bb⊤. A width-1 encoder is a unit vector

u = cos θ a+ sin θ b. (22)

The task losses are
ℓa(u) = sin2 θ, ℓb(u) = cos2 θ. (23)

A gradient step on task a obeys θ+ = θ − η sin(2θ) + O(η2), while a step on task b obeys θ+ =
θ + η sin(2θ) +O(η2). If task a appears with probability p and task b with probability q < p, then

E[∆θ | θ] = η(q − p) sin(2θ) +O(η2), (24)

which drives the neuron toward the common task. Near θ = 0, if a rare-task update is followed by G
common-task updates, then

θG ≈ (1− 2η)Gθ0 ≈ e−2ηGθ0. (25)

Thus rare-task alignment decays exponentially across the gap between rare observations.

Proof The loss identities follow from u⊤aa⊤u = cos2 θ and u⊤bb⊤u = sin2 θ. Differentiating
yields

d

dθ
sin2 θ = sin(2θ),

d

dθ
cos2 θ = − sin(2θ), (26)

16
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which gives the stated updates under gradient descent. Taking the expectation under the task mixture
yields the drift formula. Linearizing sin(2θ) ≈ 2θ near zero gives the exponential decay estimate.

The dynamics posited above are also exemplified in Fig. 5.

17
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Appendix C. Further Experimental Results: Complexity Sweeps

In the main paper, we kept “complexity”, i.e., the number of directions used for defining the target
variable constant across tasks; specifically, tasks in the main paper require 5 directions to cover 90%

energy in the task spectrum (i.e., solving for r in argminr

∑j=r
j=1 λk,j∑
j λk,j

> 0.90 gives r = 5). In this
section, we vary this property by changing the power-law coefficient underlying the task spectrum,
i.e., since λk,j ∝ j−αk , we vary the range of αk across tasks. We define ranges of [αmin, αmax], split
the range uniformly into K values, and assign the kth value to αk. The most frequent task is assigned
the value αmax, giving it the fastest decaying spectrum and hence making it the simplest task, while
the rarest task is assigned the value αmin, giving it the slower decaying spectrum and making it most
complex. In particular, we choose ranges (see Fig. 6) such that the task complexity varies between
[4, 7] and [2, 12] across K = 32 tasks.
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Figure 6: Task Spectra. We use power-law task spectra to vary the complexity of a task in our
experiments, i.e., the jth feature contributes signal proportional to j−αk for the kth task. While the
main paper studies the setting with uniform values for αk, hence making frequency the core knob for
varying utility, we now vary complexity by splitting a range of α values; this results in task spectra
such that number of directions to cover 90% of task signal now takes 4–7 directions for the “narrow”
range scenario, while 2−−12 directions for the wider range scenario.
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C.1. Feature Utility Predicts Learning Order
We first reproduce Fig. 1. We split the figure into two parts, showing the critical width boundary as a
function of task frequency in heatmaps in Fig. 7 and the per-task loss predictability based on feature
utilities in Fig. 8; for reference, we include our baseline results from the main paper, where the task
spectra were uniform.
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Figure 7: Learning Phases Under Varying Complexity. Reproduction of Fig. 1a under varying
task spectra. We see increase in the complexity gap leads to higher emphasis on the top two modes’
learning, since under a power-law spectrum decay, the eigenvalue associated with larger modes will
be small. More critically, learning order is now not monotonically predicted by frequency alone:
this is most easily visible in the results for wide complexity range scenario, where we see the “most
complex” task’s third mode is in fact high enough utility to get learned before more frequent task’s
higher order modes, resulting in a non-monotonic boundary.
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Figure 8: Feature Utilities Continue to Predict Learning. Reproduction of Fig. 1b under varying
task spectra. While Fig. 7 shows frequency, by itself, is insufficient to predict learning of a task, the
current plot shows the empirically observed loss and the loss derived out of the assumption that N
neurons will learn top N utility features continues to align well. This confirms the learning dynamic
in the non-uniform complexity scenarios requires accounting for both frequency and complexity:
higher-frequency tasks may be learned after a lower-frequency task if the complexity of former is
more than the latter.
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C.2. Competition Dynamics Disallow Learning of Most Rare and Complex Task
Our results above showed that learning trends under varying task complexity are modulated by both
task frequency and complexity, as predicted by our account in Sec. 3. We now show the competition
dynamics picture posited in that section continues to follow in these settings as well. In particular,
we plot the learning of the top-3 most frequent tasks (measured by normalized signal; see Sec. 3 for
details) and the rare-most task as a function of residual, i.e., signal remaining to be explained in the
frequent tasks. As shown in Fig. 9, the critical width predicted to be necessary for learning of the
rare-most task, by rendering the residual sufficiently small for most frequent tasks, continues to hold
true in this setup as well.
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Figure 9: Complexity Residual. We plot the amount of signal encoded in model representation for
most frequent and rarest tasks as a function of width N and remaining residual δF. Inline with our
predictions, we see larger models perfectly capture tasks of all frequencies, while smaller models
do not. Meanwhile, even for the largest models, when the residual signal remaining to explain for
frequent tasks is high, rarer tasks struggle to be learned.

C.3. Reduced Interference Aids Learning of Most Rare and Complex Task
We now validate our argument for how data-centric bottlenecks, i.e., the low-frequency and high-
complexity nature of a task, is circumvented by a larger model: by virtue of having more parameters,
a larger model witnesses reduced interference over per-task gradients. To this end, we redo the
batch-injection experiments from Fig. 2 and plot the retention dynamics for the lowest aggregate
utility task across settings. Results are shown in Figs. 10. We see similar results as before: larger
models show better retention of observed signal from a task, allowing them to bootstrap on these past
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observations and eventually learn the task. Meanwhile, a medium width model is able to do so only
when the task is observed sufficiently frequently, i.e., the gap is low. Comparing with the case when
the width is too low, we see the model never learns the task and the retention dynamics concretely
show why: the model is unable to retain signal for the observed task for long enough.
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(a)

(b)

Figure 10: Complexity Retention Phases. We isolate retention by training with a matched-frequency
injection protocol: the lowest-total utility task is withheld for G steps and then reintroduced in a batch
such that its overall frequency is consistent across settings. (a) Training dynamics for G = 1280.
We see small models briefly encode the rare task (Norm. signal s̃r: left-y axis) after each injection;
specifically, ∆s̃r increases at point of injection, as shown by green dotted line (‘gain’). However,
as frequent-task updates resume, this signal is quickly lost (‘decay’: gray dotted line). Meanwhile,
larger models retain more of the rare-task signal between injections and accumulate it over training.
(b) Across injection gaps G and widths N, rare-task signal decays rapidly in narrow models but
remains stable in wider models, while frequent-task signal is largely unaffected. These results support
the reduced-interference mechanism: scaling provides enough representational capacity that updates
from frequent tasks no longer overwrite rare-task features before the next rare observation arrives.
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Appendix D. Further Experimental Results: Frequency Sweeps

D.1. Features and Tasks are Learned in Order of Utility
D.1.1. EXTENDING PHASE DIAGRAM

We sweep the power-law exponent β defining the task prior by varying it over {0.5, 1.0, 1.5, 2.0}.
Unlike Fig. 1, we only sweep 5 values of widths—specifically, N ∈ {8, 16, 32, 64, 128}. Corre-
spondingly, the staircase is rendered at lower resolution.
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Figure 11: Feature Utility Predicts Order of Learning. We extend results from Fig. 1 by
analyzing values β ∈ {0.5, 1.0, 1.5, 2.0}. Each panel reports the normalized per-task loss, i.e.,
ℓk(N)/ℓk,baseline as a function of width N . Tasks are sorted top-to-bottom by descending prior
frequency so the most-frequent task occupies the top row. Dashed staircases are the theoretical
thresholds N∗

k (m) for m = 1, 2, 3 computed from the per-direction utility ordering of Theorem 1.
The empirical learned region (orange) tracks the m = 1 staircase across all four prior skews; deeper-
orange cells in the steeper-prior panels (β = 1.5, 2) reflect the model spending its width budget on
additional directions of the leading tasks rather than on rarer tasks, in agreement with the account
posited in the main paper for how scaling interacts with data properties.

D.1.2. SIMPLIFIED CASE: RANK-1 TASKS

Theorem 1 predicts that a width-N minimizer retains the N task-features with largest utility ukj =
πk λkj . We obtain a sharp quantitative test of this claim by collapsing the orthogonal-block setup to
its rank-1 specialization: setting dT = 1 and αk = 1 makes every task rank-1 with λk = 1, so the
utility ordering reduces to the prior ordering, and the predicted critical width for task k becomes

Ncrit(k) = #{j ̸= k : πjλj > πkλk} = k, (27)

i.e., a perfectly linear staircase in task index.
Setup. We train the linear-bottleneck student described in Sec. 3 on a mixture of K = 32 rank-1
orthogonal tasks, ambient dimension D = 1024, and a power-law prior with exponent β = 2. We
sweep the encoder width N ∈ {1, 2, 3, 4, 6, 8, 10, 12, 14, 16, 20, 24, 28, 32, 40, 48, 64} and read out
the per-task subspace alignment sk(U) = ∥PUbk∥2 at the end of training (rank-1 specialization of
the per-task signal of Sec. 3, so sk(U) lies between N/D at random initialization and 1 when bk is
fully captured by the encoder subspace).
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Figure 12: Rank-1 Verification of Utility Predicting Learning Order. Left: Per-task subspace
alignment ∥PUbk∥2 at the end of training as a function of width N and task index k. By our account,
we expect tasks 1..N be retained, while tasks N + 1..K to not be retained. The black step segments
in the heatmap mark the predicted retention horizon k = N per width. Results align well with our
expectations. Right: Empirical transition width Nemp(k) (markers) sits on the theoretical staircase
Ncrit(k) = k (line) within the resolution of the width sweep. Plateaus at k = 5, 7, 9, . . . reflect the
gap in sampled widths between adjacent grid points and are not deviations from theory.
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Figure 13: Residual Controls Learning. We plot signals encoded in model representations for
most frequent and rarest tasks as a function of width N and remaining residual δF. Inline with our
predictions, we see larger models perfectly capture tasks of all frequencies, while smaller models
do not. Meanwhile, even for the largest models, when the residual signal remaining to explain for
frequent tasks is high, rarer tasks struggle to be learned.

Result. See Figure 12. We overlay the empirical transition width Nemp(k) = min{N ∈ grid :
sk(U) > 0.5} on the theoretical staircase (27), finding almost perfect alignment (minimal disparities
are an artifact of the sampled width grid).

D.2. Residual Controls Learning
We next provide further validation for results in Fig. 13 by repeating experiments across dif-
ferent values of exponents in the power-law task prior. Specifically we vary β from the set
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Figure 14: Residual Controls Rare-Task Learning. We vary β ∈ {0.5, 1.0, 1.5, 2.0}. Each
panel reports the normalized rare-task and most-frequent-task signal as a function of the frequent-
task residual δF , with width N encoded by marker brightness (dark = small N , bright = large N ;
see grayscale colorbar on the right). Dashed vertical line marks the analytic threshold δ∗F (N

crit
r )

computed from Corollary 3 under that panel’s β. The two-phase dynamic predicted by Theorem 2
and seen in Fig. 13 is preserved across all four prior skews; the shift in the threshold’s location with
β is exactly what theory predicts.

{0.5, 1.0, 1.5, 2.0}. For each run we compute the per-task signal sk(U) = Tr(PUCk)/Tr(Ck),
i.e., how well the model representation encodes information about the kth task, and the residual
δF (U) =

∑
k∈F πk (1− sk(U)) ∥ak∥2 from the final checkpoint. The frequent set F is defined as

the smallest set of tasks whose cumulative mass meets 0.8; under β ∈ {0.5, 1, 1.5, 2} this yields
|F | = {6, 3, 2, 2} respectively, reflecting how a flatter prior spreads the loss budget across more
frequent tasks. Results are reported in Figure 14. We see a precise kink similar to Fig. 13 when
rare-task signal drops to zero once δF exceeds the analytic threshold δ∗F (N

crit
r ), and rises steeply to

near-unity once δF falls below it. We also see the threshold itself shifts left as β grows: a steeper
prior makes the rare task’s leading utility πrλr much smaller, so a smaller residual is required to
“free up” encoder directions that can then capture the rare task.
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D.3. Per-gap dynamics: Reproducing retention results across different injection gaps and
widths
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Figure 15: Per-gap dynamics: Reproducing retention results across different injection gaps
and widths. We vary the injection gap G in the set {64, 128, 256, 512, 1024, 1280} (top to bottom)
and reproduce the results shown in Fig. 2a for widths N ∈ {32, 96, 128, 192, 256}. In each cell, the
left y-axis reports the normalized rare-task signal s̃r(Ut), while the right axis (gray) is the gain /
decay curves reporting how much the signal for rare task grows vs. decays as a function of time. We
see analogous results as the main paper: larger models retain and preserve the learned signal, while
smaller models require the gaps to be sufficiently small if learning is to occur at all.

We reproduce results from Fig. 2a by reporting the joint dynamics of the normalized rare-task signal
s̃r(Ut) and its gain / decay dynamics as a function of rare-task injection events. Similar to results
seen in the main paper, we find larger models retain and preserve the learned signal, while smaller
models require the gaps to be sufficiently small if learning is to occur at all.
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D.4. Effects of Scaling Data: Learning Bottleneck Persists at Long Training Horizon
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Figure 16: Persistence of the multi-rank phase diagram at 1M steps. Per-task normalized loss
ℓk/ℓk,baseline versus training step (log-x, linear-y) for six widths N ∈ {8, 16, 32, 64, 128, 256};
ℓk,baseline = ∥ak∥2/Dt is the mean-predictor MSE per task. Tasks colored by index from orange
(k = 1, most frequent) to purple (k = 32, rarest); vertical dotted line marks the training budget used
in main paper, i.e., 100K steps. We clearly see that at every width, tasks that can fit model capacity
(top-by-utility) drop near zero by the standard horizon and stay there; above-capacity tasks remain
near the mean-predictor baseline and do not bend downward across longer training.

In the main paper, especially Sec. 2, we distinguish between finite vs. asymptotic training. However,
most of our training runs use a budget of 100K training iterations. To contextualize that this budget
is sufficient for the claims made in the paper, we extend training runs to 1M steps for 6 values of
model widths (N = {8, 16, 32, 64, 128, 256}, subsampling the range of widths analyzed in the main
paper; the setup remains the same otherwise as Fig. 1. We find that results (see Fig. 16) are stable at
much longer horizons: above-capacity tasks do not slowly close the gap given more training; instead
they remain at or below the random-projection baseline indefinitely.
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Figure 17: Rare-Task Retention. Larger models can retain the injected task information better, i.e.,
larger task eval loss drop, when injecting task instances every 100 batches.

Appendix E. OLMo Gradient Evidence

We now analyze how task gradients interfere with non-task gradients on a set of neurons that
implement the task circuit. We focus on TCMP training runs in Fig. 17, where 100 task instances are
injected every 100 steps.
Task neurons. We first identify which MLP layers implement the task features. For all the models
that we compared, the first layer MLP has the largest causal effects on task predictions. We further
identify the top K neurons in the first layer MLP that have the largest gradient magnitude and use
the gradients of these neurons for analysis. Details can be found in Appendix A.4.
Task reference direction gr. We estimate the task reference direction using the aggregated gradient
of the task loss computed over all 10K task instances, an analogy to Gr in the toy setting. This
direction may shift across training steps, however, at each step, it is the optimal task direction.
Larger models have less gradient interference between general language modeling task and
the injected task. We quantify the relation between the task reference gr and the batch gradient
g, which can be further decomposed into gradient from the task tokens gt (if exists in batch) and
non-task tokens gnt , i.e., g = gt + gnt . We fist measure the cosine similarity between task reference
and batch gradient direction, replicating the results in Fig. 2. We additionally analyze whether task
or non-task tokens contribute to this similarity; while task token gradient aligning with task reference
gr is expected, non-task token gradient with non-zero cosine similarity suggests that the language
modeling direction is interfering with the task gradient direction.
Results are shown in Fig. 3. In the top panel, larger models have higher similarity between g and
gr at the injection steps, 0.08 ± 0.02 for the 1B model and 0.04 ± 0.04 for the 300M model, the
similarity typically regresses towards zero between injections. For the 20M model, the similarity
scores oscillate wildly across batches, even at the injection step. In fact, the high similarity between
non-task gradient gnt and gr reveals that for the 20M model the batch gradient similarity mostly
comes from randomly collisions with task direction, with a similarity score of 0.10± 0.09, while for
larger models, gnt is almost orthogonal to gr, with 7.58× 10−5 ± 0.02 for the 1B model, suggesting
little to no gradient interference on this set of neurons.
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