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Abstract
We study minimal attention-only transformers under all-token corruption and show they admit a two-stage
empirical Bayes interpretation. A single attention step computes a kernel-weighted posterior mean with
respect to the empirical distribution defined by the context. Depth refines this distribution through particle
dynamics (Stage 1), while a long-range skip-connection carries the noisy input as a query for posterior
inference (Stage 2), revealing distinct statistical roles for depth and attention residuals. The framework
isolates a minimal setting in which the context itself induces a depth-dependent energy landscape governing
in-context inference. We show that effective denoising can emerge without an explicit noise schedule: a fixed
kernel bandwidth and finite integration horizon suffice, yielding a principled depth-noise relationship. We
further establish a posterior-mean recovery guarantee for a class of well-behaved priors, where the empirical
estimator converges to the Bayes-optimal predictor under asymptotic conditions. Connecting these dynamics
to reverse-diffusion limits, our results provide a statistical interpretation of attention as in-context inference
via sample-based posterior estimation, without explicit density modeling.

1. Introduction
Transformers (Vaswani et al., 2017) have achieved remarkable empirical success across language, vision, and generative
modeling, yet the mechanisms underlying this flexibility are only partially understood. Several distinct perspectives on
their defining ingredient — attention — have emerged. Geshkovski et al. (2023); Rigollet (2025); Bruno et al. (2025)
treat multilayer attention as interacting particle systems; Rosu et al. (2025) connect attention to score-based denoising;
and Ramsauer et al. (2021) interpret attention as memory retrieval in dense associative memory networks (Krotov
& Hopfield, 2016). This latter connection raises the question of what task would naturally motivate identity-scaled
weights and single-step energy minimization. Smart et al. (2025) proposed in-context denoising as such a task, showing
that a single attention layer provably solves Bayes-optimal denoising when context tokens are clean. However, these
perspectives have largely been studied in isolation, and their relationship — as well as the architectural consequences
they imply — remains unclear.

Motivated by this lineage, we study transformer dynamics through a collective in-context denoising task: N tokens
drawn i.i.d. from an unknown prior ρ0 are corrupted by isotropic Gaussian noise of known variance σ2 and processed
jointly by multilayer self-attention, with the goal of recovering the clean tokens. This generalizes Smart et al. (2025)
to a regime in which the prior itself must be inferred from corrupted samples, so that depth becomes necessary. Our
central claim is that attention-only transformers in this setting implement a finite-sample empirical Bayes (EB) denoiser,
decomposable into two stages (Fig. 1). Stage 1 (self-attention across depth) iteratively refines a particle approximation
(Del Moral, 2013; Sander et al., 2022) to the prior ρ0 from the corrupted samples. Stage 2 (a final cross-attention step
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Figure 1. (a) Collective in-context denoising: Multilayer attention implements a two-stage EB procedure. Depth iteratively refines
a particle prior (Stage 1), while a long-range skip— acting as an Attention Residual (AttnRes)—performs posterior averaging
against the initial noisy input (Stage 2). (b) Particle dynamics: Discrete self-attention updates move corrupted tokens from their
initial noised distribution toward high-density regions of the underlying clean prior. (c) Theoretical limit: In the large-context,
continuous-depth regime, these dynamics recover an anti-diffusive denoising operator consistent with a reverse diffusion process.

from the noisy input, enabled by a long-range residual connection) computes a posterior mean against the refined prior.
This decomposition gives the architectural elements of depth and attention residuals statistically derivable roles.

This framework has roots in classical empirical Bayes (Robbins, 1956; Miyasawa, 1961; Efron, 2011; Johnstone &
Silverman, 2005; Raphan & Simoncelli, 2011), where multiple observations from a common unknown prior are used to
estimate said prior before performing posterior inference. Under Gaussian corruption, the posterior mean connects
naturally to score-based denoising through Tweedie’s formula, linking our perspective to modern diffusion modeling
(Ho et al., 2020; Song et al., 2021). Our EB approach is complementary to existing perspectives on attention: unlike
recent score-based denoising treatments (Rosu et al., 2025), we provide an explicit empirical Bayes interpretation, and
we do not impose a noise schedule. By connecting mean-field particle dynamics (Geshkovski et al., 2023; Rigollet,
2025; Bruno et al., 2025) to a denoising task with a finite integration horizon, our work contextualizes the long-time
regimes those works emphasize. Finally, our two-stage decomposition reveals a dynamic associative memory landscape
(Ramsauer et al., 2021; Smart et al., 2025) that evolves in-context with model depth and governs the network’s inference
step.

Our main contributions are as follows:

1. We generalize in-context denoising (Smart et al., 2025) to the all-token corruption setting, showing that attention-
only transformers admit a two-stage empirical Bayes interpretation: depth iteratively refines a particle approxima-
tion of the prior from noisy samples alone (Stage 1), while attention residuals use the original noisy input to
query the resulting energy landscape for posterior inference (Stage 2). This decomposition clarifies the provenance
of stored patterns in associative-memory views of attention (Ramsauer et al., 2021).

2. In the continuous-depth and large-context regime, we show that self-attention dynamics approximate an anti-
diffusive denoising operator acting on a particle system, yielding a continuous-time flow that refines a particle-based
prior in a nonparametric, in-context manner. This connects multilayer attention to score-based denoising and
reverse diffusion.

3. We show that effective denoising does not require a noise or parameter schedule: it can be achieved via a fixed
attention kernel bandwidth β and a finite integration horizon T ∗ ≈ σ2/2, providing a principled depth–noise
relationship that informs architectural design.

4. We prove a sequential posterior-mean recovery theorem for an admissible class of priors Aτ characterized by
stability of the mean-field flow under hard truncation. The theorem shows that the truncated particle-flow estimator
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converges, through particular sequential limits, to the Bayes posterior mean uniformly on compact query sets. We
verify that Gaussian priors belong to Aτ . In contrast to Bruno et al. (2025), whose particle system is compact via
spherical layer norm, our analysis is set on Rd and must control the dynamics through hard truncation, requiring
stability estimates for the truncated mean-field flow.

2. Problem formulation and background
Collective denoising task. We assume we are given a collection of noisy samples {x̃i}Ni=1 ⊂ Rd obtained by adding
noise to uncorrupted datapoints {xi}Ni=1 independently sampled from an unknown prior distribution P0 with density

ρ0 (Fig. 1). We have x̃i = xi + ϵi, ϵi
iid∼ N (0, σ2Id) where Id is the d-dimensional identity matrix. The task is to

approximately recover the uncorrupted data under the x-prediction mean squared error (MSE) objective E
[
∥x̂i − xi∥2

]
.

We generate denoised estimates x̂i using an empirical Bayes approach which is divided into two stages:

Stage 1. We perform iterative refinement on {x̃i} to construct a particle approximation to the underlying prior
distribution ρ0 from which {xi} were sampled.

Stage 2. Given the particle approximation for the prior from Stage 1, we denoise each x̃i by computing the posterior
mean under the reconstructed prior.

At first glance, this problem appears challenging, as the prior ρ0 is not known a priori and must be inferred from the
corrupted samples alone. Nevertheless, we will show that simple nonparametric schemes can achieve near Bayes-
optimal performance in certain settings, and that these schemes align naturally with the structure of attention-based
architectures. The problem generalizes the single-token denoising task studied in (Smart et al., 2025), which was shown
to be solvable by a single attention layer (corresponding to Stage 2 above). In contrast, our all-token corruption setting
necessitates depth, as the prior itself must now be estimated (Stage 1).

Below, we begin by drawing an explicit connection between Stage 1 and reverse diffusion. This leads to an attention-
based construction of the score (log-density gradient) that can be applied directly to noisy data in a non-parametric
manner. This connection motivates a discrete particle update (Alg. 1), which admits a continuous-time limit (Alg. 2).
For analytical tractability, we introduce a truncated variant (Alg. 3), whose behavior can be studied rigorously. We
provide empirical demonstrations in a finite-sample setting before formally analyzing the resulting particle dynamics
and establishing posterior recovery guarantees. We emphasize that the reverse-diffusion connection is heuristic, and
several steps in this chain are not controlled in full generality.

3. Reverse diffusion as an attention-like particle dynamics for Stage 1
A connection between attention and score-based methods has been noted (Rosu et al., 2025; Ilin & Sushko, 2026), with
classical roots in kernel-based estimation of density gradients (Fukunaga & Hostetler, 1975; Comaniciu & Meer, 1999).
We revisit this correspondence to set up the subsequent analysis. Here we provide an informal proposition showing
that reverse diffusion can be approximated by a particle system whose update rule takes the form of a leaky residual
averaging step. The resulting dynamics closely resembles attention mechanisms (Vaswani et al., 2017) and kernel
regression (Nadaraya, 1964; Watson, 1964).
Proposition 3.1. (Informal) Assume that the typical density of the corrupted data distribution is ρ̄. Under the setup
described in section 2, we start with noisy outputs {x̃i}Ni=1 ⊂ Rd and run the following dynamics

z
(ℓ+1)
i = (1− η)z(ℓ)i + η

∑
j e

− β
2 ∥z(ℓ)

i −z
(ℓ)
j ∥2

z
(ℓ)
j∑

j e
− β

2 ∥z(ℓ)
i −z

(ℓ)
j ∥2

≡ (1− η)z(ℓ)i + η
∑
j

aij({z(ℓ)i })z
(ℓ)
j ,

(1)

for l = 0, 1, . . . , L− 1, starting with zi(0) = x̃i. Here, η ∈ (0, 1) is the step size and L ≈ βσ2/2η is the number of
steps or transformation layers. If we let N →∞ and β →∞ in such a way that Nρ̄

βd/2 →∞ and also let η → 0, then

{z(L)
i }Ni=1 ⊂ Rd forms a good particle approximation of P0.
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Figure 2. Attention as discretized reverse diffusion. (a) Particles initialized from a noised distribution ρT are iteratively updated
across layers using Gaussian attention steps (t = ℓh) to approximately recover the clean prior ρ0 = N (0, 1). (b) Variance dynamics
for Gaussian denoising under different kernel bandwidths β. Parameters: 20 seeds, N = 5000, L0 = 200, σ2 = 0.25.

Proof. The details of the arguments are provided in Appendix A.

The update Eq. (1) admits three equivalent interpretations: (i) reverse diffusion via local denoising, (ii) Nadaraya–Watson
kernel regression, (iii) attention-like averaging with Gaussian similarity weights.

In the infinite-particle, continuous-depth limit of these dynamics, the Stage 1 integration time remains σ2/2 at leading
order in β, with a first-order correction of size O(β−1).

Proposition 3.2. (Informal) For sufficiently regular priors P0 in the limit N →∞ and finite β, the denoising time is
σ2

2 +O(β−1).

Proof. See Lemmas F.3 and F.4 for the formal statements and proofs.

Leveraging insights from Propositions 3.1 and 3.2, we next demonstrate that multilayer attention schemes can
implement a finite-sample empirical Bayes procedure that dynamically refines a particle representation to improve
posterior inference with depth, before presenting our asymptotic analysis.

Algorithm 1 Two-stage denoising via multilayer attention

Require: Noisy tokens {x̃i}Ni=1 ⊂ Rd, noise variance σ2,
bandwidth β, step size η, depth L.

1: Initialize z
(0)
i ← x̃i.

2: for ℓ = 0, . . . , L− 1 do {Stage 1 (particle refinement)}

3: a
(ℓ)
ij =

exp
(
− β

2
∥z(ℓ)i − z

(ℓ)
j ∥

2
)∑

k exp
(
− β

2
∥z(ℓ)i − z

(ℓ)
k ∥2

)
4: z

(ℓ+1)
i ← (1− η)z

(ℓ)
i + η

∑
j a

(ℓ)
ij z

(ℓ)
j

5: end for
6: βc ← 1/σ2

7: for i = 1, . . . , N do {Stage 2 (posterior mean)}

8: bij =
exp

(
− βc

2
∥x̃i − z

(L)
j ∥

2
)∑

k exp
(
− βc

2
∥x̃i − z

(L)
k ∥2

)
9: x̂i ←

∑
j bijz

(L)
j

10: end for

4. Attention architecture for collective denoising
Algorithm 1 outlines a multilayer attention architecture implementing the collective denoising approach to Fig. 1
(details in Appendix C). We use this for finite-sample, finite-depth empirical demonstrations before presenting an
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asymptotic variant that connects to our theoretical analysis.

Fig. 2 studies Stage 1 variance dynamics for the canonical problem of denoising a Gaussian distribution. The predicted
reverse-diffusion behavior is linear variance decay dv/dt = −2 over the horizon [0, T ∗] with T ∗ = σ2/2. Empirically,
only intermediate values of kernel bandwidth β recover the diffusion-like linear variance decay and stopping time
predicted by theory. Large β induces premature clustering at finite N , while small β produces overly global averaging
that misses the local denoising structure and leads to slower denoising. The slowed β = 1 behavior is captured by the
solution to an ODE v′(t) = −2v/(v + β−1) arising from a perturbative analysis (Appendix F, Theorem F.1).

Unlike typical diffusion modeling and related work (Rosu et al., 2025), which invoke time-dependent noise schedules,
our iterative attention mechanism uses a single time-independent bandwidth β. Correct denoising is recovered provided
the depth L and step size η are scaled according to noise σ2.

4.1. In-context learning of particle priors and energy landscape of posterior inference

Noisy sample
(model input)

Prior (clean data)
not observed

(a) (b) (c) Depth refines a particle prior (in-context)  →  dynamic energy landscape

Figure 3. Dynamic energy landscape. (a) Ground truth GMM prior. (b) Corrupted input prompt (N = 5, 000). (c) Dynamic
refinement: As model depth ℓ increases, Stage 1 self-attention iteratively sharpens the particle prior (white cloud). This process
dynamically sculpts an associative memory landscape E(Z(ℓ), x̃) which determines the posterior averaging step in Stage 2; Eq. (2).

Fig. 2(b) provides numerical indication that multilayer attention can denoise distributions (Stage 1) when model depth
and parameters are in line with the theoretical predictions. We next study the downstream role of Stage 2 for sample
denoising (x-prediction). For such posterior inference tasks, note that the prediction step of Alg. 1 (details in App. C)
can be interpreted as in (Smart et al., 2025): each noisy query x̃i is updated by taking a gradient step on an energy
landscape defined by the refined particle approximation

x̂i = x̃i −∇qE(Z(ℓ); q)
∣∣
q=x̃i

, (2)

where
E(Z(ℓ); q) = − 1

βc
log
∑
j

e−
βc
2 ∥q−z

(ℓ)
j ∥2

. (3)

This defines a dense associative memory (Krotov & Hopfield, 2016; Ramsauer et al., 2021) induced by the context. In
contrast to Smart et al. (2025), where the memories are fixed during inference, here Stage 1 dynamically sculpts the
landscape across depth: as the particle prior is refined, the energy surface on which the noisy query descends sharpens
correspondingly (Fig. 3). We next check that approaching Bayes optimality on the all-token corruption task requires
depth-dependent refinement.

4.2. Roles of context length, depth, and cross-attention for denoising all-token corruption

While Stage 1 can recover the underlying structure of the data, it does not by itself yield the Bayes-optimal estimator.
Using a symmetric two-component Gaussian mixture prior, we observe that improvements from depth are pronounced
in regimes where the posterior distribution is ambiguous across multiple modes (Fig. 4). In this minimal setting, the
Bayes optimal predictor (exact posterior mean given the clean prior) is analytically tractable (see Appendix D). This
example establishes a key validation: the combination of Stage 1 prior refinement and Stage 2 posterior averaging
approaches the Bayes optimal bound as a function of model depth. Additional numerics in Fig. 5 of App. C.2.

4.3. Attention dynamics corresponding to asymptotic analysis (hard truncation)

Algorithm 1 and the associated numeric demonstrations are equivalent to using Euler steps on a neural ODE (Chen et al.,
2018) acting on a finite context length. This discrete dynamics admits a continuous-time mean-field limit, which we
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Figure 4. Multilayer attention-based denoiser approaches Bayes-optimal x-pred MSE with increasing context and depth. (a) MSE
vs. context length (particle count) N . (b) MSE (normalized) vs. noise variance σ2. Solid lines show the mean (bands ±1 standard
deviation) over 8 seeds (with subsampling preserved across N ). Prior: Symmetric Gaussian mixture with µ = (±1, 0) and a = 0.1.
Parameters: (a) β = 20, σ2 = 0.5, L0 = 200; (b) N = 5000 is fixed for varying σ2. Details in Appendix C.

formalize via an ODE governing particle evolution. Algorithm 2 is the corresponding practical full-sample version. For
technical reasons, our analysis is carried out on a truncated version of this flow to ensure compact support. Algorithm 3
is the theorem-certified version. For Gaussian noisy laws, the tail estimate shows that taking R = RN slightly larger
than
√
logN makes the full-sample and truncated procedures agree with high probability. We refer to Appendix E.1 for

the precise algorithms.

5. Sequential posterior-mean recovery
We now state the recovery guarantee underlying the Stage 2 posterior-mean estimator. Recall that the clean law is
denoted by P0, and the observation model is

Y = X +
√
τ Z, X ∼ P0, Z ∼ N (0, Id), τ = σ2.

Thus, the noisy one-particle law is

f0 = γτ ∗ P0, γτ (z) = (2πτ)−d/2e−|z|2/(2τ).

For any candidate prior ν, define the Gaussian posterior-mean map

mν(y) :=

∫
Rd x γτ (y − x) ν(dx)∫
Rd γτ (y − x) ν(dx)

. (4)

For ν = P0, this is the Bayes-optimal square-loss denoiser,

mP0
(y) = E[X | Y = y].

The goal of the sequential construction is therefore to recover the function mP0
asymptotically from noisy samples. Let

Gβ(z) =
( β
2π

)d/2
e−

β
2 |z|2 = N (0, β−1Id),

and define the exact Gaussian attention drift

Xβ [µ](x) :=
1

β
∇ log(Gβ ∗ µ)(x). (5)

Equivalently,

Xβ [µ](x) = Fβ,µ(x)− x, (6)

Fβ,µ(x) :=

∫
z Gβ(x− z)µ(dz)∫
Gβ(x− z)µ(dz)

.
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Thus, Xβ [µ] is precisely the continuous-depth Gaussian-attention barycentric update.

Appendix E.4.3 defines a class Aτ ⊂ P1(Rd) of recoverable admissible priors. In other words, a prior P0 ∈ Aτ is one
whose noisy law f0 = γτ ∗ P0 has a well-defined noncompact mean-field flow

∂tf
β
t +∇ ·

(
fβt Xβ [f

β
t ]
)
= 0, fβt=0 = f0,

which is obtained as the R → ∞ limit of the corresponding hard-truncated compactly supported flows, and which
recovers the clean prior at a β-scaled denoising time, Tβ := βτ/2:

W1(f
β
Tβ
, P0) −→ 0 as β →∞.

This class packages the two requirements needed for the theorem below: propagation of chaos after hard truncation and
deterministic recovery of the clean law in the large-β denoising limit.

The following theorem is the main-text version of the hard-truncated recovery result proved as Theorem E.9 in
Appendix E.

Theorem 5.1 (Sequential posterior-mean recovery). Let P0 ∈ Aτ , and define

f
[R]
0 :=

1BR
f0

f0(BR)
.

Initialize N particles independently from f
[R]
0 , and evolve them by

Ẋi(t) = Xβ [µ
N,β,[R]
t ](Xi(t)),

µ
N,β,[R]
t :=

1

N

N∑
j=1

δXj(t).

Then, for every bounded observation region {|y| ≤M},

lim
β→∞

lim sup
R→∞

lim sup
N→∞

E sup
|y|≤M

∣∣∣∣mµ
N,β,[R]
Tβ

(y)−mP0(y)

∣∣∣∣
= 0.

(7)

Consequently, the same convergence holds in probability.

The order of limits is part of the statement: first N →∞ at fixed (β,R), then R→∞ at fixed β, and finally β →∞.
Thus this is a sequential consistency theorem rather than a joint scaling law in (N,R, β). It says that after evolving the
noisy samples by the exact Gaussian-attention dynamics up to depth Tβ = βτ/2, the posterior mean computed from the
evolved empirical measure converges uniformly on compact observation regions to the Bayes-optimal denoiser mP0 .

The class Aτ is nonempty. In particular, Appendix E.6 contains a proof that every Gaussian prior

P0 = N (a,Σ0),

with a ∈ Rd and Σ0 symmetric nonnegative semidefinite, belongs to Aτ . Indeed, if

f0 = γτ ∗ P0 = N (a,Γ0), Γ0 = Σ0 + τId,

then the deterministic mean-field flow remains Gaussian:

fβt = N (a,Γt), Γ̇t = −2Γt(I + βΓt)
−1.

At Tβ = βτ/2, ΓTβ
→ Σ0, hence fβTβ

→ P0 ∈ W1. Therefore, Gaussian priors satisfy the full sequential posterior-
mean recovery theorem.
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For Gaussian noisy data, the hard-truncation loss is explicit. If f0 = N (a,Γ0) and λ+ = λmax(Γ0), then for
R ≥ 1 + 2|a|,

f0(B
c
R) ≤ C(1 +R)d exp

(
− R2

8λ+

)
.

Therefore, for untruncated noisy samples Y1, . . . , YN ∼ f0,

P(Y1, . . . , YN ∈ BR) ≥ 1− CN(1 +R)d exp

(
− R2

8λ+

)
.

Choosing R = RN slightly larger than
√
logN makes this loss probability vanish. This relates the practical full-sample

construction in Alg. 2 to the theorem-certified truncated construction in Alg. 3.

6. Related work
Regimes of in-context denoising. Smart et al. (2025) introduced in-context denoising for attention networks, showing
that a single layer solves it when context tokens are clean. The present work extends this to the all-token corruption
regime, where every token is noisy and representations evolve jointly across depth, requiring the network to infer
the prior from corrupted samples. Concurrent work by Rosu et al. (2025) studies architectural equivalences between
attention and denoising algorithms, including manifold denoising (Hein & Maier, 2006; Belkin & Niyogi, 2003). Our
analysis is complementary: a finite-sample empirical Bayes interpretation, a two-stage decomposition in which a
long-range residual enables posterior averaging, and an explicit depth–noise relation T ∗ = σ2/2.

Dynamics of attention layers. A growing body of work analyzes multilayer attention as an interacting particle system,
including mean-field limits (Geshkovski et al., 2023; 2025; Rigollet, 2025; Bruno et al., 2025; Burger et al., 2025),
particle-transport formulations (Sander et al., 2022), and unrolled-denoising analyses (Wang et al., 2025). These works
emphasize long-time clustering and metastability. We complement this perspective by tying particle dynamics to a
collective in-context denoising task with a finite horizon. Also, many of these works consider dynamics on a compact
manifold, while we have to contend with an initial distribution supported on the whole of Rd.

Empirical Bayes and score-based denoising. Classical empirical Bayes methods study posterior estimation under
unknown priors from repeated observations (Robbins, 1956; Miyasawa, 1961; Stein, 1981; Efron, 2011; Johnstone &
Silverman, 2005; Raphan & Simoncelli, 2011). Under Gaussian corruption, these estimators are closely connected
to score-based denoising and diffusion formulations through Tweedie’s formula (Robbins, 1956; Miyasawa, 1961;
Efron, 2011; Vincent, 2011; Ho et al., 2020; Song et al., 2021). Kernel approximation of this connection (Fukunaga &
Hostetler, 1975) can be represented by Gaussian attention, which is leveraged here as well as in recent work (Rosu
et al., 2025; Ilin & Sushko, 2026). Related transport-based perspectives include constrained EB denoising via optimal
transport (Jaffe et al., 2025) and stochastic interpolants for generative modeling from corrupted observations (Modi
et al., 2025). Our contribution within this lineage is to identify a specifically in-context empirical Bayes role for
multilayer attention, where depth performs finite-sample refinement of a particle prior and attention residuals implement
posterior averaging against the refined representation.

Transformers and empirical Bayes. Recent work shows that transformers can be trained to solve empirical Bayes
problems in an in-context manner (Teh et al., 2025). Our approach is complementary: we provide a mechanistic
interpretation of multilayer attention as implementing internal prior refinement followed by posterior averaging via a
long-range attention residual connection. More broadly, our collective in-context denoising formulation instantiates the
perspective that transformer depth executes an implicit algorithm in the forward pass (Von Oswald et al., 2023).

7. Discussion
Our collective in-context denoising framework decomposes attention-based denoising into two stages: iterative
refinement of a particle prior (Stage 1) and posterior averaging via a long-range attention residual (Stage 2). The
cross-attention from the noisy input to a dynamically refined particle prior distinguishes empirical Bayes denoising
from iterative score-based denoising (Rosu et al., 2025; Bruno et al., 2025) and from the clean-context setting of Smart
et al. (2025), where Stage 1 is unnecessary and Stage 2 recovers the exact Bayes posterior mean. In the population limit,
one-step Tweedie estimators are themselves Bayes-optimal; depth in our framework therefore plays the specific role of
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correcting finite-sample error. Stage 1 alone is valuable for representation learning and distribution-level denoising
(Hein & Maier, 2006).

This setting connects to but differs from diffusion models such as DDPM (Ho et al., 2020) in two ways. First, our
denoiser is nonparametric and context-dependent — the score is estimated directly in-context via attention (no time-
dependent score is learned). Second, where diffusion models traverse a full trajectory of intermediate distributions ρt
via a noise schedule, we target recovery from a single corruption level σ2, for which a fixed-bandwidth kernel and
finite horizon T ∗ = σ2/2 suffice. The convergence of these two paradigms — transformer-based sequence models
and diffusion-style denoising — is increasingly visible in practical architectures (see DiT (Peebles & Xie, 2023), SiT
(Ma et al., 2024), and JiT (Li & He, 2025)). Our framework offers one statistical account of why this convergence is
principled, showing that attention natively implements a finite-sample empirical Bayes operator for iterative denoising.

A growing body of work interprets attention through the lens of associative memory and energy-based models
(Ramsauer et al., 2021; Smart et al., 2025), drawing on ideas from statistical physics (Krotov & Hopfield, 2016). From
the perspective of a single attention head, however, it is not clear where the “memories” encoded in keys and values
should come from. We show that a deep, single-head attention network can construct such memories in-context: the
particle prior refined by Stage 1 acts as a working memory that is itself shaped by collective dynamics, then read
out by Stage 2 for posterior inference. This picture — where the energy landscape is not fixed but emerges from
coupled interactions among many agents — has parallels in multicellular self-organization (Smart & Zilman, 2023),
and connects to recent looped- and energy-transformer formulations (Yang et al., 2024; Saunshi et al., 2025; Hoover
et al., 2023; Dehmamy et al., 2026; Gladstone et al., 2026). An open question is whether the finite denoising horizon
analyzed here can inform depth selection for recurrent attention networks more broadly.

Outlook. Several practical directions are natural follow-ups. Efficient approximations to the kernel sum — such
as Nyström-style schemes (Xiong et al., 2021; Rosu et al., 2025) or fast Gaussian-kernel approximations (Greengard
& Strain, 1991) — could broaden applicability, while lower-dimensional embeddings analogous to latent diffusion
(Rombach et al., 2022) could improve convergence rates. Unlike standard settings, however, the kernel geometry here is
not fixed: the particle prior and associated energy landscape evolve in-context with depth. Extending acceleration and
compression schemes to this dynamically evolving collective representation remains an interesting problem.

More conceptually, the two-stage decomposition suggests an in-context amortized inference perspective: once the
particle prior is refined through Stage 1, new queries can be processed cheaply via Stage 2 without recomputing the full
dynamics. The value of cross-depth attention in our framework also resonates with recent empirical work showing
that depth-wise attention residuals improve training stability and downstream performance (Team et al., 2026); our
framework provides one statistical reason for this benefit, since the original corrupted input carries token-identity
information that posterior inference preserves. More broadly, the empirical Bayes lens on attention — in which depth
refines a particle approximation to an unknown prior — may offer insight into the dynamic latent representations that
emerge in deep generative models more generally.

Limitations

Theoretical considerations. Our analysis relies on structural assumptions on the prior, formalized through the
admissible class Aτ that may be restrictive in practice. The theory does not establish propagation of chaos in full
generality, and instead proceeds via a truncated mean-field construction with sequential limits. In particular, we do
not obtain finite-sample convergence rates, joint scaling laws in (N,R, β), or guarantees for the practical untruncated
algorithm. The posterior-recovery theorem is proved only for priors inAτ Gaussian priors are verified as a concrete case,
while heavy-tailed, singular, or more general priors remain open. The proof relies on a hard-truncated compact-support
flow with sequential limits N →∞ at fixed (β,R), then R→∞, and finally β →∞; although Gaussian tail bounds
make truncation negligible with high probability for R ≳

√
logN . Extending these results to broader classes of priors,

establishing finite-sample rates, and developing joint scaling laws are natural directions for future work.

Architectural scope. The analysis applies to a minimal attention architecture: single-head, scaled-identity weights,
tied parameters across depth, and no MLP blocks or positional embedding. We further neglect layer norm which
motivates our use of the Gaussian attention kernel (Chen et al., 2021). Beyond these and other design choices, practical
transformers learn their enormous weight vectors by training on fixed datasets. We conjecture the empirical Bayes lens
extends to such settings, with learned weights potentially implementing approximations to the kernel structure analyzed
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here. A rigorous treatment would first require extending the analysis to anisotropic weights (cf. (Bruno et al., 2025;
Rosu et al., 2025)) which should then also vary with depth. It will be particularly interesting to characterize how MLP
layers augment the finite-N particle dynamics studied here and elsewhere.

Extensions left to future work. Several architectural extensions are not addressed here. Allowing parameters to vary
across depth opens the door to noise-schedule designs from diffusion models. Multi-head architectures with distinct
scales {βh} would enable multi-scale particle refinement. Our framework takes the noise level σ2 as input, setting both
the integration time and the Stage 2 scale βc = 1/σ2; inferring σ2 from corrupted samples in-context is a separate
challenge. Finally, the theoretical horizon T ∗ = σ2/2 is a leading-order prediction. Required depth in finite-N settings
depends on N , β, and prior structure, motivating adaptive depth-selection schemes; such schemes could be based on
input characteristics or leverage limited clean samples from the prior if available.

Broader impacts: This work is primarily theoretical and studies attention dynamics in controlled synthetic settings.
Potential positive impacts include improved understanding of transformer architectures and principled inference
mechanisms. Potential negative impacts are indirect, as broader advances in generative modeling could be misused for
tasks such as synthetic content generation.
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A. The informal argument for Empirical Bayes, Stage 1, via reverse diffusion
Before we give the informal arguments for the Proposition 3.1, let us indicate its relationship to the formal Theorem 5.1:

• Proposition 3.1 (Informal particle dynamics). Provides a heuristic description of attention updates as a finite-step
particle system, where each update corresponds to kernel-weighted averaging. This perspective connects attention
to reverse diffusion, kernel regression, and associative memory dynamics.

• Algorithm 1 (Discrete attention dynamics). Instantiates the informal dynamics of Proposition 3.1 as a finite-
depth, finite-sample procedure. It can be viewed as an Euler discretization of an underlying continuous-time
particle flow, with step size η and depth L determining the effective integration horizon.

• Algorithm 2 (Continuous-time flow). Provides a continuum formulation of the dynamics underlying Algorithm 1,
in which the empirical particle distribution evolves according to a Gaussian-attention driftXβ [µ] = β−1∇ log(Gβ∗
µ), where µ is the empirical distribution of the particles.

• Algorithm 3 (Truncated, theorem-certified dynamics). Introduces the hard-truncated version of the empirical
flow, obtained by restricting the initial noisy sample to a radius-R ball and then evolving by the same Gaussian-
attention drift. The rigorous theorem is stated for N i.i.d. samples from the normalized truncated law f

[R]
0 ; the

algorithmic filtering version is the practical finite-sample analogue. Compact support is preserved by the flow,
which makes the propagation-of-chaos analysis available.

• Theorem 5.1 (Posterior-mean recovery). Establishes that, for recoverable admissible priors and under appropriate
sequential limits the posterior mean computed from the hard-truncated evolved empirical measure converges
uniformly on compact observation regions to the Bayes-optimal predictor mP0

(y) = E[X | Y = y].

Now we discuss the steps towards Proposition 3.1.

A.1. Noise addition as forward diffusion

Let X0 ∼ P0 be a distribution on Rd with density ρ0. Consider the forward diffusion over the time interval s ∈ [0, T ]:

∂sρs = ∆ρs, (8)

where ρs is the density at time s, with the initial condition ρs=0 = ρ0. Eq. (8) is solved by

ρs = ρ0 ∗ N (0, 2sI). (9)

A.2. Backward-time formulation

We introduce backward time:
t = T − s, ft := ρT−t. (10)

Then ft satisfies
∂tft = −∆ft = −∇ ·

(
ft∇ log ft

)
. (11)

Comparing Eq. (11) with the continuity equation, ∂tft +∇(ftvt) = 0, gives the velocity field as vt(x) = ∇ log ft(x).
Thus we may view the diffusive flow as the transport of a cloud of particles with instantaneous velocities determined
by vt = ∇ log ft. If a particle has position Zt at time t, with the probability density ft, its trajectory follows the
deterministic probability flow (Song et al., 2021):

Żt = ∇ log ft(Zt), (12)

which transports f0 = ρT backwards in time toward fT = ρ0. Under this formulation, the drift is governed by the
score function ∇ log ft. The set of trajectories {Zt} constitutes a particle approximation to the backward density
evolution (Del Moral, 2013), effectively acting as a normalizing flow (Rezende & Mohamed, 2015) which maps the
diffused measure back to the data distribution.
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We introduce the Gaussian-kernel dynamics:

∂tft = −∇ ·
(
ft
∇(Gβ ∗ ft)
Gβ ∗ ft

)
= −∇ · (ft∇ log(Gβ ∗ ft)) , t ≥ 0

where Gβ is the Gaussian distribution with mean 0 and covariance β−1I . This is an intermediate model because the
original backward-time dynamics is expressed in terms of the exact score field∇ log ft, which depends on the unknown
population density itself and is therefore not directly accessible to a finite attention mechanism. In this case, the velocity
field is vt = ∇ log(Gβ ∗ ft); replacing∇ log ft with the smoothed score∇ log(Gβ ∗ ft) rewrites the denoising flow in
terms of Gaussian local averages.

By Proposition E.2, the corresponding flow equation (Eq. (12)) becomes

Żt = β (Fβ,ft(Zt)− Zt) , (13)

where

Fβ,ρ(y) =

∫
Rd x exp

(
−β∥y−x∥2

2

)
ρ(x)dx∫

Rd exp
(
−β∥y−x∥2

2

)
ρ(x)dx

. (14)

When the observation-noise variance is τ = β−1, Fτ−1,ρ = mρ, the Gaussian posterior mean for prior ρ.

Next, we treat the ft’s as the empirical measure on the time-evolved particles in discrete time. Consider N particles

at time t with positions {Z(i)
t }Ni=1 and the corresponding empirical measure ν(t)N =

1

N

N∑
i=1

δ
Z

(t)
i

. Then the particle

positions at time t+ η/β are given by:

Z
(i)
t+η/β − Z

(i)
t = η

(
F
β,ν

(t)
N

(Z
(i)
t )− Z(i)

t

)
. (15)

If the total time budget is T and passing through one layer corresponds to moving h = η/β in time, Lη/β = T , so that
the total number of layers is L = Tβ/η and the layer-wise dynamics becomes

Z
(i)
ℓ+1 = (1− η)Z(i)

ℓ + ηF
β,ν

(ℓ)
N

(Z
(i)
ℓ ).

In this way, the Gaussian-kernel formulation preserves the denoising interpretation while making the dynamics
compatible with an empirical particle approximation. It also regularizes the ideal backward-heat flow, which is
formally anti-diffusive and unstable, by replacing the raw score with a modified one. Finally, in the large-β regime, the
Gaussian attention barycenter satisfies Fβ,ρ(x)− x ≈ β−1∇ log ρ(x), and the corresponding nonlocal PDE reduces,
after rescaling time, to the original backward-heat equation. Thus the Gaussian-kernel dynamics is meant to provide
the correct bridge from the exact continuum denoising law to the finite-sample attention dynamics implemented via
particles.

A.3. Tweedie’s formula

Let X̃ = X + ε, where ε ∼ N (0, σ2Id) and X ∼ ρ. Then

E[X | X̃ = x̃] = x̃− σ2∇ log ρ̃(x̃),

where E[X | X̃ = x̃] = Fσ−2,ρ̃(x̃), and

∇ log ρ̃(x̃) =
1

γ2
(
x̃− E[X | X̃ = x̃]

)
.

Thus the score is a denoising residual.
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A.4. Local denoising along the diffusion

Fix backward time t and let s = T − t. Over a short forward time increment δ > 0,

Xs+δ = Xs + ε, ε ∼ N (0, 2δI).

Equivalently,

ft = ft−δ ∗ N (0, 2δI).

Applying Tweedie’s formula yields the local identity

∇ log ft(x) =
1

2δ

(
x− E[Y | X = x]

)
,

where Y ∼ ft−δ and X = Y + ε ∼ ft.

A.5. Particle approximation

We discretize backward time:

tℓ = ℓh, h =
T

L
.

Let {z(ℓ)i }Ni=1 approximate ftℓ . The reverse flow gives

z
(ℓ+1)
i = z

(ℓ)
i + h∇ log ftℓ(z

(ℓ)
i ).

Using the denoising identity, we instead write the update as

z
(ℓ+1)
i = (1− η)z(ℓ)i + η E[Y | X = z

(ℓ)
i ], η =

h

2δ
.

A.6. Kernel approximation

Since X = Y + ε with Gaussian noise, we have:

E[Y | X = z] =

∫
y e−

∥z−y∥2
4δ ft−δ(y)dy∫

e−
∥z−y∥2

4δ ft−δ(y)dy
.

Approximating ft−δ by ft, with further approximation of ft with particles, yields

E[Y | X = z] ≈
∑

j e
−

∥z−z
(ℓ)
j

∥2

4δ z
(ℓ)
j∑

j e
−

∥z−z
(ℓ)
j

∥2

4δ

.

Let β = 1/2δ. The update becomes

z
(ℓ+1)
i = (1− η)z(ℓ)i + η

∑
j e

− β
2 ∥z(ℓ)

i −z
(ℓ)
j ∥2

z
(ℓ)
j∑

j e
− β

2 ∥z(ℓ)
i −z

(ℓ)
j ∥2

. (16)

In this replacement of the integral by the sum, the condition Nρ̄
βd/2 ≫ 1 becomes important (here, ρ̄ denotes a typical

density, e.g. ρ̄ ≃
∫
ρ(x)2dx). Since the Gaussian centered around a particle position is effectively supported by a

spherical volume ∼ β−d/2, this condition corresponds to the number of other particles in this volume being large,
making the replacement by the sum justifiable.
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B. Stability and well-definedness of the Gaussian kernelized score field
B.1. Stability under smooth score field

The advantage of replacing the raw score ∇ log ft by∇ log(Kβ ∗ ft) is stability and well-definedness. It holds for any
smooth positive kernel Kβ .

Let Kβ : Rd → (0,∞) be a C1 probability density, and define

uf (x) := (Kβ ∗ f)(x), bf (x) := ∇ log(Kβ ∗ f)(x) =
∇(Kβ ∗ f)(x)
(Kβ ∗ f)(x)

.

The raw score ∇ log f is unstable because it may be undefined when f vanishes, and differentiation amplifies micro-
scopic oscillations. It vanishes at most points even if f is the empirical measure. If f is empirical, ∇ log f is not a
classical vector field.

If Kβ is C1 and positive, then for probability measure with density f ,

Kβ ∗ f ∈ C1(Rd), ∇(Kβ ∗ f) = (∇Kβ) ∗ f,

and Kβ ∗ f > 0. Hence bf is globally well-defined.

We also have the following heuristic properties:

1. On any compact set BR,

bf − bg =
∇uf −∇ug

uf
+∇ug

(
1

uf
− 1

ug

)
,

so if uf and ug are bounded below on BR, then

∥bf − bg∥L∞(BR) ≲ ∥∇Kβ ∗ f −∇Kβ ∗ g∥L∞(BR) + ∥Kβ ∗ f −Kβ ∗ g∥L∞(BR).

Thus stability of the score field reduces to stability of two linear convolutions.

2. If Kβ and ∇Kβ are Lipschitz, then for probability measures f, g,

∥Kβ ∗ f −Kβ ∗ g∥L∞(BR) + ∥∇Kβ ∗ f −∇Kβ ∗ g∥L∞(BR) ≲W1(f, g),

hence ∥bf − bg∥L∞(BR) ≲W1(f, g) whenever the denominators stay uniformly positive on BR.

3. For empirical measures

νN =
1

N

N∑
j=1

δzj ,

one has

(Kβ ∗ νN )(x) =
1

N

N∑
j=1

Kβ(x− zj), ∇(Kβ ∗ νN )(x) =
1

N

N∑
j=1

∇Kβ(x− zj),

so

∇ log(Kβ ∗ νN )(x) =

∑N
j=1∇Kβ(x− zj)∑N
j=1Kβ(x− zj)

.

Thus the field is well-defined for empirical laws and varies continuously under perturbations of the particle cloud.

4. Finally, if Kβ ∈ C2, then on any compact region where Kβ ∗ f is bounded below, the field bf is locally Lipschitz
in space, since

∇bf =
∇2(Kβ ∗ f)
Kβ ∗ f

− ∇(Kβ ∗ f)⊗∇(Kβ ∗ f)
(Kβ ∗ f)2

.

Hence the ODE
Żt = ∇ log(Kβ ∗ ft)(Zt)

is locally well-posed.
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In summary, for any smooth positive kernel Kβ , the map

f 7→ ∇ log(Kβ ∗ f)

is a stable regularization of the raw score: it is well-defined for empirical measures, continuous under perturbations of
the law, and suitable for particle and mean-field limits.

The Gaussian is special only because it adds further exact structures, not because basic stability is unique to it. This is
shown in the next subsection.

B.2. Importance of the Gaussian kernel for smoothing

Continuing from the previous discussion, let us say that we use a smooth density Kβ .

We focus on the following two properties:

(A.I) There is a positive definite matrix Cβ (for every positive β) such that E [X | X + eβ = y] = y + Cβ∇ log(Kβ ∗
f)(y) for every prior f on X , where eβ ∼ Kβ .

(A.II) There is a positive definite matrix Cβ such that for every empirical measure

νN =
1

N

N∑
i=1

δzj ,

the field looks like

∇ log(Kβ ∗ νN )(x) = C−1
β

 N∑
j=1

wj(x)zj − x

 , wj(x) =
Kβ(x− zj)∑N
i=1Kβ(x− zi)

.

Both of these expressions appear in the paper and the clean formulae help us derive the attention dynamics. Now,
assuming either one of (A.I) or (A.II) above holds, then Kβ is forced to be a Gaussian with covariance matrix Cβ .

Now that we have Kβ is Gaussian, we still need Kβ ∗ f → f (either in L1 convergence or almost everywhere
convergence) if β →∞. This forces all eigenvalues of Cβ (which are all taken as β−1 in the paper) to approach 0 as
β →∞. This still leaves us with a Gaussian with a covariance matrix Cβ . For simplicity, we use an isotropic Gaussian
with Cβ = rβI , where rβ = β−1. Note that by the last paragraph, limβ→∞ rβ = 0.

C. Attention architecture for two-stage collective denoising
Here we detail the multilayer attention architecture (Alg. 1) that implements the two stages in Fig. 1:

Stage 1. Given a collection of noisy input tokens {x̃i}Ni=1, the role of Stage 1 is to construct a particle approximation
to the prior using Eq. (1). This approximation serves as the model’s internal representation of the unobserved data
distribution that supports downstream inference. Eq. (1) can be interpreted as applying a Gaussian self-attention kernel
(Chen et al., 2021) with scaled-identity weights WQ = WK =

√
βId and WV = Id. Repeated application of the

attention operation produces a dynamic internal representation Z(ℓ) = {z(ℓ)i }Ni=1, which we use interchangeably with
its N × d matrix form when convenient. Z(ℓ) serves as the model’s particle estimate of the prior at depth ℓ; it provides
an estimate of ρ̂0 at depth L in Fig. 1.

The first term of Eq. (1) differs slightly from the canonical attention update zi ← zi + Attn(WV Z,WKZ,WQzi).
Since η ∈ (0, 1), this leaky residual update ensures forward invariance of the convex hull of {z(ℓ)i }Ni=1. Assuming that η
is fixed across layers (tied), the continuous-depth limit, η → 0, L→∞ with ηL = T fixed, can be viewed as a neural
ODE (Chen et al., 2018):

żi = −zi +
N∑
j=1

aij(Z)zj , (17)
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which is integrated from t = 0 to t = T with the initial condition zi(0) = x̃i ∀ i. In practice, we use Eq. (1) with a
fixed step size, corresponding to the forward Euler discretization of Eq. (17).

Stage 2. Once the approximate prior is obtained, the denoised estimates x̂i are computed for each noised token x̃i using
cross-attention with scale βc = 1/σ2 between the corrupted input zi(0) = x̃i and the refined representation after ℓ
steps, Z(ℓ), where ℓ is chosen to approximate the theoretical stopping depth L:

x̂i(ℓ) = mβc,Z(ℓ)(x̃i) =

∑
j exp

(
−βc∥z(ℓ)

j −x̃i∥2

2

)
zj(ℓ)∑

k exp
(
−βc∥z(ℓ)

k −x̃i∥2

2

) . (18)

As an architectural element, this is enabled by an additional skip connection from the input to layer ℓ (Fig. 1(a), dashed
path). This connects to recent work identifying the empirical benefits of residual pathways in attention models, with
particular emphasis on AttnRes connections to the embedding layer (Team et al., 2026). Here, the preservation of the
original noisy token plays a specific statistical role: it serves as the query in the final posterior estimation step. The
long-range skip connection implements the separation between data (query) and learned prior (memory) required by the
empirical Bayes formulation.

C.1. Remarks on the two-stage architecture and numerics

Remark (Choice of prior). Gaussian mixture models admit closed-form Bayes-optimal estimators (Appendix D), which
provides an unambiguous reference point against which to validate Stage 2 inference. Low-dimensional instantiations
permit direct visualization of the internal energy landscape (Fig. 3), allowing us to illustrate the two-stage mechanism.
We emphasize however that our framework is not specific to low-dimensional Gaussian mixtures.

Remark (Finite discretization and parameter scaling). In the finite-depth setting, the parameters (σ, L, β) cannot
be chosen independently if the dynamics are to approximate the reverse diffusion flow. Fixing a noise level σ2

determines the total (finite) time horizon T ∗ = σ2/2. Discretizing with L steps gives a step size h = T ∗/L = σ2/(2L).
Considering infinitesimal denoising between adjacent time slices in the reverse diffusion introduces a parameter
δ = (βσ2)−1 ≪ 1, requiring β to be sufficiently large, and induces an effective step size η = h/σ2δ. Substituting δ
gives

η = βh =
βσ2

2L
< 1, (19)

which should not be treated as an independent parameter. In particular, consistent approximation of the continuous
reverse flow corresponds to regimes with large L, large β, and β/L→ 0, so that η → 0 while δ → 0. In practice, the
numerics fix large L0 and integrate to 3L0 using h = T ∗/L0.

Remark (Annealing schedule). Allowing depth-dependent weights η(t), β(t) induces a time-inhomogeneous flow,
analogous to the noise (or annealing) schedules commonly used in diffusion models. In this interpretation, β(t)
controls the locality of the particle-based score approximation via δ(t) = (β(t)σ2)−1, while the discrete flow step
h(t) = η(t)/β(t) satisfies

∫ T

0
h(t) dt ≈ σ2/2. In the finite-depth setting, this implies

∑L
t=1

η(t)
β(t) ≈ T . We emphasize

that the denoising behavior is governed not by β(t) or η(t) individually, but by their ratio through this finite-time
horizon constraint.

Remark (Convex hull invariance). The convex hull of the particle set {zi(t)}Ni=1 is positively invariant under Eq. (1)
for any η ∈ (0, 1), β > 0. To see this, observe that each particle updates its position as a convex combination of its
current position and the attention-weighted barycenter

∑
j aij(t)zj(t), which itself lies in the convex hull.

Remark (Layer-norm). We study simplified dynamics without layer-norm/spherical projection. Off sphere, distances
are relevant and the Gaussian kernel is appropriate. If one projects to the sphere between attention layers, then the
Gaussian kernel reduces to softmax dot-product attention.

Remark (One-shot Tweedie-like predictor). Note that Eq. (18) can in principle be used without iterating Stage 1,
yielding an empirical Tweedie-like estimator,

x̂i(0) = x̃i +

∑
j bij(x̃j − x̃i)∑

k bik
≈ x̃i + σ2∇ log pX̃(x̃i), (20)
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via the Gaussian kernel representation of the score. In the large N limit, this estimator coincides with the Bayes-optimal
posterior mean; in practically relevant finite-sample settings, it provides a baseline for the role of depth in the recovery
of the uncorrupted data distribution.

Remark (Tweedie & Finite-N ). The gap between one-shot and iterative estimators arises from finite-sample effects; in
the population limit, both coincide with the Bayes-optimal estimator.

Remark (Depth/stepsize). While we intentionally use small steps (many layers) to match the theory, fewer layers
could be used in practice, provided the step size per layer is increased according to T ∗.

Remark (Posterior sufficiency and clustering). While Stage 1 is motivated by recovery of the clean prior ρ0, we
empirically observe that accurate posterior inference can be achieved even when the particle distribution concentrates
into discrete clusters. This suggests that, for Stage 2 cross-attention, it may not be necessary to reconstruct the full
prior density. Instead, it appears sufficient to concentrate particle mass near high-density regions of the data, forming a
discrete surrogate representation that preserves the relevant local energy landscape. This provides a possible functional
interpretation of the clustering behavior emphasized in prior analyses of attention dynamics, suggesting that it could
enable sparse in-context representations rather than a geometric artifact or pathology.

C.2. Additional numerics

Figure 5 indicates that careful tuning of β and sufficient depth can allow self-attention kernel denoising (Stage 1) alone
to approach Bayes optimality. However, consistent with the empirical Bayes approach, it further emphasizes that the
combination of depth and cross-attention to the input (Stage 2) provides a more robust mechanism for posterior averaging
across regimes, requiring significantly less depth or context length to achieve the same error. This decomposition
naturally points towards an amortized inference design: once the model refines the particle prior (Stage 1), it can be
“cached" so that novel queries can be processed cheaply (Stage 2) via a gradient descent step on Eq. (2).

(a) (b)

Bayes MMSE

Stage 1 (depth)

Stage 2 (one-shot,          )

Stage 2 (depth) 

from depth–noise relation
(theory; first-order)

Bayes MMSE

M
S

E

(predict input)

Fix N = 5,000

MSE decreases with depth (vary N as in Fig. 4a) Stage 2 (posterior averaging) reduces β-sensitivity

Figure 5. (a) Mean squared error (MSE) as a function of depth ℓ for varying context size N . Increasing depth improves performance
up to a finite horizon T ∗ predicted by the depth–noise relation, beyond which gains saturate. Larger context sizes yield better particle
priors and lower error, approaching the Bayes MMSE. (b) MSE as a function of attention bandwidth β for fixed N . While Stage 1
(particle refinement) is sensitive to kernel bandwidth, Stage 2 (posterior averaging) substantially reduces this sensitivity, yielding
robust performance across a wide range of β. These results highlight the complementary roles of depth (prior refinement) and
cross-attention (posterior inference). Same parameters used as Fig. 4.

Figure 5(a) shows the evolution of MSE with depth (i.e., in-context during a single forward pass) for varying context
sizes N . Consistent with the empirical Bayes interpretation, refinement of the particle approximation to the prior
facilitates improved posterior estimates. The improvement saturates near a finite depth T ∗, in agreement with the
predicted depth–noise relationship. Larger context sizes reduce finite-sample error and allow the estimator to approach
the Bayes optimal bound more closely.

Figure 5(b) examines sensitivity to the attention bandwidth β. We emphasize that, for moderate noise strength, there
should be no expectation that the particle prior alone be used for x-pred denoising. Posterior averaging (Stage 2)
is the correct step for this task in the framework, and the empirics indicate its general robustness. Indeed, while
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Stage 1 performance depends relatively strongly on β (consistent with Fig. 2(b) in the main text), posterior averaging
substantially mitigates this sensitivity.

D. Posterior mean for Gaussian mixture prior
We recall the posterior mean for Gaussian mixture priors in order to make explicit its connection to the attention-based
estimator used in the main text (see e.g. Bishop (2006) for background). The point-mass case arises as a limiting
regime.

Recall that under squared error loss (MSE), the Bayes-optimal estimator is the posterior mean

x̂(y) = E[X | X̃ = y] =

∫
x pX|X̃(x | y) dx.

Under Gaussian mixture priors, ρ0 =
∑K

i=1 πiN (µi,Σi), this expression has a closed form. For observations corrupted
by additive Gaussian noise, X̃ = X + ϵ with ϵ ∼ N (0, σ2Id), the posterior distribution p(X | X̃ = y) is also a
mixture, but with observation-dependent weights:

wi(y) := P (component = i | y) = πiN (y | µi,Σi + σ2Id)∑K
j=1 πj N (y | µj , Σj + σ2Id)

.

Evaluating the posterior mean
∫
x pX|X̃(x | y) dx yields:

E[X | X̃ = y] =

K∑
i=1

wi(y)
[
µi +Σi(Σi + σ2Id)

−1(y − µi)
]
, (21)

which is a weighted combination of component-wise shrinkage estimators. The weights are determined by the likelihood
of each mixture component under the noisy observation y. Intuitively, the estimate moves the observation toward
nearby component means, combining them according to their likelihood and shrinking the displacement according to
the signal-to-noise ratio. E.g., for a single isotropic component with zero mean and covariance Σ = a2Id, this reduces
to the familiar shrinkage estimator E[X | X̃ = y] = a2

a2+σ2 y.

Point-mass mixture. In the limiting case where the prior is a point mass mixture, ρ0 =
∑K

i=1 πiδµi
, the posterior

weights reduce to wi(y) ∝ πi exp
(
−∥y−µi∥2

2σ2

)
and the posterior mean becomes

E[X | X̃ = y] =

K∑
i=1

wi(y)µi =

∑K
i=1 πi exp

(
−∥y−µi∥2

2σ2

)
µi∑K

j=1 πj exp
(
−∥y−µj∥2

2σ2

) .

Thus, in the point-mass limit, the posterior mean reduces exactly to a Gaussian kernel-weighted average over support
points, coinciding with the attention operation in Algorithm 1 and yielding a probabilistic interpretation of finite-sample
attention as posterior averaging under a discrete prior.

Bayes MMSE. Eq. (21) defines the Bayes optimal estimator for the x-prediction MSE objective when the prior is a
known Gaussian mixture. As this is the best estimate one could make for x̂ when the prior is known, this serves as the
key baseline in Fig. 4. In contrast, our framework operates in the regime where the prior itself is unknown and must be
jointly estimated from corrupted observations.

E. Exact Gaussian Drift, Hard Truncation, and Sequential Posterior-Mean Recovery
E.1. Pseudocode: ODE-based continuous-time sequential posterior-mean estimator

We record the continuous-depth analogues of the two-stage estimator in Algorithm 1. The notation is chosen to match
the main text: the observed noisy tokens are x̃i, the evolving particles are zi, and y denotes a query point. To denoise
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the original prompt one takes y = x̃i for each input token. The observation-noise variance is denoted by τ in the
analysis below; it is the same quantity as σ2 in the main text, so Tβ = βτ/2 = βσ2/2. Algorithm 2 is the full empirical
flow corresponding to the finite-sample attention dynamics, while Algorithm 3 is the compact-support version used in
the proof for fixed R.

Algorithm 2 Full-sample continuous-depth posterior-mean estimator

Require: Noisy tokens x̃1, . . . , x̃N ∼ f0 = γτ ∗ P0, inverse temperature β, terminal time Tβ = βτ/2, query y
1: Initialize zi(0)← x̃i and µN

t := 1
N

∑N
j=1 δzj(t)

2: Evolve, for 0 ≤ t ≤ Tβ and i = 1, . . . , N ,

żi(t) = Xβ [µ
N
t ](zi(t)) =

∑N
j=1 zj(t)Gβ(zi(t)− zj(t))∑N

j=1Gβ(zi(t)− zj(t))
− zi(t).

3: Output the posterior mean against the refined particle prior:

m̂N (y) := mµN
Tβ

(y) =

∑N
i=1 zi(Tβ)γτ (y − zi(Tβ))∑N

i=1 γτ (y − zi(Tβ))
.

Algorithm 3 Empirical hard-truncation continuous-depth posterior-mean estimator

Require: Noisy tokens x̃1, . . . , x̃N ∼ f0 = γτ ∗P0, radius R, inverse temperature β, terminal time Tβ = βτ/2, query
y

1: Retain the tokens in the radius-R ball and relabel them as

{z1(0), . . . , zNR
(0)} := {x̃i : |x̃i| ≤ R}.

2: if NR = 0 then
3: Increase R or resample.
4: end if
5: Set µNR,β,[R]

t := 1
NR

∑NR

j=1 δzj(t)
6: Evolve, for 0 ≤ t ≤ Tβ and i = 1, . . . , NR,

żi(t) = Xβ [µ
NR,β,[R]
t ](zi(t)) =

∑NR

j=1 zj(t)Gβ(zi(t)− zj(t))∑NR

j=1Gβ(zi(t)− zj(t))
− zi(t).

7: Output the posterior mean against the truncated refined particle prior:

m̂NR,R(y) := m
µ
NR,β,[R]

Tβ

(y) =

∑NR

i=1 zi(Tβ)γτ (y − zi(Tβ))∑NR

i=1 γτ (y − zi(Tβ))
.

E.2. Mathematical preliminaries

This section proves a sequential particle approximation theorem for Gaussian-prior posterior means under the exact
Gaussian logarithmic drift. The argument has three steps. First, at fixed β, we establish the compact-support mean-field
theory, including the barycentric form of the drift, invariant-ball estimates, deterministic well-posedness, stability, and
pointwise-in-time propagation of chaos. Second, we formulate a noncompact admissibility criterion based on hard
truncation and show that it transfers compact-support particle approximation to noncompact data. Third, we introduce
an admissible-recoverable class of priors and verify that Gaussian priors belong to it.

We will use the following background results: the Kantorovich–Rubinstein duality formula for W1 (Villani, 2009,
Particular Case 5.16), the characterization of Wasserstein convergence by weak convergence plus moment convergence
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(Villani, 2009, Definition 6.8 and Theorem 6.9), the continuity-equation formulation of absolutely continuous Wasser-
stein curves (Ambrosio et al., 2008, Sections 8.1–8.3), the Dobrushin fixed-point and stability method for Vlasov-type
mean-field equations (Dobrushin, 1979, main Theorem, Propositions 2–4, and Section 6), the standard coupling method
for propagation of chaos and the nonlinear-process viewpoint (Sznitman, 1991, Chapter I, Sections 1–2) (Chaintron &
Diez, 2022, Section 4.1), the empirical W1 estimate obtained from (Fournier & Guillin, 2015, Theorem 1, with p = 1),
the Bihari–Osgood form of the generalized Bellman lemma (Bihari, 1956, Sections 3–4).

We shall also use the following elementary form of Gronwall’s inequality. If u : [0, T ]→ [0,∞) is continuous and

u(t) ≤ a(t) + L

∫ t

0

u(s) ds, 0 ≤ t ≤ T,

where L ≥ 0 and a : [0, T ]→ [0,∞) is nondecreasing, then

u(t) ≤ a(t)eLt, 0 ≤ t ≤ T.

In particular, if u(t) ≤ L
∫ t

0
u(s) ds, then u ≡ 0. The only nonlinear variant used below is the Osgood–Bihari argument

in Theorem E.20.

All noncompact particle statements below are sequential: first N →∞ at fixed (β,R), then R→∞ at fixed β, and
finally β →∞.

All existence assertions are made on a prescribed finite time interval. For compactly supported data this causes no loss,
because the invariant-ball and Lipschitz estimates below give global-in-time characteristic solutions on every finite
horizon. For general noncompact data we do not assert a general global theory; instead, admissibility is a finite-horizon
hypothesis. In the Gaussian case this hypothesis is verified directly by an explicit positive-definite covariance flow.

E.3. Fixed-β mean-field theory for the exact Gaussian drift

Throughout we write P(Rd) for the set of Borel probability measures on Rd, and

P1(Rd) :=

{
µ ∈ P(Rd) :

∫
Rd

|x|µ(dx) <∞
}
.

For µ, ν ∈ P1(Rd), we denote by W1(µ, ν) the 1-Wasserstein distance. If E ⊂ Rd and F : E → Rk, we write

LipE(F ) := sup
x,x′∈E
x̸=x′

|F (x)− F (x′)|
|x− x′|

for the Lipschitz constant of F on E. When E = Rd, we write simply

Lip(F ) := LipRd(F ).

If F = F (x, θ) depends on a spatial variable x ∈ Rd and on an auxiliary parameter θ, then

Lipx F (·, θ)

denotes the Lipschitz constant of the map x 7→ F (x, θ), with θ held fixed.

We shall use the Kantorovich–Rubinstein formula (Villani, 2009, Particular Case 5.16)

W1(µ, ν) = sup
φ:Rd→R
Lip(φ)≤1

∫
Rd

φ(x) (µ− ν)(dx). (22)

For R > 0, we write
BR := {x ∈ Rd : |x| ≤ R}

for the closed Euclidean ball of radius R centered at the origin, and

P(BR) := {µ ∈ P(Rd) : suppµ ⊂ BR}.

On P(BR), weak convergence and W1-convergence agree by (Villani, 2009, Theorem 6.9); since BR is compact,
P(BR) is weakly compact, hence (P(BR),W1) is compact and therefore complete.
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E.3.1. NOTATION AND BASIC OBJECTS

The compact-support results in this section are stated for initial laws already supported in a fixed ball. No truncation is
used in their formulation. Truncations enter only in Section E.4, where noncompact initial laws are approximated by
compactly supported laws.

Throughout this section, | · | refers to Euclidean vector norm. For β > 0, set

Gβ(z) :=
( β
2π

)d/2
e−

β
2 |z|2 , z ∈ Rd.

For µ ∈ P1(Rd), define

Dβ [µ](x) := (Gβ ∗ µ)(x) =
∫
Rd

Gβ(x− y)µ(dy).

Since Gβ > 0, the logarithmic drift

Xβ [µ](x) :=
1

β

∇(Gβ ∗ µ)(x)
(Gβ ∗ µ)(x)

(23)

is well defined for every x ∈ Rd. For a fixed observation-noise variance τ > 0, define the Gaussian posterior-mean map

mµ(y) :=

∫
Rd x γτ (y − x)µ(dx)∫
Rd γτ (y − x)µ(dx)

, γτ (z) := (2πτ)−d/2e−|z|2/(2τ). (24)

For a matrix A ∈ Rd×d, we write

∥A∥HS :=
(
Tr(A⊤A)

)1/2
=

 d∑
i,j=1

A2
ij

1/2

for its Hilbert–Schmidt, equivalently Frobenius, norm.

E.3.2. POSTERIOR MEANS UNDER W1-CONVERGENCE

Proposition E.1 (Local W1-continuity of the Gaussian posterior mean). Fix τ > 0. Let νn, ν ∈ P1(Rd), and assume

W1(νn, ν)→ 0.

Then, for every M <∞,
sup

|y|≤M

|mνn
(y)−mν(y)| → 0.

Proof. Write

Zλ(y) :=

∫
γτ (y − x)λ(dx), Nλ(y) :=

∫
xγτ (y − x)λ(dx).

For |y| ≤M , the functions x 7→ γτ (y − x) are globally Lipschitz with a uniform Lipschitz constant. Therefore

sup
|y|≤M

|Zνn
(y)− Zν(y)| ≤ Cτ,MW1(νn, ν)→ 0.

Similarly, each coordinate of x 7→ xγτ (y − x) is bounded and globally Lipschitz uniformly for |y| ≤ M , because
polynomial factors are dominated by the Gaussian. Hence

sup
|y|≤M

|Nνn(y)−Nν(y)| → 0.

Since Zν is continuous and strictly positive on the compact set BM , it has a positive lower bound there. Uniform
convergence of numerator and denominator then gives uniform convergence of the quotient Nνn/Zνn → Nν/Zν on
BM .
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E.3.3. EXACT BARYCENTRIC FORM OF THE DRIFT

Proposition E.2 (Exact drift as a Gaussian barycenter minus the identity). For µ ∈ P1(Rd), define

Aβ [µ](x) :=

∫
Rd

y Gβ(x− y)µ(dy), Fβ,µ(x) :=
Aβ [µ](x)

Dβ [µ](x)
.

Then, for every x ∈ Rd,
Xβ [µ](x) = Fβ,µ(x)− x. (25)

In particular, if µ ∈ P(BR), then

Fβ,µ(x) ∈ co(suppµ) ⊂ BR for every x ∈ Rd.

Moreover, if β = τ−1, then
Xτ−1 [µ](y) = mµ(y)− y (y ∈ Rd). (26)

Proof. Since ∇Gβ(z) = −βzGβ(z),

1

β
∇(Gβ ∗ µ)(x) = −

∫
Rd

(x− y)Gβ(x− y)µ(dy).

Dividing by Dβ [µ](x) > 0 gives

Xβ [µ](x) =

∫
yGβ(x− y)µ(dy)∫
Gβ(x− y)µ(dy)

− x = Fβ,µ(x)− x.

The normalized measure
Gβ(x− y)
Dβ [µ](x)

µ(dy)

is a probability measure supported on suppµ, so its barycenter lies in co(suppµ). If β = τ−1, then Gβ = γτ , and the
identity becomes Xτ−1 [µ] = mµ − Id.

E.3.4. COMPACT-SUPPORT GEOMETRY AND INVARIANT BALLS

Proposition E.3 (Invariant ball for the exact drift). Fix β > 0 and R > 0.

(i) If µ ∈ P(BR), then for every x ∈ Rd,

⟨x,Xβ [µ](x)⟩ ≤ R|x| − |x|2. (27)

In particular, ⟨x,Xβ [µ](x)⟩ ≤ 0 whenever |x| ≥ R.

(ii) Let (µt)t∈[0,T ] ⊂ P(BR) be measurable, and let xt solve

ẋt = Xβ [µt](xt), x0 ∈ BR.

Then xt ∈ BR for every t ∈ [0, T ].

(iii) If the initial data of the exact N -particle system

Ẋi,N
t = Xβ [µ

N
t ](Xi,N

t ), µN
t :=

1

N

N∑
j=1

δXj,N
t
, i = 1, . . . , N,

all belong to BR, then every particle stays in BR for all later times.
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Proof. By Proposition E.2,
Xβ [µ](x) = Fβ,µ(x)− x, Fβ,µ(x) ∈ BR

whenever µ ∈ P(BR). Hence

⟨x,Xβ [µ](x)⟩ = ⟨x, Fβ,µ(x)⟩ − |x|2 ≤ R|x| − |x|2,

which proves (i). Parts (ii) and (iii) follow by the standard first-exit argument applied to t 7→ |xt|2/2: on the exterior
region {|x| > R}, the radial derivative is strictly negative. Therefore a trajectory starting in BR cannot exit BR. The
particle assertion is the same argument applied to each particle, since the empirical measure is supported in BR as long
as the particles are.

E.3.5. LIPSCHITZ CONTROL ON A BOUNDED SUPPORT CLASS

Proposition E.4 (Exact drift is Lipschitz on an invariant ball). Fix β > 0 and R > 0. Then there exists Lβ,R > 0 such
that for all x, x′ ∈ BR and all µ, ν ∈ P(BR),

|Xβ [µ](x)−Xβ [ν](x
′)| ≤ Lβ,R

(
|x− x′|+W1(µ, ν)

)
.

Proof. Write Dµ = Dβ [µ], Aµ = Aβ [µ], and Fβ,µ = Aµ/Dµ. By Proposition E.2, Xβ [µ] = Fβ,µ − Id, so it suffices
to estimate Fβ,µ.

For x, y ∈ BR,
Dµ(x) ≥ cβ,R := inf

u,v∈BR

Gβ(u− v) > 0.

Moreover,
|Aµ(x)| ≤ R∥Gβ∥∞.

The maps y 7→ Gβ(x− y) and y 7→ yGβ(x− y), restricted to BR, have Lipschitz constants bounded uniformly for
x ∈ BR. Hence, by the Kantorovich–Rubinstein formula (Villani, 2009, Particular Case 5.16),

|Dµ(x)−Dν(x
′)|+ |Aµ(x)−Aν(x

′)| ≤ Cβ,R

(
|x− x′|+W1(µ, ν)

)
.

Using the quotient identity

Aµ(x)

Dµ(x)
− Aν(x

′)

Dν(x′)
=
Aµ(x)−Aν(x

′)

Dµ(x)
+Aν(x

′)
Dν(x

′)−Dµ(x)

Dµ(x)Dν(x′)

and the lower bound Dµ, Dν ≥ cβ,R, we obtain

|Fβ,µ(x)− Fβ,ν(x
′)| ≤ Cβ,R

(
|x− x′|+W1(µ, ν)

)
.

Since Xβ [µ](x) = Fβ,µ(x)− x, the claim follows after increasing the constant.

Proposition E.5 (Characteristic well-posedness and stability on the invariant ball). Fix β > 0, R > 0, and T > 0, and
define

b(x, µ) := Xβ [µ](x), x ∈ Rd, µ ∈ P(BR).

Let Lβ,R > 0 be the constant from Proposition E.4.

Then the following hold.

(i) For every continuous path
q ∈ C([0, T ];P(BR))

and every x ∈ BR, there exists a unique solution

zq,x ∈ C1([0, T ];Rd)

of
żt = b(zt, qt), z0 = x.
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Moreover,
zq,xt ∈ BR for every t ∈ [0, T ].

We define
Φq

t (x) := zq,xt , x ∈ BR, t ∈ [0, T ].

(ii) For every f0 ∈ P(BR), the map

Γ : C([0, T ];P(BR))→ C([0, T ];P(BR)), (Γq)t := (Φq
t )#f0,

is well defined and has a unique fixed point

f ∈ C([0, T ];P(BR)).

Equivalently, there exist a unique curve
f ∈ C([0, T ];P(BR))

and a unique family of maps
Φt : BR → BR, t ∈ [0, T ],

such that, for every x ∈ BR, the trajectory
t 7−→ Φt(x)

is the unique C1 solution of
żt = b(zt, ft), z0 = x,

and
ft = (Φt)#f0 for every t ∈ [0, T ].

(iii) If f, g ∈ C([0, T ];P(BR)) are two solutions corresponding to initial data f0, g0 ∈ P(BR), then for every
t ∈ [0, T ],

W1(ft, gt) ≤ e2Lβ,RtW1(f0, g0). (28)

Proof. For a prescribed path q ∈ C([0, T ];P(BR)), the vector field x 7→ b(x, qt) is continuous in t, Lipschitz in x on
BR uniformly in t, and points inward at ∂BR by Proposition E.3. Hence the characteristic equation is globally well
posed on [0, T ], and the flow Φq

t : BR → BR is well defined.

The nonlinear law is obtained as the fixed point of

Γq :=
(
(Φq

t )#f0
)
0≤t≤T

.

By Proposition E.4, for two paths q, r,

|Φq
t (x)− Φr

t (x)| ≤ Lβ,R

∫ t

0

eLβ,R(t−s)W1(qs, rs) ds.

Therefore, for the exponentially weighted metric

dα(q, r) := sup
0≤t≤T

e−αtW1(qt, rt),

one has

dα(Γq,Γr) ≤
Lβ,R

α− Lβ,R
dα(q, r).

Choosing α > 2Lβ,R, Γ is a contraction on the complete space C([0, T ];P(BR)). This gives existence and uniqueness
of f and the characteristic flow. This is the usual Dobrushin fixed-point argument in the Kantorovich–Rubinstein metric;
compare (Dobrushin, 1979, Propositions 2–3 and Section 6).
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For stability, let f, g be two solutions and couple their initial data by an arbitrary coupling π0. If Xt, Yt are the
corresponding nonlinear characteristics, then

|Xt − Yt| ≤ |X0 − Y0|+ Lβ,R

∫ t

0

(
|Xs − Ys|+W1(fs, gs)

)
ds.

Taking expectations, using W1(fs, gs) ≤ E|Xs − Ys|, and applying Gronwall gives

W1(ft, gt) ≤ e2Lβ,RtW1(f0, g0).

This is the standard Dobrushin stability estimate; compare (Dobrushin, 1979, Proposition 4).

E.3.6. WEAK FORMULATIONS FOR THE LATER NONCOMPACT PASSAGE

The compact-support solutions constructed above are characteristic solutions. In the noncompact truncation limit,
however, compactness only gives convergence of measure-valued curves. We therefore record the weak continuity-
equation formulation used later. This is the usual weak formulation of the continuity equation in Rd; compare (Ambrosio
et al., 2008, Sections 8.1–8.3). Compactly supported characteristic solutions are special cases of this definition, by the
chain rule along characteristics.

Definition E.1 (Finite-action weak solutions). Fix β > 0 and T > 0. A curve

f ∈ C([0, T ];P1(Rd))

is called a finite-action weak solution of
∂tft +∇ · (ftXβ [ft]) = 0 (29)

on [0, T ], with initial condition f0, if ft=0 = f0,∫ T

0

∫
Rd

|Xβ [ft](x)| ft(dx) dt <∞,

and, for every ϕ ∈ C1
c (Rd), ∫

ϕdft −
∫
ϕdf0 =

∫ t

0

∫
∇ϕ(x) ·Xβ [fs](x) fs(dx) ds (30)

for every t ∈ [0, T ].

This definition is not an additional existence theorem. It is only the formulation in which the noncompact limits below
will be identified. We now return to the compactly supported particle system and prove the pointwise propagation-of-
chaos estimate needed for the truncation argument.

E.3.7. FIXED-β COMPACT-SUPPORT POINTWISE PROPAGATION OF CHAOS

The next theorem uses propagation of chaos in the pointwise-in-time sense: for each fixed t and each fixed k, the
k-particle marginal converges to f⊗k

t .

Theorem E.6 (Compactly supported fixed-β propagation of chaos). Fix β > 0, T > 0, and R > 0, and assume

f0 ∈ P(BR).

Let (Xi
0)i≥1 be an i.i.d. sequence with common law f0. For each N ≥ 1, use (X1

0 , . . . , X
N
0 ) as particle initial data

and let

Ẋi,N
t = Xβ [µ

N
t ](Xi,N

t ), µN
t :=

1

N

N∑
j=1

δXj,N
t
, i = 1, . . . , N,

be the exact particle system. Let
f ∈ C([0, T ];P(BR))
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and
Φt : BR → BR

be the unique nonlinear law path and nonlinear characteristic flow from Proposition E.5, and define

X̄i
t := Φt(X

i
0), i ≥ 1, µ̄N

t :=
1

N

N∑
j=1

δX̄j
t
.

Then:

(i) the particle system is well posed on [0, T ], and the nonlinear law path ft is well posed on [0, T ], and

suppµN
t ⊂ BR, supp ft ⊂ BR for every t ∈ [0, T ];

(ii) the random variables (X̄i
t)i≥1 are i.i.d. with common law ft, and for every t ∈ [0, T ],

E|X1,N
t − X̄1

t | ≤ Lβ,Re
2Lβ,Rt

∫ t

0

E
[
W1(µ̄

N
s , fs)

]
ds;

(iii) for every fixed t ∈ [0, T ],
E
[
W1(µ

N
t , ft)

]
−→ 0 as N →∞;

(iv) if FN,k
t denotes the law of (X1,N

t , . . . , Xk,N
t ), then for each fixed k ≥ 1,

W1

(
FN,k
t , f⊗k

t

)
−→ 0 as N →∞,

where W1 on (Rd)k is taken with respect to the cost

(x1, . . . , xk), (y1, . . . , yk) 7−→
k∑

i=1

|xi − yi|.

Proof. The particle vector field is smooth on (Rd)N , since

FN,i(x1, . . . , xN ) =

∑N
j=1 xjGβ(xi − xj)∑N
j=1Gβ(xi − xj)

− xi

has a strictly positive denominator. Proposition E.3 gives global existence on [0, T ] and invariance ofBN
R . The nonlinear

law path and flow are given by Proposition E.5.

Let

X̄i
t := Φt(X

i
0), µ̄N

t :=
1

N

N∑
j=1

δX̄j
t
.

Then (X̄i
t)i≥1 are i.i.d. with common law ft. Set

νN (t) := E|X1,N
t − X̄1

t |.

We spell out the coupling step. For each time s, the measure

ΠN
s :=

1

N

N∑
j=1

δ(Xj,N
s ,X̄j

s)

is a coupling of µN
s and µ̄N

s . Hence

W1(µ
N
s , µ̄

N
s ) ≤ 1

N

N∑
j=1

|Xj,N
s − X̄j

s |.
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Taking expectations and using exchangeability of the particle system and of the coupled nonlinear characteristics gives

EW1(µ
N
s , µ̄

N
s ) ≤ 1

N

N∑
j=1

E|Xj,N
s − X̄j

s | = νN (s). (31)

On the other hand, the Lipschitz estimate of Proposition E.4 gives, for the first particle,

|X1,N
t − X̄1

t | ≤ Lβ,R

∫ t

0

(
|X1,N

s − X̄1
s |+W1(µ

N
s , fs)

)
ds.

Using
W1(µ

N
s , fs) ≤W1(µ

N
s , µ̄

N
s ) +W1(µ̄

N
s , fs)

and then (31), we obtain

νN (t) ≤ 2Lβ,R

∫ t

0

νN (s) ds+ Lβ,R

∫ t

0

EW1(µ̄
N
s , fs) ds.

Applying the Gronwall estimate stated at the beginning of the appendix yields

νN (t) ≤ Lβ,Re
2Lβ,Rt

∫ t

0

EW1(µ̄
N
s , fs) ds.

This is the usual coupling estimate behind propagation of chaos; compare the classical nonlinear-process construction
in (Sznitman, 1991, Chapter I, Section 1) and the modern discussion of coupling methods in (Chaintron & Diez, 2022,
Section 4.1).

For fixed s, the random variables (X̄j
s )j≥1 are i.i.d. with law fs ∈ P(BR). The empirical-measure estimate (Fournier

& Guillin, 2015, Theorem 1, with p = 1) gives

EW1(µ̄
N
s , fs)→ 0 for every fixed s,

because the required moment conditionMq(fs) <∞ for some q > 1 is automatic from the support bound fs ∈ P(BR).
Since 0 ≤W1(µ̄

N
s , fs) ≤ 2R, dominated convergence gives∫ t

0

EW1(µ̄
N
s , fs) ds→ 0.

Therefore νN (t)→ 0. Hence

EW1(µ
N
t , ft) ≤ EW1(µ

N
t , µ̄

N
t ) + EW1(µ̄

N
t , ft) ≤ νN (t) + EW1(µ̄

N
t , ft)→ 0.

Finally, coupling (X1,N
t , . . . , Xk,N

t ) with (X̄1
t , . . . , X̄

k
t ) gives

W1(F
N,k
t , f⊗k

t ) ≤
k∑

i=1

E|Xi,N
t − X̄i

t | = kνN (t)→ 0.

E.4. Noncompact admissibility and hard-truncated particle approximation

We next formulate the deterministic hypothesis that allows compactly supported particle systems to approximate
noncompact initial data. The condition is a stability statement for the noncompact mean-field equation under hard
truncation of the initial law. With this in hand, the compact-support propagation-of-chaos theorem applies at fixed
radius, and the radius can then be removed at the deterministic level.
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E.4.1. HARD TRUNCATION AS A NONCOMPACT APPROXIMATION

For R > 0 and µ ∈ P1(Rd), set

pR(µ) := µ(BR), qR(µ) := 1− pR(µ).

Whenever pR(µ) > 0, define the hard truncation of µ by

µ[R] :=
1BR

µ

µ(BR)
. (32)

Thus µ[R] ∈ P(BR).

Lemma E.7 (Hard truncation in W1). Let µ ∈ P1(Rd), and assume that pR(µ) > 0. Let µ[R] be defined by (32). Then

W1(µ
[R], µ) ≤

∫
{|x|>R}

|x|µ(dx) + qR(µ)

pR(µ)

∫
BR

|x|µ(dx). (33)

In particular,
W1(µ

[R], µ) −→ 0 as R→∞.

Proof. By Kantorovich–Rubinstein duality, it suffices to test against 1-Lipschitz φ with φ(0) = 0, so that |φ(x)| ≤ |x|.
Since

µ[R] − µ =
qR(µ)

pR(µ)
1BR

µ− 1Bc
R
µ,

we get ∣∣∣∣∫ φd(µ[R] − µ)
∣∣∣∣ ≤ qR(µ)

pR(µ)

∫
BR

|x|µ(dx) +
∫
Bc

R

|x|µ(dx).

Taking the supremum over Lip(φ) ≤ 1 proves the bound. The right-hand side tends to zero because pR(µ) → 1,
qR(µ)→ 0, and µ ∈ P1(Rd).

Remark (Untruncated samples versus empirical hard truncation). Let µ ∈ P1(Rd), let Y1, . . . , YN be i.i.d. with law µ,
and set

νN :=
1

N

N∑
i=1

δYi
, NR :=

N∑
i=1

1{|Yi|≤R}, qR(µ) := µ(Bc
R).

By Hoeffding’s inequality, for every η > 0,

P
(∣∣∣∣NR

N
− (1− qR(µ))

∣∣∣∣ > η

)
≤ 2e−2Nη2

.

Thus the random retained fraction NR/N is close to 1− qR(µ) with high probability. On the event {NR > 0}, define
the renormalized empirical truncation

ν
emp,[R]
N :=

1

NR

∑
i: |Yi|≤R

δYi
.

Then
P(Y1, . . . , YN ∈ BR) = (1− qR(µ))N ≥ 1−NqR(µ).

Thus this event has high probability whenever NqR(µ)≪ 1.

Moreover, on {NR > 0},

W1(νN , ν
emp,[R]
N ) ≤ 1

N

N∑
i=1

|Yi|1{|Yi|>R} +R
N −NR

N
.

Consequently, if

AR(µ) :=

∫
{|x|>R}

|x|µ(dx),
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then for every ε > 0,

P
(
NR > 0, W1(νN , ν

emp,[R]
N ) > ε

)
≤ AR(µ) +RqR(µ)

ε
.

Since RqR(µ) ≤ AR(µ), the right-hand side tends to 0 as R→∞. Therefore, for any fixed ε > 0,

lim
R→∞

lim sup
N→∞

P
(
NR > 0, W1(νN , ν

emp,[R]
N ) > ε

)
= 0.

This is a sampling-level comparison only; the main particle theorem is still formulated with i.i.d. initialization from the
deterministic truncated law µ[R].
Definition E.2 (Noncompact admissibility). Fix β > 0 and T > 0. A law f0 ∈ P1(Rd) is called (β, T )-admissible for
the exact Gaussian drift if the following two conditions hold.

(i) There exists a finite-action weak solution

fβ ∈ C([0, T ];P1(Rd))

of (29) with initial datum f0. This solution is part of the admissibility datum and is called the associated admissible
solution.

(ii) For all sufficiently large R, let

f
[R]
0 :=

1BR
f0

f0(BR)
,

and let fβ,[R] ∈ C([0, T ];P(BR)) be the compact-support solution constructed in Proposition E.5, initialized
from f

[R]
0 . Then

sup
0≤t≤T

W1(f
β,[R]
t , fβt ) −→ 0 as R→∞. (34)

Remark (Uniqueness of the associated admissible flow). For fixed (β, T ) and f0, the associated admissible flow is
unique whenever it exists. Indeed, suppose fβ and gβ both satisfy Definition E.2 for the same initial law f0. Let fβ,[R]

denote the compact-support solution initialized from f
[R]
0 . Then, for every t ∈ [0, T ],

W1(f
β
t , g

β
t ) ≤W1(f

β
t , f

β,[R]
t ) +W1(f

β,[R]
t , gβt ).

Taking the supremum over t ∈ [0, T ] and then letting R → ∞, the two terms on the right-hand side vanish by the
admissibility condition. Hence fβt = gβt for all t ∈ [0, T ].

E.4.2. FROM NONCOMPACT ADMISSIBILITY TO HARD-TRUNCATED PARTICLES

Theorem E.8 (Particle approximation for noncompact admissible data). Fix β > 0, T > 0, and t ∈ [0, T ]. Let
f0 ∈ P1(Rd) be (β, T )-admissible, with admissible noncompact flow (fβs )0≤s≤T . For each sufficiently large R, let

X
1,N,β,[R]
0 , . . . , X

N,N,β,[R]
0

be i.i.d. with law
f
[R]
0 =

1BR
f0

f0(BR)
.

For j = 1, . . . , N , let Xj,N,β,[R]
s denote the solution of the exact N -particle system with inverse temperature β and

truncation radius R:

Ẋj,N,β,[R]
s = Xβ [µ

N,β,[R]
s ]

(
Xj,N,β,[R]

s

)
, µN,β,[R]

s :=
1

N

N∑
ℓ=1

δ
X

ℓ,N,β,[R]
s

.

Thus the superscript [R] records the hard-truncated initial law, while β records the drift parameter. The only randomness
in this theorem is the i.i.d. initial sample; conditional on that sample, the particle ODE is deterministic. Then, for every
M <∞,

lim
R→∞

lim sup
N→∞

E sup
|y|≤M

∣∣∣mµ
N,β,[R]
t

(y)−mfβ
t
(y)
∣∣∣ = 0. (35)

Consequently, the same convergence holds in probability.
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Proof. Fix R. Since f [R]
0 ∈ P(BR), the compact-support propagation of chaos theorem gives

EW1(µ
N,β,[R]
t , f

β,[R]
t )→ 0.

Hence W1(µ
N,β,[R]
t , f

β,[R]
t )→ 0 in probability. By Proposition E.1,

sup
|y|≤M

∣∣∣mµ
N,β,[R]
t

(y)−m
f
β,[R]
t

(y)
∣∣∣→ 0

in probability. Moreover both measures are supported in BR, so both posterior means take values in BR, and the
last display is bounded by 2R. Since the convergence is in probability and the sequence is uniformly bounded, the
expectations also converge to zero:

lim
N→∞

E sup
|y|≤M

∣∣∣mµ
N,β,[R]
t

(y)−m
f
β,[R]
t

(y)
∣∣∣ = 0.

Therefore
lim sup
N→∞

E sup
|y|≤M

∣∣∣mµ
N,β,[R]
t

(y)−mfβ
t
(y)
∣∣∣

≤ sup
|y|≤M

∣∣∣mf
β,[R]
t

(y)−mfβ
t
(y)
∣∣∣ .

By admissibility,
W1(f

β,[R]
t , fβt )→ 0.

Proposition E.1 then implies that the right-hand side tends to zero as R→∞.

To make the last assertion explicit, set

ZN,R := sup
|y|≤M

∣∣∣mµ
N,β,[R]
t

(y)−mfβ
t
(y)
∣∣∣ .

The preceding argument proves
lim

R→∞
lim sup
N→∞

EZN,R = 0.

Therefore, for every ε > 0, Markov’s inequality gives

lim
R→∞

lim sup
N→∞

P(ZN,R > ε) ≤ lim
R→∞

lim sup
N→∞

EZN,R

ε
= 0.

This is the claimed sequential convergence in probability.

E.4.3. RECOVERABLE ADMISSIBLE PRIORS

The previous theorem separates particle approximation from the large-β recovery step. We now record the corresponding
class of priors for which the full sequential posterior-mean recovery theorem follows.

Definition E.3 (Recoverable admissible priors). Fix τ > 0. We measure time in the raw attention-depth variable
associated with the normalized drift Xβ = β−1∇ log(Gβ ∗ ·). Equivalently, if s = t/β denotes the unnormalized
score-flow time, then the denoising horizon s = τ/2 corresponds to

Tβ :=
βτ

2
.

A prior P0 ∈ P1(Rd) belongs to the class Aτ if, with

f0 := γτ ∗ P0,

the following two conditions hold.
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(i) For every β > 0, there exists an admissible flow

(fβt )0≤t≤Tβ

such that the noisy law f0 is (β, Tβ)-admissible in the sense of Definition E.2, with associated admissible solution
(fβt )0≤t≤Tβ

.

(ii) This choice of admissible flow recovers the clean prior at the denoising time:

W1(f
β
Tβ
, P0) −→ 0 as β →∞. (36)

Remark (Role of the classAτ ). The classAτ is an admissible-recoverable class, not an a priori standard regularity class
of priors. Its first condition is the noncompact mean-field admissibility needed to pass from hard-truncated compactly
supported particles to the noncompact noisy law f0. Its second condition is the large-β denoising condition: after the
raw attention-depth time Tβ = βτ/2, the associated deterministic noncompact flow recovers the clean prior P0 in W1.

Thus the theorem below is a transfer result for priors satisfying these two conditions. The concrete case needed here is
the Gaussian one, verified later in this appendix.

Theorem E.9 (Hard-truncated posterior-mean recovery for recoverable priors). Fix τ > 0, and let P0 ∈ Aτ . Set

f0 := γτ ∗ P0, Tβ :=
βτ

2
.

For R > 0, define

f
[R]
0 :=

1BR
f0

f0(BR)
.

Let µN,β,[R]
t be the empirical measure of the exact particle system initialized i.i.d. from f

[R]
0 :

Ẋ
N,β,[R]
i (t) = Xβ [µ

N,β,[R]
t ]

(
X

N,β,[R]
i (t)

)
, µ

N,β,[R]
t :=

1

N

N∑
j=1

δ
X

N,β,[R]
j (t)

.

Then, for every M <∞,

lim
β→∞

lim sup
R→∞

lim sup
N→∞

E sup
|y|≤M

∣∣∣∣mµ
N,β,[R]
Tβ

(y)−mP0
(y)

∣∣∣∣ = 0. (37)

The order of limits in (37) is part of the statement: first N →∞ at fixed (β,R), then R→∞ at fixed β, and finally
β →∞. In particular, this is not a joint scaling statement in (N,R, β). Consequently, the same convergence holds in
probability.

Proof. Fix β > 0. Since P0 ∈ Aτ , the noisy law f0 = γτ ∗ P0 is (β, Tβ)-admissible. Applying Theorem E.8 with
T = Tβ and t = Tβ , we obtain

lim sup
R→∞

lim sup
N→∞

E sup
|y|≤M

∣∣∣∣mµ
N,β,[R]
Tβ

(y)−mfβ
Tβ

(y)

∣∣∣∣ = 0.

Therefore

lim sup
R→∞

lim sup
N→∞

E sup
|y|≤M

∣∣∣∣mµ
N,β,[R]
Tβ

(y)−mP0
(y)

∣∣∣∣
≤ sup

|y|≤M

∣∣∣∣mfβ
Tβ

(y)−mP0(y)

∣∣∣∣ .
By the defining recovery condition (36),

W1(f
β
Tβ
, P0)→ 0 as β →∞.
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Proposition E.1 gives

sup
|y|≤M

∣∣∣∣mfβ
Tβ

(y)−mP0
(y)

∣∣∣∣→ 0.

This proves (37). If

ZN,R,β := sup
|y|≤M

∣∣∣∣mµ
N,β,[R]
Tβ

(y)−mP0
(y)

∣∣∣∣ ,
then for every ε > 0, Markov’s inequality gives

P(ZN,R,β > ε) ≤ ε−1EZN,R,β ,

and the same ordered limits therefore give convergence in probability.

E.5. Gaussian-prior noisy laws are noncompact admissible

We now verify admissibility for noisy laws obtained by convolving a Gaussian prior with a Gaussian observation
kernel. The proof uses the explicit Gaussian solution, compactness of the hard-truncated compact-support flows, and
weak–strong uniqueness around the Gaussian solution.

Fix τ > 0. Let m ∈ Rd, let Σ0 be a symmetric nonnegative semidefinite matrix, and set

P0 = N (m,Σ0), f0 := γτ ∗ P0 = N (m,Γ0), Γ0 := Σ0 + τI.

HereN (m,Σ0) is understood in the usual possibly degenerate sense: if Σ0 is singular, it is the law of m+Σ
1/2
0 Z with

Z ∼ N (0, Id), supported on m+RanΣ
1/2
0 . Thus Γ0 is strictly positive definite.

Remark (Sampling interpretation of hard truncation). The sequential theorem below initializes the particle system
directly from the normalized truncation f [R]

0 . This is different from drawing Y1, . . . , YN from the untruncated law f0
and then retaining only the particles in BR. For the latter interpretation,

P(Y1, . . . , YN ∈ BR) = f0(BR)
N = (1− qR(f0))N ≥ 1−NqR(f0), qR(f0) := f0(B

c
R).

If f0 = N (m,Γ0), with λ+ = λmax(Γ0), then standard Gaussian tail bounds give, for R ≥ 1 + 2|m|,

qR(f0) ≤ C(1 +R)d exp

(
− R2

8λ+

)
.

Thus P(Y1, . . . , YN ∈ BR)→ 1 whenever

N(1 +R)d exp

(
− R2

8λ+

)
→ 0.

This sampling interpretation is not used in the sequential particle theorem.

E.5.1. THE EXPLICIT NONCOMPACT GAUSSIAN FLOW

Lemma E.10 (Gaussian invariance and covariance equation). Fix β > 0. There is a unique global positive definite
solution Γt of the covariance equation below. The Gaussian curve

fβt = N (m,Γt)

solves
∂tft +∇ · (ftXβ [ft]) = 0, ft=0 = f0, (38)

where Γt is the positive definite solution of

Γ̇t = −2Γt(I + βΓt)
−1, Γ0 = Σ0 + τI. (39)

Equivalently, after diagonalizing Γ0, each eigenvalue λi(t) of Γt solves

λ̇i(t) = −
2λi(t)

1 + βλi(t)
. (40)
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Proof. We first record why the covariance ODE is globally well posed and remains positive definite. Diagonalize Γ0,
and for each initial eigenvalue λi(0) > 0 consider

λ̇i(t) = −
2λi(t)

1 + βλi(t)
.

The function
Fβ(r) := r + β−1 log r, r > 0,

is strictly increasing and maps (0,∞) onto R. Along a solution,

d

dt
Fβ(λi(t)) = −

2

β
,

so
Fβ(λi(t)) = Fβ(λi(0))−

2t

β
.

For every finite t, this equation has a unique solution λi(t) > 0. Hence Γt is uniquely defined, remains positive definite
for all finite t, and has the same eigenspaces as Γ0.

If f is the Gaussian law N (m,Γ), with Γ > 0, then Gβ ∗ f is the density of the Gaussian law

N (m,Γ + β−1I).

Hence
∇ log(Gβ ∗ f)(x) = −(Γ + β−1I)−1(x−m),

and therefore
Xβ [f ](x) = −

1

β
(Γ + β−1I)−1(x−m) = −(I + βΓ)−1(x−m).

This velocity field is affine. Its flow fixes the mean m. The covariance satisfies

Γ̇t = −(I + βΓt)
−1Γt − Γt(I + βΓt)

−1.

Since (I + βΓt)
−1 is a matrix function of Γt, the two matrices commute. This gives (39). Conversely, if Γt solves (39),

then the affine characteristic flow ẋt = −(I + βΓt)
−1(xt −m) pushesN (m,Γ0) forward toN (m,Γt). Therefore the

Gaussian curve satisfies (38) in weak form. The eigenvalue equation follows by diagonalizing the spectral ODE.

Lemma E.11 (Gaussian verification of the recovery condition). Let

Tβ :=
βτ

2
.

Then
W1(f

β
Tβ
, P0) −→ 0 as β →∞.

Proof. Let si ≥ 0 be the eigenvalues of Σ0. The eigenvalues λi(t) of Γt solve

λ̇i(t) = −
2λi(t)

1 + βλi(t)
, λi(0) = si + τ.

Hence
d

dt

(
λi(t) +

1

β
log λi(t)

)
= − 2

β
.

At Tβ = βτ/2,

λi(Tβ) +
1

β
log λi(Tβ) = si +

1

β
log(si + τ).

If si > 0, the functions
Fβ(r) := r + β−1 log r
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are strictly increasing and converge locally uniformly to r near si. Thus λi(Tβ)→ si.

If si = 0, then 0 < λi(Tβ) ≤ τ . If a subsequence converged to ℓ > 0, then passing to the limit in the preceding identity
would give ℓ = 0, a contradiction. Hence λi(Tβ)→ 0.

The covariance ODE is spectral, so the eigenspaces are fixed in time. Therefore

ΓTβ
→ Σ0

as symmetric nonnegative matrices. Couple

Yβ = m+ Γ
1/2
Tβ
Z, Y0 = m+Σ

1/2
0 Z, Z ∼ N (0, Id).

By continuity of the matrix square-root on the positive semidefinite cone,

W1(f
β
Tβ
, P0) ≤ E|Yβ − Y0| ≤ (E|Z|2)1/2∥Γ1/2

Tβ
− Σ

1/2
0 ∥HS → 0.

Remark (Time normalization). The drift is normalized as

Xβ [ρ] = Fβ,ρ − Id = β−1∇ log(Gβ ∗ ρ).

Thus the raw attention-depth time t is related to the unnormalized score time s by s = t/β. The terminal time

Tβ =
βτ

2

therefore corresponds to the usual backward-heat denoising time s = τ/2. If the observation-noise variance is denoted
by σ2, then τ = σ2, and this becomes Tβ = βσ2/2 and s = σ2/2.

E.5.2. UNIFORM ESTIMATES FOR THE HARD-TRUNCATED GAUSSIAN FLOWS

For R > 0, define

pR := f0(BR), f
[R]
0 :=

1BR
f0

pR
,

and let fβ,[R]
t be the compact-support solution starting from f

[R]
0 :

∂tf
β,[R]
t +∇ ·

(
f
β,[R]
t Xβ [f

β,[R]
t ]

)
= 0, f

β,[R]
t=0 = f

[R]
0 . (41)

For fixed β and R, this is precisely the compact-support flow constructed earlier.

Lemma E.12 (Barycentric action estimate). For every µ ∈ P(Rd) with finite second moment,∫
Rd

|Xβ [µ](x)|2 µ(dx) ≤ 2

∫
Rd

|x|2 µ(dx).

Proof. Fix x ∈ Rd, and define the probability measure

πµ
x (dy) :=

Gβ(x− y)µ(dy)∫
Rd Gβ(x− z)µ(dz)

.

By the barycentric formula,

Xβ [µ](x) =

∫
Rd

(y − x)πµ
x (dy).

Jensen’s inequality gives

|Xβ [µ](x)|2 ≤
∫
Rd

|y − x|2 πµ
x (dy).
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Put r(y) = |y − x|2 and w(y) = e−βr(y)/2. Since w is a decreasing function of r, for independent Y, Y ′ ∼ µ,

E
[
(r(Y )− r(Y ′))(w(Y )− w(Y ′))

]
≤ 0.

Expanding this inequality gives ∫
r(y)w(y)µ(dy)∫
w(y)µ(dy)

≤
∫
r(y)µ(dy).

Therefore
|Xβ [µ](x)|2 ≤

∫
Rd

|y − x|2 µ(dy).

Integrating in x against µ(dx), we obtain∫
|Xβ [µ](x)|2 µ(dx) ≤

∫∫
|y − x|2 µ(dy)µ(dx).

If x̄µ :=
∫
xµ(dx), then the double integral is computed exactly as∫∫

|y − x|2 µ(dy)µ(dx) = 2

∫
|x|2 µ(dx)− 2|x̄µ|2 ≤ 2

∫
|x|2 µ(dx).

This proves the estimate with the stated constant.

Proposition E.13 (Uniform second moment and action). Fix β > 0 and T > 0. There exists a constant Cβ,T,f0 <∞,
independent of R, such that, for all sufficiently large R,

sup
0≤t≤T

∫
Rd

|x|2 fβ,[R]
t (dx) ≤ Cβ,T,f0 ,

and ∫ T

0

∫
Rd

|Xβ [f
β,[R]
t ](x)|2 fβ,[R]

t (dx) dt ≤ Cβ,T,f0 .

Proof. For each fixed R, the compact-support construction in Proposition E.5 gives a characteristic flow ΦR
t : BR →

BR such that

f
β,[R]
t = (ΦR

t )#f
[R]
0 ,

d

dt
ΦR

t (x) = Xβ [f
β,[R]
t ](ΦR

t (x)).

The map (t, x) 7→ ΦR
t (x) is continuously differentiable in t and bounded on [0, T ]×BR. Therefore

MR(t) :=

∫
|x|2 fβ,[R]

t (dx) =

∫
BR

|ΦR
t (x)|2 f

[R]
0 (dx)

is absolutely continuous and, for a.e. t,

d

dt
MR(t) = 2

∫
ΦR

t (x) ·Xβ [f
β,[R]
t ](ΦR

t (x)) f
[R]
0 (dx).

Equivalently,
d

dt
MR(t) = 2

∫
y ·Xβ [f

β,[R]
t ](y) f

β,[R]
t (dy).

Cauchy–Schwarz and Lemma E.12 give

d

dt
MR(t) ≤ 2MR(t)

1/2

(∫
|Xβ [f

β,[R]
t ]|2 dfβ,[R]

t

)1/2

≤ 2
√
2MR(t).

Hence
MR(t) ≤ e2

√
2tMR(0), 0 ≤ t ≤ T.
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Since f0 is Gaussian,

MR(0) =

∫
BR
|x|2 f0(dx)
f0(BR)

≤ 2

∫
Rd

|x|2 f0(dx)

for all sufficiently large R. This proves the uniform second-moment bound. Integrating the barycentric action estimate
in time gives ∫ T

0

∫
|Xβ [f

β,[R]
t ]|2 dfβ,[R]

t dt ≤ 2

∫ T

0

MR(t) dt ≤ 2T sup
0≤t≤T

MR(t),

which is bounded independently of R.

E.5.3. COMPACTNESS AND IDENTIFICATION OF NONCOMPACT LIMITS

Theorem E.14 (Compactness and PDE identification). Fix β > 0 and T > 0. Let Rk → ∞. Then there exists a
subsequence, not relabeled, and a curve

ρ ∈ C([0, T ];P1(Rd))

such that
sup

0≤t≤T
W1(f

β,[Rk]
t , ρt)→ 0.

Moreover, ρt=0 = f0, and ρ is a finite-action weak solution of

∂tρt +∇ · (ρtXβ [ρt]) = 0

on [0, T ]. In addition,

sup
0≤t≤T

∫
|x|2 ρt(dx) <∞,

∫ T

0

∫
|Xβ [ρt](x)|2 ρt(dx) dt <∞.

Proof. By Proposition E.13,

sup
k

sup
0≤t≤T

∫
|x|2 fβ,[Rk]

t (dx) <∞.

Hence

sup
k

sup
0≤t≤T

∫
|x|>A

|x| fβ,[Rk]
t (dx) ≤ C

A
→ 0.

The same proposition gives a uniform L2-action bound. Therefore, for 0 ≤ s < t ≤ T , Kantorovich–Rubinstein duality
and Cauchy–Schwarz give

W1(f
β,[Rk]
t , fβ,[Rk]

s ) ≤
∫ t

s

∫
|Xβ [f

β,[Rk]
r ]| dfβ,[Rk]

r dr ≤ C|t− s|1/2,

uniformly in k. The preceding tail estimate gives tightness and uniform integrability of first moments, hence relative
compactness of the time slices in W1 by Prokhorov’s theorem and (Villani, 2009, Definition 6.8 and Theorem 6.9).
Together with the uniform W1-equicontinuity, the metric Arzelà–Ascoli theorem yields a subsequence, not relabeled,
and a curve ρ ∈ C([0, T ];P1(Rd)) such that:

sup
0≤t≤T

W1(f
β,[Rk]
t , ρt)→ 0.

The initial condition follows from Lemma E.7. Lower semicontinuity of the second moment gives

sup
0≤t≤T

∫
|x|2 ρt(dx) <∞,

and Lemma E.12 gives the finite L2-action bound.
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It remains to pass to the limit in the weak formulation. Let ϕ ∈ C1
c (Rd) and K = supp∇ϕ. If µn → µ in W1, then

Gβ ∗ µn → Gβ ∗ µ and∇Gβ ∗ µn → ∇Gβ ∗ µ uniformly on K, because the translated kernels are bounded Lipschitz
uniformly on K. Since Gβ ∗ µ is strictly positive on K, it follows that

Xβ [µn]→ Xβ [µ] uniformly on K.

Thus the tested fluxes converge pointwise in time. The uniform L2-action bound gives uniform integrability in time,
so Vitali’s theorem permits passage to the limit in the time integral. For each Rk, the compact-support characteristic
solution satisfies the weak formulation by the chain rule along characteristics. Passing to the limit in that weak
formulation gives the finite-action weak formulation for ρ, in the sense of Definition E.1.

E.5.4. WEAK–STRONG UNIQUENESS AROUND THE GAUSSIAN FLOW

Fix β > 0 and T > 0, and write
gt := fβt = N (m,Γt).

On [0, T ], the matrices Γt are uniformly positive definite and uniformly bounded. For t ∈ [0, T ] and x ∈ Rd, define

rt(x) := |Γ−1/2
t (x−m)|.

The function rt is uniformly Lipschitz in x, and 1 + rt(x) is uniformly equivalent to 1 + |x| on [0, T ]× Rd.

Lemma E.15 (Reference Gaussian convolution bounds). Fix β > 0 and T > 0. There exist constants

c > 0, C <∞, α ∈ (0, 1),

depending only on (β, T,Γ0, d), such that, for every t ∈ [0, T ], with

Dgt := Gβ ∗ gt, Hgt := ∇(Gβ ∗ gt),

one has

Dgt(x) ≥ ce−αrt(x)
2/2,

|Hgt(x)|
Dgt(x)

≤ C(1 + rt(x))

for every x ∈ Rd. Moreover, rt is uniformly Lipschitz in x for t ∈ [0, T ], and if X ∼ gt, then rt(X) has the same law
as |Z|, where Z ∼ N (0, Id).

Proof. Since gt = N (m,Γt), the convolution Dgt = Gβ ∗ gt is the Gaussian density with mean m and covariance
Γt + β−1I . Thus

Dgt(x) = Ct exp

(
−1

2

〈
(Γt + β−1I)−1(x−m), x−m

〉)
,

where Ct is bounded above and below by positive constants on [0, T ], because Γt stays uniformly positive definite and
uniformly bounded.

Writing u = Γ
−1/2
t (x−m), the exponent becomes〈

Γ
1/2
t (Γt + β−1I)−1Γ

1/2
t u, u

〉
=
〈
Γt(Γt + β−1I)−1u, u

〉
.

The eigenvalues of
Γt(Γt + β−1I)−1

are
λi(t)

λi(t) + β−1
.

Since 0 < sup0≤t≤T,i λi(t) ≤ ΛT <∞, these eigenvalues are bounded above by

ΛT

ΛT + β−1
< 1.
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Thus the strict gap from 1 is uniform for t ∈ [0, T ]. Hence there exists α ∈ (0, 1) such that〈
(Γt + β−1I)−1(x−m), x−m

〉
≤ αrt(x)2.

This gives the lower bound for Dgt .

For the numerator,
Hgt(x) = ∇Dgt(x) = −Dgt(x)(Γt + β−1I)−1(x−m).

Therefore
|Hgt(x)|
Dgt(x)

≤ C|Γ−1/2
t (x−m)| = Crt(x).

Increasing C gives C(1 + rt(x)).

The uniform Lipschitz bound for rt follows from the uniform upper bound on ∥Γ−1/2
t ∥. Finally, if X ∼ N (m,Γt),

then
Γ
−1/2
t (X −m) ∼ N (0, Id),

so rt(X) has the same law as |Z|.

Lemma E.16 (Elementary logarithmic cutoff estimates). Let 0 < α < 1, set

κ :=
1 + α

α
> 2,

and let C0 ≥ e. For 0 < δ < 1, define

Aδ :=

√
κ log

C0

δ
.

Then, for every q ≥ 0, there exist constants C < ∞ and δ0 ∈ (0, 1), depending only on (α, q, C0), such that for
0 < δ ≤ δ0,

(1 +Aδ)
qδeα(Aδ+1)2/2 ≤ C

and
(1 +Aδ)

qe−(Aδ−1)2/2 ≤ Cδ.

Proof. The first estimate follows from

δeα(Aδ+1)2/2 = δeαA
2
δ/2eαAδ+α/2 = C δ(1−α)/2eαAδ .

Since
Aδ =

√
κ log(C0/δ),

the factor eαAδ grows sub-polynomially in δ−1. More precisely, for every η > 0, after decreasing δ0,

eαAδ ≤ Cηδ
−η.

Also (1 +Aδ)
q ≤ Cηδ

−η for every η > 0, again after decreasing δ0. Choosing η > 0 sufficiently small gives

(1 +Aδ)
qδ(1−α)/2eαAδ ≤ C,

which proves the first estimate.

For the second estimate,
e−(Aδ−1)2/2 = e−A2

δ/2eAδ−1/2 = C δκ/2eAδ .

Because κ/2 > 1, we can choose η > 0 so small that

κ/2− η > 1.

Using again the sub-polynomial bounds

eAδ ≤ Cηδ
−η, (1 +Aδ)

q ≤ Cηδ
−η,

and decreasing η, if necessary, gives
(1 +Aδ)

qe−(Aδ−1)2/2 ≤ Cδ.
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Lemma E.17 (Transferring Gaussian radial tails by W1). Fix β > 0, T > 0, and M2 < ∞. There exist constants
C <∞ and q <∞, depending only on (β, T,m,Γ0,M2, d), such that the following holds. If t ∈ [0, T ], µ ∈ P(Rd),∫

|x|2 µ(dx) ≤M2, δ :=W1(µ, gt),

then for every a ≥ 1, ∫
{rt>a}

(1 + rt) dµ ≤ C(1 + a)δ + C(1 + a)qe−(a−1)2/2.

Proof. Let
Lr := sup

0≤t≤T
Lip(rt) <∞.

For a ≥ 1, choose θa : R→ [0, 1] such that

θa(s) = 0 (s ≤ a− 1), θa(s) = 1 (s ≥ a), Lip(θa) ≤ 2.

Then
1{rt>a} ≤ θa(rt) ≤ 1{rt>a−1}, Lip(θa ◦ rt) ≤ 2Lr.

By Kantorovich–Rubinstein duality,

µ{rt > a} ≤ gt{rt > a− 1}+ Cδ.

Similarly, the function (rt − a)+ is Lr-Lipschitz. Since it is unbounded, we apply Kantorovich–Rubinstein duality
first to bounded Lipschitz truncations min{(rt − a)+,M}, and then let M →∞ using monotone convergence and the
finite first moments. Thus ∫

(rt − a)+ dµ ≤
∫

(rt − a)+ dgt + Cδ.

Therefore ∫
{rt>a}

(1 + rt) dµ ≤ (1 + a)µ{rt > a}+
∫

(rt − a)+ dµ

≤ C(1 + a)δ + (1 + a)gt{rt > a− 1}+
∫

(rt − a)+ dgt.

Under gt, the variable rt has the same law as |Z| with Z ∼ N (0, Id). Hence the standard Gaussian radial tail estimate
gives, for some q = q(d) <∞,

(1 + a)gt{rt > a− 1}+
∫

(rt − a)+ dgt ≤ C(1 + a)qe−(a−1)2/2.

Indeed, the radial density of |Z| is
cds

d−1e−s2/21s≥0,

which gives the stated polynomial-times-Gaussian tail bound.

Lemma E.18 (Gaussian-reference logarithmic stability estimate). Fix β > 0, T > 0, and M2 < ∞. There exists
C = C(β, T,m,Γ0,M2, d) <∞ such that the following holds for every t ∈ [0, T ] and every µ ∈ P(Rd) satisfying∫

|x|2 µ(dx) ≤M2.

Let
δ :=W1(µ, gt).

Then ∫
Rd

|Xβ [µ](x)−Xβ [gt](x)|µ(dx) ≤ C δ

(
1 +

√
log

C

δ

)
, (42)

with the convention that the right-hand side is zero when δ = 0. The constant C is chosen large enough that C/δ ≥ e
whenever the estimate is nontrivial.
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Proof. If δ = 0, then µ = gt, and the estimate is immediate.

We first dispose of the large-δ range. By Lemma E.12,∫
|Xβ [µ]| dµ ≤ (2M2)

1/2.

The reference field is affine:
Xβ [gt](x) = −(I + βΓt)

−1(x−m),

and the matrices Γt are uniformly positive definite and uniformly bounded on [0, T ]. Hence∫
|Xβ [gt](x)|µ(dx) ≤ C(1 +M

1/2
2 ).

Also
δ =W1(µ, gt) ≤

∫
|x| dµ+

∫
|x| dgt ≤ C(1 +M

1/2
2 ).

Thus the left-hand side of (42) is bounded by a constant depending only on the fixed parameters. Therefore, once the
estimate is proved for 0 < δ ≤ δ0, the remaining range δ ≥ δ0 follows by increasing C. It remains to prove the estimate
for sufficiently small δ.

Set
Dν(x) := (Gβ ∗ ν)(x), Hν(x) := ∇(Gβ ∗ ν)(x).

The functions y 7→ Gβ(x− y) and y 7→ ∂iGβ(x− y) are bounded and globally Lipschitz, with bounds independent of
x. Therefore Kantorovich–Rubinstein duality gives

∥Dµ −Dgt∥L∞(Rd) + ∥Hµ −Hgt∥L∞(Rd) ≤ Cδ. (43)

Let c, C, α be as in Lemma E.15. Choose C0 ≥ e, and define

κ :=
1 + α

α
, Aδ :=

√
κ log

C0

δ
, Eδ(t) := {x : rt(x) ≤ Aδ}.

We split the integral into the core Eδ(t) and its complement.

On Eδ(t), Lemma E.15 gives
Dgt(x) ≥ ce−αA2

δ/2.

By (43),
|Dµ(x)−Dgt(x)|

Dgt(x)
≤ CδeαA

2
δ/2 = CC

(1+α)/2
0 δ(1−α)/2.

After fixing C0, choose δ0 > 0 so small that this last quantity is at most 1/2 for every 0 < δ ≤ δ0. Then

Dµ(x) ≥
1

2
Dgt(x) for x ∈ Eδ(t). (44)

Using Xβ [ν] = β−1Hν/Dν , (43), (44), and Lemma E.15, we obtain on Eδ(t)

|Xβ [µ](x)−Xβ [gt](x)| ≤
1

β

|Hµ −Hgt |
Dµ

+
1

β
|Hgt |

|Dµ −Dgt |
DµDgt

≤ Cδ 1 + |Hgt |/Dgt

Dgt

≤ Cδ(1 + rt(x))e
αrt(x)

2/2.

It remains to show that the last weight has bounded µ-integral on Eδ(t), uniformly in t and small δ.
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Let χ ∈ C1(R) satisfy

0 ≤ χ ≤ 1, χ(s) = 1 for s ≤ 0, χ(s) = 0 for s ≥ 1, |χ′| ≤ 2.

Define
hδ,t(x) := (1 + rt(x))e

αrt(x)
2/2χ(rt(x)−Aδ).

Then hδ,t dominates
(1 + rt)e

αr2t /21Eδ(t)

and is supported in {rt ≤ Aδ + 1}. Moreover,

Lip(hδ,t) ≤ C(1 +Aδ)
2eα(Aδ+1)2/2. (45)

Indeed, write
FA(r) := (1 + r)eαr

2/2χ(r −A).
On the support of FA, one has 0 ≤ r ≤ A+ 1, and

d

dr

(
(1 + r)eαr

2/2
)
= eαr

2/2
(
1 + αr(1 + r)

)
.

Since |χ| ≤ 1 and |χ′| ≤ 2,
sup
r≥0
|F ′

A(r)| ≤ C(1 +A)2eα(A+1)2/2.

Composing with the uniformly Lipschitz functions rt gives (45).

By Kantorovich–Rubinstein duality, ∫
hδ,t dµ ≤

∫
hδ,t dgt + Lip(hδ,t) δ.

Under gt, rt has the same law as |Z|, Z ∼ N (0, Id). Since α < 1,

sup
t∈[0,T ]

∫
(1 + rt)e

αr2t /2 dgt <∞.

Together with (45) and Lemma E.16, this gives ∫
hδ,t dµ ≤ C

uniformly in t and 0 < δ ≤ δ0. Hence ∫
Eδ(t)

|Xβ [µ]−Xβ [gt]| dµ ≤ Cδ. (46)

We now estimate the complement. The pointwise estimate used in Lemma E.12 gives

|Xβ [µ](x)|2 ≤
∫
|y − x|2 µ(dy) ≤ 2M2 + 2|x|2.

The affine formula for Xβ [gt] gives the same linear-growth bound for the reference field. Since 1 + |x| and 1 + rt(x)
are uniformly equivalent on [0, T ]× Rd, we have

|Xβ [µ](x)|+ |Xβ [gt](x)| ≤ C(1 + rt(x)). (47)

Using Lemma E.17 with a = Aδ , and then Lemma E.16, we obtain∫
Rd\Eδ(t)

|Xβ [µ]−Xβ [gt]| dµ ≤ C
∫
{rt>Aδ}

(1 + rt) dµ

≤ C(1 +Aδ)δ + C(1 +Aδ)
qe−(Aδ−1)2/2

≤ Cδ(1 +Aδ).
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Together with (46), this yields ∫
Rd

|Xβ [µ]−Xβ [gt]| dµ ≤ Cδ(1 +Aδ).

Since

Aδ =

√
κ log

C0

δ
≤ C

√
log

C

δ

after increasing C, the desired logarithmic estimate follows for 0 < δ ≤ δ0. As explained at the beginning of the proof,
increasing C gives the full range of δ.

Lemma E.19 (Stability against an affine reference field). Let ρt, ηt ∈ C([0, T ];P1(Rd)) solve

∂tρt +∇ · (ρtbt) = 0, ∂tηt +∇ · (ηtct) = 0

in the weak sense, with finite transport integrals:∫ T

0

∫
|bt(x)| ρt(dx) dt <∞,

∫ T

0

∫
|ct(x)| ηt(dx) dt <∞.

Assume that the reference field is affine,
ct(x) = Atx+ at,

where A ∈ C([0, T ];Rd×d) and a ∈ C([0, T ];Rd). Set

L(t) := ∥At∥, Λ(s, t) := exp

(∫ t

s

L(r) dr

)
.

Assume also ∫ T

0

∫
|bt(x)− ct(x)| ρt(dx) dt <∞.

Then, for every t ∈ [0, T ],

W1(ρt, ηt) ≤ Λ(0, t)W1(ρt=0, ηt=0) +

∫ t

0

Λ(s, t)

∫
|bs(x)− cs(x)| ρs(dx) ds. (48)

Proof. Let Φs,t be the affine flow generated by ct. Then

|Φs,t(x)− Φs,t(y)| ≤ Λ(s, t)|x− y|.

For a 1-Lipschitz test function ψ, set
ϕs(x) := ψ(Φs,t(x)).

Then ∂sϕs + cs · ∇ϕs = 0 and Lip(ϕs) ≤ Λ(s, t). Since ψ is only Lipschitz and ϕs need not be compactly supported,
the testing argument is justified by the standard approximation of Lipschitz functions by smooth compactly supported
functions: first truncate in space, then mollify, and finally pass to the limit using the finite first moments and the finite
transport integrals. Testing the two continuity equations against these approximants, subtracting, and passing to the
limit gives, by the Kantorovich–Rubinstein formula,

W1(ρt, ηt) ≤ Λ(0, t)W1(ρt=0, ηt=0) +

∫ t

0

Λ(s, t)

∫
|bs − cs| dρs ds.

This is the Dobrushin duality argument adapted to the present affine-reference setting; compare (Dobrushin, 1979,
Proposition 4).

The weak–strong uniqueness argument has three ingredients. We compare an arbitrary finite-action solution with
the explicit Gaussian solution by transporting test functions along the affine Gaussian flow. The logarithmic stability
estimate controls the nonlinear velocity error by an Osgood modulus of W1(ρt, gt). Bihari’s lemma then forces this
distance to remain zero, since the two solutions have the same initial law.
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Theorem E.20 (Weak–strong uniqueness around the Gaussian solution). Fix β > 0 and T > 0. Let gt = fβt =
N (m,Γt) be the Gaussian solution from Lemma E.10. Let

ρ ∈ C([0, T ];P1(Rd))

be a finite-action weak solution of
∂tρt +∇ · (ρtXβ [ρt]) = 0

with ρt=0 = gt=0. Assume additionally that

sup
0≤t≤T

∫
|x|2 ρt(dx) <∞.

Then
ρt = gt for every t ∈ [0, T ].

Proof. Set
w(t) :=W1(ρt, gt).

Apply Lemma E.19 with
bt = Xβ [ρt], ct = Xβ [gt].

The hypotheses of Lemma E.19 are satisfied: ρ is finite-action, Xβ [gt] is affine in x with uniformly bounded linear
part on [0, T ], and the second moments of both ρt and gt are uniformly bounded on [0, T ]. Since ρ0 = g0, the
affine-reference stability estimate gives a constant Cst, depending only on (β, T,m,Γ0, d), such that

w(t) ≤ Cst

∫ t

0

∫
Rd

|Xβ [ρs](x)−Xβ [gs](x)| ρs(dx) ds.

Let
M2 := sup

0≤s≤T

∫
Rd

|x|2 ρs(dx) <∞.

By Lemma E.18, there exists a constant CG, depending only on

(β, T,m,Γ0,M2, d),

such that, for every s ∈ [0, T ],∫
Rd

|Xβ [ρs](x)−Xβ [gs](x)| ρs(dx) ≤ CG w(s)

(
1 +

√
log

CG

w(s)

)
,

with the right-hand side interpreted as 0 when w(s) = 0.

The quantity sup0≤s≤T w(s) is finite and is controlled by the same data. Indeed,

sup
0≤s≤T

w(s) ≤ sup
0≤s≤T

∫
|x| ρs(dx) + sup

0≤s≤T

∫
|x| gs(dx) ≤M1/2

2 + C(β, T,m,Γ0, d).

Thus we may enlarge CG, if necessary, so that

CG ≥ e sup
0≤s≤T

w(s).

This does not invalidate the previous estimate, because increasing CG only increases the right-hand side and preserves
the same parameter dependence. Hence, whenever w(s) > 0,

0 < w(s) ≤ CG

e
.
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Therefore

w(t) ≤ CstCG

∫ t

0

w(s)

(
1 +

√
log

CG

w(s)

)
ds.

Equivalently,

w(t) ≤ A
∫ t

0

ωB(w(s)) ds, A := CstCG,

where

ωB(r) :=


r
(
1 +

√
log(B/r)

)
, 0 < r ≤ B/e,

2r, r > B/e,

0, r = 0,

B := CG.

The modulus ωB satisfies the Osgood condition ∫ B/e

0

dr

ωB(r)
=∞.

Bihari’s generalized Bellman lemma (Bihari, 1956, Sections 3–4) therefore gives w ≡ 0 on [0, T ]. Hence

ρt = gt for every t ∈ [0, T ].

Corollary E.21 (Convergence of hard-truncated Gaussian flows). Fix β > 0 and T > 0. Then

sup
0≤t≤T

W1(f
β,[R]
t , fβt ) −→ 0 as R→∞.

Proof. We prove convergence by contradiction. Suppose that the asserted convergence fails. Then there exist ε0 > 0
and a sequence Rk →∞ such that

sup
0≤t≤T

W1(f
β,[Rk]
t , fβt ) ≥ ε0 for every k.

By Theorem E.14, after passing to a subsequence, not relabeled, there exists

ρ ∈ C([0, T ];P1(Rd))

such that
sup

0≤t≤T
W1(f

β,[Rk]
t , ρt)→ 0.

Moreover, ρt=0 = f0, ρ is a finite-action weak solution of

∂tρt +∇ · (ρtXβ [ρt]) = 0

on [0, T ], and

sup
0≤t≤T

∫
|x|2 ρt(dx) <∞.

Since f0 = g0, where gt = fβt is the explicit Gaussian solution, Theorem E.20 gives

ρt = gt = fβt for every t ∈ [0, T ].

Consequently,
sup

0≤t≤T
W1(f

β,[Rk]
t , fβt )→ 0,

contradicting the choice of Rk. Therefore

sup
0≤t≤T

W1(f
β,[R]
t , fβt )→ 0 as R→∞.
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Theorem E.22 (Gaussian-prior noisy laws are noncompact admissible). Fix τ > 0. Let m ∈ Rd, let Σ0 be a symmetric
nonnegative semidefinite matrix, and set

P0 = N (m,Σ0), f0 := γτ ∗ P0 = N (m,Σ0 + τI).

Then, for every fixed β > 0 and T > 0, the law f0 is (β, T )-admissible in the sense of Definition E.2. The admissible
noncompact flow is the explicit Gaussian flow

fβt = N (m,Γt), Γ̇t = −2Γt(I + βΓt)
−1.

Proof. Since
f0 = N (m,Σ0 + τI)

and τ > 0, the initial law f0 has a smooth strictly positive Gaussian density and finite moments of all orders. In
particular, its hard truncations f [R]

0 are well-defined for every R > 0, and

W1(f
[R]
0 , f0)→ 0 as R→∞

by Lemma E.7.

The explicit Gaussian curve
fβt = N (m,Γt), Γ̇t = −2Γt(I + βΓt)

−1,

is a weak solution by Lemma E.10. It has finite action on every finite time interval. Indeed,

Xβ [f
β
t ](x) = −(I + βΓt)

−1(x−m),

and Γt remains uniformly positive definite and uniformly bounded on [0, T ]. Hence∫ T

0

∫
|Xβ [f

β
t ](x)|2 f

β
t (dx) dt <∞.

Thus the first condition in Definition E.2 holds with admissible flow (fβt )0≤t≤T .

The second admissibility condition is exactly Corollary E.21, namely

sup
0≤t≤T

W1(f
β,[R]
t , fβt )→ 0 as R→∞.

Therefore f0 is (β, T )-admissible.

Corollary E.23 (Gaussian priors are recoverable admissible). Fix τ > 0. Let

P0 = N (m,Σ0),

where m ∈ Rd and Σ0 is symmetric nonnegative semidefinite. Then

P0 ∈ Aτ .

In particular, the class Aτ is nonempty.

Proof. Set
f0 := γτ ∗ P0 = N (m,Σ0 + τI).

By Theorem E.22, for every β > 0 and T > 0, the law f0 is (β, T )-admissible. In particular, it is (β, Tβ)-admissible
for

Tβ =
βτ

2
.

The recovery condition
W1(f

β
Tβ
, P0)→ 0 as β →∞

is exactly Lemma E.11. Hence P0 ∈ Aτ .
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E.6. Gaussian-prior posterior-mean recovery

Theorem E.24 (Hard-truncated Gaussian posterior-mean recovery). Fix τ > 0. Let m ∈ Rd, let Σ0 be symmetric
nonnegative semidefinite, and set

P0 = N (m,Σ0), f0 := γτ ∗ P0 = N (m,Σ0 + τI).

For R > 0, define

f
[R]
0 :=

1BR
f0

f0(BR)
.

Let µN,β,[R]
t be the empirical measure of the exact particle system initialized i.i.d. from f

[R]
0 . Set

Tβ :=
βτ

2
.

Then, for every M <∞,

lim
β→∞

lim sup
R→∞

lim sup
N→∞

E sup
|y|≤M

∣∣∣∣mµ
N,β,[R]
Tβ

(y)−mP0
(y)

∣∣∣∣ = 0. (49)

Consequently, the same convergence holds in probability.

Proof. By Corollary E.23, the Gaussian prior P0 belongs to Aτ . The result is therefore an immediate application of
Theorem E.9.

F. Stopping time for noise removal
The goal of this appendix is to explain the slowed denoising observed for small β in Fig. 2(b). We do this in the simplest
solvable setting: an isolated Gaussian cluster evolving under the Stage-1 Gaussian-attention dynamics. This yields
an explicit scalar ODE for the cluster variance, from which one can read off both the slowdown at finite β and the
first-order correction to the denoising time. This calculation is only a calibration model, but it explains the qualitative
regimes observed numerically and motivates the finite-β correction to the denoising time.

Throughout this section we use the effective denoising time t := ηℓ
β , where ℓ is layer depth and η is the residual step

size in Algorithm 1. This is the normalization for which the ideal β =∞ limit has stopping time σ2/2. Equivalently, if
s := ηℓ denotes raw layer time, then t = s/β. All ODEs below are written in the t−variable.

Theorem F.1 (Variance ODE and denoising time for isotropic Gaussian prior). Let Gβ be the centered Gaussian kernel
on Rd with covariance β−1Id, and consider the kernelized evolution

∂tft = −∇ · (ft∇ log(Gβ ∗ ft)) , t ≥ 0

with initial condition f0(x) = N (m, (τ2a + σ2)Id)(x), where m ∈ Rd, τa > 0, and σ > 0.

Then for all t ≥ 0, there is a well-defined solution, with a solution being the Gaussian ft(x) = N (m, v(t)Id)(x),
where the variance parameter v(t) solves

v′(t) = − 2βv(t)

βv(t) + 1
, v(0) = τ2a + σ2.

For any target variance v∗ ∈ (0, τ2a + σ2], the hitting time Ta(v∗) := inf{t ≥ 0 | v(t) = v∗} is given exactly by

Ta(v∗) =
τ2a + σ2 − v∗

2
+

1

2β
log

(
τ2a + σ2

v∗

)
.

In particular, the exact time to denoise back to the clean variance τ2a is

T ∗
a =

σ2

2
+

1

2β
log

(
1 +

σ2

τ2a

)
.
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Proof. Verification that ft = γv(t) solves this ODE is done in Lemma E.10 (in a different time scale) and it yields the
ODE

v′(t) = − 2v(t)

v(t) + β−1
, v(0) = τ2a + σ2

for the variance.

We now solve for the hitting time. Rearranging,

dt = −
(
1

2
+

1

2βv

)
dv.

Integrating from the initial variance v0 = τ2a + σ2 down to a target variance v∗ gives

Ta(v∗) =

∫ v0

v∗

(
1

2
+

1

2βv

)
dv =

τ2a + σ2 − v∗
2

+
1

2β
log

(
τ2a + σ2

v∗

)
.

Setting v∗ = τ2a gives

T ∗
a =

(τ2a + σ2)− τ2a
2

+
1

2β
log

(
τ2a + σ2

τ2a

)
=
σ2

2
+

1

2β
log

(
1 +

σ2

τ2a

)
.

This proves the claim.

With the observation that the point mass measure δz at point z is just N (z, 0), we immediately get the following result
if the clean distribution on X is δz .

Corollary F.2 (Denoising time for Dirac delta). Consider the kernelized evolution

∂tft +∇ · (ft∇ log(Gβ ∗ ft)) , f0 = N (z, σ2Id), t ≥ 0.

Assume the same regularity assumptions hold as Theorem F.1. Then for all t ≥ 0 the system is uniquely solved by
ft(x) = N (z, v(t)Id) where v(t) is the solution of

v′(t) = − 2βv(t)

βv(t) + 1
, v(0) = σ2.

The time to reach a target variance v∗ is

T (v∗) =
σ2 − v∗

2
+

1

2β
log

(
σ2

v∗

)
.

In particular, the time to denoise completely is T (0) = +∞ and denoising to variance β−1 is

T (β−1) =
σ2

2
− 1

2β
+

log σ

β
+

log β

2β
.

Proof. This is same as Theorem F.1 where the initial distribution is δz = N (z, 0). So take τa ↓ 0,m = z in
Theorem F.1.

Now we move on to the stopping times for more general distributions. We discuss here that under some assumptions,
the stopping time is σ2/2 with a correction term of order β−1.

Lemma F.3. Let
∂tf

(β)
t = −∇ ·

(
f
(β)
t ∇ log(Gβ ∗ f (β)t )

)
, f

(β)
0 = µ ∗ γσ2 ,

on Rd, where σ > 0 and β ≥ 1. Define

T0 :=
σ2

2
, gt := µ ∗ γσ2−2t, 0 ≤ t ≤ T0.
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Then gt solves the backward heat equation

∂tgt = −∆gt, g0 = µ ∗ γσ2 , gT0 = µ.

Fix s > d/2 + 4. Assume:

1. µ is strictly positive and belongs to Hs+6(Rd);

2. the map Nβ(f) = −∇ · (f∇ log(Gβ ∗ f)) admits the expansion

Nβ(f) = −∆f −
1

2β
Q[f ] +

1

β2
Eβ [f ],

with

Q[f ] := ∇ ·
(
f ∇

(
∆f

f

))
,

and with a uniform bound
sup

0≤t≤T0

∥Eβ [gt]∥Hs ≤ C0

for all sufficiently large β;

3. the linear backward heat propagator on the interval [0, T0] is bounded on Hs along this orbit, in the sense that for
every r ∈ L1([0, T0];H

s), the solution u of

∂tu = −∆u+ r, u0 = 0,

satisfies

sup
0≤t≤T0

∥ut∥Hs ≤ C1

∫ T0

0

∥rs∥Hsds.

Then there exists a function ht ∈ C([0, T0];Hs) solving

∂tht = −∆ht −
1

2
Q[gt], h0 = 0,

such that
f
(β)
t = gt +

1

β
ht + r

(β)
t , 0 ≤ t ≤ T0,

with remainder satisfying

sup
0≤t≤T0

∥r(β)t ∥Hs ≤ C

β2

for some constant C independent of β.

In particular, at the denoising time T0 = σ2/2,

f
(β)
T0

= µ+
1

β
hT0

+OHs(β−2),

and hence ∥∥f (β)T0
− µ

∥∥
Hs ≤

∥hT0
∥Hs

β
+
C

β2
.

Proof. We have Nβ(f) := −∇ · (f∇ log(Gβ ∗ f)) . By construction, gt = µ ∗ γσ2−2t solves the PDE for β = +∞
with the agreement that G∞ ∗ f = f . So f (∞)

t = gt.

We seek an expansion of the form
f
(β)
t = gt + β−1ht + r

(β)
t .
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Substituting into the equation and using the expansion of Nβ gives

∂t

(
gt + β−1ht + r

(β)
t

)
= −∆

(
gt + β−1ht + r

(β)
t

)
− 1

2β
Q[gt] +

1

β2
Eβ [gt] +R(β)

t ,

where Rβ
t contains the nonlinear Taylor remainder coming from replacing gt by gt + β−1ht + rβt . Since gt solves

∂tgt = −∆gt, the O(1) terms cancel. Matching the O(β−1) terms leads to

∂tht = −∆ht −
1

2
Q[gt], h0 = 0.

This determines ht uniquely.

Now define the remainder by
rβt := fβt − gt − β−1ht.

Subtracting the equations for fβt , gt, and ht yields

∂tr
(β)
t = −∆rβt +

1

β2
Eβ [gt] +Rβ

t , rβ0 = 0.

By assumption, ∥Eβ [gt]∥Hs ≤ C0 uniformly on [0, T0]. Moreover, because s > d/2 + 4, Sobolev multiplication and
composition estimates imply that the nonlinear Taylor remainder satisfies

∥Rβ
t ∥Hs ≤ C2

(
β−2 + ∥rβt ∥2Hs + β−1∥rβt ∥Hs

)
for all t ∈ [0, T0], provided β is large enough.

Applying the assumed backward heat estimate to the remainder equation gives

sup
0≤t≤T0

∥rβt ∥Hs ≤ C1

∫ T0

0

(
C0

β2
+ C2

(
β−2 + ∥rβs ∥2Hs + β−1∥rβs ∥Hs

))
ds.

A standard bootstrap argument now shows that

sup
0≤t≤T0

∥rβt ∥Hs ≤ C

β2

for all sufficiently large β.

Evaluating at t = T0 and using gT0
= µ gives

f
(β)
T0

= µ+
1

β
hT0 + r

(β)
T0
,

hence

∥fβT0
− µ∥Hs ≤ ∥hT0

∥Hs

β
+
C

β2
.

The above perturbative expansion of f (β)T0
immediately gives a first order correction for the stopping time. The next

lemma should be read as a conditional perturbative criterion near the backward-heat horizon T0 = σ2/2; in particular,
it assumes the existence of a sufficiently regular backward-heat continuation in the chosen function space instead of an
Hs-like criterion as in the above lemma.

Lemma F.4 (Conditional perturbative criterion). Let X be a Banach space, and let T0 := σ2

2 . Assume that for some
δ > 0 and all sufficiently large β, the solution fβt admits an expansion

f
(β)
t = gt + β−1ht + r

(β)
t , T0 − δ ≤ t ≤ T0 + δ,
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where gt = µ ∗ γσ2−2t, gT0
= µ, and

sup
|t−T0|≤δ

∥ht∥X ≤ Ch, sup
|t−T0|≤δ

∥r(β)t ∥X ≤ Crβ
−2.

For t > T0, the notation gt is understood as a chosenX−valued backward-heat continuation of the curve t 7→ µ∗γσ2−2t,
not as a literal Gaussian convolution. Assume also that t 7→ gt is C1 as an X-valued map on [T0 − δ, T0 + δ], and that

∂tgt
∣∣
t=T0

= −∆µ ̸= 0 in X.

Define
T ∗
(β) = inf{arg min

|t−T0|≤δ
∥f (β)t − µ∥X}.

Then ∃C > 0, independent of β, such that |T ∗
(β)−T0| ≤

C
β for sufficiently large β. In particular, T ∗

(β) =
σ2

2 +O(β−1).

Proof. Since gT0 = µ, the expansion at t = T0 gives

fβT0
− µ = β−1hT0

+ rβT0
.

Hence

∥fβT0
− µ∥X ≤ β−1∥hT0

∥X + ∥rβT0
∥X ≤

Ch

β
+
Cr

β2
.

Therefore there exists C0 > 0 such that

∥fβT0
− µ∥X ≤

C0

β

for all sufficiently large β.

Since gt is C1 in X and
gT0

= µ, ∂tgt
∣∣
t=T0

= −∆µ ̸= 0,

the Fréchet differentiability of t 7→ gt at T0 implies

gt − µ = (t− T0) ∂tgt
∣∣
t=T0

+ ω(t),

where lim
t→T0

∥ω(t)∥X
|t− T0|

= 0. Hence there exists 0 < δ1 ≤ δ such that for all |t− T0| ≤ δ1,

∥ω(t)∥X ≤
1

2
∥∆µ∥X |t− T0|.

Therefore, using ∂tgt|t=T0
= −∆µ,

∥gt − µ∥X ≥ |t− T0|∥∆µ∥X − ∥ω(t)∥X ≥
1

2
∥∆µ∥X |t− T0|.

Set
c :=

1

2
∥∆µ∥X > 0.

Then
∥gt − µ∥X ≥ c|t− T0| for all |t− T0| ≤ δ1.

For |t− T0| ≤ δ1, the expansion gives

fβt − gt = β−1ht + rβt =⇒ ∥fβt − gt∥X ≤
Ch

β
+
Cr

β2
≤ C1

β

for some constant C1 > 0 and all sufficiently large β.
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Hence, for |t− T0| ≤ δ1,

∥fβt − µ∥X ≥ ∥gt − µ∥X − ∥f
β
t − gt∥X ≥ c|t− T0| −

C1

β
.

Now let
M :=

C0 + C1 + 1

c
.

If |t− T0| ≥M/β and also |t− T0| ≤ δ1, then

∥fβt − µ∥X ≥ c
M

β
− C1

β
=
C0 + 1

β
>
C0

β
≥ ∥fβT0

− µ∥X .

Therefore no minimizer of t 7→ ∥fβt − µ∥X over |t− T0| ≤ δ1 can lie outside the interval

|t− T0| <
M

β
.

We have M/β < δ1 for sufficiently large β, so |T ∗
(β) − T0| ≤

M
β .


