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Abstract
Last-layer retraining (LLR) methods — wherein the last layer of a neural network is
reinitialized and retrained on a held-out set following ERM training — have garnered

interest as an efficient approach to rectify dependence on spurious correlations and improve
performance on minority groups. Surprisingly, LLR has been found to improve worst-group
accuracy even when the held-out set is an imbalanced subset of the training set. We initially
hypothesize that this “unreasonable effectiveness” of LLR is explained by its ability to
mitigate neural collapse through the held-out set, resulting in the implicit bias of gradient
descent benefiting robustness. Our empirical investigation does not support this hypothesis.
Instead, we present strong evidence for an alternative hypothesis: that the success of LLR is
primarily due to better group balance in the held-out set. We conclude by showing how the
recent algorithms CB-LLR and AFR perform implicit group-balancing to elicit a robustness
improvement.

1 Introduction

The standard neural network training procedure of empirical risk minimization (ERM) (Vapnik, 1998), which
minimizes the average classification loss, is well-known to overfit to spurious correlations in the training
set (Geirhos et al., 2020). The conjunction of target labels and spurious features form groups within the
dataset; the smallest groups in each class, termed minority groups, are often most difficult to correctly
classify at test time (Oren et al., 2019). While ERM may exhibit high average accuracy on these datasets,
performance on minority groups can be no better than random guessing (Shah et al., 2020). Therefore, when
robust minority group performance is critical, worst-group accuracy (WGA) is often a more useful metric.
Due to the prevalence of spurious features and minority groups (race, gender, age, etc.) in high consequence
applications such as medicine (Zech et al., 2018) and criminal justice (Chouldechova, 2016), significant work
has focused on algorithms which maximize WGA — also called group robustness (Sagawa et al., 2020a).
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A promising family of group robustness methods are based on last-layer retraining (LLR), a family of
interventions wherein the last layer is reinitialized and retrained on a held-out set following ERM training.
The original LLR method, called deep feature reweighting (DFR), requires the held-out set to comprise
an equal amount of data from each group (Izmailov et al., 2022; Kirichenko et al., 2023). This limits its
practical application, as the groups are often unknown ahead of time or di cult to annotate.* While DFR
still performs the best, group information (even on the validation set) was recently found to be unnecessary
to observesome non-trivial gain in WGA over ERM if the validation set is class-balanced (Qiu et al., 2023;
LaBonte et al., 2023). In particular, LaBonte et al. (2023) nd that LLR on a held-out i.i.d. subset of the
training set su ering from the same group imbalance as the training set is su cient for improved WGA.
This surprising observation led LaBonte et al. (2023) to term LLR a free lunch for group robustness, but
why this free lunch arose in the rst place remained unclear.

Contributions. In this paper, we take a scientic method approach to investigate why LLR on an
imbalanced held-out subset of the training set can perform so well. We make the following main contributions:

We propose an initial hypothesis, visualized in Figure 1, that neural collapse on the training set
results in a biased ERM classi er since the class means are dominated by majority group data.
Since features arenot collapsed on the held-out set (Hui et al., 2022), this would lead to varying
behavior on majority and minority group data. Our hypothesis is that the implicit bias of gradient
descent during LLR then elicits a maximum-margin linear classi er on the features, which has been
connected in some settings to better robustness guarantees (Chaudhuri et al., 2023).

We put forth evidence which does notsupport our initial hypothesis. In particular, we show that
neural collapse does not seem to occur during the standard number of epochs on four benchmark
datasets. Moreover, we show that convergence of the LLR classi er to the maximum-margin solution
is extremely slow. Since computation of the neural collapse metridN C; was previously infeasible
for large-scale models, we propose a memory-e cient algorithm to compute a stochastic estimate of
N C; via the Hutchinson trace estimator (Hutchinson, 1989).

We present strong evidence for an alternative hypothesis: that the success of LLR is primarily due
to better group balance€e de ne better group balancewith respect to the uniform distribution over
groups. This may not induce the highest possible WGA via last-layer retraining, though it is often
close (Qiao et al., 2025). Our experiments indicate that LLR does not improve over ERM when the
held-out set has the same group balance as the training set. On the other hand, LLR with a better
group balance enjoys drastically improved WGA, and vice versa. We show that the test WGA of
LLR is highly correlated with the test WGA of ERM when controlling for data quantity and group
balance, with Pearson correlation coe cient r > 0:9 on Waterbirds and CivilComments.

Ultimately, we reevaluate the free lunch interpretation of LLR by showing that class balanced LLR
(CB-LLR) (LaBonte et al., 2023) and automatic feature reweighting (AFR) (Qiu et al., 2023) owe
their improved WGA primarily to implicit group-balancing on the held-out set. On a positive note,
we show that LLR can recover the WGA of an optimally class-balanced model even when ERM
was not optimally class-balanced. More broadly, LLR remains an e ective method to achieve group
robustness using group annotations only on the held-out set (or even proxies thereof, such as in
SELF (LaBonte et al., 2023) and AFR (Qiu et al., 2023)). When group annotations are expensive,
LLR on a more group-balanced held-out set is therefore an attractive improvement over ERM.

1.1 Related work

Spurious correlations. Reliance on spurious correlations is a widely-studied phenomenon in machine
learning which is known to exacerbate bias and hinder generalization (see.g., Beery et al. (2018); Geirhos

IHowever, DFR compares favorably in this respect to methods which additionally require group annotations for the entire
training set, such as group distributionally robust optimization (DRO) (Sagawa et al., 2020a).
2w
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Figure 1: Visualization of our initial hypothesis. In Figure 1(a), we represent training set features

collapsing to their class means, dominated by majority group data. The resulting ERM classi er is biased on
unseen data,i.e., the LLR held-out set or the test set. Figure 1(b) shows how the biased classi er performs
poorly on uncollapsed minority group features while still successfully classifying uncollapsed majority points.
In Figure 1(c), we present the nal step of our hypothesis. During LLR, the features are not collapsed on the
held-out set, and so the implicit bias of gradient descent could elicit a maximum-margin classi er which is
invariant to the spurious feature. Importantly, our empirical investigation does notsupport this hypothesis.

Instead, we nd that the success of LLR is primarily explained by better group balance in the held-out set.

et al. (2020); Xiao et al. (2021)). Much work has been devoted to mitigating the adverse a ects from spurious
correlations (Sagawa et al., 2020a). Methods which have been demonstrated to reduce the bias caused by
spurious correlations without the need for large quantities of group labels, such as Just Train Twice (Liu

et al., 2021a), Deep Feature Reweighting (Kirichenko et al., 2023), Classi er Retraining on Independent
Splits (Nguyen et al., 2023), and class-balancing (Idrissi et al., 2022; Chaudhuri et al., 2023; Shwartz-Ziv
et al., 2023; LaBonte et al., 2024), are of particular interest. While an understanding of why shortcut learning
occurs is still incomplete (Izmailov et al., 2022), recent studies are beginning to unravel the joint dynamics of
core and spurious feature learning (Qiu et al., 2024).

Last-layer retraining (LLR). Proposed as Deep Feature Reweighting by Izmailov et al. (2022); Kirichenko
et al. (2023), LLR has recently garnered interest as an e cient approach to improve group robustness in
a variety of settings (Qiu et al., 2023; LaBonte et al., 2023; Stromberg et al., 2024; Park et al., 2025; Qiao
et al., 2025). The success of LLR is limited when the held-out set has the same (im)balance as the training
set, but more pronounced when the held-out set if perfectly group-balanced (as in DFR (Izmailov et al.,
2022; Kirichenko et al., 2023) or even class-balanced (Qiu et al., 2023; LaBonte et al., 2023). In all cases, the
success of LLR is predicated on ERM learning both core and spurious features during training, but relying
too heavily on spurious features within the last layer (Kirichenko et al., 2023; Ye et al., 2023). Practically,
LLR is appealing because of its ability to achieve much of the bene t of full ne-tuning at a fraction of the
computational cost while only requiring limited use of group annotations.

Neural collapse.  We study how LLR interacts with the phenomenon of neural collapse rst identi ed

by Papyan et al. (2020); Han et al. (2022). Neural collapse describes the collapse fgature variability during
training in other words, the features of each datapoint within a given class collapse to the mean feature
vector inside that class. Recently, neural collapse has been studied in connection with fairness and spurious
correlations in the context of ERM by Lu et al. (2024); Wang et al. (2024); Chen et al. (2024); Xu et al.
(2025). Additionally, investigations of neural collapse in imbalanced data settings (though mostly focused
on minority classes) (Fang et al., 2021; Thrampoulidis et al., 2022; Dang et al., 2023; Hong & Ling, 2023)
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provide motivation for studying the impact of minority group collapse. The role neural collapse plays in
group robust ERM performance is still unclear. Neural collapse has been observed to produce less biased
(Xu et al., 2025), but also less separable group representations (Lu et al., 2024). Importantly for our purposes,
neural collapse has been classi ed as aaptimization phenomenon meaning it occurs only on the training set
and not on held-out data (Hui et al., 2022). Our initial hypothesis was that this di erence in feature behavior
between seen and unseen data could help explain why ERM underperforms LLR (due to the fact that LLR
has additional access to the unseen held-out set as a result of its two-stage training protocol). Ultimately, we
disprove this hypothesis.

Implicit bias and margin. The second stage of LLR is simply logistic regression performed on the learned
ERM features (Kirichenko et al., 2023). Therefore, we expect implicit bias results for logistic regression to
apply to our setting. We draw on the literature studying the implicit bias of gradient descent in logistic
regression toward the maximum™,-margin classi er, studied in the separable case by Soudry et al. (2018)
and in the non-separable case by Ji & Telgarsky (2019). Large minimum margin over the training data
(which is the default de nition of margin) can imply good generalization upper bounds (Bartlett et al., 1998;
Koltchinskii & Panchenko, 2002). Recent results suggest that, under certain conditions, the maximum-margin
classi er coincides with the classi er achieving optimal worst-group accuracy (Chaudhuri et al., 2023), o ering

a possible bridge between implicit-bias theory and robust-optimization perspectives on group fairness.

2 Preliminaries

Problem Setup. We study classi cation with input domain X and label setY in the presence ofspurious
features S, where each examplex 2 X is associated with exactly one spurious features(x) 2 S. The training,
validation, and test datasets are partitioned into groupsG:=Y S ;let 4 f 1;:::;;mgand y f 1;:::;mg
denote the indices of training points in groupg 2 G and classy 2 Y, respectively. We call groups with
maximal j gj in the training set the majority groups and the restminority groups; the worst group(s) are
those with the lowest test accuracy. (In general, the majority and minority groups will not vary between the
training and test sets.) Our objective is to learn models that perform uniformly well across groups despite
imbalance, quanti ed by worst-group accuracy(WGA) the minimum accuracy over all groups in G (Sagawa
et al., 2020a).

Class-balancing.  We adopt the de nition of a class-balanced dataset as one where the expected number of
samples from every class in the label spac¥ is identical. Adhering to the framework established by LaBonte
et al. (2024), we evaluate three distinct balancing strategies:subsetting upsampling and upweighting

Subsetting This method enforces balance by strictly limiting the size of all classes to match that of the
minority class. We achieve this by uniformly subsampling the majority classes without replacement. It
is important to note that this subset is generated once prior to training and remains static throughout
the optimization process.

Upsampling This approach utilizes the full dataset but modi es the sampling distribution. To ensure
that mini-batches are class-balanced in expectation, we adopt a two-step generative process for
drawing a training example: rst, we sample a labely Unif(Y), and subsequently sample an input
x from the class-conditional empirical distribution p( j y).

Upweighting. Rather than altering the data distribution, this method modi es the objective function.
We de ne the class-imbalance ratio, , as the ratio of the majority class size to the minority class size.
We then scale the contribution of minority samples to the loss by . Formally, for a model f , input X,
and labely, the modi ed loss function is de ned by L palanced (f (X);y) = Wy “(f (X);y). Here,wy =

if y belongs to the minority class, andwy, = 1 otherwise. Upweighting is mathematically equivalent
to upsampling in expectation over the sampling probabilities.

Datasets. We evaluate our approach on four standard benchmarks: Waterbirds (Welinder et al., 2010; Wah
et al., 2011; Sagawa et al., 2020a), CelebA (Liu et al., 2015; Sagawa et al., 2020a), CivilComments (Borkan
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et al., 2019; Koh et al., 2021), and MultiNLI (Williams et al., 2018; Sagawa et al., 2020a). For each dataset,
we de ne the input x, the target label y, and the spurious attribute a. Note that Waterbirds is the only
dataset exhibiting a distribution shift between training and held-out sets, while MultiNLI is the only dataset
that is class-balanceda priori.

" Waterbirds (Welinder et al., 2010; Wah et al., 2011; Sagawa et al., 2020a) consists of bird images
classi ed by species intoy 2 f landbird ; waterbirdg. The spurious featurea represents the background
environment (land vs. water), where backgrounds are highly correlated with their corresponding
species classi cation?

CelebA (Liu et al.,, 2015; Sagawa et al., 2020a):x consists of celebrity face images where the
target y is hair color (blond vs. non-blond). The spurious attribute a is gender; speci cally, the
training distribution is skewed such that the intersectional group of blond males is signi cantly
underrepresented.

CivilComments (Borkan et al., 2019; Koh et al., 2021): x comprises online comments where the
target y is toxicity. The spurious feature a captures the presence of demographic identities (e.qg.,
race, gender, religion). Following Sagawa et al. (2020a); Idrissi et al. (2022); Izmailov et al. (2022);
Kirichenko et al. (2023); LaBonte et al. (2023), we aggregate these identity categories into a single
feature a, which is correlated with the toxicity label y.*

" MultiNLI  (Williams et al., 2018; Sagawa et al., 2020a):x consists of sentence pairs for natural
language inference wheregy 2 f contradiction; entailment; neutralg. The spurious featurea denotes
the presence of negation words in the second sentence; these negations are spuriously correlated with
the contradiction class.

For Waterbirds and CelebA we ne-tune ResNet-50 (He et al., 2016) pretrained on ImageNet-1K (Russakovsky
et al., 2015); for CivilComments and MultiNLI we use BERT-Base (Devlin et al.,, 2019) pretrained on
BookCorpus and English Wikipedia (Zhu et al., 2015). Our last-layer retraining (LLR) implementation uses
SGD without scheduling or explicit regularization. Following common practice, the held-out set is20% of the
training data for Waterbirds and half of the validation set for the other datasets (Kirichenko et al., 2023; Qiu
et al., 2023; LaBonte et al., 2023). Dataset speci cs and training details appear in Appendices B.1 and B.2.

Methods.  We adopt a uni ed terminology for the family of two-stage retraining methods we study:

Last-layer Retraining (LLR) refers to any procedure that(i) trains a feature extractor using standard
ERM on the training set, and (ii) reinitializes and retrains only the nal linear layer on a held-out
dataset not seen during the rst stage. Importantly, generic LLR makes no assumption about the
distribution of this held-out data it may be arbitrarily imbalanced across classes or groups.

Deep Feature Reweighting (DFR)(Izmailov et al., 2022; Kirichenko et al., 2023) is aspeci ¢ instance
of LLR in which the held-out dataset is explicitly group-balanced each groupg 2 G is equally
represented. In practice, DFR freezes the ERM-trained feature extractor, constructs a subsampled
group-balanced held-out set (requiring access to group annotations), and ts a new linear classi er
on this held-out set. DFR can thus be viewed as an idealized variant of LLR designed to directly
improve worst-group accuracy.

Class-balanced Last-layer Retraining (CB-LLR) (LaBonte et al., 2023) denotes another LLR variant
where the held-out data are balanced acrosslassesrather than groups. While class proportions are
equalized, group imbalance within each class often remains.

3The Waterbirds dataset is known to contain incorrect labels (Taghanaki et al., 2022). We utilize the standard uncorrected
labels for all of our results.

4There exists another version of CivilComments (used by Liu et al. (2021a); Zhang et al. (2022); Qiu et al. (2023)) where
identity categories are not merged into one spurious feature. Both versions of CiviiComments use the WILDS split (Koh et al.,
2021).
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Automatic Feature Reweighting (AFR) (Qiu et al., 2023) refers to the LLR variant in which the
held-out set is drawn from the same distribution as the training data, but the last layer is retrained
using aweighted loss functionintended to implicitly encourage group balance. The weighted loss
function in AFR prioritizes points upon which the ERM model performs poorly. In particular, AFR
introduces a weight! ; for each held-out examplei as follows:

! = P Yi exp( m) . (1)
"y exp( B)

where  is one divided by the number of examples belonging to clasg in the held-out set, M is the
total number of points in the held-out set, f is the probability for the correct class y; and Oisa
tunable inverse temperature parameter.

3 Neural collapse and implicit bias do not explain LLR

The interpretation of LLR methods as logistic regression on convergent ERM features lends itself to a possible
understanding combining a nonlinear model training phenomenon rfeural collapsg and a logistic regression
phenomenon (mplicit bias). We focus on the weakest measure of the neural collapse phenomenon, namely
that the penultimate layer features collapse to their class means over the course of ERM training (Papyan
et al., 2020). Importantly, neural collapse has been described as amptimization phenomenon occurring only

on the training set and not on held-out data (Hui et al., 2022). Therefore, while all group features collapse to
their class means on the training set, groups will not be collapsed in the held-out set. On the other hand,
implicit bias results state that linear classi ers trained via gradient descent with the unregularized logistic
loss like the LLR classi er on the held-out set converge in direction to the maximum-margin SVM
solution (Soudry et al., 2018; Ji & Telgarsky, 2019).

Combining these two ideas, we developed the following initial hypothesis (visualized in Figure 1). We
hypothesized that the model undergoes neural collapse during ERM training, causing the features to collapse
to their class means. These class means, however, are dominated by the largest groups in each class
resulting in ERM learning a biased classi er. Nevertheless, during LLR, the features are not collapsed as the
held-out set was not seen during ERM (Hui et al., 2022). Since LLR learns a linear classi er on the held-out
set features, the implicit bias of gradient descent would then elicit a maximum-margin classi er that might
enjoy better robustness guarantees (see, e.g. (Chaudhuri et al., 2023)).

In this section, we present evidence whichdoes not support our initial hypothesis. Speci cally, we nd
that neural collapse either does not occur or occurs after the standard number of epochs of ERM training.
Moreover, convergence of the LLR classi er to the maximum-margin solution is extremely slow, and the
minimum ~,-margin over the training data is not well-correlated with group accuracy.

3.1 Neural collapse may not occur during standard ERM training

We will measure the collapse of variability among class representations via a metric called C; (Han et al.,
2022). For each clasy 2 Y and each training examplei 2  in that class, we denote the penultimate layer
feature vector ofi asfy; . Neural collapse posits that features collapse to their respective class means

1 X

y = J J fy;i:

y

We'D compute an empirical metric of this collapse using the intra- gass covariance matrix a =
1

= yov iz, (fi y)(fp y)”, the global feature mean ¢ = w5 oy y, and the inter-class co-
1

variance matrlx R=x yov(y &)y ). Wethendene

- 1 Yy
NC]_ — JYJtr( A R)l
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Algorithm 1 Memory e cient computation of NC; estimate. Our method combines the Hutchinson
trace estimator (Hutchinson, 1989) with e cient matrix-vector products for A and r to estimate NC; in
O(N) memory, instead of the O(N 2) memory required to compute N C, exactly.

Require: Number of samplesK , access to matrix vector products ax and gX.
Ensure: Approximation Nc, ﬁtr( A R)-

2: Sample random vectorz; N (0;1n) . Or Rademacherf 1gN
3 Solve rX; = z for X; using an iterative solver DX Lz
4: Compute y; A X

5: Compute scalar estimates;  z7y;

6: end for L Py

7: return M C; ey e s

where % denotes the pseudo-inverse of r. Neural collapse is formalized byNC; ! 0 (Han et al., 2022;
Kothapalli, 2023).°

Algorithm Design. Computing the neural collapse metricN C; exactly requires constructing and storing
the matrices A and g, each of dimensionN N, whereN is the feature dimension of the penultimate
layer. For modern neural networks, storing these matrices explicitly is memory-prohibitive. For example, in
the case of BERT-Base trained on CivilComments,N exceeds 150,000. To address this issue, we propose a
memory-e cient approximation based on the Hutchinson trace estimator (Hutchinson, 1989).

The Hutchinson estimator provides a stochastic approximation for the trace of a matrix:

. 1 X
tr(A) = E[z” Az] K z7 Az;;
i=1
where A 2 RN N each random vectorz; 2 RN satises E[z;z”] = |, and K is the number of random

samples used to approximate the expectation. Typically,z; is drawn from a Rademacher or standard normal
distribution, but any isotropic distribution su ces.

In our setting, we wish to approximate N C; without ever explicitly forming 5 or . Note that both
matrices admit e cient matrix vector products:

1 X X .
AX= — (fi y) (fi y) X5
m .
y2Y i2
1 X >
RXZV (y c) (y G) X ;
JJy2Y

where  is the class mean and ¢ the global mean. These expressions can be computed by streaming over the
data, requiring only a constant number of N -dimensional vectors in memory. Combining these observations
yields a stochastic algorithm (Algorithm 1) capable of estimating N C; with only O(N) memory, compared to
the O(N 2) memory required to computeN C; exactly. We compare the precise memory requirements of both
methods in Table 1.

This procedure introduces two sources of error:

1. Linear solve error: Each iterative solve of rX; = z is performed to nite precision.

2. Monte Carlo error : The Hutchinson estimator uses nite samplesK to approximate an expectation.

Both sources of error can be reduced arbitrarily by increasing computation time. Notably, the variance of the
Hutchinson estimator decreases with the feature dimensiofN (Hutchinson, 1989). We show in Appendix C
(Proposition 1) that the relative variance of N C; scales a90(1=KN ), so fewer sampleK are required for
larger models, corresponding to our regime of primary interest.

5A slightly less precise formulation 5 ! 0 was studied by Papyan et al. (2020).
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Table 1: Computing a stochastic estimate of N C; using Algorithm 1 is drastically more memory

e cient than computing N C; exactly. We display the vectorized feature dimensiondN for ResNet-50 on
the vision datasets and BERT-Base on the language datasets. Exact computatioiN C; requires storing two
N N matrices of double-precision oating-point numbers, while our estimate ofN C; only requires storing
three N dimensional vectors of double-precision oating-point numbers. We see that our stochastic estimate
of N C; requires many orders of magnitude less memory.

Dataset Waterbirds CelebA CivilComments MultiNLI
Vectorized Feature DimensionN 100,352 100,352 168,960 98,304

Memory Requirement of Exact
N C; Computation

Memory Requirement of Algorithm 1 2.297 MiB  2.297 MiB 3.867 MiB 2.25 MiB

150.06 GiB  150.06 GiB 425.4 GiB 144 GiB

(a) Waterbirds (b) CelebA (c) CivilComments (d) MultiNLI

Figure 2: Collapse of class feature variability occurs after standard ERM training, if at all. We
plot a stochastic estimate of the empirical metric of neural collapseN C; using Algorithm 1 throughout the
training run of a ResNet-50 on Waterbirds and CelebA and a BERT-Base on CivilComments and MultiNLI.
For Waterbirds and CelebA, NC; is computed usingK = 10 random vectors, while for CivilComments
and MultiNLI, NC; is computed usingK =3 random vectors. Each plot displays the mean and standard
deviation for NC; computed across3 experimental seeds. We also display the meaN C; metric computed
on the features of the held-out set at the end of training (EoT).

Results.  If neural collapse plays a signi cant role in ERM learning a biased classi er prior to LLR, then a
collapse in feature variability should be observed during a standard number of ERM training steps. We display
N C, for a ResNet-50 on Waterbirds and CelebA and for a BERT-Base for CivilComments and MultiNLI
in Figure 2. We train on both datasets for much longer than normal and denote the standard number of
training steps in the spurious correlations literature (Sagawa et al., 2020a; Kirichenko et al., 2023) as dotted
vertical lines in Figure 2.

In Figure 2, we do not see strong evidence that neural collapse occurs on any dataset during the standard
number of training steps. In fact, even after training more than 3 the standard number of steps we still
do not seeNC; ! 0. Beyond an initial decrease in the rst few epochs of training,NC; computed on the
training set remains relatively constant and comparable toN C; computed on the held-out. For all datasets,
N C; computed on the training sets andN C; computed on the held-out sets are within an order of magnitude.
Thus, it is unlikely that neural collapse signi cantly in uences the behavior of the ERM classi er prior to
LLR in standard group robustness benchmarks and training protocols.

3.2 The minimum margin of LLR is not predictive of robust generalization

In classical learning theory, maximizing minimum ", training margin is well understood to provide good
generalization upper bounds (Bartlett et al., 1998; Koltchinskii & Panchenko, 2002). Therefore, assuming
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Table 2: Group test accuracy is not well-correlated with the minimum “2 margin on the held-
out set. We compute the Pearson correlation coe cient between the test group accuracy of a ResNet-50
(BERT-Base) trained on Waterbirds and CelebA (CivilComments and MultiNLI) and the minimum margin

of each group in the held-out set acros8 experimental seeds. We see that held-out set minimum, margin is
not well correlated with test accuracy. A complete breakdown of each dataset including distribution and
group sizes is included in Table 7.

Dataset Group O Groupl Group?2 Group3 Group4 Group5
Waterbirds 0.279 0.285 0.288 0.266
CelebA 0.526 0.473 0.458 0.478
CivilComments  -0.074 -0.143 -0.008 0.055
MultiNLI 0.303 0.497 0.279 0.210 0.221 0.431

that the features of the held-out set are similar in distribution to the features of the test set, we should expect
that choosing a classi er which maximizes the™, margin on the held-out set will lead to good generalization.

Letf : X !f 1;1g be a binary linear classi er de ned by
f (x)=x> +b:

Let D := f(xi;yi)g; X f 1;1g be the training set and C:= fx; : yif (xj) > 0g be the set of points
correctly classied by f . Then, we de ne the minimum “,-margin of f to be

erzig yif (xi):
The hard margin SVM is a binary linear classi er formulated through the following optimization problem:
min S ji2 t. 8(xi;yi)2D; yi(xy +b 1L
in Sjj iz st (Xi;yi) 2D; yi(x ) L

The classier syw learned by a hard margin SVM is the separating hyperplane which maximizes the minimum
“,-margin. Soudry et al. (2018) show that linear classi ers trained via GD with the unregularized logistic
loss converge in direction to syv . In particular, jj T o jjzjjz I 0 at a worst-case rate ofO('olgo'%t)
wheret is the number of gradient steps. This result can also be extended to the nonseparable case, though
as one might expect, the implicit bias is more complex (Ji & Telgarsky, 2019). The SVM solution was
recently studied in the context of group robustness by Chaudhuri et al. (2023), who showed that under certain
conditions on the tail of the data distribution, sym converges to the classi er with optimal worst-group

accuracy as the number of data points goes to in nity.

If LLR maximizes the minimum training margin on the held-out set and this results in a debiased classi er,
then we should see a high correlation between the size of group minimum margin and group test accuracy
(i.e., minority group points lie near the decision boundary). However, in Table 2, we nd that the minimum
training margin for a group is not correlated with the test accuracy for that group.

Moreover, convergence towards syy is slow in practice. We perform LLR on the held-out sets of Waterbirds,
CelebA and CivilComments via SGD with learning rate 0:001 and unregularized logistic loss, and we plot the
directional error with sym in Figure 3. In line with the slow O('O?O'ggt‘ ') rate from Soudry et al. (2018), we
nd that even after 10 the number of standard training steps, the LLR classi er has yet to converge to
svm - As the minimum ~,-margin is not well-correlated with group test accuracy and convergence tosyy iS
slow, we conclude that our initial hypothesis does not su ciently explain the robustness gains of LLR on an

imbalanced held-out set.

4 LLR performance is primarily due to group balance in the held-out set

The negative results of Section 3 prompted us to reconsider our initial hypothesis. We now present strong
evidence for an alternative hypothesis: that the success of LLR is primarily due tdetter group balancein the
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