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Abstract

We consider a variant of the stochastic gradient descent (SGD) with a random learning
rate and reveal its convergence properties. SGD is a widely used stochastic optimization
algorithm in machine learning, especially deep learning. Numerous studies reveal the con-
vergence properties of SGD and its simplified variants. Among these, the analysis of conver-
gence using a stationary distribution of updated parameters provides generalizable results.
However, to obtain a stationary distribution, the update direction of the parameters must
not degenerate, which limits the applicable variants of SGD. In this study, we consider a
novel SGD variant, Poisson SGD, which has degenerated parameter update directions and
instead utilizes a random learning rate. Consequently, we demonstrate that a distribution
of a parameter updated by Poisson SGD converges to a stationary distribution under weak
assumptions on a loss function. Based on this, we further show that Poisson SGD finds
global minima in non-convex optimization problems and also evaluate the generalization
error using this method. As a proof technique, we approximate the distribution by Poisson
SGD with that of the bouncy particle sampler (BPS) and derive its stationary distribution,
using the theoretical advance of the piece-wise deterministic Markov process (PDMP).

1 Introduction

Stochastic gradient descent (SGD) stands out as a widely employed optimization algorithm in machine learn-
ing. It falls under the category of stochastic optimization, where parameters are updated with randomness
from the mini-batch sampling. SGD is valued for two main reasons in optimization: (i) it is memory-efficient
and requires only low computational resources by updating parameters from a fraction of the training data
at each iteration (Bottou, [1991), and (ii) models optimized with SGD have less generalization error than
those optimized by other algorithms such as gradient descent (GD) for neural networks (Wu et al., 2020;
Zhu et al., 2019)). Owing to these advantages, SGD has been one of the standard methods for training deep
learning models (Hoffer et al.l 2017 Keskar et al., [2016} [Zhu et al., [2019)).

To understand the properties of SGD, the characteristics of parameters updated by SGD or its variants
have been actively studied. As for the usual SGD, |Garrigos & Gower| (2023) surveyed the results about
the convergence rate of SGD in convex and non-convex settings. It also mentions the global convergence
property of SGD under the strong convexity setting. [Li et al.| (2017)); |Jastrzebski et al.| (2017)) clarified that
the parameter updating process of SGD can be approximated by a stochastic differential equation. [Zhu
et al.| (2019); Nguyen et al.| (2019)) discussed the relation between the random noise of SGD and the escape
efficiency from the sharp minima of the loss function. One example of a variant of SGD is stochastic gradient
Langevin dynamics (SGLD), which is an extension of SGD that adds Gaussian noise to the update formula
of SGD. Raginsky et al.| (2017) analyzed the dynamics of stochastic gradient Langevin dynamics (SGLD)
as a variant of SGD and proved the parameters optimized by SGLD converge to the global minima of the
generalization error. As another example, |Jastrzebski et al.| (2017); He et al.| (2019)); Mandt et al.| (2017)
analyzed the dynamics of SGD with a constant learning rate under the assumptions that the noise of SGD
on the gradient induced by the mini-batch sampling is isotropic, and derived the probability distribution of
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the parameters obtained by SGD. [Latz| (2021) analyze SGD both in the case of the constant learning rate
and of the decreasing learning rate.

Among the methods analyzing the properties of SGD, one of the most general approaches is to study a
stationary distribution of parameters updated by SGD and its variants. The stationary distribution is a
distribution that remains unchanged when the parameter is updated by one step. It is useful in theoretical
analysis, because (i) it can analyze the global dynamics of the optimization algorithm, and (ii) it can be
applied to a wide range of loss functions regardless of its shape. For these reasons, we can use it to investigate
the optimization of complex loss functions such as those used for training deep neural networks. For example,
(Dieuleveut et al.l 2020) studied the stationary distribution of the parameter optimized by SGD when the
loss function is strongly convex, and (Raginsky et al., 2017)) studied the stationary distribution of SGLD
when the loss function is non-convex.

Despite the above advantages, there are not many SGD variants to which stationary distribution analysis can
be applied. This is because, to use the analysis by a stationary distribution, it is required that the direction
of parameter updates by an algorithm does not degenerate; in other words, there must be no directions
that are not being explored. Examples of such variants are (i) SGLD (Welling & Teh| 2011; [Dalalyan) 2017}
Durmus & Moulines| 2016), which adds a Gaussian noise to the parameter update of SGD and (ii) Gaussian
SGD (Jastrzebski et al., 2017; [He et all |2019; [Mandt et al.l [2017), which assumes that the noise of SGD
on the gradient induced by the mini-batch sampling is non-degenerate Gaussian. In contrast, the parameter
update of SGD degenerates in many practical cases, such as deep learning (Zhu et al., 2019; Nguyen et al.,
2019; Simsekli et al., [2019). We remark that we focus on the degeneracy of the update direction of SGD, not
on the distribution of it since there is no clear agreement that gradient noise follows a particular distribution
(the definition of degeneracy is in Remark . Hence, there is a gap between the variants of SGD considered
in the theoretical analysis and the empirical facts about SGD. This gap fosters the following question:

Do parameters optimized by a variant of SGD have a stationary distribution

even if the update direction degenerates - and if so, what is the form of it?

1.1 Our Contribution

We theoretically prove that a variant of SGD has a stationary distribution even if the update direction
degenerates. Specifically, we develop a novel SGD variant with a random learning rate, which follows the
Poisson process depending on a mini-batch gradient. We call the variant Poisson SGD, and prove that the
distribution of a parameter updated by Poisson SGD converges to a stationary distribution. As a result,
we provide a positive answer to the question posed above: even with a degenerated parameter update, it
is possible to construct a variant of SGD that reaches a stationary distribution by using a random learning
rate.

Our specific contributions are as follows. We consider the empirical risk minimization problem and prove the
following results under weak assumptions on the loss function such as absolute continuity: (i) the distribution
of the parameters updated by Poisson SGD converges to a stationary distribution, and (ii) an output of
Poisson SGD converges to the global minima of the empirical risk, applying the stationary distribution while
controlling the inverse-temperature parameter. Furthermore, we evaluate the generalization error of the
updated parameter for prediction with unseen data by studying an expectation of the risk function in terms
of the obtained stationary distribution.

On the technical side, we utilize an algorithm called the Bouncy Particle Sampler (BPS) to demonstrate the
convergence to the stationary distribution by Poisson SGD. BPS is a piecewise deterministic Markov process
(PDMP) that achieves ergodicity using stochastically occurring jumps (Davis, [1984; {1993). In our proof,
we show that the distribution of parameters updated by Poisson SGD can be well approximated by that of
BPS, and we concretely construct the stationary distribution using the theory of BPS.

1.2 Related Work

There are many works which investigate the stationary distribution of SGD or its variants. |Dieuleveut et al.
(2020); |Chen et al.| (2022)) derived the stationary distribution of the parameters obtained by SGD when the
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loss function is strongly-convex, through the theories about Markov processes. The parameters obtained
through the SGLD algorithm are theoretically proven to converge to the Gibbs distribution and generalize
well (Raginsky et al.,|2017)). He et al|(2019) and [Mandt et al.|(2017) assumed the noise of SGD is Gaussian
whose covariance matrix is constant and approximate the process of optimization through SGD by Ornstein-
Uhlenbeck process and derive its stationary distribution. Gradient Langevin dynamics (GLD), which is a
full-batch version of SGLD, can also be seen as a variant of SGD which assumes that the noise of SGD is
Gaussian with a covariance matrix of constant multiples of the identity matrix. Like SGLD, it converges to
a stationary distribution even in non-convex scenarios (Dalalyan, [2017; |Durmus & Moulines, [2016).

In terms of a random learning rate, there are several empirical studies. [Musso| (2020) investigated the
dynamics of SGD with a random learning rate by analyzing the stochastic differential equation and its
Fokker-Planck equation. Blier et al| (2019) showed experimentally that SGD with random learning rates
performs well in optimizing deep neural networks. Note that these studies and ours have several major
differences. The first difference is in the design of a learning rate. Our method considers Poisson processes,
whereas existing methods consider uniform distributions and heterogeneous learning rates for each subneural
network. The second difference is the objective of the study. We aim to evaluate global convergence, while
existing studies aim at interpretability, speed of convergence, etc., and have very different motivations.

As for BPS, Deligiannidis et al.| (2019) and [Durmus et al. (2020) proved that the parameters updated by
continuous-time BPS converge to a stationary distribution and derived the concrete form of the stationary
distribution and its convergence rate. (Sherlock & Thiery| (2022)) clarified the relation between discrete-time
BPS and continuous-time BPS.

1.3 Notation

For a natural number a € N, we define [a] := {1,2,...,a}. For a real z € R, |z] denotes the largest integer
which is no more than z. I is a d-dimensional identity matrix. (a,b) means the inner product in Euclid
space, i.e., sum of the product of each component. || -|; and || - || mean the vector norms which represent

I-norm and 2-norm respectively. S?~! is a unit sphere in R?. For probability measures P, P’ on R% and
p € [1,00], the p—Wasserstein distance is defined as W,(P, P') = infren(p,py([ga [z — 2/|[Bdn(z,2"))'/P,
where TI(P, P’) is a set of coupling measure between P and P’. ||P — P’||Tv denotes the total variation of
P—P'. T :R — R denotes the gamma function, i.e., I'(z) = [;* t*"'e~!dt. B: R xR — R denotes the beta
function, i.e., B(x,y) = fol t*~1(1—t)¥~'dt. For a compact set O, we denote diam(0) = supy, 4,ce |01 —02.
For a random variable X € X, Ex[X] denotes the expected value with regard to X, i.e., fX xdux (dz), where
px is the probability measure of X. 1[-] denotes an indicator function, which takes 1 if the condition in the
bracket is satisfied, and 0 otherwise. We denote a, = max{0,a}. For @ € R and 6 € R?, # mod a means
calculating modulo a for every elements of 6.

2 Preliminary

2.1 Problem Setup: Empirical Risk Minimization

We consider the following stochastic optimization problem. Let Z be a compact sample space, and consider a
probability measure P, on Z. Suppose that we observe n samples z = {21, ..., 2z, } C Z, that are independently
and identically generated from the measure P,. Using the samples, we consider an empirical risk with a loss
function. Let © C R? be a parameter space. With a (potentially non-convex) loss function £: Z x © — R,
we consider the following empirical risk with the samples:

1 n
L,(0) == {(z;0), 6 €O. 1
0= 5> te0) 1)
Our goal is to find a global minimum of the empirical risk L,(-), which is defined as a parameter 6* € ©

which satisfies

L,(67) = min Ly (6"). (2)
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In this study, we consider a torus (R/aZ)? as the parameter space ©, which is one of the natural choices as a
compact parameter space. This setting is commonly used in the analysis of optimization and stochastic pro-
cesses (Monmarché) 2016 Faggionato et al., 2009; Peutrec et al., 2022)), since the compactness of parameter
spaces is an essential for a certain type of studies on SGD, e.g. [Ljung (1977)); Kushner & Yin| (2003)); Bonnabel
(2013); Tripuraneni et al.| (2018)); |Lan! (2020); Boumal (2023). Here, we define W := diam(0) = aV/d.

Remark 1 (Compactness of parameter spaces). We can consider another form of a compact parameter space,
such as a hypercube. In this case, we can make a similar argument to this paper by adding a projection step
of parameters onto the compact space after updating the parameter.

2.2 Gradient Descent Algorithm and Variants

To find the global minimum 6* as defined in , we often use the optimization algorithm called stochastic
gradient descent (SGD) with momentum.

2.2.1 General Form of Stochastic Gradient Descent

We give a formal definition of SGD with a momentum term associated with empirical risk L,() in . Let
K € N be the number of iterations. The SGD with momentum generates a sequence of ©-valued random
parameters 601, ..., 0k and R%valued random vectors vy, ..., vk, by the following procedure.

Let 6y € © be an arbitrary parameter for the initialization, v € R as an initial velocity vector, and m € [n]
be a number of sub-samples, i.e., the batch size. Suppose that we observe the n samples z := {z1,..., 2n },
i.e., the full-batch. For k = 1,..., K, we uniformly sample m integers I*) = {i}, iy, ..., 4,,} from [n], which is
called mini-batch sampling with the batch-size m. We define an associated mini-batch risk as

EP0) = 3 t(z:6). 3)

ieI(k)

Then, with initial values 6y € © and vy € R?, the SGD with momentum generates the parameter and the
velocity vector by the following recursive formula for k =1, ..., K:

O = Ok—1 + Nxvp—1, and Vg = Vg_1 — Oékvjz\;k) (Qk), (4)

where 7, > 0 is a learning rate and o € R is a momentum coefficient. This form is generic and can
be identical to other forms of SGD with momentum (Qian 1999} |Sutskever et al |2013)) by adjusting the
parameters 7 and «.

Remark 2 (Gradient Noise). For the sake of technical discussions below, we define a notion of gradient
noise £ (0) := VLI (0) — VL,(0) for k = 1,...,N and 6 € ©, which is caused by sub-sampling of the
SGD. If one assumes that 5,(:”’")(0) follows a centered Gaussian distribution with an identity covariance, the
SGD corresponds to the gradient Langevin dynamics (GLD). However, it is empirically observed that the
covariance matrix of the gradient noise often degenerates (Zhu et al.,|2019;|Cheng et al.,|2020; [HaoChen et al.|
2021). In addition, there is still much discussion on a distribution that gradient noise follows, e.g. |Simsekli
et al.| (2019) and [Battash et al.| (2024]) reports the non-Gaussianity of the gradient noise in empirical studies.
Due to these situations, we do not consider a full-rank covariance matrix nor a particular distribution of the
gradient noise.

Remark 3 (Degeneracy of the gradient noise). We briefly explain the degeneracy of the gradient noise.
Since the covariance matrix of the gradient noise with the batch-size m is written as

S (THe110) - VL) (Tt(z0) — VL0

where each term in the sum is a rank-1 matrix, the rank of a total covariance matrix is no greater than m.
Hence, in the over-parameterized models like neural networks, the matrix becomes rank-deficient, which we
refer to as degeneracy of the noise.
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Algorithm 1 Poisson SGD
- Initialize (g, vo) as |jug|| = 1.
:for k=1,2,...., K do
Sample I®) C [n] and obtain vZ&k)(Qk) as (3).
Sample 7 as ().
Obtain 0y as 0y = (0x_1 + Nrvgr—1) mod a.
Obtain v as v, = Vg—1 — akVE;k)(Hk) with oy, as @
end for
: Return (O, vk).

® NS gw e

3 Our SGD Variant: Poisson SGD

In this section, we introduce our algorithm, Poisson SGD, which is a variant of SGD with a random learning
rate n and momentum coefficient «. We design our method so that the parameter can search the whole
parameter space owing to the design.

We describe the random learning rate. In preparation, we define the following exponential distribution
function with a function f : © — R? and parameters § € ©,v € S 1

E(f(),6,v) = exp ( /(f{max{(f(@ +rv),0),0) + Cp}dr) ,

where C'p > 0 is some constant. Then, for each update k = 1, ..., K, we design the random learning rate 7y
following the exponential distribution:

P > t) = E(BVLY) (), 0h 1, v_1), (5)

where 8 > 0 is the hyper-parameter of Poisson SGD, called an inverse temperature parameter.

Second, we select the momentum coefficient «y, for each k=1, ..., K as

T (k)
L, Uk

. 2<V A((k@k) Vg—1) e (6)
VL (6,)]12

where Cy, > 0 is the hyper-parameter. While C,, has the function of enhancing the effect of the gradient for
practical use, we set C, = 0 in the theoretical analysis of this paper (in experiments in Section |7} we set
C\, > 0). This setup keeps the length of the velocity vector constant as ||vg|| = 1 for every k (See Proposition
|z| in Appendix), and only uses its angle to update the parameters. We update the parameter by changing ny
and oy, in every iteration. In updating 0;, we consider modulo a, which means calculating modulo a for every
elements of the vector, in order to restrict the parameter space to a torus T = (R/aZ)?. The pseudo-code of
Poisson SGD is shown in Algorithm

The algorithm is designed to effectively explore large regions of the parameter space ©. Specifically, the
update direction is determined by the velocity vector vy normalised by ay as (@, and the size of the update

is randomly set by the random learning rate 7 as . When the gradient VZQ’“) (+) is small, the learning rate
7k is chosen to be large, thus the updated parameter tends to escape local minima or saddle points. Figure
illustrates that Poisson GD, which we refer to as the full-batch version of Poisson SGD explores a wider
parameter space and discovers the global minimum owing to the random learning rate, while the parameters
updated by GD converge to the local minimum. Here, we set the learning rate of GD as n = 0.02 and the
hyper-parameter of Poisson GD as C'p = 100 and g = 10000.

Remark 4 (Moments of Poisson SGD). We claim that even if the learning rate is random, the actual updates
are not too large, by studying its moments. That is, if Cp is sufficiently large, there is little chance of sampling
a large learning rate 7, since the first and second moments of 7, are given as E[n;] < f:o exp(—Cpt)dt = é
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and E[n?] — E[n]? < ;7 2sexp(—Cps)ds — gz = zz. By this property, we can avoid the case in which n,
P P

diverges. In addition, even if a large 7y is sampled, the parameter does not exit from the parameter space

since we consider a torus as the parameter space.

Figure 1: The comparison of the trajectories of GD (with a fixed learning rate) and Poisson GD (with the
random learning rate) in optimizing the function z = x* — 423 — 3622 + y2. Poisson GD represents replacing
the mini-batch loss Ez by the full-batch loss L, in Poisson SGD, where we set L,(x,y) = x* — 423 - 3622 +12.
The point (—3,0) represents a local minimum and the point (6,0) is identified as the global minimum. A
green point indicates the initial position, a black line represents the trajectory of GD, and a red line represents
the trajectory of Poisson GD.

4 Convergence Theory for Poisson SGD

We provide theoretical results on the convergence of Poisson SGD (Algorithm . Our main interest is a
distribution of the generated parameter 6 by Poisson SGD associated with the empirical risk minimization

problem .
4.1 Stationary Distribution of Poisson SGD

In this section, we show that the parameter 6x by the Poisson SGD follows a stationary distribu-
tion. Formally, we define the stationary distribution of the Markov process. In preparation, we utilize
the notion of transition probability Q(6,dw) from a distribution pg(f) to another p;(6) on O, that is,
pi(w) = [o Q(8, dw)po(dh) holds.

Definition 1. Let Q(f, dw) be the transition probability of a Markov process in ©. If the following equation
holds, we call the probability distribution 7 () stationary distribution of the Markov process:

r(dw) = /@ Q(6, dw)r(d6).

A stationary distribution is an useful notion to represent a limit of the parameter distribution, and it enables
us to analyze where the parameter converges by algorithms. For example, see the theoretical framework to
analyze stochastic optimization algorithms by [Raginsky et al.| (2017)).

4.1.1 Assumption

We provide several principal assumptions. First, we consider the basis assumptions on the loss function
£(+;-). The following conditions are fairly general for the analysis of stochastic optimization algorithms, e.g.
[Bertazzi et al. (2022).

Assumption 1 (Loss function). The loss function £ : Z x R? — Rxq satisfies the following conditions:

o U(2;0) is absolutely continuous and differentiable with respect to 6 € © for every z € Z.
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o Vol(z;0) is continuous in 0 and z for all € © and z € Z.
o U(z;) is a-periodic (a > 0), that is, {(z;- + am) = €(z;-) for allm € Z* and all 2 € Z.

The first condition is satisfied by a large class of models, such as linear regression model, or deep neural
networks whose activation function is ReLU or sigmoid function. From the second condition, we define an
upper bound M, := maxgeeo .cz ||Vol(z;0)| since © and Z are compact. The third condition is necessary
for restricting the parameter space to the torus T = (R/aZ)¢, also assumed in [Monmarché¢| (2016)); Nickl &
Ray| (2020).

4.1.2 Statement of Convergence

Let p, i be a distribution of the output g from the Poisson SGD in Algorithm [I| with the given dataset z.
We discuss the convergence of i, x as K increases.

In preparation, we define a probability measure on © for arbitrary 3,e > 0, whose density is written as
1
0) o (833 + L+ a8V LO)] ) exp(-BLu(0))d0 @)

where a4 := I'(d/2)/(y/7T(d/2+ 1/2)). The probability measure (7)) is concentrated around the global
minima of L, (6), since the dominant exponential term exp(—BL,(6)) in (7)) increases in L,(6). In addition, as

. . N o
the inverse temperature parameter 3 increases, the measure uzﬁ concentrates around the global minimum.

We show our results on the convergence of the stationary distribution. The discrepancy is measured by the
Wasserstein distance W (-, -). We remark that this theorem is the integration of Theorem [3|and Theorem
appearing later in Section |5| Recall that we defined W := diam(0O).

Theorem 1 (Stationary distribution of Poisson SGD). Fix arbitrary B, > 0. Suppose Assumption holds.
We set the Cp = 1/e. Then, for any K € N, there exists £(8,¢,d) € (0,1) such that we have

Wi(pzse, 1)) < 4VdKe + W - (8, e,d)". (8)

Moreover, if k(B,¢,d) satisfies img o0 £(B3,0/K,d)X = 0 with some § > 0, there exists a sequence ¢ =
ex \¢0 as K — oo such that Wl(uz,K,,ugﬁ’g)) =0(1) as K — oo holds.

This theorem shows that the parameter distribution p, x by Poisson SGD converges to the stationary

distribution ugﬁ €) owing to the random learning rate . This is contrast to ordinary SGD, which is not

shown to converge to a stationary distribution. Further, Poisson SGD does not make any assumptions on the
gradient noise £ kn’m) in Remark unlike SGLD, which converges to a stationary distribution by introducing
Gaussianity in the gradient noise.

The right-hand side in shows an approximation-complexity trade-off of Poisson SGD described as follows.

In preparation, we will introduce a certain stochastic process to achieve the stationary distribution u;‘“)

(detail is in Section . The first term of describes an approximation error of Poisson SGD to the
stochastic process. The second term of denotes a convergence error of the stochastic process to the
stationary distribution ug -€) , which reflects the complexity of the stochastic process. ¢ is a parameter for

the stochastic process and controls the balance between the approximation error and the complexity error.

We further discuss the additional assumption limg o 5(3,5/K,d)® = 0. This condition is related to the
convergence rate of the approximated stochastic process of Poisson SGD. Although the explicit form of
k(8,0/K,d) is not clarified in our case, there is a common example having its explicit form. One example is
SGLD: |[Raginsky et al.[(2017) shows that a form of xk(8,d/K,d) can be calculated, because SGLD is reduced
to the Langevin process.

Remark 5 (Form of k(5,¢,d)). We discuss a form of k(f,e,d) of other related algorithms, although we
could not achieve the explicit form of k(f,e,d) of Poisson SGD. In the case of Langevin dynamics with
the setting of Raginsky et al.| (2017)), (8, e,d) is Q(crskn/B(S + d)), where cpg is the logarithmic Sobolev
constant. On the other hand, explicitly deriving x(8,e,d) for a class of PDMP is a challenging task as
described in [Deligiannidis et al.| (2019); Durmus et al.|(2020), as well as that of Poisson-SGD.
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Remark 6 (Comparison with SGLD). We discuss the difference between Poisson SGD and SGLD, which is
another method achieving a stationary distribution. First, while SGLD adds a Gaussian noise to the update
formula of SGD, Poisson SGD does not have an additive noise. The second difference is the form of the
stationary distribution. A stationary distribution of SGLD is the Gibbs distribution, and that of Poisson
SGD has the different form . This difference is derived from the random learning rate of Poisson SGD.

Remark 7 (Relation to flat minima). From Theorem |1} we can state the property of Poisson SGD being
easier to go to the flat minima than the sharp minima. We consider the probability of existence around a
flat minimum #; € © and a sharp minimum 6, € ©, when we find that, due to the shape of the distribution,
a measure of an e-neighborhood of 0, is greater than that within an e-neighborhood of #,. Hence, we can
claim that Poisson SGD also tends to favor flat minima.

4.2 Global Convergence

We discuss the global convergence statement, that is, the empirical risk L,(0x) with Poisson SGD is mini-
mized with high probability. We consider the additional assumption for the loss function £:

Assumption 2. With some c1 > 0, sup, ¢z [|VU(z;61)—VE(2;02)| < c1]/01—02]| holds for every 61 # 05 € O.

Then, we obtain the following global convergence theorem.

Theorem 2 (Global convergence of Poisson SGD on empirical risk). Fiz arbitrary 8, > 0. Consider Poisson

SGD in which Cp = 1/e. Let the upper bound of Wh (12, i, u(zﬁ’e)) obtained in Theorem be di (B,¢e,d). Also,
suppose that Assumption and hold and define B :=sup,cz ||V{(2;0)|. Then, it holds that

. 1/d eW?2c 8 aq(ciW + B)
— < — — - P .
EOKNIlz,K[LZ(eK)} Iarélél Lz(e) < ((31 W + B) W dK(ﬁ,E,d) + ﬂ (2 log P + 10g (1 + M, ))
(9)

Theorem [2| states that we can make E[L,(fk)] be arbitrarily close to mingeg L4(6) by selecting large 3,
provided that we can make dg(53,¢,d) arbitrarily small by the choice of € and K in spite of 3. Intuitively,
Poisson SGD achieves global convergence by appropriately adjusting the learning rate and momentum co-
efficient based on the shape of the loss function at the current location. Poisson SGD achieves the global
convergence by the similar approach of global convergence of SGLD by [Raginsky et al.| (2017)).

The right-hand side of @ is divided into two terms. The first term expresses the distance between the
parameter and its stationary distribution. The second represents the degree of concentration of the stationary

distribution ,u;ﬁ ) on the global optima. The higher the inverse temperature 3, the more the term decreases.

5 Proof Outline

5.1 Overview

We give an overview of a proof of Theorem In preparation, we present several key concepts: (i) the
property of the piece-wise deterministic Markov process (PDMP) (Davis, |1984; 1993), and (ii) the ergodicity
of bouncy particle sampler (BPS) (Peters & de With, [2012). The PDMP is a class of Markov processes
that behave deterministically for some period and jumps randomly, which easily converges to a stationary
distribution. BPS is a stochastic algorithm in the class of the PDMP.

We show the statement by the following steps: (I) We show that the distribution of the parameter by Poisson
SGD is sufficiently close to that of a parameter by BPS. We show this claim by using the approximation
theory on PDMP (Theorem , and (II) We derive a stationary distribution and the ergodicity of BPS,
following previous researches (Theorem .

5.2 Design of BPS

We introduce BPS, which is one of the most popular algorithms in PDMPs, and actively studied in terms
of MCMC algorithm (Deligiannidis et al., [2019; Bouchard-Coté et al., 2018]). BPS generates a sequence of
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Algorithm 2 Bouncy Particle Sampler

- Initialize (6o, 7o) as ||To = 1.
2: for k=1,2,..., K do

Sample i as A ~ P > 1) = exp (= Jy {B(VLy(Beor +151-1), o)+ + Arer + Ci}er )

Update §k as 5k = (é\k_l + NxVk—1) mod a
5:  With probability py as , update U, as

—_

o

=

o (VLa(Bh). Din)

Al VL, (0,
Lo

U = V-1 —
Otherwise, update vy as
Op, ~ Unif (S41)

6: end for _
7: Return (O, Uk)

parameters {@\k}ﬁil C © and velocity vectors {T; }X_, C R? in its recursive manner, as shown in Algorithm
Let (6g, 7o) be the initialization. For the k-th iteration, BPS generates a learning rate 7 from an exponential
distribution whose intensity depends on the previous pair (fx_1,70;—1) and the positive constants Ao and

Cp. In the same way as Poisson SGD, we calculate modulo a when updating §k for restricting the parameter
space to a torus. After obtaining the parameter 6, we consider the stochastic update of the velocity vector.
That is, with the probability

s BVLB).Bea)s + C
/6<VLZ(0]€)76]€—1>+ + Aref + CB’

we update the velocity vector with the gradient of the full-batch loss VL,, otherwise with the sample from
the uniform distribution on S¢~'. The former update is called reflection, and the latter is refreshment. We
remark that |[Ug|| is constant for k = 1,2,..., K in the same way as Poisson SGD (See Proposition [7 in
Appendix).

(10)

5.3 Connect Poisson SGD and BPS

We show that the output distribution of Poisson SGD and that of BPS are sufficiently close as follows:

Theorem 3 (Distance between Poisson SGD and BPS). Fiz arbitrary 5, > 0. As for Poisson SGD, we set
Cp =1/e. As for BPS, we set Art and Cp as Aot + Cp = BMy + 1/c. Let the distribution of the obtained

parameter by Poisson SGD and BPS be pi, k and [i, i respectively. We set the same initial value between
Poisson SGD and BPS. Then, the following holds:

Wiz iz i) < 4VdKe.

For proving this theorem, we calculate the distance between Poisson SGD and BPS by a one-step update.
Then, we simply accumulate this error for K times. In this discussion, we mainly use the property that if
learning rate n; and 7y, are small, the difference of v and vy, is also made to be small. This type of discussion
is also used in |[Raginsky et al.| (2017).

5.4 The Stationary Distribution and Ergodicity of BPS

We investigate the stationary distribution and ergodicity of BPS. First, we define the term ergodicity.

Definition 2 (Ergodicity). We consider the discrete-time Markov process. If the process converges to a
unique stationary distribution, we call the process has the ergodicity. Especially, if the ergodic process
converges to its stationary distribution by the exponential rate about the number of iteration k, the process
is called exponentially ergodic.
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Without ergodicity, the stochastic process may converge to more than one stationary distribution, or not
converge to any stationary distribution due to stacking to a saddle point in the parameter space. So we have
to prove this property when we try to analyze the stationary distribution of a stochastic process.

Now, we show our result about BPS.
Theorem 4 (Stationary Distribution of BPS). Suppose that Assumptzonl holds. Set the pammeter of BPS,

Ares and Cp as in Theorem@ Then, the distribution ji, i of the obtained parameters HK by BPS satisfies
the following inequality with some constant x(B,e,d) € (0,1):

iz — M(’B E)||Tv < K(B,e,d)

In its proof, we use the discussion in Deligiannidis et al.| (2019) which showed that continuous-time BPS
converges to the unique stationary distribution 7 () o exp(—U(6)) by the exponential rate in TV distance.

6 Generalization Error Analysis

We define an expected risk of § € ©, also known as the generalization error L(0) := E,.p, [¢(z;0)], which
measures a prediction performance with unseen data. We calculate the generalization error of the parameter
obtained by the Poisson SGD, using the discussion in [Raginsky et al.| (2017)).

Now, we give our results. We define A := sup, .z |[¢(2;0)| by following Assumption

Theorem 5 (Generalization Error of Poisson SGD). Suppose that Assumptz'on and@ hold. Let Ok be the
parameter obtained by Poisson SGD with Cp = 1/e. Then, we obtain the following bound:

Eanpr [Eoxcmps e [L(0)]] — min L(6)

A oA 1/d. eW?cp aqC,
< (/W W ~d “d Bl st ovoar Qdd
<(ca +B)< di (B, e,d) + 2W <<n> +<n> +ﬂ(210g p +log(1+ A, ,

where di (B,€,d) is the upper bound of the Wasserstein distance in Theorem |1, Cq = 4aq(ciW + B)/Mo,,
Ch=Cq+ BC and C = c;W? +2BW + 2A.

Theorem [5] states that the expected value of the generalization error of Poisson SGD can be arbitrarily close
to its global optima in 6 € O, by selecting small ¢, large K, large 8, and large n, provided that dx (5,¢, d)
can be arbitrarily small only by the choice of € and K.

We further discuss a way of improve an order of the generalization bound in Theorem [5] While our bound
has the order O((1/n)'/*), we can obtain an order O(1/n) by using the dissipativity condition of the loss
function, which is used in [Raginsky et al.| (2017) for SGLD. The dissipativity condition allows us to derive
log-Sobolev inequality for L,(#), which leads the improved sample complexity. We state this fact in the
following proposition.

Proposition 6. Suppose that the same condition and setting as Theorem[4 hold. In addition, we assume that
the Gibbs distribution zéﬁ) ox exp(—LBL,(0)) satisfies the log-Sobolev inequality for any dataset z= {z1, ..., zn },
that is, E[f(0)%log f(0)%] —E[f(0)*]log E[f()?] < ¢ B)E[HVf( 0)|%] holds for all smooth functions f and any

data z={z1,...,2n}, where 0 ~ uﬁ")

B2 [Bogc g i [L(05)]] — min L(6)

N QC(ﬁ)ﬂMZ>

and c( ) < 00 is a constant. Then, the following holds:

< (aW 4+ B) < Wk (B,e,d) + W\/Qc log (1 + aafeMy) + — 10g (eVVchB) .

26
7 Experiments

We give several experimental results to validate our theoretical claim. For all experiments, the detailed setup
is described in Section

10
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7.1 Convergence to Stationary Distribution

We consider a distribution of parameters updated by Poisson SGD, then experimentally validate whether the
distribution converges to the derived stationary distribution as the number of updates increases. Specifically,

we numerically study whether the distribution p, g of parameters generated by Poisson SGD converges to

the theoretical stationary distribution ugﬁ ) we have derived.

10 epoch 100 epoch 1000 epoch

10

10 = 10
10 10

Figure 2: Sample from Poisson SGD for 10 (left), 100 (middle), and 1000 (right) epochs.

We describe an outline of the setup. We set d = 2 and
consider a parameter § = (1, 603) in the 2-dimensional torus

O = (R/aZ)?* with a = 20. The loss function is set as £(z;0) = -

(03 —03)23+ (03 — 63)x3 —y)?, then the stationary distribution

11559 is well approximated by exp(—p3'(0? — 602 —1)?), where 3/ gt

is a constant multiple of 3. Hence, the stationary distribution g

u;’@’a) concentrates around a set {(61,602) € © | 2 —02—1 = 0}. é .

We obtain the numerical distribution p, i of the parameter ¢ é

by Poisson SGD for 10, 100, and 1000 epoch. 2 151

Figure El shows the distribution . g on the parameter space % 10 1

©. We remark that the value of the parameter is in [0, 20] since =

the parameter space is the torus (R/aZ)?, and the tick starts 5 _

from 10 instead of 0 for the sake of clarity. The contour shows B Lo

the value of (02 — 03 — 1)2. As the epoch increases, the pa- ol = SIGD =1
rameter sampled from Poisson SGD is distributed around a set 0 100 200 300 400 500 600 700 800 9001000
{(61,602) € © | 62 — 63 — 1 = 0}. This shows that the param- Epoch

eter distribution by Poisson SGD converges to the stationary Figure 3: Wasserstein distance from the dis-
distribution “;ﬁ’g)‘ tribution of parameters updated by SGD

Also, Figure [3]shows the Wasserstein distance between the sta- (orange) and Poisson SGD (blue) to u;ﬂ ),

tionary distribution ﬂ; <) and the distribution of parameters

learned by SGD or Poisson SGD. The horizontal axis represents the epochs and the vertical axis shows
the Wasserstein distance. While the Wasserstein distance does not converge in the SGD case, it converges
toward zero in the Poisson SGD case. This result indicates that the parameter learned by Poisson SGD has

the distribution p, g which converges to the stationary distribution ,u;B €,

7.2 Optimization and Generalization Performance

We verify the training and generalization performance of Poisson in a practical situation. Note that our aim
is not to develop an effective method with high generalization performance, but to develop a method that
can evaluate the global convergence.

11
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MNIST Dataset We conducted experiments with the MNIST dataset (Deng, 2012). We consider a fully
connected neural network of 4 layers, and each layer has 200 units and the sigmoid activation function. We
compare the performance of Poisson SGD with SGD, SGD with Momentum, and SGLD.

Figure [4] shows the result, the misclassification ratio (%) against the number of epochs. We can see that
Poisson SGD achieves sufficiently low errors, suggesting that it achieves a good minimum. In addition,
Poisson SGD converges faster than other methods.

Training Error Validation_Error
80 80
60 60
40 \\ 40
\\\
20 e 20
. __ FEpoh
0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140

SGD with momentum =— SGLD =— SGD

Figure 4: The comparison of the train error rate and valid error rate when optimized by Poisson SGD, SGD,
SGD with momentum, and SGLD for 4-Layer DNN on MNIST.

CIFAR-10 Dataset We conducted experiments with the CIFAR-10 dataset (Krizhevsky et al.l [2009). We
trained a convolutional neural network of 3 layers with the ReLU activation function, a 3 x 3 kernel, and the
dropout rate 0.25. We compare the performance of Poisson SGD with SGD, SGD with Momentum, SGLD.

Figure [5| shows the result. The vertical line shows the misclassification ratio (%) and the horizontal line
shows the number of epochs. Although Poisson SGD is not the best method, it achieves sufficiently low
errors, suggesting that it achieves a good minimum. In addition, it also achieves good accuracy comparable
to that of SGD.

Training Error Validation Error
v N Wi
80 80 i\
Y —— N T
60 - —— —— s 60 W T e
" o W,
40 Tl
M"\*Aw.-, 40 M'\"\‘«
‘"M\\.._\“ e S N ™
20 kae " SN oy g 20 A et = SRS
Epoch
5 p 0 Epoch
0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350
SGD with momentum = SGLD = SGD

Figure 5: The comparison of the train error rate and valid error rate when optimized by Poisson SGD, SGD,
SGD with momentum, and SGLD for CNN on Cifar-10.

8 Conclusion

We developed a new variant of SGD, Poisson SGD, whose search direction degenerates and derived its
stationary distribution by incorporating a modification on the learning rate. The parameters trained by
Poisson SGD are close enough to the global minima to take advantage of convergence to the stationary
distribution. The generalization error is also evaluated. We believe that our work leads to the analysis of
the actual SGD dynamics in the future.

12
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A Supportive Information

A.1 Normalization by Momentum Coefficient

We verify that the velocity vector is normalized by the choice of the momentum coefficient for Poisson SGD
and BPS.

Proposition 7. Consider the update for vy, with its momentum coefficient @ Then, for Yk €
{1,2,..., K}, we have ||vg|| = 1. Further, for ¥j, defined in Algorithm [, we obtain |[U| = 1 for every
k=1,.. K.

Proof. We first consider v with the Poisson SGD case. Simply, we have

(VL (01), ver) o7 n)

vkl ={|vk—1 — = VL, (MH
VL (60|12
=|||Iq— ZVE;k)(ek)VZ;k) oM Vk—1
VL 0]
~(k ~(k 2
Ay (1 2VL; )(0,) VI (0))T .
—\| Yk | =(k) 2 b=l
VL™ (0r) |
=[lvk—1]l-
Since we set ||vg|] = 1 for initialization, the statement holds.

For vy with the BPS case, the reflection does not change the norm of 7y, in the same way, and the refreshment
also keeps ||Uk|| = 1, which completes the proof. O
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A.2 Details of Experiments

A.2.1 Details of Section [7.1]

As a design of the experiment, we set a distribution of a sample z = (x,y) as = (21, 22) ~ (Unif(-5, 5))®?
and y|z ~ N (22 + 22,1) hold. For training, we set d = 2 and consider a parameter § = (f1,603) € © and a
loss function £(z;0) = ((6% — 02)x? + (02 — 62)22 — y)?, then update the parameters by Poisson SGD with
n = 10000 samples, batch size m = 100. For the training of SGD, we set its learning rate as 0.002. Since
the empirical risk L, (6) is approximated by E. nr(0,1),21 .2, [{(07 — 03)27 + (07 — 63)23 — (2 + 23 +¢)}?] =
(02 — 03 — 1)°E,, +,[{(2? + 23)?] + (const) and the dominant term of ugﬁ’e) is exp(—pfL,(0)), the stationary
distribution ,ug <) s approximated by exp(—f3'(67 — 03 — 1)?), where ' is a constant multiple of 3.

A.2.2 Details of MNIST Experiment in Section [7.2]

We consider a fully connected neural network of 4 layers, and each layer has 200 units and the sigmoid
activation function. We compare the performance of Poisson SGD with SGD, SGD with Momentum, SGLD.
We set the batch size as 256, the learning rate of the SGD, the SGD with momentum and SGLD as 0.01, and
the momentum coefficient as 0.9. We choose the hyperparameter of Poisson SGD as Cp = 100, C, = 100,
and 8 = 10000. We also use 8 = 10000 for SGLD. We use 60000 images for training and 10000 images for
validation.

A.2.3 Details of CIFAR10 Experiment in Section [7.2]

We trained a convolutional neural network of 3 layers with the ReLU activation function, a 3 x 3 kernel,
and the dropout rate 0.25. We compare the performance of Poisson SGD with SGD, SGD with Momentum,
SGLD. We set the batch size as 256, the learning rate of SGD, SGD with momentum and SGLD as 0.01, and
the momentum coefficient as 0.9. We choose the hyper-parameter of Poisson SGD as Cp = 100, C, = 1, and
£ = 10000. We also use 8 = 10000 for SGLD. We use 45000 data for training and 5000 data for validation.

B Proof of Theorem (1]

Proof. By Theorem [3]and [d we can bound the approximation error
Wi (M. i Tl i) < 4VdKe,
and the convergence error of BPS as
iz, — 1859 vy < K(B,e,d)F.

From Theorem 4 in |Gibbs & Sul (2002)) (explicit form is Theorem in Appendix , we can bound the
Wasserstein distance by the total variation, then obtain

Wi (i, i, 1)) < Wiz = n9 lrv < Wa(B,e, ).

The triangle inequality completes the proof. O

C Proof of Theorem [3

Proof. We omit the procedure of calculating modulo a since it does not have any effect on our discussion
from the periodicity of the loss function. From the definition of Wasserstein distance,

Wilkta e frar) = inf - Ex[l6 — Bell]
TE(Uz, ks Moz, k)

holds, so we study the distance between ), and 8 in terms of the norm I |l1- Since ||vg|| = ||[ve—1ll = [|Uk|| =
||[Uk—1]| = 1 holds by Proposition |7} we have

B [0k — Okll1] =Exlll0k—1 + mrve—1 — Bk_1 + 7x0r—1)|11]
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<Erll10k-1 — Ox1ll1] + Exlll G — ) Be—1 + me(T—1 — vi—1) 1]
<Erlll0k—1 — Ox—1ll1]) + B[l G — m)0k—1111] + Eor |1 (@1 — vr—1) 1]
<Er[05—1 — Op—1]l1] + VAE [k — ] + 2VdE ], (11)

where we use || - |1 < V4d|| - | in the last inequality.
We first evaluate the second term of (11)). There exists a coupling 7 such that

Erllme = kl] = Wai(Py,., Ps, )

holds, where P,, and PA denote the distribution of g, and 7, respectively. We use such a coupling as
m. In evaluating W1(Pnk,P ), we consider the following analysis. 7, and 7, are 1-dimensional and their
cumulative distribution functlon is written as

Fi(t)=1—exp (—/0 (BIVL®) (6 + rv), v) 4 + C’p)dr) ,

t
Fy(t) =1—exp (—/ (B(VLz(0 +1v),0)4 + Cp + Aref)dr) ;
0
respectively, and we also have
BVLM (0 +rv),0) 4 + Cp > Cp,

< (0+7”U), >++CB+ArcfZOB+Arcfa and

(BVLE) (0 + rv),0) 1 + Cp) — (B(VLg(0 + rv),v)4 + Cp + Aver)|
<max{| — My + Cp — (Cp + Avet)|, |[BM¢ + Cp — (C + Aver) |}

Hence, we can use Lemma [§ and obtain

max{| — BM; + Cp — (Cp + Aver)], |BMe + Cp — (Cp + Aref)|}

WilPo, ) < Cp(Cp + Aver) (12)
Next, we evaluate the third term of . We have
Bl = [ Pl > 0
= /OOO exp (— /Ot{ﬁ(VEgk)(Ok_l + rUE_1), Ug—1)+ + Cp}d?“) dt
< /OOO exp (—Cpt) dt
— (13)
Substituting and into , we have
Er[[10x — Oklls] <Er[[10k—1 — 01 1] (14)
| Vdmax{] = fMy + Cp = (Cp + Aser)|, [BMe + Cp = (Cp + M)} 2V
Cp(CB + Arer) Cp

Since we take C'p in Poisson SGD as Cp = 1/e and Cp and A.s in BPS as Cp + Ay = SMy + 1/¢,
can be written as

E [0k — Okll] <Ex[|l0k—1 — Or_11] + 4V/de.
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Hence, solving this recursive inequality with 6y = (/9\0, we have
Eﬂ—[”e[( — GKHI] S 4\/&K€,
which is the desired conclusion. O

Lemma 8. Let a; and as be R-valued random variables whose cumulative distribution functions are

Fi(t)=1—exp (- /Ot fl(r)dr> . and Fy(t) = 1 — exp (- /Ot fg(r)dr> ,

respectively, where f1, fo : R — R are continuous functions. Let the distributions of a1 and as be Py and
Py respectively. Suppose that there exists M,my,mo > 0 such that |f2(t) — f1(t)] < M, my < fi(t), and
ma < fo(t) hold for Vt € R. Then, the Wasserstein distance between Py and Py satisfies

Proof. Since a; and ay are 1-dimensional, we have

Wi (P, Py) = /0 IF7 Y (q) — FyY(a)| da.

We introduce several notation &(r) = fa(r) — fi(r), t = F; *(q), and t' = F; *(gq), then

1
1—gq

/0 fi(r)dr =log

| i)+ 8y 1oy =
0

—q
/ﬂt Fi(r)dr = /0 sy

holds. So, we obtain

Hence, we have

t max{t,t'}
Ji(r)dr =/ fi(r)dr < Mt
t! min{¢,t’}
In addition, frﬁiﬁt;;} fi(r)dr > my|t — t'] holds, so we have
oMy
t—t| < —.
my

We have the upper bound of ¢’ as

1 v
log = / fa(r)dr > mat’,
q 0

so we have

, M 1
[t =1 <
mims 1—g¢q

Since fol [log(1 — q)|dg = 1 holds, we obtain

1
i |Fy ' (q) — F5 ' (q)| dg <
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D Proof of Theorem {4

We prove this theorem by two steps. First, we prove that BPS has u; <) as one of its stationary distributions

in section At this stage, BPS may have other forms of stationary distribution or may not converge to
its stationary distribution. Second, we prove that BPS has a unique stationary distribution and converges
to its stationary distribution at exponential rate, in other words, it has the exponential ergodicity, in section

D.2

D.1 The form of the stationary distribution

In this section, we check that BPS has u;ﬁ’s) as a stationary distribution. In the proof, we define A(6,v) :=

B(VL,(0),v) 4, M6,v) := X\(0,0)+ A, and R,(0) := Id—2%w. We remark that R, is a symmetric

matrix and satisfies R,(6)? = I, so it is also an orthogonal matrix.

From the proof of Lemma 1 in the supplementary material of Deligiannidis et al. (2019)), we can write the
transition probability Q of BPS as following for arbitrary measurable sets A C © and B C S

@((0,1}),14 x B) :/ exp {/ (/_\(0 + wv,v) + Cp) du}
0 0
x (A0 + uv,v) + Cp) K((0 + sv,v), A x B)ds, (15)
where a transition kernel K is expressed as

K((6,v), A x B) :Wﬂ

Aref
NI
)\(97 ’U) + CB

[0 € A]1[R,(9)v € B] (16)
1[0 € A]punit(B),

where fiunif is the uniform probability measure on S~ 1.

Lemma 9. Under Assumption a probability measure on © x S1

f1.(A x B) /A (30 =) + C) exp(=BL(0)) o)

is the stationary distribution induced from the transition probability @ as (15]).

Proof. We omit the procedure of calculating modulo a since it does not have any effect on our discussion from
the periodicity of the loss function. Our proof is almost the same as the proof of Lemma 1 in Deligiannidis
et al.| (2019)). Let 7, (df, dv) = exp(—BL,(0))d0unit(dv).

First, we prove
/(5\(970) b Cp)ma(d0, dv)K((0,0), A x B)  fia(A x B). (17)

Substituting , the left side of is rewritten as
/ (0, dv)(AN(0, v) + C)1[0 € AJ1[R,(0)v € B] + / (0, d0) Arer 1[0 € Aljtanic(B).
We consider changing the variable as v = R,(6)v. Since R,(6)~! = R,(6) holds, we get \(0, R,(0)"1v') =

A(@, —"). In addition, since |det(R,(0))| = 1, and prunit(Rz(0) "1dv’) = punie(dv’) hold due to the rotational
invariance of fynif, we obtain

/ 7 (d6, ') (M0, —') + C) + / (A0, dv') Aver,
AxB

AxB

which is proportional to the right side of from the definition of fi,.
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Second, we prove f@((ﬁ,v), (dy, dw))fiz(dO, dv) = [iz(dy, dw). We have
[ 6.0, @y dw))ia(ao, av)

oc/o exp (—/0 IO + uv,v) + C’B}du> {\(0 + sv,v) + Cg}
x K((0 + sv,v), (dy, dw)){\0, —v) + Cpym,(d6, dv)ds.

If we change 8 as t = 0 + sv, then this integral becomes

/0 exp <_/0 (Xt + (u— s)v,v) + C’B}du> {\(t,v) + Cp}
x K((t,v), (dy, dw)){\(t — sv, —v) + Cp}m,(df, dv)ds.

Since L,(0) is absolutely continuous,

exp(—BLy(t — sv)) = exp (—ﬂLZ(t) - /Os At — wv, —v)dw + /OS At — wo, v)dw)

holds in the same way as [Deligiannidis et al. (2019). Substituting it into m,(dz,dv) and changing u as
u—Ss=—w,

/0 exp (/0 It —wv, —v) + CB}dw) {\(t — sv, —v) + Cplds
x{\(t,v) + C}K((t,v), (dy, dw))m,(dt, dv)

holds. The first line can be calculated as [—exp (— [y {\(t — wv, —v) + C’B}dw)]go =1, so it is equal to

[ 0) + o ((0) g, ) ),
Using , it is proportional to fi,(dy,dw), which completes the proof. O

By the following proposition, we prove that ,u;ﬁ ) is one of the stationary distributions of BPS. Recall that
we defined a4 :=T'(d/2)/(v/7T(d/2 + 1/2)).

Proposition 10. The marginal distribution of the stationary distribution expressed in Lemma[g is written
as
12(dO) o (Aret + Cp + aaB||VL(0)|]) exp(—BL(0))do.

Hence, if we put Aver and Cp as Aes + Cp = BMy + 1/¢, it corresponds to ugﬁ’s).

Proof. We only need to integrate with v the distribution fi, expressed in Lemma @ We have

iz (dO) oc/ (Avet + Cp + B{(VL,(0), —v)+) exp(—BLy(6))d0 trunis (dv)
vesd—1
=(Aret + C) exp(—fLz(0))d6 + exp(—BLy(0))dOSEy e [(VL2(0), v) 4]
We can calculate the expected value in the last term as

EUN“M”KVLZ(Q), v)4] = EvN/tumf[ |VL,(0)[|(cos @) 4] = | VL, (9)||Ev~uumf[(cos ?)+];

where ¢ € R is a random variable dependent on v which satisfies

NAZON
s = (@) 18)
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From the symmetry of the uniform distribution, we can calculate E, ., [(cos ¢)4] by replacing Hgé% in
by (1,0,---,0). Hence,

T
E’UN ir [LCOS = EUN unit [\V =E 2. 1.2
prunie [(COS 0) 1] pranie [ (V1) +] l( z%+~~+x3>+]

holds, where vy is the first component of v and z;(i = 1, ...,d) is 4.i.d. standard Gaussian variables.

For (z1,...,zq) ~ N(0,1;), we have

22 22
/ L e M) don - dzg
—l—scd ra \| 22 —i—zd (2m)d/2 2
/ 12 exp (—r/2) 5@ D/2= L exp (— 8/2)drds
ey S (VL=
1/2—1 d—1)/2—1
:/ tl/Qt/ 17t)( )/ it
(0,1]

E

B(1/2,(d—1)/2)
_ B(,(d-1)/2)
B(1/2,(d—1)/2)
F(I((d—1)/2)I'(d/2)
L(1/2)T((d —1)/2)T'(d/2 + 1/2)
_ I'(d/2)
-~ /Al(d/2 +1/2)°

Note that for all d > 2,
1 I'(d/2) 1
< <

V2 T T(d/2+1/2) = \/dj2—1/2

holds (e.g., see |Qi & Luo| (2013)). Therefore, for all d > 2, we have

L m Y (d/2) c |2 1
Ftan) | 2/Ad2+1/2) T | Vord \2r(d—1) |

D.2 The exponential ergodicity of BPS

The next proposition is on the minorization condition of the 2-skeletons of BPS on the restricted domains.
In short, minorization means that the stochastic process can go from any measurable set to any measurable
set in the parameter space, which is a sufficient condition for the exponential ergodicity in the compact
parameter space. 2-Skeleton means 2 step of the stochastic process. This proposition completes the proof of
Theorem [4l

Proposition 11. Under Assumption[d] the 2-skeletons of BPS satisfies the minorization condition; that is,
for some ¢ > 0, for all (0,v) € © x S~ and all measurable E C © x S™1, we have

Q*((6,v),E) > ¢ / / 1[(8,v) € E]dfpiunic(dv).
@ Sd—l
Moreover, BPS is exponentially ergodic in total variation distance.
Proof. We partially follow the proof of Lemma 4 in Deligiannidis et al.| (2019). In the proof below, we

omit calculating modulo a for 67 and 6; + tvy, since it does not have any effect on our discussion from the
periodicity of the loss function.

21



Under review as submission to TMLR

Let f : © x S®~! — [0,00) be a non-negative and bounded function. We also use the notation M’ =
SUp (g, ecoxsi-1(A(0,v) +Cp) < oo. By considering the event where the first update of v is refreshment from
Unif(S?~1), we see that for any (fp,vp) € © x S~

/ £(0,0)Q2((60, v0), (d6, dv))

OxSd-1

- / / F(0,0)0((01, v1), (6, dv))D( (B0, vo), (6, v )
OxSsi-1 JOxsd-1
Are . =~

> 3k, [ S0 v), (@8, do)) e (dr)

holds. We also obtain that for T ~ Exp(M’), Vi, Vo ~d- Unif(S?1), we have

inf F(0,0)Q((01,v1), d0dv) s (dvy )
01€0 Jgxgd-1

Are
> inf SER[L6 +TVi € O]f (6 +TV1, Va)

2

. A M
> euge ﬁ 0oy i 101 + tvy € Ole M LF(01 + toy, v)dt pranis (dv1) pranie (dv)
1 0,00) xS4—1 xSd—

A2 67M'diam(@)
> inf mf—, 1[0y + tvy € ©]f (61 + tvy, v)dtpunis (dvr) prunie (dv)
01€0 M [0,00) xSd—1xSd—1
— inf M 1[0 € ©]f(0,v)|60 — 6 Hlfddg it (dv)
B 911%9 M’ O xS§d—1 v ! Hrunif {4V

A2 fefM'diam(@)
> ref” 9 A0 (d 7
= M'diam(©)4-1 /@x§d—1 F(0,0)d0pnie (dv)

where the second last equality uses a change of coordinates. Since f is generic, the minorization condition
holds. Harris’s theorem thus gives the exponential ergodicity of BPS. O

E Proof of Theorem

Proof. We prove in the same way as the proof of Theorem 2.1 in Raginsky et al|(2017)). Let 8, be a random

variable satisfying 6, ~ ,ugﬁ ’E), where u;ﬁ’s) is defined in . We denote Ok ~ i, k as the output of Poisson

SGD (Algorithm [T). We have

B, [Eo [L(6xc)] - jnf L(6)

= Ea[Eo, [L(0K)] — Eo, [L(0,)]] + {Ea[Es, [L(0,)] - inf L)},

and the second term of right-hand side is written as

E,[Eg, [L(6,)]] - juf L(0)

= B0, [L(6,)] - BulEn, (Lu(0,0]) + (EalBo, [La6,)] - jnf £))

Letting 6° = argmingcg L(6), the second part of the right-hand side in the equation above is

EulE0, [22(6,0]] - juf 200) =EulE, [£2(0,)] - jof L.(6)] + (Ex | juf 0) ~ £.(6°)) )

<E, [EQM [Lz (QM)] - 9116% L, (6>]
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As a result, we have

Ez[Eo, [L(0x)]] — inf L(6) <Eq[Eo, [L(0x)] — Eq, [L(6,)]] (19)
+EL[Eo,, [L(0,)] — Eo,, [La(0,)]] (20)
+E, [EOH [Lz(eu)] - elg(g L, (9)] (21)

To evaluate the terms , , and 7 we prepare the following lemma to calculate the upper bound of
the difference between two expected value by the Wasserstein distance.

Lemma 12. Consider probability measures p and v on ©. Suppose that sup,cz |¢(z;0)] < A and
sup,cz [|VL(z;0)|| < B hold. Then, we obtain

B, ~nl€(z;01)] — Eoynn[£(2302)]] < (a1 W + B)y WWi(p,v), and (22)
[Eo, ~pu[L(01)] = Egyon [L(02)]] < (1 W + B)v/ Wi (1, v). (23)
Proof. Under the assumption, Lemma 3.1 in [Raginsky et al.| (2017)) holds. Hence, we have
V(2 0)|| < e1]|0]] + B,YO € ©,Vz € Z (24)
Uz6) < S 6]° + Blo] + A,¥9 € 0,9z € . (25)

Moreover, from Lemma 3.5 in [Raginsky et al.| (2017)), for arbitrary two probability measures p and v, if we
let
0% = max{Eq, v [[101]°], Eg, ~o [[162]°]},

then we have
[Eo, ~pu[€(2501)] — Egynn [€(2302)]] < (c10 + B)Wa(p, v).

Obviously, it also holds that
B, ~p[L(01)] = Egynn [L(02)]] < (cro + B)Wa(p, v).

Since we have o < W and Wa(u,v) = infrengn(fo Iz — 2/|2dn(z,2)Y? < infrenun)(Jo Wz —
Z||ydm(z, 2'))/? = \/WW;(u,v), we obtain the statement. O

We start evaluating each of the terms (19), (20), and (21)).
First, we study . From in Lemma we have

Eo [L(01)] — Eo, [L(0,)] <(eW + B)y WW (a1, 1)
<(a1W + B)y/Wdk(B,¢,d). (26)
Second, we evaluate using the same approach as Raginsky et al.| (2017)). Here, we need to evaluate
Eq, [0(2;0,)] — Eg,, [0(2;0,/)],

where z € Z is an arbitrary sampled data, 8,/ ~ u;{g’a) and ,ug <) is the stationary distribution of BPS when

one of the data z; is changed to arbitrary z; € Z and 2’ is a dataset with replacing z; to Z;, and Ly, be its
corresponding empirical risk. From in Lemma we have

Eo, [((2;60,)] — Eq,, [€(2;0,)] <(cxW + B)Wa(ul=), )

DB *
(W + B)C,s \/Dwéﬂ’s’mi?’s’w((“ e )
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where D(||-) is KL-divergence and

—omf (L3 AMOI? :
Cp = 2)1\1;% ()\ (2 +log/@ (d9) ,

which is from Corollary 2.3 in Bolley & Villani| (2005|) (explicit form is Theorem E in Section . Also,
since we have ||0]] < W, Cy» < 2W holds. We denote the density functions of u(ﬁ E), u(? <) as Pz, Dz, and the

normalization constants as Az, A, respectively. Let us calculate D(M;ﬁ * Hﬂ(ﬁ *“’). We have

pa(0) _ Ae SMy+1/e+ aaB|[VLL(0)]
pe(0)  As BMy+1/e+ aafl|VLy(0)]

exp (=f(Lz(0) — L (0))) , (27)

so in order to obtain the upper bound of D(,u;ﬁ’s)H,ug’s)), we suppress each of the three terms of the

right-hand side of . First, we suppress the second term.
VL)) = VL 0) + 1 (VH(i8) - Vel30)|
<IVLe O] + - [VEz::6) — Ve(:0)]
<IVLe O] + = (calll] + B,
where the last inequality is from . Hence,

BMy +1/e + aqf||VL,(0)]| <5Me +1/e + aaB (|[VLz (0)[| + 2 (c1]|0]] + B))

BMy+1/e 4+ agB| VL (0)|| ~ BM;+1/e + aaB||V Ly (0)||
2a408(c1W + B)
<14 T
- n(ﬂMz + 1/6)
2a4(c1 W + B)
<l+ ————= 2
<1+ 7 (28)
holds. Second, we suppress the third term. We have
1 _
exp (~B(Lal0) ~ Lu ) =exp (-5 (1 (t(z50) ~ t(z:0) )
2
<exp ( (01||9| + B|l6] + A))
n 2
2
<exp (ﬂ (ch —|—BW—|—A)> , (29)
n 2
where we use (25). Finally, we suppress the first term. Using and (29), we have
Ay Jyeo (BMe+1/e+aaf|[VLy(0)|) exp (—BLy (9)) dO
Ay Jpeo (BM+1/e+aaB||VL.(0)|) exp (—=BL.(0)) df
2 B 2
g(1+ad(clw+)) exp (5 (CIW +BW—|—A)). (30)
TLM[ n 2

Combining (28, and (30, we have

2 B 2 2
1ogpz<9) <2log |4 20al@W BN 28 (W gy g
Do (0) nM, n 2

1 (4dag(aiW + B)
M,

- + BlesW? + 2BW + 2A)> ,
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SO

< 1 /4 B
D) < = <ad(61W TB) L slew? + 2w 4 2A)>
n Mg
holds. We set Cy = 4aq(ciW + B)/M; and C = ¢;W?2 + 2BW + 2A, then we have
B0) < 2W (e, W + B) ((C‘izﬁc) 4 (Cd;ﬁc) ) . (31)
Finally, we evaluate . Let us denote
A
AL(0) =
O = B+ 1/ + aaBIV L O]
A= (BMy + 1/ + aqB||VL(0)])e L= ap.
0cO

Since the distribution of §,, is

7 a8) < ( 8Mo+ L+ B VL)) exp(-BL.(0)

we have
e~ BL=z(0,)
Bo, [£a(0,0] = - (B0, Jlon 55|+ Ba, Do .00,
:% (]Eeu [_ logpz (6#«)] - Egu [IOg Az (9;1,)]) .

Since we have Eg, [[|0,,[%] < W2, we can calculate the upper bound of Eg, [—logp,(6,)] by the differential
entropy of Gaussian distribution in the same way as the discussion of Section 3.5 in [Raginsky et al.| (2017):

d 2me
Egu [_ logpz(au)] < 5 log (dW2> .
Using , we have
A

BM;+1/e + agB(ciW + B))’

log A,(0) > log
In addition,

log A = log/ (BMy + 1/e + agB||V Ly (0)]))ePL= dp
0cO
> log/ (BMy +1/e)e”PL=) g
0cO

=log(BM,+1/e) + log/ e PL=0)qg

6ce
d 2
>log(BM;+ 1/e) — BL, + = log el
2 af

holds, where the last inequality is from the equation (3.21) in Raginsky et al. (2017). Here, we denote
L} = infpco L,(0). Hence, we have

1/d 2re BMe+ 1/ + agB(ca W + B) d 27
21) <= ( =log (| =——W?) +1 L:——-log— | - L}
_5(2 og<d )+og B+ 1/ + BL, 5108 7 z
1/d eW?2ci 8 aq(ciW + B)
<— (=1 1 1+ —— . 2
<5 (Gloe ™22 s rog (14 2 (32
We combine the result (26]), (31), and (32)), then obtain the statement. O
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F Proof of Proposition [6]

Proof. Let 8, and 0, be the random variable which obey the distributions ,u(ﬂ and VéB ) respectively.
In the same way as Theorem [5] we have
E.[Eo [L(0K)]] — eiggL(G) <E.[Eg [L(0x)] — Eo, [L(6,)]] (33)
E.[Eg, [L(6,)] — Eq, [L(6,)]] (34)
[EOV [L(GV)} - EG,, [Lz (911)]] (35)
"HEZ[EOI [La(0,)] — elgg) L,(0)]. (36)

can be evaluated in the same as Theorem
First, we evaluate (34). We have

Eo, [L(6,)] — Eo, [L(8,)] < WWa(u®), ()

from the same discussion in the proof of Theorem Since both §,, and 6, satisfy the log-Sobolev inequality,
we can use Otto-Villani theorem (Bakry et al.| [2014) (explicit form is Theorem [15|in Section , and

Wa(ul 1) <\ el D0 147

(8)

holds, where D denotes the KL-divergence and c;'g is the log-Sobolev constant of Véﬂ ). We have

(BMy +1/e + aaB||V L (0)|]) exp (—BL4(0)) /A,
exp (=L (0)) /Ay

<E9N# |:10g(ﬂMg + 1/6 + adﬁMz)ﬁ}

D |[p)) =B {log

where A, and A, are normalizing constants of the density functions of ui and I/('B ) respectively. We have

A, Jo exp (=BL,(0)) db < 1
Ay Jo(BMy+1/e + aaB||VL(0)]) exp (—BLy(6)) df — BMy+1/e’

hence we have
D(usP2 || <log (1 + aaBeMy) .

As a result, we obtain

Eo, [L(8,)] — o, [L(6,)] < W\/ 2¢4 1og (1 + aqBeMy). (37)

Second, we evaluate . Let Vi,ﬁ) be the Gibbs distribution when one of the data z; is replaced by z}. In
the same way as Section 3.6 in |Raginsky et al.| (2017)), we have

(8)
2 M,
W2(V¥3)’V£'B)) — L nB e

Hence, we have

(8)
By, [L(6y)] - Eo, [L2(0,)] 2eis OMe.

IN

(01W —+ B)
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Finally, we evaluate . This term can be evaluated on the same way as Proposition 3.4 in |Raginsky et al.

(2017) and we have
1 2 2 2
Eo, [L,(6,)] — inf L,(0) <= (d log <7T6W) _ A 2T )

6eo 53\2 d 288
d eW?2e1p
=—1 .
25%( d ) 39
We combine the result 7 , and , then obtain the statement. O]

G Proof of Theorem

Proof. Let 0,0, be the random variables whose distribution is p;’g i{E) and u;’B €) respectively. Let L) =

mingee L,(6). We have
By [La(0)] = Ly =(Boy [La(0k)] — Eo,, [L2(0,)]) + (Eo,, [La(0,)] — Ly)-

As the first term of the right-hand side, we can use the Wasserstein distance in the same way as the proof
of Theorem [5| as in . Hence, we have

Eoy [L2(0K)] — Eo,[L2(0,)] < (W + B)y/Wdk (B,¢e,d).
Further, using in the Proof of Theorem

1/d eW?2ci 8 aq(ciW + B)
<-(Z Ld\1VY T 2 *
Eg, [Lz(0,)] =3 <2 log 7 + log <1 + 7 >) + L,

holds, which completes the proof. O

H Explicit citation of the existing theorems

Theorem 13 (Theorem 4, |Gibbs & Suf(2002))). On the compact set Q, the Wasserstein metric dy and the
total variation distance dv satisfy the following relation:

dw < diam(Q) - drv,

where diam(Q) = sup{d(z,y)|z,y € Q}.

Theorem 14 (Corollary 2.3, Bolley & Villani| (2005))). Let X be a measurable space equipped with a mea-
surable distance d, let p > 1 and let v be a probability measure on X. Assume that there exist zo € X and
a >0 such that [ e*¥@0:®)"dy(z) is finite. Then, Yu € P(X),

Hmmi+(HWW>ﬁy

Wy () < C .

where

o L3 ad(zo,0)? ’
C= 2m0€1)r(1fa>0 (a (2 + log/e dv(z) < 00.

Theorem 15 (Theorem 9.6.1, Bakry et al| (2014)). Let u be a probability measure on M. If u satisfies a
logarithmic Sobolev inequality LS(C) for some constant C > 0, then it satisfies following for every probability
measure v on M :

Wa(p,v)? < 2C - D(vl|p),

where Ws denotes the Wasserstein-2 distance and D denotes the Kullback-Leibler divergence.
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